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ABSTRACT : 

The multiplicative intensity model for the intensity function 

u(t;N(t);w) =* v(t)r(t - of a self-exciting point process is 

analyzed in terms of the distortion of v(t) by the channel r(x). A con¬ 

venient and common method of presenting point process data, the Post 

Stimulus Histogram is shown to be related to the ensemble average of the 

intensity process and hence incorporates stimulus v() as well as refrac¬ 

tory r() related effects. This quantity is not usually amenable to 

closed-form representation. We propose an approximation to the PST 

which is reasonably good under specified conditions. A maximum likeli¬ 

hood estimator of r(x), where v(t) is known, is derived. A maximum 

likelihood estimator of v(t), given r(x), is also derived. This estima¬ 

tor is meaningful only when the signal v(t) is known to be periodic. 

The M.L. Estimator compensates for relative dead-time effects. We pro¬ 

pose an iterative dead-time processor, which operating on the histogram 

obtained from the M.L. Estimate, partially compensates for absolute 

dead-time effects. The performance of these estimators is compared with 

those of other procedures. Applications to spike trains recorded from 

auditory neurons are discussed. 
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CHAPTER 1: INTRODUCTION 

In this thesis we are specifically concerned with the transmis¬ 

sion of Information by point processes. We assume that a signal of 

interest is to be transmitted by a point process. The statistics of the 

observed point process depend not only upon the signal but also upon the 

underlying statistical structure of the point process description. Our 

objective in this report is to analyze the representation of the signal 

by the output point process and to derive suitable estimation procedures 

which would eliminate some of the distortion induced by the structure of 

the process. 

The point process model is appropriate to the study of various 

phenomena where the time-location of the events bears all the relevant 

information about the process. Specific examples would be the transmis¬ 

sion of sensory information over the nervous system via action poten¬ 

tials [PERKEL,1967] [JOHNSON, 1978], life-testing models with or without 

censoring in medical survival studies [AALEN,1978], birth and death 

processes, nuclear medicine and instrumentation [SNYDER,1975], the 

study of the mating habits of insects in entomology [CHRISTIANSEN,1971], 

optical and radar communication systems [BAR-DAVID,1969]. Esoteric exam¬ 

ples such as applications in epidemiology, forestry, the social sci¬ 

ences, clustering etc may be found in Lewis [LEWIS, 1972]. 

The simplest point process is the Poisson process. This process 

has been studied extensively [COX & LEWIS,1966] [SNYDER,1975] and the 

Poisson model has been used in many of the applications cited above. 

However, this model is inaccurate in some interesting applications. For 
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example, the paucity of short intervals in spike trains recorded from 

sensory neurons [KIANG,1965] completely rules out the Poisson model. In 

the same category would be the registration of particles by counters 

with dead-times, single-server queues [COX,1967] etc. The Poisson model 

is inapplicable here because it is a memoryless process. In particular, 

the pdf of the time interval to the next event is independent of the 

time-location of the last event. The renewal process model [COX,1967] 

can adequately describe some of these phenomena. In such a process, the 

time elapsed since the occurrence of the n**1 event directly influences 

the statistics of the time-location of the n+l**1 event. For example in 

a counter with dead-time A, the counter could be in one of two states: a 

"free” or a "blocked” state depending on whether the time since the 

last registered event is greater or less than A. 

The renewal process model can adequately describe some of the 

phenomena mentioned above. However, this model is not general enough to 

include situations where the statistics are time-varying. Here, the sig¬ 

nal being conveyed by the process varies with time. Obviously, such 

situations occur often. For example, if the photoelectron beam incident 

on a counter with dead-time is modulated by a time-varying signal, the 

observed point process is no longer stationary renewal. This situation 

is frequently encountered in optical communication systems. Non¬ 

stationary point processes therefore merit consideration but fall out¬ 

side the purview of classical renewal process theory. 

Recent theoretical developments (which arose from studies of opt¬ 

ical and radar communication systems, see [RUBIN,1972] for example) in 

statistical communication theory - Bremaud^s martingale approach 
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[BREMÀUD,1972] and Snyder's Intensity function approach [SNYDER,1975] 

[RUBIN,1972] - are capable of describing point processes having complex 

statistical structures. These descriptions can incorporate time-varying 

statistics and sequential interval correlations into a single theoreti¬ 

cal representation. In this report, we confine ourselves to Snyder's 

more intuitive, though mathematically less powerful, intensity function 

approach. We use this approach to describe a "non-statlonary" renewal 

process. Based upon this characterization, we see that the non-Poisson 

aspect of the process (in essence, the process is no longer memoryless) 

induces a distortion on the transmission of signals. One may view the 

process as a channel which in the non-Poisson case distorts the 

transmitted signal. For the class of processes we consider, the channel 

is characterized by a single function, referred to as the refractory 

function. This distortion places constraints on the reliable transmis¬ 

sion of information by point processes. We analyze these distortions 

and seek methods of compensating for them. 

In chapter 2, we introduce the intensity function model and sum¬ 

marize some important statistical properties of a point process so 

modeled. In chapter 3 , we analyze the distortion for some simple func¬ 

tional forms of the signal and the channel. The standard technique for 

measuring the signal v(t) - the PST (Post Stimulus Time) histogram 

[GERSTEIN, 1960] [JOHNSON, 1978] is shown to be a distorted version of 

v(t). In chapter 4, we derive the maximum-likelihood estimator of v(t) 

and prove that it eliminates "relative dead-time" effects. For this 

estimate to be meaningful, v(t) must be periodic. We also propose an 

iterative algorithm for compensating for "absolute dead-time" effects. 
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The effects of using this algorithm with and without using the maximum- 

likelihood estimator are discussed. The effects of inaccuracies in the 

knowledge of the channel on the estimation procedures are discussed. A 

note on the simulation of point processes is appended. Applications in 

auditory neurophysiology are discussed in some detail. 



CHAPTER 2: POINT PROCESSES 

In this chapter we define a point process and review some of its 

important statistical properties. The probabilistic description of the 

evolution of a point process can be studied either via martingale models 

[LIPSTER,1978] [SEGALL,1975a,1975b,1976a,1976b] or via the intensity 

function approach, largely developed by Snyder [SNYDER, 1975], Bar-David 

[BAR-DAVID,1969] and Rubin [RUBIN,1972]. The development in this chapter 

is along the lines of Snyder, but the notation is rather different. 

2.1 THE INTENSITY FUNCTION: 

Let N(t), t t^ be the number of events in the interval [t^.t) 

where t^ is the starting point of the observation interval. Denote by 

_w - {wi»w2,. ♦ .wu(t)} (tQ < Wj^ < w2....< < t) the vector of 

occurrence times of these events. Then, N ■ {N(t), t ">_ t^} is termed a 

counting process. Specifying N(s) : t^ s < t is equivalent to speci¬ 

fying both N(t) and jw. Fig 2.1a depicts a typical counting process. 

The counting process N, as defined above, is 

i ) Conditionally regular i.e. 

Pr[N(t+At)-N(t) > 1 I N(u), tQ^Kt } - O(At) EQ 2.1 

where Lim O(At) » 0 
At-K) 

Conditional regularity therefore precludes the occurrence of more 

than one event in an instant of time, 

ii) and assumes Pr{ N(t^) ■ 0 } ■ 1 EQ 2.2 
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Perhaps, the most important assumption of the intensity function 

approach is 

- K(t) ■ 1 I n(t),v] . Kt.N(t) , 

exists almost always i.e. except possibly at finitely many Isolated 

points. The limit quantity p(t;N(t);w) is termed the intensity of the 

process and denotes the instantaneous rate of occurrence of events of 

the process, conditioned on the entire past. As M(t;N(t);w) depends upon 

{N(u): tg u < t}, the intensity is itself a stochastic process. Fig 

2.1b displays a typical sample function of the intensity process 

p(t;N(t);w). 

For sufficiently small At, EQ 2.3 implies that the conditional 

occurrence rate is proportional to At. Segall [SEGALL, 1975b] cites 

examples of processes where the conditional rate is proportional to \|ZT 

(motivating considerations of the integrated rate and leading to the 

martingale model). Consequently, assuming the existence of an intensity 

restricts the class of point processes under study. However, this class 

is very important both from analytical and empirical viewpoints. 

If p(t;N(t);w) does not depend on N(s)î tQ s < t, then 

p(t;N(t);w) * v(t) and the resulting process is Poisson; if p(t;N(t);w) 

depends only on N(t), the number of events, then p(t;N(t);w) »■ v(t;N(t)) 

and is the intensity of a pure birth process. In general, p(t;N(t);w) 

depends on both N(t) and w and the process Is termed a self-exciting 

point process (SEPP); the term "self-exciting" stems from the fact that 

the process evolution depends upon the details of the process history. 



Figure 2.U TYPICAL COUNTING PROCESS & INTENSITY FUNCTION 

a) Typical realization of a counting process N(t). N(t) is a strictly 
non-negative, non-decreasing function increasing by jumps of unit value 
only. 

b) Typical sample function of the intensity process y(t;N(t);w) 

The intensity function is neccessarily non-negative. 
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2.2 THE LIKELIHOOD FUNCTION: 

The sample function density of a regular point process is the 

joint probability distribution of both the vector of occurrence times w 

and the number of events N(t) » n and is given by [SNYDER,1975] 

t t 
p[N(t)=n;w] «■ exp(-/ p(s;N(s);w)ds + / lnp(s;N(s);w)dN(s)) 

C0 C0 

• • EQ 2•4 

where the latter integral is to be interpreted as a Riemann-Stieltjes 

integral. 

N(t) 
Since p[N(t)=n; _w]. JJ W

J is the probability of obtaining a par- 
i=l 

ticular realization of the process over [ ,t) with the N(t) * n points 

or events located in the sub-intervals 

t0 < < wx < W1+AWl < 
w
2 < 

w2 < w2
+AW2 <   

... < W < w < W +AW < t, 
n n n n 

the sample function density completely characterizes the first order 

statistical properties of every realization of the point process. 

Let s(t) be a signal that influences the conditional occurrence 

probability (EQ 2.3). Then the intensity function may be written as 

p(s(t);N(t);w). s(t) could be a signal of interest that is transmitted 

by the train of events i.e. by the counting process (N(t); t^t^}. 

Given a particular realization of a counting process over [tg,t), we 

desire to estimate the signal s(t) or closely related functions. 

The function §(t) which maximizes EQ 2.4, the sample-function 

density is therefore the function §(t) which maximizes the probability 
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of observing that realization. The sample-function density or 

equivalently its logarithm is thus the likelihood function [SNYDER, 

1975]. In general then, if s(x), t^ x < t is the signal to be 

estimated § is the value of s maximizing the log-likelihood function 

t t 
l(s) * - / M(s;N(s);w)ds + / lnp(s;N(s);w)dN(s) EQ 2.5 

(provided, of course, that § belongs to the class of admissible esti¬ 

mates of s). 

2.3 RENEWAL PROCESSES 

DEF 2.3.1: A point process is m-memory iff the occurrence times vf form a 

m th order Markov sequence i.e. the statistics of w^, the occurrence 

time of the n th event, depends on no more than the occurrence times of 

the previous m events. 

DEF 2.3.2: The inter-arrival times t. are defined by t. ■ w. - w, ,, 
  i J i i i-1* 

i > 1, with t^ - w^ - tg 

A SEPP is 1-memory with intensity function 

u(t;N(t);w) - f(N(t);wN(t)) 

for some function f(.) iff the inter-arrival times t^ are statistically 

independent random variables. If the inter-arrival times are also 

identically distributed, we have a renewal process [COX,1967] with 

M(t;N(t);w) - r(t “ wN(t)> EQ 2.6 

The statistics of such a process are time-invariant. Renewal processes 

have been studied in great detail. Cox [COX,1967], for example, gives an 
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We refer to the renewal process in Cox's sense, as specified by 

EQ 2.6, as a stationary renewal process. We define a renewal process as 

a SEPP with the intensity function 

M(t;N(t);w) - f(N(t);wN(t)) 

We, therefore, allow for the possibility of the intensity function vary¬ 

ing with time, the inter-arrival times remaining statistically indepen¬ 

dent* Such a renewal process with multiplicative rate, is a SEPP whose 

intensity function can be expressed as 

p(t;N(t);w) - v(t)r(t - wN(tj) 
EQ 2.7 

where v(t) is a deterministic function, referred to as the driving func¬ 

tion and r(x) is termed the refractory function. 

In terms of our signal transmission (via point processes) model, 

we discussed earlier, v(t) could be a signal transmitted over a channel 

characterized by the refractory function r(x), the output being a point 

process with intensity of the form of EQ 2.7 . 

For a Poisson process, r(x) ■ u_(x), and hence the intensity 

function is |i(t;N(t);w) - v(t). For such a channel, 

E[N(t + At) - N(t)] « v(t)At. We refer to such a channel as distor¬ 

tionless. 

For a channel with r(x) ■ u_(x - A), 

E[N(t + At) - N(t)] - v(t)E[u_(t - wN(t) -A )] 

- v(t)Pr[ wN(t) < t - A ] 

Since the statistics of depend on v(t), the expected value E[r(*)] 

is not a constant and the channel produces distortion. 
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In auditory physiology, the signal v(t) can be the spike- 

initiating function due to some applied stimulus. The function r(x) 

describes the refractory properties of the spike-propagation process. 

Spike recordings from neurons demonstrate three gross features (Fig 

2.2): 

a) the spike waveforms seem identical; the sensory Information is 

therefore, presumably encoded in the timing of the spikes thus justify¬ 

ing a point process model. 

b) the presence of an absolute dead-time A following each discharge 

during which the neuron is unable to fire. 

c) the presence of a possibly longer interval, the 

relative dead-time Ar during which the neuron returns to its normal 

state; the recovery process is characterized by a lower probability of 

firing than normal. 

Recent studies [GAUM0ND,1979] indicate that the driving function 

and the refractory function are, to a first approximation, independent 

of one another. Physiological considerations of the electro-chemical 

phenomena that accompany a spike discharge [HODGKIN,1965] indicate that 

the neuron seems to "remember" only the time since the last firing. 

These facts seem to hold for other neural systems such as the retinal 

system of the cat [TEICH,1978] as well. Thus a multiplicative renewal 

process model (EQ 2.7) is appropriate. The spike-initiation process may 

introduce additional dead-time properties. 
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Figure 2.2_: POINT PROCESS MODELING. OF NEURAL DISCHARGES 

Typical example of a recorded neural spike train. 
The spikes are roughly identical in waveshape and amplitude. A suitable 
triggering level is chosen; this yields a train of pulses and leads to 

the point process model in (c) 
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In nuclear medicine and such other applications, the gamma photon 

source can usually be modeled as being of constant intensity. The 

counters for detecting these photons usually become inoperative for an 

interval of time, the dead-time, following each registration 

[SNYDER, 1975]. Photons incident on the counter during the dead-time are 

undetected and cannot be observed. Such a counter is called a Type-I or 

non-paralyzable counter. On the other hand if photons arriving during a 

dead-time further extend the inoperative period, we have a Type-11 or 

paralyzable counter. Finally, for some counters, the dead-times are not 

fixed, but obey some probabilistic law. Such counters are called random 

dead-time counters. If the photon source is Poisson (usually a very 

good assumption) i.e. 

p(t;N(t);w) - v(t) 

then the intensity function of the output spike train of the counter can 

be represented by the refractory channel model. 

For the Type-I counter with dead-time 

r(x) = u_(x - A ) 

and M(t;N(t);w) * v(t)r(t - wN(tj) 

For the random dead-time Type I counter with dead-time pdf p^(t) 

p(t;N(t);w) » v(t)r(t-wN(t)) 

X 
where r(x) - Pt(x) - 'p (t)dt 

0 c 

is the cdf. 

As indicated earlier, such counters can distort the signal. 
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The problems of interest are, therefore, to estimate the signal 

v(t) from a realization of the counting process {N(t), t t^ } and to 

characterize the distortion produced by the channel. This distortion 

limits the fidelity of transmission even in the absence of noise. 



CHAPTER 3: ANALYSIS OF POINT PROCESS DATA 

The concept of the Post-Stimulus Time (PST) histogram is intro¬ 

duced. The PST is presented as an estimator of the drive v(t) in the 

context of the multiplicative intensity renewal process model. Theoret¬ 

ical expressions for the PST are derived for a few examples of the 

stimulus v(’) and the refractory r(*) and the channel distortion is 

analyzed. 

Let N ■« (N(t), t >_ tg} be an inhomogeneous Poisson process. Then 

p(t;N(t);w) - v(t) 

and E[N(t + At) - N(t)] ■ v(t)At 

where the expectation is wrt both the number of events N(t) and their 

location w on the time-axis. In other words, if we had a large number M 

of realizations of the process, we superimpose them and divide the 

resulting value by M. 

1 M 
N(t) - i I N (t) 

i=l 

where N^ is the counting process associated with the i th realization. 

Such an averaging procedure yields what is termed an ensemble average. 

For the Poisson channel, then, the ensemble average is an unbiased esti¬ 

mate of the rate and the channel introduces no distortion. 

For a Poisson channel, the log-likelihood function (EQ 2.5) sim¬ 

plifies to 

t t 
l(v) - -/ v(o)do + / ln[v(o)]dN(o) EQ 3.1a 

fc0 fc0 
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t N(t) 

l(v) - -fv(o)do+ Z In y(w ) EQ 3.1b 
co ial 

If we have, as is often the case, a single realization of the point pro¬ 

cess, then the maximum-likelihood estimate is obtained by maximizing 

EQ3.1. We obtain 

dN(t) 
dt 

or V(t) 
t~w. 

Thus the ML estimator of v(t) is the spike-train itself and is obviously 

very poor. 

31.1. THE POST-STIMULUS TIME (PST) HISTOGRAM: 

If the drive v(t) is known to be periodic, then time-averaging 

over the realization of the point process is possible. This time aver¬ 

age is referred to as the Post Stimulus Time (PST) histogram [JOHN¬ 

SON,1978]. 

The counting process N is observed over [t^tp. The driving 

function v(t) of the model (EQ 2.7) is assumed to be periodic with 

period T. 

The observation interval [t^jt^) is segmented into intervals of 

length T. Each such interval is subdivided into bins of duration 6; it 

is assumed that the binwidth is small enough to preclude the occurrence 

of more than one event in a bin. Define a sequence g(k) by 
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g(k) * { 1 If an event occurs in the k th bin 

- {0 otherwise EQ 3.2 

R«1 
Then, $(k6) - z lii+Ëî! k-0,l,..M-l EQ 3.3 

i-0 R 

defines the PST where M is the number of bins per stimulus period T and 

R is the number of stimulus periods in the observation interval. Both R 

and M are assumed to be integers (so that edge-effects are ignored). 

For a SEPP with periodic intensity, not necessarily Poisson or 

renewal, the PST is computed as specified by EQs 3.2 and 3.3. Fig 3.1 

[JOHNSON, 1978] summarizes the steps in the formation of the PST. In 

practical situations, the events will not occur at point instants. For 

example, spikes recorded from auditory neurons have a duration of about 

0.5 msec.. These spikes are used to trigger pulses which serve to 

denote the occurrence time of the spikes. 

The PST displays the preferred times of discharge or occurrence 

relative to some aspect of the stimulus. However, possible interval 

correlations (for example, any tendency of short intervals to follow 

longer ones) are lost. 
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Figure 3^.U STEPS IN THE COMPUTATION OF A PST HISTOGRAM 

Even for processes admitting of a point process description individual 
events might extend over a finite time interval (a). For spike trains 

recorded from neurons, a triggering level is set yielding the pulse 
train (b). The time-axis is quantized (c) and the PST histogram is com¬ 
puted by accumulation of the contents of bins spaced at integer multi¬ 

ples of the stimulus period T. 
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3_.2_ THE PST AS AN ENSEMBLE AVERAGE 

The unconditional rate of occurrence of events at time t, denoted 

by X(t), is obtained by averaging u(*) over all possible histories of 

the process relative to time t. 

00 

ACt) = I / dw p(N(t)*n;w)u(t;N(t);w) EQ 3.4 
n-0 Rn 

and is the ensemble average referred to above. 

Let v(t) be a periodic signal of period T, influencing the inten¬ 

sity process i.e. v(t;N(t);w) =* u(v(t);N(t);w). The PST has been offered 

as an estimate of the ensemble average and the effects of interfering 

signals in the triggering process, time-axis quantization and the accu¬ 

mulation process have been investigated [JOHNSON,1978]. 

For the time-averaging scheme, consider the ku stimulus presen¬ 

tation. The history of the process at the onset of this period is a ran¬ 

dom process. In particular for the multiplicative intensity model, the 

time location of the last event, which is the only quantity of interest, 

is a random variable, possibly assuming all positive values as we con¬ 

sider one presentation after another. Thus time-averaging is equivalent 

to averaging the intensity function over the time location of the last 

event. Thus for the renewal process model 

00 

E(PST) ” X(t) » 2 / dwy(t;N(t);w)p(N(t)«n;w) EQ 3.5a 
n*0 R n 

In a latter section we validate this heuristic argument mathematically. 
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For the renewal process model 

X(t) - E[P(t;N(t);w)] - E[v(t)r(t-wN^)] 

- v(t)E[r(t-wN(t))] - E[PST] EQ 3.5b 

Nt 
As the sample function density pw (w) is also a function of the stimulus 

v(t), the PST incorporates both stimulus as well as refractory related 

effects. For a Poisson channel, r(x) - u_(x) and hence X(t) » v(t); 

the channel produces no distortion; in fact, this is the only case where 

l(t) replicates v(t) faithfully. 

3.3 COMPUTATION OF THE ENSEMBLE AVERAGE 

In this section, we compute the time-average for simple cases of 

v(*) and r(*) to demonstrate the non-linearity induced by the channel 

and to emphasize the inherent distortion in signal transmission and con¬ 

sequent difficulty in reliable estimation. 

Without loss of generality, we may let sup r(x) ■ 1; then, from 

EQ 3.5, it follows that the refractory function induces a possibly 

time-varying amplitude scaling. 
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CASE 1: STEP DRIVE, DELAYED STEP RECOVERY 

Let u(t;N(t);w) - v(t)r(t-wN^) 

with v(t) ■ vQu_(t) 

and r(x) - u (x - A) A > 0 

Assume that at time tg ■ 0, u(0;Nt;w) * Vg 

«0 

X(t) * Z /u(t;N(t);w)p[N(t)=n;w]dw 
n*0 

V.<‘> 
n*0 

where 

Xn(t) » /w u(t;N(t);w)p[N(t)=n;w]dw EQ 3.7 

Because of the absolute dead-time A, events will be spaced at least A 

time units apart; further, a non-zero contribution from XQ(t) is possi¬ 

ble only if t > WQ + A, 

The limits of the n-dimensional integration are then specified by 

0 <_ w^ t - nA 

w^_^ + A w^ t - (n+l-i)A i ■ l,2,...n 

nA _< t EQ 3.8 

* 
Denote the region specified by EQ 3.8 as R , 

With p[N(t)®n;w] specified by EQ 2.4, we obtain 

Xn(t) - Vgn+1exp(-Vg(t-nA))/ * dwu_(t-nA) 
R 
n 

- Vgn+1exp(-Vg(t-nA)>^^-. u (t-nA) EQ 3.9 
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X(t) - Z X (t) 
0 n 

» [ v_ (t-nA)exp(v_A)]n 

- v0exp(-vQt) 2 ^ u_(t-nA) 

• »•«EQ 3•10 

The Laplace transform of the ensemble average is 

* s + vQ(l-exp(-sA)) 

Y 

LimX(t) - LimsL(X(t)) - ;-r°- . EQ 3.11 
t— s-0 1 0 

This asymptotic value is also derived by Snyder [SNYDER,1975] for the 

Type-I counter. 

Let 9(t) be an estimate of the signal v(t). Then we define the 

bias B(t) of the estimator by B(t) ■ v(t) - $(t) 

The ensemble average is a biased estimate of the drive v^, with bias 

I VqA I 
B(t) —> vn|——-|, and hence the estimate is worse for larger values of v+vr 
the drive v^ and for longer dead-times A. Fig 3.2 is a plot of the 

theoretical value of the ensemble average for different values of v^ and 

A. 

Simulation and theory indicate that X(t) attains its asymptotic 

value in two to three dead-times; Fig 3.2 also illustrates both the 

ripple-like transient and the asymptotic constant value. For each indi¬ 

vidual spike generation, the channel memory is a unit dead-time; how¬ 

ever, in computing the ensemble average, the cumulative effect of the 

process history tends to extend this memory; we refer to these two 

effects jointly as the ripple effect. 
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FIGURE 2*1 s THEORETICAL X(t) FOR STEP DRIVE WITH STEP RECOVERY 

(Section 3.2, Case 3). Figures display (1) v(t), the drive; (2) approx¬ 
imation to the PST (EQ 3.19) and (3) X(t), the ensemble average EQ 3.10. 
In (a) VQ - 500, A * 1 ms. In (b) v_ *■ 800, A - 2.5 ms. Transients are 
more pronounced for larger values or A and v . X(t) attains its asymp¬ 
totic value (EQ 3.11) in 2 to 4 dead-times. 





28 
CASE 2: PULSED DRIVE, DELAYED STEP RECOVERY. 

Let y(t;N(t);w) - v(t)r(t-wN^tj) 

with v(t) - v± iA < t < (i+l)A i-0,1,2... 

and r(x) - u__(x-A) A >_ O EQ 3.12 

(See Fig 3.3 for an example). Then 

X(t) £ 
0 

d«ry(t;N(t) ;w)p[N(t)”n;wj 

Ht) - v0exp(-vQt) 

V1 v0 X(t+A) - vQexp(-vQt)——- + v.exp(-v t)[exp(-vQA) - ■_ ] 
10 10 
V1 v2 

X(t+2A) = vexp(-v.t) *  
0 0 vrv0 v2~v0 

v0 v2 
+ v,exp(-v,t)[exp(-vrtt) 1  
1 1 0 * vl“v0 v2-vl 

v0 
+ v2exp(-v2t)[exp(-v0A)- ^-^-jexpC-VjA) 

0 < t < A EQ 3.13 

Thus X(t+2A) depends upon v^; clearly the effective system memory is 

greater than A; the conditional occurrence pdf has a memory A, but the 

ensemble average subsumes the entire past, thus extending the memory. 

Fig 3.3 displays the drive and the ensemble average for a partic¬ 

ular example. Changing the value of VQ markedly affects the value of 

X(t), 2A < t < 3A. EQ 3.13 can be extended for i ^ 3; in general 

X(t+mA) would involve vo»vi»* * * *vm* *>ut t*ie computation is rather tedi¬ 

ous, and the effects of v^ dissipate rapidly with n. 
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FIGURE 3.3 : THE RIPPLE EFFECT 

Theoretical ensemble average for triple-pulse case with step recovery. 
In (a) the pulse amplitudes are 400,600,800 and in (b) 0,600,800. 
Pulse-width « dead-time A ” 1 ms. (1) displays x(t) for (a) and (2) for 
(b). Theoretical expressions are given in EQ 3.13. Changing the ampli¬ 
tude of the first pulse markedly affects the ensemble average x(t) over 

[2A,3A]• 





CASE 3: PERIODIC DRIVE, DELAYED STEP RECOVERY 
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Let the intensity process be 

u(t;N(t);w) - v(t)r(t-wN^) 

with r(x) - u_(x-A) à 0 EQ 3.14 

and v(t) - v(t+T) T - A/M; M e I+. 

With the harmonic periodicity assumption in EQ 3.14, EQ 2.4 can be sim¬ 

plified 

n t A 
p[n(t)-n;w] * n v(w, )*exp[-/ v(a)da + n/ v(a)do] EQ 3.15 

i-1 0 0 
A t 

Let 0 ■ /v(o)do and A(t) ■ / v(a)da 
0 0 

Then, from EQ 3.7, 3.14 and 3.15 

x
n(t) - X0(t)exp(n9)tAC

t)n~ ..ft6! u_(t-nA) 

n - 0,1,2  EQ 3.16 

where 

t 
XQ(t) - v(t)exp[-/ v(a)dau_(t) 

This is similar to the expression derived for the step drive in 

Case 1. (Compare EQ 3.16 with EQ 3.9 ). 

X(t) 

« oo n 
Z x (t) - v(t) 2 exp[-A(t-nA)] (t-nA) 
n-0 “ 0 n« 

EQ 3.17 

With v(t) ™ VQ, EQ 3.17 reduces to 

- vJ(t-nA)
n 

■ exp[-vQ(t-nA)] X(t) 
ni 

■u (t-nA) 



which is EQ 3.10 
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The drive v(t) is harmonic with the dead-time A. A Fourier 

expansion with the fundamental frequency f^ - M/A, yields 

00 

v(t) - v[l + Z akcos 2ir(Mi + 0k)] EQ 3.18 
k=l 

- 1 T 
where v is the mean value v » ■=• /v(o)da 

T 0 

t » Aa, 
A(t) » /v(a)dcr ■ v[t + Z . sln(-—+ 0, )] 

0 k=l 
k 

a
k 

For functions with bounded variations, —♦ 0 as k—►», and 

hence, for large t, the sinusoidal terms introduce an increasingly small 

ripple about the straight line Vt. 

A(t) “ vt 

and Lim X(t) = v(t^; EQ 3.19 
t+« 1 + vA 

Therefore, the ensemble average is a faithful replica of the 

drive v(t), except for a time-invariant scale-factor. The PST is there¬ 

fore well-approximated by EQ 3.19 and is a reliable estimate of v(t) 

within a multiplicative constant. As before, we note that the scaling 

is more pronounced if v(t) has large amplitude variations and for longer 

dead-times. Fig 3.4 illustrates this for simulated data. 

(EQ 3.19 can be obtained by other methods as well: for example, 

one could represent the counting process in terms of a predictable and 

an unpredictable component (a martingale, in fact) via the Doob-Meyer 

decomposition as 
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FIGURE 2*1 : APPROXIMATION TO THE PST' (EQ 3.19) 

The approximation 

*PST 
v(t) 

1 + vA 

is better for smaller amplitudes and shorter dead-times. In (a) and (b) 
A ■ 20 and in (c) A * 80. Drive is 'e' type with o * 2, g ■ 6 in (a) 
and (c) and a ■ 3, g =• 6 in (b). Binwidth ■ 50ps, T ■ 200 bins. 
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t 

N(t)' - /vCoMff-Wir(o)M<r + Wfc 

«dicity and conditional expectation lead to EQ 3.19 directly. 

E(PST) - -XW- verifying our claim E(PST) - v(t)E[r(t-w . . )]. 
1 + vA ' ' 

Results in Case I follow immediately*) 

For the harmonic periodic case, a heuristic argument leading to 

EQ 3.19 is possible. As is evident from Fig 3.5, the value of the 

intensity function at the beginning and end of a dead-time A is the 

same. Consequently, the effect of the refractory function is to extend 

the time-record by a duration nA, n being the total number of events in 

the observation interval. Thus we should expect X(t) to be a faithful 

replica of v(t) except for a time-invariant scale factor. 

If v(t) is periodic but inharmonic with respect to A (T î A/M), a 

similar argument for the preservation of synchrony (time-invariant scal¬ 

ing) can be given. Here A * aT, with a» 1, not an integer. Since the 

spike occurrence times are random, so also are the points of complete 

recovery following each event. The time-averaging procedure smooths out 

this random recovery. Simulations support this claim. Fig 3.6 displays 

PST histograms computed from simulated spike-trains. In a) 

A * MT, M e I+, b) A * aT, a » 1 and c) A * T/2. The distortion is 

most severe in case (c). The first two synchrony indices (coefficients 

of the Fourier expansion) computed for the PST and the drive are also 

included in the table of synchronies for comparison. In particular, 

case (c) displays a marked phase-shift. 
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FIGURE 3.5: PRESERVATION OF SYNCHRONY BY THE PST : EXPLANATION 

The intensity function is 
r(x) - u_(x-A); v(t) * v(t+T), & 
displays the drive v(t), (b) displays the refractory r(x) and (c) 
displays a typical sample function of the intensity process. X's mark 

the points of occurrences of events. In (c) we note that if we delete 
the zero-valued portions of the sample intensity function, we essen¬ 
tially obtain the drive. The effect of the refractory r(x) is ostensibly 
merely to extend the time record by ni (n being the number of observed 
events) over the Poisson case (with r(x) - u_(x-A). This explains why 
the PST preserves synchrony in this case. 

y(t;N(t);w) - v(t)r(t - w . ) with 
- mT, me I+ (Section 3.3, Ca#et;III) (a) 



{X. 

b 
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FIGURE ï PRESERVATION OF SYNCHRONY : SIMULATIONS 

Figures display the drive v(t), the PST and the refractory r(x) (inset). 
The simulation parameters were : 'e' drive: a *• 2, o *6; bw * 10„s; L * 
0, h » 0. 
(a) A - mT A - 400, T - 200 

(b) A - aT 0 » 1 A - 450, T - 100 
(c) A - T/2 A « 100, T - 200 

The phase shift (wrt to v(t)) is most marked in case (c). 
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2-4, APPROXIMATION TO THE PST 

Motivated by EQs 3.11, 3.19 and the preceding arguments, we sug¬ 

gest an approximation to the ensemble average X(t) or the PST: 

X(t) Z    EQ 3.20 

1 + / v(a)da 
t-A 

The approximation is very good when, with r(x) * u_(x-A) 

a) v(t) is a constant 

b) v(t) is periodic with period T ■ A /M 

c) v(t) is periodic with period T * A/a, a » 1 

Further, the approximation is asymptotically exact for case (a) and 

exact for case (b). 

Refractory effects i.e. distortion caused by the refractory chan¬ 

nel are most dramatic when 

a) v(t) has low-frequency components 

b) v(t) has large amplitude variations (Fig 3.4) 

We have considered very simple functional forms of the refractory 

r(*). In Fig 3.7c we display a typical sample function of the intensity 

process when the refractory function (Fig 3.7b) has both relative and 

absolute dead-times. The intensity function is zero during the absolute 

dead-time following each event and is a scaled version of the drive dur¬ 

ing each relative dead-time. Thus over each absolute dead-time, all 

information about the drive v(t) is irrecoverably lost. Analytically 

tractable results, as distinct from representations, are difficult to 

obtain for' non-trivial forms of r(x), such as the one in Fig 3.7b. 
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FIGURE 3.7 s GENERAL RECOVERY : SAMPLE FUNCTION OF THE INTENSITY 

(a) displays a periodic drive v(t); (b) displays the refractory function 
which has non-zero absolute and relative dead-times; (c) displays a sam¬ 
ple function of the intensity process. We no longer have the simple 
situation presented in Fig 3.5 Refractory effects are now more compli¬ 
cated and the PST is no longer a scaled version of the drive. In partic¬ 
ular, all information about v(t) is lost during the absolute dead-time 
following each event. 
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Simulations indicate that the effects of an absolute dead-time 

are more pronounced than those of a relative dead-time, 

consistent with the loss of information argument presented 

above. Fig 3.8 displays some histograms for simulated data. 
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FIGURE 2'ü : EFFECTS OF ABSOLUTE & RELATIVE DEAD-TIMES ON THE PST 

Figure displays Che drive v(t) and the PST histograms. Inset displays 
the refractory ; bw - 50 us; T - 200; 'e' drive with a * 2 5 ■ 6; in 
(a) A * 20, L * 0, h ■ 0; in (b) A = 0, L ■ 40, h ■ 0 Absolute dead¬ 
time effects are more pronounced than relative dead-time effects for 
comparable values of A and L. 





Chapter 4_ ESTIMATION PROCEDURES 

The focus of this chapter is on the estimation of the drive for 

the renewal process with multiplicative rate model; some of the results 

are directly applicable to the general multiplicative intensity model. 

Our model thus far consists of a deterministic signal v(t) which 

serves as the input to a non-linear dead-time device (the refractory 

channel); the output is the observed point process. For the general 

non-stationary renewal process, the intensity process or any reasonable 

computation serving as an estimate of v(t), incorporates refractory- 

related effects. For a stationary renewal process with v(t) = v^, an 

accurate estimate of the refractory function is possible. We derive 

such an estimator. For the non-stationary renewal case, we then derive 

the maximum-likelihood estimator of v(t). Since the intensity is zero 

during each absolute dead-time, the M.L. estimator does not compensate 

for absolute dead-time effects. Any viable absolute dead-time compensa¬ 

tor must therefore operate on histograms rather than on the spike train 

per se. We prove that the M.L.E. compensates for all relative dead-time 

effects and present an iterative dead-time processor which partially 

compensates for absolute dead-time effects. 

Histograms suppress any useful information about the intensity 

function that may be encoded in the occurrence times of the observed 

point process and not harmonically related to the histogram period; for 

example, any tendency of long Intervals to follow short intervals is 

irretrievably lost; the computation of a histogram is essentially a 

smoothing operation. The first half of this chapter deals with estima- 
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tlon procedures which operate on the observed point process record. 

This implies extensive data gathering and storage. However, we are 

assured that we can extract all the information (about the intensity 

process) that is available in the observed process realization. In the 

second half of the chapter we shall see that this information is insuf¬ 

ficient and we have to resort to some sort of extrapolation or interpo¬ 

lation techniques. 

£.1_ PAST WORK IN ESTIMATING v(t) 

Parametric and non-parametric techniques for estimating the 

intensity function of non-stationary Poisson processes are abundantly 

available [COX,1967], [BARTOSZYNSKI et al], [HANNAN,1960]. However, 

literature on the estimation of signals from realizations of non- 

stationary renewal processes is sparse; Saunders [SAUNDERS,1978], for 

example, considers the problem of locating bright spots in a stationary 

renewal process; Rubin [RUBIN,1972] considers the problems of estimation 

and hypothesis-testing for inhomogeneous Poisson processes; Muller 

[MULLER,unpbld] lists an extensive bibliography on dead-time processing, 

but the literature cited uses ad hoc and by and large, empirical 

methods; in this section we consider Gray's technique, since it seeks 

to totally remove all refractory-related effects and Aalen's empirical 

estimator, as it is in fact the maximum-likelihood estimator of the 

integrated rate. 
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GRAY'S RECOVERED PROBABILITY SCHEME: [GRAY 1966] 

In an attempt to eliminate refractory-related effects from 

spike-train data, Gray introduced various empirical estimators. 

Our model assumes that the conditional firing probability (EQ 

2.7) depends only upon the time since the last discharge. If this time 

interval is long enough, the system would presumably have recovered 

(r(x) “ 1) and the conditional firing probability would then depend only 

on the drive v(t) as in a Poisson process. If we have a reliable esti¬ 

mate of the total recovery time (as for example from the interval 

pdf in the stationary case), then we could censor from the data those 

spikes that have occurred within an interval of the previous one. 

The probability of the occurrence of a spike (EQ 2.3) would then resem¬ 

ble that of a Poisson process. This is equivalent to passing the 

observed spike train through a paralyzable counter with dead-time Afc . 

Gray's scheme uses a similar strategy. In addition to the ground 

rules given above, he considers only those periods of the periodic 

stimulus v(t) for which the system is recovered at the onset of the 

period. The conditional probability matrix CP(i,j) is the probability 

Pr(event in bin i | last event in bin j); for the recovered probability 

scheme, the conditioning interval j is fixed to be the entire time-axis, 

at least A£ time units before the onset of the current stimulus presen¬ 

tation. Thus not only is the system required to be recovered, but 

further, only the first event, if any, in the course of the presentation 

is considered. 

Let m, be the number of stimulus presentations for which no 



spikes are generated between -A and the k bin (stimulus onset is zero 

time). Let n^ of these generate an event in the k+1 t*1 bin; then the 

recovered probability of firing in bin (k+1) is 

x 
k+1 

^k 

“k 

(note that mfc+1 - \ ~ ) 

^oraM.Lt - Pr[N(t+At) - N(t) -1|N(-A ) - N(t) ] 
gray c 

Consider the stimulus shown in Fig 4.1 a 

v(t) » vQ 0 <. t £T 

r(x) ■ u (x - A) A > 0 

Then 

$ (t) ■ X(t) * vrtexp(-vAt), 0 < t < A gray' ' ' 0 r 0 ’ — — 

Thus, in this simple case the Gray estimator has achieved nothing. 

In Fig 4.1 b we present histograms processed from simulated data. 

The drive v(t) is suggested by Flanagan's modeling of the response of 

the basilar membrane to clicks [FLANAGAN,1960], [WEISS,1966]. As an 

estimator of v(t), the Gray estimator is a marked improvement over the 

PST histogram, although clearly it is still a poor candidate for reli¬ 

able estimation of v(t). However, when the technique is applied to low 

frequency data, for example, continuous tone stimulation with f > 1/At> 

the results are very discouraging. Fig 4.1c displays the results of one 

such simulation. Gray's technique seems to have the best results when 

the evoked response lasts only over a fraction of the stimulus period. 

It therefore yields better results with responses to clicks rather than 
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FIGURE 4.1 : THE GRAY ESTIMATOR 
The drive v(t) is assumed to be periodic. Gray censors from the 

observed spike record those events for which r(x) ^ 1 at the onset of 
the corresponding stimulus presentation. Further, in the course of each 
presentation, only the first event, if any, is retained. (Presumably 

refractory-related effects are thus eliminated and stimulus-related 
effects alone retained). 
(a) v(t) ■ VQ, 0-< t < A with r(x) <= u_(x-A) The Gray estimator offers 
no improvement over the PST in this case. 
(b) Figure displays (1) v(t) (2) the PST (3) the Gray estimate. 

The Gray estimator works best in this sort of situation. (Classically, 
Gray used it with tone burst rather than with continuous tone 
responses). Simulation parameters were: drive: 8000, 6400 bw 10 ps; 
A - 100, L - 400, h - 0.5; T - 250 
(c) Figure displays (1) v(t) (2) the PST (3) Gray estimate. In terms of 
synchrony and phase indices, the PST is a better approximant than the 
Gray estimate is to the drive v(t). Possibly, the average rate can be 

boosted up artificially, but this would not compensate for the worsened 
phase-shift in the Gray estimate. Simulation parameters were: 'e.' 

drive: o * 75, 0*2; bw - 50ps; T » 200; A ■ 0 L * 100 h « 0 
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ODD AALEITS EMPIRICAL ESTIMATOR 

Odd Aalen [AALEN, 1978] considers a multiplicative intensity 

model of the form.p(t; N(t); w) * v(t)’r(t) where the counting process N 

and the stochastic process r(t) are both observables. He then defines 

an empirical estimator of the integrated rate 

B(t) » /v(s)ds to be 
0 

g*/0 - / dN(s) 0 (t) ' -EUT 

(the problem of division by zero does not arise since r(s) » 0 =*> zero 

probability of event occurring at time s ==> dN(s) «■ 0 ). Effectively, 

we consider the occurrence times 

*1 < w2 < < wN(t) < c 

and add the reciprocal of the value of the process r(*) at these 

instants. In a latter section, we show that the Odd Aalen empirical 

estimate is in fact the maximum likelihood estimate of the integrated 

rate 
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4_.2_ ESTIMATING THE REFRACTORY FUNCTION 

For a stationary renewal process, the intensity function is 

p(t;N(t);w) - vQr(t - wN(fc)) 

The interval lengths , j - 1,2... are iid with a common pdf pT(t) . 

A stationary renewal process is completely characterized by its interval 

pdf [COX,1967]. The interval histogram [JOHNSON,1978] [GERSTEIN.1960], 

which is the observed distribution of interval lengths is a convenient 

and further an unbiased estimate of the interval pdf. Sanderson and 

Kobler [SANDERSON,1976] have shown that Parzen convolution estimates are 

superior to the conventional interval histogram in a mean-square error 

sense. 

The relationship between the interval pdf and the intensity is 

given by 

vor<t • "NU)) 

v<*> ■ r-'p;ôo 

1 - Pt<‘ - "NCt)) 

h(x) 
PT(x) 

EQ 4.1 

EQ 4.1a 

The quantity on the right-hand side h(x) is known as the hazard function 

[COX,1967] [SNYDER,1975] and itself provides a complete description of 

the stationary renewal process* 

Since our model assumes sup r(x) * 1, the refractory function can 

be estimated from the interval histogram, via EQ 4.1 without any a 

priori knowledge of VQ • As a bonus, an estimate of the value of VQ is 

then immediately available. Fig 4.2 illustrates an example. 
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FIGURE 4.2: 
(a) ESTIMATING _r(x): STATIONARY RENEWAL PROCESS 

(I) displays the actual refractory function and (2) the hazard function 
computed from the data (EQ 4.2). The hazard h(x) tends to be noisy for 
large x due to the paucity of long Intervals. Simulation parameters 
were: v(t) = v^ « 500; A « 20; L » 130; h - 0.5; bw ** 50 us 

(b) HAZARD FUNCTION COMPUTED FROM SPIKE TRAINS RECORDED FROM AN AUDITORY 
NEURON 

(Unit CT-13-35 CF 13.35KHz rate 130.74); continuous tone at CF 
For high CF units (under stimulation at high frequencies), the response 
(PST) is not time-locked to the stimulus; this provides the rationale 
for the multiplicative renewal process model and for the choice of the 
refractory function r(x) 
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MAXIMUM-LIKELIHOOD ESTIMATION OF RECOVERY R(*) 

In cases when the drive v(t) is time-varying but is known, one 

can estimate the recovery function r(*) using maximum-likelihood tech¬ 

niques. 

- From EQ 2.5 the log-likelihood function is 

l(r) ■ -/u(t;N(t);w)dt + /In y(t;N(t);w)dN(t) 
0 0 

N(tf) xt fcf " WN(tf) 

■ “ Z / v(w._l+r)r(t)dT+ / v(w„, v+T)r(t)dT 
i-1 0 0 '‘V 

N(tf) 

+ Ï ln[v(w )r(T )] 

i-1 

where [0, t^ ) is the observation period, w^ the occurrence times and 

the inter-event times. 

The M.L. estimate of r(.) is obtained by setting 

al(r> - 0 
3r 

N(tf) 

- ^ v(wl+t)J(t < Tt) + V(„N(tf)+t,J<t < t£-»8(t£)) 

“'V J(t - ,.) 
+ z 1 

1-1 r('l> 

where J(.) is the indicator function of its argument. It is clear that 

the estimate f(x) ^ 0 if t^ - wN(t ) so tliat fML^ is atl admissible 

estimate of r(x). Let M(tj) be the number of observed intervals of 

length tj. Then 
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W'»! t*T 

N(tf) 

M(tj)/{ Z + Tj)J(Tj 1 Tj)" 

T<”N(t£) 
+ 

For v(t) * VQ, EQ 4.2 reduces to 

N(tf) 

t-tj “ M^TJ>/v0t
N<tf>” ^ J<Ti < Tj)l 

MTJ) 

which is consistent with EQ 4.1 . 

EQ 4.2 

In terms of our signal transmission model, we might have 

knowledge of the signal v(t) but not of the channel. EQ 4.2 then 

enables us to characterize the channel. 

Unlike EQ 4.1, EQ 4.2 does not lend itself to any simple 

interpretation; the numerator is, of course, proportional to the first 

order interval pdf; the denominator is obtained in a rather complicated 

way; first we choose all the interval lengths which are not less than 

a particular under consideration; then we accumulate the values of 

the drive at those points where event (i + 1) would have occurred if 

the (i+l)th interval length were in fact and not • 
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4_._3 MAXIMUM-LIKELIHOOD ESTIMATION OF v(t) 

For our model 

u(t;N(t);w) 

Then, the log-likelihood function (EQ 2.5) is 

EQ 4.3 

!(v) ■ “ / v(o)r(o - wN^ffj)do + / ln[v(a)r(a - wN(a))]
dN(a> 

The parameter of interest here is the entire waveform v(t), 0 t £ T, 

[0,T) being the observation interval. The ML estimate of v(t) is 

obtained by setting 

3l(v(t)) _ n 

3l(v(t)) m —rft—w ^ + 1 dN(t) 0 C t < T EO 4 4 
3v(t) N(tr + v(t) dt o < t < T EQ 4.4 

and since 
3v2(t) 

•l(v(t)) < 0, we have 

o « 1 dN(t) 

M*' * r^t-wN(t) ^ dt 
EQ 4.5 

as the maximum likelihood estimate of the drive v(t). (The only restric¬ 

tion we have is that v(t) >_ 0; the M.L. estimate is therefore an admis¬ 

sible candidate for v(t)). The interpretation is simple. If we con¬ 

sider an ensemble of point processes with intensities as in EQ 4.3, then 

the probability of firing at a time t is reduced by a factor r(t-w^tj) 

from what it would have been for the simple Poisson case r(x) = u_(x). 

The ML estimator compensates for this lowered probability by an upward 

scaling by the same factor. (See Fig 4.3a). If we consider martingale 

models, the M.L. Estimate follows immediately from the predictable part 

of the Doob-Meyer decomposition. 
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FIGURE 4.3 : M.L. ESTIMATION : HOW IT WORKS 

(1) observed sample function 
(2) effect of using M.L. Estimator 

(a) absolute dead-time A * 0 
(b) absolute dead-time A / 0 

M.L. Estimation cannot compensate for absolute dead-time effects. 

Compare with Figs 3.5 & 3.7 
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There is a likely problem of division by zero in EQ 4.5; if the 

process has an absolute dead-time A, then r(x) - 0, 0<^x<^A, however 

in this case, no events will occur in the absolute dead-time interval 

following an event and division by zero cannot occur. 

If the drive v(t) is non-periodic and a single realization alone 

is available the M.L. estimator merely assigns values to the individual 

spikes. However, if the drive is periodic, we can form a time-histogram 

(analogous to the PST histogram), where we add not the number of spikes, 

but the values assigned to them by the MLE ( EQ 4.5 ). 

The conditional occurrence rate is given by 

u(t;N(t);w) - v(t)r(t-wN(t)) 

Let the time-axis be quantized into bins of width 6; let M be the number 

of bins per period of the stimulus v(t) and let there be R periods in 

the observation interval [0, g); (we assume M, R e I+). Define the 

sequence x(k) by 

x(k) 
j 1 if a spike occurs in the k th bln 

0 otherwise 
EQ 4.6 

Define the PST histogram g - { g(k), 0 ^ k < M } by 

,R-1 

g(m) “ R 2 Xnri-rM ““O.1**-**-1 EQ 4.7 
r=0 

Let h(k), 0 < k < M-l, be the histogram obtained by using the MLE. 

h(k) 
m+rM 

m -0,1....M-l EQ 4.7b 
Rr-0 r(mfrM-wN(mfrM)) 

Then the expected value, conditioned on the realization is 

E[h(k)] 
„ ! Prob(spike in k th bin | N(t),w)j 

EQ 4.8 
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And, therefore, if r(x) has no absolute dead-time 

E[h(k)] - v(k) 

i.e. Elî^t)] - v(t) EQ 4.9 

being the histogram formed by the MLE. 

If r(x) has an absolute dead-time A, then in EQ 4.8 

Prob[spike in k th bin | N(t), w] ■ 0 

for each A following a spike and hence 

Etf^t)] - X*(t) EQ 4.10 

where X is the ensemble average of the reduced or associated point pro¬ 

cess 

In EQs 4.7 through 4.8, if we assume r(x) * u (x) in computing 

the M.L.Estimate, it follows that the expected value of the PST is the 

expected value of the intensity function, an argument for which had been 

outlined in Section 3.2 

In Fig 4.4 we present some simulation results, verifying EQ 4.9 

through 4.11. From EQ 4.10, we note that the ML estimator can offer no 

improvement over the PST histogram if the recovery is a delayed step 

function. 

Since maximum-likelihood estimators commute with non-linear func¬ 

tionals [VAN TREES, 1968], the M.L.Estimate of v(t) in EQ 4.5 leads 

directly to the Odd Aalen Estimate of the integrated rate in section 

4.1. Odd Aalen, however, presented this as an empirical estimator. 

with 

EQ 4.11 
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FIGURE 4.4 : M.L. ESTIMATION : SIMULATIONS 

(a) Absolute dead-time A ■ 0 
'e' drive: a - 2, 8 ■ 6; bw ■ 50 ps; T « 200 bins, L » 100, h * 0 
(1) PST (2) v(t) (3) r(x) (4) X._ 

(b) A * 0 
'e' drive: o ■ 2; 8 * 6; bw - 10 ps; T * 200 bins 

r (x) : A - 100 L - 200 h - 0 
rj(x) : A m loo L-0 h - 0 

(1) v(t) (2) X(t) with r2(x) (3) with rL(x) 

The effect of using the M.L. Estimator is to yield a histogram which is 
essentially the PST obtained from the associated point process (with L ■ 
0 ). 







73 
On the Existence and Uniqueness of the M.L. Estimator 

We seek a non-parametric estimate of a waveform so that the mani¬ 
fold in which we operate is necessarily infinite dimensional. The esti¬ 

mate so obtained is unsmooth ( consisting only of spikes ). Tapia and 
Thompson [TAPIA, 1978] classify the M.L. Estimation problem of this 
nature as numerically ill-posed and dimensionally unstable, and propose 
maximum penalized likelihood estimators to circumvent these objections. 
However, for the class of signals we consider, with the periodicity 
assumption, a histogram can be formed from the train of M.L. spikes. 
Histogram computation, as we have seen earlier, is essentially a smooth¬ 

ing operation. In practice, we are constrained to quantize the time- 

axis; consequently, the problem is finite-dimensional and we are assured 
of both existence and uniqueness. In this case, we no longer have spikes 
generated by dN(t)/dt, merely numbers given by (N(kg) - N((k-1)$)}/$. It 
would, of course, be reassuring to know that as ^ -+ 0, the sequence of 
estimates converges. 
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4.4 ESTIMATION OF v(t) : DEAD-TIME PROCESSING 

The M.L. Estimator can compensate for relative but not absolute 

dead-time effects. Since the sample-function of the intensity is zero 

over each such dead-time (Fig 3.8 ) any candidate for dead-time process¬ 

ing must operate on an average computed over the observation. With EQ 

4.10 & 4.11 we note that we need concern ourselves only with processes 

of the form in EQ 4.11 and the PST histograms obtained thereby (delayed 

step recovery). 

The approximation (EQ 3.20) 

X(t) -    EQ 4.13 

1 + / v(a)da 
t-A • 

is very good in most cases. 

The suggested scheme then is to find a function $(t) satisfying 

EQ 4.13. Direct inversion seems difficult; we, therefore suggest the 

following iteration scheme : 

t 

vn+l(t) “ x(t)[l + / vn(o)da] EQ 4.14 
t-A 

with vo(t) " x(t> 

computed, for example, from the PST or the ML histogram. 
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Theorem 4.1 

The Iteration scheme EQ 4.14 converges if max X(t) < i 

(sufficiency criterion) 

Proof : 

V
«LI(O “ x(t)[l + / v (a)da] 

t-A 

Vl(t) _vn(t), * X(t)f ; lVo)_vn-l<a)ldal 
t-A 

The norm of a function f(t) is defined by 

Il f II - l/|f(t)|dt L1 To 

11 Vl’V'l. " T{ •X<t>1'1 ' [Va)_Vn-l(0)lda|dt 
1 U t-A 

iT * 
<max X(t) •=•/ / v (o)-v .(a)dadt 

0 t-A 

< A'max X(t) ||VQ - vn_jJlL 

the last step follows since |v - vQ_^| is periodic with period T 

1 lvn+l ' vn'1 
< A'max X(t) EQ 4.15 

A'max X(t) < 1 ~> the iteration scheme converges in the sense and 

hence by Jensen's theorem [CHENEY,1966] also in the L^, p > 1 sense. 

11- 

Theorem 4.1 shows that successive errors decrease in a linear 

fashion, but does not specify the function to which the sequence VQ 

converges. We explore this in the next theorem. 



Theorem 4.2 

When the iteration scheme EQ 4.14 converges to a function $(t), $(t) 

satisfies EQ 4.13 : 

X(t) Ht) 

1 + / $(a)d<j 
t-A 

Proof : 

Let vn^ “ + en^t^» 

where u(t) is an arbitrary function satisfying EQ 4.13 

vn+l(t) " x(t)[l + / V0)d°] t-A 

1 + / u(o)da 
t-A 

 [1 + / (u(o) + e (o))da] 
c t-A 

u(t) + X(t) / e (o)do 
t-A n 

en+l(t) " X(t)/A
Cn<0>da 

t-A 

I Ie , 11 < A'max X(t)*|le I I. EQ 4.16 n*ri — n 

A max X(t) < 1 ==> I Ie | | —-► 0 with n 
U JL»^ 

and hence also in the sense* Therefore the sequence converges to 

u(t) 

[]. 

By theorems 4.1 and 4.2, the proposed iteration scheme converges 

to a function $(t) st 



77 

X(t) «  ^  if A max X(t) < 1 

1 + / ?<0)dff 

t-A 

Theorems 4.1 and 4.2 establish conditions for convergence, but 

make no claim about the uniqueness of the inversion. We consider this 

issue in the next two theorems. 

Theorem 4^.3^ 

The iteration scheme EQ 4.14 yields an unique value of v(t) if 

v(t) - v0 

Proof : 

Let z(t) « VQ + e(t) satisfy EQ 4.14 

vQ + e(t) 
X(t) - x0 t 

1 + VQA + / e(o)da 
t-A 

/ e(o)do 
t-A 

XQ(e(t) - e(t-A)) - e(t) 

This equation has the unique solution 

e(t) - e 
x0<t> 

(1 - e ) 

Substituting in EQ 4.17, then, yields 



78 

e ^ » 1 «> e(t) * 0 

The inversion is unique. 

[]• 

Theorem 4.4 

If v(t) « v(t + 4/M), M e I+ the inversion in EQ 4.14 is unique. 

Proof : 

4 
Let V - /v(o)da 

0 

Since v(t), z(t) are periodic, e(t) is necessarily periodic 

v(t) _ e(t) 
1 + V t 

/ e(o)da 
t-A 

X(t) 

e(t) * : yv(t) where e - ife(t)dt 

0 

Integrating both sides over [0, A], we obtain 

êA - -iA_*V *=> e (t) s 0 

The inversion is unique. 

Referring to the approximations derived for the PST and the char¬ 

acterization of the ML estimator, we conclude that the iteration scheme 

coupled with the ML estimation procedure can compensate for both abso¬ 

lute and relative dead-time effects under very general conditions. 
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We have seen that absolute dead-time effects are more pronounced 

than relative dead-time effects. In practice, we may therefore consider 

compensating only for the absolute dead-time distortion. This compensa¬ 

tion is performed on the PST histogram obtained from the point process 

realization. The processing is easily implemented. Often the entire 

time record may be compressed into the histogram due to problems of data 

storage. This obviously precludes non-parametric M.L. Estimation of the 

type we have discussed. The iterative procedure converges linearly 

(Theorem 4.1); this type of convergence is usually associated with slow 

rates of convergence [HILDEBRAND,1956]. In practice, less than 10 

iterations were required for every histogram encountered in this study. 

(We iterated till Hvn+i ~ 
V
QI I < $» where, 6 was an error criterion, 

usually fixed at 0.1 ). 

The combination of the Maximum-Likelihood Estimator and the 

Dead-Time Processor performs as expected. The final estimate 9(t) is as 

reliable or as good as the original approximation EQ 3.20 is to the PST 

(with L - 0) or to the M.L. histogram - see Fig 4.5 

In Fig 4.6 we present the effects of using the Dead-Time Proces¬ 

sor (DTP) without using M.L. Estimation. The computed M.L. histogram 

is included for comparison. We note that the DTP estimate is closer (in 

terms of average rate and synchrony indices) to the drive v(t) than is 

the M.L. Estimate. This is typical. 

In Fig 4.7 we present the results of varying the parameter S of 
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FIGURE 4.5 : DEAD-TIME PROCESSING 

The dead-time processor yields as "good” an estimate of v(t) as EQ 3.19 
is to the PST; (1) r(x) (2) v(t) (3) \(t) PST (4) approximation to 
the PST EQ 3.19 (Fig 3.4) & (5) î(t) DTP Estimate. 
Simulation parameters : 'e' drive: a * 2, 8 * 6; bw * 50 ps T * 200; 
r(x): A - 20, L - 0, h ■ 0 
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FIGURE 4 JS DEAD-TIME PROCESSING WITHOUT M.L. ESTIMATION 

If the observed point process record is not available, M.L. Estimation 
is not possible. However if the data is in the form of the PST histo¬ 
gram and reasonable estimates of A and L (abs'olute and relative dead- 
times) are available, one can resort to DTP. 

Simulation parameters : 
(1) r(x) : A - 100 L - 400 h - 0.5 
(2) v(t): 't' drive : 6400, 8000; bw - 10 us, T - 250 

(3) DTP Estimate (4) M.L. Estimate (5) PST 
DTP offers some improvement over the PST but is obviously not as good as 
the combination M.L.E. + DTP 
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the DTP algorithm. This is the only parameter in this procedure and 

hence critical to its performance. Let A be the actual absolute dead¬ 

time of the point process. For A < A the DTP histogram lies below that 

of the PST; with 2 > A, the positions are reversed. The effect of 

increasing S is not merely to increase the average rate, a concomitant 

phase-shifting tending to unskew the PST histogram is evident. The per¬ 

formance of the iterative estimator is better when 2 is overestimated 

rather than underestimated. This effect is immediately understood if 

one refers to the steps leading to the approximation to the PST (EQ 

3.20). We note (Fig 3.4 c) that the approximant tends to overestimate 

the PST when v(t) is small and decreasing. Increasing A increases the 

accuracy of the approximation. Large values of 2 (i.e. Î » A) makes 

the iteration scheme unstable and non-convergent. In a real-life situa¬ 

tion, our knowledge of A would usually be from the observed point pro¬ 

cess record. This value as the minimum observed interval length would 

usually be greater than the actual absolute dead-time A and in any case, 

can be no less. 

Finally we consider the effects of inaccuracy in the parameters 

of the M.L. Estimation. These parameters of the refractory function 

would presumably have been obtained by an estimation procedure such as 

that described in section 4.2; a certain variance is inevitable. The 

M.L. Estimation procedure is rather sensitive to deviations from the 

specified form of r(.) (Fig 4.8 ); however, since these deviations 

could occur in very many ways, we cannot encapsulate their effects. 
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FIGURE h_.7_ : DEAD-TIME PROCESSING : INACCURACY IN 'A' 

The only critical parameter in this procedure is the dead-time (See sec¬ 
tion 4.5 for details). 

Simulation parameters were : 
(1) r(x) ; A * 20 L - 0 h = 0 bw * 50 ps 
(2) v(t) : drive a - 2, 8 - 6; T - 200 
(3) DTP with 2 = 10 (4) PST 
(5) DTP with 2-20 (6) DTP with 2-30 

Overestimating the value of 2 is preferable to underestimating its 
value. This would be the real-life situation. Increasing 2 not only 

tends to increase the average rate but a concomitant phase-shift tending 
to unskew the PST is evident. However, with 2 >> A, the iteration 
scheme may not converege. 
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FIGURE 4_.8^ : M.L. ESTIMATION : INACCURACY in _r(. ) 

This procedure assumes that the refractory r(x) is known. Inaccuracy may 
therefore arise im many ways ( A, L & h in the linear case). We con¬ 
sider one simple case. 
(1) r(x): bw “ 50 ps A =* 0 L 

m
 40 h ■ 0 

(2) v(t): 'e' drive: a = 2, 0 ■ 6; T =* 200 
(3) X(t) the PST 
(4) ^-(t) with f: A - 20 R - 0.5 t » 20 
(5) *£ with f - r 
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CHAPTER 5: RESULTS & CONCLUSIONS 

In previous chapters we explored the essentials of the intensity 

function modeling of point processes, introduced the non-stationary 

renewal process model and derived techniques to estimate the intensity 

function when the underlying point process is stationary renewal. Then 

under the assumption that r(*) is intrinsic to the system (known chan¬ 

nel), we derived the maximum-likelihood estimator of v(') and proved 

that this estimator eliminates relative dead-time effects. We then 

presented a simple and reasonable approximation to the histogram com¬ 

puted from the maximum-likelihood estimate in terms of the signal v(t) 

and the absolute dead-time A. We presented an iterative algorithm which 

inverts the approximation to yield an estimate $ which is almost free of 

absolute dead-time effects. Further, we considered the performance of 

the maximum-likelihood estimator and the dead-time processor when r(*) 

was incorrectly specified. 

We now consider a specific application to spike trains recorded 

from single neurons in the auditory nervous system. Our simulations and 

theoretical considerations permit us to characterize an interesting 

feature of single-tone responses. It is well known that for low- 

frequency stimulation, the signal v(t) (this now represents the spike- 

initiation function not the stimulus) is synchronized to the stimulating 

signal. This synchrony becomes less pronounced as the stimulating 

frequency f is increased; finally, for f > 6 KHz, synchrony is totally 

lost, the response resembling that of spontaneous discharge, albeit with 

a higher rate of discharge [JOHNSON,1974]. Our simulations indicate that 

for reasonable functional forms of v() and r() the response as measured 



90 
by the FST histogram does not suffer from gross distortion in comparison 

with v(). In fact, the measured distortion is less at high frequencies 

than at low frequencies. This effectively eliminates dead-time as a 

cause of the lack of synchrony at high frequencies, thus forcing us to 

attribute it to other mechanisms. 

For the auditory nervous system, it is unlikely that the CNS per¬ 

forms the complicated data processing (M.L.Estimation & Iterative Esti¬ 

mation) involved in computing v. On the other hand, the PST histogram 

is indeed the ensemble average of the intensity function of the point 

process (EQ 3.5a). One can conceive of it being obtained by superposing 

the action potentials of a suitable ensemble of neurons. However, even 

in this restricted set, each neuron will differ from the other in its 

CF, spontaneous discharge rate, tuning curve characteristics and refrac¬ 

tory function characteristics. In other words , under a given stimulus, 

both v() and r() are slightly different for each neuron in the set. Can 

we characterize X or $ in this context? Obviously, if we assume that the 

functional forms of v() and r() are identical with certain parameters 

(say maximum amplitude of v and absolute dead-time A in r ) varying in 

accordance with some prescribed distribution function, X should be amen¬ 

able to statistical analysis. 

For periodic signals, the PST histogram preserves the rough shape 

of the driving function v(). Amplitude variations in v induce 

corresponding amplitude variations in the PST histogram (for example, 

refer to fig 3.3 for the triple pulse case). Two tuning mechanisms 

extant in the auditory nervous system: the mechanical frequency tuning 

of the basilar membrane and the tuning curve associated with each neuron 
i 



suggest an interesting hypothesis : possibly, the CNS is not at all 

concerned with the specific form and value of v() associated with each 

neuron, but merely with patterns of variations in it. For example, in 

the triple pulse case, $ changes levels at the precise points in time 

that v does. Granted that the transmission introduces second-harmonic 

components, skew and phase-shift, these are not major enough to grossly 

distort v. We note that this hypothesis is consistent with the intui¬ 

tive notion that the CNS can ignore information about ambient condi¬ 

tions, since no real information is being conveyed anyway. In this con¬ 

text, we might mention Huileras principle of nervous specificity - that 

in most parts of the nervous system, the identification of which nerve 

cells are active seems to be more important than the fine temporal 

details of their activity - and Siebert's paper on place and periodicity 

mechanisms [SIEBERT,1970]. Given a spike train, one can compare the 

performance of a human observer and of an ideal observer to whom the 

same data is available. Siebert^s analysis suggests that the human 

observer behaves as if it totally ignores the periodicity information, 

but makes full use of the place information. (Specifically, Siebert 

considered frequency discrimination in auditory tone bursts.) 

To append a final note to the multiplicative model: data from 

various sources indicate that the model is applicable to recordings from 

auditory neurons. We could postulate the refractory function as an 

operational model of the recovery processes in the neuron. However, 

with the assumption of a monotone non-decreasing r(x) normalized to a 

maximum value of unity, the data are entirely consistent with the 

assumption of a stochastic dead-time ^ with cdf r(x). 
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(In particular one assumes an inhomogeneous Poisson source with 

intensity v(t) whose output is incident on a counter with a random 

dead-time any inputs incident on the counter during a dead-time 

being ignored; further the dead-times are independent; the output pro¬ 

cess has the desired intensity v(t)r(t-wN^). 

There are interesting situations when we are interested in the 

detailed nature of v(t): for example, given a photoelectron counter 

whose dead-time properties are well characterized, we may wish to know 

the waveform of the photon beam incident on it* Such would be the case 

in optical communication systems. Here we would need to implement both 

the Maximum-likelihood and the iterative dead-time processing pro¬ 

cedures. 

Perhaps, the most important issue is the validity of the multi¬ 

plicative intensity model for auditory nerve data. Single tone 

responses are consistent with the model but we do not have sufficient 

data to generalize to arbitrary stimuli. Another issue that merits con¬ 

sideration is the characterization of patterns of response to more com¬ 

plex stimuli such as two tones, two tones in noise, masking and speech. 

Finally one may consider vector point processes with cross-talk and 

noise. 



APPENDIX A: SIMULATION OF POINT PROCESSES 

The very nature of the intensity description of a point process 

provides methods of computer simulation. One method is to use the 

definition of the intensity function (EQ 2.3): 

Prob{ event in [t,t+ t) | N(t), w } - (t;N(t);w) t 

A pseudo-random number generator having a uniform distribution can be 

used to produce events according to the above probability law every t; 

any dependence on time or the process history is specified by the inten¬ 

sity. An alternative method is to generate inter-event intervals 

according to the interval distribution function, again using a uniform 

pseudo-random number generator. At least for the non-stationary renewal 

process model, the former approach is simpler and more tractable. 

The multiplicative intensity refractory channel or non-stationary 

renewal process model is definitely of theoretical interest. The choice 

of the model in this report is, however, hardly serendipitous but sug¬ 

gested by analysis of spike trains recorded from single neurons in the 

auditory nervous system. We know that the spontaneous discharge pat¬ 

terns of these neurons can be consistently modeled by stationary renewal 

processes. For stimulation by clicks, tone-bursts and continuous tones, 

this model is inconsistent with data. However, conditioned on the 

stimulus, the discharge patterns in response to single-tone stimuli can 

be consistently modeled as statistically independent point processes 

[JOHNSON,1976]. This leads to the assumption of a refractory function 

which is intrinsic to the neuron and independent of the stimulus and 

thus gives rise to the renewal process model. 
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The choice of the refractory function was dictated by the shape 

and nature of the hazard functions computed from the spontaneous 

discharge data of auditory nerve fibers* The choices of the various 

drives were also dictated by the nature of the PST histograms computed 

from the response patterns to continuous tones and clicks. 

The constant intensity drive presumably represents spontaneous 

activity or possibly response to broadband noise. Our initial simula¬ 

tions indicated that the ensemble average, as an estimate of the drive 

does not suffer from gross distortions. The PST "broadly" follows the 

drive, although a time-dependent amplitude scaling is evident. 

For an auditory nerve fiber responding to continuous single tone 

stimulation at a frequency f, the CF of the fiber, the ensemble average 

is well approximated by 

X(t) * exp[ag + a^cos(2irf t+6^)+a2COs(4irf t+G^) ] 

[JOHNSON,1974]. This suggests the "e" drive in our simulations, though 

we have routinely assumed a2 * 0. 

Finally, the "f" drive is suggested by Bekesey and Flanagan^s 

modeling of the displacement of the basilar membrane in response to 

acoustic clicks. 

f(t) » c[6(t-T)2exp(-6-^p-)sin 6(t-T)]u_(t-T) 

We have arbitrarily set the delay T to zero and have assumed a rectifier 

to account for the polarity dependence of the histograms. The ”p" drive 

is suggested by expediency and for the purposes of illustration of 

results and features 
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Simulation data were recorded in the form of interevent interval 

lengths. These were then used to compute the PST histograms, for ML 

Estimation and Iterative Dead-Time Processing. All histograms were rou¬ 

tinely median smoothed [TUKEY,1977]. 

Simulations were implemented on a PDP-1130 at the Eaton-Peabody 

Laboratory of Auditory Physiology, Boston, Mass., and partly on various 

computers (a TI-980, a PDP-1145 and a PDP-1155) at the Department of 

Electrical Engineering, RICE University. Auditory nerve data were made 

available through the kind courtesy of Dr. Nelson Y-S Kiang of the 

Eaton-Peabody Laboratory. 



APPENDIX B: SYNCHRONY & PHASE INDICES 

The histogram duration (M bins each of width 6) is set equal to 

the stimulus period. The synchrony indices measure the time-locking of 

the response (the PST in this case) to the stimulus. The phase indices 

are indicative of skew in the response. These indices are calculated as 

follows [JOHNSON,1978] ; 

Sifexp( j2ir0if) 

M-l 

I gmexp( 

m=0 

j2irmi 

M •) 

M-l 

I 8 
m=0 

m 

* 

where f * ri- » stimulus frequency 
MO 

t "h 
.S^j « i synchrony index 

» I**1 phase index 

We note the following relations: 

< 1/2; 4S2 < xjl - S* + 1; 

For the "e" drive with v(t) ■ aexp(B cos 2nft) 

r - « IQ (B); Skf - Ik(B) / I0(B) and *kf - 0.25 

where Ik($) is the modified Bessel function of Type I and order k. 



TABLE OF SYNCHRONY AND PHASE INDICES 

Description Rate S-l S-2 0-1 9-2 

Fig 3.4 a 2-V 134.271 .913 .697 -.500 0.00 
3-PST 91.985 .899 .653 .491 -.020 
4-APPROX 84.379 .912 .693 .484 -.034 

b 2-V 201.505 .913 .697 -.500 0.0 
3-PST 119.199 .892 .632 .489 -.026 
4-APPROX 109.105 .911 .691 .479 -.044 

c 2-V 134.271 .913 .697 -.500 0.0 
3-PST 74.486 .919 .716 .475 -.051 
4-APPROX 84.379 .912 .693 .484 -.034 

Fig 3.6 a V 113.591 .915 .701 -.500 0.0 
PST 87.285 .916 .704 .500 -.001 

b V 133.579 .915 .701 -.500 0.0 
PST 84.072 .915 .702 .497 -.006 

c V 133.579 .915 .701 -.500 0.00 
PST 117.535 .916 .705 .499 -.003 

Fig 3.8 V 134.271 .913 .697 -.500 0.00 
PST-1 91.330 .900 .656 .492 -.019 

Fig 4.4 a V 134.271 . .913 .697 -.500 0.00 
PST 83.551 .910 .688 .m -.036 

b V 133.591 .915 .701 -.500 0.00 
ML 119.105 .916 .705 .496 -.01 
F5T-* 117.535 .916 .705 .494 -.012 

Fig 4.6 2-V 134.271 .913 .697 -.500 0.00 
3-PST 91.985 .899 .653 .491 -.020 
4-APPROX 84.379 .912 .693 .484 -.034 
5-DTP 128.030 .909 .684 .499 -.001 

Fig 4.7 2-V I34.27I .913 .697 -.500 0.0 
3-PST 91.985 .899 .653 .491 -.02 
4-DTP-l0 108.932 .906 .677 .493 -.015 
5-DTP-20 128.030 .909 .684 .499 -.001 

Fig 4.8 2-V 134.271 .913 .697 -.500 0.0 
3-PST 97.094 .905 .670 .492 -.019 
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Note i S-l and S-2 are the first two synchrony Indices and 

0-1 and 0-2 are the first two phase indices} both are 

normalized parameters and computed as shown in Appendix B. 

Rate is the average rate; numbers refer to plots in the 

appropriate figures. 
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