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ABSTRACT 

Higher Order Equivalent Linearization 

in Random Vibration 

by 

Jeder Hseih 

This study considers third-order linear systems and a 

two mode linear system as candidates for equivalence to the 

bilinear hysteretic system subjected to a Gaussian white 

noise excitation. In each linear system some parameters are 

chosen to match stationary mean squared levels of both 

displacement and velocity response to those of the bilinear 

hysteretic system (using empirical values for the nonlinear 

system). The particular types of equivalence being sought 

here involve the power spectral density (psd) of stationary 

response and transient buildup of mean squared response. 

The values predicted by the linear models are compared with 

empirical data for the nonlinear system. The bilinear 

hysteretic systems considered have the slope ratio between 

post-yielding and pre-yielding stiffnesses of a - 1/2 

(moderately nonlinear system) and a = 1/21 (nearly elasto- 

plastic system). 

Two ways of choosing the parameters of the third-order 

linear system are considered. One method involves choosing 



two damping factors for equivalence and the other involves 

choosing one damping factor and one spring stiffness for 

equivalence. The two mode linear system is a model with two 

uncorrelated modes whose undamped natural frequencies cor¬ 

respond to the initial stiffness and the reduced stiffness 

of the bilinear hysteretic system, and with two damping fac¬ 

tors chosen for equivalence. 

Based on the comparisons of both psd and transient 

response, it is concluded that the third-order system is the 

better equivalent linearization overall (arbitary a ), 

although the two mode linear system is somewhat better in 

the particular case of a nearly elasto-plastic system. 
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SUMMARY OF NOMENCLATURE 

Symbol Explanation or Definition 

A transfer function of the response of Z 

Ao,1,2 integral coefficients, eq. (C.10) 

B
O,1,2 

integral coefficients, eq. (3.7) 

C viscous damping of the bilinear hysteretic system 

C1 equivalent viscous damping coefficient in the 
third-order linear system 

C2 equivalent viscous damping coefficient represent¬ 
ing the hysteresis energy dissipation in the 
third-order linear system 

°o,1,2 

EC D 

integral coefficients, eq. (3.12) 

expectation 

F(t) excitation 

H(tt>) harmonic transfer function of linear system 

K frequency ratio, eq. (2.25) 

N méasure of the excitation intensity, normaliza¬ 
tion factor 

Q frequency ratio, eq. (2.37) 

So 
white noise level 

SpCw) power spectral density of excitation 

Sx(û>) power spectral density of response 

X displacement of the mass 

Y yield level 

Z displacement across C2 damper 

h(t) impulse response function of the third-order 
linear system 

iii 



Symbol Explanation or Definition 

*i2 

û>d 

a measure of the increase in frequency due to kg 

damped circular frequency 

equivalent undamped natural frequency of SDOF 
system 

average frequency 
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CHAPTER I. INTRODUCTION 

1.1. Background 

Probability theory has been widely used, at least with¬ 

in the research community, to learn more about the response 

of structures subjected to complicated excitations in recent 

years. Design procedures are also being affected by random 

vibration studies, even though structural designers do not 

usually use probability theory explicitly. For example, 

wind forces may include gust factors which result from pro¬ 

bability theory, and earthquake analysis may be done by us¬ 

ing a pseudo-earthquake which is a segment of a specially 

generated random process. 

Many problems of engineering importance, such as res¬ 

ponse analysis of structures under earthquake excitation 

involving yielding and large deflections, can be modeled as 

nonlinear random vibration problems. But, so far, only for 

non-yielding linear systems has the theory been well devel¬ 

oped. Knowledge about yielding system behavior is, 

naturally, much less abundant than for linear systems. In 

fact, no exact analytical results have been obtained for 

yielding systems. The exact methods most commomly used for 

linear systems involve use of Duhamel convolution integrals 

or Fourier transforms. Thus, these two methods are based 

on superposition in the time domain and frequency domain, 

respectively, so are not directly applicable to nonlinear 
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systems. Another exact method is based on the Fokker-Planck 

equation for diffusion of probability with passage of time. 

This general procedure is also appropriate to nonlinear sys¬ 

tems, but as yet no exact solution has been found for a 

Fokker-Planck equation appropriate to a yielding oscillator. 

The response of nonlinear systems to random excitation 

is a much broader and more complicated subject than is the 

response of linear systems. Due to the limited scope of the 

exact results, various approximate analytical methods for 

nonlinear hysteretic systems have been tried. One approach 

involves finding an approximate equivalence between the non¬ 

linear system and some linear system,. so that the statistics 

for the linear system can be used as approximations for 

those of the nonlinear system. The most common such method 

is the extension of the well known Krylov-Bogoliubov tech¬ 

nique to problems with random excitation, as adapted by 

„ fc (2) 
Caughey. 

(14) 
Another equivalence approach approximates the non¬ 

linear hysterectic system, not by a linear system, but by 

a nonlinear non-hysteretic system for which statistics of 

(3) response can be found from the Fokker-Planck equation. 

These statistics have been found only for stationary res¬ 

ponse, however. 

Bilinear hysteresis has been the most widely studied 

type of hysteretic nonlinearity. Fig. 1 shows a plot of 
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restoring force versus displacement (or restoring moment 

versus angle) for a bilinear hysteretic system. The popu¬ 

larity of this system is no doubt due to its inherent sim¬ 

plicity, since the nonlinearity is completely characterized 

by two parameters   yield level and slope ratio. At least 

two fairly extensive analog computer studies of the sta¬ 

tionary random response of the bilinear hysteretic oscilla¬ 

tor have been conducted. The empirical results of 

these studies can be used to test the accuracy of approxi¬ 

mate methods applied to this one particular type of yielding 

system. 

Two different approaches have been used to obtain re¬ 

latively simple results which fairly accurately predict the 

stationary rms response levels of bilinear hysteretic os¬ 

cillators. Kaul and Penzien obtained an approximate solu¬ 

tion to the nonlinear stationary Fokker-Planck equation, by 

approximating that equation by an "equivalent" linear equa¬ 

tion. Lutes and Takemiya obtained similar results 

by adapting Karnopp's power balance method. ^^This • 

latter method is based on the exact balance between energy 

addition and energy dissipation in stationary response, but 

approximations are required in order to solve for rms res¬ 

ponse in this way. 

A two mode linear model has been used to approximate • 

the power spectral density (psd) function for Single Degree 

(15) 
Of Freedom (SDOF) bilinear hysteretic systems. The re- 
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suits were quite satisfactory for a severely nonlinear sys¬ 

tem. The only two parameters used in attempting to fit the 

empirical psd curve by this model were the damping values in 

the two modes, the natural frequencies of which were based 

on limiting small-amplitude and large amplitude behavior of 

the bilinear system. 

The transient buildup of response is probably more im¬ 

portant in earthquake engineering than is stationary res¬ 

ponse motion, but little work has been reported applying 

equivalent linearization to this aspect of the problem. 

Hudson’s'1 * work belongS'to this field but his investiga¬ 

tion was limited only to giving a crude estimation of the 

equivalent viscous damping representing hysteretic energy 

(19) dissipation. Shah has predicted fairly successfully the 

buildup of rms response levels for the bilinear hysteretic 

SDOF system by using a variable coefficient "equivalent” 

linear system where the coefficients at any instant of time 

depend on the response levels at that time. This procedure 

involves more tedious numerical calculations than are re¬ 

quired for the simpler method of predicting stationary rms 

response. The method could be applied to any SDOF system 

for which stationary response levels can be predicted. Ap¬ 

proximation of a yielding system by an "equivalent" constant 

coefficient linear system certainly leads to a simpler model 

for predicting nonstationary response. It has been shown, 

however, that no constant coefficient linear SDOF system can 
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adequately approximate the nonstationary behavior of some 

SDOF yielding systems 5*^ 

One other elaborate approximate technique developed by 

(22) 
Wen ' has the capability of predicting rms and psd values 

for hysteretic systems with considerable accuracy. This 

technique is based on numerically approximating the solution 

of the nonlinear Fokker-Planck equation. Wen has also suc¬ 

cessfully applied the method to predict psd as well as both 

stationary and nonstationary values of rms response for cer- 

(23) 
tain third order SDOF hysteretic systems. 

1.2. Object and Scope 

(20) 
Takemiya has found that two systems having approxi¬ 

mately the same psd of stationary response will also have 

similar buildup of rms response. Thus, it would appear to 

be worthwile to seek simple linear models which approximate 

the response psd of a yielding system, then investigate the 

rms buildup of these systems. 

The objective of this investigation is two-fold: first, 

to find a linear system with a response psd curve nearly 

equivalent to that of a bilinear hysteretic system in sta¬ 

tionary random motion when subjected to a stationary Gaus¬ 

sian white noise excitation; secondly, to check this "equi¬ 

valent" linear system to see whether it is also able to pre¬ 

dict the transient responses of the original system. 
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Two typical bilinear hysteretic systems for which ex¬ 

perimental results are availableare considered here. 

One system has the slope ratio .between post-yielding and 

pre-yielding stiffness as <* = 1/2; and the other has a » 

1/21. In this thesis, the former system will be referred! to 

as the moderately bilinear hysteretic system and the latter 

as the nearly elasto-plastic hysteretic system. 

One linear system considered herein is the third-order 

linear system which results from replacing the Coulomb sli¬ 

der, in the mechanical model for bilinear hysteresis, with 

a linear viscous dashpot, as shown in Fig.3 . The general 

characteristics of the psd curves for these third-order 

linear systems can be shown to be the same as those observ- , 

ed empirically for SDOF bilinear hysteretic systems. How¬ 

ever, the bilinear hysteretic system has been shown to dis¬ 

sipate less energy per unit time at a given response level, 

than does this third-order linear system having the same 

average frequency. Thus the linear system can be chosen 

to match both the power-balance and average frequency of the 

nonlinear system only if at least two parameters are free to 

be chosen on the basis of equivalence. This average fre¬ 

quency is an important measure of the shape of the psd curve 

(in fact it is the ratio of two of the moments used by Van- 

marcke^^ to characterize the curve). 

Two ways of choosing parameters of the third-order 

linear system are discussed in this study, One method in- 
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volves choosing two damping factors, while other factors are 

kept the same as those of the bilinear hysteretic system. 

Matching the response of the hysteretic system in this way 

sometimes involves giving one of the two damping factors a 

negative value. This fact can be intuitively explained in 

terms of maintaining the proper energy balance when a Cou¬ 

lomb slider is replaced by a viscous dashpot, which is a 

more efficient dissipator of energy. The other procedure 

involves choosing one damping factor and one spring stiff¬ 

ness for equivalence, rather than two damping factors, and 

both the damping factor and spring stiffness so obtained 

have positive values. Thus, this latter approach avoids the 

awkwardness of having a negative dashpot, which does not 

correspond to any passive physical element. 

A two mode linear model, in which the two equivalence 

parameters are the damping values in the two modes, is also 

discussed here. The psd curves of this two mode linear sys¬ 

tem have already been shown to compare quite satisfactorily 

with those of the bilinear hysteretic system for a severely 

nonlinear situation. (^-5) 

1.3. Outline 

Chapter II presents the derivation of the harmonic 

transfer function and mean squared responses for the third- 

order linear system. The power spectral.density function of 

this system is plotted for situations where the linear sys- 
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tem parameters have been chosen to match the mean squared 

reponses of the system to those of the bilinear hysteretic 

system. The same thing is done for a two mode linear system. 

Comparison of the psd of these systems with that of the 

original bilinear system is made to check for equivalence 

between the systems". 

Computation of the buildup of rms response for either a 

two mode linear system or a third-order linear system is 

simple, so that comparison of this statistic with the em- 

(19) 
pirical data obtained by Shah 'for the bilinear hysteretic 

system poses no difficulty. These results are presented in 

Chapter III. 

Chapter IV gives a summary and some conclusions drawn 

from the investigation reported herein. 
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CHAPTER II. STATIONARY RESPONSE 

2.1. Introduction 

2.1.1. Equivalent Linearization Concept 

Because exact solutions are very difficult, or impos¬ 

sible, to obtain for a nonlinear problem, most attention has 

focused on seeking approximate analytical solutions to such 

problems. The idea of seeking an approximate solution by 

finding an equivalence between linear and nonlinear systems 

was first presented by Jacobsen (9) j.n 1930. He equated the 

work done at the end of every cycle by a hysteretic force 

and by the "equivalent” viscous damping. The use of 

equivalent linearization schemes may be separated into two 

broad categories. First, if one can find a linear system 

which has approximately the same response to the same ex¬ 

citation as the experimental results for a nonlinear system, 

then this linear system may help one interpret the effects 

of the nonlinearity. This is because the dynamic properties 

of linear systems are simpler and more widely known than are 

those of nonlinear systems. Secondly, if the parameters of 

a linear system can be chosen without first knowing the 

dynamic response of the nonlinear system, then this linear 

system can be used to predict the nonlinear system respons- • 

es. Equivalent linearization is used herein in a way some¬ 

where between these two categories. Certain empirical re¬ 

sults are used to determine the equivalent linearization 
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parameters, then the linear system is used to predict levels 

of other measures of response. The validity of the approach 

is tested by comparing these latter predictions with empiri¬ 

cal data also. 

The simplest measure of any random variable is the mean 

level, but it does not tell anything about variability of 

the quantity. In fact, in the present study the mean levels 

of both excitation and response are zero. Another simple 

measure is the mean squared level of a variable. If the 

variable has zero mean, then the mean squared level coin¬ 

cides with the variance of the variable. Thus, the standard 

deviation (square root of variance) tells how much a random 

variable varies from its mean. For a normal variable, know¬ 

ledge of mean level and mean squared level is sufficient to 

completely determine the probability function of that vari¬ 

able. 

Equivalence between linear and nonlinear systems is 

generally sought by leaving some parameters of the linear 

system free to be chosen to match some measures of the non¬ 

linear system. Actually, perfect equivalence is impossible. 

Some studies have matched only one response measure, while 

others have matched two. Note the situation where the ex¬ 

citation considered is normal and the response considered 

is stationary with mean zero. Then the joint probability 

distribution of displacement and velocity response at any 

single instant of time is completely determined by only two 
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parameters (response measures), namely ax and <n . This 

conclusion follows from stationary displacement and velocity 

being jointly normal and uncorrelated, and therefore in¬ 

dependent . Note that it is impossible to use equivalent 

linearization to predict or match a nonnormal response of a 

nonlinear system with a normal excitation. 

As a next step beyond rms displacement and velocity 

matching, it is reasonable to attempt to match the joint 

behavior of response at two different times, i.e. response 

autocorrelation function. However, power spectral density 

gives the same information as stationary autocorrelation 

since they are a Fourier transform pair. Since directly 

measured empirical data are available for stationary res¬ 

ponse power spectral density of nonlinear systems, these are 

used in this study. A frequency domain analysis using the 

power spectral density is very convenient for stationary 

motion, hence, the power spectral density is widely used to 

describe stationary response of nonlinear systems. Also, a 

time-dependent spectral density has been used to compute 

first-passage probability/"*^ In addition, Takemiya^^ has 

found that two systems having approximately the same psd of 

stationary response will also have similar buildup of rms 

response. 

Note that matching the response power spectral density 

of two systems implies matching rms response levels also. 

This follows from the fact that mean squared displacement 
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response is the area under the power spectral density curve, 

while mean squared velocity is related to.the second moment 

of that area. Further note that, in general, a more com¬ 

plicated linear model will be required to match power spec¬ 

tral density with a nonlinear system, than to match only rms 

displacement and velocity. 

2.1.2. Bilinear Hysteretic System 

The nonlinear system considered here is the bilinear 

hysteretic system which is shown in Fig.2. The equation of 

motion for this system can be expressed as 

where <y0 is small amplitude undamped natural circular 

frequency, 

= C/2m û>Q, small amplitude fraction of critical 

damping, 

0 (X) is a nondimensionalised bilinear hysteretic 

restoring force as shown in Fig. 

F(t) is the excitation. 

In this study, the only excitation considered is Gaussian 

white noise with power spectral density 

m*x+Cx+k0( x) = F( t ) 

or 

(2-1) 

for all (o (2*2) 
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Note that this is equivalent to a one-sided power spectral 

density of SQ for oi>0 . 

For the bilinear system, the yield level Y is treated 

as the principal independent variable. Thus, given a yield 

level, one can obtain mean squared values of both displace¬ 

ment and velocity of the bilinear system from empirical re¬ 

sults. Table 1 presents some data which were read from 

curves presented by Lutes/**"^ for rms response versus yield 

level. In the table, the terms a % , ai/ato and Y are all 

2 2 3 
normalized by dividing by N, where N = 2SQ/m (t)Q . This 

normalization factor is like a measure of the effective am¬ 

plitude of the excitation force divided by the small-dis- 
2 

placement spring constant, ma>Q. Normalized in this way, 

the yield level and response levels are nondimensional and 

the results presented can be used for any level of excita¬ 

tion of the bilinear system with the given value of a . 

The parameters of the equivalent linear systems considered 

here will be chosen to match the normalized rms values of 

both displacement and velocity of the bilinear hysteretic 

systems which are given in Table 1. 
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a iSo Y/N ff«/N O x /û)oN 

0.30 32.7 8.02 

0.74 14.356 3.52 

1.10 9.79 2,73 

1/21 0 1.50 8.25 2.40 

1.90 7.60 2.31 

3.00 6.30 2.60 

5.90 6.49 3.94 

1.10 6.27 4.455 

1.90 4.56 3.386 

1/2 0 3.00 3.90 3.24 

4.50 4.095 3.66 

5.90 4.484 4.18 

Table 1 

2.2. Third-Order Linear System 

2.2.1. Description of The System 

A physical model for the third-order linear system 

which is considered herein is shown in Fig. 3. The obvious 

difference between the bilinear hysteretic system, which is 

shown in Fig. 2, and the third-order linear system is that 

the Coulomb slider is replaced by an additional viscous 

damper. In addition to linearizing the nonlinear slider, it 

will be found to be necessary to modify the value of at 

least one other parameter in the linear system in order to 

find acceptable equivalence to the bilinear system. The 
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governing equation of motion for the third-order linear sys¬ 

tem can be expressed as 

mx+CiX+kiX+ k2(X—Z )=F( t ) 

(2*3) 

C2Z=fc2 ( X-Z ) 

where X and Z are the displacements of the mass and across 

the Cg damper as indicated in Fig. 3* Particular choices of 

the parameter values so as to match some measure of the res¬ 

ponse of (2.3) with the corresponding measure for some 

particular nonlinear system will be discussed later. In¬ 

tuitively, one can recognize that this system with Cg ~>00 

and k^ + k2 = k, corresponds to the original system with 

Y —» oo, both giving a second order linear system with a 

stiffness k. Similarly, the original system with Y —* 0, 

corresponds to the new equivalent linear system with Cg”"* 0 

and —► a k, both giving a linear system with the reduced 

stiffness ak. 

It is convenient to rewrite Eq.(2.3) in terms of the 

following parameters: 

(2-4) 

■ = (O 2 
2 (2-5) 

m 
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(2-6) 
m 
- = 2<y x^31 

r = (!) 0v^2 

k: 
(2-7) 

where an is the undamped natural frequency when C2 = 0, 

on is a measure of the increase in frequency due 

to k2, 

is the fraction of critical viscous damping 

when Cg = 0, and 

r is a dimensionless measure of the additional 

damping due to C2« 

Then Eq.(2.2)' becomes 

x +2/3ieuix + oui x+<yl (X—Z) 

x=— z+z 
0)0 

F ( t ) 
m 

(2*8) 

The response of the system governed by Eq.(2.8) can be ob¬ 

tained by using the harmonic transfer function of this sys¬ 

tem. This transfer function is 

\m\: 

1 +W2(_L_): 
<M0 

m2 { O? <o2 ( ))2+<w2 ( 2fila)l+a>l—+a)l — - oo2-!]2} 
(OQ OJQ 0)Q OJQ 

(2-9) 
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The procedure to obtain this transfer function is illustrat¬ 

ed in appendix A. 

The power spectral density, S^(û>), of the response of 

such a linear system is given by 

SX(û> ) = l H(û> )| 2 SF(o> ) (2-10) 

where SF(o> ), which is equal to SQ/2, is the power spectral 

density of the excitation. 

2.2.2. Mean Squared Levels 

The mean squared response value can be obtained by in¬ 

tegrating the power spectral density of the response. 

•oo 

ECX
2
3 

■1 

x2) =[ 
«/•< 

OO 

oo 

Sx(<0 ) da» 

<w2Sv( (0 ) dey 

(2-11) 

(2* 12) 

However, it is generally easier to find the mean squared 

levels directly from Eq.(2.8), by the technique presented in 

Appendix B. The results are . • 

^SoCi+2iSi^+^C-^)2] 
EOT=  

m2(of {^0
û>i+ 2A(0i (1+2^4 C^2 +^2(^ 

(2*13) 

31 So ci+2^lû>4+u>f(4)2-Hyi(4)2) 
ECX2) = -   —  (2*14) 

m2{tt)4+2^1û>1ci+2^^i^+<ü?c4-)
2
+û>i(4-)2)} 
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2.2.3 and C2 Chosen for Equivalence 

One obvious way to make the third-order linear system 

resemble the bilinear hysteretic system is to choose the 

spring stiffnesses the same in the two models. 

k± - a k (2 -15) 

k2 - (1 - « ) k (2* 16) 

Obviously this also gives 

oi\— occol ( 2 • 17) 

<*>% = C 1—(2* 18) 

If one fixes the two stiffnesses in this way, then it 

is necessary to choose both and C2 ( and r) on the 

basis of matching the mean squared response to that of the 

yielding system, since it is desired to match both mean 

squared displacement and velocity. The harmonic transfer 

function can be written as 

1HH| 2  
1+•'<-£>* 

pVSft+r-r (j^)2]2} 
(2*19) 



and the mean squared responses are 

E CX23= 7rS o C l-HJySjS x T-\-OC r2) 
1—ür)r+2v^3x(l+2i/5j9ir+r2)J 

(2*20) 

. ^S0(l+2yâ/5xr+r2 ) 
ECX2] =  (2*21) 

m2(o0 1—a) r+2yâj9x( l+2-i/â^xr+r2)] 

Solving equations (2.20) and (2.21) for and r gives 

7t+J x M lc ^KCoK+1 ) ( ECx^); 
K+l N2 

r = 
«KOK+1 ) E(x!) 

( 2 *22) 

K+ 1 N! 

or 

C 2 • 23) 

fit = 
1 

2 <fcT 
( (2-24) 
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where 

K = 
9 9 

(O o — (Og 

0)1 — Ota>0 
(2*25 ) 

0)1 EC kn 
ECx2} 

c 2 • 26) 

Note the two limiting cases corresponding to infinite 

and zero yield level in the bilinear hysteretic system. 

2 2 When Y —* oo , <o —*• <y so K —* 0 and r —>oo , or C„—»oo. 
cl O éù 

When Y —* 0, so K—>OOand r —> 0, or C9-»0, 

Thus the linear third-order system does reduce to the ap¬ 

propriate second-order system in these two situations where 

the bilinear system reduces to a linear second order system. 

Table 2 gives values of r and ft ^ calculated from Eqs. 

(2.22), or (2.23), and (2.24) matching the empirical data 

for mean squared response of the bilinear system with no 

viscous damping (Table 1). Note that if one considers the 

excitation level N to be fixed, then r increases monotoni- 

cally as Y increases, for either oc value. Thus a Coulomb 

slider with a larger restoring force capacity in the bili¬ 

near hysteretic system corresponds to a larger Cg dashpot, 

giving a larger restoring force in the third-order linear 

system also. 
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a a,/Y Y/ N r 0i 

1/21 

109 0.30 0.475 -0.949 

19.4 0.74 0.488 -0.683 

8.9 1.10 0.725 -0.742 

5.5 1.50 0.817 -0.600 

4.0 1.90 0.899 -0.559 

2.1 3.00 1.360 -0.683 

1.1 5.90 1,833 -0.857 

1/2 

5.7 1.10 0.140 -0.007 

2.4 1.90 0.471 -0.042 

1.3 3.00 1.039 -0.082 

0.91 4.50 1.549 -0.088 

0.76 5.90 2.071 -0.082 

Table 2 

A possibly disturbing observation is that the damp¬ 

ing factor in Table 2 always comes out negative^implying 

that is negative. Of course there is no physical passive 

dashpot which has a negative damping value. Note that all of 

the data presented is for the bilinear hysteretic system 

without viscous damping (jQ0=0). Thus the combined energy 

dissipation of the and C2 dashpots in the third-order 

system must match the hysteretic energy dissipation in the 

bilinear system. When the C2 dashpot is given a value which 

matches the average frequency of the third-order linear sys¬ 

tem to that of the bilinear system, one finds that C2 dis¬ 

sipates more energy than does the bilinear hysteretic 
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element. Thus must be negative to match the total energy- 

dissipation in the two systems. Stated another way, the Cg 

dashpot dissipates energy more efficiently than does the 

Coulomb slider in random motion, so a compensating source of 

energy (the negative dashpot) must be provided. If some 

viscous damping is introduced into the bilinear hysteretic 

system ( /9o>0), then is sometimes positive* but it is 

always smaller than 

2.2.4 Cg and kg Chosen For Equivalence 

Consider an alternative choice of parameters in the 

third-order linear system. Since there is one spring and 

one dashpot directly connecting the mass to "ground" in both 

the bilinear and the third-order systems, there is an ob¬ 

vious logic in giving these parameters equal values in the 

two systems: 

kx -a k (2-27) 

Cx = C (2-28) 

This gives 

<o\ - a CD§ (2*29) 

2 x<Wi = 2/30û>0 C2«30) 

and the parameters r and o>g must be chosen to match mean 

squared displacement and velocity to the levels observed 
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for the bilinear system. 

The harmonic transfer function is now 

l+C-jf-)2 r2 

|HN)|^=   (2-31) 
m’a* { C«-(^a+2^r)]!+(^)2 C2/ft»+«ri-r(^-)2-r(f-)2]2} 

and the mean squared responses are 

ECX2]=- TTSOC l+2$jr+«r2) 

m2(i)§a{<4zr+2Poa>o C l+2^0 r+ar 2-Hu2 (-;£-)2]} U/Q U/Q 

(2*32) 

ECX23 = 
tfSo Cl+2/3or+ar2+û>K-f323 

wQ 

m2{û>|JL-|_2iQ0ûJo CH-2/3or+ar2-HwiO~-)2]} W0 

(2» 33) 

2 . 
Solving equations (2.32) and (2.33) for r and <*>2 Sives 

2 aQ E Ç x2 3 
N2 

r = 
7C~~* 4&j9o C Q "hi ) EÇx23 

N2 

(2-34) 

or 

2 Q EÇx23 
û»0

2
N

2 

r = F r* v2 'i 
(Q+DC*-4i8tiiilJ 3 

( 2 • 35 ) 

(Oô ?N2 

23 



( 1 + 2 j90r + ar2 )Q 
(Oo (2 «36) Ü) 

2 
2 r2 

where 

Q = 
(Ji\ — CC(t) l 

(XO) o' 
( 2 • 37) 

2 2 
Table 3 gives values of r and 2^0 ca^cula'te<i from 

equations (2.34), or (2.35), and (2.36) matching the em¬ 

pirical data for mean squared responses of the bilinear 

hysteretic system (Table 1). Note that if one considers the 

2 
excitation level N to be fixed, then both r and general¬ 

ly increase as Y increases for either & value. The only 

exception is when Y is very small. 
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a <r./Y Y/N r 0)\ /(Do 

1/21 

109 0.30 8.531 0.016 

19.4 0.74 1.640 0.110 

8.90 1.10 1.839 0.216 

5.50 1.50 1.604 0.339 

4.00 1.90 1.646 0.391 

2.10 3.00 3.100 0.391 

1.10 5.90 8.606 0.412 

0.57 30 229.933 1.236 

1/2 

5.70 1.10 0.121 0.661 

2.40 1.90 0.680 0.274 

1.30 3.00 1.841 0.302 

0.91 4.50 3.190 0.357 

0.76 5.90 4.723 0.402 

Table 3 

2.3 Two Mode Linear System 

The idea of approximating the response of a bilinear 

hysteretic system by that of a linear system with two un¬ 

coupled modes of response has been suggested by Lutes 

In particular, he noted that the response power spectral 

density for the bilinear hysteretic system seems to be the 

sum of a high frequency contribution with maximum near at Q 

and a low frequency contribution with maximum in the range 

from a <o to zero. A system with two uncoupled modes 

of vibration is a fairly simple linear model which would 
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have a somewhat similar response power spectral density. 

By neglecting correlation between the two modal responses of 

such a system, one can compute total power spectral density 

and mean squared levels of response by first computing the 

contribution of each mode, then summing. 

The linear system chosen has one mode with resonance 

frequency at <yQ and damping factor and another mode 

with resonance frequency at ot^f^ Q)Q and damping factor 

From Ref.15, by neglecting correlation between the two modal 

responses, the power spectral density of the Siam of the 

modal responses can be written as 

The damping factors and ^ are chosen so as to match 

mean squared responses of the bilinear hysteretic system. 

This gives a simple method to evaluate and From 

Ref.15» the damping factors are given as 

«( 2&— )*3-‘ c 2 • 38 ) 

JfSo (1 —«) 

4m2£wo C<n* — <rx
z ) (2•39) 
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 K So (1 —a )  

4m2û>o x 3^2 (woo*2— ai2 ) 

The values found for and jSg of the two mode 

x/Y Y/N 

Resonant Frequency Damping Factor 

a 
Mode 1 Mode 2 *1 ^2 

5.7 1.10 
  

«1/2 
or a>Q 2.061 0.057 

2.4 1.90 
®.Q 

«1/2 a a>o 0.368 0.119 

Vz 1.3 3.00 û* o 
1/2 
a cu0 0.136 0.236 

0.91 4.50 (0 o 
1/2 
a a»o 0.078 0.329 

0.76 5.90 "o 
a1/2 a (oQ 0.053 0.422 

19.4 0.74 & o a a>0 0.290 0.372 

8.9 1.10 0)Q «1/2,o 0.259 0.814 

1/È1 
5.5 1.50 "o 0.297 1.155 

4.0 1.90 0)o «1/2«*o 0.289 1.373 

2.1 3.00 (O o «1/2»o 
0.154 2.186 

1.1 5.90 wo «1/2,c 0.055 2.706 

Table 4 

linear system for several representative cases are given in 

Table 4. One notes from this Table that when the yield 

level increases, the damping value of the high frequency 

mode increases. 

2.4 Comparison With Empirical Results 
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For a linear system the power spectral density of the 

response is directly related to the excitation power spectral 

density by the transfer function of the system, Eq.(2.10). 

Thus, one can obtain the absolute value of the transfer 

function of a linear system by measuring power spectral 

density when the system is subjected to some random exci¬ 

tation. From Eq. (2.10) 

to present the empirical power spectral density of the res¬ 

ponse of bilinear systems. Since it is desired to use these 

empirical results as the basis for comparison of the equi¬ 

valent linear systems, the linear results will also be pre¬ 

sented in the same form. 

The power spectral density function of each of the 

equivalent linear systems derived above will be investigated 

for the case of no viscous damping in the bilinear hystere- 

tic system, i.e. ($Q = 0. Figures 4-13 show some re¬ 

presentative cases for the nearly elasto-plastic hysteretic 

system and figures 14 - 18 show some cases for the moderate¬ 

ly nonlinear hysteretic system. In the figures, curves A 

represent the empirical results of the bilinear hysteretic 

system, curves B represent the third-order linear system in 

which two damping factors are chosen as parameters, curves 

C represent the third-order linear system in which one damp- 

C 2 • 40 ) 
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ing factor and one spring stiffness are chosen as parameters, 

and curves D represent the two mode linear system. 

From the charcteristic of the curves in figures 4-18 

and Eqs. (2.19) and (2.31), it appears that the two limiting 

conditions of the response of the third-order linear system 

are the same as the response of the bilinear hysteretic sys¬ 

tem. These limiting cases are: 

1. when a) —► 0 then m ce#^ I Sx( a> )/Sj,( <o )-»l/a for all 0%/Y 

In general, all three linear systems have similar shape 

of power spectral density function to that of the bilinear 

hysteretic system. For the nearly elasto-plastic hysteretic 

system, a = 1/21, it seems that the two mode linear system 

gives a somewhat better approximation than do the third- 

order linear systems. In particular, in those situations 

where there is a well defined peak for at — CD^ (Figs. 12 and 

13), one can see that the third-order linear systems have 

this peak at a frequency which is too low, while there is no 

significant difference between the two mode linear system 

and the bilinear hysteretic system. Furthermore, comparing 

the two third-order linear systems, the one in which the two 

damping factors are chosen as parameters is better than the 

other, in which one damping factor and one spring stiffness 

are chosen as parameters. On the other hand, for the 

moderately nonlinear hysteretic system (Figs. 14 - 18), the 

2. When (o —»oo then 
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third-order linear systems are better approximations than 

the two mode linear system. Both the nonlinear system and 
i 

the third-order linear system have only a single peak in the 

power spectral density, and the frequencies of the peak are 

in good agreement. The height of the peak is a little too 

great for the third-order linear systems, particularly for 

the system with one damping and one spring stiffness chosen 

as parameters. Except for this peak height and a small 

variation in the low frequency range, the two third-order 

linear systems have almost exactly the same power spectral 

density. Note that the two mode linear system, which worked 

well for the nearly elasto-plastic system, does not match 

the power spectral density of the moderately nonlinear sys¬ 

tem at all well. 

Another third-order linear system in v/hich different 

parameters are chosen was also considered during this in¬ 

vestigation. This system has k^, k^ and the same as in 

the bilinear hysteretic system and the additional damping 

is chosen as r = ( j9i + \/j9î+K)/ tfctK to match observed aver¬ 

age frequency, from Eq. (B.30) in appendix B. In this study, 

only the case of no viscous damping in the bilinear hystere¬ 

tic system is considered. Hence, 1 ~ Q ~ ® makes 

r = 1/V« K. The other parameter necessary for matching ob¬ 

served response levels was chosen to be a scale factor 

multiplying the excitation level of the third-order linear 

system (a factor greater than one). This system was found 
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to be worse than either of the third-order linear systems 

considered above, although the general shape of the power 

spectral density is, again, similar to that of a bilinear 

hysteretic system. 

The above conclusions can be summarized as follows. 

For the nearly elasto-plastic case, the two mode linear 

system is the best of the linear systems considered for 

predicting the power spectral density of stationary res¬ 

ponse for the bilinear hysteretic system. The third-order 

linear system with two damping factors chosen for equival¬ 

ence also gives fairly good predictions for this system. 

For the moderately nonlinear case, the third-order linear 

system in which two damping factors are chosen as parame¬ 

ters has the best prediction of power spectral density of 

stationary response, and the two mode linear system is 

clearly inadequate. If one must choose only one of the 

three linear systems considered here to predict the psd of 

any bilinear hysteretic system (any oc )t then the third- 

order system with two damping factors chosen for equival¬ 

ence would be the best choice. 
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CHAPTER III. TRANSIENT RESPONSE 

3.1. Introduction 

The previous chapter presented several equivalent 

linear systems for the bilinear hysteretic system in sta¬ 

tionary state motion. When one is concerned with the struc¬ 

tural response due to earthquake motion, it should be noted 

that structures usually begin to vibrate from an initial 

state of rest. Although the main part of an earthquake ex¬ 

citation might be considered as a stationary Gaussian pro¬ 

cess, it is generally of relatively short duration. Hence, 

from the structural design point of view, the most signi¬ 

ficant portion of structural response may be in the transient 

buildup time before reaching stationary state motion. 

The usual procedure for finding transient response is 

to use the impulse response function of the system. For a 

linear system subjected to a Gaussian white noise excita¬ 

tion, F(t), the transient response is 

X( t ) = J t h( r ) F(t - r ) dr ( 3 • 1 ) 

and the mean squared transient responses are 

where h(t) is the impulse response function of the system. 

32 



3.2. Third-Order Linear System 

3.2.1. Mean Squared Levels 

The impulse response function is defined such that if 

the excitation is F(t) = d (t) (Dirac delta function) 

then the response is X(t) = h(t). To find the impulse res¬ 

ponse function for the third-order linear system governed 

by Eq. (2.8), assume that 

X(t) = e~X t (3*4) 

Z(t) = A e" (3*5) 

where 

A cubic equation is obtained by substituting these equa¬ 

tions into the governing equation, (2.8), of the system. 

The cubic equation is 

<*>0 & 0 0)0 (Oo 

(oî— 0 (3-6) 

The three roots of the equation above are generally one 

real number and two complex conjugate numbers. Because the 
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response must decrease while time increases after the system 

is subjected to an impulse excitation, the impulse response 

function must be in the form 

- X _t - X.t 
h(t) = BQe + e (B^ sin<y t + B2 cosa>t) (3*7) 

where X Q, X ^ are positive real numbers, and x Q> X ^ ± i<y 

are the solutions of equation (3.6). 

From Appendix C one can find coefficients, Bq, B^ and 

Bg, by using the boundary conditions that initial displace¬ 

ment and velocity are zero and 1/m, respectively. These 

coefficients are 

B o 

B 
1 

1 
r 
0)0 

Xo 

m——CC ^ o ~ ^ i )2 + û>2 } 
0)0 

Oo“”^i)(l"“ ~ -Î 1 ) + —- Ù)2 
0)0 0)0 

m<a~ C C — -l i )2 + <i>2 ) 
0) 0 

-1 + — X 0 
0)0 

mJL c (x0 - Xi )2 + o>2 } 

(3-8) 

(3.9) 

(3*10) 

Now, mean squared transient response can be obtained by 

integrating the square of the impulse response function, 

which is shown in Appendix D. Mean squared transient dis¬ 

placement is 

E (X2( t )3 = 27T So {-— ( 1— e ~2^ot) 4 
B\+B\ , ,_„.2Xtt 
“Hi 

) 
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e-(J<rh*01 r-rXo+ZOsinm — £ÜCOSÛ>0 -+<M 
+2B

°
BIc ÔÏW  

. _ D [VüSinû>t—C^o+^i) cOs<ot]+C^0+^x) ^ 
+ 2-D0-D2 C 71 . 5 N 2_i_/ t2 J 

(XO+AI)2+û>2 

„ „ „ e"2^l1: f—^!sin2û>t—WîCOsû/tD + û>^ 
+B,Bî C 2C«+«.») 3 

. ma aa>ar
e'2X'1 C ®Sin2fflt - Xi C0S2<Ut] + X, 

+(SI-
B
DC ;-(Tt+««) 3> C3.u; 

and mean squared transient velocity is 

ECX2]= 2TCSO {-^Cl-e"2^ot)+^i^-(l-e"2;it; 
2 A o 4/1 

, ^ r C-(^o+^i)sin<wt—«cosû^t] +o) ^ 
+2DoDl C ÔMT7)3 

, ^ ^ r e^^^Osinwt— (i0-Mi>»sa>t] +(^o+^iX 
+2D0D2 C 71—n2 1—2 J 

e“2^it 
■+D1D2 £  

£—X isin2û>t—û>xcos2cyt] -Hxi 

icJFSô 

e“2^it 
-K D!-DÎ)E  

C<wsin2cot—^iC0s2n>t] -M 
(3*12; 
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wtære (3*13) 

D1 - -<B2" + B1 V (3*14) 

D2 ~ 
<uBl ** ^ 1B2 (3«15) 

3.2.2. and Cg Chosen For Equivalence 

Note that the impulse response function and mean squar¬ 

ed transient responses in equations (3.7), (3.11) and (3.12) 

are written in terms of the solutions of the governing cubic 

equation (3.6), but do not explicitly involve the basic • 

parameters of the system (k^, kg, and Cg or a> <Wg, 

and r). Thus a particular choice of the basic parameters 

only affects Eq. (3.6). When k^ = ak and kg » ( 1 - )k, 

Eq. (3.6) becomes 

The parameters, r and in the above equation will 

be found from Eq.(2.22), or (2.23), and (2.24) to match the 

empirical values of the stationary mean squared responses 

of the bilinear hysteretic system as in Chapter 2. Before 

using (3.11) and (3.12) to find mean squared transient res¬ 

ponses of the system, the most important thing is to solve 

the cubic equation. This could be done completely analy- 

— — /l3+(l+2 J~cT fill} l*—{ 2 V'«’j8iû>o + r<üo ) t+(Xa>o = 0 
0)0 

(3*16) 
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tically, but it seems simpler to use trial and error to ob¬ 

tain the real x Q- Then the cubic equation can be reduced 

to a quadratic by dividing by ( X - x Q) and this equation 

can be solved for the complex roots, x ^ ± i*0 • After 

these roots are obtained, the transient responses can be 

found step by step from Eq. (3.8) to (3.12). 

3.2.3. C2 
anc* k2 Chosen For Equivalence 

When and C^ * 2m (oQ, the governing cubic 

equation becomes 

—— X 3 + (l+2$>r ) X*—C 2fio<oo +^r<oo4"“—-<u2 ) 1+ ctcol = 0 
0)0 0)0 

(3-17) 

2 
The value of r and o> 2 will be found from Eqs.(2.34), 

or (2.35), and (2.36) to match mean squared stationary 

responses of the bilinear hysteretic system. Then, one can 

find the mean squared transient response of this third-order 

linear system by using the same procedure as described in 

section 3.2.2. 

3.3. Two Mode Linear System 

Consider a single degree of freedom system subjected 

to Gaussian white noise excitation governed by 
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(3*18) X + 2&<»eX+û4X= 0 

For the system with damping factor, less than one, the 

mean squared responses are 

ECX2I! = 
jrSo 

4j3e<y3e 
Cl~e" 

2^e(Ue 

(O d 
sin 2<ydt-f 

(o\ 

sin2ooat ) 3 (3-19) 

EÇX2 3 = 
ÎT So „ -2/3eft>e 
 Cl-e 

'•'ecy e 
C 1— Sin2<tf<|t 

<l) d 

2/3| <ü« 

d)i 

sin2o>dt )3 

Where <ud = (o**j 1— /3| 

(3-20) 

For the system with damping factor greater than one, the 

mean squared responses are 

ECX23 = 
TTSO 

4/3 e 0) e 
Cl 

-2^e<We 
e ( l-t-— e.ai!smh 2ft>d t + 

(O d 0)1 

sinh 2a)dt ) 3 (3*21) 
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■Of'vrü'^ ÎT So r 2^e<Ue . fie (Oc . , . 2fi%0)\ ECX2^ = ~ c 1- e C 1—- sinh2û>d t H—^— 
4 fieùie (Od 0)\ 

sinh2<«dt )} (3-22) 

Where <oà — (oe*/ fi\ — 1 

The two mode model of Eq. (2.38) will be considered as 

a linearization by assuming that the absence of correlation 

between the modes also applies to transient responses. 

Thus, the total transient response is the sum of the mean 

squared responses of a high frequency mode, fi = and 

= at _, and a low frequency mode, fi = fi0 and co = aw . 

The damping factors fi^ and /3g are found from Eq.(2.39) 

to match the stationary mean squared responses of the bili¬ 

near hysteretic system. In using Eq.(3.19) to (3.22) to 

find mean squared transient responses of this two mode 

linear system, one must be careful to choose which equation 

to use according to whether the damping factor of each mode 

is greater or less than one. 

3.4 Comparison With The Empirical Results 

The mean squared transient displacement and velocity 

responses of the equivalent linear systems are investigated 
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only in the case of no viscous damping in the bilinear 

hysteretic system, i.e. ft - 0. The basis of comparison 

is the empirical results obtained by Shah^9)from ensemble 

averages, after integrating the bilinear hysteretic system 

step by step with a digitally generated white noise exci¬ 

tation. Figures 19-34 show some representative cases for 

both moderately nonlinear and nearly elasto-plastic hystere 

tic systems, where curves A represent the empirical results 

for the bilinear hysteretic system obtained by Shah,(^9) 

curves B represent the transient responses of the third- 

order linear system in which two damping factors are chosen 

for equivalence, curves C represent the third-order linear 

system in which one damping factor and one spring stiffness 

are chosen for equivalence, curves D represent the two mode 

linear system, curves E represent the equivalent constant 

coefficient second order linear system matching both dis¬ 

placement and velocity of the bilinear hysteretic system, 

and curves F represent an equivalent variable coefficient 

second order linear system. (Curves E and F, as well as A 

come from Ref.19.) 

In the equivalent constant coefficient second order 

linear system the values of equivalent damping and stiff¬ 

ness were chosen to match both the mean squared displace¬ 

ment and velocity of stationary response of the bilinear 

hysteretic system. In the equivalent variable coefficient 

second order linear system the parameters of equivalent 
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damping and stiffness at a given time were chosen at the 

levels appropriate to the amount of yielding taking place 

at that time. 

Comparing the transient responses of the bilinear 

hysteretic system with those of the various equivalent 

linear systems, first consider the moderately nonlinear 

system (a - 1/2). From figures 19-26, one notes that all 

the equivalent linear systems might be considered as ac® 

ceptable approximations to the moderately nonlinear system, 

although there certainly are discrepancies. Each of the 

constant coefficient linear systems has response levels 

which are too high for low yield levels, but too low for 

high yield levels, (Figs. 25,26). For predicting mean 

squared displacement response for intermediate yield levels 

(Figs. 21 and 23), the third-order linear systems seem to 

be somewhat better than the two mode linear system. An 

overall comparison of the curves shows that none of the 

constant coefficient equivalent linear systems is as good 

as the variable coefficient system. 

Considering next the nearly elasto-plastic hysteretic 

systems, one finds greater variations between the various 

linear systems, and a lack of regularity as to which linear 

system is the better approximation. When Y/N = 15.0, very 

little yielding takes place and all the constant coeffi* 

cient linearizations considered here give essentially the 

same transient response which is a reasonable approximation 
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to the bilinear hysteretic system. For lower yield levels 

there are significant differences between the linear systems. 

For predicting transient velocity response the two mode 

linear system seems to always be best, but both of the 

third-order linear systems are also better than the variable 

coefficient second order system. For transient displacement 

response the two mode linear system is better than the 

third-order linear systems, but surpasses the variable coef¬ 

ficient second order system only for Y/N = 2.0. 

One may summarize the results of all the transient res¬ 

ponse comparisons as follows. The third-order linear sys¬ 

tem in which the two damping factors are chosen for equi¬ 

valence is second only to the variable coefficient linear 

system for prediction of the transient response of the 

moderately nonlinear hysteretic system, although any of the 

equivalent linear systems is probably adequate. For the 

nearly elastoplastic hysteretic system, the two mode linear 

system is better than any of the other constant coefficient 

linear systems, and sometimes is even better than the vari¬ 

able coefficient second order linear system for predicting 

transient responses. 
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CHAPTER IV. SUMMARY AND CONCLUSIONS 

The basic purpose of this study was to seek a linear 

system with random response characteristics nearly equi¬ 

valent to those of a nonlinear system. Previous studies of 

this type have usually been limited to investigations of 

stationary levels of rms response, although preliminary in¬ 

vestigations of response psd and transient rms levels have 

been made. These earlier investigations have shown that a 

single-degree-of-freedom linear system with constant coeffi¬ 

cients is generally inadequate for matching either psd or 

transient response of a nonlinear system. This study in¬ 

cludes a fairly through investigation of both psd and 

transient response, using simple higher order constant 

coefficient linear systems to approximate the nonlinear 

system behavior. 

Two types of linear systems were considered for equi¬ 

valence in this study. One is a third-order system, and 

the other is a two mode (two-degree-of-freedom) system. 

The former system has mass, springs and dashpot similar to 

those of a physical model of the bilinear hysteretic system, 

but it also has an additional viscous damper replacing the 

Coulomb slider of the nonlinear system (to represent the 

hysteretic energy dissipation due to system yielding). The 

latter system, which has been previously suggested by 

(15) Lutes, . is a linear system with two uncoupled modes of 
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response; a high frequency mode with undamped natural 

frequency equal to the pre-yielding undamped natural frequency 

of the bilinear hysteretic system, and a low frequency mode 

with undamped natural frequency equal to the post-yielding 

undamped natural frequency of the original bilinear system. 

In each linear system considered here, two of the system 

parameters have been chosen to simultaneously match the sta¬ 

tionary rms levels of displacement and velocity response of 

the nonlinear system. This can also be viewed as matching 

the rms level and average frequency of the displacement 

response. There are four basic parameters in the third- 

order linear system; k^, k2> and C2 or and 

r. Two ways of treating these parameters were considered 

in this study. One way was to fix k^ and k2 at the same 

values as in the bilinear hysteretic system while and C2 

were chosen to give the desired response levels (for a.given 

yield level). The other way was to fix k^ and at the 

same values as in the original bilinear system while k2 and 

C2 were chosen to match mean squared response of the bili¬ 

near system (for a given yield level). In the two mode 

linear system the two modal damping factors were the para¬ 

meters chosen to give desired response level. 

After the parameter values were obtained for each of 

the equivalent linear systems, the power spectral density 

and transient response levels of these linear systems were 

calculated. These were compared with the empirical data 
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from Lutes for power spectral density, and from Shah^^) 

for transient response. The following paragraphs summarize 

the findings of this study. 

1. The two mode linear system is the best of the linear 

systems considered in this study for predicting the power 

spectral density of the stationary response for the bili¬ 

near hysteretic system for the nearly elasto-plastic case, 

but the third-order linear system with two damping factors 

chosen for equivalence also gives fairly good predictions. 

2, The third-order linear system in which two damping 

factors are chosen as parameters gives the best prediction 

of power spectral density of stationary response for the 

moderately nonlinear bilinear hysteretic system, and the 

two mode linear system is definitely inadequate in this 

case. 

3. For predicting transient response levels of the 

moderately nonlinear system, all three linear systems 

considered here are adequate, but the third-order system 

with two damping factors chosen for equivalence is the 

best. 

4. For the nearly elasto-plastic system, the two mode 

linear system gives better transient response predictions 

than do the third-order systems, but in most situations the 

third-order systems predictions are also fairly good. 
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5. Overall, none of the constant coefficient linear 

systems considered here is as good as a previously proposed 

variable coefficient linear system, for predicting transient 

response. 

6. Considering both psd and transient response for an 

arbitrary bilinear hysteretic system (arbitrary a ), it 

appears that the third-order system with two damping fac¬ 

tors chosen for equivalence gives the best predictions of 

the systems considered here. If attention is restricted to 

the nearly elasto-plastic systems (small & ), though, the 

two mode linear system is somewhat better. 
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APPENDIX A 

Harmonic Transfer Function 

The governing equations of motion of the third-order 

linear system are 

— Z + ( 1+ 2pia)i—) Z + C ct>i+wi H <y| — ) Z -+-û>î Z 
&>0 ÛJo Û>0 &>0 

FÇ t ) 
m (A* O 

X = — Z + Z (A.2) 
û>0 

If F(t) = e1(° t (A. 3) 

then X(t) » H eia> t C A. 4 ) 

Z(t) = B eiû* t (A. 5) 

where H is the harmonic transfer function of X, and 

B is the harmonic transfer function of Z 

Substituting (A.4) and (A.5) into (A.2), relations between 

H and B can be found. 

H=(l + i— )B (A. 6) 
0)Q 

| H|2 = C 1-\-<DZ )2 ) | B |2 (A. 7) 
0)Q 

Substituting (A.3) and (A.5) into (A.l), the function B can 

be found: 
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1 

B=  

m —toaCl +2$HWI— 
0)0 

■4*io)(2/3io)i-}ti>f \~o)\~■—o)2— )} 
o>o O>o 0)0 

(A. 8) 

1 

|B|*=        
m2 {Co)\ ~*o)2(l"l-2^io>i— 24to2C^^io)i*4to? -j“0)f — o)2— ^12 } 

0)0 0)0 0)0 0)0 

Then 

|H(o))|2= 

l+o)2 C )2 

CO 0 

m2{Co>2-~o)2(l+2/3io)t—)])2“hco2C2/3icoi+col —+02—— o>2—■O* } 
coo 0)0 0)0 0)0 
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APPENDIX B 

Mean Squared Response of The Third-Order Linear System 

The governing equations of motion are 

——*Z+C H~2^iû>r— —hwl-*^-)Z~h(oi Z =-^ ^ ^ ^ (B. l) 
<wo <wo wo <wo m 

X=—Z + Z 
(Wo 

(B.2) 

Where the autocorrelation of the white noise excitation is 

ECF(t)F(s )^=2ffS0aC t-s ) 

For stationary response 

••t 
EC Z Z} = 0 (B. 3) 

EC Z ZD - o (B. 4) 

EC Z 

o
 II 

r~
\ 

tsl (B. 5) 

The cross- -correlation of excitation and response can be 

found by looking at 

r F( t ) 
(ÜQ m 

(since the lower order derivatives of Z are more smooth 

than Z) 

ZC t ) =1 (Wo 

o mr 
F ( v ) dr CB. 6) 
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ECZ( t )F( t )J= CB.73 mr 

ECZCt)F(t)3=0 CB.8) 

E C Z C t3 F(t)3 = 0 CB.93 

Premultiply both sides of Eq.(B.l) by Z and take expecta¬ 

tion 

(1+2^—)ECZ2:-o>lE CZZ} = -^ECZFD=-— v1 (B. 10 ) 
coo m rm- 

F rom C B. 5 ) 

-^-ECZZD=ECZZD+ECZ* ) = 0 

ECZZD=~ECZO CB.ll) 

Premultiply both sides of Eq.(B.l) by Z and take expec¬ 

tation 

— ECZZ 3 + (20™ i+mi—+<oi—) E Cft=0 
ÛJO ûio 0)0 

CB.12) 

From C B. 4 ) 

53 



(B. 13) 

-^-ECZZD=ECZZ)+ECZ2 ) = 0 

ECZZ^=-ECZ2 y 

Premultiply both sides of Eq.(B.l) by Z and take expecta¬ 

tion 

-f- ECZZ>Kl+2/3i<»t^j-) ECZZ 3+ a,? ECZO= « ( B . 14 ) 

From ( B . 11 ) 

_d_ 
dt 

E C Z Z ) = d 
d t 

ECZ2 ) 

ECZZ)+ECZZ)=-2ECZZ) 

E C Z Z ) = 0 ( B. 15 ) 

Then, (B.10), (B.12) and (B.14) become 

r M (Wo ÎT So 
(1+2^!-^-) ECZ2)-û>! ECZ2 ) = ■ CB. 16) 

C Z2 )— (2^i<y! + û>?— + <y|~) E C Z2 )= 0 ( B. 17 ) 

(1+2/3XÛ,!—)ECZ2 )—<y2 E C Z2 ) = 0 CB.18) 
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By solving these simultanious equations (B.16), (B.17) and 

(B.18), one can obtain mean squared responses. 

n So û;0C2^Iû>I+û>2X JQ +U2J ) 
E(Z3= -  

nn*C®i^+2^iCi+2^1^?+<WK7L;*+«iC^)*il 

m2 ^^f0+Ci+2^x<y17î-4<uK-^)2 

ECZ2H = 
ffSoC l+2^i<Wi-^~) 

n?co\ C<ui^’+2^i<w1 Cl+2^iû>î-^+a»ÎC^)2-l-û>2(~-;2)3 

From ( B. 2 ) 

x2 = C^2z!+2^zz+z2 

ECX2]= C-^)!ECZ2] +E cz2] 

Hence 

ECX2] = 
 So Ci+2Mi^+û>|(^23  

m2û>i {OJ
2

2^+2$I(ü1 ^Jr2piMl±+0)\<^y+o>lt±-')*]} 

(B. 19 ) 

(B. 20; 

(B. 21; 

(B. 22) 

(B.23) 

(B. 24) 
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Similarly, 

ECX!D= C^'Erâ +ECZ!D (B. 25) 

ECX2] 
So Ci+2^ij^K^)2+*^)2j 

m2 {"IC-^-)+2/9Iû>I £ 1 -f 2^ 1^17^+ (*—•)2+"lCT^-)
2

 3} 
(B.26) 

1. For the case of Ci and C2 chosen as equivalence parameters 

ki =ak 

k*=(l-«)k 

These lead to 

o>1 =(0§ 

oil = ( 1 —a ) (ol 

Then mean squared responses are 

E CX23 = 
 SoÇl+2-i/«ffir+<*r2)  
am2fflS CC 1—a)r+2yâ^Sx( 1+2-i/âjSxr+r2)] 

ECX2D= 
 So(l+2y^3ir+r2)  

m2<y0 t(l—«)T+2-/ap1 ( l+2-j/âj9ir+r2)] 

Then the average frequency is 

Q) 2 
a 

EÇX2] 
ECX2] 

l+2-|/qi6lr+r2 

l+2i/oj9ir+ar2 

(B.27) 

(B. 28) 

(B.29) 
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and 

1 + 21/âi91r = aKr2 

Where 

K_ <*>Q ~<*>l 

(nl — aw§ 

From (B.30) 

o <^Kr 1 
1 2-/â 2-\/TXT 

(B.30) 

(B.31) 

(B. 32) 

From (B.27) and (B.30) 

ECX2) = 

Thus 

srSo( aKr2+<*r2) 

am2wg C(l~a)r+OKr—£-)(aKr2+r2) 

E rx2'i E rx2i 
2(arK+l ) aKr2 - ;rr (K+l )- 2 a (K+l ) ----- = o 

N£ N2 

and 

r 

7T + 
' a K+l 
TZ 2 +16  a2K 0 

K+l 

(aK+1)aK 
4  

K+l 

ECX2) 

N2 ^ 

EÇX2] 

N2 

2 

Similarly, if one uses (B.28), 

then, 

(B.33) 
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7T + V 1C2 +16 
a2K(K+l) ECX2D 
 C—77—)2 

a K+l cal N2 

r = 
E[X2) 

4   aK 
oil N2 

2.For the case of C2jk2 chosen as equivalence parameters 

kx = a k 

Ci = C 

These lead to 

oi\ = ao)% 

2 y31 <w i — 2 (5Q O)Q 

Then the mean squared responses are 

7?So C1 *t"2$or +a T2) 
ECX2]=  

am2oi§ 2^30û>O C 1+2$, r+ar2+o>i(—)2) } 
Oi0 O) o 

TTSO Cl+2^0r+ar2+û>K-“)2] 
E CX2]=    

m2 { o>l-£- + 2p0o)o C l+2^o r +ar2+o)% (~“) 2)} 

Then average frequency is 

E[X5 1+2^. r+ar'*+«,!(+)2 

0) f =r   = —  
ECX2] l+2jS0 r+a r2 aoil 

(B. 34) 

(B. 35) 

(B.36) 

(B.37) 
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or 

Q( l + 2/3»r+ar2) =«<!(—f-)2 

Where 

Q = 
o)\ — aa)$ 

ao) o 

From(B.38) 

Oil — 
1 + 2/90r +<xr2 

Q 

From (B.35) and (B.40) 

(B.38) 

(B.39) 

(B. 40) 

ECX2)= 
7T So ( l+2^or4-«r2) 

Ç l+2/3r+« r2 )Q 
ocmzo)§ {  r_ +2^o<^o C(l+2/3or--ha:r2)-l-( l+2^or-f«r2^Q)} 

O)0 

so 

EÇX2)   TZ_  

^ 2 a C-^- H" 2^o(Q+l )) 

and 

r 

2aQ 
EÇX2] 

N2 

7T — 4 a/S0 (Q + 1 ) 
EÇX2] 

N2 

CB.41) 
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Similarly, if one uses (B. 36 ) 

then 

2Q 
r = 

EÇX23 
û>gN2 

CQ+ 1 ) ( it — 4^o' 
EÇX2] 
(o$ N2 

(B.42) 
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APPENDIX C 

Impulse Response Function 

The governing equation of the third-order linear system is 

X-|-2^i<ui X + <ui X + ûJ CX-z ) = FCt) 
m 

(c.l) 

— z=x-z 
0)0 

If F ( t ) =d C t ) 

then X C t ) =h ( t ) 

and the boundary conditions are 

Xco)=h c 0)=o 

X( o )=• m 

assume 

X( t ) = e 
-;t 

Z C t ) = Ae 
-n 

From (C. 2 ) 

A= 
) 1- (O o 

(C.2) 

CC.3) 

CC.4) 

CC. 5) 

CC.6) 

CC.7) 
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Substituting (C.5),(C.6) and (C . 7 ) into (C.1), a cubic 

equation is obtained 

—— X8 + (l+2jS,<«i— ) X2 — (2fiian +<u?—- 4* )<?-ba>î = 0 (C.8) 
(Do (Do (DO (DO 

Three roots of (C.8) should be X0 , and,li4-û>i , X i — m with 

X o , X i positive, then responses must be in the forms 

X(O=B0e 
Xot+ e ^(Bishnyt+Ba cos at ) (C.9) 

Z(t )=Aoe ^ot+e ^ (Ai sinwt+Az cosat ) (C.10) 

Substituting (C. 9 ) and (C. 10 ) into (C. 2 ) 

(Bo—Ao)e ‘îot+e ^ (Bi — At ) sinat4- (B2— A2 ) cos at 

= —Aolo e 0 +“— e — C Ai ^ 14* A2 a ) sinat 4" CAia~ 
(DO (DO 

XiA2 ) COSat 

By equating the corresponding terms of each sides, the 

relationship between A's and B’s is found. 

1 
A» = 

• i 1 —— Xo 
(Do 

Bo (C.ll) 
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Ai = CC.12) 
Cl— Xi )Bi + (— et» )B2 0)0  0)0  

O— )'+«.' C-f-V 
0)0 0)0 

A2= 

(1—-Xi )Bi 
0)0 0)0 

Ci-—1. )* + «.*(—)* 
a»0 <Wo 

From boundary conditions 

X C 0 ) = B» + B2 = 0 

X ( 0 ) = —Bo^ o + B Iû> — X IB2 = m 

Hence 

B2 = — Bo 

g   1+mOo — ^ i ) Bp 
1 ~ m(a 

An additional boundary condition is 

Z Q 0 ) —— Ao ”f- A2 —— 0 

Substitutif (C.ll) and (C.13) into (C. 16) 

(C.13) 

(C.14) 

(C.15) 

(C.16) 
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1-— il 
0)0 

1--U (1-—il )'+«>'C—)! 

0)0 0)0 0)0 

-3 B,= 
0)0 

0) 

(ii—xty+coK— y 
û) o o)o 

•B, 

From (C. 14), (C. 15) and (C. 17), one obtains 

0)0 

B,= 
0)0 

mrC Oo —si i )2 +o)2 } 
CC. 18) 

Bi 
0)0 C O 0 ^l)(l   i 1 ) "I—— O)2 } 

0)0 0)0  

o)mr ÇQo —-îi )2+os 
(C. 19) 

•0)0 Cl—i. ) 
B,= 

Q)o 

mrCQo — ii )2+o)2) 
CC. 20) 

Ao — 
0)0 

mrCUo — lt y +o)2 ) 
CC. 21) 

«   Q)o C ^o ^ î ) 
Al~mrCC^o - ii )2

+û)
2
D 

CC. 22) 

A2= mr C C )2 + <w2 3 
CC. 23) 

ce. 17) 
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APPENDIX D 

Mean Squared Transient Response 

One can obtain mean squared displacement of transient res 

ponse from the equation below. 

< 

E C X* ( t )}= h2(r )dr (2ff S0 ) (D.l) 

where the impulse response function, h(t), is 

h C t ) = Bo e”^ot + e *lt ( Bt sina,t+B2 cos cot ) (D. 2) 

Then 

h2(t) = B* e 2^ot +2BoBi e 

+2BoB2e**^
0+>îl)t cos<o/ + Bi e’^^sin2^ 

+Bie xtcos2(ut + 2Bi B2 e 
1<:sin<«tcoscot (D.3) 

From the integrals 

JeaTcosbrdr = —2-7—T-2 eat(b sinbt+a cosbt )— 
o a + b2 

a 
a2 + b2 

I earsinbrdr= 
o 

at 
a2 + b2 e (a sinbt— b cosbt )+ a2 + bJ 
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Hence 

P e~2^ oTdr =-i-(l-e~2>lot) 
Jo Uo 

fVC + Ji)r sinajrdr 

—.—---t-g.-j-—*• e ^0 ^1 ^ oi )sinoit—rycoswt ^ 
C>î 0 + ^ 1 ) “T<a 

 <0  
Oo+^i)2+a>2 

J e ^‘^cos cordr 

O o+i i)2+w5 

Oo+-îi)tc.<ysin<yt _(^0 + ^l)COSû,t 

+ X o +<? 1 
C^0+>ll)2+û>J 

e 2<* lTsin2<yrdr 
■f. 

~ZÎ ir 1— COs2<ur j e    dr 

1 f* ~2X ir 
= *Jo* 

= TT-Cl-e' 

dr -+r. e 2^ lTcos2<yrdr 

~2X it 
) + ■ 

+ 401 +<y2 ) 

401 +a>2 ) 

2/* lt(û»sin2<yt — X t cos2<yt ) 
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f. 
e ircos 2<wrdr= f e 

ft 21 it 1+ COS2<yr j 
=Joe  2 d* 

C0s2a>rdr 

1 / -I _ 2iit\ I 1  

1 ~2 J? t 
"1“ . z' -, 2—I 2 N G 1 (<usin2û)t ~^ iC0S2<yt ) 4Q! + <u2) 

J: 
e irsina>rcoSû>rdr= * J* e 2^1cos2a>rdr 

1 ~2 JÏ11 ^ , - . , % I a) 
= TcH+^T e ( ”x lSm wt”ajC0Swt ^ TTTT+^T 

From above mean squared transient displacement is 

EÇX*(t)D= 2TTSO C 1—e~2^ot)+ B2l
4|t

B^(l-e 2/1 ) 

e ^0+iîl)tC-ao4->li)sinû4:-a>cosû>tD-ht) ^ 
+2B0B1C IMTITY^ J 

+2B0B2G 
e (lo+l O^^sinojt— Çlo+1 Q coscot ^H-Qo 4-^ 

Q 0 + X1 )2+ûI2 
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-o 2 t 
Lü D r e 1 C-^isin2û>t-û>cos2û>tD +<o -, 
+ B‘B!C 201+17) 3 

~2X t 
, _ g, x 1 Çqjsin2a>t — X iCos 2 + ^ x ^ -, 

4(i!+««) 

Similary, mean squared transient velocity can be obtained from 

the equation below 

=J>' ECX!(t)3=l Ch’Cr)3>dr(2s-S„) 

h’(t) = —>îoBoe 0 —~XiG 1^CBx sin<wt-f-B2C0S <wt ) 

+e ^xt( (wBiCOS<ut~ <yB2sina>t ) 

= Do e ;ot + e X11 ( Dx sin<yt +D2 cos a>t ) 

Where 

Do — ~~ X 0B0 

Di— — ( B2 (o + Bi-Î 1 ) 

D 2—<oB 1 — X iB 2 
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Then mean squared transient velocity is 

ECX*Ct)^=2^S0 {-^Cl-e 2/?ot)+-^D^ (1-e 2Xlt) 

+2D0D1 c- "Qo+^ i)t —(2 Q~I~^ i)sino>t—gjcostot a> ^ 

(io+ll)2+W2 

"Oo+^Ot 
+2D0D2C  C a>sina>t— ÇâQ -M t ) cos tap-}-O o~M 0 -■ 

(lo+ti)2 +<y2 

+D1D2G" 

~o 1 f 
1 C—2. isin2cot — û>cos 2 cot ^5 4-û>' 

12 J ox 

"22 t 
, rTV, rx*Nr-e 

1 C wsin 2<ot — À 1 COS 2<yt >H X 1 -s, -, 
-KDI— Di X  ,.,, ,—rr J ï 

405+<y2) 
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RESTORING 
FORCE 

<£(X) 

Figure 1. Bilinear Hysteretic Restoring Force 



Figure 2 

C Coulomb Friction Slider 

Bilinear Hysteretic Mechanical Oscillator 

X 

F(t) 

Figure 3. Third-Order Linear Mechanical Oscillator 
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Figure 20. Transient Mean Squared Velocity Response 
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Figure 21. Transient Mean Squared Displacement Response 

Figure 22. Transient Mean Squared Velocity Response 
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a= 1/2 , /3.-0.0 , Y/N-6.0 
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Figure 23. Transient Mean Squared Displacement Response 

Figure 24. Transient Mean Squared Velocity Response 
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Figure 25. Transient Mean Squared Displacement Response 

a = l/2 , fio-0.0 , Y/N-15.0 

Figure 26. Transient Mean Squared Velocity Response 



Figure 27. Transient Mean Squared Displacement Response 

Figure 28. Transient Mean Squared Velocity Response 
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Figure 29. Transient Mean Squared Displacement Response 

Figure 30. Transient Mean Squared Velocity Response 



Figure 31. Transient Mean Squared Displacement Response 

Figure 32. Transient Mean Squared Velocity Response 
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Pigure 34. Transient Mean Squared Velocity Response 


