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ABSTRACT 

THE DEVELOPMENT OF EQUILIBRIUM EXISTENCE THEORY 

German Posada 

This paper presents a review of the literature on existence of 

competitive equilibrium, starting with Walras. Special attention is 

given to determination of the sources of notions employed in Debreu's 

Theory of Value a sketch of whose existence proof is included. 

Posterior generalizations and variations are briefly described; the 

outline is not intended to be exhaustive, but representative of the 

research trend. A chapter is devoted to the measure theoretic approach 

to equilibrium and core theory, in the belief that it has been en¬ 

lightening for mathematical economics. In this chapter a generalization 

of the concept of a private ownership economy is proposed by introducing 

a measure space for the production sector; this type of economy appears 

as a natural extension of the Debreu notion 
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Introduction 

This work presents a review of the literature on existence 

of competitive equilibrium; we hold the view that there are two 

instances in the development of the theory, each of which repre¬ 

sents an important advancement: a) The publication of the works 

of Arrow-Debreu, Gale, Nikaido, McKenzie and Debreu between 1954 

and 1959. In these papers the set theoretic model replaces the 

Walrasian model and the fixed point techniques are established, 

b) The introduction of markets with a continuum of traders and 

the use of measure theory in economic models, initiated by Aumann, 

who gave an elegant solution to Edgeworth's conjecture and opened 

a new area of research. 

In Chapter I a sketch of the existence proof of ^Theory of 

Value is given. Chapter II describes some important previous 

work in existence theory. Chapter III is an attempt to identify 

the sources of the concepts and techniques used in the model of 

Chapter I. Chapter IV is an outline of the variations and ex¬ 

tensions of the classical model and proof. Chapter V is concerned 

with the measure theoretic approach, the interpretation of 

economies with measure spaces of agents and it presents a generali¬ 

zation of the notion of a private ownership economy. 

Although the works referred to in the following pages con¬ 

stitute only a sample of the literature, we believe it is a 

representative one. 

The following notation is used for vector inequalities: if 
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x=(x1,x2 XJP and y=(y1,y2,... ,yfe) we write x < y if x^ < y^ 

for j=l,2, ...,k; x g y if x^ g y^ for j=l,2, ...,k and x ^ y if 

x £ y and xgy, The set {xe^.^|x ^ 0} is denoted Q . 



CHAPTER I 

Debreu's 1959 Existence Theorem 

The purpose of this chapter is to present the model of an economy 

and a sketch of the proof of existence of equilibrium given in Theory 

of Value (Debreu, 1959). The order of presentation is changed as 

follows: Debreu proved his theorem (Theorem 1) by compactifying the 

economy and then applying the Excess Demand Theorem (Theorem 3). We 

will first prove an existence theorem (Theorem 2) for a compact economy 

by use of Thm. 3 and then deduce Thm. 1 from Thm. 2. This procedure 

does not represent a formal improvement; it is employed for the sake 

of clarity. Specifically: 

a) It isolates the problem of bounding the economy (the proof of 

Thm. 1 from Thm. 2). 

b) It points out the role of compactness and convexity assump¬ 

tions on the action spaces. 

c) It points out the role of the assumptions of non-satiation 

and free disposal. 

Definition 1. - A private ownership economy (POE)E is a system 

E = [m, n,k, (x^-^w^^ ^ (Yj) j=i, #.n, <0ij>i-l,...,m; 

j*l,...,n] 

where: 

m,n,k are positive integers; 

I V 
for i=l,...,m, X^ c p , ^ Is a complete preorder on X^ and 

uk 
wi6P Î 

, Tr 

for j=l,...,n, Yj c P ; 

for i=l,...,m and j=l,,..,n, is a non-negative real number; 

for j=l,...,n, Ç e = 
i=l iJ 

1 
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The names attached to and the interpretations of the elements in 

the definition of a POE are the following: 

There are k commodities in the economy, corresponding to all goods 

and services; different characteristics imply different commodities, 

including among the characteristics the time and place of delivery 

(the number of times and the number of places are assumed to be finite) 

also, each kind of labor represents a different commodity, p. will be 

called the commodity space. 

There are m consumers in the economy, represented by an index 

i=l, ...,m. For a consumer i, is his consumption set and represents 

his non-financial consumption and labor possibilities in the sense 

that if x^eX^ then the consumer i is physically able to consume the 

vector max(x^,0) and to provide the vector -min(x^,0). Elements of 

X^ are called consumption plans. Typically, the negative components 

of a consumption plan correspond to the labor services the consumer 

supplies in the plan. is consumer i's preference relation among 

consumption plans; represents his initial endowment of the com¬ 

modities. 

There are n firms in the economy, indexed by j=l, ...,n. For a 

firm j, Yj is its production possibility set; it describes its tech¬ 

nology in the sense that if y^ eY^ then the firm can produce the out¬ 

put vector max(yj,0) by use of the input vector -min(yj,0). 

represents the fraction of the stock of firm j that consumer 

i holds and, since the firms are completely owned by the consumers, 

it also indicates the share of profits of firm j that consumer i 

receives 
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We now define some concepts associated with a POE: 

Definition 2. - Let E be a POE as given in Def. 1. Then we define: 

X « » 
i=l 

m 
w = jw. , 

i=l 1 

Y = S Y, » 
j=l J 

X - 

Y = 

X * 

the total consumption set; 

the total endowment vector 

the total production set 

the set of consumption allocations 

the set of production allocations 

the set of allocations 

A m f((x4), (yJ)el x y\ “ X, - § y. + w}, the set of attainable 1 J i=l 1 j=l 3 

allocations. The condition defining this set will be referred 

to as "market clearance". We will also be considering the set 

of all allocations that fulfill "weak market clearance": 

A* = {«*t>» (y,))^ x y\ § x £ ? y* + w) • 1 J i=i 1 j=i 3 

Definition 3. - An equilibrium for E is a triple ((x^*),(y^*),P ) 

where <y^*}eY and P*eF- 
are

 such that 

I. Xj* is a maximal element for in the set 

{xieXi|p*xi g P*wi 
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XI. p*Yj* = max p*Yj 

III. «Xj*),^*))^ . 

Definition 4. - If in Def. 3, condition III is replaced by 

III’. ((Xi*), (y.*))^’ 

then ((xj*),(yy*),p*) is a pre-equilibrium for E. 

In Def. 3, I is the preference maximizing condition for consumer 

i; II says that firm j maximizes profit. Ill and III' correspond to 

market clearance and weak market clearance, respectively. 

We will be considering the following assumptions regarding E: 

for every i, 

1. is closed. 

2. X^ is convex. 

3. X^ is bounded from below. 

3'. X^ is bounded. 

4. Non-satiation: there is no x^eX_^ such that for every 

x.'gX^ xjL'<ixi. 

5. Continuity: for x^eX^, the sets {x^
1
eX^|

x^<^x^'} and 

{x^'gX^lx^'^x^^) are closed in X^. 

112 12 
6. Convexity: for x^ ,x^ eX^, and 0<t<l, if x^ <^x^ , 

11 2 
then x^ tx^ + (l*»t)x^ . 

7. Interior endowment: there is an x^°gX^ such that x^°< w^. 

for every j, 

8. Possibility of inaction: OeYy 

9. Y is closed. 

9*. Yj is compact. 
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10. Y is convex. 

10'. Yj is convex. 

11. Irreversibility: Y f) (-Y) c {0}. 

2 
12. Free disposal: - Q c Y. 

Theorem 1. - Under assumptions 1,2,3,4,5,6,7,8,9,10,11,12, E has an 

equilibrium. 

Theorem 2. - Under assumptions 1,2,3',5,6,7,8,9',10',11, E has a pre¬ 

equilibrium. 

Theorem 3. - (Excess Demand Theorem). 

Let P = {pe|R - I Pen and J pL = 1}. 

Let Z c p. be a compact set and qj:P -» Z an upper semicontinuous, con- 

vex-imaged correspondence, such that for peP, Pcp(p) < 0 then there is 

a p*eP such that çp(p*) fl 0. 

Proof of Theorem 2; The proof consists in applying Thm. 3 with the 

total excess demand correspondence of the economy in the role of çp. 

We now proceed to construct this correspondence: 

Let P be defined as in Thm. 3; for j=l,...,n, consider the following 

mappings : 

JIjiP (R. , the profit function of firm j, defined by jjj (p) = max pYj, 

is well defined, continuous and non-negative because of 8 and 9'. 

.pj:P -» Yj, the supply correspondence of firm j, defined by 

-pj (p) = £y^ eYj | py^ = üjCP)}» *-s upper semicontinuous and convex- 

imaged because of 9' and 10*. 
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Therefore, -» Y, the total supply correspondence, defined by 

ri(P) = S ri-(P)» is upper semicontinuous and convex-imaged. 
j=l 2 

Now, for i=l,consider the mappings: 

-♦ X^, the budget set correspondence of consumer i, defined by 

Yi(P) = < pwt + 2 0i1 IhCP)}; upper semicontinuity of 
j=l J J 

follows from 1,3' and 9', and lower semicontinuity from 1,2,3', 

7,8 and 9'. The key assumption is 7. 

§^:P -♦ X^, the demand correspondence of consumer i, given by 

St<P> = {Xjg Yi(P)l for everX xi'e Yi^P)» xi'<ixi} 

is upper semicontinuous because of 1,3',5 and the continuity of Y^* 

is also convex-imaged because of 2,5 and 6. 

Hence Ç:P -» X, the total demand correspondence, given by Ç(p) = 

m , N 

i-V*p) is an upper semicontinuous, convex-imaged correspondence. 

Let Z = X-Y-{w}; then Z is compact. The excess demand correspon¬ 

dence çp:P -» Z given by <p(p) =* Ç(p) - ^(p) " {w} is upper semicontinuous 

and convex-imaged. 

The relation pcp(p) < 0 is a weak version of Walras' Law, and in 

this model follows immediately from the fact that Ç^(p) c Y^CP)» ^or 

every i and peP. 

All the conditions of Thm. 3 are met, hence we get a price p*eP 

and an excess demand vector z* g 0 such that zi*gcp(P*), that is, 

z* = ™ x.* - j y* ” w f°r some x*e§, (p*) and y.*er>, (p*). Conditions 
i=l 1 j=l J 11 2 J 

I, II and III' are immediately seen to hold for ((x^*), (yj*),p*), so 

this is a pre-equilibrium for E. 
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Proof of Theorem 1: The proof is based on "compactifying" the economy 

and then using Thm. 2. 

Let X^and be the projections of into X^ and Y^, respectively. 

A A 

X^ and Yj are bounded (for a proof see (Arrow-Debreu 1954, pp. 276-277); 

although they assume closedness and convexity for each Y^, our 

assumptions of Y closed and convex allow the same proof, with minor 

modifications. Assumptions 3,8,9,10,11,12 are needed). Let K be a 

A 

closed cube which contains 0 and contains in its interior all the X^'s 

A 

and Y^'s. Define now 

X £ = X^ H K and 

Y. = ?, H K, where Ÿ. denotes the closed convex hull of Y., 
j J j r 

and let E be the POE obtained from E by replacing X^ for X^ and Y 

All the assumptions of Thm. 2 are seen to hold for E, in particu¬ 

lar, it follows from 7 and 8 that ((x°), 0)^*, and therefore x°gX^ 

and 0eY.. 
e J 

Hence we obtain a pre-equilibrium ((x^*),(y^),p*) for E; let 

. m . . n 
x* = j; x * and y = jy . 

i=l x j=l J 

Define y* = x* - w. We want to show that y*eY. Since c: Ÿj, 

we have y = jy. e jî, s Y. (This last equality follows from 9 and 10) 

j=l J j=l J 

Since y* g y and yeY, it follows that y*eY (because Y-n c Y is a 

consequence of 9,10 and 12). Thus, y* = £ y* for y*eY.. 
j=l J J J 

show that ((xJ*), (y^*),p*) is an equilibrium for E. 

We will 
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It is clear that ((x^*), (y^*))e^. From the preference maximizing 

properties of x^* in E and assumptions 2,4,6 it follows that p*y=p*y*. 

Using this equality, the fact that x^*e int(K), 2 and 6 it follows that 

Xj* preference maximizes in with the production allocation (y^*) 

and prices p*« 

It remains to be shown that p*y^* = max p*Y^. Since p*y^=max p*Y^, 

it follows from y^e int(K) and the convexity of Y^, that p*y^=max p*Ÿ^. 

Therefore, p*y* = p*y=max p* £ = max p*Y, and this implies 
j=l J 

P*Yj* = niax p*Yj, for every j. This completes the proof. 

The interpretation of this proof is worth mentioning: by pro¬ 

ducing y, the economy is producing more than needed; y* is the market 

clearing production. By disposing of the surplus production y-y*, the 

firms do not lose any profits, since the equilibrium value of this 

surplus is null: p*(y-y*) = 0. The proof of this equality is the 

only step that requires assumption 4. Note that assumptions 

9' and 12 can not be taken together. Also, assumptions 1,2,3',4,5,6 

are inconsistent, while 1,2,3,4,5,6 are not. 
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Footnotes 

1 12 12 2 1 
The relation ^ is defined by <.x^ if x^ <£ and x^ -j^x^. 

2 
The assumption Y-Q c Y corresponds better to the idea of free 

disposal than 12. However, Y-Qc Y follows from 9, 10 and 12. 



CHAPTER II 

Three Early Existence Works 

61. Introduction 

The Theory of Value represents the culmination of a series of 

contributions to economic theory. In his lecture at the Third World 

Congress of the Econometric Society, Drèze said (1976): 

"...my basic model will be...borrowed from Walras' 
final edition - not the fourth, "definitive" 
edition of 1926, but the truly "definitive" post¬ 
humous edition of 1959, known as Theory of Value. " 

In this chapter, we will examine three contributions, that can be 

said to form the backbone of existence theory prior to Debreu; Walras' 

Elements d'Economie Politique Pure. (1874), the papers of Wald (1936a, 

1937, 1936b), and the Arrow-Debreu paper (1954). 

§2. The Work of Walras. 

Walras is credited to be the first writer to present the notion of 

a general equilibrium for a national economy and to recognize the im¬ 

portance of the question of its existence. He studies models of in¬ 

creasing complexity, first of pure exchange, then with production and 

finally introduces money into the analysis. Of these, the one that 

most closely resembles Debreu's non-monetary economy is the model with 

production (Walras, 1954, Lesson 20), which we now describe. 

Demand and Supply Functions 

Walras considers an economy with n production factors, m final 

products and a finite number of consumers, each of whom has certain 

amounts of the production factors as initial endowments. He explains 

how the individual functions of demand for final products and supply 



-11- 

of production factors can be obtained from utility maximization argu¬ 

ments. As in all of his work, Walras is satisfied here with an equal 

number of equations and unknowns as guarantee of consistency. Although 

the reasoning is heuristic and some strong assumptions are implicitly 

taken (for example, additivity of the utility function), the main 

element of the modern theory of consumer behavior is present; utility 

maximization subject to a budget constraint. The value of his endow¬ 

ments is the only source of income for the consumer. 

The total demand and supply functions are obtained from the indi¬ 

vidual ones by adding over the set of consumers. For 1*1,...,n, let 

0^ denote the total supply of production factor i, for j=l,...,m, let 

Dj denote the total demand of final product j. Final product 1 is 

taken as numeraire: let r=(r,,r„,...,r ) and p=(l,p0,...,p ) be the 
I z n z m 

price vectors of production factors and final products, respectively. 

Then the equations of total supply of production factors are; 

(1) 0± « F^r.p), i=l   

and the equations of demand for final products are; 

(2) Dj = Gj(r,p), j“2,...,m 

while is given by 

n m 
(3) D.. = £ r 0. - £ p.D 

i=l j=2 3 3 

The last equation, saying that the total values of demand and 

supply are equal, is obtained by adding the individual budget equations 

of the consumers. It becomes known as Walras' Law after Lange (1945). 
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Production 

The technology of the economy is given by the coefficients of pro¬ 

duction a^, i=l,...n; j=l,...,m. is the quantity of factor i 

needed to produce one unit of product j, The equations of equilibrium 

for production are: 

(4) D. - § a D , i=l,...,n} 
1
 j=l 

13 3 

saying that the total usage of each factor equals its supply, and 

(5) Pj a £ aijri» l,«»»,mj 

expressing the fact that production processes leave zero profit. 

Equilibrium 

Walras' argument for existence is as follows; The unknowns of the 

problem are r^yr^,..., r^, 0^ 9***9 0^, P^ *0 • * * 9 • • • 9 9 2n “f2m —1 

in total. The system (1), (2), (3), (4), (5) has 2n + 2m equations, 

but they are not independent since (3) can be obtained from (4) and (5), 

and the number of equations reduces to 2n + 2m - 1. Hence we "should" 

have equilibrium, which is defined as a solution to the system of 

equations. 

Comparison with Theory of Value 

Many of the elements in the Debreu model are present in Elements 

of Pure Economics. Although the ownership of the production units is 

unspecified, this is irrelevant, because of the zero profit condition. 

The use of set theoretic techniques by Debreu allows greater 
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generality in the model and the definition of equilibrium. Specifically, 

it eliminates the need for the following Walrasian assumptions: 

a) Single output production processes. 

b) The classification of commodities into production factors, 

intermediate goods and final products (Walras shows that 

the case in which intermediate goods are considered can be 

reduced to the case discussed above). 

c) Fixed proportions in production. (This is later relaxed by 

Walras (1954, Lesson 36, pp. 3237327).) 

Of course, a main difference between the two works is the validity 

of the arguments. Nevertheless, Walras presents the first construction 

of a national economy from micro elements, defines the notion of 

equilibrium and discusses its existence, uniqueness and stability; 

the conditions for equilibrium in Debreu were laid out by Walras* 

consumers preference maximize, firms operate at a zero profit level 

and all markets clear. 

S3. The Wald papers 

In the mathematical colloquium organized by Karl Menger in Vienna 

from 1928 to 1936, two important contributions of existence theory 

were presented: the von Neumann growth model (1937) and the two 

papers by Wald (1936a, 1937) in which he gave existence proofs for 

production and exchange models, respectively. We will review in this 

section the work of Wald, which was summarized in a single article 

(Wald, 1936b). 
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A. The Model of Production 

The system of equations studied by Wald is essentially the Walras¬ 

ian one, with modifications due to several authors, notably Cassel 

(1924), who presented a simplified version of the model, Zeuthen (1933) 

and Schlesinger (1935). (For an account of these and other contribu¬ 

tions, see Wald (1951, §1), Arrow-Debreu (1954,§6) and Takayama (1974, 

Ch. 2, Section E, §a)). 

The system studied by Wald is the following (with the notation of 

(2*) P j = ^ j (D » • • • » » j =1,... *ni; 

(4*) 
°i " ^ aijDj + V 

1—1,...jHJ 

(5‘) Pj " ^ aijri’ 
j=l,...,m; 

(6) Vi “ °» 
i*l,...,n; 

(7) Pj ^ 0, Dj ^ 0, j=l,...,m; 

ri * °» Zt~ °» 
i—1,.. •, n. 

Comparison with Walras* System 

What are the differences between the Wald system and the original 

one? In what follows, we point out two; 

a) The Wald treatment of the total demand and supply functions 

imposes several important restrictions in the model. First, the re¬ 

lation between final product prices p^ and demands Dj is given in (2') 

by means of the "inverse demand functions", but no argument is pre- 
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sented to justify the existence of such functions. Second, no influence 

of the factor prices r^ on 0^ and is assumed, and therefore they are 

independent of the distribution of income; in fact, the demand for final 

products is seen to depend only on final products prices and total 

income, while the supply of production factors is fixed. One serious 

consequence of this, as Arrow-Debreu remark (1954), is that Wald's 

model is effectively equivalent to one with a single consumer; there¬ 

fore his model is strictly one of production in contrast with Walras' 

model of production, exchange and consumption. 

Another consequence of the postulation of the inverse demand 

functions is the fact that the model implicitly determines absolute 

prices, since "by the explicit statement of the functions f^(D^,D2*..., 

Dm), we have already chosen a yardstick of value." (Wald, 1951, p. 379). 

In other words, prices are automatically normalized. 

b) The unused excesses of factors of production, Z^,Z2*...,Zn, are 

introduced in (4'). They come as the answer to an objection posed to 

the Walrasian system: it should not be assumed a priori that all 

factors of production are scarce; this should be determined by the 

competitive mechanism. This is now taken into account in the model: 

if Z± > 0, then i is a free factor of production, and by (6), its 

price r^ will be zero. 

The Result 

Wald proves the existence and uniqueness of a solution to the 

system (2*), (4'), (5'), (6), (7) for the 2m + 2n unknowns p^,...,pm, 

Z^,...,Zn, under a set of assumptions on the 0^,'s, 
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the a£j's an<^ the functions f^. This is the first rigorous proof of 

existence of equilibrium for a Walrasian system and the first version 

was presented in 1934. 

The proof, which involves an induction argument on the number of 

final products, is described by Wald as one for which •'mathematical 

concepts of too difficult and recondite a nature are necessary" (1951, 

p. 372). It should be remembered that the use of mathematics in econo¬ 

mic investigations was an issue still under discussion at the time of 

appearance of his work, and Wald himself presents some methodological 

considerations concerning the importance of the axiomatic method and 

the rigorousness of the arguments (1951, pp. 368-369). Two elements 

of later existence proofs are absent in Wald's: The use of a fixed 

point theorem and Walras' Law (which however, follows from (4'), (5') 

and (6)). 

B. The Model of Exchange, 

Wald also studies the Walrasian system of equations for exchange 

of several commodities, and gives the first correct proof of existence 

and uniqueness of an equilibrium. Although the treatment of the utility 

functions is more general than in Walras, Wald has the Walrasian assump¬ 

tion of non-complementarity and non-substitutability, which amounts to 

the additivity of the utility functions, if utility is assumed to have 

cardinal significance. However, Wald does not need the cardinality 

assumption. 

All other assumptions are also Walrasian. It is interesting to see 

how Wald takes care of the survival problem, which becomes a sensitive 
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point for existence proofs after Arrow-Debreu (1954). Wald assumes 

that every individual has a positive quantity of at least one commodity 

and that all commodities are desired by every consumer; in this way, he 

obtains positive prices for all commodities at equilibrium, and there¬ 

fore, every individual is guaranteed some positive income. 

Finally, we mention that Wald gives sufficient conditions for 

uniqueness, but he does not study the stability of equilibrium. 

C. The Treatment of Cournot's Model. 

In the last section of his paper (1951), Wald gives in'two theorems 

sufficient conditions for the existence, uniqueness and stability of 

equilibrium for the Cournot duopoly model (1838, Ch. 8). The proofs 

are simple and are given entirely in the article. The existence argu¬ 

ment is based on the convergence of the "reaction mechanism", a concept 

of Cournot that Wald formalizes. The importance of this contribution to 

existence theory is threefold; 

i) It is the first economic paper to use the notion of corres¬ 

pondence. In fact, Wald works with the "reaction corres¬ 

pondence" of the duopolists. 

ii) An equilibrium is characterized as a fixed point of the 

reaction correspondence. 

iii) It is the first rigorous treatment of the Cournot model, 

which is important for an early presentation of an economic 

problem in a game theoretic fashion, as mentioned by Arrow- 

Debreu 
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§4. The Arrow-Debreu paper. 

In the 1952 meeting of the Econometric Society, two decisive works 

on existence of equilibrium were presented; the McKenzie (1954) paper 

on equilibrium for Graham's model of international trade, and the Arrow- 

Debreu (1954) paper. Arrow-Debreu presented two existence theorems for 

an integated model of production, consumption and exchange, in the Wal¬ 

rasian line of thought. This is the model that Debreu used in Theory 

of Value, and that became known as a private ownership economy. In 

what follows, we will give an outline of the insights the paper offered. 

The Set Theoretic Approach 

By specifying an action space and a goal for each agent in the 

economy, the notion of general equilibrium undergoes an important change; 

previously it had been considered to be a solution to a system of equa¬ 

tions, now it appears as the possibility of carrying out several individ¬ 

ual maximization plans, in such a way that all markets clear. 

The Production Sector 

Each firm is described by its production possibility set. The 

assumptions of single-output firms and fixed proportions of production 

are removed. Constant returns to scale are replaced by non-increasing 

returns to scale and firms may obtain positive profits, which will be 

distributed among the shareholders. 

The Survival Problem 

Of the assumptions for the first theorem (Arrow-Debreu, 1954, 

§ 1.5.1), the most questionable one is the "interior endowment" assump¬ 

tion. It says that every consumer has initially some amount of every 
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commodity; this is not only unrealistic, but conflicts with the notion 

of commodity they present (in which spatial and temporal differences 

imply different commodities). With the interior endowment assumption 

(plus the fact that profits are non-negative), the survival of each 

consumer at equilibrium is assured, since in this model, if p is an 

equilibrium price vector, then p ^ 0, and for any such price vector, 

there will always be a cheaper point, that is, a bundle in the consump¬ 

tion set whose value is less than that of the initial endowments. 

In their second theorem, the survival problem is solved with a 

weaker assumption, which loosely speaking assures that each individual 

has a positive amount of some "productive" labor to offer. 

The Relation with Game Theory 

A central concept in the paper is that of an "abstract economy"; 

it had been introduced previously by Debreu (1952), who also defined 

the notion of an equilibrium for such a model and proved an existence 

theorem. The proof of Arrow-Debreu consists in showing that the com¬ 

petitive economy is an abstract economy, applying the existence theorem, 

and verifying that the equilibrium obtained has the desired properties 

of a competitive equilibrium. 

An abstract economy is a generalization of a game; in fact, in a 

game the pay-off functions depend on the actions chosen, whereas in an 

abstract economy the pay-off functions and the action spaces depend 

upon the actions chosen. 

The participants in a competitive economy, when it is viewed as an 

abstract economy, are the consumers, the producers and a fictitious 
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player, the market participant. The initial action spaces are the 

consumption sets, the production possibility sets and an appropriate 

(convex and compact) domain of prices, respectively. The pay-off 

functions are utilities for consumers, profits for producers and value 

of excess demand for the market participant. The only participants 

whose action spaces are affected by the choices of other participants 

are the consumers, who are restricted to their budget sets. 

The market participant can be thought of as an auctioneer who calls 

prices and tries to maximize the value of excess demand for given quant¬ 

ities. This will be accomplished by increasing as much as possible the 

prices of those commodities for which excess demand is the greatest, 

and setting all other prices to zero. This behavior represents an 

extreme version of the law of supply and demand, in that some goods in 

positive excess demand might actually have a price decrease (to zero), 

because some other good has a bigger excess demand. 

The pay-off function of the market participant also serves to 

illustrate the saddle-point nature of an equilibrium: while he maxi¬ 

mizes the value of excess demand by choice of prices, consumers and 

producers together minimize it by choice of their actions (since con¬ 

sumers minimize cost when maximizing utility). 

The notion of an abstract economy and the corresponding existence 

theorem (Debreu, 1952) have a direct predecessor in a paper of Nash 

(1950), who uses the Kakutani theorem to prove the existence of equili¬ 

brium for a game. 
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The work of Nash (and that of several others) is rooted in von 

Neumann-Morgenstern (1944). Their book showed how the theory of 

games, that had been developed by von Neumann, could be applied to 

oligopoly models.'*' 

Comparison with Theory of Value " 

What is new in Debreu (1959) after Arrow-Debreu (1954)? Although 

Theory of Value inherits much of its contents, the value of the book 

should not be underestimated. 

First of all, it offers a new proof of existence, a proof in which 

the use of the Excess Demand Theorem clarifies the workings of the law 

of supply and demand and points out the importance of Walras ' Law. 

No reference to abstract economies is needed. 

Secondly, the book is important as a standard reference. It is 

self-contained and with the exception of some well-known mathematical 

results, all the notions and lemmas needed for the existence proof are 

presented. 

Debreu works directly with the preference relations, instead of the 

utility functions (although his assumptions imply the existence of con- 

tinous ones). The game theoretic approach of Arrow-Debreu would have 

been difficult without utility functions. (See mention to the paper of 

Shafer-Sonnenschein (1975a) in Ch. IV.) 

There are some modifications in the assumptions concerning the pro¬ 

duction sector. Following a suggestion of Uzawa (1956), Debreu assumes 

convexity and closedness in the total, not the individual, production 

sets 
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Also, Debreu modifies slightly the interpretation of a consumption 

set. While for Arrow-Debreu the components corresponding to labor 

services are non-positive and all others are non-negative, Debreu 

allows for other "outputs” other than labor, but no indications are 

given on what kind of commodities they could be. 

Finally, it should be mentioned that Debreu studies the relation 

equilibrium-optimum and also indicates how his model can be reinter¬ 

preted to allow uncertainty. 



Footnotes 

Although the models they study are severely restricted, their 
work illustrates the use of convex set theory in game theory. Also, 
they exploit the min-max nature of a solution, which indicates the 
saddle-point properties of an equilibrium. Special attention in the 
book is given to the subject of coalition formation, a central notion 
in the theory of the core. (See Ch. V.) 



CHAPTER III 

Origin of Concepts 

§1. Introduction 

We will devote this chapter to a historical scrutiny of the 

most important concepts in the model of equilibrium and the proof 

of existence presented by Debreu. Specifically, it is an attempt 

to identify the sources and briefly follow the developments of said 

concepts in the literature. Although this has partly been done in 

the previous chapter, there are many other contributions that helped 

shape the theory, and we will now outline them. 

The exposition will proceed as follows: first we will examine 

the issues concerning the model as a whole, then the use of fixed 

point theorems in existence proofs, and finally we will review the 

first mentions of concepts relating the production and consumption 

sectors, respectively. 

§2. Concepts Concerning the Entire Economy 

The Notion of Commodity 

Arrow-Debreu (1954) are the first ones to present the general 

notion of commodity described in Chapter I. The previous works in 

equilibrium theory consider a fixed unit period of time for their 

analysis whereas in Theory of Value each agent is making decisions 

for his entire economic future and including all locations. This 

convention introduces many markets and forces assumptions of finite¬ 

ness on the number of places and dates, thus making it difficult to 

generalize this model to situations which involve continuous time 
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or economic life spans of unrestricted length. This notion of com¬ 

modity also makes the interior endowment assumption difficult to 

accept, since one of its implications would be that the possessions 

of an individual will always have to be split among all different 

locations. Also, it makes unlikely the convexity of preferences; 

for example, an individual may be indifferent to have a certain 

amount of some good in location A or location B, and prefer any one 

of these two alternatives over having the amount divided into loca¬ 

tions A and B. A similar example can be given with respect to the 

temporal specifications. 

Private Ownership Economies 

In the Debreu model, every individual has the double role of a 

consumer and a shareholder. This idea was first stated by Hicks in 

his model of general equilibrium (1939, Ch. VIII) and it represents 

an improvement over the Walrasian theory, where the ownership of the 

production units, which operate at a zero profit level, is left 

unspecified. Arrow-Debreu (1954) take the Hicks model and refine it 

slightly in this respect by introducing explicitly the shares into 

the analysis; the model becomes known as a private ownership economy 

after Debreu. Hicks is credited for introducing the "entrepreneurial" 

resources as non-marketable commodities, thus regarding the individual 

income as composed of two sources; one, labor and trade, and another, 

profits from production. This view makes unrealistic the previously 

held assumption of constant returns to scale, and Hicks allows firms 

to have positive profits and decreasing returns to scale. 
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Walras' Law 

As it was mentioned in the presentation of the Walrasian model 

in Chapter II, Walras' Law was stated and used in the Elements, in 

the model with production, as the budget equation of the economy. 

Lange (1945) observes that Walras was the first to recognize the 

importance of the identity for price theory, but that it was pre¬ 

viously known to Cournot. 

In fact, Cournot (1838, Ch. Ill) in his treatment of internat¬ 

ional trade, is able to deduce the budget equation of one country 

by adding those of all the others, thus essentially obtaining Walras' 

Law. In his notation, it would take the form 

5 mii= 5 £ mu cu » 
i=l j-1 2 i=l j=l J J 

which is immediately obtained from the identity C 
ji ° ^7 • Here 

r represents the number of countries, the total indebtedness of 

country i to country j and C^ the rate of exchange from i to j. 

Now it is clear that Walras was inspired by this procedure of 

Cournot for his treatment of exchange of several commodities (1926, 

Lesson 11). In fact, he follows a perfectly analogous procedure 

to show that the "equations of exchange" for each commodity (value 

of supply = value of demand) are not independent, and that one of 

them can be obtained from the others. Let n be the number of com¬ 

modities, and for i,j=l,...,n, let be the demand for commodity i 

in exchange for commodity j, and p^ the price of commodity i in 
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terms of commodity 1, so that “ 0 and ■ 1. Then Walras' Law 

would be the trivial identity 

n 
2 

j»l i=l !,piDu 
n 
2 

n _ 

5, Vn i=l 

(The fact that corresponding terms of the two double summations are 

equal is less trivial and it is one of the starting points for 

Walras' discussion.) 

To summarize: Walras' Law was used by Cournot and Walras in 

models of exchange, but it was not explicitly stated then, perhaps 

because of its trivial appearance. It is formally included as one 

of the equations of the system for the first time in the Walrasian 

model with production. 

§3. Fixed Point Theorems 

The two earliest uses of fixed point arguments in economic 

problems are due to Wald (1936b), in his treatment of the duopoly 

model and von Neumann (1937) in his paper on balanced growth, a 

contribution which is very influential in mathematical economics.^- 

As was mentioned before, von Neumann presented his model and proof 

in the Karl Menger seminar in 1936, but the paper had been read at 

Princeton in 1932. von Neumann used Brouwer's fixed point theorem 

to prove a lemma which is central to his proof and that is considered 

by Nikaido (1968) "an early version of the Kakutani theorem". When 

Kakutani published his theorem (1941), he showed that the von Neumann 

lemma follows from it 
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Kakutani's fixed point theorem soon proved to be useful in 

equilibrium problems. It is used by Nash (1950) for his existence 

proof in game theory (by suggestion of Gale), later on by Debreu 

(1952) for the generalization of Nash's theorem that vas needed for 

the Arrow-Debreu (1954) article and also, by McKenzie (1954) for 

his proof of existence in the Graham model of international trade. 

These two independent works, are responsible for the recognition of 

fixed point theorems as an important tool in equilibrium problems. 

However, the work of Arrow-Debreu introduced the set theoretic 

approach, while the Graham model is based on the von Neumann-activity 

analysis approach. 

For economic theory, the best consequence of the Kakutani 

theorem has been the Excess Demand Theorem or Gale-Nikaido Lemma. 

Independent versions and proofs of the result were given by Gale 

(1955), Nikaido (1956) and Debreu (1956). The last two use Kakutani's 

theorem, while Gale uses a lemma of Knaster-Kuratowski-Mazurkiewicz 

(1931) that had been used by them to prove Brouwer's fixed point 

theorem. Also, a different proof was given by Kuhn (1956a) by means 

of a fixed point theorem of Eilenberg-Montgomery (1946), that 

replaces convexity by acyclicity and does not depend on the Brouwer 

fixed point theorem. The most general version is Debreu (1956), 

where the case of non-free disposal is contemplated. The Excess 

Demand Theorem is not a fixed point theorem, but Brouwer's can be 

proved from it. Since the Brouwer theorem is in turn a particular 



29- 

case of Kakutani's, there is a close interrelation among the three. 

Several other papers in economics have used the Kakutani 

theorem, notably McKenzie (1955), in his proof of existence for 

the case of dependent consumer preferences and Kuhn (1956b), for 

his proof of the Wald theorem, in which the duality theory of linear 

2 
programming is also used. 

$4. Concepts Concerning the Production Sector 

Arrow-Debreu (1954) are the first writers to represent the 

technology of a firm by its production possibility set. This 

approach has a direct antecedent in the work of Arrow (1951), who 

showed how the theory of convex sets could be applied in economic 

problems where the classical calculus approach is inadequate or 

insufficient. One such instance occurs when we want to consider the 

possibility of boundary solutions, which are likely to appear in the 

Debreu model, due to the sharp differentiation of commodities. 
i 

Arrow assumed that the total production set is a convex, compact 

subset of the non-negative orthant. Already von Neumann-Morgenstern 

(1944) had shown how convexity and the separation theorems were 

applicable in game theory, and consequently in economic theory. 

Arrow-Debreu (1954) go one step beyond Hicks (1939) and Samuel- 

son (1947) by doing away with the production function. These two 

authors had abandoned the model of constant proportions of pro¬ 

duction and had discussed the connection between non-constant 

returns to scale and the existence of factors private to a firm. 
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This concept arises in Arrow-Debreu via the convexity of production 

sets, which in conjunction with the possibility of inaction, implies 

non-increasing returns to scale. 

The model of constant proportions of production is pursued by 

the activity analysis and linear programming school, of which a 

select sample is found in the book edited by Koopmans (1951a). This 

current of thought is inspired in von Neumann (1937), whose paper 

contains the basic idea of duality in linear programming, Leontief 

(1941), Dantzig (1949) and others. 

The linear programming approach has a strong influence in the 

work of Arrow-Debreu; the possibility of joint production, for ex¬ 

ample, is transmitted through it from von Neumann (1937). Also, 

the assumptions of irreversibility of production and impossibility 

of the Land of Cockaigne are introduced in Koopmans (1951b). 

65. Concepts Concerning the Consumption Sector 

A detailed account of the ideological developments that led 

to the modern theory of consumer behavior is beyond the scope of 

this paper. The discussion that follows is limited to a brief 

mention of some of the most important contributions. 

The Consumer Problem 

The first writer to present the equality of the marginal utility 

of income for each commodity as a necessary condition for equilibrium 

of the consumer is Gossen (1854). 

Although Jevons (1871) presented utility maximization as the 

basis for exchange, his treatment is not very far reaching: 
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"Jevon's attempt to construct a bridge 
between utility and demand was seriously 
hampered, I suspect, by his inability to 
translate any but simple thoughts into 
mathematics," (Stigler, 1950) 

Hence, Walras (1874) appears as the first author to state and 

solve the consumer's problem. His is the form in which the theory 

was furthered by various writers, the main additions appearing 

because of evolution in the concept of utility and the introduction 

of comparative statics. A different point for the consumers' prob¬ 

lem is provided by the theory of revealed preference (Samuelson, 

1947), but the two approaches have been shown to be essentially 

equivalent for the development of the theory. 

Consumption Sets and Preferences 

Arrow-Debreu introduce the consumption set for each consumer, 

thus integrating the consumers treatment to the general approach of 

their paper. The assumption of lower boundedness is also theirs. 

Regarding the continuity assumption, although the utility 

function had been assumed to be continuous by several writers, 

Eilenberg (1941) is the first to show that a preference relation can 

be represented by a continuous function. The theorem of Eilenberg 

asserts that any complete, continuous preorder defined on a connected, 

separable, complete topological space admits a continuous utility 

function. This theorem was slightly improved by Debreu (1954). 

With respect to the convexity assumption on preferences, this 

can be traced back to Edgeworth (1881), who was the first to propose 
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a general form for the utility function, and explicitly assumed the 

convexity of indifference curves. As Stigler (1950) remarks, in 

previous works utility was considered to be additive, and therefore, 

diminishing marginal utility guarantees the convexity of indifference 

curves. 

Arrow and the Cheaper Point Assumption 

The paper "An Extension of the Basic Theorems of Classical 

Welfare Economics" (Arrow, 1951) is a major contribution. Besides show¬ 

ing very clearly the role of the convexity assumption on preferences, 

it is the first work to use the cheaper point assumption to prove 

that expenditure minimization implies preference maximization 

(section 5, lemma 5) and also to show that a Pareto optimum can be 

realized as a competitive equilibrium (section 6, theorem 4). 

As it was mentioned earlier, the interior endowment assumption 

is used in the proof of existence of a cheaper point in Arrow-Debreu 

(1954); they remark that this assumption plays the same role as one 

of von Neumann's in his growth model (1937) to the effect that in 

every process, every commodity enters in a positive quantity, either 

as an input or as an output, or both. However, von Neumann says 

that his assumption is needed to insure the uniqueness of the rates 

of growth and interest, which in addition, are equal in equilibrium. 



Footnotes 

1 
The works of von Neumann (1937) and von Neumann-Morgens tern 

(1944) have the common peculiarity of presenting models that are 
economically simplistic but seminal for the development of the 

theory. 

2 
Greenberg (1977?) gives an existence proof in a simplified 

model with no use of a fixed point theorem, by introducing the 
assumption of weak gross substitutability. 



CHAPTER IV 

Variations and Extensions 

&1. Introduction 

Many contributions to the problem of existence of equilibria 

have been published, both before and after Theory of Value; In 

the previous chapters we have reviewed the work of the pioneers; in 

this chapter we present some variations and extensions of the classi¬ 

cal model. Although the size of the material prevents us from being 

exhaustive, we hope to illustrate the general direction of research. 

$2. Alternative Proofs 

McKenzie (1959) gave a proof of existence of equilibrium for a 

competitive economy, which represents a variation and an improvement 

over those given for the Arrow-Debreu model. A basic difference is 

the presentation of individual possibilities: McKenzie defines the 

consumption set of a consumer as the set of all vectors representing 

his possible net trades, so that negative components represent goods 

or services supplied by the consumer and positive components repre¬ 

sent goods or services demanded by him. In the Arrow-Debreu model, 

the negative components of vectors in a consumption set correspond 

exclusively to labor services offered by the consumer, and the net 

trade vector is obtained by subtracting his endowment vector from 

his consumption vector. The two treatments are completely equivalent, 

but McKenzie*s has the advantage of doing away with the explicit 

mention of the initial endowments. 

-34' 



-35- 

McKenzie proves the existence theorem first for the case of 

constant returns to scale and zero profits in production (his 

"special existence theorem") and then indicates what changes are 

needed when the entrepreneurial resources are considered, thus 

achieving a level of generality equal to that of Arrow-Debreu. 

The improvements of this work are several: 

a) Only the Brouwer fixed point theorem is needed in the 

proof, since the mapping constructed is point - to - point. 

b) With respect to the survival problem, the assumption of 

interior endowment is replaced by one that ensures a non-empty 

intersection of the relative interiors of the total consumption 

and production sets. 

c) The assumption of free disposal is shown to be superfluous. 

d) The irreducibility of the economy, a concept introduced by 

Gale (1957), is postulated. This assumption replaces one, in the 

second theorem of Arrow-Debreu (1954), that there are always desired 

goods and always productive goods. The idea that the irreducibility 

assumption seeks to formalize is that if the consumers are partitioned 

into two groups, then any increase in the holdings of one group 

could be used to improve the position of at least one consumer in 

the second group, without damaging anyone there. Its role is to 

guarantee that all consumers have positive income at equilibrium, 

if one of them does. After publication of the paper, Debreu noted 

that the proposed formalization of irreducibility was unacceptable, 

and McKenzie corrected it in a later note (1961). The modification 
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is an assumption close to the first but formally independent. 

e) McKenzie removes the irreversibility of production. 

f) Finally, we mention that McKenzie works with the preference 

relations directly, although his assumptions imply the existence of 

a continuous utility function. For an exposition of his "special 

existence theorem", using Kakutani's theorem instead of Brouwer's 

see Takayama (1974, Ch. 2, Sect. E, §b). 

This contribution of McKenzie is very significant, as the above 

outline indicates. Perhaps the almost simultaneous publication of 

Theory of Value overshadowed its importance, even though its 

assumptions are weaker in several respects. 

In 1962, an existence paper by Debreu was published, which 

generalized the following previous results: Wald (1951, Sect. II), 

Arrow-Debreu (1954, Thms. II and II'), Gale (1957), Nikaido (1957) 

and McKenzie (1959, 1961). 

The main new insight of this paper is related to the survival 

problem. Debreu introduces a "smoothed" demand correspondence, 

which coincides with the demand correspondence, in cases where 

there is a cheaper point. The "smoothed" demand correspondence is 

upper semicontinuous and leads to the existence of a quasi-equili¬ 

brium, a notion similar to that of an equilibrium, except that the 

preference maximizing conditions hold only for consumers that have 

a cheaper point. To show that a given quasi-equilibrium is an 

equilibrium, it must be shown that every consumer has a cheaper 

point. Debreu deduced this from two assumptions* 
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i) The relative interiors of the augmented total production 

set plus the endowment vector and of the total consumption set have 

non-empty intersections. (See c) below). This is a slight general¬ 

ization of the similar assumption of McKenzie (1959). 

ii) If one consumer does not have a cheaper point, then no one 

does. This assumption plays the same role as the irreducibility of 

the economy in McKenzie (1959) and the assumption on desired and 

productive goods in Arrow-Debreu (1954). Debreu proves that his 

assumption is weaker than either of these two. 

Other achievements of Debreu (1962) are concerned with the 

weakening of some hypotheses: 

a) Let AS denote the asymptotic cone of a set S. The assump¬ 

tion of lower boundedness of individual consumption sets is replaced 

by AX H (“AX) * {o}, where X is the total consumption set; the 

impossibility of the Land of Cockaigne is replaced by AX D (AY)={0). 

The irreversibility of production, which had been shown to be 

superfluous by McKenzie (1959), is removed. To dispense with these 

assumptions, that had been used in Theory of Value to bound the 

economy, Debreu takes an asymptotic approach and uses an increasing 

sequence of cubes, obtaining a sequence of economies, to each of which 

he applies the Excess Demand Theorem in the non-free disposal version 

(Debreu, 1956). 

b) Non-satiation is assumed to hold only on attainable consump¬ 

tion sets. This possibility had been recognized by Arrow-Debreu 

(1954). 
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c) The concept of an augmented total production set is intro¬ 

duced as a superset of the production possibility set that gives 

rise to the same attainable consumption allocations. 

d) Convexity of preferences is replaced by weak convexity. 

Another slight variation of the Arrow-Debreu model is that of 

Arrow-Hahn (1971). They adopt a third convention with respect to 

the treatment of labor: the initial endowments of each consumer 

are explicitly taken into account, and the initial endowments of 

labor services are given by the maximum amount that the consumer is 

able to supply. The component in a consumption vector corresponding 

to a certain labor service is not the supply of the service, but the 

difference between the endowment and the supply, or the demand for 

leisure time for that type of labor (reservation demand). This 

convention forces the consumption vectors to be non-negative, but 

this is the only discrepancy with the Arrow-Debreu convention. 

Arrow-Hahn (1971, Ch. V) prove first the existence of a com¬ 

pensated equilibrium, a concept in which preference maximization is 

replaced by expenditure minimization subject to a utility constraint. 

This procedure has the advantage that the compensated demand is 

always upper semicontinuous. Based on the hypothesis that the 

economy is able to supply a positive amount of each commodity, they 

show that at a compensated equilibrium at least one consumer has 

positive income and then introduce the assumption that every consumer 

is resource related to every other consumer. This is similar to 

McKenzie's irreducibility of the economy and ensures that every 
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consumer has positive income, so that the compensated equilibrium is 

also a competitive equilibrium. 

The Kakutani fixed point theorem is used in the proof of exis¬ 

tence of a compensated equilibrium; the adjustment mechanism can be 

described by saying that it gives zero relative utility to consumers 

incurring a budgetary deficit. 

In the proofs mentioned above there are two common features 

that are important to point out: 

First, with respect to the survival problem, if the assumption 

of interior endowment is avoided, it is replaced with two assumptions 

A preliminary, Slater-type assumption to the effect that the economy 

is able to produce a bundle which is in the interior of the total 

consumption set. This assumption guarantees the survival, with 

surplus, of at least one consumer. Then there is a further assump¬ 

tion, of which there had been several versions (irreducibility of 

the economy, households being resource related to one another, etc.) 

to guarantee that all consumers survive. 

The second similarity is a proof technique which consists in 

suitably modifying demand and supply correspondences. Debreu (1959) 

"chops them off" by compactifying the economy, Debreu (1962) "smooths 

the demand correspondence and Arrow-Hahn consider instead the com¬ 

pensated demand correspondence. The reasons for such modifications 

are two; the absence of a cheaper point (needed for upper semi¬ 

continuity of the demand correspondence) and the possible unbounded¬ 

ness of the action spaces; in Thm. 1 of Ch. I, both interior endow- 
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ment and compactness are assumed and therefore there is no need for 

modification of the demand and supply correspondences. 

These techniques can be avoided in proofs that do not involve 

the construction of demand and supply correspondences, like those 

of Negishi (I960) and Mas-Collel (1974), mentioned in later sections. 

Finally, we mention the contribution of Moore (1975). He notes 

the similarity of the "building block" approaches of Arrow-Hahn 

(compensated equilibrium) and Debreu (quasi-equilibrium) to the 

existence of equilibria. Both procedures succeed in isolating the 

survival problem. Moore generalizes the Arrow-Hahn theorem on 

existence of compensated equilibrium: First, he introduces the 

notion of an equivalent technology set for an economy (a generali¬ 

zation of Debreu's augmented total production set) and by so doing, 

is able to dispense with the assumption of convexity of individual 

production sets, thus allowing for the existence of ranges of inr 

creasing returns to scale. Second, Moore replaces the Arrow-Hahn 

assumption of self-sufficiency of consumers (1971, A 4.2) by one 

that says that every consumer is productive for the equivalent 

technology set. The author gives examples of a case where his theorem 

is applicable but Debreu's (1962) is not, and of a case where an 

individual with null endowments and no stocks may be productive for 

the equivalent technology set, because his "individual net technology 

set" adds something to it. These examples indicate that Moore's 

assumption is relatively weak. He shows that the irreducibility of 

the economy (together with possibility of inaction for each firm) 

implies that each consumer is productive for the equivalent tech- 
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nology set, but not vice versa. As Moore remarks, this is natural, 

since the role of his assumption is to guarantee the existence of 

a compensated equilibrium, while irreducibility was designed for 

existence of a competitive equilibrium. (Every competitive equili¬ 

brium is also a compensated equilibrium.) 

Ç3. The Non-linear Programming Characterization. 

Another approach to the existence problem is with the use of 

non-linear programming techniques. Negishi (1960) presented a uni¬ 

fied treatment of equilibrium and welfare optimality by considering 

the problem of maximizing a linear combination of the individual 

utility functions, subject to weak market clearance; the Kakutani 

theorem is applied to a mapping that sends any sets of relative 

weights, allocations and prices to a set that contains new weights 

and the allocations and prices that solve the maximization problem. 

The new weights are decreased for those consumers incurring a budget¬ 

ary deficit, and increased for those in a budgetary surplus, the 

increases (decreases) being proportional to the surplus (deficit). 

A fixed point of the mapping is shown to provide both a welfare 

maximum point and a competitive equilibrium, with the weight of each 

consumer being inversely proportional to his marginal utility of 

income. 

Takayama - El - Hodiri (1968) generalize the work of Negishi 

in terms of the presentation of the production sector and also simpli¬ 

fy the existence proof. They use the saddle-point characterization 

of the solution to a constrained maximum problem. Slater's condition 
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is provided by the Arrow-Debreu assumption y + w - x> 0, where 

y and x are some vectors in the total production and consumption 

sets respectively and w is the total endowment vector. For an 

exposition of this paper, see Takayama (1974, Ch. 2, Sect. F). 

$4. The Free Disposal Assumption 

Several existence proofs have been given without the free dis¬ 

posal assumption for example, McKenzie (1959) and Debreu (1962). 

However, they have been generally more complicated than that of 

Debreu (1959). Hart-Kuhn (1975) present a proof à la Theory of 

Value without said assumption. This entails the acceptability of 

negative prices and the price domain is taken to be the unit sphere 

of the commodity space. They use a result (Thm. 1) to the effect 

that any continuous transformation of the unit sphere either leaves 

a point fixed or takes a pair of diametrically opposed points to 

diametrically opposed position (antipodal points). From this 

"analogue" of Brouwer's theorem they deduce similar versions of 

the Kakutani and Excess Demand theorems (Thms. 3 and 4). This con¬ 

tribution of Hart-Kuhn is very enlightening, with emphasis not on 

minimality of the set of hypotheses but on simplicity and intuitive¬ 

ness of presentation. 

The work of Bergstrom (1976) provides another technique to dis¬ 

card free disposal. Bergstrom considers as price domain the unit 

ball (all vectors of length not greater than one) and defines corres¬ 

pondences on this set which behave like excess demand correspondences 

in the boundary. This is achieved by modifying the budget sets so 
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that for interior prices, small deficits are permitted, becoming 

smaller as the price comes close to the boundary. Bergstrom shows 

first the existence of a quasi-equilibrium. The proof uses 

Kakutani's theorem and it concerns the case of an exchange economy. 

^5. Removal of Order Properties of Preferences. 

Mas-Collel (1974) proves the existence of equilibrium in an 

exchange economy without assuming that individual preferences are 

complete or transitive, thus supposing that strict preferences are 

irreflexive, continuous, do not have satiation points and that pre¬ 

ferred sets are convex. A classical proof would break down in the 

construction of demand correspondences. Mas-Collel gives a new 

type of proof, which is based on replacing the preference relation 

of each consumer by a correspondence defined on the consumption set. 

The image of a consumption vector under this correspondence includes 

the price vectors that make it a preference maximizing action. The 

proof'uses a fixed point theorem on contractible valued correspond¬ 

ences which is a corollary of the Eilenberg-Montgomery fixed point 

theorem (1946, Thm. 1) that had been used by Kuhn (1956a) to prove 

the Excess Demand Theorem. Mas-Collel asserts that an extension of 

his result to private ownership economies is straightforward. 

Such an extension is explicitly given by Gale-Mas-Collel (1975) 

besides the removal of preference relations properties, the authors 

generalize the classical model in two main respects? First, the 

impossibility of the Land of Cockaigne is weakened to the assumption 
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that the total production set and the positive orthant have a 

bounded intersection, thus eliminating the possibility of infinite 

output from zero input. Second, individual incomes are given by 

arbitrary continuous functions, restricted only to add up to the 

total profit function of the economy, for any given price system. 

The proof is simpler than that of Mas-Collel (1974). The 

techniques are standard in equilibrium theory and include the use 

of Kakutani's fixed point theorem. The authors propose the question 

of whether the free disposal assumption can be removed for a proof 

of existence in their model. 

66. Abstract Economies Revisited 

The game theoretic approach of Arrow-Debreu and the notion of 

an abstract economy were abandoned for the more direct use of fixed 

point theorems, for example via the Excess Demand Theorem, or 

McKenzie's (1959) technique. The Arrow-Debreu procedure has been 

employed again recently, following the publication of the work of 

Shafer-Sonnenschein (1975), in which an existence theorem for abstract 

economies is given. This generalizes the theorem of Debreu (1952) to 

the case where utility functions are replaced by interdependent pref¬ 

erences, not assumed to be transitive or complete. Their result can 

be used to prove Mas-Collel's theorem (1974) and also to establish 

existence in a model with "externalities, income redistribution and 

very general commodity taxation". 

Shafer-Sonnenschein, after their description of the Arrow- 

Debreu (1954) proof, remark: 
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"...the above proof remains valid if each 
agent's utility is assumed to depend not 
only on his own consumption...but also 
on the consumptions of the other agents 
and on prices.... Thus, Arrow and Debreu 
also showed how to prove the existence 
of competitive equilibrium with consumption 
externalities and price dependent preferences." 

Using the theorem of Shafer-Sonnenschein (1975) and the techni¬ 

que of Bergstrom (1976), Shafer (1976) gives a positive answer to 

the question raised by Gale-Mas-Collel about the possibility of 

proving the existence of equilibrium without free disposal and 

without assuming that preferences are complete or transitive. 

Shafer proves an existence theorem for an exchange economy in such 

a model; note that in the absence of a production structure, the 

removal of free disposal amounts to proving strict market clearance 

for all commodities. 

Borglin-Keiding (1976) generalize a theorem of Fan (1961)'*' on 

existence of maximal elements, and show that the Kakutani theorem 

follows from their result. They also deduce the result of Gale- 

Mas-Collel (1975) by reducing the case of several participants in 

an abstract economy to the case of a single participant. 

Finally, we mention another extension of the theorem of Shafer- 

Sonnenschein (1975). Greenberg (1977b) defines the notion of a quasi¬ 

equilibrium on an abstract economy and proves a corresponding exis¬ 

tence theorem. His result can be used in models with taxation where 

the interior endowment assumption does not guarantee the existence 

of a cheaper point after taxes. For such an application, see Greens 

berg (1977c), where the existence of a "public competitive quasi- 



equilibrium" is shown. 



Footnotes 

This theorem is a consequence of the result of Knaster- 
Kuratowski-Mazurkiewicz (1931) that had been used by Gale to prove 
the Excess Demand Theorem. 



CHAPTER V 

The Measure Theoretic Approach 

§1. The Edgeworth Conjecture 

The article •'Markets with a Continuum of Traders" (Aumann, 

1964) started a new trend in equilibrium and core investigations. 

Aumann formalized and gave a positive answer to the long standing 

Edgeworth conjecture (1881) that the core of a competitive economy 

"shrinks down" to the set of equilibrium allocations as the number 

of traders increases. 

Aumann introduced a model for an exchange economy in which the 

set of traders is the interval [0,1], endowed with the Lebesgue 

measure. In the paper, the equality of the core and the set of 

equilibrium allocations for such an economy is proven. This re¬ 

sult becomes the first of the so called equivalence theorems. 

Another result in the same direction, with no use of measure 

theory, had been given by Debreu-Scarf (1963). They considered 

exchange economies with m traders, partitioned according to their 

preferences and endowments into k types, there being r traders of 

each type, so that kr=m. By letting r increase, keeping k fixed, 

they obtain a sequence of finite economies. The key to a com¬ 

parison of the cores of these economies is an "equal treatment" 

Lemma (Thm. 2), which shows that core allocations give equal amounts 

to traders of the same type; therefore, allocations in the cores 

of these replicated economies can all be represented by k-dimension- 

al vectors. The same is true about equilibrium allocations, and 

the k-dimensional representations of the set of equilibria of the 
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economies are all equal. If we denote by C(r) the k-dimensional 

representation of the core of the economy with r traders per type, 

and by E that of the set of equilibrium allocations, then it 

follows that 

E c C(r+1) c C(r), r= 1,2  

The result of Debreu-Scarf (Thm. 3) asserts that 

fi C(r) = E, 
r=l 

thus proving that the cores converge to the set of equilibria, as 

r increases. This theorem is the first of the asymptotic type 

theorems concerning the relation core-equilibria. 

The two results mentioned above are not formally comparable, 

and each has advantages of its own. The Debreu-Scarf theorem is 

closer to the Edgeworth assertion, which concerned the case k=2. 

On the other hand, the work of Aumann introduces a new method of 

analysis for competitive markets, and one that has had much 

influence on the research trend. Aumann does not increase the 

size of the economy, but starts off with a big one, on the grounds 

that in any finite model, individual influences can not be 

negligible and therefore a model of perfect competition must have 

an infinite number of traders. The assumptions are less restrictive 

in Aumann* s work. For example he assumes that all commodities are 



-50- 

present in the aggregate in positive quantities, while Debreu-Scarf 

assume individual interior endowments. Also, Aumann assumes the 

preference relations to be monotonie, continuous and measurable, but 

not necessarily complete, transitive or convex, On the other hand, 

the Debreu-Scarf assumptions of the traders being divided into 

equally large types and the numbers of types remaining constant as 

the economy increases are unjustified and restrictive. Aumann does 

not even need to consider the notion of type, while it is essential 

for the Debreu-Scarf approach. However, the proof of Aumann is an 

adaptation of that of Debreu-Scarf, although the argument becomes 

clearer in the continuum context. 

The core is a generalization of Edgeworth's "contract curve". 

The book of von Neumann-Morgenstern used and developed the concept 

as applied to games with side payments. 

Some Extensions 

The idea of a continuum of traders had very few antecedents 

in the literature, as Aumann indicates: 

"The present work should be considered 

primarily as an illustration of this 
method as applied to an area where no 

other treatment seemed completely satis¬ 

factory, and we hope that it may stimulate 

more extensive development and use of models 
with a continuum of traders." 

The "more extensive development" was soon felt in the litera¬ 

ture. Hildenbrand (1968) generalized Aumann's result by consider¬ 

ing an arbitrary measure space of consumers and allowing for pro¬ 

duction in the system, following a suggestion of Debreu. Perfect 
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competition on the consumption sector is assumed by postulating that 

the consumer space is atomless, and the production structure is 

described by means of a "coalition production correspondence" Y, 

which is a set valued mapping assigning to each coalition C a 

production possibility set Y(C). (A coalition is defined as a 

measurable subset of the space of consumers.) Y is assumed to be 

dominated by the measure of the space, to be countably additive and 

to allow possibility of inaction for each coalition. 

Bewley (1973) proves the equivalence theorem for economies with 

a continuum of agents and a continuum of commodities, thus allowing, 

for example, an infinite number of dates and places. The added 

generality is counterbalanced by the extra mathematical complications, 

since a new measure space, the space of all goods, is introduced in 

the analysis. Bewley proves theorems for economies with and without 

production. He introduces production by means of an individual pro¬ 

duction set for each consumer, obtaining the production possibility 

set of any coalition by integration. This procedure is equivalent 

to assuming that the coalition production correspondence in Hilden- 

brand's approach admits a Radon-Nikodym derivative. 

Finally we would like to point out that the assumption of per¬ 

fect competition has been relaxed in the literature. Gabszewicz- 

Mertens (1971) show that the Aumann equivalence proof still works 

if the space is not atomless, as long as the atoms are not "too 

big". Shitovitz (1973) gives conditions for the Edgeworth conjecture 

to hold in oligopolistic markets with a continuum of small traders 
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and some large traders; specially intuitive is his result for the 

case of two large traders. 

The Brown-Robinson Papers 

We mention here a different approach to the Edgeworth conjec¬ 

ture that does not use measure theory, but represents another 

mathematical innovation in the attack on the problem, Brown- 

Robinson (1975) use Robinson's technique of non-standard analysis 

and consider an exchange economy with a number of traders equal to 

some infinite integer. Each trader is endowed with an infinite¬ 

simal amount of the commodities, thus accounting for perfect com¬ 

petition. They prove an equivalence theorem in such a model, called 

a non-standard exchange economy. From their result they are able 

to deduce an asymptotic type theorem on the core of standard finite 

large economies (1974, Thm. 2), which consitutes an improvement 

of the Debreu-Scarf result. 

§2. Existence Proofs in the New Models 

Although the measure theoretic techniques were originally 

applied to core-related problems, the new models had to pass the 

test of consistency, and therefore the next problem was to make 

sure that the economy has equilibrium positions. Of the authors 

mentioned in §1, Aumann, Hildenbrand and Bewley presented existence 

theorems for their models. 

The paper of Aumann (1966) is the first one to prove the 

existence of equilibrium for an exchange economy with a continuum 

of traders. The assumptions were: 
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a) Positive total initial endowment of each commodity. 

b) Individual preference relations are reflexive, transitive, 

complete, monotonie and continuous. 

c) Measurability. 

The main achievement of this work was to dispense with the 

assumption of convexity of individual preferences. While in finite 

models convexity appears to be essential, in the continuous model 

it is not. The integral of a correspondence is always convex, even 

if the individual images are not, provided the space is atomless; 

hence, the convexity of the total demand correspondence is obtained 

automatically. This has been interpreted as saying that if the 

individual effects are negligible, then individual non-convexities 

do not affect the aggregate convexity properties of the market.*" 

The proof of Aumann is acknowledged to follow McKenzie's (1959) 

and Brouwer's fixed point theorem is used in it. However, due to 

the differences in the two models, Aumann has to use some technical 

results on integration of correspondences, which he developed for 

purposes of the existence proof and published in a separate article 

(Aumann, 1965). 

The work of Aumann in existence has a beneficial indirect effect 

on the advancement of the finite models. In fact, it directly moti¬ 

vates the existence paper of Schmeidler (1969), which in turn pro¬ 

vides the starting point for the works of Mas-Collel, Gale-Mas-Collel 

and Shafer-Sonnenschein, mentioned in the previous chapter. 
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Hildehbrand's existence proof (1970) follows the one in Theory 

of Value and other techniques in his paper are borrowed from Debreu 

(1962). A principal mathematical difficulty is solved with the 

help of a theorem of Schmeidler (1970). 

Hildenbrand does not assume that the space of consumers is 

atomless and this generalization forces the assumption that the 

preferences of a consumer belonging to an atom are convex. The 

"small" consumers are those that form the atomless part of the 

space; this set has been called the ocean of the economy. 

Bewley (1972) proves the existence of an equilibrium for a 

private ownership economy with a finite number of consumers and 

producers, but an infinte number of commodities. The commodity 

space is a g-finite measure space and a price system is a real¬ 

valued measurable function, constrained to be essentially bounded. 

The result can be applied to the case of countably many commodi¬ 

ties. This problem was proposed to Bewley by Debreu and Hilden¬ 

brand. 

Ç3. Two Interpretations of an Economy with a Measure Space of 
Consumers. 

Two different interpretations of an exchange economy with a 

measure space of agents have been given in the literature. The 

first, initiated by Aumann and furthered by Shitovitz (1973, 1974) 

and others, we will refer to as the macro interpretation. The 

second, initiated by Hildenbrand (1974) will be called the micro 
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interpretation. In the macro interpretation the aggregate concepts 

like total demand and endowment are defined but the individual 

counterparts are not, while in the micro interpretation we have the 

opposite. 

To illustrate, consider an exchange economy 

E = [(A,Tq ,|a), k, x, w, <] 

where 

(A,27 ,[i) is a unit measure space; 

A is the set of consumers,VI is the - algebra of coali¬ 

tions of consumers and -* is a measure with JJ(A) =1. 

k is a positive integer, the number of goods; 

i lc 
X: A -4 p. is a correspondence, X(a) 

represents the consumption set of consumer agA; 

w: A -* p. is an integrable function, describing the 

initial endowments of the consumers; 

, 2k 
A _* p. is a correspondence such that the image of 

aeA, denoted by < , is a binary relation on X(a), the 

preference relation of consumer a. 

In the micro interpretation, each component of the k-dimension- 

al vector w(a) gives the amount of the corresponding good that con- 

summer a has initially. Hence, w(a)d|j,(a) represents the average 
"A 

initial endowment, and Hildenbrand calls this integral the mean 

endowment of the economy. Accordingly, if is any coalition, 

J w(a)djj(a) does not represent the endowment vector made available 
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to coalition C; it is a vector which represents the average individ¬ 

ual endowment in C multiplied by |i(C). It is important to note that 

under this interpretation, the total endowment and similarly, the 

total demand, are not defined. 

The macro interpretation requires that the market total endow¬ 

ment is w(a)dn(a). This forces a new interpretation of the 
JA 

function w; it is the "endowment density", that is, w is a function 

such that for any coalition C, | w(a)d^(a) is the endowment vector 
JC 

made available to the coalition C. If we consider a coalition con¬ 

sisting only of one consumer a, the value of this integral is 

w(a)|j({ap. For a competitive consumer a however, |i({a})=0, so 

that his initial endowment, when he is viewed as a coalition is null 

The interpretation of this is analogous to the one given in prob¬ 

ability theory to an equation like P(Z=3..64)=0, where Z is a con¬ 

tinuous random variable. It says that any competitive consumer is 

insignificant to the market, but if "many" of them get together 

(so that the measure of the aggregate is positive), then they be¬ 

come a significant economic force. This is what makes the measure 

theoretic approach successful: it provides a good method to model 

competition. 

If we consider a "big" consumer, that is, agA such that 

p,({a})> 0, then the coalition {a} can be significant by itself. In 

other words, w(a)|j({a}) may be non-null. 

Both interpretations bring up the idea of two different "sizes" 
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the "foarket size" and the "competitive size", which can not be 

measured with the same yardstick, because the latter is infinite¬ 

simally smaller than the former. The non-standard analysis approach 

achieves this same distinction by use of infinitesimal endowments 

for the consumer, and a market whose size is an infinite integer. 

We adhere to the macro interpretation because in core investi¬ 

gations one is interested in the possibilities of a coalition as a 

group, and individual comparisons, for equilibrium purposes, can be 

made by means of the endowment density function, the demand density 

correspondence, the budget set density correspondence, the income 

density, etc. It must be noted however, that we can not compare 

a small consumer with the market. 

As Hildenbrand (1974, pp. 126-127) remarks, it seems difficult 

to extend the micro interpretation to the case of non-atomless 

economies where the existence of "big" consumers is allowed. The 

use of non-atomless models permits the study of oligopoly situ¬ 

ations. (See Shitovitz (1973, 1974) and Aumann (1973X) 

In the micro interpretation, the measure of a coalition repre¬ 

sents the fraction of consumers belonging to that coalition, where¬ 

as in the macro interpretation, the measure is an index of market 

power, which can be achieved in some cases by means of cardinality. 

A single consumer can be big if his measure is positive, since this 

will make his endowment vector comparable to the market size, so 

that he is not insignificant. 
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Hildenbrand (1974) strongly emphasizes the micro interpretation 

in his treatment of atomless exchange economies; he also holds the 

view that an atomless exchange economy must be understood as a limit 

of finite economies, and therefore he has several asymptotic type 

theorems. However, he mixes the macro and the micro interpretations 

in his consideration of economies with production. In fact, his 

equation of market clearance is 

F (f-w)du = y, 
JA 

where f and w are respectively the demand and endowment density 

functions, and y represents the total production vector. Since the 

left hand side of the equality is the mean net demand of the econo¬ 

my, this equation asserts that the economy produces enough to satis¬ 

fy the average needs of one consumer. Although the formal argu¬ 

ment is not affected by this discrepancy, either the consumption or 

the production sector has to be reinterpreted, for the equation 

to have the intended meaning. 

§4. Economies with a Measure Space of Consumers and Production. 

In his existence paper, Hildenbrand (1970) described two types 

of economies, as extensions of a pure exchange economy, to include 

production: 

a) Private ownership economies with a measure space of con¬ 

sumers. A generalization of Debreu's definition (1959), it 

allows for an infinite number of consumers, but has a finite 

number of separate firms. The ownership of any firm is 
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described by a non-negative function defined on the consumer 

space: the density of the distribution of shares in the firm, 

b) Coalition production economies. No firm structure is 

assumed, the production possibilities of each coalition of 

consumers are described by a production possibility set. Thus, 

the only formal addition over a pure exchange economy is the 

coalition production correspondence. 

Since Hicks, private ownership economies have provided the 

appropriate framework for general equilibrium discussion; however, 

there is the basic difficulty of defining the core in such economies, 

since it is not clear how to represent the possibilities of a given 

coalition. On the other hand, coalition production economies are a 

natural setting for core investigations, but a definition of equili¬ 

brium in such economies is complicated by the problem of how to 

distribut profits to individuals. In the additive case, this 

problem can be solved by assuming the existence of a Radon-Nikodym 

derivative for the coalition production correspondence (Hilden- 

brand, 1970). In the non-additive case, the question remains 

essentially open (Sondermann (1974), Arrow-Hahn (1971) and others 

study this case.) 

The relationship between a coalition production economy and a 

private ownership economy has not received much attention in the 

literature. Sondermann (1974), suggests that the former is the 

more basic concept. Nikaido (1968, §17.2) has shown that the core 

can be studied within the context of a private ownership economy: 
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"In the private ownership economy, each consumer 
holds ownership of the initial holding a1, which is 
completely at his disposal. What about production 
possibilities? The relative shares a., govern the 
distribution of profits in a price situation, but 
may rightly be conceived as originating in, and 
reflecting, consumers' stock holdings, which repre¬ 
sent private proprietorship of production possibili¬ 
ties and facilities. Therefore we may understand 
that consumer i owns the technology set aik Yk at 

his disposal in producer (firm or production unit) 
k." 

Nikaido then defines the technology set available to a coalition C 

m 
as Z_ = £ 2 Cfc.. Y. , where m is the number of firms. 

0 ieC k=l 
lk k 

However, Arrow-Hahn (1971), in their discussion of the core, 

disagree with this procedure: 

"The model of Chapters 3-5, with production taking 
place in firms separate from households and profits 
then being distributed to the firms' owners, is in¬ 
appropriate to the present discussion; it might be 
said that an adequate theory of bargaining should 
explain the formation of firms, not merely take them 
for granted." 

The only contribution in the direction of this suggestion of 

Arrow-Hahn is that of Ichiishi (1977), who, combining the concepts 

of coalition production economy and labor managed economy, presents 

a model that explains firm formation, starting from a coalition 

production economy. His model includes that of Sondermann (1974) 

as a particular case. 

§5. Private Ownership Economies with a Measure Space of Firms. 

The purpose of this paragraph is to suggest a generalization 

of the concept of a private ownership economy to include economies 

with an infinite number of consumers and an infinite number of firms, 
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by considering a second measure space, the space of firms. By 

allowing the model to have a continuum of firms, the idea of a 

firm which behaves competitively acquires an expression. Allowance 

is also made for the existence of ,rbig" firms, and a mixture of 

the two. Similar remarks are valid for the consumption sector. 

The Model and Equilibrium 

The economy is described by two measure spaces: 

the space of consumers and (B,j^,^), the space of firms. The ele¬ 

ments of^"£ and£5" will be called respectively coalitions (of con¬ 

sumers) and groups (of firms). It is assumed that there is a 

finite number of goods, k. 

The demand of the consumption sector will be determined by 

exhibiting a function f:A -* p. , which is to be thought of as the 

consumption allocation density function; that is, given f, the 

vector that a coalition C demands is fda . The demand of a 
JC 

singleton coalition {a} is given by f(a) jj({a}). If the space 

is atomless, so that |i(£a))=0 for every agA, then all these 

"individual demands" are null. Of course, this does not imply 

that the total demand fdjj, is null. Similarly, the initial endow- 

A uk 
ments are described by the endowment density w: A -♦ p. , an exogen¬ 

ously given function. 

A production allocation of the economy will be given by a 

, k 
density function g: B -* p. . The production vector of a group of 

firms G is J^gdy., total production being given by J gdv. 
The ownership of the economy is characterized by a function 

0: A x B -♦ |l. For fixed bCB, 0(*,b) is the density of the coali- 
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tions' shares in firm b; in other words, 0(a,b)dj>,i(a) is the share 
JC 

of coalition C in firm b. 

Formally a private ownership economy E is given by 

E " 0] 

where 

(A,2Tf ,|i) andCBjjO’jy) are unit measure spaces, k is a positive inte¬ 

ger, 

X:A -♦ ^ is a correspondence 

, 2k 
-» p is a correspondence such that for a€A, its image < is a 

3i 

binary relation X(a) 

u k 
w: A p is an integrable function 

Y: B -* )R is a correspondence 

0: A x B -» JR. is a measurable function such that I 0(a,b)d|j(a)=l,for bgB. 
JA 

. Jç 
An equilibrium for E is a triple (f,g,p) where f : A -» p , 

. | 

g: B -» p are integrable functions, pep and 

i) for aeA, f(a)eX(a) and f(a) is maximal with respect to ^ 

in the set fxeX(a) |px ^ pw(a) + | 0(a,b)pg(b)dv(b)}; 
" B 

ii) for beB, g(b)g X(b) and pg(b) = max pY(b) 

iii) f (f-w)d|i = f gdv 
JA JB 

Other notions in competitive analysis like quasi-equilibrium, 

compensated equilibrium, Pareto optimum, the core, can be similarly 

defined in this model. 
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As a conclusion, three possible directions of research in the 

suggested model are indicated, the first two being familiar questions, 

while the third represents a newer problem: 

a) Existence theorems. 

b) The Edgeworth conjecture: it is known to be false in 

finite economies, and true in uncountably infinite 

economies, either of pure exchange or with a simplified 

notion of production. The problem then arises of proving 

an equivalence theorem for a private ownership economy 

as presented here. 

c) Firm formation. Starting with a coalition production 

economy and a coalition structure as introduced by 

Ichiishi (1977) it can be shown how, when the consumers' 

space factor space with respect to the coalition structure 

is considered as the space of firms, a private ownership 

economy is obtained, which can be naturally interpreted 

as an institutionalized version of the original economy. 

The ownership shares of coalitions are given by the 

conditional measures of the space of consumers, with 

respect to the coalition structure. 



Footnotes 

^Farrell (1959) had argued that individual non-convexities, 

in consumption or production, do not prevent the competitive market 

from reaching a Pareto optimal position. 



APPENDIX 

Some Recent Existence-Related Literature 

Proofs of existence have not been limited to the "pure" theory 

of competitive economies. The question of consistency is essential 

for any economic model. The purpose of this appendix is to point 

out some of the existence-oriented works in different, often more 

sophisticated, models: 

a) Models with expectations. Radner (1968) extends the Debreu 

treatment of uncertainty (1959, Ch. 7) to the case in which differ¬ 

ent consumers receive different information about the environment, 

by introducing the concept of an "information structure for the 

economy". 

b) Portfolio models. Hart (1974) proves the existence of 

equilibrium in a securities portfolio model, under the assumption 

that investors "approximately agree" on expected security returns. 

Hart does not assume that the feasible sets for investors are 

bounded from below and he resorts to a limiting argument that en¬ 

ables him to use techniques of Debreu (1959). 

c) Price Rigidities. Drèze (1975) proves an existence theorem 

for exchange economies where prices are subject to inequality con- 

constraints. 

d) Models with public goods, Slutsky (1977) studies existence 

in a finite voting model with private and public goods. Shoven 

(1974) presents a finite model in which each agent faces a dif¬ 

ferent set of commodity tax rates. Westhoff(1977) studies the case 
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of a continuum of consumers partitioned into a finite number of 

communities, with one private good and one local public good. 

His notion of equilibrium requires: i) "voting equilibrium" within 

each community, ii) no consumer would be better off by switching 

communities. 

e) Monopolistic behavior: Besides the papers of Aumann and 

Shitovitz for the continuum model, the following works are con¬ 

cerned with monopoly situations in the finite model: Arrow-Hahn 

(1971, Ch. VI), Gabszewicz-Vial (1972), Nikaido (1975), Silvestre 

(1978). 

f) Indivisibilities. Mas-Collel (1975) shows existence and 

equivalence in a model with a continuum of agents and some indivisi¬ 

ble commodities, described by their characteristics, which are as¬ 

sumed to lie in a compact metric space. 

g) Algorithms. Scarf has devised efficient methods for compu¬ 

tation of equilibria in different models (see Scarf (1973)). Help- 

man (1976) presents an algorithm, more efficient than Scarf's, for 

an international trade model. 

h) Weakening of continuity assumptions, Sedello (1975) modi¬ 

fies the Debreu model by excluding free goods and weakens the con¬ 

tinuity assumptions on preferences. Roberts-Sonnenschein (1976) 

prove the existence of equilibrium in a Cournot model under relaxed 

continuity properties of the reaction correspondence. The same 

authors in a later paper (1977) present examples which point out 
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some of the difficulties of integrating the Debreu model with the 

Cournot-Chamberlin theory of imperfect competition. 

i) New mathematical techniques. The notion of similar prefer¬ 

ences has been made precise by endowing the set of preference re¬ 

lations with a topology. This permits studying continuity proper¬ 

ties of demand correspondences with respect to preferences. Mertens 

(1970) used the topology of closed convergence and Debreu (1969) the 

topology induced by the Hausdorff distance. 

Debreu (1970) considered a topological space of economies and 

used methods of differential topology to show that under certain 

regularity conditions, almost all economies have a finite set of 

equilibria. Dierker (1975) generalized this result to the continu- 

um-of-agents case. 

Hart-Hildenbrand-Kohlberg (1974) showed that in an atomless 

measure space the distributions of agents' characteristics in the 

commodity space contains all the relevant information for equilib¬ 

rium investigations. In an economy described by the distribution 

of agents' characteristics we can not refer to some individual 

agent and his characteristics, but to the fraction of agents having 

their characteristics in a certain subset of the space of character¬ 

istics 
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