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ABSTRACT 

Finite Register Effects in Block Digital Filters 

by Charles M. Loeffler 

An equivalence relationship between convolution block 
filters and state block filters is established. The 
single-output basis filter for each convolution block filter 
is found. It is shown that the average round-off noise 
variance at the output of all block filters is inversely 
proportional to the block length. A sufficient condition on 
the block length is found that guarantees complete 
suppression of the limit cycles in the block filter. A 
minimum output noise variance block structure is found that, 
when compared to its single variate counterpart, has a lower 
output noise variance and is not as computationally complex 
to implement. 
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I. INTRODUCTION 

1. 1 Overview 

Block digital filters were developed as a technique of 

processing long streams of data by sectioning the input 

[Burrus, 1971]. Hhen these filters are implemented with 

efficient convolution algorithms a significant computational 

savings can be acheived [Burrus, 1972]. The finite register 

effects on the output of various filter structures have been 

found [Jackson, 1970] [Robert and Mullis,1976] [Swung, 

1976 ]. The effect of finite registers on these block 

structures has been conjectured but never studied. In this 

thesis the effects of using finite registers in block 

digital filters is analyzed. 

The idea of implementing a finite impulse response 

filter (FIR) by sectioning the data and employing an FFT to 

perform the convolution was presented by Stockham in 1966. 

Two block filters of this form are the familiar 

overlap-save and overlap-add algorithms [Gold and Radec, 

1969]. These convolve a finite length impulse response with 

blocked sections of the input to produce a series of output 

blocks that can be carefully summed together to generate the 
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final, output strain. The primary limitation of these two 

techniques is the requirement that the filter be in the FIB 

filter class. 

Sold and Jordan in 1968 showed that it is possible to 

implement an infinite impulse response (IIE) filter with 

finite convolutions. Two groups, Voelcker and Hartquist, 

and Meek and Veletos, each developed a technique to 

implement the Sold and Jordon results using recursion. The 

Voelcker and Hartquist structure, based on a z-transform 

formulation, was simple but sometimes introduced unstable 

poles into the system. The Meek and Veletos filter, 

although stable, in its original form was difficult to 

analyze and compare to other structures. Burrus, in 1972, 

developed a matrix difference equation representation for 

block filter structures based on the scalar difference 

equation description for the filter. This approach unified 

the analysis and development of block filters in such a way 

that Mitra used it to extend the development of new block 

filter structures. These block filters are a means of 

processing long input streams that can be implemented 

efficiently by using certain convolution algorithms. 

Efficient implementation of these structures is not studied 

in this thesis. Effects of finite registers on these 

structures is the focal point of this work. 

The study of finite register affects in digital 

filters has primarily followed two different paths, the 



3 

study of round-off noise and tha study of limit cycles. 

Round-off noise is the modal usai to represent the 

quantization error in finite accuracy arithmetic operations. 

The model is a stochastic one «hereby a random signal is 

injected into the filter structure at the point where a 

quantization operation takas place [Sold and Rader, 1969]. 

In this way the analysis uses a linear system with random 

input in order to find tha effect of the quantization error 

on the output signal. The studies of limit cycles do not 

model tha quantization operation as a linear process. They 

attempt to classify the types of non-linear oscillation and 

the condition for their existence [Jackson, 1969], 

Unfortunately, like analysis of most non-linear systems the 

study of limit cycles is difficult and yields answers in 

only a few cases or just bounds in others. 

& number of groups have studied the round-off noise 

problem and analyzed the round-off characteristics of 

different structures [Jackson, 1970 ],[lullis and Roberts 

,1976], [Hwang, 1976]. tn particular, Jackson studied the 

relationship between round-off noise and dynamic range in a 

filter. Robert and Mullis continued with these ideas and 

have shown how to minimize the output noise power in state 

variable structures for a given filter transfer function. 

Other schemes for reducing round-off noise have been 

developed, but for all of these schemes tha technique of 

using the stochastic noise input as a model is the same, and 
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the results are similar. 

In the area of limit cycles, Jackson in 1969 studied 

limit cycles in second order filters, specifying both the 

regions of existence and amplitude of the oscillations in 

those regions. Recently, a new class of limit cycles in 

second order filters has been discovered [Lawrence and Hina, 

1979]. Barnes in 1979 has developed a class of filter 

structures in which the limit cycles can be suppressed under 

specific conditions on the norm of the feedback matrix. In 

general the results on limit cycles either apply to specific 

cases such as a second order structures or provide bounds on 

the amplitude of the oscillations. 

The purpose of this thesis is analyze the effects of 

finite registers on the output of block digital filters. 

Specifically, it focuses on block filters that are 

implemented directly. The effects of the block length on 

round-off noise and limit cycles are studied. The main 

results show that the round-off noise power at the output is 

inversely proportional to the block length and that the 

upper bound on the amplitude of the limit cycle decreases as 

the block length increases. 

1.2 Summary of Chapters 

In chapter 2, the backgrounds of the development of 
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block digital filters and the study of finite register 

effects in digital filters are presented. Two classes of 

block filters are developed. In the first class, each 

matrix operator is a short convolution. This is called the 

class of convolution block digital filters. Members of the 

second class are called state variable block filters, since 

each is generated from a single variate state variable 

filter. A stochastic noise model for round-off error is 

defined, The characteristics of limit cycles in digital 

filters are presented. At the end of this chapter, the 

features of various block filter and minimum noise 

structures are discussed. 

In chapter 3 the noise minimization and 1^ norm 

control proceedures presented in chapter 2 are extended to 

include more general situations. Two classes of block 

filters are equated. The round-off noise properties of each 

block filter is shown to be a function of its block length 

and associated single variate basis. The properties of the 

limit cycles in these filters are also related to the SI30 

basis and the block length. A sufficient condition on the 

block length is found to suppress all limit cycles. 

Chapter 4 is a summary of the final results of this 

. Some conclusions and closing remarks are also given. paper 



II. BACKGROUND 

2. 1 Development of Block Filters 

In order to solve the problem of processing long inpat 

streams using short convolution techniques the input must be 

sectioned into short segments, overlap-save and overlap-add 

are an earl? pair of solutions to this problem [Gold and 

Rader,1969]. Both techniques convolve a short length 

impulse response, h(k), with a long length input, x (k), to 

produce the output, y (k|. Let the length of h(k) be a, and 

the input be segmented into blocks of length L. When each 

of these input blocks is convolved with h{k| the resulting 

partial output is a block with length L*M-1. The partial 

outputs are then added together to produce the total output, 

y(k). This is the overlap-add technique. 

h b M 
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Fig. (2. 1) 
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It can be represented pictorially by Fig. (2. 1) [Gold and 

Rader,1 969 ]. 

The overlap-save technique is similar to the 

overlap-add technique except that in front of each input 

block is attached a leader of length M-1 which is taken from 

the tail of the last input block so that the filter, h(k), 

will be in the correct state when it starts convolving the 

actual input block. The resulting output block is L+2S-2 in 

length, but the M-1 length leader and tail are discarded 

before the actual output, y(k| , is totaled from these 

partial output blocks. This procedure is represented in 

Fig. (2. 2) [Gold and Rader,1959] 

A 

*1 W-W-W-W 

» W ¥ W" » » ■w 

. Fig. (2. 2) 

Both the overlap-add and overlap-save implementations 

can be represented in a matrix form which is similar to the 

block structures presented later. The convolution of x(k) 

with h(k) can be written as an infinite matrix operation 

(2.1). 
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7 (0) 
r- i —| 
h (0) i 

1 
x(0) 

7(1) h(1| h(0) | x(1) 

7(2) h (2) h(1) h<0) ; x ( 2) 

7(3) h(2) h(1)[h(0> x(3) 

7 (<0 h(2) ! h ( 1 ) h (0) X ( 4) 

7(5) ' h(2) h(1) h(0) x<5) 

(2. 1) 

This matrix equation can be partition»! into blocks of size 

LxL. This representation can be simplified by rewriting 

equation (2.1) with matrix elements replacing blocks of 

scalar elements, where Y(k) and X(k) are Lx1 vectors and HO 

and H1 are LxL convolute matrices. 

7(0) HO X(0) 

7(1) H1 HO X(1) 

7(2) H1 HO X ( 2) 

7(3) H1 HO X(3) 

This infinite convolution of matrix operators can be 

represented in two ways by matrix difference equations. Here 

is an example which is analogous to the overlap-save 

technique described earlier. Equation(2.3) represents this 

structure where the output block, Y(k+1), is computed from 
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the addition of 

Y (k*-1 > = HOX(kH) ♦ HI * X <k) (2.3) 

a convolution of the present input block, I(k+1) , with a 

convolution of the tail of the last input block, Z. (k). This 

is a fora of a finite difference equation with no feedback 

term, where the constants are matrices and the variables are 

vectors. 

Both of the algorithms presented thus far allow for 

the filtering of long input streams by operating on blocked 

segments; however, they both require that the impulse 

response of the filter have a finite length, This 

requirement limits the type of filter that can be 

implemented in this manner, flore versatile techniques were 

needed to circumvent this restriction. 

after Gold and Jordon show that HR filters can be 

implemented with finite convolutions, two early groups, 

Toelcker and Hartquist, and fleek and Teletos, developed two 

techniques that allow the implementation of IIR filtecs with 

block structures; however, both of these structures have 

drawbacks, The block filter devised by Voelcker and 

Hartquist will at times introduce unstable poles into the 

system; therefore, it will not be presented here. Meek and 

Veletos*s filter in its original form is difficult to 

discuss; consequently, its presentation will be given later 
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as one of aitra’s filter structures. 

Burrus reformulated the problem by viewing the finite 

difference equation form of a filter as a matrix operation 

[Burrus,1971 ]. In order to show this, the transfer 

function, H(z), is defined as a ratio of two polynomials, 

A(z) and B (z) (2.4). 

Y(z)/X(z) =H(z)=A(z)/B (z) 

where A(z) = a0+ a, z*1 *■ at zl* ... * a(nz*"' 

B (z) = 1 + b, z’1 * ^z’4*- ... + brtz‘“ 

(2.4) 

This input-output relationship can be rearranged. 

B <z) • Y(z) = A (z) »X{z> (2.5) 

and then transformed into the' convolution of the output, 

y(k) , and input, x(k), data streams with the denominator, 

b(k), and the numerator, a(k| sequences, respectively (2.6). 

% a m 

y{k + 1) *^Tb(i) y(k+1-i) = ^a(i) x(k*1-i) (2.6) 
i*i t»i 

in the same manner as above (2.1), these convolutions 

are written as matrix operations (2.7). These infinite 

matrices are partitioned pc blocked as shown below: 



1 (2.7) i : y (3) a(0) . 
i 

x (0) 

Ml) 1 1 yd) a(1) a (0) « x(1) 
- - 

b(2) b (1 ) J 1 y(2) a( 1) i a{0) 
i 

x ( 2) 

b (2 ) 1 b ( 1 ) y(3) 1 a ( 1) x{ 3) 

• » 

Here the block length, L, is 2. How eguation(2 

written as a convolution on matrices. 

BO 1(0) AO X(0) 

B 1 BO ï(1> 5 A1 AO S(1) 

B1 BO Ï (2) At AO X(2) 
• • 

where 

BO - 1 B1 - b(2) b(1) 

b(1) 1 b{2) 

AO = "a (0) 
—1 

A1 = adT 

a (1 ) a (0) 
-- 

1Ü) = [ x (iL) :x (iL+1) : « « 5X(L L + 

I(i)= CytilO :y(iL + 1) : .. :y(iL*L-1) ]T 

This matrix consolation can be written as a 

7) is 

(2.8) 

(2.9) 

matrix 

difference equation (2.10) that, when rearranged, takes the 
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fars of a black filter (2.11) whose inputs and outputs are 

L-vactors, and each coefficient ia a txL matrix. 

B0-Y(k+1) ♦Bl*Y(k) = A0*X (k*1) +41 *X (k) (2.10) 

Y (k + 1) = -B0*'*B1 * Y (k) BCf'-AO-X(k*1) ♦B0‘*A1*Z(k) (2.11) 

This form has a number of advantages. First, it is 

stable for block lengths greater than or less than the order 

of the filter; in fact, the eigenvalues of the block 

structure are simply the eigenvalues of the original filter 

raised to L, the block length [Burrus and Meyer,1975]*Mitra 

and Snanakaran,1978]. Second, as each of the matrices in 

(2.11) are short convolution operators, each matrix may be 

implemented via soma efficient convolution algorithm. This 

will achieve a gain in computational efficiency. Finally, 

since each component of the structure is a matrix, the 

properties of the filter can be analyzed using 

well-established linear algebra techniques. 

Mitra continued the endeavor of developing new block 

filtac structures by expanding the class of filters 

formulated by Burrus [Mitca,1977 and 1978]. In this way he 

retained the computational efficiency property which had 

been the primary motivation for developing block filters. 

These new structures evolved from a set of equivalence 

relationships among the matrices in Burrus*s block 

structure. 
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3 nee again. part of equation (2.4) is represented as 

an infinite matrix op erition. this time relating the 

filt ar's impulse response, h{k). with the denominator and 

nume rator sequences. b(k) and a (k) . 

a(0) MO) 1 (2.12) 

a(1) 4(1) 4(0) b(1) 

a (2) « 4(2) 4(1) h(0) b{2) 

• 0 4(3) 4(2) h(1) h (0) bl3)_ 

0 
• 
• 

4 (4) 4(3) h (2) h(1> 

« 
0 

The following series of equations is the outcome of 

partitioning equation{2. 12) and equating terms: 

(2.13) 

4P X HD - BO 

A 1 m H1 - BO * HO -B1 = B0-H.1 ♦ B1 •H.0 

0 

• 

H2 -£0 + H1-BJ = B0 • 32 

* 

♦ B1 •H2 

g 

• 

Hk- BO 

• 

* HkM-Bl = BO • Hk ♦ B 1 • Hk » 1 . 

With S3 os manipulations two relationships evolve: 

Hk1 Hk“ 1 = -B0"‘ B1 

Hk-1 Hk' = - B1 B0"‘ 

k>1 

k>1 

(2.14) 

(2.15) 
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These two relationships were used to derive Mitra's block 

structures [ Mitra, 1978 ]. 

The first new structure is created by dividing the 

filter transfer function, H(z), into two parts, 1/B(z) and 

A ( z) , as shown in Pig. (2.3). 

Fig. (2. 3) 

When the output of the first filter, 1/B(z), is defined as 

S(z), the cascaded input-output relationship is expressed 

as: 

ï (z) /X (z) = T(z)/S(z) S(z)/X(z) (2.15) 

where 

A(z> = Y(z)/S(z) 

1/B (Z) =S(z)/X(z) 

Hhen a block length, L, is used which is greater than the 
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order of tha filter, H(z), each filter, 1/B(z) and A (z) , has 

an associated block filter structure described by equations 

(2.17) and (2.18), respectively. 

S (k* 1 ) = -BCf'BI *§(k) + B0 * ^ (k +1 ) (2.17) 

X(kH)= A0*S(k) + A1 • S (k) (2.18) 

The complete block filter for H(z), is represented by the 

pair of aquations above. 

Tha aquations, (2.17) and (2.18), for the previous 

block filter are nearly in standard state variable form. By 

* 

substituting S(k)=B3*S(k) into these aquations the structure 

can be manipulated to be a standard multi-input 

multi-output(HIMO) state variable filter (2.19). Hitra usad 

this new structura as tha basic form of all his block 

filters. 

S(k*1)= - B1 • B 0~ • S ( k ) * X(M (2.19) 

Ï (k) = Hl*S(k) + HO *X (k) 

Osing the same techniques as above Hitra derives the 

Haek-Valatos block filter into this state variable form 

(2.20). 

S(k*1)= Hi**H2 • S (k) ♦ X (k) (2.23) 

Y(k) = Hl*S(k) ♦ HO • X (k) 
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B/ similarity transformation, S(k)=m S(k), the final 

convolution structure unfolds (2.21). 

S (It* 1) = H2*tn's(k) ♦ H1 • X (k) (2.21) 

X (k) = S (k) ♦ HO • X (k) 

Each of Mitra's block filter structures retains the 

property of Burrus's structure that each of the matrix 

operators are short convolutions. This completes the 

development of the class of convolution block digital 

filters. It includes the matrix difference equation form 

(2.11), the state variable forms just presented, and 

actually, as a subclass of the preceding two forms, the 

overlap-save and overlap-add algorithms. 

The second class of block filters will include all 

block filters that can be represented by MIHO state variable 

equations. Barnes developed this class in order to control 

noise and limit cycle characteristics of a filter with a 

given transfer function, H(z), [ Barnes, 1979], rather than 

from computational efficiency considerations. 

Siven a filter in single-input single-output (SISO) 

state variable form (2.22) , 

(2.22) S (kH) = 4- S(k) * b *x(k) 

y(k) = c-S(k) ♦ d *x(k) 



17 

a new black filtar is generated by using this filter as its 

basis. rha input and output vectors for the block filter 

are defined from the partitioned input and output data 

streams of the SISO filter (2.23). 

f (k)=[x (kL) ;x(kL*1) ; .. : x (kL + 1-1) ]T (2.23) 

X(k)=[y(kL) :y(kL + 1) : .. :y(kL+L-1)]T 

The state vector, |(k), in the new block filter equals the 

state vactar, S(kL), in the old SISO filter. To define the 

relationship between vector variables of the block filtar 

the solution of equation(2.23) is written for the next state 

vector, |(k*1) (2.24). 

L-l . 
S(k*1)= S (kL+L) = A1, S (kL) ♦ £A‘b x (kL + L-i) (2.24) 

= A^-ltk) ♦ £ A*.b x (kL + L-i) 
i ~~ 

The summation can be written as a matrix operation on the 

input vector, X (k) (2.25). The state equation for the block 

filtar is now defined by equation(2.26). 

S (k* 1) = S(k) * [ Al',b:At’bî .. :Ab:b] £(k) (2.25) 

* A* S (k) ♦ B-l(k) (2.26) 

Similarly, the output vector, Y(k), can be computed 
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from the stats and inpat sectors* The output equation of 

the SISO system is; 

y(k) = c«AS(k) «■ d-x(k) (2.27) 

which says 
m , 

y(k+m) = c*A*S(k) ♦ £ g*A‘ b x(k+m-1) ♦ d-x(k*m). (2.28) 
t»» 

Writing (2.28) as a matrix equation. 

c d x(kL) (2.29) 

c* A c* b d x (kL + 1) 

i(<)= • S(kL) ♦ • • 

• • • 

• 

4-| 

• 

l-I 

» 

C* A c • A • b ♦ * * c • b d X (kL+L-1) , 

equation(2.29) can be simplified as 

Y(k) = C • ! (Sc) ♦ D * X ()c) (2.30) 

where are defined above in equation(2.29) . 

With equations(2.26) and (2.30), the new block filter 

is completely defined where the matrix set, {A,B,C,D}, is 

S (kH) = A-S(k) *■ B-X(k) (2.31) 

Y(k) = C ♦S(k) «■ D-X(k) , 
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generated from (Afbfc,d}. It has bean shown by Barnes that 

any similarity transformation on the basis SISO filter to 

form a now SISO filter structure corresponds exactly to the 

same similarity transformation on the original block filter 

to generate the block form of the new SISO filter. This is 

shown schematically by Fig. (2.4). 

{A* b, c, î} 

T 

black 

-I 

{A,B,C,D} 

TÎ 

[T • A* T#T* b#c* T#d} 
block * •! 0K *1 A 

(T*A*r,r*B#C*T,D} 

Fig. (2.4) 

This commutative nature of the similarity transformation and 

the block filter generation reveals that any block filter 

that has a MIMO state variable structure can be generated 

from a particular SISO basis structure. 

This concludes the development of block digital 

filers. There are primarily two types of block digital 

filters. The first type evolved from the finite difference 

equation into a class of block filters that can be 

efficiently implemented. These were developed by Burrus and 

Mitra. The second class of block filters was recently 

developed by Barnes. These filters are generated from SISO 

state variable structures to form a HIMO system. 
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2.2 Finite Register Effects on Digital Filters 

All digital filters are implemented with finite 

precision arithmetic. Any design based on linear system 

theory will be affected by the non-linear operations of 

arithmetic rounding and register overflow. Two schools of 

thought have developed in the study of these effects. The 

first models the round-off error as random noise [Jackson, 

1970] "Gold and Radar, 1969], and the other attempts to 

describe and bound the oscillations, limit cycles, due to 

taese non-linear operations [Parker, 1979] [Barnes, 1977] 

[Jackson, 1969]. 

When two binary B-bit numbers, a and b, are multiplied 

together the product is a 2B-bit number, c. This number 

must be quantized back to B-bits, c (Fig. (2.5)) [Oppanheim 

and Senaf er, 1975) . 

Fig. (2. 5) 

The quantization causes an error in the product which can 

be modeled as an addition of a random variable, e 

(Fig.(2.6)). The random variable is assumed to be uniformly 

distributed over the limits of the quantization error. 
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Fig. (2. 6) 

The limits of the probability distribution depend upon the 

quantization rule used by the multiplier and the 

quantization step size, . If the quantization rule rounds 

to the nearest neighbor the probability density function, 

pdf, for the error is symmetrically distributed about zero. 

Fig.(2.7a). If the rule truncates to the next longest 

neighbor the pdf is represented by Fig.{2.7b) [Oppenheim and 

Schafer,1975]. 

•t 

*( 4 Vx 

a 

4 
h 

-i 

b Fig. (2.7) 

For either distribution in Fig. (2.7), the additive 

noise source model allows linear techniques to be used in 

the analysis. For example, the first order filter in 

Fig.(2.8a) with the quantizer after the multiplier can be 

modeled with an additive noise source after the input 
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Fig.(2.8b). 

The variance of the noise at the output can be easily 

calculated from this model. This model is directly extended 

to larger order filters with the use of linear system theory 

and the results are directly calculated. 

Jackson recognized the relationship between the 

dynamic range of the variables in a digital filter with the 

affects of the round-off noise at the output [Jackson,1970]. 

On any digital machine with B-bit registers and a 

quantization step,£ , the range over which a value can vary 

is V- £ 2*®’*. This is the dynamic range. When the outcome of 

a multiplier exceeds these bounds the register overflows and 

a significant error results. The likelihood of an overflow 

in a register can be controlled by limiting the gain of the 

transfer function, Ft- (w), from the input, x(k), to the 

register, s* . If a rounding error occurs at this register 

the effect of this error on the output is determined by the 

transfer function, 3^{w), from the register, s^, to the 

output, y(fc). 

& digital filter may be modeled using these transfer 
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shows in Fig.(2.9) 

y 

Fig. (2.9) 

The dynamic ranges of the signal at the registers, s^ , ace 

controlled by the input transfer functons, Pt-'s, while the 

noise power at the output is determined by the output 

transfer functions, Gj's. It is desirable to minimize the 

noise power at the output by reducing the gain of the G^'s; 

unfortunately, to keep the overall system transfer function, 

H(z), constant, the gains of the F^'s must be increased 

simultaneously. This increases the likelihood of overflow 

at the registers, k compromise must be found that minimizes 
the output noise power while utilizing the full dynamic 

range of the filter's register without allowing overflows. 

The problem of minimizing output noise power while 

controlling the dynamic of the signal has been solved by 

Hobart and Hullis in 1976. They limited their solution to 

single-input single-output (SISG) state variable systems. 

The registers where the overflow and rounding take place are 

functions, F.(w)'s and G^(w)*s, as 

[ J ackson, 1975]. 

.4' 

i' 
/ ^ ^ > 

— -- . >• s * / 
N ' X / 
X / 
x / 

x ' 

X ✓ 
V 
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the state variables of the structure. 

Two types of impulse responses, f;(k) and g^(k), are 

defined which are the counterparts of the transfer 

functions, F^ (w) and 3^(w), in Fig, (2. 9). The first, f; (k) , 

is the response at the ith state variable, s^, due to an 

impulse at the input, and second, g.(k), is the response of 

the output due to an impulse introduced at s^. The f^'s 

control the magnitude of the signal at the state vector, 

while the g**s influence the noise power at the output. 

The dynamic range of the signal at the state variable, 

s., is defined as ?S(|f|, where g is a parameter which 

determines the probability of an overflow. The term 

is the variance of the signal at Si due to a unity variance 

white noise input (2.31) and it is also the /2 norm of 

f£(k>. 

The scaling constraint is defined by; 

(2.32) 
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where bj is the number of bits in the register,st- . 

The round-off noise power at the output can be 

determined by using the additive noise model. The vector 

nbise source, which is injected into the filter at the state 

vector, is uncorrelated between both time samples and 

individual noise sources. The variance of each noise source 

is V| €l/12 , where v;- is the number of rounding operations 

performed in calculating the ith state variable, The 

rounding noise at the output is a summation of these noise 

sources after each is filtered by a g.^k) (2.33). 

M «O 

Y (k> = J X 9^1) *e ;(k-l) (2.33) 
4*1 1-0 

The variance of the output noise term is computed as 

follows: 

= E£ya(k) ] (2.34) 
*• •• M 

* E[ X X 9 ; (1) *9; (k'D • X X 3 t (®) * 
e Î (k ”m) 

4*4 »M4 

s I I I I g .(1) • g .(m) *E[ e^ (k-1) .e^ (k-m) ] 
4 » ft 4 J 

» X X Ê X g;(D-gt(o)-S(i-j)* S(l-m) 

- £Vi2 f>,Xg)U) 
- eVi2 V £ |j g f < i ) || 

i" 1 

To simplify the derivation it is assumed that all the 

v* s have the same value. If each s; is accumulated and 

rounded, then ri =1 (for all i); however, if after each 
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multiply tha the results ace rounded and then summed, then V 

=U*1 (N is the ordec of the filter). 

Two symmetric matrices, K and 3, are defined that 

relate to the f’s and g*s. 

K= ZF(k)*FT(k) * 7 (A*b) (A*b)T (2.35) 

»* £ GT(k) • G (k) = £ (c f)*(c ft) 
k*» U. 

where 

P(k)= [f ,(k):f x(k) : .. :f*(k) ]r 

G (k) = [ g t (k) :gx(k) : ,, :gM(k)]
r 

As the diagonal elements of K and W are |J?i||a and [)$•[}*» 

respectively, the dynamic range (2.32) and output noise 

(2.34) equations become: 

Slkti » e*(2bH )X (2.36) 
M 

T' = £Vl2 w.. (2.37) 

To combine these two equations consider tha operation of 

scaling a state variable filter to meet the dynamic range 

requirement. This is identical to applying a diagonal 

similarity transformation to the state equations. This 

leads to equations(2.40) and (2.41) which relate the dynamic 

range and round-off noise of the filter. 

{A',b*#c»,d} = (T”‘A-T,T’'b,c-T,d} (2.33) 
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W‘ } = {T~‘ K- T"
T
,T^W* 1} (2.39) 

* ^ a /t't- (2.40) 

vu “iï‘ tii (2.41) 

= S'wt - / ( 1 2 bf'' )l 

Finally, the output round-off noise can be calculated and 

given a lower bound by the arithmetic-geometric mean 

ineguality (2.42). The lower bound is reachable by 

manipulation of the word lengths, b(-. 

*73-Sl-£ {»ii- k/t. )/(2t‘ )l (2.42) 

* S/3 NV [ fr wti ]'/M 
/*• 

While constraining the average word length of the state 

variables to be m, an optimum word size can be found such 

that the output noise power is: 

\l= N//3 ( S/2^)X c TT J
I/M
 (2.43) 

If all the words lengths are held equal, the output noise 

variance is shown in equation (2.44). 

NY73 (S/2^)1 [ 1/M £ ka w4i ] (2.44) 
/*» 

The noise power in the first case, (2.43), may be 

lower bounded with equality holding if and only if K and W 
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are diagonal (2.45). Since K and W are positive definite 

symmetric matrices a transform T(39) can always be found 

such that it diagonalizes both K* and W. 

M Y*/3 • ( S/2*)1* [ ff ]^° (2.45) 
ial 

> M//3 • (S/2~)x*[ dat(KW) ]'/k> 

For the second case with equal word lengths, the lower 

bound is not as obtainable as before. It is 

> NvV3- (S/2"’f‘.[ 1/H £ ku-w£i ] (2.46) 

> nV/3 *(S/2~)x.a*. = Yb ' 
M 

where = 1/N (2.47) 
f.. 

and the values,/*;, are the eigenvalues of the matrix product 

KW. For any small value ? >0, a transformation, T, can be 

found such that 

\ -Tj-U ? , (2.48) 

which approaches the lower bound with arbitrary closeness. 

Siven a SIS3 state variable structure one may find a 

similarity transformation that obtains the lower bound for 

the output noise power for the given H{z). 

The other classification of finite register effects in 

digital filters is limit cycles. These are the oscillations 
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that may occur due to the non-linearity of the rounding 

operation. Although round-off noise and limit cycles are in 

fact the same effect, the assumptions behind their 

respective models are different. The model for round-off 

noise assumes that the effects of the error are small with 

respect to the signal. There are cases in IIS filters when 

tie round-off errors will cause large oscillations in the 

filter. These are limit cycles. 

Limit cycles may be classified into two types; 

overflow and rounding limit cycles [ Barnes, 1977 ]. The 

former is caused when the desired amplitude of the signal 

exceeds the dynamic range of the register. The error can be 

on the order of the dynamic range of the register. Rounding 

limit cycles are caused by the rounding errors at the 

register. The study of limit cycles, like all nonlinear 

systems, is difficult. The pcimary results have been 

classification of types [Jackson, 1969 ] [Parker,1979] 

[Barnes,1977 ], bounds on their amplitudes [Parker, 1979], 

conditions for non-existence [Jackson,1959] [Barnes, 1977], 

and conditions for existence in low order filters 

[Jackson,1969]. 

Jackson studied the effects of rounding error limit 

cycles for first and second order filters [ Jackson,1969]. 

He developed a model that predicted when, due to rounding 

errors, the filter effectively had a pole on the unit 

circle. From the model he specified conditions on the 
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parameters of the filters for the existence of limit cycles, 

type, and amplitude. He listed two types of limits, those 

with constant value(DC) and those that oscillate in sampled 

sine wave. Recently, a new type of limit cycle was 

discovered for second order sections [Lawrence and Mina, 

1979]. It was termed a rolling pin limit cycle since the 

ellipse form in the pseudo-phase plane (x(n) vs. x(n*1)) has 

"handles'1 attached at each end. 

The results for limit cycles in second order filters, 

though thorough, are not very applicable to larger order 

systems. In this area most of the results are bounds on the 

magnitude of th» limit cycles or conditions for 

non-existence. 

A bound on the error of the zero input, limit cycle at 

the state of a state variable filter is given below (2.49) 

[Parker,1975]. 

cx„u £ cuiK]i* £iMk)U (2.49) 
it»o i*t> 

The interpretation of the bound is simple. The sequence, 

[ I, A, A1 ,...], is the impulse response of the filter and £ is 

the quantization error. The bound is the sum, over all 

time, of the magnitude of the impulse response times the 

quantization error. The matrix A can be expanded in terms 

of the matrix residues of A (2.50) (A similar expansion 

exists for multiple poles). The ^-'s are the simple 
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eigenvalues of A and the K(^() are the outer product of the 

right and left eigenvectors associated with [Zadeh and 

Desoar, 1963]» 

A~ £ K<V <2.50} 
A*‘ 

When (2.50) is substituted into (2.49) a bound on the limit 

cycle is created in terms of the eigenvalues and 

eigenvectors of A (2.51). 

«• id 

£**» K ï X DM*) VN] I (2.51) 
**© («i 

$ £ I K ( “>;)I /<1- U;l ) 2 
/ 

This upper bound on the limit cycles implies that, at 

least for filters with the same eigenvector structure, the 

bound will decrease as the poles move inward from the unit 

circle. 

One of the difficulties with this bound is that it 

does not provide a condition in which no limit can exist, 

Barnes found a condition on the 1* norm of A to 

suppress all limit cycles. To suppress overflow limit 

cycles it is sufficient to require that the norm of the next 

state, ||S(fc*1)|], be less than the norm of the present state, 

[]s(h)|J (2.52). By using an inequality on the product of the 

norms, the bound on 11A[{ is found (2.52). 
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||S (k* 1 ) || = [|A-S(k>]| s< ||S(k)|| 

||l-S(k)|| = MJ ||5(kl|| < ||s(kl|| 

IIMl « 1 

(2.52) 

(2. S3) 

A bound on ||A|| may also ba found to suppress rounding 

limit cycles * Barnes,1979]. As an example, the norm of the 

state vector, S(k) , can increase by rounding at most by a 

factor of 2 in two's compliment arithmetic (2.54). If the 

norm of the rounded next state vector, S(k+1), is less than 

twice the norm of S(k) then all rounding errors will be 

su ppressed. 

This condition provides a bound on the norm of A (2.55). 

Since this bound on A (2.55) is lass than the previous bound 

on A (2.53), a sufficient condition to suppress all limit 

cycles is to upper bound the ||A|| by 1/2. 

Barnes primarily considered the class of normal 

digital filters. A filter is normal if its feedback matrix 

commutes with its transpose (2.56). 

rnd (||s (k+1)|j } £ 2 |J S (k* 1)|| = 2-||A-S(k)|| 

« 2-||A|U|s||f||s(k)|l 

/. || A H V2 

(2.54) 

(2.55) 

A • AT = AT* A (2.56) 
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The lz nor® of a normal matrix is the magnitude of its 

largest eigenvalue. It follows that all stable normal 

digital filters are free oE overflow limit cycles. They are 

free of all limit cycles if the poles of the filter are 

restricted to the 1/2-disc in the z-plane. 

Lite the analysis of most nonlinear systems, questions 

about many of the problems concerning limit cycles have yet 

to be answered. In most cases only a bound has been found 

on the limit cycle behavior in the filters. In a few cases, 

such as very low order filters, the types and conditions for 

the existence of limit cycles can be completely classified. 

2.3 Features of Block and Low Noise Structures 

Two types of filter structures have been presented thus 

far, block and low noise structures. Block digital filters 

can be divided into two classes. They are: the structures 

developed from scalar difference equations by Burrus and 

Mitra, and the Barnes block filters that are extensions of 

SIS3 state variable filters, Bach class has its own special 

properties. The Burrus and Mitra filters use convolutional 

matrices in their structures. Barnes's structure takes 

advantage of the eigenvalue locations in block filters to 

control the limit cycle and round-off noise in filter 

implementation. The low noise filter minimizes output noise 
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power but causes a large increase in the computation 

complexity over the standard structure. The block filters 

devised by Burfus and Mitra, (2.11), (2.17), (2.19), (2.20), 

and (2.21), each have matrix operators that are short 

non-cyclic convolutions. Consider the structure of 

equation(2.19) shown below with a block length, L. 

S(k* 1) = -B1 • BO S(k) * X (k) 

Y {k) = H1-S(k) ♦ H0-S(k) 

(2.57) 

The matrices HO and BO ' are lower triangular Toeplitz 

matrices. They each perform a convolution of two sequences 

with length L. These may be implemented using an efficient 

length 2L cyclic convolution algorithm. In a similar 

fashion, the upper triangular matrix, B1, may be 

implemented. The output matrix, HO, is a full Toeplitz 

matrix; it convolves a length 2L sequence with the length L 

state vector. As only L points from the output are needed, 

a length 2L cyclic convolution may also perform this 

operation. 

By using short efficient convolution algorithms in 

this structure, (2.57) , the average number of multiplies per 

output point can be reduced over the number of multiplies in 

the direct implementation. Compare four implementations of 

an Mth order filter. The first is a standard canonical 

implemetation. The number of multiplies per output point. 
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FOr is: 

PO = 2N *1 . (2.58) 

If a block length L = 2n is chosen for the block structures, 

and an efficient radix 2 FFT algorithm [Cooley, et.al. 1967 J 

is usai, each 2L cyclic convolution will require 4L*logL+2L 

multiplies. The number of multiplies per output point, F1, 

is, therefore: 

F1 = 4 (4L* logL+2L)/L . (2.59) 

With the same block length as above, the convolution can be 

implemented with a multidimensional convolution algorithm 

(Burrus and Agarawal, 1978]. Here the multiplication count 

is: 

F2= 3M/L = (3/2p . (2.60) 

Finally, if the convolutions are implemented by the 

short convolution algorithms such as the Cook-Toom algorithm 

or the Agarwal-Cooley algorithms, a weak lower bound on the 

multiplication count for convolution algorithm 

implementations is derived. The minimum number of multiplies 

needed to perform the L length operator HO, B1, and BO*, is 

2L-1 [ Agarwal and Cooley, 1977]. The matrix H1 can be 
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implemented in 4L-K multiplias, where K is an integer less 

than L. When K is assumed to be unity, the average number 

of multiplies per output point is: 

F3= 4 (2L- 1 ) /L » 8 - 1/L (2.61) 

< 8 

The multiplication count for each implementation is 

computed for various filter orders, in each case choosing L 

to minimize the F’s. The results are shown in Fig.(2.10). 

Significant savings are achieved for many of the filter 

F3 

Fig.(2.10) 

The primary motivation for the development of block 

digital filters was to realize a savings in arithmetic 

complerity. The results in Fig.(2.10) show that for a given 

filter order these savings might be achieved. The actual 

size of the savings depends on the algorithm and structure 

used to implement the filter. 
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Tha features of the other class of block filters, 

those devised by Barnes, are concerned with finite register 

effects rather than computational efficiency. It can be 

shown that the effects of finite accuracy arithmetic on the 

output of a block filter can be controlled by varying the 

block length. 

Barnes showed that no limit cycles will exist in a 

filter if the 1^ norm of the feedback matrix. A, of the 

filter is less than 1/2 [Barnes, 1979 ]. For normal filters 

this reguiras only that the largest magnitude of the 

eigenvalues of A be less than 1/2. If A is normal, then the 

feedback matrix. A, of the associated block filter A , is 

normal( 2. 62) ; 

A - £ = , (2.62) 

= A^CAV 

= (A-A ... A-A-AT- AT... AT) 

= (AT AT... tf- AT- A • A ... A ) 

= { A*)* • Au 

= f-i 

therefore, ||Ais max(^ }, where {'X-J is the eigenvalue 

sat of A. This says that in choosing L by the following 

scheme all limit cycles of a normal block filter may be 

sguelched. 
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L>, (In (1/2) } / {ln( ^ | ^ (2.63) 

As any filtec transfer function, H(z), can ba represented in 

normal SISO state variable form with a feedback and than 

used to generate a normal block filter, a block length, L, 

can be chosen to suppress all limit cycles [ Barnes,1979]. 

Barnes also shoved that the average noise power at the 

output of a block filter in this classs can ba controlled by 

varying the block length. The average noise power of the 

filtar is defined as: 

Hhen the noise is modeled as white noise that is 

The final result, (2,6$) , shows that the total noise power 

in tha output vector of the state block system is egual to 

the noise variance at each output point of the SISO system 

= 1/L E[ fT(k). Y (k) ] (2. 64} 

(2.65) 

(2.66) 

and that the average noise power is 1/L that value. 

Despite its apparent usefulness, the Robert and Mullis 
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minimus noise structure has a major short-coming; the 

increase in computational complexity can be enormous. If 

the original state variable filter order is N, and it is a 

standard structure, such as a direct form *Oppenheim and 

Schaefer, 1972 ], the number of multiplies increases from 2N+1 

to (N*1)Z. For moderately large N, the increase is great. 

Robert and Mullis recognized this drawback and found a 

sub-optimal solution to circumvent the increase in 

multiplies [Robert and Mullis,1976]. Their sub-optimal 

solution divides the filter into parallel second order 

sections and optimally minimizes each separately. Another 

sub-optimal solution was found that used parallel and 

cascade second order secions [Jackson, et.al.,1979], Both 

alternative solutions prevent the radical increase in 

multiplies, but neither reaches the lower bound for the 

output noise power. 

2.4 Concluding remarks 

Historically, the problem of efficiently filtering 

data and analyzing round-off error in filter structures has 

been handled separately. The block digital filter was 

developed to solve the former problem. First, two block 

structures were devised for FIR filters. A stable filter 

structure was then formulated as a matrix difference 
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ion. This structure has been modified into a number of 

to expand the block filter class. 

In order to control finite register affects in filtecs 

ar class of block digital filters was developed as a 

state variable system. By choosing an appropriate 

length, liait cycles can be suppressed or round-off 

lowered to a specified value. 

To minimize the round-off error at the output, the 

is modeled as a stochastic input into the filter, 

controlling the problem of overflow, Roberts and 

s were able to minimize the noise power at the output 

SISO state variable system. 



III. THEOBETICAL DEVELDPMENT AND SOLUTION 

The previous chaptar dicussed separately the 

techniques for efficiently implementing a given filter 

transfer function(the development of block filters), the 

analysis of finite register affects in digital filters, and 

the development of a state variable block structure whose 

noise and limit properties can be controlled with the block 

length In this chapter, the noise properties and the 

characteristics of the limit cycle behavior for the block 

filters are described for block filters. To do this, the 

Robert and Mullis noise analysis technique is extended to 

general multiple-input multiple-output(fllMO) state variable 

filters. Also, a technique for controlling the norm of a 

non-normal digital filter is presented. An equivalence 

relation is developed between the matrix operators in the 

Burrus and aitra block filters and those of Barnes's 

structure. Using these relationships the efficiant block 

digital filter noise characteristics are unfolded. Next, 

the noise optimization procedure for MIMO structures is 

applied to a block structure. Finally, the limit cycle 

properties of the bLock filter structure are explored and 

explained. Thus, the finite register effects for the block 
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digital filter structures will be explained for the general 

block filter, the efficiant structure, and the minimum noise 

structure. 

3.1 Noise in MIMO State Variable Systems 

In Chapter 2, a method for minimizing the round-off 

noise variance at the output of a SISO state variable system 

was described. To apply the procedure to block filters 

these concepts must first be extended to general Miao 

systems and than restricted to the block digital filter 

class. This allows the average noise power at the output of 

a block filter to be minimized. 

A standard HIMO state variable system takas the 

following farm; 

S(kM)= A*S(k) *■ B*X(k) 

Y(k) = C -S(k) ♦ D • X (k) 

(3.1) 

where A is a LxL feedback matrix 

B is a LxR input matrix 

C is a QxL output matrix 

Ô is a QxR feedfoward matrix 

and S is the state vector 
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X is the input vector 

ï is the output vector 

To control the dynamic range of the signal at the state 

vector the system gain from the input vector to the state 

vector must be defined. For the moment, assume the input 

vector signal, X(k) , is a stationary white stochastic 

process in which the correlation matrix is: 

where Ia is an RxR identity matrix and T„
x is the variance of 

each component of the input vector. Define f,-^(k) as the 

impulse response of the jth input, Xj, to the ith state 

variable, s^. The value of this stable variable, sj, can be 

defined as the sum of the B inputs convolved with their 

respective impulse responses to this state variable (3.3). 

B (n, m) = T0
lSCn-»>* I* (3.2) 

(3.3) 

The variance can be found as shown below: 

^ = E[ s J’(n) ] (3.4) 

* T? 1 I 
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The variance of the state variable, sj, is found, 

therefore, in terns of the input impulse's responses, 

f .. (It). That is, it is the sum of the 1* norms of the input 

impulse responses to that state variable. These are the 

system input gains that control the expected magnitude of 

the state variable. These f^(k)'s can be related to the 

matrices of the original structure (3, 1) by recalling the 

following equation: 

S (n) = £ B-X(n-k) (3.5) 

and defining the vector input inpulse response as 

« AJ VC AS 

F(k) = A • B . (3. 6) 

The ijth term of this matrix is simply the kth term of the 

input impulse response, f^ (k); therefore, the ith row has 

the form shown below in equation (3.7). 

row-i= [f £l (k) if u(k) : .. if/a(k|] (3.7) 

A symmetric matrix, K, can be defined using F(k) that 

represents the system input gain. This matrix K has the 

same form as the matrix K developed in Chapter 2. 
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A# p V «V r (— <V U ^ A.KM 

K= 2. p(k>*F tt> = 2- tA-B> (A B) (3.8) 
k«o K•• 

M V 
Each tara* k^ f 3f K is tha inner product of the ith and jth 

AJ» 

row of P summed over time. The diagonal terms are; 

^ ft 

*u = r i fLm 0.9) 
W«* w 

- I lif.JC 
•K 

The variance of the jth state variable for the MIHD case 

takes tie same form as tha SISO case in Chapter 2. 

Tn* T'-f lltull* (3. 10) 
4M 

The matrix K may also be defined as the expectation of 

the outer product of the state vector with itself whan the 

input is unit variance. 

K= E[ s (n) .sT(n) J (3. 11) 

= E[ Y. B *X (n-m) .£ à • B X (n-1) J 
M.«0 flc* Z**. ^ T 
(Î B)*(A B)T 

K 

This definition, although quite direct, doesn’t use the 

notions of system input gains, {|[| , as described by 

Robert and Mullis. 

In a similar fashion, a set of impulse responses. 
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g .. (k), from the jth state variable, s:(k), to the ith 
L <X ^ 

output can be determines by modeling the roundoff error as 

white noise inputed at the state vector. The noise variance 

at each term of the output vector is the sum of the 

contributions from each noise source, e(k) (3.12). The 

average noise power in the output vector is the sum of these 

individual components divided by Q (3.13). 

Each impulse response, g^(k) , is the i-jth element of 

the matrix. 

which relates the g's to the matrices of the system (3.1). 

By defining a new symmetric matrix. 

output, y-, may be defined. The noise variance, at the 

E[y'(M 3 (3.12) 

E[ X 1 *ai Ï f 3 • */■(*•■) 3 

I I (■> 
I IM 

(3.13) 

G(k) = C * fl. # (3.14) 

9 (3.15) 
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it is noted that the element. 

*« * I I <"» 
i*i »<»o 

(3. 16) 

In this manner the system input and output gains, ||f||t and 

119FII r, ace defined in terms of the system matrix set 

{ & , B, C, D). Finally, the average noise power, , in the 

output vector, Y, may be described in terms of round-off 

noise inputted at the state vector (3.12). 

« 
avg = 1/Q Y_ (3.17) 

f»i 

This is the quantity to be minimized while constraining the 

signal dynamic range at the state vector. 

From this point fovard the analysis follows the Robert 

and üullis procedure described in Chapter 2, as now the 

AW M 
definitions of K, », and output noise have been extended to 

include the MIHO state variable case. Once again, the 

dynamic range and average output noise variance are defined 

as: 

S'tü = £l(2'**~l )"* 

= v/Q-2>12 £ Su 

(3. 18) 

(3.19) 
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By applying the scaling constraints the output noise formula 

becomes : 

t^ = Y$/3Q.£ (k«-»i£>/ 2*1 . (3.23) 

which is identical to the form of equation(2.44) with the 

exception of the 1/Q term in (3.17). By following the same 

procedures given in Chapter 2 the lower bound for the 

average output noise power for the optimum word length case 

is : 

minT^=nY/3Q• S/2U*> [det(KH) (3.21) 

When the word length is constrained to be equal, the lower 

bound is: 

LB(f^) = VM/3Q-S/2'~ 1/N £ (3.22) 
<*< 

where are the eigenvalues of K». 

As a result, given a HIMO state variable system one 

may minimize the average noise variance at the output by the 

appropriate choice of a similarity transformation, like the 

one described in Chapter 2 by Roberts and Mullis. Before 

this proceedure can be applied to block filters, the 

equivalence between between efficient and state variable 

block filters must be established. 
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3.2 lz Nora of the Feedback Matrix of a Block Filter 

In Chapter 2 the relationship between the limit cycles 

of a filter and the lz norm of its feedback matrix was 

described. It was shown that overflow limit cycles of a 

filter can be eliminated if: 

All limit cycles, rounding and overflow, are suppressed 

when: 

Barnes demonstrated that for normal digital filters this 

bound on the nor* of A applied a 'similar bound on the 

magnitude of the largest eigenvalue of A (3.25). 

For a block filter in normal form the norm of the feedback 

term is: 

(3.23) 

11*11,.* '/2 (3.24) 

1|A||t = max{ \ } $ 1/2 (3.25) 

IIÎ11 = IKIb aax(\L} (3.26) 
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which implies: L> in( 1/2} /in (*>• ).._y (3,27) 

This bound dictates the value of the block length which will 

eliminate limit cycles (3.27). 

In the case of non-normal digital block filtecs the 

choice of the block length, L, that will eliminate limit 

cycles is not as simple as equation (3.27) because the norm 

of A is not easy to determine. It can be shown, however, 

that the norm of k approaches zero as L increases. 

For a given matrix A whose set of eigenvalues ace 

and whose eigenvectors are , the lt 

norm of A is a function of these parameters: 

A = f * • • * ) • (3. 28) 

The function, f, has two properties: 

1. f U\ > — ,cV, ;vt , .. ,V_)= cf ( X .. ; v, , .. ,v„) (3.29) 

2. f (\>--,'X-î8vl , .. #RVm)= f ( J v, , .. vM) (3.30) 

wiere c is any positive constant and any GL is any rotational 

linear transformation. 

Property 1 allows the norm of A, f{„) , to be 

normalized with respect to the largest eigenvalue, thereby 

defining a new norm, f'(>)(3.31). 
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Property 2 states that the norm is not dependent upon the 

directions of the eigenvectors but on their cross inner 

products. By combining the two properties, the function, 

f(.), can be split into two components; one dependent on the 

eigenvalues and the other dependent upon the inner product 

of the eigenvectors (3.30). 

For a fixed set of eigenvectors the normalized norm (3.33) 

is upper bounded by appropriately choosing all the 

eigenvalues to be ♦/-I (3.34). 

This bound is demonstrated pictorially in Fig. (3> 1 and 

3. 2) for the two-dimensional case. The domain of A is the 

circle D, and the range is ellipse,R. The ellipse R will 

always lie inside of the parallelogram that circumscribes D, 

The norm of A is the apogee of the ellipse. 

f ( Ts ;v*s) = c( V*.) • g(v*s) 

f*(V\'>:v's) = c(1, \\) *g(v*s) (3.33) 

(3.32) 

f(.)= c(1, Vi).g(v«s) $ c (1,-1)* g ( v * s ) < B . (3.32) 
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Fig. (3.1) 

For the case when ^-y/2 the norm of A is nearly one. Shan 

the maximum attainable value, B , for the norm of the 

given set of eigenvectors is reached. Fig.(3.2). 

Fig. (3.2) 

It is apparent in these figures that as the angle between v, 

and vz decreases the parallelogram lengthens and the norm 

increases. 

Returning to the norm of the feedback matrix, 

define 8„ as the upper bound of the normalized norm of A 

(3.35). 

||A||t=|TwJc( g(v's) (3.35) 
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As A has the same eigenvector set as A, it also has the same 

normalized upper bound, B„. The bound on A (3.36) 

demonstrates that the norm of a stable block filter can be 

made arbitrarily small by increasing the block length. 

||&IIV = l|A|lt* ( YsJ g(v*s) (3.36) 

In Chapter 2 it was stated that requiring the norm of 

the feedback matrix of a digital filer to be less than 1/2 

is a sufficient condition to suppress all limit cycles. 

Equation<3.36) shows that the norm of a block digital filter 

can be controlled by choosing an appropriate block length. 

When designing a block filter the limit cycles can be 

eliminated in this manner. 

3.3 Equivalence of Convolution and State Variable Block 

Filt ers 

In Chapter 2 (background) it was shown that two 

classes of digital block structures have been developed. 

The matrix coefficients of the first class of filters are 

convolution operations. The structure of the other class of 

block filters is generated directly from an SISO state 
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variable system. A block filter in this class inherits the 

nature of the effects of the finite registers from its SI50 

basis, although these effects can be controlled by the block 

length. To specify the finite register properties for all 

block filter structures these two classes must be eguatei. 

In order to establish this relationship, the matrix terms of 

each class must be related. In this section, the matrices 

A A A. 

B, C, D of Barnes’s filter will be associated with BO, Bl, 

HO, H1, and H2 of Burrus’s and Hitra’s filters. 

Define a special set of Barnes matrices, 

[Ae ,Bfc ,Ct ,Dc.}. These are derived from the SISO system that 

is in controllable companion form: 

S(k*1) = Ae-S(k) ♦ btx(k) 

y (k* 1) = ct S (k) ♦ dt- x ( k ) 

where 

0 1 0 0 0 

0 0 1 0 bfr= 0 

0 0 0 1 0 

3 -b, -b, 1 

(3.37) 

(3.38) 

Ca,“aob4: a
3- 

a«A: a, -a*b. 1 

This is a state realization of the filter transfer function: 

H(z) = A(z)/B(z) (3.39) 
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The block filter matrix set is defined using (2.26) and 

(2.30) as shown in equation (3.40) : 

K~ ^ [A‘‘bt :A^\ : .. :bt] (3.40) 

C. . î. 
* A 

çb a. 

• 
* 

CAb^ 
Ct»6 a. 

» 
• 

• 
t-t t-3 

çA b ci b • . aa 

matrices. 
A A 

(A6,B( <.*^,0^}, can be 

combinations of the Burrus and Mitra operators BO, B1, HO, 

H1, and H2. 

Consider the feedforward matrix, 6^. The entries of 

this Toeplitz matrix are the terms of the impulse response 

(3.37). The impulse response is: 

h(k)=c&**b *■ aa £(k) (3.41) 

and each term of 0 is: 

d = 

(3.42) 

Câ b 
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* 

This says that Dfr can be rewritten as shown below, which 

simply HD in equation (2.13) . 

is 

Dc 

ao h. 

cb h, h. 

çAb çb a^ 

« 

h% h, hu 

• 

• 

4.-1 L~* 

çAkb çAt b ... a. 

• 

(3.43) 

= HO 

It has been shown previously that: 

A£ . (3.44) 

Since the feedback matrix At also equals A
1^ , this implies: 

At = -B0’*B1 . (3.45) 

To find an equivalence for Bc, consider the all pole 

state variable SISO filter whose pole locations are the same 

as (3.37), Define H(z) =A (z)/B (z) to be the transfer 

function of (3.37) and H* (z) =z’‘/B (z) to be the transfer 

function of the all pole filter delayed one sample. The 

matrix, {A',b',g',dj, set for this filter is: 
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A'= Ac b* = b0 (3.46) 

c»= [0 0 .. 1 ] d • = 0 • 

The impulse response of the filter is: 

h* (it) = cAU‘fe k> 0 (3. 47) 

= 0 k= 0 

The impulse response of the filter, 1/B(z), is also the last 

row of the matrix, 0, 

0= [b:Ab:Alb (3.48) 

Tie first L vectors of this matrix are a rotated version of 

the input matrix, Bfc ; therefore, the last row of Bc 

(starting from the right) is the first L terms of the all 

pole filter, 1/B(z), associated with (3.37). Due to the 

1's on the super diagonal of At, B,. is Toeplitz; 

consequently, by knowing the elements of the last row, all 

the elements are specified. 

V (3.49) 

K, K.t 
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A 

The matrix 8C can now be written explicitly as 

the impulse response, h' (lc) • This matrix will 

first L points of the output of the filter 

similar manner the temporary matrix 

a function of 

produce the 

1/B (z). In a 

1 

b, 1 

T= 

(3.53) 

0 0 K •• 1 

will produce the output of the filter B(z) Just as 

B(Z) *1/B(z) = 1 /B (Z) • B (Z) (3. 51) 

then T • Bt = Bc-T = I ; <3.52) 

therefore T is the in/erse of Bt . Also, equation (2.7) shows 

that T equals BO. This implies that: 

\ = BO1 . (3.53) 

Only the output matrix, , now remains to be related to the 

Burrus and Mitra matrices. 

* A 

Define a matrix H as the product of Cc and B0 (3.51). 
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The entries of H are terms from the impulse response of the 

filter (3.55) From (2.12) it can be seen that H is H 

(3.55). 

H= =tBt = 

5k 

LskJ 

c-z 
». bik bî *- -t t “fc 

(3. 54) 

*-< ft 
b cAfc& 

sC& 

xU-A «.*» 
C&t b çAt b . 

Cb 

ç A. b 

t-f 

(3.55) 

t-* « h, 

.hlL-t hlL-t *** k 

H = H1 (3.56) 

This says that 
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H1= Ct-Bc . '(3.57) 

K -I 
Since Bt-B0 , this implies: 

C c • B O*' = H1 (3.58) 

Ct * H1‘B0 

These four relationships; 

HO (3.43) 

K 

- B 0 • B1 (3.45) 

A -i 
Be- BO (3. 53) 

* 

H1 • BO (3.58) 

define the connection between the Burrus and flitra block 

filters and the Barnes block structures. By applying these 

equivalences and similarity transformations all of the 

efficient structures can be equated to a Barnes state 

filter. This will relate, in turn, the convolution block 

structures back to a basic SISO structure which defines the 

noise feature of the structure. 

3.4 Hound-off Noise and Limit Cycles in Block Filters 

With the connection between the Barnes matrices and 
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the Burras matrices established, (3. '43), (3.45), (3.53), 

(3.58), an associated SISO matrix can be found for each 

convolution block filter. Along with block length, this 

SISO structure defines the noise properties of the block 

filter. Also, by applying a Barnes structure to the noise 

minimization problem a new lower bound can be achieved for a 

given filter transfer function. 

The state variable filter in companion form (3.37) 

generates a block filter of a special type (3.59). 

S(kM)= AtS(k) ♦ Be;X(k) (3.59) 

Ï (k) = CfcS (k) ♦ DtX(k) 

It has been shown that this filter is identical to the 

filter structure shown in eguation(3.60). This filter is a 

convolution block filter, and therefore, due to this 

eguivalence the basis SISO filter for (3.60) is a 

controllable companion state variable filter. 

S (k*-1) = -B0*‘‘B1-S(k) ♦ BO'-X(k) (3.60) 

Y(k) = H1*B0-S(k) ♦ HO • X (k) 

The first HIHO structure by Mitra which was presented 

in Chapter 2 (2.19) can be derived from this structure 

(3.60) by using the similarity transformation: 
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3 ( k) = BCf's (k) (3.61) 

This structure becomes: 

Btf-S (k*1 ) = -B0~* B1 *BO • S (k) *■ B(T*X (k) 

-« 
* X(k)= H1 * BO* BO S(k) «• H3 • X (k) 

(3.62) 

which can be rearranged as: 

S(k*1)= -B1 • BO S ( k) ♦ X(k) 

Y(k)= H 1 * S ( k| *■ HO-X(k) 

(3.63) 

To determine the SISO basis of this structure, apply tha 

same similarity transformation to equation (3.37) which is 

the 51 S3 basis of (3.63). Define {A',b* ,c*,d*l as the 

matrix set representing tha basis filter for (3.62). This 

sat is related to (Ac,bt,ct,d0} in tha following manaar: 

A' = B0 • Ac• B0~‘ 

b*= B0*&fc 

c'= gc BO*' 

d'= dt 

(3.64) 

(3. 65) 

(3.66) 

(3.67) 

By evaluating these equations, tha single variate 

associated with (3.63) is derived in the 

paragraphs. 

structure 

following 
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-» 
Starting with eguation(3.64), A* is calculated. BO 

is expressed in terms of At and (3.63), and the last two 

tarms are multiplied. 

A» = BO.A^-BO 
-i 

(3.68) 

= BO • A*,* [ A*‘b.. : At*bt : . . : bfc ] 

= BO-CA'lb :AV'bt: 

(3.69) 

(3.70) 

' 1 ‘ht; 1 
i 

b, 1 h\! h; 1 

= K b, 1 h't ; h, ht 1 

.*». b* b. h*4 h', ht_ 

(3.71) 

1 

b, 1 

bt b, 1 

b3 bx b, 1 

\ 1 

-b, i 

*4 -b, 1 (3.72) 

*'« h', ■*».- 

-b, 1 

bt 0 1 

0 -b, 0 

-b4 0 

L = 4 

From equation (3.48) # the last matrix of (3.70) is recognized 

as the rotated impulse response of 1/B(z) delayed one point. 
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Ti a last L-1 columns in (3.71) are the first L-1 columns of 

BD (3.63). When these are multiplied by BO the result is 

the first L-1 columns of an identity matrix in the last L-1 

columns of A'. To calculate the ith terms in the first 

column of A*, the inner product of the ith row of BO is 

taken with the first column of the shifted version of BO1 

(3.71). This is equivalent to taking the inner product of 

the ith-H row of BO with the second column BO if the 

diagonal, terms of B0*‘ are set to zero. The resulting 

product. A', is a '’skew-transpose" of At. 

The input and output vectors, b' and c', can be 
A A. 

determined directly by using the definitions of B and C. 

The input vector, b’, is the last column of the identity 

matrix (3.73). The output vector, g*, is the first row of 

H1 (3.74). 

b*= [0 0 0 1]T (3.67) 

c*= [h, \ hx h, ] (3.68) 

The feedfoward term, d’, unaffected by the similarity 

transformation, is d. As a result, the matrix set for the 

SISO basis structure is: 

1 0 o' M &•= o' 

0 1 0 0 

A 0 0 1 0 

A 0 0 1 1 

(3.75) 
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Çt = S'* [h4 h* hx h,] d.t d* 

Tha noisa and limit cycle properties of the block filter 

(2.19) can be derived from the properties of this SISO 

basis. 

The next Mitra block filter which can be related to 

an SISD system is: 

S(kH) = Hl"î H2*S (k) ♦ X (k) (3.76) 

T(k) = H1 *S (k) + H3 • X (k) 

from equation(2.20). Defina tha matrix sat for this single 

variata structure as {&x»bx,cx,dx}. Since the input, 

output, and feedfoward matrices of equations (3.76) and 

(3.63) are identical, the vectors bx, çx, and dx are equal 

to b, , c, , and 4, » respectively. The feedback matrix, Ax, 

is determined by examining the tarm H1*H2. Equations (3.55) 

and (3. 58) state: 

çA* b çA1 & Z A1 & çb 

çA4 b çA1 b ÇA1 b çA1 fe 

çlf b çA4 b çA*b çA1 b 

çAc b çAfb oA4 J? çA* b 

(3.77) 

L - 4 
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ç 

çA 

[A3 b: A1 b: A ‘ b: b 

çA' 

CA3 

Je. 

= CtBO 

This implies, 

H2- ^A^BO”' . (3.73) 

Using these last two relationships, the term H1 H2 can be 

found as follows: 

HT-H2= (Ct B0'‘)-(Ct A'B0*‘) (3.79) 

= B0 • C^* • • A^ • B0‘‘ 

» BO • A£ • BO'
1 

-i 

Recalling AC=-B0*B1: 

Hl'*H2= -BO *(B0'B1)* BO*' 

« -B1•BO ' 

As a result, the feedback matrix, Ax, for the associated 

basis filter for (3.76) is A, because each term of (3.76) 

and (3. 63) are identical. 

The final Hitra structure to be related to a SISO 
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basis is: 

♦ Hl‘X(k) (3.80) 

«■ ao*X{k) 

from equation (2.21). Define (A, #birç4,d3} as the matrix set 

fer SISO structure associated with this structure. 

By inspection of (3.80) it can be seen that: 

S(k*1)= H2 *H1-S(k) 

y(k) = S(k) 

ht 

K 

c =[ 1 0 0 0 ] (3.81) 

To determine As the results of (3.77) and (3.78) are applied 

to the term, 

therefore, 

H2 a r = 
-I 

Aa= (CcAcB0) (CtB0 ) 

A L A. -| 

= CtAtCt 

A 

Afc Ct 

(3.82) 

This similarity transformation can be rewritten (3.33) and 

expanded (3.84). 

A A A 

C. K =A. C. (3. 83) 
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c A<.= Aa' 

CA SA 

CA* CA1 

1 
"«s 

Ü
 

c 

0
 

1
  

 

CA “ 

 
1 

O
 

«A
 

O
 

o
 
 

J
 

5 

CA1 0 0 10 sA 

CA* sr 0 0 0 1 CA1 

CA\ c 
oc4 CA* 

(3.84) 

(3.79) 

The first L-1 rows of A3 are easy to determine by equating 
A 

rows on the left-hand side with rows in Ce. on the right. 

The <»s in the last row of Aa can be found by employing the 

Cayley-Hamilton theorems [Chen,1970] shown in 

equation(3.86). By premultiplying (3.86) by ç and equating 

terms with the last row of (3.85), 

♦ * bvAl ♦ b^A* ♦ b/ = [ 0 ] (3.86) 

= - b,if - t^A* -b4I 

= “b,cA3 - bs A1 - b4ç A1 - bçl 9 

the value of the **s are defined as: 

*i = “b* 4*1, ••*,!- (3.87) 

When these values are substituted into equation(3.85) the 
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matrix, A3, is equal to the companion feedback matrix, Ac. 

In this section of Chapter 3 each of Mitra's 

convolution block filters was equated to a state variable 

block filter. After the state variable structure was 

derived, an associated SISO state variable filter was found 

for each of Mitra's structures. 

Once the SISO filter is found, the round-off noise and 

limit cycle properties for the convolution block structure 

are defined. By varying the block length in the design of a 

block filter these error properties can be set to a desired 

level. 

3.5 Minimum Sound-off Error in Block Filters 

In the previous section, 3.3, the convolution block 

filters developed by Mitra and the state variable filters by 

Barnes are equated. Through this equivalence the noise 

features of the MIMO convolution filters are easily 

determined. The effects of the round-off errors on the 

output of Burrus's matrix difference aquation block filters 

can be indirectly found using the relationship with filter 

structures by Barnes. When the block state variable 

structure is imposed upon the noise minimization problem in 

section 3.1, a new low noise system is derived. This 

completes the noise analysis of the class of block filters. 
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as the state variable, convolution, and low noise structures 

are included. 

related to a SISO associated basis filtar. It was shown in 

saction 2.3 that the average noisa powar at the output of a 

block filter is 1/L times the noise powar at the output of 

the SISO basis. The problem of controlling the output noise 

variance translates into choosing the appropriate block 

length to reduce tha noise to the desired level. 

The block filter devised by Burrus, a matrix 

difference equation (3.88), can not ba equated to a HIMO 

state variable filter since it is not in state variable 

equation form. 

The average noise power at the output can be calculated by 

modeling the round-off error as white noise, e, and adding 

it to the state vector (3.83) . 

In section 3.3 each of Mitra's block filters were 

Ï (k* 1) = -BO* B1 • Ï (k) ^ B0"‘i0*X(k*1) + B0'*A1 X(k) (3.88) 

(3.89) 

A 

By inspection, it can be seen that this average noise 

variance is identical to the noise variance of the structure 
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in equation(3.30), since the feedback and output matrices of 

result, the matrix difference equation block filter has the 

same noise properties as the HIMD structure in 

eguation(3.30). 

In section 3.1 a noise minimization procedure for the 

general MIMO state variable filter was presented. Whan the 

MI HO structure is restricted to belong to the class of block 

filters, a minimum noise value is obtained for the class of 

state variable block filters. It has been shown that any 

block filter in a MIMO state variable form is in the class 

of block filters developed by Barnes; therefore restricting 

the noise minimization procedure to the class of block 

filters is equivalent to restricting it to the class of 

block filters developed by Barnes, 

The average round-off noise variance at the output of 

the HIHO system is determined by two matrices, K and W 

(3.15) and (3.18). The value of K is found by substituting 

into equation (3.90) the SISO equivalences for A and B 

(3.91). 

K= J (Î*B) (S*B)T (3.90) 

(3.91) 

(3.92) 

£ A* b br A*
T 

K 

(3.93) 

(3.94) 
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The matrix product BBr can be expanded and expressed as a 

sum (3.92). The doable sum in (3.93) is equivalent to a 

single sum in (3.94) which is identical to K for the 

associate SI50 system. 

<nJ 

In a similar fashion, the matrix » can be calculated 

for the 3IMQ block filter (3.95). 

ï» £ ï#T£fTC A* (3.95) 

= T A* l A
M
V2 C K

L 

ft «A»* 

= £ AftT cT 5 A
4- 

= W (3.96) 

The output matrix can be expanded and represented as a 

summation (3.96). The final result, H, is the same as in 

the SISO case (2.35) . 

The average output noise power for a MIMO block 

filter is given by equation(3.19) and is shown below: 

?C/3L £ <ka w£- ) /2at‘ 
l* I 

Si V 

(3.97) 

where vr is the number of rounding operations to form each 

state variable in the block filter. If the state variable 

is accumulated then rounded in both the block and single 

variate case, the ratio vVvl.= 1/L. If rounding takes place 
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before accumulation, then $/vL= 2L/L(N + 1) = 2N. In either 

case there is a decrease in the noise power at the output 

for the block filter. 

In addition to the reduction in round-off error, this 
* * 

structure has two favorable results. First, since K and W 

are equal to K and H of the SISO system, the similarity 

transformation that transforms the SISO structure into the 

lowest noise structure will also transform the block filter 

into its optimum noise structure. In this manner, no extra 

work is required to optimize the block filter in comparison 

to the SISO filter. Second, in Robert and Mullis*s optimum 

noise structure the number of multiplies per output point 

increased to (NM)a . This is a major drawback of their 

solution. In this solution, when the block length is H, 

not only is the output noise power lower than the SISO, but 

the number of multiplies per output point only increases to 

4N. That is a significant savings for moderate size 

fiIters. 

The other effect of rounding errors is limit cycles. 

In Chapter 2 a bound on the steady state value of the limit 

cycles at the state vector in a digital filter is given 

(2.51). It is based on the eigenvalues and eigenvectors of 

the filter (3.98) . 

tIfIK (\L)l]/(1-t\\) i 
i»f 

(3.98) 
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This bound may also be applied to block structures. Since 

the feedback matrix of a block filter is the Lth power of 

the feedback matrix of its SISO basis, the matrix residues, 

are identical foe each case and the poles of the 

block filter are smaller in magnitude. 

# o 

X l (3.99) 
l*i 

As a result the numerator terms are the same, and the 

denominator terms are larger; therefore, the upper bound of 

the limit cycles is smaller. 

In this section the round-off noise characteristic was 

listed for each type of block filter; MIHO state variable, 

matrix difference equation, and optimum noise filters. In 

each case there is an improvement in the noise power. As an 

added benefit, the arithmetic efficiency of the minimum 

noise filter is improved. 



IV. COH CL USIONS 

The need for techniques to implement recursive filters 

efficiently lead to the development of block filters. These 

filter structures convert the infinite length convolution 

into a set of finite length convolutions. Previous work has 

shown, when these block filters are implemented with 

efficient convolution algorithms,a significant computational 

savings can be achieved over a direct implementation. 

The effects of finite register lengths on block filter 

structures, hitherto unknown, are discussed herein. This 

thesis describes the round-off noise and limit cycle 

characteristics of block filters. This is accomplished by 

deriving an equivalence relationship between two types of 

block filters. These are the convolution and state variable 

block filters. The convolution block filters, as their name 

indicates, have matrix operators in their structures that 

are short convolutions. The state variable block structures 

are generated from single-input, single-output (SISO) state 

variable structures. The equivalence relationship showed 

that each block filter has an associated SISO basis. The 

effects of quantization error in each block filter is 

derived directly from its SISO basis. 

The round-off noise and limit cycles properties are 
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snown to be directly related to the respective properties in 

the SISO basis. The average variance of the round-off noise 

at the output is proportional to the noise variance in the 

SISO basis and inversely proportional to the block length. 

By increasing the block length of the filter the affects of 

the round-off noise are decreased. 

The limit cycles in the block filter may be controlled 

by proper choice of the block length. The upper bound on 

the amplitude of the limit cycles of block filters is always 

lower than the bound of its SISO basis. Furthermore, the 

limit cycles in the filter can be completety suppressed by 

an appropriate choice of the block length. 

When minimizing the output noise variance is the 

primary concern, the previous optimal solution in the 

conventional single-input, single-output case has a large 

increase in computational complexity [‘Robert and dullis. 

1976 ]. It increases on tha orier of » • When the average 

noise variance of a block structure is minimized. the 

resulting minimum value of the variance is less than the 

value for the single variate case by a factor of 1/L. In 

addition, the computational complexity, on the order of N, 

is significantly less than the SISO case. 

Future work should consider the trade-offs between 

effects of rounding errors, word length, and structural 

complexity should be considered when designing a digital 

filter. For a given application, the block structure might 
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reguire too much hardware or memory to be useful; however, 

the favorable rounding error properties may make block 

filters more attractive than conventional structures. 
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