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AB SIS ACT 

THE EFFECT OF GAIN SATURATION ON ACTIVELY MODE-LOCKED LASER PULSES 

by 

Panayotis Chrysostomos Lekkas 

The goal of this thesis is to take into account the gain saturation 

that occurs within pulse duration for actively node-locked lasers snd to 

discuss its effects on the generated pulses* The population inversion* 

obtained analytically using a perturbation scheme* has been found to vary 

considerably within pulse envelope* An assumingly Gaussian pulse has been 

followed along its round-trip in the laser cavity through the active 

medium and the modulator* and by incorporating the time-dependent gain_ 

for the first time in the analysis* self-consistency relations have been 

found* The resulting pulse characteristics* based on typical Nd:YAG laser 

parameters show a strong dependence of the output pulsewidths on the pump 

intensity* as well as of the interpulse spacing on the length of the 

active medium* The population inversion droped by two orders of magnitude 

within the duration of the incoming pulse and the extent of the depletion 

was increasing for increasing pump intensities* By varying the input 

field from 10 up to 1*5x10 V/m the pulsewidth was found to vary from 

1.4 to 2*1 psec* while the interpulse spacing jittered within 1*7 psec 

for variations of the length of the active medium from 10 cm to 50 cm. 
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CHAPTER 1 

(1.1) Introduction 

The frequency band over which laser oscillation can occur is 

determined by the region where the gain of the laser medium exceeds 

the resonator losses. There are usually many axial modes of the opti¬ 

cal resonator, which oscillate within this band. The laser output 

then, as a function of time, will depend on the amplitudes, frequen¬ 

cies and relative phase-differences of all these oscillating modes. 

If however, nothing fixes these parameters, the output will exhibit 

noise-like characteristics because of (i) fluctuations of individual 

modes oscillating independently of other modes and (ii) nonlinear 

effects in the active medium. There is a way though, to cause the 

output to vary in a very well defined manner. If by some means the 

oscillating modes are forced to maintain a fixed phase relationship 

to each other, the output satisfies our requirement of good time 

behavior and the laser is said to be "mode-locked* or "phase-locked". 

A mode of a resonator can be defined as a self-consistent field 

configuration. After one round trip in the cavity, the optical field 
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distribution reproduces itself [1]. Common curved mirror resonators 

support a variety of laser modes some of which may have different 

field distributions normal to the resonator axis (transverse modes). 

Each of these transverse modes has an infinite set of eigenfrequen- 

cies (longitudinal modes) separated in frequency by an amount c/2L, 

where L is the optical length of the cavity and c is the speed of 

light. In general, a resonator can be apertured in such a way as to 

discriminate against all transverse modes except the lowest order 

which has a simple Gaussian profile. This Gaussian profile still con- 

si sts of a number of regularly spaced (c/2L) frequencies, unless a 

highly selective frequency discrimination is applied, or a very short 

cavity is used. 

In Fig.1.1 it can be seen that the number of oscillating modes 

is determined by the bandwidth A(/ over which the gain exceeds the 

loss of the resonator. 

(1.2) Mode-Locking in general 

Mode-locking can produce a constant amplitude, frequency- 

modulated (FM) output signal by fixing amplitudes or phases in a cer¬ 

tain way. It can also produce an amplitude-modulated (AM) output con¬ 

sisting of a regularly spaced train of pulses. The pulses have a FWHM 

(full width at half maximum) At which is approximately equal to the 
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reciprocal of the total mode-locked bandwidth A(/ and a temporal 

periodicity P^L/c. 
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It is evident that the broader the gain bandwidth, the shorter 

the pulses ideally obtainable from a mode-locked laser. For a typical 

9 10 
gas laser this bandwidth is of the order of 10 -10 Hz, which limits 

output pulses to be longer than lOOpsec. The Nd-glass laser which has 

12 
a bandwidth of more than 10 Hz can produce pulses in the subpi¬ 

cosecond region. It is remarkable, however, from this point of view 

that dye lasers whose emission bands are so broad (10-100 nm ~ 

13 14 
10 -10 Hz) can yield picosecond pulses and still provide a consid¬ 

erable degree of tuning [3]. 

Although it is possible that a nonlinear response of the gain 

itself could force the laser to self-mode-lock, normally some exter¬ 

nal driving force or some nonlinear element has to be introduced in 

order to achieve a desired mode-locking. 

We distinguish between the following two broad categories [2]: 

(i) Active mode-locking, where a device element for periodic 

modulation of either the amplitude (via the loss) or of the phase 

(via the refractive index of the cavity) is inserted into the laser 

resonator 
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(ii) Passive mode-locking, where a saturable absorber is 

inserted into the laser resonator. A saturable absorber is a material 

whose absorption decreases significantly as light intensity 

increases. The effect that causes this behavior is known as 

saturated absorption. 

A third way of mode-locking is to modulate the gain instead of 

the losses or the phase. This method is very suitable to dye lasers 

and we will return to it in a more detailed description later on in 

this work. The main idea is to use the output of an actively mode- 

locked laser (with pulse length of the order of 100 psec) in order to 

pump the dye laser. In this case, it is of critical importance to 

adjust optimally the length of the dye laser resonator which is 

approximately equal to an integral multiple of the length of the 

mode-locked pumping laser. The resulting dye laser pulses can be much 

shorter than the pumping pulses. This scheme is used to operate 

simultaneously two dye lasers either in tandem to further shorten the 

pulse duration or in parallel to generate two independently tunable 

sources, something of tremendous importance to time-resolved spec¬ 

troscopy. 

It will be shown later on in this work how important a factor is 

the cavity detuning of the dye laser resonator from the optimum 

value. The object of this thesis though, is to show some very 
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interesting results concerning the behavior of the saturated gain, as 

well as its dependence on several major factors. It will be shown 

that a whole series of parameters can affect the operation of the 

system causing jittering effects on the pulses generated from syn¬ 

chronously pumped lasers. These jittering effects cause significant 

variations in both the positioning of every single pulse and its peak 

value. 

We limit ourselves to active mode-locking and we mention that in 

this category, one takes advantage of the electrooptic and photoelas¬ 

tic effects. These two effects refer to the case where by applying, 

respectively, an electric field or an acoustic strain field, the 

index jof refraction of certain types of crystals undergoes a change 

that is proportional to the applied field [4]. 

The main idea in creating a very fast electronically controlled 

optical shutter is to use some electrooptic element which would 

become biréfringent under the influence of an external electric 

field. Birefringence is characterized by two orthogonal directions, 

the so-called "fast" and "slow" axes, which have different indices of 

refraction. When light, initially plane-polarized at 45 degrees to 

these axes, is propagating normal to their plane, it will split into 

two orthogonal components, traveling along the same path but at dif¬ 

ferent velocities. Thus, the electrooptic effect causes a phase 
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difference between the two beams [5]. Opon exit from the crystal, 

according to what voltage had been applied, these two components com¬ 

bine in either an elliptical, circular or linearly polarized beam. 

A typical electrooptic amplitude modulator is shown in Fig.1.2. 

It can be readily shown [4], that the ratio of the output inten¬ 

sity to the input is 

r5 2 J[l+P sine* t] I» in in 

where 
n 

Here V is the modulation voltage amplitude and V is its in ft 

specific value where the electrooptic retardation between the two 

field components is n radians. 

For KDP (potassium dihydrogen phosphate) it is 

1   ^—. 
n , 3 2n 

o 63 

with X=2»r^ being the free-space wavelength, n^ the ordinary 

index of refraction and r^ the 6-3 element of the electrooptic tei 

sor of KDP 
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However* the gain transmission factor given above* yields an 

intensity modulation which is a linear replica of the modulating vol¬ 

tage V since t* as shown in Fig.1.3. in in 

If the condition P <<1 does not hold, the transmission charac- 

It is apparent in this case that higher harmonics are present in 

the output signal and the transmitted intensity is distorted. 

A typical electrooptic phase modulator is shown in Fig.1.4. 

In this case the incident beam is polarized parallel to one of 

the induced biréfringent axes (xf in the figure). Then the applied 

electric field (along the z direction) does not change the state of 

polarization, but simply changes the output phase. It can be easily 

shown that the output beam is characterized by 

m 

teristic is given by 

T 

[l+sin(P sincu t)] 
m m 

E =Acos[a>t+6 since t] out m 

where E. =Acoscot is the incident optical field and S is the in 

phase modulation index* For KDP crystals* it is 
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î^r ,0E 1 
o 63 m 

2c 

where E =E sinw t is the applied bias field. The optical field z m m 

is thus phase modulated and Fig.1.4 shows qualitatively what this 

means. 

Going back to the amplitude modulation, it is worthwhile men¬ 

tioning that an alternative and more desirable way of modulation is 

the so-called transverse mode of modulation. As shown in Fig. 1.5, the 

electric field is applied normal to the direction of propagation of 

the light beam. In this way, two major advantages are achieved. 

Firstly, the field electrodes do not interfere with the light beam, 

and second, the retardation can be increased by the use of longer 

crystals. Note that the retardation is proportional to the electric 

field times the length of the modulating crystal [4]. 

Now it is qualitatively explained how mode-locking works. Since 

the cavity modes have to be made to oscillate with comparable ampli¬ 

tudes and with locked phases, we show first how the above described 

schemes of AM and FM modulation achieve this goal. Then a quantita¬ 

tive description of mode-locking will show hew and why one does get 

with this technique laser pulses of ultrashort duration. 

(1.3) AM modulation 



Fig. 1.6 Laser gain and oscillating modes shown versus 
frequency. 
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Viewing the whole procedure in the frequency demain, the time- 

varying transmission which is introduced through an amplitude modula¬ 

tor inside the laser resonator, will create sidebands on every oscil¬ 

lating axial mode. Actually, if (/Q is the frequency of the model 

lying closest to the peak of the laser gain profile, it will be 

exactly this mode the one which will first start to oscillate. Now if 

our AM modulator operates at a frequency f , the loss modulation will m 

develop sidebands at U+ f . Thus, if the modulation frequency is in 

taken to be equal to the axial mode frequency separation f =r?*, the si Lu 

created sidebands will coincide with the adjacent modes. That is, the 

(/ +f sideband will coincide with the (/., mode and the (J -f sideband o m +1 o m 

with the (/_^ mode, as these are depicted in Fig.1.6. 

These three modes ((/ ,, (/ and (A,) are coupled with a well- 
*1 O +1 

defined relation. As the (/_^ and (/+j modes start oscillating, they 

pass through the modulator and they undergo the same phenomenon (JQ 

originally had to. Sidebands will be created at (/ ,+f and (/.,+f • *1 in in 

Hence the and (/+ ^ modes will start to oscillate because of the 

coupling. This process will go on until eventually all axial modes 

falling within the laser linewidth are coupled. 

The same phenomenon, viewed in the time domain this time, is 

easily understood as follows. When the modulation period is equal to 

the round-trip transit time 2L/c, light incident at the modulator 
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daring a certain part of the modulation cycle will be again incident 

at the same point of the next cycle after one round-trip in the laser 

cavity. Light suffering a loss at one time will again experience a 

loss on the next round-trip. Consequently, all the light in the reso¬ 

nator will experience loss except that light which passes through the 

modulator when the modulator transmission is maximum. This situation 

is shown in Fig.1.7. 

When the losses are low. light will tend to build up in narrow 

pulses. Quite generally it is seen that the pulsewidth is reciprocal 

to the gain bandwidth. This becomes apparent, if one considers the 

fact that wide pulses (characterized by narrow spectrum) experience 

much loss in the modulator, whilst narrow pulses (whose spectrum is 

very wide) will experience small gain because their frequency spec¬ 

trum is wider than the gain bandwidth. 

(1.4) FM modulation 

When light traverses a medium whose refractive index is varying 

with time, there is a Doppler shift arising from the time-varying 

optical path length [6], In our case, light passing through the modu¬ 

lator will be up- or down-shifted in frequency unless it passes 

through at the time when the intracavity phase modulation 8(t) is 

stationary at either of its extrema. Light passing through the FM 
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modulator at any other time receives a Doppler shift proportional to*1 

clô —. This repetitive Doppler shift on successive passes through the 

modulator will eventually push the energy outside the frequency band 

covered by the laser gain profile. Thus, the effect of the phase 

modulator is quite similar to the loss modulator and the foregoing 

discussion about loss modulation applies here too. 

However, as shown in Fig.1.8. there is a phase uncertainty con¬ 

cerning the mode-locked pulse position, because of the fact that 

there are two distinct phase extrema per period. 

Fig.1.9 shows the chaotic behavior of a free-running laser. In 

(a) the intensities of the modes and the corresponding phases are 

depicted. In (b) the intensity has the characteristic of thermal 

noise when viewed in the time domain. 

We will show now how mode-locking works. Let us assume there are 

2n+l longitudinal modes oscillating with the same amplitude, as shown 

in Fig.1.10. Let us also assume that the phases p. of the modes are 
j 

locked according to the condition 

(1.1) 



19 

Fig. 1.9 Signal of a non-mode-locked laser 
(a) in the frequency domain and 
(b) in the time domain. 

Fig. 1.10 Longitudinal nodes oscillating with the same 
amplitude. 
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where p is constant. 

Then the total electric field at any point inside or outside the 

resonator can be written as 

n r 
E(t) = E^exp^il (<i>o+jA«)t+jp] 

where o>o is the frequency of the central mode and Ao> is the fre¬ 

quency spacing between two adjacent modes. Since the frequency 

separation At» between two consecutive longitudinal modes is [7]. 

lu 

where L is the cavity length, we can carry out the above summa¬ 

tion. The result turns out to be [7], 

ii* t 
E(t)=A(t)e ° 

where 

.u[(2n+l)i*!ÎÎÜl 
A<t)-E. -f;— 

0 
(1.2) 



Fig. 1.11 Time behavior of the squared amplitude 
of the electric field for the case of 
seven oscillating modes with locked 
phases and equal amplitude. 

Fig. 1.12 Gaussian distribution of mode amplitudes 
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for the simple case where the phase of the center mode is taken 

to be zero. Hence E(t) behaves like a sinusoidal carrier wave at the 

center-mode frequency (I>Q with an amplitude A(t). which changes with 

time according to (1.2). 

pie is given for 7 oscillating modes. 

The formation of short light pulses now is apparent. It is 

worthwhile to notice that the pulse maxima occur at those times for 

which the denominator of (1.2) vanishes. The time, therefore» which 

separates two consecutive pulses is 

This is the time taken for a round-trip in the cavity. As a last 

example of mode-locking let us consider a Gaussian distribution of 

mode amplitudes with a bandwidth (FWHM) A(/ (Fig.1.12) osc 

So let us assume the spectral amplitudes are given by 

2 
The output power is proportional to A (t). In Fig«l«ll# an exam- 

2n 2L 
X => —“4 33 — 

p Ao> c 

2 
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Fig. 1.13 Oscilloscope trace of a 

train of mode-locked pulses 
from an actively mode-locked 

CW pumped Nd:YAG laser. 

Fig. 1.14 Oscilloscope trace of a typical 
passively mode-locked Nd:glass laser. 
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and the phases are locked according to (1.1). If we take* 0=0, 

for simplicity, the total electric field can be written as 

E(t)=* £ Ejexp£i(a>o +jAco)tJ 

w 

E(t)=exp(iw t) ^ E.exp( ijAut) 

Let us write the sum as 

A(t)= ^ E^exp(ijAwt) 

and let ns approximate it with an integral, i.e. 

A(t)Z|E.exp(ijAwt)dj 
J 

Then the field amplitude is seen to be proportional to the 

Fourier transform of the spectral amplitude E^. It can be shown [7]. 

that 

A2(t)Zexp 
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where the pulsewidth AT (FWHM) is 
P 

AT 
21P2 0.441 

nA(/ osc A(/ osc 

It can be stated here that when the condition (1.1) holds, the 

pnlsewidth (AT^) is related to the width of the spectral intensity 

A(/ by the relation osc 

AT =777 
P A (/ osc 

where k is a numerical factor (of the order of unity), which 

depends on the particular shape of the spectral intensity distribu¬ 

tion. A pulse of this form is called transform-limited. 

We complete this general discussion about mode-locking by men¬ 

tioning that active mode-locking is the technique employed in CW- 

pumped lasers. Fig.1.13 shows an oscilloscope trace of a train of 

mode-locked pulses from an actively mode-locked CW-pumped Nd:YAG 

laser. The repetition rate in similar cases is approximately several 

hundred megahertz. 

On the contrary, saturable absorbers are the preferred way of 

obtaining mode-locked output from a pulse-pumped laser. Saturable 

dyes mode-lock and simultaneously Q-switch the laser output. This can 



26 

be seen in Fig*l*14* which shows the oscilloscope trace of a typical 

passively mode-locked Ndrglass laser* 

The envelope of the train of pulses has approximately the dura¬ 

tion of a regular Q-switched pulse* 

(1*6) Synchronously Pumped Lasers 

In general* a synchronously pumped laser is one in which the 

cavity length is set equal to (or as a submultiple of) the interpulse 

spacing of a pump laser* It is the case where mode-locking can be 

produced by modulating the cavity gain at the round-trip frequency* 

Usually* the synchronously pumped laser is an organic dye laser* More 

recently however F-center lasers have also been used [10*26]* Ini¬ 

tially the pump laser was either a high-power mode-locked ruby 

[11*12] or a Nd:glass laser [13*14]* 

The most common synchronous pump source nowadays is either 

argon- or krypton ion lasers* These are common high-power continuous 

lasers* which when actively mode-locked* can provide a stable* con¬ 

tinuous train of pulses of 100 to 200 psec duration* As mentioned 

earlier the synchronously pumped organic dye laser retains the tuna- 

bility of the normal CW dye laser and can produce pulses of less than 

1 psec* 
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Fig. 1,15 shows a typical arrangement for a synchronously pumped 

CW dye laser. The argon-ion laser is actively mode-locked by an 

acousto-optic modulator placed close to the rear mirror. A typical 

value of the RF power applied to a quartz prism through a transducer 

is 1 Watt. 

(1.6.1) Acousto-optic Modulation 

An ultrasonic wave is launched into the modulator (which usually 

is fused silica for the visible and germanium for the infrared) which 

will cause a variation to the index of refraction of the crystal, due 

to the varying strain. Because of this variation of the refractive 

index the otherwise transparent crystal will now behave as a phase 

grating (Fig.1.16). 

The frequency of the RF source is set so that light passing 

through the modulator is diffracted at the cavity round-trip fre¬ 

quency. 

This periodic loss due to Bragg diffraction will lock the phase 

of the longitudinal laser modes and a train of pulses with period 

approximately equal to the inverse of the modulation frequency is 

showing up at the output. 
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With a stable RF source* typical pulsewidths are between 100 and 

ISO psec [9], However* pulses as short as SO psec have been obtained 

with a mode-locked krypton laser. Typical powers may be as high as 

l.S Watts [9]. 

The cavity of a usual CW dye laser has to be extended and provi¬ 

sion of a sensitive length adjustment on the output mirror is needed 

for a synchronously pumped system. When the dye laser cavity is 

correctly set * the output pulses may be even 100 times shorter than 

the pumping ion-laser pulses. 

(1.6.2) Pulse Shortening Mechanism in Dye Laser 

Now a brief qualitative description is given of the pulse shor¬ 

tening mechanism at work in the dye laser. This pulse-shortening 

mechanism is due to the increasing gain on the rising edge of the dye 

pulse* followed by rapid depletion of the gain (gain saturation) at 

the peak of the dye pulse. These two factors combine to produce 

greater amplification of the center of the pulse compared with the 

wings. Thus pulse-shortening occurs. 

In Fig. 1.17a* the case is shown where no dye pulse is circulat¬ 

ing in the cavity. The gain in the dye medium increases as the convo¬ 

lution of the argon pump pulse with the dye response function. Since 
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most laser dyes are characterized by excited-state lifetimes long 

compared with the pump pulse duration* once the gain reaches its max¬ 

imum value it will decay only very slowly. Now when a circulating dye 

laser pulse arrives in the dye jet stream, there is a sudden deple¬ 

tion in gain because of gain saturation* Fig.1.17b. 

The pulse shortening occurs exactly because the rising gain on 

the leading edge of the pulse is followed by rapid depletion of the 

gain. In the case depicted in Fig.1.17b, the dye pulse has arrived a 

little late in the gain profile. The result is an advancing of the 

amplified-pulse peak. This phenomenon is clearly seen in Fig.1.17c* 

where the input and output pulses from the amplifying medium are com¬ 

pared normalized to the same height. Apparently* if the pulse 

arrived too soon in the dye medium* the peak of the amplified pulse 

will be retarded. Icsevgi and Lamb [IS] have extensively discussed 

this phenomenon. 

The equilibrium situation is that the interval between dye 

pulses emerging from the dye laser is equal to the interval between 

the argon pulses* even if the dye laser length is not exactly equal 

to the inverse of this frequency. This is a very important point, 

since it imposes specific stability requirements on the RF source 

driving the argon laser. This is seen to be true* if one considers 

the fact that the argon pulse repetition rate is precisely equal to 
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twice the RF frequency. 

If there is an optimum dye laser length for minimum dye pulse 

duration, then any jitter in the RF frequency will perturb the dye 

laser operation considerably and therefore longer pulses will be pro¬ 

duced. Typically, an RF source stability of is required for 
106 

generation of pulses of less than 5 psec duration [8]. 

It actually turns out. both experimentally and theoretically 

that there exists a specific value of cavity mismatch (detuning), 

where one obtains the shortest dye laser pulse at the output. This is 

shown in Fig.1.18. 

This fact has been verified by several different research groups 

[8,9.17,18,19.20], whose experimental results agree more or less with 

theoretical calculations [16]. It seems, however, that the minimum 

pulse duration is obtained when the dye cavity is slightly longer 

than the pump cavity (AL>0) [16,18,20]. 

The cavity detuning is defined as follows: 

We first define as timing mismatch ST, the difference between 

the period T^ of the pump pulse and the round-trip transit time T^ of 

the dye pulse: 
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Fig. 1.18 Duration and relative energy of 
pulse as a function of cavity 
detuning for three different 
pump levels. Detuning is defined 
as the dye cavity length minus 
the pump cavity length. [16] 

Fig. 1.19 Experimental setup for noncollinear, 
background-free correlation using SHG. 
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6T=T -T. 
P à 

Then this timing mismatch corresponds to a cavity length change 

ALp-c~^ where c is the velocity of light. 

Zero mismatch corresponds to the mirror position giving maximum 

second harmonic power [20] (see also Fig.1.20). As a measure of the 

pulse duration one takes the full width at half maximum of the auto¬ 

correlation peak. 

Fig.1.19 shows a typical experimental setup for noncollinear 

background-free correlation using SHG (second harmonic generation). 

The technique used is that of phase-matched sum-frequency gen¬ 

eration by intersecting two noncollinear (but parallel to each other) 

pulse trains in a thin (~ 0.5 mm) platelet of KDP [21,22]. Phase¬ 

matching is accomplished by angle tuning. 

The sum-frequency signal is monitored as a function of the pulse 

separation introduced by adjusting the length of one of the two opti¬ 

cal paths. A background-free pulse autocorrelation is formed when the 

two pulse trains originate from the same laser beam. Otherwise, it is 

a cross-correlation one records. 
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Fig. 1.20 Experimental setup. The mode-locked argon laser pumps the 
3 mirror cavity of the dye laser, containing a three plate 

biréfringent filter (BF). The collecting lens Ll directs light through 
beam-steering mirrors M4,M5 and M6 to point A of beamsplitter B. FI is 
an optional filter used to attenuate the argon signal. Prism Pi directs 
the output of the dye laser through a delay line formed by the movable 
prism P2, to point A also. The collinear beams are then sent to an ADP 
crystal, while UV filter F2 and monochromator M discriminate against 
visible background. Output of photomultiplier PMT is detected by PAR 
amplifier, with chopper as reference signal. [8] 
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As shown in Fig,1.20, zero cavity detuning corresponds to the 

prism adjustment giving maximum second harmonic power. This is so, 

because the greatest overlapping of pulses happens only at AL=0. 

Hence this is the point where one gets maximum SHG power, 

A last point of ultimate importance is that amplitude variations 

in the argon pulses are also equivalent to a timing jitter, and 

therefore a very high pulse-to-pulse stability of the argon laser is 

required. 

From the foregoing discussion it is seen that the considerable 

variation of the population inversion within pump pulse duration is 

essentially the cause of all the effects that ensue, i.e. gain 

saturation and depletion, as well as pulse shortening, A more 

detailed treatment of the population inversion problem follows in the 

next chapter 



CHAPTER 2 

(2.1) Introduction to the problem 

As it has been shown in the previous chapter, the effect of gain 

saturation within pulse envelope is very crucial for synchronously 

pumped dye lasers. The sudden depletion of the gain, which has to be 

caused by some considerable variation of the population inversion, is 

so significant, that this is the main factor responsible for the 

pulse-shortening mechanism that occurs, as well as for sane other 

side effects that are discussed below. 

We limit ourselves to actively mode-locked lasers, because there 

does not exist any satisfactory theory describing the performance and 

behavior of a saturable (bleachable) absorber. 

The starting point of our analysis is the theory of AM and FM 

mode-locked lasers, which has been developed by Kuizenga and Siegman 

[23] and which has been shown to describe accurately the operating 

characteristics of the laser system. Euizenga and Siegman used at the 

38 
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outset au important assumption, namely that the population inversion 

at steady state pulsed operation remains constant, or at least that 

it varies negligibly around a certain constant value. 

However, it will be shown in this thesis that the population 

inversion does not remain constant but can undergo a significant 

variation during the pulse envelope period. 

We will treat the homogeneously broadened laser system such as 

the Nd:YAG laser. The approach is essentially identical to their 

direct time-domain approach, in that we also assume a Gaussian pulse 

envelope which we follow along a round-trip in the cavity, through 

the active medium and the modulator. The contribution of this work, 

however, consists of the fact that the time dependence of population 

inversion is found analytically using a perturbation scheme and is 

incorporated in the gain process. 

Homogeneous broadening is caused by the finite interaction life¬ 

time of the emitting or absorbing atoms. Some of the common mechan¬ 

isms are: 

(1) The spontaneous lifetime of the excited state. 

(2) Collision of an atom embedded in a crystal with a phonon. In 

this case, emission or absorption of acoustic energy might be also 

involved. This kind of collision does not terminate the lifetime of 
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the atom in its emitting or absorbing state. It interrupts, however, 

the relative phase between the atomic oscillation and that of the 

field. Thus the spectral response is broadened, showing a Lorentzian 

dependence on frequency. 

(3) Pressure broadening of atoms in a gas. At sufficiently high 

atomic densities the collisions between atoms become frequent enough 

that lifetime termination and phase interruption dominate the 

broadening mechanism. 

(2.2) Population Inversion Analysis 

The homogeneously broadened line can be described [24] by two 

coupled linear differential equations: 

(2.1) 

N-N 2 ’ 

N+" 
T. 

e 
■fid) 

•P»E (2.2) 
1 a 
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where P is the polarization of the medium, E is the electric 

field of the applied signal, <I>Q is the center frequency of the line, 

Ijil is the dipole matrix element, L is the Lorentz correction factor 

(see Appendix II) used to relate local fields to macroscopic fields 

and N is the population inversion "1" we label the ground 

state and by "2" the excited one). The full atomic linewidth is given 

by AM=2/T-. N is the population inversion with no applied signal and 

is proportional to the pump rate. is a constant, called the longi¬ 

tudinal or spin-lattice or dipole-lattice relaxation time and it is a 

measure of the time required for a perturbed system to reach an 

energy equilibrium with its environment. 

Before going on, a few remarks are needed about and T^. In 

general, one is interested in the electric or magnetic moment result¬ 

ing from a group of molecules. The total moment will depend upon the 

phase relationship among the moments of the individual molecules. If 

we initially start all the molecules vibrating in phase, T^ is a 

measure of the time required until the vibrating molecules have 

acquired arbitrary phases relative to each other. Then, any mechanism 

that contributes to T^, such as a loss of energy to the lattice, also 

contributes to T^. Hence T^IT^. 

There can be, however, additional randomizing interactions 

between molecules that contribute to T^ and not to T^. For example. 
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suppose there is an elastic collision in which one molecule makes the 

transition |l> -> |2> and another makes the transition |2> -> |l>. 

Then the system does not alter its energy and so is unaffected by 

this interaction. Generally speaking though, such transitions result 

in a loss of phase information and thus is affected. is called 

the transvers, or spin-spin, or dipole-dipole relaxation time. We 

assume a most general type of pulse envelope, namely that 

E(t) 
E 2 iü» t 
_2-7tV P 
2 6 6 (2.3) 

where 

Y=o-jP (2.4) 

Putting (2.4) into (2.3) we obtain 

E(t) 
Eo -at2 i<%+Pt)t 

Te e (2.5) 

So our pulse is a Gaussian one. Its temporal envelope is fully 

specified by the parameter a. Then it is also seen that the pulse 

frequency o>^ is linearly varying with time. We impose a "chirp" on 

the frequency via the modulating process as will be seen. This fre¬ 

quency chirp is accounted for by the parameter p. 
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For short we will ase the constants Ao> and K, where Aw=rr and 
T2 

K: 
2u> Lliil" 

a 
3h 

(2.1a) 

Now the sytem of (2.1) and (2.2) will look as 

P+Aii>»P+<i» P = -KNE a 
(2.6) 

N-N e 2 
T- "£« 1 a 

PE (2.7) 

We present now our perturbation scheme* by which these coupled 

equations are solved analytically and an explicit solution of the 

population inversion is obtained. 

We represent the electric field in the form 

f ivl 
E(t)=Re[E(t)e p J (2.8) 

where the E(t) in the brackets is of course the corresponding 

phasor. If (2.8) is inserted into (2.6) and we make the first order 

approximation that N(t) is a slowly varying function of time with 

respect to ~ and that it shows no periodicity depending on <■> * it is 
<1> P 

P 
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seen that the actual driving term of (2.6) will contain (from a com- 

j<*> t 
plex frequency point of view) only a term e . This will yield some 

polarization P^(t) having the same frequency dependence. Hence 

P(t)=Re P^Oe (2.9) 

Now put (2.9) into the second equation of our system (2.6) and 

(2.7). The first derivative of P(t) will contain only terms of 

ju> t 
e p . If this expression for P(t). however, is multiplied by E(t) as 

j2o> t 
given by (2.8). the term e p will appear from the multiplication 

j 0» t j (I) t 
of e p times e p . Hence. (2.7) which is a linear differential 

equation with respect to N(t) will have a driving term of second har¬ 

monic. This means that the actual N(t) will contain the original dc 

term (that is the one not depending on w^) plus the second harmonic 

component. In other words we will have 

[ j 2«o t 
N(t)=Re N (t)+N„(t)e p 

L o i (2.10) 

This reasoning may go on and on. Equation (2.10) can be put once 

more into (2.6). The product N(t)E(t) in the right-hand-side of (2.6) 

jm t 
will contain a term proportional to e p plus some other term pro- 
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portional to e . As before* the actual polarization, to a 
j3«pt 

second-order approximation is 

(2.11) 

and so on. 

This analysis is limited to a first order approximation. If one 

proceeds to second order, the algebra tends to become messy and the 

degree of accuracy obtained is not spectacularly increased; at least 

not to the extent justifying such an effort. 

Firstly, we take Fourier transforms of both sides of (2.6). N(t) 

is N (t) to a first approximation (for short we will write it as N ). 
o o 

Since, as mentioned above* this is a very slowly varying function of 

time* we can assume it to be practically constant* as far as the 

Fourier transform of the product N(t)E(t) is concerned* Hence* N can 
o 

be taken out of the Fourier integral and the transform will yield 

E(co)* as seen below 

-0>2P (tdl + ifrioAmP (t*)+tû 2p (tù)=-m E(<1>) (2.12) 
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This is a simple algebraic equation for P^(t), and 

P1(«) 
-KN c/ . 

o E((i>) 
2(0 r l. .Aw 

« ["a""]JT 
(2.13) 

The next step is to find the inverse Fourier transform of P^(t). 

this will be used in the driving term of (2.7) as explained above, in 

the general outline of the method. 

The Fourier transform of E(t), as given by (2.5) is 

S, 2 \lr 
EU)=T* iTezp 

-(a»—(o )■“ 
 E_ 

4y 
(2.14) 

Then, equation (2.13) becomes 

P1(w) = -KE 5- 

-((D-W )' 
 E_ 

(2.15) 

o4w \ly / > .Aw o <<Vw)+jT 

Let us call for short A the leading constant coefficient. That 

is 
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k= 
KE 
 2 la 
4®a\Iy 

(2.16) 

Then by dividing and multiplying by *ight-hand-side of 

(2.IS), we get 

P^u.) 

-((l>-<0 )‘ 
P 

4y -AN o e  
-At» (■> -ft) 
2 -j* Ad) 

2 

■+1 

P1(m) 
2 AN - 

^ j Ad) C 

(d)-d) V 
 2- 

4y 

l+j 
0) -(!> 

a 
Ad) 
2 

1+ 
0> —d) 

a 
Aft) 
2 

(2.17) 

À(l) 12 IM. 2 Since o> -<o is very small, compared with “ Z 10A sec , we can a z 

neglect the square term of the denominator of (2«13)« The inverse 

Fourier transform will be facilitated by choosing the auxiliary vari¬ 

es ' = <i)-ft> 
P 

able 
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Then a =a -a'-a and P, (t) is found in a straightforward way. 
a a p l 

Equation (2.13) becomes 

P1(a) 
j2ANo 

Ad) 

2(d) -to ) 
■—a-JI a- 

Aw 
i2d)' 

Ao) 
(2.18) 

Ap | 

Since (t )=J_aPj(o))eJ dca, the square-bracket term can be sin¬ 

gled out of the Fourier integral as a constant, while the last term 

give*' o net result because of the odd parity of the integrand 

xe 
-ax 

dx 

Since ta* * lion is being held with respect to <i)=w +ci)#, a 
P 

jw t 
e p term will show up outside our integral. 

Then we have, 

P^t) 
Ad) L 

1-H 
j2(d) -d) ) 

Ad) 
.j“'w 

or equivalently. 

j2AN 
Pl(t> = — 

l+j2 
(a -a ) 

a p 
Aa 

  .2 iw t 
\l4nye ^ e ^ (2.19) 
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Hie integral was evaluated by using the formula [25], 

I -(ax +2bx+c) 
dx 1 jie 2\la* 

.2 b -ac 

erf \l r b ,il 
MaJ 

(2.19a) 

Equation (2.19) becomes with the aid of (2.16) 

jKE nN f (w -« ) 
(t) a_o i+j2-ÇL_E- 

A 1+J2" A <0 A(0 L Ad) 
a 

.2 ju t 
,-T* e

J P (2.20) 

And if we call 

C = 
ifv 

(0 A(0 

((0 -<0 ) 
a T> 

A<0 
(2.21) 

we finally obtain 

Px(t) 
J2 j<0 t 

=CN e”Yt e p 

o 
(2.22) 

There is a product P(t)E(t) driving the second differential 

equation of our sustem. Hence we need to differentiate P^(t). We 

must, however, get rid of the phasor notation. Call OC^+jC^. and 

are, respectively, the real and imaginary part of C. It is 



so 

C =-2 (w —w )KE —a-r 
1 a p o,2 

b» Au 

EE n 
; s ——Q— 
'2 (i> An) 

a 

Recalling that Y=a~j0» we can write (2.22) as follows 

/ .Dv,2 jld t 
(t)=N <C,+jCJe~ ,P>t • p Pl(t)=No(C1+j-2 

or again 

P. (t)=N (C,+jC_)e (cospt +j sinpt )*(COSID t+j sinu t) 
X O 1 i p p 

Then, we take the real part of it and we come up with the 

temporal behavior of P^(t), 

P^(t)=Noeat CjCOs^m^+ptîtJ-CjSin^Up+ptJtjj 

The first derivative of P^(t) is 

Pl(t>-No.-“ Pu<«> * PH(.) 

(2.22a) 

(2.22b) 

actual 

(2.23) 

(2.24) 
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where 

( t )=Cj f 2at co s £ (ü)p+P t ) t J + (<«»p+2 p t ) si n £(t ) t J j 

and 

?^2(t)“C2[<“p
+2P*>co$[(“p+^t)tj-2atsin[(a>^+pt)t]] 

Eo at2 
Now we multiply this expression by E(t)="TSea cos[(u +pt)t] in 

2 P 

order to create P^(t)E(t). We get 

p.mEtt)—N ^V2at2r 
1 o z Sl(t)+S2(t)+S3(t)+S4(t) 

where 

l+co$[2(u> +pt)tl 
SjItllatCj ^  

sin[2(<i> +pt)t] 

S2<t)“<“p+2,lt)Cl f 

l+cos[2(d) +pt)t] 
 E  Sa(t)=C.(« +2pt) j z p 2 
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and 

sin[2(w +pt)t] 
S4 ( t ) =-2otC2 J*  

Singling oat higher harmonics (i.e. 2<o^ terms) one gets 

P^OEU) N 
Eo -2at 

o 2 ® 

2 
Clat+C2 

(<» +2pt) 
P 

2 
(2.25) 

From the equations (2.22a,b) we write 

E 
r=r ' •— 
n 1 2 

(2.26a) 

E 
r = p >.—2 (2.26b) 
2 2 2 

Then equation (2.25) becomes 

P,(t)E(t)=-N 
1 o 

'at+c
2 

<oi +2pt) 
  B — 

2 
(2.25a) 

The input intensity And then the population inver¬ 

sion equation is 



S3 

N-N 

T 1 
o 

-2at 
2 (w +2pt) 

(2.27) 

where 

a 

(2.28) 

From the fact that the driving term of equation (2.27) depends 

on the input intensity, one gets the first feeling that the popula¬ 

tion inversion will not be unaffected by input amplitude fluctua¬ 

tions. Tliis point is discussed more consistently, later on. 

We now consider the differential equation (2.27). First we make 

the substitution 

x=N-N 
e 

Then equation (2.27) becomes 

T. 
1 o 

-2at 
2 

(2.29) 

t/T. 1 
» 

a s 

If we multiply both sides by e we can write equation (2,29) 
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T1 
d<*e > 

dt 

-2at 2 . t 

~C e 
o 

<€0 +2pt) 
Cl'at+

C
2—^  

which, once integrated both sides, becomes 

f- 

JL 
T1 

» at 
dt [c1-«

t
+
c

2-f+C2'|3t]d. 
(2.30) 

A quick look over equation (2.30) shows there are three 

integrals of two different types at the right-hand side of this 

expression. These two types of integrals are: 

-2 at 2. t 

te dt 

caused by the 1st and the 3rd terms in the brackets, and 

J 2 dt 

caused by the 2nd term in the brackets. can be most easily reduced 

to J2, by noticing that 
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-2at2+rf- 
1 dt 

ft -2at2 T1 J-»e e dt 
3J„ 

d(~-) 
1 

(2.31) 

Dsiog formula (2.19a) for the evaluation of the J^ integral, we 

get 

J 2 
1 IjL 
2\l2a 

a 
erf ( \ l2at—’  )+l 

2^X120 

(2.32) 

because erf(-®)»-erf(«®)"-l. From equation (2.31)) 

J 1 
) 

It is known that 

.n+1 , -, 2 
- 7TS=(-l)n-2lH (z)e"z with n=0,l,2,... 

dzn+1 \In “ 

where H (z) is the n-th order Hermite polynomial» For n=0: n 
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d(erfz) 2 _ , . -z 2 -z j  = —“H (z)e = —~e 
dz " \ 1 n 

2 JL 2 

\ln* 

Then we apply (2.31) on and we get J^ 

, i— 8T, 2o 
T i I JL 1 
Jl~2\|2a® 4aT. erf(\|2at- ~Z>+1 

2T^\|2a \|2an 
:e 

\ 12at- ^~ZZ 
2T. \ l2a 

3) 

The left-hand side of (2,30) is 

JL 
T1 

x(t)e = 

and the right-hand side is respectively 

-VC1 a+(L 
’»>£ 

-2at 
2. t 

te dt - w 
to 

-2at 
2. t 

i*. dt 
(2.34) 

Calling 

Al=_(Cl'a+C2'P> (2.35a) 
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B 
1 

(2.35b) 

Hie right-hand side expression (2.34) becomes 

,C J.-B.C J, 
Loi 1 o 2 

8T„2a 
. I_2LC Ç * } 
'\|2a o 2 l4T^a V 

* 
r i 

* 

erf \|2at- 1 __ +1 

• 
2T^\|2a 

• 

-Q 
(2.36) 

where 

AjC 8T, a 

o-t-5' 1 
4a 

e 

\|2at- 
2T1\|2a 

By expanding the squared exponent and multiplying both sides by 

ZÎ 
T1 

e we finally get 

-i(t- 
C T, 8T, a> 1“ 

IjL 
\l2o 4T„ a Bl) erf(\|2at 

—. 1 

2^X120 
-)+i -x(«.37> 
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where 

r> tl -2at2 
x<t)-Co^' 

Note that C =N 
o o 

And since 

x(t)=Nn(t)-N U e 

equation (2.37) can he solved with respect to NQ(t 

we call for short 

T. 2\|2a(4T1a Bl' 

K2 4a 

it tnrns oat that equation (2.37) is a consistency 

Solving for NQ(t) we get 

N 
N (t)^ o E 

l+“ 
\l2aQ 

erf (\ |2at “I>+1 
2T1\|2a 

. Indeed if 

(2.38a) 

(2.38b) 

relation. 

(2.39) 
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17 
and Ng=33.12x10 m . N(t) drops sharply from the 

steady-state value and then it slowly relaxes back. 
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where 

Q 
6^ to Au 
 S  

3/2. | ,2 
n Ll(il u 

and where we have neglected the two exponentials» because they 

represent very small quantities. 

Fig. (2.1) shows equation (2.39) sketched for typical values of 

a Nd :YAG laser* The ordinate axis serves both as N (t) and E(t)* o 

Thus it is more clearly seen when the variation of the population 

inversion occurs* with respect to the incoming electric field pulse • 

It is seen that originally the population inversion value is N • 
e 

However* as the incoming pulse starts to build up* the population 

inversion undergoes a drastic depletion within the pulse envelope* 

When the major portion of the pulse has passed from the active 

medium* the population inversion will relax back to its original 

steady-state value* Hence* one cannot assume that the population 

inversion remains constant during an incoming pulse duration* On this 

major conclusion we base the whole following analysis of the gain 

behavior* A last note about the afore-mentioned phenomenon is that it 

is repetitive* This means that in synchronously pumped lasers every 

time a new pulse arrives* the population inversion will vary as dep- 
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icted above, and it will relax slowly to the equilibrium value 

until a new pulse arrives and so on. 

One has to bear in mind that the result (2.39) is not an accu¬ 

rate one, since it is only an approximation of the actual solution of 

the original system of two coupled differential equations (2.1) and 

(2.2) , based on a perturbation scheme. However, equation (2.39) shows 

in a clear way the time behavior of the population inversion. 

(2.3) Gain Analysis 

We now analyze the gain. The idea is as follows. The polariza¬ 

tion of the medium can b* related to the electric field by means of 

the susceptibility through the relation 

P((i>)=8 xU)E(io) (2.40) o 

where P((i>) and E(<i>) denote, respectively, the Fourier transforms 

of the time-dependent polarization P(t) and electric field E(t). x(o>) 

is the susceptibility and the dielectric constant. 

If one finds P(<o), since E(w) is already known, one can find the 

susceptibility from (2.40). The propagation constant (see Appendix I) 



k can be shown to be 

(2.41) 

where q is the refractive index of the medium and c the velocity 

of light. The gain then, dne to the active medium is [23], 

In order to find P(w), we have to go back to the initial system 

of differential equations and take the Fourier transform of both 

sides of (2.6). However, we have to keep N (t) in the Fourier o 

integral, because the assumption we did for the derivation of equa¬ 

tion (2.12) is no more valid. Indeed we get. 

g (o>)=exp a 
(2.42) 

where is the length of the active medium. 

2 P(w)+jwAu>P(w)+a>2 P(W)=-KP N (t)E(t) 
a j—co 0 

which can be solved for P(<o), giving 

P(w) = 
-Kf” N (t)E(t)e~jwtdt 

J—q> 0 

(2.43) 
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In order to evaluate the integral of the numerator, we Taylor 

expand NQ(t) (the subscript will be deleted from now on). We only 

keep terms up to linear order and we choose to expand N,(t) around 

t=0, namely at the peak of the pulse envelope. 

with 

and 

N(t)=N(0)+N*(0)t (2.44) 

N 
N(0)=- 

E2 

n— 
\l2aQ 

1+erf 
-1 

2T^\|2a 

81^0 
e 

(2.45a) 

N'(0)=-N 1+- 

\l2aQ 
s*- 

1+erf 
-1 

2T^\12a 

81^0 

-2 

E 
“^r-2 ‘,2s- 
\l2aQ " 

s 

E 

\|2aQ T1 
s 

-1 
1+erf 

■ 2T^\l2a 
- 

8T12° 
e (2.45b) 
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Note that both N(0) and N'(0) depend on (Eq)^» that is on the 

intensity of the pulse. 

Now» we evaluate the integral of the numerator of equation 

(2.43). We make use of the expansion (2.44) and we have 

J^<o[N(0)+N,(0)t]E(t)e~j“tdt= 

2 
E —yt + j (0 t 

«j^a>[N(°)+N'(°)t]*ÿe p e”jwtdt (2.46) 

This expression split into two integrals becomes equal to 

-Tt2+jU ~«lt N’(0)E 
e Lp J dti =-* 

-yt2+j(o> -<o)t 
te p dt (2.47) 

Then we use the formula (2.19a) in order to evaluate the first 

of those two integrals. Ihe second one can be reduced to the first by 

using the relation (2.31). Expression (2.47) then becomes equal to 

N(0)E o In 
Mr 

( 0>—Id J'' 
  EL. 

4y N’(0)E . Ü i(V“), 
\ IT 2y 

(w-m Y 
  E_ 

4 r (2.48) 

and our integral at the numerator of (2.43) is 
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J^*N(t)E(t)e”jwtdt 

/ \2 
(u>-w ) 

E . T*- 
-2 IE. 4y 
2 \ lr 

(<*> -») j 
N(0)+jNt(0)~*~-j 

(2.49) 

If we put this result into (2.43), we get 

P(w) 

(||>-IÜ ) ‘ 

E 
-K- - h. 

2 \ly* 
N(0)+jN#(0) 

(<i) -w) 
p 
2y 

(<t> ^-w^)+jw*Aw 
a 

(2.50) 

2 2 
The difference o> can be written as (w +w)(w -m). And since 

a a a 

our frequencies of interest lie very close to the 1 ine-center, we can 

assume o> ~ci>, in which case we can write 
a 

to Z 2m (m -m) 
a a a 

(2.51) 

A term 2m can be singled out in front of the main fraction 
a 

(2.50) as a common factor of the denominator. We obtain 

P(m) = 
N(0)-jN'(0) 

2üT* 

(m~m ) 
 E- 

, 

(w ~w)+j~ 
ct * 

•E(o>) (2.52) 

because from (2.14) it is 
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that 

EU) 
Eo la 
T\|yexp 

(to—<o Ÿ 
. E_ 4y 

From equation (2.40)» the snsceptibility is found to be given by 

xM - -£^r 
e EU) 
o 

Using (2.14) and (2.52)» one gets 

to—to 

x(w) 
_K N(0)-jN»(0)-^ 

[“«-“] ^T* 
2e o> 

o a 

(2.53) 

The total electric field E(t) at a point z is given by 

E(t)=j‘<a
(nE(a))exp[ jUt-kz) Ida 

where k is the propagation constant. In Appendix I it is shown 

k is given by 

v = TKO.XU)» 
c 2TJC 

(2.41) 

as mentioned above 
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Hence, if we consider only the effects of the active medium, 

i.e. only the second term in (2.41), the gain due to the active 

medium will be given by 

go<m)=exp[’jp^]LcJ (2*42) 

where n is the refractive index of the active medium and L the 1 c 

length of the active medium. Equation (2.53) can be split into two 

parts as following 

-K N(0) iN'(O)  V 
2e (i> o a (w -w)+j“ , Cl z 

2r t ' - -Am (m —m)+j— 
a z , 

K i2 N CO). i 
2e u ÀÜ) 2(w -to) 

o a 

H*
 1 u

. 

N*<0) % 
vAco 2(<o -o>) 

, a 
Aw 

(2.54) 

The next step is to Taylor-expand this expression for the sus¬ 

ceptibility, about the frequency 

The expansion of the first term in the square brackets of equa¬ 

tion (2.54) is 
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(D~<D I 

“ÂîfJ 
i-j- Aù) 

(2 

The second term in the brackets of (2.54) becomes 

CD—co CD-CD Cl) -Cl) 
g p 

2 (CD-CD ) 2 ( CD—Ci) ) 2(CO-CD ) 
1+j_s. 1+J—i+j- *- 

Âü) Aci) 

2 2 
K Cl)—Cl) )-j“(ii)-ci) ) + (cD -Cl) ) 

a ° AID a a p 

2* 
2(<I»-ü> ) (ü)-U) I 
  a__4| S| . 

^ Ad» 4 L Ad) J * 2 

If the expanded forma of (2,55) are put into the equation 

(2.54), the susceptibility becomes 

K i2N(0) j2(d)-d) ) 
.  a 

2e di AID Ad) 
o a 

r<i)-d> 
\l 3 
1 Ad> 

I2 

-x (d)) 
O 

where 

x 
o 
M-BXZ 

yAci) 
( CD—Cl) )-j 

a 

2 ( ci)—ci) ) 
a 

An) 

2 

*~+(li)—Cl) ) 
P 

j 2 (CD-CD ) 

l- r~s--4 
Aci) 

r -l J 
CD—Cl) I 
—si 
AID j 

•55a) 

•55b) 

(2.56) 
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By calling 

K1 Aw 
(2.57a) 

K„ 
N* (0) 

y Aw 
(2.57b) 

the expression (2.56) can be arranged in a much more compact 

form. All the implied multiplications are carried out and x(w) can be 

written as 

X(W)=K3+K^ (2.58) 

where 

K3 ■ KV[jWW] «-59.) 
o a 

*4 * (2-59b> 
o a 

Kî - 2^r[-i4VJ2E24“+4t2<“.-”p)] <2.590 
o a 

Or, if we use in the expressions (2.59) the definitions (2«la) 

and (2*57)* the constants K-, K. and K- become 
3 4 5 
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12 r-aN'(O) («i» -w ) r 0N'(O)(tt -» )11 
60a) 

(2.60b) 

where 

where 

K.'-jl4N(0)4i*^-|2a(oi -u »-pA«|l 
4 L Irl2 L “ P j 

(2.60c) 

K, , *=+j j-8N(0) j\xA<a+2p (“a~“p)] ] (2.61) 

Note how these constants depend on w -u> . The effect of detun- a p 

ing will be discussed later. 

The expression (2.58) can be put now into the relation (2.42) 

giving the gain due to the active medium. Since we are close to 

line-center, the multiplicative term <*> in the numerator of the 

exponential in equation (2.42) can be substituted by By replac¬ 

ing all the constants used up to now, the gain is seen to be 
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go(u)=Gexp (2.62) 

with the correction factors S^ and defined as 

„ ■(<*a"Mp)N»(0) -_N*(0)A«s 
*1 " J 2y N(0) Z 2N(0) y 

and 

N^OJIAüJ 

N(o) y 3 r N( 0) 

which for N'(0)=0 is reduced to Euizenga and Siegman’s result. 

Note that Oexptg), with 

© L LI H 12 f 
g=-f——r- 2N(0) 

PN'(O) (ci) -oi )1 2w L||ii 

IY i 

-o) )"| 2d) LI u 
Q-B.lj—°   
I j J 3h 

N’(0)(w -w )ü> L none 
2i)cyA(i> 

which for N’(0)=0 will be called g^ and is exactly equal to the 

g of Euizenga and Siegman. This compact notation shows how this work 

is an extension of theirs. 

(2.4) Self-Consistency Conditions 



72 

In this part» we follow a pulse as it completes its round trip 

in the cavity. The pulse goes through the active medium» the modula¬ 

tor and undergoes reflections from the mirrors» as well as losses 

caused by many factors. 

Before going into details about the whole round-trip of a pulse» 

we will firstly calculate the effect of the active medium on the 

pulse. That is» being given the gain expression (2.62) we want to 

see how the incoming pulse (2.3) is affected. 

If E^(t) is the pulse entering the active medium, then the pulse 

coming out E^ft), will have a Fourier transform given by 

E2(w)=ga(w)E;l(ü») (2.64) 

where E^u) is the Fourier transform of E^(t). Using relations 

(2.14) and (2.62). equation (2.64) can be written as 

or as 
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E2U)=Gf\!?exp 

1w-u> If. 2 "i fto—1»> V 

~nfJ -g
0 [s2-4f;j csf J (2.65) 

where we confine the analysis to the AM case (p=0) with (u =<o ), a p 

The two correcting factors then are 

oJLLifii.Affl 
2N(0) y 

S„ = 4.NlLQl.Aa 
N(0) Y 

The inverse Fourier transform will be 

E2(t)=J^-E2(“)ejWtd“ 

or 

GE i- 
E2<t)=V\ i?r»E2(“)eJwtd,,> 

or 
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E2<t)= •exp(jti) t) (2.66) 
P 

This result is a Gaussian pulse delayed in time by 

8
0 J. NMOIAMI 

AM L 2N(0) y J 
(2.67) 

and broadened in time because g S~>0, o z 

Now that we know how the active medium will affect the shape, 

the position and the carrier frequency of the pulse, let us consider 

the effects of the modulator. 

We distinguish between two cases: 

(i) In FM modulation the transmission of the modulator can gen¬ 

erally be given by 

(ii) In AM modulation the transmission of the modulator can be 

taken as 
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exp-[2Ô +20-(w t)+2ô_(e> t)2+...] 
o 1 m 2 m 

as is shown in the Appendix III. 

From equation (2.72) one can say that the peak of the pulse goes 

through the modulator at time t=B, where B is already given by equa¬ 

tion (2.67). The transmission of a general modulator is of the form 

exp[-& (w t)2] 
g m 

For AM modulation 6^ is a real number. Then the pulse coming out 

of the modulator will simply be 

E,(t)-E,(t)*erp[-6 <o 2(t-g r1)2] 
3 2 g m oAo) 

(2.68) 

The round-trip for the pulse is completed by including an addi¬ 

tional time-delay and an effective mirror-reflectivity r, in order 

to include all losses in the cavity. Figure 2.2 shows the configura¬ 

tion we use in this analysis. 

In order to obtain a self-consistent solution, the envelope of 

the pulse must go through the modulator at the same modulation phase 

every time. Hence, the total round-trip time for the pulse has to be 

T . that is. the modulator period. The pulse after one round-trip 
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will be 

E4(t) » rE3(t-^ (2.69) 

Then, the self-consistency requirement becomes 

E.(t-T )e_j* = E.(t) 1 m 4 (2.70) 

The phase angle <p is included, in order to allow for a possible 

phase shift of the optical signal with respect to the pulse envelope 

[23], 

From equations (2.3),(2.66),(2.68) and (2.69) the self- 

consistency requirement (2.70) becomes 

2\ly 

rGE n 
o 

•F 
(2.71) 

F=F1(t)*F2(t)»F3(t) 

where 
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with 

F^(t)«exp 
t-(—+^i>] 

L C Aid J 

2*i 

F (t)=expljw (t—“)] 
L pC 

Fj(t)=exp -8 at 
g m 

2 

This equation can be broken down into three component relations. 

The two most important ones are 

Y = 
(2.72) 

and 

T „ 
m c Aw 

(2.73) 
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We will need approximate expressions for the ratio N'(0)/N(0), 

which appears in the correction factors and S^. The pulses gen¬ 

erated have time duration much shorter than T^, and hence 

erf(l/Tj\^8a << 1. Therefore, one may neglect the error function. 

This approximation can be justified "a posteriori". Also, typical 

pulse intensities are such that the ratio 

varies from 0.1 to about 0.2. Then to a first order of approximation 

N(0) = N e 

N# (0) » -qN 
e 

where 

q (2.74) 

Now the two correction factors can be re-expressed for this 

case* as follows: 
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S 
1 

For our case a=y and equation (2.72) is a second order equation 

with respect to a. The positive solution (because negative a is mean¬ 

ingless) is 

1, aA(i) „ =r(~T^+S„w 
2 4 g m 

!<^« . 
\l 4 81 

2)2<- 

K 2* 2 5 u> Au> 
JB-JEL 

4g, 
(1- 

4<18C 

Adi 

which can be written as 

a=è(^+ô » 
2)4 1(^-6 (i> 2)2^S 

2* 2 
Aco 

2 4 g m g m 4g, 

(2.75) 

This a will be used in the relation 

T 
P 

I21n2 
\ I a 

to give the pulsewidth as function of the length of the active 

medium L , or of the input field E « 
c o 
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Similarly* equation (2.73) becomes 

T = 
m c Au L 2a J 

where the self-consistent a is used and the 

is seen to depend on E. and L (appearing in g ). u c o 

A discussion of all the results obtained in 

given in the conclusions chapter which follows* 

interpulse spacing 

this chapter is 



CHAPTER 3 

Discussion of tie results 

The analysis that vas presented in the previous chapter yielded 

several important results. 

The system of differential equations which describe the broaden¬ 

ing of the homogeneous line vas solved analytically by using a per¬ 

turbation scheme* The result shows that the population inversion 

varies significantly with time within the duration of the incoming 

pulse. Hence, it cannot be assumed to be practically constant for 

operation at steady-state, as it has been assumed in previous mode- 

locking theories. 

The behavior of the population inversion has been taken into 

account in calculating the time-dependent gain. A pulse has been fol¬ 

lowed along its round trip through the active medium and the modula¬ 

tor and self-eonsistency solutions have been found. 

From its nature, this analysis places a heavy emphasis on the 

saturation of the gain. The considerable depletion of the gain within 

82 
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pulse duration is the main responsible factor for pulse shortening, 

or for asysnetrical amplification of the incoming pulse* 

As compared to the previous work of Euixenga and Siegman [23], 

our analysis has the following general features: 

(1) Ve treated the problem without limiting the analysis to the 

case where the pulse frequency lies on line center The numeri¬ 

cal results, however, were confined to the w case for AM modula- p a 

tion. 

(2) It was found that the higher the maximum value of the incom¬ 

ing field Eq, the larger the depletion of the population inversion 

(Fig* 3*1), Hence fluctuations of the E-field from pulse to pulse 

will cause variable depletion of the population inversion and hence 

of the gain too* The plots shown were obtained by assuming a typical 

Nd:XAG laser with an output of the order of 0*3 to 1 J/cm and a pul- 

sewidth of 100 psec* 

(3) Figure (3*2) shows the dependence of the pulsewidth x on 
P 

the input field. It is clear, that intensity fluctuations of the pump 

source will cause variable pulsewidths at the output* The pulsewidth 

was found to be quite insensitive to variations of the length of the 

active medium (from 0*1 to 0*5 m) and to N (even when the latter was 

doubled) within much less than 0*001 psec* The fact that the self- 

consistent pulsewidth is much shorter than the one originally 
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assumed* proves "a posteriori" that oar assumption* that one can drop 

the error fonction* vas justified* 

(4) Figure (3*3) shows the variation of the modulation period of 

the output oulse train with varying L (length of the active medium). 
c 

By increasing L from 10 cm to 30 cm* T was found to vary from 7 to e n 

8*7 psec* It is worthwhile mentioning* finally* that T was found 
81 

very insensitive to variations of E^* Namely it lied within much 

7 7 
less than 0*001 psec for E varying from 10 to 1*5x10 V/m. o 
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Fig. 3.1a Population inversion vs. time for Eo=10
7 V/m and 

N =33.12xl017 m'3 

. e 
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Fig. 3.1b Population inversion vs. time for EQ=1.37x10 
7 V/m and 

N =33.12xl017 nf3 

e 
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Fig. 3.1c Population Inversion vs. time for Eo=1.5xl0
7 V/m and 

N =33.12xl017 nf3 e 



E-12 

2.08 

Pulsewidth 

H“33.12E+17 
L-0.3 

1.88 
(in 10"^ sec) 

1.68 

1.48 

EQ (in 10
7V/m) 

. 1.88 .1.28 .1.48 E-»7 

Fig. 3.2 Pulsewidth vs. input field. The dependence was found 

insensitive even to large variations of N and L . 
e c 
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Fig. 3.3 Period of the output pulse train vs. the length of the 

active medium. The dependence was found insensitive to 

variations of EQ from to 10^ to 1.5x10^ V/m. 



APPENDIX I 

Susceptibility 

One is generally interested in the polarization at frequency w 

induced by a field at the sane frequency» where » does not differ 

greatly from the transition frequency 

The solution to the polarization differential equation 

• • 2 • 2** 
P + “P + u P 

Tj 3h (NrN2)E (AI.l) 

can be assumed to be of the form 

IS i(ut-kz) 
*Pe +c. c« (AI.2) 

for plane wave propagation in the redirection» of course» and 

similarly for E» where c«c» denotes complex conjugate and the 

tildeC) indicates a complex magnitude» Then the solution to (AI.l) 

is found to be [24] 

90 
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P.11*" 111 
3h “<VV 

« t
2 

E (AI.3) 

where use has been made of the near-resonance condition u ~ o* . 
til 

It has also been assumed that the population difference (N^- N2) i, 

almost time-independent. 

It is convenient to express the above relationship in terms of a 

linear suaceptibility X(M), defined by 

P e x(t»)E (AI.4) 

where e is the permittivity of free space. Then. x(«) is given o 

by 

-* i2 

x(u) m*à 

3k. (NrN2,«L<*-“a) 
O 

(AI.5) 

where is a frequency-dependent lineshape factorr 

referred to as a complex Lorentzian function shown in Fig.(AI.l) 

!.. 
” (» -»)■»• iïf* 

a T2 
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or 

(AI.6) 

Sise* the polarization it linear in the field that producer it, 

one calla x(«), as given by (AI.5) the linear susceptibility. 

The susceptibility can be split into its real and imaginary 

parts as follows 

x(«) * x'(»)+iïM(e) (AI.7) 

where 

«ii,,.i* (» -#) 
—Ji— 

(w -M) + 
a ttf 

(AI.8) 

and 



93 

-nLlj1!» |z 

—<N,-N„> 3h« 1 "2' 

lJL~ 

(v“,î+fè] 

(AI.9) 

It «ill be shown now how <*(<•) and x**(«) account* correspond¬ 

ingly. for the dispersion and absorption properties of the medium. 

The traveling-wave equation describing the propagation of an 

electroaiagnetic wave through a médira is 

(AI.10) 

If equation (AI.S) is substituted into (AI.10) and plane wave 

propagation of the fora (AI.2) is assumed* the wave equation reduces 

to an expression for the propagation constant k. given by 

IlifrL [1+iM 
2 ! 2 • In. 

(AI.ll) 

where it has been assumed that losses caused by transitions 

other than the one of interest are negligible. Upon taking the square 

2 
root and assuming that x(m)/q <<1, so that the expansion 



94 

holds* one ohtsins 

k-k'+ik" (AI.12) 

The real and imaginary parts of k are plotted in Fig.(AI.2). The 

real part of k depends on x'(m) and accounts for the dispersive pro¬ 

perties of the mediuai, because the phase velocity of the wave is 

One can see that the phase velocity is approximately ^ with a 

superimposed rapid variation with frequency in the immediate vicinity 

of the transition. This is the so-called anomalous dispersion. The 

term is due to the fact that as we approach the transition frequency 

from the lower side, the gentle increase of k* with frequency experi¬ 

ences a sudden reversal in direction. 

Ihe imaginary part of k depends on x'#(u) and accounts for the 

absorption properties of the medium. Since the field propagates as 

e~***» the time-averaged power per unit area 

given by w 
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Fig. AI.l Real and imaginary parts of the complex 
Lorentzian lineshape factor 

Fig. AI.2 Complex propagation constant fc=k' +■ ik' * in 
the vicinity of an electric dipole transition. 
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I - 
TieQclEe *kz|2 

2 

carried by the wave decay» ae 

I (AI.13) 

where P ia the absorption constant* defined by For 

«C»>a* the absorption constant is given by 

P 
« nL||i?J2 

*■»$-< vw^«> (AI.14) 

g,(«a,»)—Im[gf(M.M )]. 
<1 L a 

where 



APPENDIX II 

Lorentz Correction Factor 

If we assume an isotropic polarizable medium in the absence of 

free charge, the Maxwell equations become 

- 0 

\7»D - 0 

USÎ-H? 

where 

B« M o 

(All.la) 

(All.lb) 

(AII.lc) 

(All.Id) 

(AII.2a) 
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(AII.2b) 

(All.2c) 

Vkia a particular process that takes place oa an atonic or 

molecular level, (e.g. the electric dipole transition) is of concern, 

it is nsefnl to separate tke polarization into two parts 

where P is taken to he the polarization resulting from the 

molecular process of interest and is the polarization resulting 

from all other transitions. 

One can assume [24] that the latter polarization P* is related 
«* 

to the electric field Ejoc by 

where Nj is the number of molecules per unit volume of type i, 

and is the spatially averaged linear polarizability of molecules 

of type i. For transitions whose resonant frequencies are far from 
«an 

the frequencies of the applied fields, the polarizability is sim- 

P 
tot 

P+P' (All.3) 

(All.4) 
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ply a real constant. 

From (All.3) and (AII.4) the total polarization P. . is 
tot 

?tot ■ (AH.5) 

«♦ 
In an isotropic medium the macroscopic field E differs from the 

A* 

local electric field E, seen by a given atom or molecule* because 
IOC 

of the influence of nearby polarizable matter. The two fields are 

related by [24] 

^oc * E+3S Ptot o 
(All.6) 

Equations (AII.5) and (AII.6) can be combined to give 

tot 

- h1' . ..p + 
(All.7) 

From equations (A11.2),we use the expression for D and we sub- 

AS 
stitute for P. . according to equation (AII.7). The result is 

tot 
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(All.8) 

The first term of the right-hand side is independent of the pro¬ 

cess of interest accounted for by P. The second is the contribntion 

of the medium. having ezclnded the effects of the process of 

interest, by a peraittivity a so that in the absence of P we get 

D-eE. equation (All.8) can be rewritten as 

If one compares equations (All.8) and (AII.9). one can see the 

following: 

(1) The dielectric properties of the nediua excluding the 
•* 

effects of P are described by what is known as the Lorentz-Lorens 

relation. 

resulting from ?, If now one characterizes the dielectric properties 

D - eE + P#. (AII.9) 

(AII.10) 
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where q1 

effects of P 

is the refractive index of the médina exlnding the 

(2) The polsrizstion source term P# to he used in the macror- 

copio field equations to represent the effects of the process of 

interest is related to the actual polarization P by 

P s (All.11) 

Furthermore» if equations (AII.7) through (AII.ll) are used into 

(All.6). one can find that the local electric field Ejoe i* expressed 

* 
in terms of the macroscopic field E by 

E loc 
(All.12) 

where the approximation is generally good for all but the 

flîiîl strongest polarization source terms P#. The factors in 

(All.11) and (AII.12) are known as Lorentz local field correction 

factors. 

This derivation* however* holds only for an isotropic medium. It 

can be extended* though* to the anisotropic case where the Lorentz 
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correction factors are tensors* 



APPENDIX III 

Modulators 

(1) Phase Modulator 

This type of modulator introduces a sinusoidally varying phase 

perturbation ((t) such that the round-trip transmission through the 

modulator is given by 

exp[-j6(t)] ■ exp(-j2& cos» t) (AIII.l) 
c ■ 

where » is the modulation frequency and S is the effective 
8 C 

single-pass phase retardation of the modulator. For a Fsbry-Perot 

laser cavity with an intracavity phase modulator, it can be shown 

[27]. that 

6 
c 

(AIII.2) 
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where L ii the length of the cavity» a the length of the module'' 

tor crystal» Z the distance of the modulator to a mirror and & the 
o m 

peak phase retardation through the crystal* Usually a/L<<l and 

6 ~0 cos-T*. 
cm L 

For the ideal mode-locking case* short pulses pass through the 

modulator» consecutively» at either of the tvo extrema of the phase 

variation* Assuming that the pulse is short compared to the modula¬ 

tion period» by Taylor expanding &(t) around t*0, the transmission 

through the modulator is seen to be given by 

exp[-j6(t>] Z exp(+j26 +j6 » 2t2) (AIII.3) 
(T c n 

There are tvo possible solutions for the FM case» one for each 

extremum of the phase variation* 

In the more general case» when the pulse goes through the modu¬ 

lator at a phase angle 0 from the ideal case* the transmission 

through the modulator can be written [23] 

exp(-j&(t)IZexp[+j25 cos0+j26sin0<« t)+j& cosOU t)2] (AIII.4) 
G mom 

For 6 positive* the pulse lags behind the modulation signal* A 

quick look over the terms in the exponent reveals the following: The 
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first tern is so additional phase shift that changes the optical 

length of the cavity» so that the optical length is actually given by 

L o X co#8 
a 

(AIII.5) 

The second term is a Doppler frequency shift and the third term 

gives a linear frequency chirp to the pulse. It is exactly this last 

term the one which causes the mode-locking. 

(2) Amplitude Modulation 

It is usually assumed that the amplitude transmission through 

such a modulator is described by 

a(t) - exp(-26, sin2u) t) (AIII.6) 

The ideal mode-locking case is when the pulses pass through the 

modulator at the instant of maximum transmission. This occurs twice 

in every cycle of the modulation signal and hence the modulation fre¬ 

quency is half that for the phase-modulation case. Assuming that the 

pulse is short compared to the modulation period, equation ((AIII.6) 

becomes 
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«<t> Z exp[—28.(w t)2J (AIII.7) 
1 Œ 

For the more general case, where the pnlse passes through the 

modulator at a phase angle 8 from the ideal case, equation (AII1.6) 

can be written as 

a(t)Zexp-[28.sin28+26,sin2e(tt t)+2S.cos26(<a t)2] (AIII.8) 
l 1 in l n 

Although the modulation characteristics of actual amplitude 

modulators may be considerably different, it may always be assumed 

[23] that the amplitude transmission can be written as follows 

s(t)-exp-(28 +28. (u t)+28<>(« t>
2....) (AIII.9) 

O X XU it HI 

where 6^, 8^ and 8j depend on the phase angle 6 and the depth of 

modulation. These constants vary for every different hind of modula¬ 

tor (e.g. acoustooptic, electrooptic, etc.). It can be shown, how¬ 

ever, that for 6*0, 8Q and 8j are both equal to zero. 
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