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ABSTRACT 

Simple Equivalent Linearization of Yielding MDF 

Structures Subjected to Random Excitation 

by 

Chang Chun Hsieh 

A simple equivalent linear multi-degree-of-freedom (MDF) 

model is proposed to approximate the stationary rms response 

levels of yielding MDF structures subjected to Guassian 

random base excitation. The linear model is characterized 

by an equivalent stiffness for each yielding element, and a 

damping matrix which is proportional to that in the 

unyielded system. The yielding systems under study herein 

have nearly elasto-plastic bilinear hysteretic elements. No 

exact analytical solutions arre known for such systems. A 

semi-empirical approach is used to determine the equivalent 

parameters of the simple model used here. 

The equivalent stiffness values used here are not based 

on response velocity values, but rather on the distribution 

of rms distortion over the height of the structure. The new 

equivalent damping is taken as r times the original damping, 

and the factor r is evaluated using the assumption that the 

damping matrix affects the magnitudes of rms story 

distortions,- but not their distribution over the structure. 

With the equivalent stiffness and damping, the Lyapunov 

covariance matrix equation of the simple linear model is 

then solved to compute the stationary rms story distortions. 



Overall, the analytical results thus obtained by this model 

appear to agree quite well with simulation values. 

An apparently satisfactory analytical relationship is 

found between story distortion and equivalent stiffness. 

Further study will be required to find a corresponding 

relationship for the damping factor r. It is shown, 

however, that the equivalent damping is quite small for a 

variety of MDF systems. 

• « 
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I INTRODUCTION 

In nature, various sources of excitations to structures 

of engineering interest exhibit apparently random behavior. 

This fact leads naturally to consideration of problems of 

random vibration of structures. Thus a probabilistic 

approach to the analysis of dynamic behavior of structural 

systems subjected to random excitations appears to be 

appropriate. 

As a matter of fact, there has been considerable and 

increasing attention directed toward this subject in recent 

decades. Analytical methods for predicting the dynamic 

random response of linear structures are already quite well 

developed(*6-18). gy those methods various response 

statistics of a linear structure with an arbitrary degree of 

freedom can be exactly calculated, if the appropriate 

statistics of the random excitation are prescribed. 

'However, it has been observed that many structures of 

interest display significantly nonlinear behavior in various 

practical situations during vibration. Since the methods 

for analyzing linear systems cannot be readily applied, many 

researchers have been working on this field to cope with the 

difficulties caused by nonlinear behavior. 

In contrast to linear problems, exact solutions are not 

available for most nonlinear problems. Actually there are 

some systems with simple nonlinearities that can be handled 

1 
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exactly by means of the Fokker-Plahck equation. Although 

the Fokker-Planck approach has the potential to give exact 

solutions for nonlinear problems, the unfortunate fact is 

that such solutions have only been found for certain 

restricted classes of problems^) . 

In an attempt to handle a broader class of problems than 

is currently possible with the exact analysis, many 

investigators have turned to approximate techniques. Some 

of these techniques^'®been quite 

succesfully applied to nonlinear single-degree-of-freedom 

(SDF) systems, but much less has been done in the analysis 

of nonlinear multi-degree-of-freedom (MDF) Systems. At 

present, there are several basic approximate methods such as 

the perturbation approach, normal mode approach and 

statistical equivalent linearization being used in the study 

of yielding MDF systems. The technique of statistical 

equivalent linearization seems to be the most popular of 

these, since it overcomes many of the limitations and 

substantial difficulties encountered in the other methods. 

However, its accuracy is often hard to estimate by any 

general procedure. The technique is based on the concept of 

replacing the nonlinear system by a related linear system in 

such a way that the difference between the two systems is 

minimized in some way. By this method there have been some 

works^•®•7'1®Mevotèd to the study of yielding MDF systems. 

However, the techniques.developed in those works do not seem 
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readily applicable to the bilinear hysteretic MDF system, 

which is quite typical of most physical structures. Karnopp 

and Brown^Dgave predictions for the rms response of some 

2DF bilinear hysteretic systems by making use of a power 

balance method and modal analysis. However, their systems 

were restricted to a specific class of vibration isolation 

problems, and it does not appear that their technique can be 

extended to a general bilinear hysteretic MDF system. 

More recently, Brinkmann ^^used a simple equivalent 

linearization approach in attempting to approximate the 

stationary rms response of bilinear hysteretic 2DF systems. 

In his approach the stiffness and damping characteristics of 

the bilinear hysteretic story of the structure are replaced 

by equivalent linear stiffness and damping derived from 

simulation data for the bilinear hysteretic SDF systems. 

Jan(20) extended this work by solving the Lyapunov covariance 

matrix equation for the equivalent linear system in order to 

eliminate the errors introduced by an uncoupled mode 

assumption used by Brinkmann. However, the results obtained 

in either way indicate that this model with Brinkmann's 

linearization parameters is inadequate to approximate 

accurately the rms response of a yielding 2DF system. 

Wen^^also used an analytical-empirical method to 

estimate the statistics of the maximum response of story 

distortions of MDF systems with deteriorating restoring 

force. Again the method is based on a substitute-structure 
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concept in which the parameters of the substitute structure 

are determined from empirical results for the SDF system and 

each element in the MDF system is replaced by a linear 

counterpart with ductility-dependent stiffness and damping. 

The results produced by this method qualitatively agreed 

with the simulation data. 

Jan^O) recently succeeded in using the linear substitute- 

structure concept to devise an accurate method for 

approximating the response of bilinear hysteretic MDF 

systems. He also chose the parameters of the substitute 

structure based on simulation results for the SDF system. 

The additional complication in his approach is the fact that 

the substitute structure for each yielding element is made 

up of two springs and two dashpots, as contrasted to one of 

each as in simple linearization. This is an extension of 

earlier work^2)using a third-order linear system to 

approximate a yielding SDF system. The Lyapunov covariance 

matrix equation of the equivalent system was solved to 

compute the stationary rms story distortions. The results 

agreed quite well with simulation data, particularly for 

stationary response. 

The basic objective of this study is to develop a simple 

equivalent linear model (in contrast to Jan’s higher-order 

model) to predict the stationary root mean squared story 

distortions of nonlinear MDF systems subjected to Gaussian 

normal white noise ground acceleration. The particular 
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nonlinearity in the systems under study is the bilinear 

hysteretic model. The coefficients of the proposed 

equivalent linear systems are determined by an analytical- 

empirical approach. Thus the systems considered herein are 

identical to some of those investigated by Jan and Brinkmann 

in order to make use of the simulation results included in 

their worksd9,20)# 

Chapter 2 presents more detail on some results of 

previous works by various researchers. It serves as 

background for the topics which follow. Chapter 3 describes 

the basic concept of the equivalence technique used in this 

study, including a new procedure for choosing the 

coefficients of the simple equivalent linear MDF system. In 

Chapter 4, comparisons of simulation with analytical results 

are given, and the constituents of the simple equivalent 

linear model (i.e. the equivalent stiffness and damping) are 

examined further to seek to determine the potential of 

establishing a predictive model. The last chapter offers 

some conclusions drawn from the results presented in the 

foregoing chapters. 



II STATIONARY RESPONSE OF SYSTEMS SUBJECTED 

TO RANDOM EXCITATIONS 

2.1 Introduction 

The dynamic excitations to many civil engineering 

structures vary in an essentially random fashion. In 

consideration of this fact, it is reasonable to analyze the 

dynamic behavior of structures by a probabilistic approach. 

The response of a structure subjected to such random 

excitation is treated as a random process due to the random 

excitation. 

Generally, a random process can be characterized by its 

mean, autocovariance function and various derivatives with 

respect to time of the autocovariance function. Conversely, 

if these quantities of a random process are known, then 

certain other features of the random process can be 

determined or estimated. Herein, since the displacement of 

an excited system is regarded as a random process,the mean 

squared values of displacement and velocity of the system 

are important measures in depicting the behavior of the 

system. From a practical viewpoint, these two response 

statistics may be no less important for design purposes than 

the dynamic amplification factor obtained by the 

deterministic approach. Also, root mean squared values are 

necessary quantities for estimating the first passage 

probability and the accumulation of damage in fatigue 

analysis. 

6 



7 

The systems considered herein are shear beam type 

structures. Such models are clearly appropriate for 

multistory buildings with rigid floors,but they have also 

been found to be useful for many practical building 

structures. In what follows, attention is focused only on 

the study of stationary response of structures subjected to 

random excitation, even though nonstationary response of an 

excited system does occur in many practical situations such 

as during a strong earthquake. Nonetheless, stationary 

response behavior is important as at least a first step in 

understanding the dynamics of a structure, and it is 

sometimes a useful preliminary to study of nonstationary 

response. 

.Basically, the contents in this chapter serve as 

preliminaries to the present study to make the context more 

clear. 

2.2 Stationary Response of Linear Systems 

2.2.1 Stationary Response of SDF Systems 

The governing equation of motion of a simple (2nd order) 

linear SDF system subjected to base excitation can be 

formulated as follows 

mx + cx + kx= -m f(t) • 

or (2.1) 
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X + 2 0oçq>x + CJ0
2X = - f(t) 

where m is the mass, c is the damping coefficient, k is the 

spring stiffness, co0is natural frequency of the system and x 

is the displacement of the mass relative to the base. Since 

stationary response is the topic of interest, the base 

acceleration f(t) considered herein is restricted to be a 

stationary process. 

For any linear system, the stationary response power 

spectral density (psd) of the system is given as 

qjco ) = |H ( co ) |2 S^t co ) (2.2) 

where S^cu) is excitation power spectral density and |H(C0)| 

is the absolute value of the frequency response function of 

the system. The mean squared response levels can be 

expressed as follows 

c ^ 
E [ x2] = / |H(CO ) I2 S^tu) dco (2.3a) 

-oo 

oo 

E [ x2] = J co2|H(cu ) |2 Sj/tu) dco (2.3b) 
-OO 

Corresponding expressions for mean squared response can be 

written using the autocorrelation of the excitation and the 

impulse response function of the system, and time domain 

integration. For stationary response one form is 

OO OO 

E [ x2] ■ f JRM(I;-^) h(r1)'h(r2) d7; dr2 (2.4a) 
O O 

OO oo f 

E [ x2] = J f Rff(zj -r2) h'fT; ) h(r2) d^ dr2 (2.4b) 
o Jo 
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where R„(r) = E [ f (t) f (t +r ) ] (2.5) 

E [. ] is mathematical expectation, h(r) is the response to an 

impulse loading, and h'(r) is its derivative. 

The particular stationary excitation considered here is a 

Gaussian white noise process. The autocorrelation function 

is given by 

where S(•) is the Dirac delta function and S0the contant 

power spectral density (two-sided) of f(t). 

It is obvious from eq.2.6 that the mean squared base 

acceleration is unbounded. Even though this process is 

physically impossible, it will be noted that white noise 

modeling of physical phenomena often leads to meaningful 

results. 

As it is assumed that the random base excitation f(t) has 

zero mean, the response x(t) theoretically has zero mean as 

well. Either eq. 2.3 or 2.4 can then be used to find the 

stationary mean squared displacement and velocity levels as 

R,j(r) = 2 7T so 5(r) (2.6) 

n S0 
(2.7a) 

2 0OC4? 

(2.7b) 
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2.2.2 Stationary Response of MDF Systems 

For a linear n degree-of-freedom system, the governing 

equation of motion can be written as 

[M]{x} + [C]{x} + [KI{x} = - [M]{1}f(t) (2.8) 

where [M] is mass matrix, [C] is damping matrix, [K] is 

stiffness matrix,{1} is unit column matrix, and {x} is the 

column matrix of displacements of the masses relative to the 

base. The base excitation f(t) is taken to have the same 

characteristics as described in Sec. 2.2.1. 

The stationary response of the MDF system can be found by 

making use of either modal analysis or the Lyapunov method. 

For modal analysis, the displacement of the system is 

written as 

{x} = [$] Cq(t)} (2.9) 

where [$] is the normal mode matrix, comprising all mode- 

shape vectors. The vector {q(t)} contains time-dependent 

response factors. If the damping matrix satisfies a certain 

orthogonality condition, then the SDF equation for each 

modal response factor can be deduced individually from 

eq.2.8,^which takes the following form 

q, + 2 /?, cu,qj + CO,2q, - - p, f(t) (2.10) 

where /3, , CJ. , and p( are damping ratio, natural frequency and 

modal participation factor of the i-th mode. The term p. is 
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defined as 

Pi = - (4^ }X[MI {1} / {<J>. }T[M] {<j>, } 

With zero initial conditions, the solution of 

written as follows 

t 
qj(t) » - Pjff(r) h.(t - r ) dr 

Jo 

where h,(t) is the impulse response function 

h.(t) = { exp(-/3, to, t) sin(v, t)/v, } s(t) 

in which s(t) is the unit step function and 

V, = «I a -ft2) 'n 

(2.11) 

eq. 2.10 is 

(2.12) 

(2.13a) 

(2.13b) 

Therefore, the story distortion of each floor can be 

formulated in the following form 

n 
U.(t) * <T> h.(t-r) dr,i=l,2,3, ,n (2.14i 

where U.(t) indicates the story distortion of i-th floor, and 

is an element of the [$] matrix. 

Finally, the mean squared story distortion can be 

obtained 

n n 

°U, = 2îr So£ï>k 
Pj^i,j “^-1,? ^i,k Ti'k 

j=1 k=1 

Tj k= 2j30{((U,+ 0)k) [(COj-CjJ + é^COjCOj} 1 

(2.15a) 

(2.15b) 

where J30is the common damping ratio for each normal mode. 
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The dynamic characteritics of a linear MDF system can 

also be specified by a matrix of frequency response 

functions, therefore the mean squared response of an MDF 

system can be found through the frequency domain as well, 

and the result is the same as that obtained through the time 

domain. 

Alternatively, the mean squared response can be obtained 

by solving the Lyapunov covariance matrix equations without 

considering whether the governing equation of motion is 

uncoupled or not. The procedure is as follows. Rewriting 

eq.2.8 as 

0 I I 

-M’KI-M’C {1} 
y 

(2.16) 

and defining 

f{x}l 0 | I 
{*} = 17T7 - [G] =  1 j- 

luij r -M K | -M~ C 

and 

{F} 
{0} 

{1} 
f(t) 

(2.17) 

eq.2.16 reduces to a concise form as 

d{y} 
  = [G]{y} + {F} (2.18) 
dt 

From eq.2.18, the Lyapunov covariance matrix equation can be 
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obtained, and reduced to simultaneous algebraic equations 

for the stationary response 

[G] [S] + [S][G]T+[B] = [0] (2.19) 

where 

[S] = E[{y}{yf] [B] 2 7T s0 

0 I 0 

"Ô’ I ’[IJ 

in which [l] is the nxn unit square matrix. Note that [S] 

contains all the mean squared responses, as well as cross 

product terms. 

This procedure is quite straightforward, however it 

should be kept in mind that it is fairly time consuming in 

computation when the number of degrees of freedom of the 

system becomes larger. 

2.3 Stationary Response of Nonlinear Systems 

^.3^1 Description of Bilinear Hysteretic Systems 

It is noted that many structural systems cannot be 

treated as linear in some situations due to nonlinearities 

arising from either geometric effets or material properties. 

Thus dynamic analysis for nonlinear systems under random 

excitation is also needed. In fact, researchers have been 

working on this subject for several decades, and various 
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results have been obtained which are helpful in some 

respects. 

One type of nonlinearity of particular interest is the 

hysteretic behavior that occurs during yielding of a ductile 

material. The simplest model with such hysteretic behavior 

is the bilinear hysteretic system. This model includes both 

the softening spring and the energy dissipation effects of 

yielding, which are probably the most important effects in 

yielding systems, although practical yielding systems do not 

manifest the phenomenon of sudden yielding that 

characterizes the bilinear hysteretic model. 

It is obvious that the restoring force of a bilinear 

hysteretic system as shown in Fig. 2.1 depends not only on 

the instantaneous displacement but also on its past history 

of motion. Therefore, one may encounter some difficulties 

that never take place in the analysis of linear systems. In 

what follows, methods of approximating the stationary 

response of bilinear hysteretic systems will be introduced 

and comparisons will be made as well. 

2.3.2 Stationary Response of Bilinear Hysteretic SDF 

Systems 

The governing equation of motion for the bilinear 

hysteretic SDF system illustrated in Fig. 2.2. can be written 

as follows 
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m x + c x + k Q(x) = -m f(t) (2.20a) 

or 

x + 2 j3oC0ox +C4Q(X) = - f(t) (2.20b) 

where co0is the small amplitude undamped natural frequency,^ 

is small amplitude damping ratio equal to c/2mwor Q(x) is a 

nondimensional bilinear hysteretic restoring force with 

yield level Y and stiffness ratio a , as shown in Fig. 2.1. 

The base excitation, f(t), is considered to be Gaussian 

white noise with uniform power spectral density S0 . 

In general, no exact solution to the problem of a 

bilinear hysteretic sysytem subjected to random excitation 

has been found yet. However, in recent decades, there have 

been various analytical methods proposed for approximating 

the statistical response of bilinear hysteretic systems 

under random excitations. Of these methods, the use of 

equivalent linearization techniques is more prevalent than 

others. Thus, the review of analytical methods herein will 

be particularly directed toward the category of equivalent 

linearization techniques. 

A commonly used analytical method is the Krylov 

Bogoliubov method of equivalent linearization. The 

governing equation of motion for the nonlinear hysteretic 

system according to the K.B. method is formulated as follows 

x + 2 j3etoex + CUgX = -f(t) (2.21) 
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where ($9 andcoeare to be determined to minimize the mean 

squared difference between the original equation and the 

equivalent equation. Caughey^discussed the application of 

this method and used the technique to find results which he 

deemed appropriate for the particular problem of a bilinear 

hysteretic oscillator with small nonlinearity. However, it 

was shown by Iwan and Lutes^^that the K.B. method, as 

applied by Caughey, predicts root mean squared response 

levels of the bilinear hysteretic system with moderately 

large nonlinearity (a = 1/2) within, about 15% error. 

However, it does not give accurate predictions for nearly 

elasto-plstic systems ( a = 1/21). 

An alternate technique proposed by Lutes and Takemiyad^'J.E5) 

is an extension of Karnopp's power balance method' ’, to deal 

with bilinear hysteretic systems. Although this method does 

not begin with linearization, the results can be interpreted 

as equivalent linear parameters. In fact, it is shown in 

Ref. 14 that the equations used in the power balance method 

are closely related to those of the K.B. method. The method 

proved satisfactory in predicting rms response levels for a 

variety of systems, including a nearly elasto-plastic system 

( a=l/21). 

As mentioned earlier, if the response power spectral 

densities of two systems are identical, then they have the 

same rms statistics of response. This conclusion is also 

applicable to nonlinear systems. The idea of defining 
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equivalence by matching the response power spectral density 

function of a bilinear hysteretic system with that of an 

equivalent linear system was first attemped by Lutes^. 

The linear systems he considered included the SDF system of 

eq.2.21 and a two-mode model with natural frequencies of coQ 
1/2 

and a coQ. In both models parameters were chosen so as to 

match simulation rms values of displacement and velocity for 

the yielding system. For the SDF system these parameters 

were |3e and coe, and for the two-mode system they were the two 

modal damping factors. The results showed that the SDF 

model can approximate the response psd quite well for a 

moderately nonlinear hysteretic system (a=1/2), but it is 

unable to give accurate approximation of response psd for a 

nearly elasto-plastic system ( a=l/21). The two-mode linear 

model gives a significant improvement in approximating the 

response psd of a nearly elasto-plastic system ( a=1/21), 

but this merit is somewhat offset by its giving inferior 

approximation of the response psd for a moderately nonlinear 

hysteretic system ( a=l/2). 

Another approach which has been used to model the 

behavior of the bilinear hysteretic system uses a third 

order linear model to account for the reduction of natural 

frequency and the additional energy dissipation associated 

with the hysteresis of a bilinear hysteretic system^l>22). 

A physical model for the third order system is illustrated 

in Fig. 2.3. The difference between the bilinear hysteretic 
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system and the third order model is that the Coulomb slider 

is replaced by a viscous damper. The governing equations of 

motion for the third order system can be written as follows 

mx + cx + k1x + k2 (x-z) = - m f (t) 

(2.22) 

c2z - k2 (x-z) = O 

where x is the displacement of the mass relative to the 

base, and z indicates distortion across the additional 

damper. Hseih^^chose the parameters k, , k2 , c, and c2 so 

as to make the simulation values for stationary rms 

displacement and velocity of the third order system match 

simulation values for the corresponding bilinear hysteretic 

system. For systems with small damping ratio, Jan^OJ^as 

shown that the coefficient values chosen by Hseih's 

technique are functions of Y/<TU only. Hseih's results show 

that the model gives a reasonable approximation of the power 

spectral density of response, and also of the nonstationary 

buildup of rms response for a system initially at rest. For 

a nearly elasto-plastic system the psd results are not as 

good as those from the two-mode model, but the third-order 

model also applies to moderately nonlinear systems. 
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2.3.2 Stationary Response of Bilinear Hysteretic MDF 

Systems 

Analytical study of random vibration of yielding MDF 

systems is generally difficult due to the hysteretic 

behavior of the restoring force present in the system. One 

approach is to assume that the approximate methods which can 

closely predict the rms response of a yielding SDF system 

may also be extended to a yielding MDF system. Most of the 

methods proposed in the previous papers can be classified as 

equivalent linearization techniques. Herein, particular 

attention will be paid to nearly elasto-plastic systems 

since they have been shown to present special difficulty in 

linearization. 

The linearization schemes discussed for the SDF nonlinear 

system have sometimes been classified as "simple" when eq. 

2.21 is used, or "higher order" when the two-mode and third- 

order systems are used. This same classification can be 

used for linearization models for MDF yielding systems. Now 

a "simple" model will be one with the restoring force 

between any two masses provided by only one equivalent 

spring and one equivalent dashpot. 

Brinkmann^^-^used a simple equivalent linear model to 

approximate the rms response of a 2DF structure in which 

only one story exhibited bilinear hysteretic behavior. The 

two major assumptions that he made in his model were that 
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the effects of yielding on the entire structure could be 

fully modelled by only modifying the stiffness and damping 

of the yielding story, and that the relationships between 

the modified (equivalent) and the original stiffness and 

damping for the yielding story of a 2DF system were the same 

as for the yielding SDF system. In particular, he chose a 

linear model with stiffness and damping based on the 

modified power balance analytical results for bilinear 

hysteretic SDF systems. The equivalent linear stiffness of 

the yielding story of a 2DF system was taken as 

ke / k0 = 1 - (1 - 0£ )exp(- Y2/ 2of) (2.23) 

where k0 is the preyielding stiffness of the yielding story,a 

is the second slope of*the restoring force defined as 

before, Y is the yield level and Où is the standard deviation 

of the story distortion of the yielding story. The 

equivalent viscous damping for the yielding story was given 

as 

Ce ko y~ y Y 
  = 1 + ...,  (1 - OL) a  erfc(-=—) (2.24) 
c0 V

2 j30ke Ou V 2 Ou 

where ce is the equivalent damping coefficient of the 

yielding story, cQ is the original damping coefficient of 

the yielding story, erfc(.) indicates complementary error 

function and (3Q is the original modal damping ratio (the 

same for both modes). 
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The governing equation of motion for this equivalent 

linear system can be determined after ke and ce have been 

obtained. Unfortunately, the modified damping matrix is 

such that this governing equation cannot be uncoupled even 

though the original system had uncoupled modes. Brinkmann 

approximated the solution by replacing the original damping 

matrix so that the modes did uncouple and the uncoupled 

system dissipated the same amount of energy per unit of time 

as would the coupled system if it had the same response 

levels. This approximate approach had been previously used 

by Penzien^10)to uncouple simultaneous dynamics equations so 

that modal analysis could be applied. In general, Brinkmann 

obtained accurate predictions for rms displacement of the 

yielding story, but there were pronounced discrepancies 

between the analytical and simulation results for the 

unyielded story. Jan(20)determined that a significant 

portion of this error resulted from the diagonalization of 

the damping matrix. He solved the Lyapunov covariance 

matrix equations for the equivalent system to obtain 

analytical results without diagonalization. The improvement 

was substantial, but the remaining eror was still signifi¬ 

cant, indicating that the ke and c0 parameters of eqs. 2.23 

and 2.24 are inadequate to model the yielding behavior. 

Brinkmann also carried out an empirical search for a 

simple equivalent linear model, by using modal analysis. He 

sought a linear system with uncoupled modes and independent 
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modal responses which matched the simulation values of 

variance and covariance of response displacement and 

velocity. He used the fact that the response of such a 

linear system can be obtained by taking sums of products of 

mode shape and participation factor. In particular, 

Brinkmann formulated this model as follows 

where x, and x2respectively represent the displacements of 

the masses relative to the base, A and B are participation 

factors which were assumed statistically independent, and £ 

and lx determine the first and second mode shapes. The four 

parameters A, B, £ and lx were sought empirically through use 

of simulation results. Unfortunately, the equivalent linear 

system thus established could not satisfy the orthogonality 

conditions which are necessary characteristics of the linear 

MDF system. In other words, it seems that there is no 

simple linear structure with statistically independent 

uncoupled modes whose response levels are equivalent to 

those of the corresponding yielding structure. 

Since these simple linearizations were not satisfactory, 

Jan^O) extended the third-order linear model to approximate 

the rms response of yielding MDF systems. Basically, he 

replaced any story of a MDF system prone to yielding with 

the third-order linear model developed particularly for a 

(2.25) 
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yielding SDF system. This model was applied both to systems 

with uniform stiffness over the height and to systems with 

step-tapered stiffness in shear-beam type building models. 

For these 2DF, 4DF and 10DF (i.e. two, four and ten degrees 

of freedom) systems, this model gives surprisingly good 

agreement with simulation results for various cases in which 

one-story yielding, two-story yielding, or all-story 

yielding was assumed to take place. Over all, it appears 

that the third-order linear MDF model is adequate to predict 

the story distortions of yielding MDF systems subjected to 

random excitât ion(20)# some discrepancy between analytical 

results and simulation results does exit in all cases, but 

the larger percentage errors are often associated with 

stories which have relatively small response levels while 

stories with more significant response levels usually have 

smaller percentage errors. It appears that these errors are 

not generally substantial and may be negligible in practical 

engineering applications. 

The following chapters reconsider the problem of using a 

simple equivalent linearization to approximate yielding MDF 

systems. This is in spite of the fact that the higher order 

linear model has already been shown to be a generally 

adequate approximation. It is believed that a simple 

linearization (if shown to be adequate) may prove to be 

significantly more useful than the higher order model. One 

basis for this belief is simply a matter of familiarity. 
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The spring and dashpot arrangement in the higher order model 

is not common to most structural dynamicists, and this 

unfamiliarity may present some impediment to use of this 

model. The other reason for favoring a simple linearization 

is a matter of computation costs. Compared to the simple 

system, the higher-order model has a covariance matrix with 

a dimension which is 50% larger (if all stories are allowed 

to yield). When the number of degrees of freedom is large, 

this may drastically increase the computation time required 

for a dynamic analysis. 



Ill A NEW SIMPLE EQUIVALENT LINEARIZATION SCHEME 

3.1 Introduction 

The primary goal of this work is to find an adequate 

simple equivalent linearization model for yielding MDF 

systems, where "simple" means that each yielding element is 

replaced by a linear spring and dashpot in parallel. The 

model will be considered to be adequate if it accurately 

predicts rms story distortions. As explained in the 

preceding chapter, the higher order linearization model is 

adequate in this sense, but an adequate simple model might 

be of considerably more value. It would definitely save 

computation cost, and it might be more readily accepted by 

practicing engineers. 

As described in the preceding chapter, this is not the 

first attempt to find a simple equivalent linear system. In 

particular, the simple linear model with the stiffness and 

damping coefficients specified by eqs. 2.23 and 2.24 did not 

give correct rms story distortions of yielding 2DF systems. 

Apparently, these particular equivalent stiffness and 

damping coefficients are not adequate for yielding MDF 

systems even though they work well for yielding SDF systems. 

Hence, a new way of defining equivalent stiffness and 

equivalent damping will be proposed in an attempt to improve 

the applicability of the simple equivalent linear model. A 

basically semi-empirical approach will be used to determine 

the equivalent stiffness and damping values. 

25 
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For convenience, the systems considered herein are 

identical to those used by Jan(2(^and Brinkmann^19^in order 

to make use of the available simulation results. The 

systems are shear-beam building models which can be 

classified into two groups, Type A and Type B, with the 

following characteristics: 

Type A : structure with stiffness uniform over its 

height. 

Type B : structure with step-tapered stiffness which has 

the largest value at the bottom story and 

stiffness reduction at every subsequent two or 

three stories. 

The masses in any particular structure are all the same, 

except that in the two-story system of Type A the mass at 

the top story is taken to be half that of the bottom story. 

The damping matrices considered are such that the unyielded 

system has modal damping values of 1% and 5% of critical. 

Modal natural frequencies and mode shapes of each system 

studied are given in Table 1 to 4 . Jan's systems have a 

post-yielding stiffness given by a* 1/21, while Brinkmann's 

systems (which are only 2DF) have ot = 1/100 and 1/2. 

3.2 Basis for The Linearization Scheme 

An attempt is made here to distinguish intuitively 

between the effects of the stiffness matrix and the damping 
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matrix. In particular, it is assumed that the stiffness 

matrix governs the distribution of distortions over the 

height of the building, while the damping matrix primarily 

affects the magnitudes of all distortions. This is most 

easily seen for the 2DF system where the ratio 0î,2/0î,i 

completely governs the distribution of distortions. The 

approach used, then, is to choose equivalent stiffness for 

the yielding stories to match linear system results to the 

simulation values of this distortion ratio, then to choose 

the level of damping such as to individually match Oï,i and 0^2 

to the respective simulation values. In order for the 

method to give exact matching of the simulation values it 

would be necessary to modify the damping matrix in such a 

way that the distortion ratio was unaffected. This would be 

very difficult to accomplish, and the approach used here is 

simply to multiply the original damping matrix by a scalar 

factor r chosen to give approximately the correct levels. 

Recall that for a linear SDF system subjected to random 

base excitation, the mean squared response is inversely 

proportional to the magnitude of the damping, as shown in 

eq. 2.7a. Directly corresponding to this, it is assumed 

here that multiplying the entire damping matrix by a factor 

r will result in each Oil value being changed by 

—1/2 
approximately r and OUI/OîIJ ratios being unchanged. As a 

further justification of this approximation one can consider 

the response of a linear MDF system which has uncoupled 
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modes. In this situation applying the factor r to the 

damping matrix will alter each rms modal amplitude by 
-1/2 

exactly the r factor. The cross-correlation terms between 

modal amplitudes will not vary in such a simple way, but 

these terms are generally relatively unimportant for 

calculating rms distortions, particularly for lightly damped 

-1/2 
structures. Thus the r factor should be approximately 

correct for the rms distortions of at least some MDF 

structures also. 

In summary, the simple linearization procedure is to 

choose the equivalent stiffness on the basis of the 

empirical (simulation) distortion ratios; to find the 

response levels of this system with the original damping 

matrix; then to multiply the damping matrix by a factor r 

chosen from the assumption that this will change the cru 
, ^ -1/2 

values by a factor r 

Note that the choice of equivalent stiffness used here is 

fundamentally different from that previously used by 

Takemiya and Lutes^4^and by Brinkmann^-^). jn these 

earlier studies equivalent stiffness was related to the 

average frequency of response of a SDF system. In 

particular, this average frequency was taken as the ratio of 

rms velocity response to rms displacement response (which 

can be related to zero-crossing frequency for a process 

which is either narrow-band or normal). The method proposed 

here does not use velocity values at all, but rather uses 
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the distribution of rms distortion over the height of the 

structure. Thus one cannot use SDF results to determine 

equivalent stiffness by the proposed method. At least two 

distortion locations must be present in order to find a dis¬ 

tortion ratio which can be used to define the equivalent 

stiffness. The following section shows how 2DF results were 

used to empirically determine equivalence parameters. 

3^.3 Equivalent Stiffness and Equivalent Damping 

For simplicity, the search for a relationship describing 

equivalent stiffness is primarily based on investigations of 

2DF systems with only one story yielding. Furthermore, the 

results shown in this section are only for Type A systems. 

By linear analysis one can obtain a curve of Cfa/Oin versus 

k2/k, for a linear 2DF system with given mass distribution. 

Figure 3.1 shows such a curve. It is for the situation when 

the masses are for a Type A system ( = 2m2 ), the damping 

is such that the modes are uncoupled and have 0O= 0.05 for k2 

kt , and the other abscissa values were obtained by varying 

k2. Similar studies for other situations have shown that 

the curve is almost independent of the magnitude or form of 

the damping, so long as damping remains relatively small. 

For the simulation results(20)f one can plot a corresponding 

curve of OÜ2/Œ11 versus Y/Oüi where story i is yielding and 

story j is elastic with known stiffness kj . For example, 
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Figure 3.2 shows the simulation curve for a situation with 

the top story yielding. 

From these two types of plots, the curve relating ke/ k0 

and Y/Oui can be plotted, where ke denotes the equivalent 

value and k0 denotes the preyielding value of k| . The 

precise procedure is to observe the OI2/OL1 value for a 

given choice of Y/Oui , then to use Fig. 3.1 to find the k2 / 

k, giving this <7U2/0üI in a linear system. In particular, 

since k2 = kt before yielding in the Type A system, one has ke 

/ kQ equal to k, / kj from Fig. 3.1. The resulting values 

shown in Fig. 3.3 demonstrate that there is approximately a 

linear relationship between Ln(l - ke / k0 ) / (1 -a) and 

Y/Oui . The equation 

= k<j [l - ( 1 - a ) exp(- Y/ (Tui )] (3.1) 

shown in the figure is seen to be a reasonable approximation 

for all four situations plotted there, which include three 

different values of the slope ratio, a , and either story 

yielding in the 2DF structure. Using from eq. 3.1 to 

replace the stiffness of a yielding story in the stiffness 

matrix of a linear system, one may show that the ratio of o^i 

to o^j of this linear system approximates that of the 

corresponding yielding 2DF system. Such studies presented 

in Chapter IV also include cases where both stories are 

yielding and 10DF structures. 
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It should not be surprising that the story distortions of 

the linear system obtained from eq. 3.1 are usually larger 

than those of the yielding system. In particular, no 

account has been taken of the hysteretic damping present in 

the yielding system during vibration. Consequently, a 

modification of the damping in the linear system is intro¬ 

duced such that the values of rms story distortion are 

modified simultaneously in order to approximate those of the 

yielding system. As described in the previous section, the 

equivalent damping matrix is taken as r times that of the 

yielding system. The factor r is taken as an average of all 

the ratios of mean squared story distortions of the linear 

model having the equivalent stiffness matrix and the 

original damping matrix to the corresponding simulation 

values for the yielding system. More specifically, for 2DF 

systems, after finding the ratio of Oï,i from the linear model 

to Oui from yielding simulation and the ratio of 0u2 from the 

2 
linear model to 0Ô2 from simulation, one may practically 

define r as the average of these two ratios. Values of r 

are presented in Chapter IV, and qualitative observations 

are made regarding the relationship between r and Y/<TUj 

It is hoped that a more definite relationship between r and 

Y/Oiii can eventually be found after more elaborate study of 

a variety of systems. 

The linear MDF model proposed for approximating the 

behavior of a yielding MDF system, then, consists of 
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modifying the stiffness of all yielding stories according to 

eq. 3.1, and scaling the damping matrix by the scaler factor 

r. The results in the following chapter show that this is 

feasible for a variety of 2DF and 10DF systems. 



IV COMPARISON OF SIMULATION RESULTS AND 

ANALYTICAL RESULTS 

In what follows, the analytical results based on the 

linearization scheme described in the preceding chapter will 

be presented and compared with simulation results. Recall 

that the linearization scheme involves using eq. 3.1 to 

determine an equivalent stiffness for each yielding story, 

and using a damping matrix which is proportional to that in 

the hysteretic system. The scaling factor applied to the 

damping matrix is empirical. The hysteretic models have 

damping in each mode when no yielding is taking place, so |3eq 

= r P0 will be used to characterize the damping level of the 

linear model, where r is the empirical scale factor. 

Precisely r is given by 

where i refers to story level, (Tu denotes a simulation level 

for the yielding system, and (Tu* denotes the analytical 

value for the system with the modified stiffness matrix and 

the original damping matrix. The level and behavior of (3eq 

will also be discussed. 

(4.1) 
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4.1 2DF Systems 

4^1.1^ Systems with Only One Story Yielding 

Figure 4.1 shows the rms response levels for the systems 

used in selecting eq. 3.1 to model reduced stiffness. It 

has already been shown in Fig. 3.3 that for these particular 

situations, this choice of ke gives a good approximation of 

the distortion ratios (Tui/oiij when the damping is unchanged. 

Thus the excellent fit between analytical values and 

simulation values in Fig. 4.1, only shows that scaling the 

damping matrix does not seriously change these distortion 

ratios. The normalization factor N in this and other 

figures is a measure of the excitation level, defined by 

Figure 4.2 shows rms levels for two of the structures 

presented above (Type A with ot = 1/21), but with |30 reduced 

from 0.05 to 0.01. Again the analytical results are 

excellent, although the cru versus Y curves are somewhat more 

complicated than before. Actually the 0*ui/<ruj distortion 

ratios are essentially the same for |30 = 0.01 as for j30 = 

0.05, so the additional peaks and valleys in the analytical 

curves in Fig. 4.2 are due to changes in the (^(or the r) 

(4.2) 

value. 



35 

The equivalent damping ratios, j3eq = r 0Q , for the above 

cases are shown in Fig, 4.3. For the system with the second 

slope a = 1/21, the equivalent damping ratio curves have 

maximum values in the vicinity of Y / (TUi = 0.15. This is 

true for both values considered. From Fig. 4.3 one can 

note that the factor r = 0eq/ (30 is larger for systems with j30 

0.01 than for systems with £}o=0.05, but the total damping 

is slightly larger for /30 = 0.05. The results are seen to 

be very simular for top story or bottom story yielding. 

Note that the equivalent damping values for each of the five 

cases are no more than 8%, which is relatively small. 

For the system with a= 0.01 the curve in Fig. 4.3 

indicates that yielding reduces the equivalent viscous 

damping, since j3eq< j30 . This result was unexpected, since 

yielding definitely causes energy dissipation. The r value 

being less than unity, of course, resulted from in 

eq. 4.1. That is, reducing the stiffness in this model, 

without changing the damping, gave reduced rather than 

increased responses. In order to better understand this 

phenomenon, the rms velocity levels were also studied for 

this case. Fig. 4.4 shows that the model with reduced 

stiffness and damping gives poor predictions of rms 

velocity (even though the o*u predictions were excellent). 

In particular, the linearized system .has much larger 

velocity levels than does the yielding system, particulary 

in the yielding top story. Since the yielding system has 
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small velocities, it dissipates relatively little energy by 

viscous action from the @0 damping. The linearized 

system(with larger velocities) must have reduced damping to 

match this energy dissipation. Thus, for any situation, one 

should expect yielding to add hysteretic damping to the 

system, and also to reduce the effectiveness of the viscous 

damping in the system. The results in Fig. 4.3 show that 

for a = 1/21 the first effect dominates, while for a = 0.01 

the latter effect dominates. 

Based on Fig. 4.4, one should also take warning that the 

linearization procedure presented here should not be 

expected to give good approximations of rms velocities, even 

if it works well for displacements. 

4.1.£ Systems with Both Stories Yielding 

Note that it is more difficult to apply eq. 3.1 to find 

equivalent stiffness when more than one story is yielding. 

The problem is that one cannot arbitrarily choose both the 

Y/0ui and Y/0u2 ductility values, since this is almost sure to 

give a Oiii/CU2 distort ion ratio which is inconsistent with the 

stiffness values computed from eq. 3.1. Thus iteration is 

required to find consistent values of ductility and 

stiffness. The calculation of equivalent damping from eq. 

4.1 is the same as before. The results presented here 

include the Type B structure with a = 1/21, as well as the 
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Type A structures considered with only one story yielding. 

From Fig. 4.5, 4.6 and 4.7 it can be seen that the 

values determined from the linear model are not as good as 

they were when only one of the stories was yielding. For 

the Type A system with a= 1/21 (Fig. 4.5), for example, the 

approximation is quite good for Y/N >1.0, but some 

discrepancies occur for small Y values. For the Type B 

system (Fig. 4.6) the results are even less accurate, while 

for a = 0.01 (Fig. 4.7a) the fit is quite good. Overall, 

even though the analytical results are not so good as for 

only one story yielding, the rms story distortion 

predictions may be considered to be fairly good. Recall 

that for 0: = 0.01 it was found that the linear model gave 

poor approximations of rms velocity levels. Figure 4.7b 

shows that this discrepancy is even more pronounced when 

both stories are yielding. 

The equivalent viscous damping values for the systems 

discussed above are shown in Fig. 4.8. In general, /?eq is 

about the same order of magnitude as when only one story was 

yielding. Note that yielding reduces the equivalent viscous 

damping for the Type A system not only when a= 0.01 (as was 

true when only one story yielded), but also when oc = 1/21 

and pQ= 0.05 for some Y /Ou values. 

Recall that eq. 3.1 was presumed to give the correct 

distortion ratios Oîii/OLj • These values can be computed 
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from Fig. 4.5 to 4.7, but they are more dramatically 

illustrated in Fig. 4.9 and 4.10. Clearly, the 

discrepancies are rather major when Y/Oui is quite small in 

these systems with ot = 1/21 and both stories yielding. Use 

of eq. 4.1 to determine the equivalent damping makes the 

error in Oüi/N values smaller than that for Oûi/CTuj . The 

percentage error in Oii/Ouj is essentially split between 

the <£i//N and the Oûj/N curves. 

4.2 10DF Systems with One Story Yielding 

Consider next the results of applying the equivalent 

stiffness of eq. 3.1 and damping factor of eq. 4.1 to 10DF 

systems with one story yielding. Figures 4.11 to 4.14 show 

that for rms story distortions, the analytical results 

generally agree quite well with simulation values. Note 

that the various curves in each of these figures have been 

crowded together such that it is not convenient to give an 

absolute ordinate scale for each curve. However, the 

representative logrithmic scale given allows one to 

determine the percentage increase or decrease in any OL/N 

value, as Y/N is varied. The number on the right tail of 

each curve in these figures denotes the limiting value of 

rms story distortion when yielding level Y is infinite (i.e. 

unyielded). The results in these figures are qualitatively 

the same as those for 2DF systems with only one story 

yielding. Overall, the response levels in the stories which 
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remain elastic during vibration are decreased by yielding, 

while the response in the yielding story is increased. 

Looking more closely at distortion ratios, the <rUj/Oui 

ratios for the Type A system are shown in Fig. 4.15 to 4.18 

for (30 = 0.01 and /?„= 0.05, respectively. Again, the number 

on the right tail of each curve signifies the limiting value 

of the distortion ratio when the yield level is infinite. 

Note that the analytical results quite closely approximate 

the simulation values over all the stories of the system. 

There is at least one consistent pattern of error in the 

distortion ratios, even though the magnitude of the error is 

quite small. In each situation the linear model predicts 

distortions which are too large in the lower elastic stories 

and too small in the upper elastic stories, all compared to 

the distortion in the yielding story. Thus, for example, 

Fig. 4.15 gives 0üi/(Tu2 too small ( OL2 too large) and OÜ1/OÜ10 

too large ( Ouio too small). 

The corresponding equivalent viscous damping values are 

shown in Fig. 4.19. The curves, either for j30= 0.01 or 

for j30= 0.05, appear similar to those in Fig. 4.3 for the 

Type A 2DF system with one story yielding. 

Overall, the 0eq values for the 10DF system are somewhat 

larger than for 2DF systems, but they are still relatively 

small, being no more than 11% of critical. 
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4.3 Analysis of ffoq Values 

Figures 4.3 and 4.19 have presented empirical j3eq curves 

for each of the 2DF and 10DF systems studied. It would be 

very desirable to find some analytical relationship between 

these values, the Y / <rUj values and the system parameters. 

What follows is an attempt to determine this relationship by 

using a somewhat different linear model. The basic idea 

here is to attempt to model the change in damping by the 

addition of an additional dashpot cy to the yielding story, 

rather than scaling the original damping matrix[c0] by the 

factor r . Note that actually changing the damping 

distribution in this way would be likely to change the Oln/Ouj 

distortion ratios. This is undesirable since the stiffness 

values have been chosen on the basis of matching these 

values to the simulation values. Thus the cy value will be 

chosen to match the energy dissipation rate of this new 

system to that of the system with damping [cr] = r [c0] when 

both experience the same response velocities. This is quite 

easy when only one story is yielding. In particular the 

velocities will be denoted by the vector {xr} representing 

the response of the system with damping [cr]. The two rates 

of energy dissipation, to be equated, are then 

E[E.D.]r= E [{*r }
T[cr] {Xr }] 

= r E [{ir f[c0] {xr}] 
(4.3) 

and 
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E[E.D.]y= E[{xrf[Co] {xr}] + CyE[Ü?,] (4.4) 

where only story i is yielding. Each of these expressions 

must also equal the rate of energy addition: 

n 
E[E.A.]= 7T SQ 2% (4.5) 

k = 1 

One can solve these equations for cy in the form 

r - 1 
cy=  — ( TTSQ ) 2% (4.6) 

r E(ùf|) k=i 

Let û*j refer to the response of the linear system with 

reduced stiffness values and the original[CQ] damping 

matrix. Recall that this system was used to define r, under 

the assumption that the r factor on damping caused an r-1 

effect on mean squared response levels. Applying this same 

assumption to üri gives 

Cy = 
r - 1 

E(u*j) 

n 
( TT SQ ) 

k=1 
(4.7) 

These values have been computed for the systems with a = 

1/21 and only one story yielding. The results have been 

nondimensionalized in the form cq,cy/ko , where k0 is the 

preyielding stiffness of story i, and coais the apparent 

frequency of story i ( cfy /crui ) in that preyielded 

condition. The results for the 2DF systems are presented in 
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Fig.4.20, while Fig.4.21 shows those for the 10DF systems. 

Clearly the technique does not result in a single curve of 

c^,Cy/^versus Y / Oui , as might be desired. That is, the 

functional relationship between ductility and apparent 

damping change has not been found. Nonetheless Figs.4.19 

and 4.20 do show some forms of consistency which were less 

apparent in the 0eq curves for the same systems. In 

particular, the P0 = 0.01 and 0.05 situations give much more 

similar curves for cy than for Peq • The shapes are similar 

and the range of ductility values for which the numerical 

values are also similar is considerably larger than for Peq 

curves. Rather curiously, for the 2DF systems (Fig. 4.20) 

the cy values are essentially independent of ft, for large 

values of Y / (Jut , while the 10DF results (Fig.21) give less 

dependence on p0 for small Y / 0ui values. It should also be 

noted that the cy technique gives no meaningful results for 

situations where r<l, such as for a= 1/100. As noted 

before, this situation is apparently related to the 

difference between the {xr} values, and the true response 

velocities for the yielding system. It appears that one 

will not be able to analytically relate fteqto ductility 

without simultaneously finding expressions for the response 

velocities of the yielding system. This will require much 

more analytical study, as well as additional simulation 

results for the velocities of yielding systems. 

One can also evaluate fteq , by the technique of eqs. 3.1 
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and 4.1, for the SDF system, for comparison with MDF results 

presented above. Note that this is fundamentally different 

from the damping of eq. 2.24, since the linearized stiffness 

values are different in the two cases. Figure 4.22 shows 

the SDF 0., values obtained by the r technique. One notes 

that the maximum value is about 25%, which is approximately 

2.5 times larger than for any of the MDF systems. Similarly 

one can obtain 

co0cy 
   2 ( 0eq- pQ ) (4.8) 

k0 

for the SDF system. This gives a maximum value of this 

nondimensionalized cy value near 0.40, which is shown in 

Fig. 4.23. This is approximately 5 times the largest value 

obtained for MDF systems, so the comparison is even worse 

than for &q. 



V SUMMARY AND CONCLUSIONS 

A simple linear model has been presented for analyzing 

the stochastic stationary response of bilinear hysteretic 

MDF shear beam type structures subjected to Gaussian white 

excitation. The linear model is characterized by an 

equivalent stiffness for each yielding element, and a 

damping matrix which is proportional to that in the 

unyielded system. The nonlinear systems studied had 

preyielding viscous damping ratios of (30 = 0.01 and 0.05, 

and were either two-story structures in which either one or 

two stories were allowed to yield, or ten-story structures 

in which only one story was allowed to yield. The second 

slope ratio ct of the bilinear hysteretic restoring force was 

chosen as 1/21 or 1/100 in order to study nearly elasto- 

plastic systems. Since deformation of the structure is the 

most important factor in consideration of safety for 

structures under random vibration, attention has been 

focused on the root mean squared story distortions in this 

study. 

The stiffness values used here were selected from 

studying the distortion ratios ( Oui/crUi ). This is a 

fundamentally different concept than using the ratios 

between velocity and displacement, as had been done in 

earlier simple linearization studies. A simple equation was 

found relating equivalent stiffness to ductility ( cruj/Y) in 

the yielding story. The equation gave good matching of the 
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distortion ratios for both 2DF and 10DF systems with only 

one story yielding. It also gave fair approximation of the 

general trends for 2DF systems with both stories yielding. 

The equivalent damping used here is characterized by a 

single scale factor r, which is multiplied times the 

original damping matrix to give the substitute values. If 

the factor r were known as a function of the ductilities in 

the yielding stories, then one would have a complete 

analytic model for predicting rms response levels of 

yielding MDF systems. Unfortunately, such a functional 

relationship for r has not yet been found. 

In this study r values were determined empirically from 

simulation results. It was shown that such a model could 

give response values which agree quite well with simulation 

values for the bilinear hysteretic MDF systems. 

The damping values determined empirically were not very 

large. In fact, the equivalent damping matrix found would 

not correspond to more than about 11% modal damping (in the 

unyielded state) for any of the yielding MDF systems 

studied. 

Based on the findings of this study, the conclusion may 

be drawn that it is feasible to define a simple equivalent 

linear model by the approach used here. An apparently 
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satisfactory equivalent stiffness relationship has been 

found, but determination of a corresponding relationship for 

equivalent damping will require further study. 
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TABLES 

Table 1 Normal Modes for Type A, 2DF Systems 

( m, = 2 m2 , k, = k2 ) 

1 Mode ( i ) i 1 1  
1 2 
1 _ ... 

1 Natural i 
1 Frequency 1 0.766 1 1.848 
1 C0| "V m, /ki 1 

I 

1 Mode i 1.0 i î.o 
i _ .. . 

1 Shape 1 1.414 i - 1.414 
1 - — — - 

Table 2 Normal Modes for Type B, 2DF Systems 

( m, = m2 , k,= 2 k2) 

Mode ( i ) 
l 

1 
_ |  

1 1 2 
1 

Natural 1 

|     - 

1 
Frequency 

to, y m, /kt 

1 
1 

- I  

0.541 1 1.319 
1 

Mode 
|  
1 
I 

1.0 i î.o 

Shape 
1 
1 
1 

2.414 i - 0.414 
1 



7able 3.a Normal Modes for Type A, 10DF System 

B
 II B
 

IO
 II 1 1 1 II m10 f 

1 î 

II 2    

1 - - I 

Mode (i) i 1 i 2 
1 I 

1 3 1 4 
I 1 
1 5 1 

1 1 
Frequency 10.15010.445 

   

i 0.731i 1.0 

   

i 1.251 
0)|V m! /kt | 1 

1 | 
1 1 
1 - 1 

1 1 
1 -1 

i 1.0 i 1.0 
1 

1 1 
1 1.0 1 

- 1 
1.0 i i.o i 

ll.987U.80 i1.470i 1.0 

  

i 0.451 
i i 

|2.91li2.25 
_ 

  

i2.i5 i 
1    

0.0 i-0.801 
1    

Mode 1 3.780i2.25 10.22 i -1.0 i-0.80| 

1 4.564 Î1.80 
1 1 

  

i-0.83i -1.0 

   

io.45 1 
i i | |  

Shape 15.2461 1.0 

  

i-1.43 i 
1 -1 

0.0 i i.o i 
   i 

1 5.811! 0.0 
_ 

\ \ 
1-1.271 1.0 i o.o i 

i  

16.246 !-1.0 

  

i -0.43i 
 1 

1.0 i-i.o i 

16.541Î-1.8 io.64 i 
1 1 

0.0 î-0.451 

16.691Î-2.25 
 i i   

1 1 
11.37 1 
1   1 

-1.0 io.8o 1 
i  i 

kio 



Table 3.b Normal Modes for Type Ar 10DF System 

( nii = nij “ 

i 1 _  

m10 r 

1 _ 

J* 

I! 

J* 2 =8 

1   1 

Mode (i) 
1 

1 6 
1   

1 7 
I 

I 8 

1 
1 9 i io i 

Frequency 

  

i 1.47 

   

i 1.65 

  

i1.802 

  

ii.9ii 

  

il.9781 
CJ| Y /% 1 

I  
1 
i    

1 
i _  

i 
i - - - 

1 1 
i i 

i î.o 
i 

i î.o 
i  

i î.o i î.o i î.o i 
i - -1 

i-1.5 
i 

i-0.73 

   

i-1.25 

   

i-1.65 i-i.9ii 

1-0.98 
i 

- - 
1-0.47 
i  

_ 

io.56 

  - 

il.73 

  

i 2.65 1 

Mode 10.30 il.07 

   

io.56 

  

i-1.21 
1    

i-3.161 
_ _ 

10.93 
i 

- - 
î-0.32 

   

i-1.25 io.27 
i   

i3.38 I 
_ _ i 

Shape 1-0.44 
i 

  

i-0.84 

   

i î.o io.77 i-3.311 
_ _ i 

1-0.87 
. .... 

  

io.93 

  

i o.o 

  

i-1.54 î 2.94 1 
 i 

10.57 î 0.16 

  

i-i.o 

  

il.77 
i   

i-2.311 
 i 

10.78 

  

i-1.05 

   

il.25 i-1.39 
i  

il.47 | 

1-0.68 
1  

  

i 0.61 
1  

  

i-0.56 
1  

io.52 
1  

i-0.511 
1 1 
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Table 4.a Normal Modes for Type B, 10DF System 

( m, = m2 = = m10) 

( k, / k10= 2.3, 2.0, 2.0, 2.0, 1.5, 
1.5, 1.5, 1.0, 1.0, 1.0 ) 

Mode (i) 

|  

1 1 

|  

1 2 

|  

1 3 

1  

1 4 

|  

1 5 

Frequency 
C^iV mi /k. 

   

i 0.131 

1 

  

î 0.351 

1 
i  

_ 

i 0.576 

1 
1   

_ 

î 0.799 

1 
i   

  

î 0.981 

1 
i    

i î.o i î.o 
i  

i î.o i î.o i î.o 

12.13 12.01 il.77 

  

il.42 
i   

- 
i 1.04 

13.22 

   

i 2.73 

  

il.86 
I  

io.79 
I _ 

   

i-0.07 
i 

Mode 14.24 

  

i 3.07 
i  

il.25 i-0.41 i-i.ii 

15.50 i 2.94 

  

i-0.21 i-1.62 
i    

  

i-0.85 

Shape 16.61 

  

12.26 

1 - 
i-1.56 !-1.24 

   

io.66 

17.54 
i 

ii.is 

   

i-2.12 

   

î 0.35 

  

il.20 
i  

18.64 

  

i-0.84 

  

i-1.34 

  

! 2.22 i-0.65 

19.40 
  

  

i-2.59 
, i  

  

io.45 
i  

  

î 0.84 

  

î-1.06 

19.79 
i  

i-3.61 

1  

il.90 
1  

  

i-1.78 
|  

  

î 0.87 
|  



Table 4.b Normal Modes for Type B, 10DF System 

( ni! = m2     m10) 

( k, / k10= 2.3, 2.0, 2.0, 2.0, 1.5, 
1.5, 1.5, 1.0, 1.0, 1.0 ) 

| 1 1 1 1 1  
I Mode (i) I 6 | 7 | 8 I 9 I 10 
| 1 1 1 1 1  
I Frequency 11.153 11.25711.45011.57611.781 
I COiVmT7Tq| I I I I 
| 1 1 | | |  
I I 1.0 I 1.0 I 1.0 I 1.0 I 1.0 
| | 1 | | |  

I 10.62 10.33 1-0.271-0.711-1.50 
| | 1 | | |  

I 1-0.711-0.941-0.891-0.4011.42 
| | 1 1 | | : 
I Mode 1-0.961-0.5010.64 11.05 1-0.92 

I 10.66 11.30 10.63 1-1.0110.37 

I Shape 10.93 1-0.051-1.4010.78 1-0.15 
| | 1 1 | 1  
I 1-0.701-1.2811.09 1-0.4010.05 
| • | 1 1— | I  
I 1-1.0111.52 1-0.4410.18 1-0.01 

I 11.76 1-1.2110.17 1-0.0310.002 
| | 1 1 | |  

I 1-0.8610.46 1-0.0510.01 10.000 
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Fig. 2.1 Bilinear Hysteretic Restoring Force 
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Fig; 2.3 Third Order Linear'Mechanical Model 
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Fig.: 4.1a NormaKzed RMS Story Distortions 

Typo A, 2DFi( a—0.5, j3o=0.0S Top Story Yielding 

Typo A, 2DFi. a=0.01, j30= OJ05 Top Story Yielding 
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Type A. 2DF, a =1/21,4=0.05 Top Story Yielding 

Fig. 4.1 d Norma fized RMS Story Distortions 
Type A, 2DF,a =1/21,4=0X5 Bottom Story Yielding 



Typo A, 2DF, 0=1/21.-0=0.01*' Bottom Story Yielding 
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OuV N o Simulation 

Type A, 2DF, a =1/21, 0=0.01 Both Stories Yielding 

Type A. 2DF. a-1/21, 0=0.0 1 Both Stories Yielding 
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Fig. 4.6a Normaized RMS Story Distortions 
Type B, 2DF. a =1/21. 0o=O.O1 
Both Stories Yielding 

Fig. 4.6b Normaized RMS Story Distortions 
Typé B, 2DF. a =1/21, 0=OJO5 
Both Stories Yielding ° 
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Fig. 4.7a Normafized RMS Story Distortions 
Type A, 2DF.or =OJ01.:&=OJ05 

Both Stories Yielding 

Fig.4.7b Normafized RMS Story Velocities 
Type A. 2DF, a=0j01. 0=QJQ5 
Both Stories Yielding 
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Both Stories Yielding 

Type A. 2DF, a =1/21, 0o=CLO5 

Both Stories Yielding 



Type B. 2DFi a =1/21, 0= 0.01 
Both Stories Yielding 

Fig. 4.10b Distribution of RMS Story Distortions 
Type B. 2DF, a —1/21, ($= 0J05 

Both Stories Yielding 



0.1 1.0 Y/N 
Fig. 4.11 Normalized RMS Story Distortions 

Type A, 10DF, j3o= 1 %.. First Story Yielding 



o.oi o.i i*0y/N 
Fifl. 4.12 Normalized RMS Story Distortions 

Type A, j30=5%, First Story Yielding 



0.01 0.1 1.0 y / 

Fig. 4.13 Normalized RMS Story Distortions 
Type B, 10DF, 0O=1%, Fifth Story Yielding 



0.01 0.1 1.0 Y/N 

Fig. 4.14 Normalized RMS Story Distortions 
Type B, 10DF, £>=5%, Fifth Story Yielding 



0.0 t 0.1 1.0 Y/Oui 
Fig. 4.15 Ratios of RMS Story Distortions 

Type A. 10DF, &=1%, First Story Yielding 
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Type A, 10DF, &=5%, First Story Yielding 
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0.01 0.1 1.0 Y/ Oil 5 
Fig. 4.17 Ratios of RMS Story Distortions 

Typo B,: 10DF, j3t>=1 % , Fifth Story Yielding 
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0.01 0.1 1.0 
Y/CTiil 

Flfl. 4.20 Type A. 2DF^Qr»1/21 
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