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ABSTRACT 

STUDIES OF DYNAMIC RESPONSE OF STRUCTURES TO WAVE LOADINGS 

by 

Ricardo de Carvalho Bordinhao 

Studies of the dynamic response of structures to wave-induced 

forces are presented. The objective has been to assess the effects and 

relative importance of some of the factors that affect the response and 

to evaluate the sensitivity of the response to some of these factors. 

The structures are modeled as viscously damped single-degree-of-freedom 

systems, and the wave forces are defined by Morison's equation using a 

Pierson-Moskowitz wave spectrum and linear wave theory to generate the 

fluid kinematics. Only responses within the linearly elastic range of 

deformation are investigated. A simpler excitation, composed of a 

sequence of a few pulses only, also is considered, and its effects are 

compared with those obtained for the more realistic representation of 

the wave loading. The responses of the systems are evaluated over a 

broad range of conditions, and the practical significance of the results 

are discussed. The factors investigated include the natural frequency 

and damping of the structure, the relative magnitudes of the inertia 

and drag components of the wave forces, the initial conditions of the 

forcing function and the structure, the phase angles involved in the 

definition of the fluid kinematics, the degree of periodicity of the 

wave excitation, and the degree of coupling or interaction between the 

oscillating fluid and the structure. The results are displayed in the 

form of response spectra. 
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I. INTRODUCTION 

1.1 Objective and Scope of Work 

The dynamic aspects of the response of offshore structures 

to wave-induced excitations have become of increasing importance as ex¬ 

ploration demands require the construction of structures in greater 

water depths. Such structures have become not only more flexible but 

have also been exposed to more severe environmental hazards. 

Several procedures of variable degree of sophistication 

have been developed and are available for defining the wave force action 

and the structural response. The accuracy of the analysis made by these 

procedures depends on the proper idealization of both the environmental 

force and the structural system. This modeling makes use of a number of 

parameters. The understanding of how sensitive the response is to these 

parameters is of major importance for making an intelligent use of the 

analytical procedures. 

The objective of this study is twofold: (1) to assess the 

influence and relative importance of some of the most important of such 

parameters on the response of the system; and (2) to provide improved 

insight into the dynamic behavior of the system to wave loading. 

The data are presented for single-degree-of-freedom systems 

subjected to wave forces defined by Mori son's equation. However, the 

results can also be applied to multi-degree-of-freedom systems vibrating 

in the fundamental mode, provided the exciting force is defined as the 

associated modal force. 
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The parameters examined include those that characterize the 

excitation and the structure itself. Two types of excitation are consi¬ 

dered: a simple, idealized wave force and a few more realistic wave ex¬ 

citations. For each case the effects of the inertia and the drag com¬ 

ponents of the wave force are investigated separately. In addition se¬ 

veral combinations of the two components are also considered. Other as¬ 

pects investigated include the effects of repetitiveness of the exciting 

force as well as the influence of the initial value of the applied ex¬ 

citation. The structural response is evaluated over a wide range of na¬ 

tural frequencies and for different amounts of structural damping. Con¬ 

sideration is also given to the effects of the so-called fluid-structure 

interaction on the evaluation of the response, and a linearized approxi¬ 

mation of the interaction effects is also presented. 
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static displacement of system due to the peak value of 

the drag force 
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representation of the surface wave 

mass density of fluid 

non-dimensional time parameter 
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II. BACKGROUND INFORMATION AND FUNDAMENTAL RELATIONS 

2.1 Mori son's Equation 

The wave force acting on a structure is defined by Mori son's 

equation [1] as the sum of two components: the inertia force, which 

is proportional to the acceleration of the fluid; and the drag force, 

which is proportional to the fluid velocity squared, or, more pre¬ 

cisely, to the fluid velocity multiplied by its absolute value. 

When the velocity of the structure is negligible in compari¬ 

son with the fluid velocity, Mori son's equation can be written as: 

P(t) = Cj p V Ü + ^CDp A û |u | 0) 

in which pis the mass density of the fluid; V and A are the volume and 

the projected area of the body acted upon by the force; Cj and Cg are 

the inertia and the drag coefficients, respectively; ii is the fluid 

acceleration; and û is the fluid velocity. 

The values of Cj and Cg depend on a number of parameters 

[2] but for the purpose of this study they will be considered to be 

constant, in conformity with standard practice. 

When the velocity of the structure cannot be neglected in 

comparison with the fluid velocity, there is the so-called fluid- 

structure interaction,and Morison's equation is given by: 

P(t) = Cj p V ü + \ CD p A (û - x) |u - x| (2) 

in which x is the structural velocity. 

Equations (1) and (2) can be rewritten as 

6 
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P(t) = Pj(t) + PD(t) (3) 

in which 

Pj(t) » Cj p V 0 (4) 

is the inertia component of the force, and 

PD(t) = j CQ p A û | û | (5) 

or 

PD(t) = j CQ p A (u - x) | û - x | (6) 

as the case may be, is the drag component of the force. 

2.2 Equations of Motion 

The governing differential equation of a single-degree-of- 

freedom system subjected to a force as given by equation (3) is: 

in which x is the structural acceleration; x is the structural dis¬ 

placement; c and k are the damping and the stiffness coefficients of 

the system, respectively; and m, the total mass, is the sum of the 

structural mass, m„, with the added mass, rn , which is the mass of fluid 

that vibrates with the structure. The expression for m is given by: 

mx + cx + kx = Pj(t) + Pp(t) (7) 

m s ms + ma = ms + (CI " ^ p V (8) 

Letting 

(9) 

be the circular natural frequency of the system, and 
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Ç = 
c 

2m p (10) 

be the fraction of critical damping in the system, Eq. (7) can be re 

written as: 

x + 2çpx + p2x = ^[PjCt) + PD(t)] (11) 

Let Pj be the maximum value of the inertia force and Xj the 

static displacement of the system due to this force, i.e., 

x (12) 

Similarly, let PQ be the maximum value of the drag force and xQ the 

corresponding static displacement, i.e., 

x 
PD 
T (13) 

When fluid-structure interaction is disregarded, Eq. (11) can be 

written as: 

X + 2çpx + p2x = p2 [ x. I- + xn (14) I 1 “o D uo W J 
in which ü' and u„ are the absolute peak values of the fluid accelera- oo 
tion and velocity, respectively. When interaction is considered, 

Eq. (11) can be written as: 

X + 2çpx + P2x (15) 
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2.3 The Interaction Parameter 

In order to understand the behavior of the system when 

fluid-structure interaction is considered, it is desirable to identify 

a parameter that expresses and controls the amount of interaction 

present. One way in which this can be done is by making use of the 

non-dimensional time and displacement parameters 

T = p t (16) 

and 

D 
(17) 

and by rewriting Eq. (15) as: 

(18) 

Defining 

(19) 

2 
and dividing both sides of Eq. (18) by p xQ, leads to: 

(20) 

Comparing Eqs.(2Q) and (15) it is apparent that the first 

is a non-dimensionalized version of the latter, in which the parameter 



<5 controls the amount of interaction in the system and can be regarded 

as the ratio of a measure of the structural velocity to the maximum 

fluid velocity. 

10 

2.4 Equivalent Damping 

When fluid-structure interaction is considered, the equa¬ 

tion of motion is non-linear, and its solution requires an iterative 

procedure that can be undesirably time-consuming. A linear approxi¬ 

mation to the effect of interaction may have the merit of maintaining 

an acceptable degree of accuracy, while reducing the computational 

effort considerably. 

Expanding the right-hand side of Eq. (15) one obtains: 

in which &gn (u-x) gives the sign of Û-*. 

Considering the maximum fluid velocity to be significantly 

Eq. (21),and transposing the term in x from the right to the left-hand 

side, this equation can be rewritten as: 

St greater than the structural velocity, the term can be dropped from 

(22) 



11 

Identifying the presence of the interaction parameter on 

the left-hand side of Eq. (22) and, given that the fluid velocity is 

generally larger than the structural velocity, approximating 6gn (ù-X) 

as 4gn (u), Eq. (22) becomes: 

x + 2 £ ç + <5 6gn ( 
0 

u)jp X X + p X (23) 

Equation (23) is almost identical to Eq. (14), except for 
A 

the presence of the term ô T— 4gn(û) which can be regarded as an 
uo 

additional amount of damping in the system. The latter term is time- 

dependent, and this complicates the solution of Eq. (23). The diffi¬ 

culty can be overcome, however, by approximating the time-dependent 

velocity, u, by a judiciously selected constant average value, CL.,_. 
avy 

Let 

û 4gn(û) = uavg (24) 

and 

(25) 

The equivalent damping factor, 3, is defined by 

3 = 6 £ (26) 

and Eq. (23) reduces to 

ü + 2 [ç+ S] p*+ p2 x = p2^ XD S^iy] (27) 

in which the interaction effect appears solely as an additional amount 

of damping in the system. The total damping in Eq. (27) will be given by 
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l • ç + 3 (28) 

The choice of uavg and of the associated value of c is dis¬ 

cussed in Section 5.6 



III. METHOD OF ANALYSIS 

In most of the cases considered here, the exciting force 

represents a segment of a larger process. Thus it is meaningful to 

evaluate the response only for the duration of the excitation. 

Program Brice-2* is used to calculate the transient re¬ 

sponse. It integrates the governing equation of motion numerically, 

using a constant integration step, and assuming a linear variation of 

the exciting force within each time interval. 

When fluid-structure interaction is not considered, the 

motion of the structure within each time step is determined directly. 

On the other hand, when the response dependence of the forcing function 

is taken into account, the integration process within each time step 

involves an iterative procedure, which is continued until the values of 

the assumed and the derived velocities at the end of the step agree 

within a prescribed tolerance. 

The time interval, At, used in the numerical solutions 

presented here was in all cases small in comparison with both the 

duration of the exciting force and the natural period of the systems 

considered. At was less than 1/100th of the average period of the 

oscillations in the forcing function, so that every single pulse of 

the excitation was accurately represented, and 1/10th of the smallest 

value of natural period considered for the system. Since the same At 

was used for systems of different natural periods, T, the ratio At/T 

effectively decreased with increasing T. This careful choice of the 

♦Developed by Ashok Kumar and reported in "Dyanmic Analysis of a Wave- 
Excited Single-Degree-of-Freedom System," Rice University, November 1981. 

13 
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time step assures an adequate representation of the forcing function 

as well as of the response history. 

One of the studies presented here analyzes the so-called 

steady-state condition in which the exciting force is considered to 

repeat itself long enough to assure that the free-vibrational component 

of the response has been completely damped. 

Standard procedures to carry out steady-state solutions 

either make use of a Fourier series approach or repeat the action of 

the force over a large number of cycles. Both tend to require a large 

computational effort. Program Periodic*, used here in the steady-state 

solutions, makes use of a concept [3] that applies appropriate correc¬ 

tions to the initial values of the transient response computed over a 

single cycle of the exciting force. 

♦Developed by Estuardo Ventura, Rice University. 



IV. EXCITATIONS CONSIDERED 

4.1 Simple Excitation 

In order to start gaining understanding on how the differ¬ 

ent characteristics of both the excitation and the structure affect the 

system's response, a simple excitation is considered. 

Figure 1 shows the fluid kinematics corresponding to this 

simple excitation. The acceleration trace is made up of a sequence of 

half-sine waves of the same peak value and durations tj and 2tj. The 

velocity and the displacement traces, which are the first and second 

integrals of the acceleration trace, were evaluated considering their 

initial values to be zero. 

There is no pretence here that this excitation is a 

realistic representation of an ocean wave. Its simplicity, however, 

has the merit of bringing out salient features of the response that 

will prove helpful in the interpretation of the response to more 

realistic waves. 

The inertia and the drag components of the wave force cor¬ 

responding to this simple excitation are shown in Fig. 2. 

4.2 Wave Loads 

The wave loadings used in this study were derived from a 

Pierson-Moskowitz wave spectrum [4] shown in Fig. 3. 

Program Wafor* is used here to generate such waves, making 

♦Developed by Guillermo Hahn, Rice University 

15 
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use of the linear wave theory. The program applies the fast Fourier 

transform technique to optimize this generation, which requires the 

superposition of a large number of harmonic components. The vertical 

surface displacement of the fluid is expressed as 

in which A., is the amplitude of the harmonic with frequency f^and 0.. 

is a random phase angle. The values of are determined from a 

Pierson-Moskowitz wave spectrum. With the vertical surface displace¬ 

ment established, the horizontal displacement, horizontal velocity 

and horizontal acceleration are computed by application of linear wave 

theory. The Fast Fourier Transform algorithm is used to minimize the 

computational effort involved. 

A typical wave obtained by this method has its associated 

water particle kinematics shown in Fig. 4. It was calculated con¬ 

sidering a significant wave height, H$, of 40 ft. and an average period, 

T , of 12.4 sec., corresponding to 150 ft. below the sea surface, 

where the total water depth is 1000 ft. The wave spectrum was sampled 

at frequency increments of Af = 0.0098 cps and the period, T , of the 

resulting histories of the fluid kinematics and wave forces was 102.4 

sec. The response of the structure was evaluated within this period 

only. 

and fluid displacement are given in Fig. 4, and those of the inertia 

and the drag components of the wave forces are given in Fig. 5. 

This wave is the most widely used throughout this work and will be 

referred to as Wave 1. 

(27) 

The histories of the fluid acceleration, fluid velocity 



V. PRESENTATION AND ANALYSIS OF RESULTS 

5.1 Response to Inertia Force Component 

Considering the wave force to be represented only by the 

action of its inertia component, the responses of systems having a 

range of natural frequencies and damping values were calculated for 

both the simple excitation and Wave 1. The results are displayed in 

Figs. 6 and 7 in the form of response spectra. In these plots the 

absolute maximum displacement of the system, X, normalized with re¬ 

spect to the static displacement produced by the peak value of the 

applied force, (xst)Q, is plotted as a function of frequency for fixed 

values of the damping factor, ç. For the simple excitation, the 

abscissa is the dimensionless frequency parameter ft-j. 

In spite of the quite noticeable differences in the exci¬ 

tations, the general trends of both spectra do not differ significantly 

from one another. The responses are small for very low-frequency 

systems and increase with increasing frequency, reaching an absolute 

peak corresponding to a peak resonant condition. Then they start to 

decrease, tending to a finite value for high-frequency systems. How¬ 

ever, the transitions do not occur smoothly, and the presence of 

localized peaks and humps are noticed throughout the spectra. 

Structural damping accounts for a reduction in the response, 

which is particularly significant in the regions of the spectra where 

localized peaks take place. Although unrealistic for practical pur¬ 

poses, the response of undamped systems is shown in order to stress the 

limiting behavior. This brings out another characteristic of the 

17 
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presence of damping: it filters the highly irregular behavior of the 

spectra for zero-damping, especially in the medium-to-high-frequency 

range. It should also be noted that the peak ordinates of the response 

spectra for undamped systems are approximately the same for the two 

excitations, being in the neighborhood of 9. 

Perhaps the most apparent difference between the two sets 

of spectra concerns the behavior for high-frequency systems. For the 

simple excitation, all curves tend to the value of 1, whereas for 

Wave 1, the curves corresponding to different amounts of damping tend 

to different values, all of which are greater than unity. The reason 

for this will be elaborated on in Section 5.4. 

5.2 Response to Drag Force Component 

The responses of the systems were also evaluated for the 

drag components of the wave loadings. Figure 8 shows the response 

spectra for the simple excitation and Fig. 9 shows the spectra for 

Wave 1. 

These spectra are similar to those presented previously 

for the inertia component of the excitation, except for the following: 

Instead of a single region of high amplification factors, the spectra 

for the drag component of the exciting force exhibit two such regions. 

The second region is associated with higher frequency values than 

the first, and is due to the fact that the individual pulses of 

the exciting force in this case are better represented by a versed sine 

rather than by a half-sine pulse. Expanding a versed sine by means of 
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a Fourier series, it turns out that the second harmonic component also 

has a significant contribution, and the resonant condition associated 

with this second component is what is reflected as the second major 

peak in the response spectrum. 

The order of magnitude of the undamped absolute peak re¬ 

sponses for both excitations is again equivalent, being in the neigh¬ 

borhood of 5, but is much smaller than the inertia counterpart. This 

seems to suggest a relative dominance of the inertia component over 

the drag in the response. This idea is explored in the next section. 

5.3 Response to Combinations of Inertia and Drag Force Components 

The wave force is actually made up of the combination of 

both inertia and drag. The response spectra presented here so far, 

in which each of the wave's components is acting alone, should be seen 

as limiting cases, where individual characteristics are highlighted. 

In a more realistic situation, however, both inertia and drag compo¬ 

nents act together. Multiplying and dividing the right-hand side of 

Eq. (11) by Pj + Pp one obtains: 

u 
(29) 

Choosing 

a (30) 

to be the parameter that quantifies the relative participation of the 
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inertia and drag components, Eq.(29) can be written as 

x + 2ç p x + p x = 
PI*PD 

m [ (1 - a) S- + a (31) 

A zero value of a implies that the drag component of the force is zero, 

whereas when the inertia component of the force is zero, a is equal to 

unity. In the intermediate cases, a situation in which the maximum 

values of both the inertia a and the drag components are equal gives a 

value of 0.5 for the parameter a, while a being equal to 0.25 means 

that the maximum value of the inertia component is 3 times greater 

than the maximum value of the drag component, and so forth. 

Figure 10 presents five time-histories of wave forces, con¬ 

sidering different combinations of inertia and drag for Wave 1. As 

expected, when one of the components is relatively dominant, the shape 

of the combined time-history is closer to the shape of the one cor¬ 

responding to the dominant component alone. It is important to note, 

however, that this similarity is stronger for inertia than for drag, 

and that when both components have the same relative weight, as in 

combination (c), the resulting time-history still has characteristics 

closer to the one of inertia only. 

Figures 11 through 15 show response spectra for different 

combinations of inertia and drag. In each figure, these spectra are 

compared with both the spectra for inertia only and drag only. Sys¬ 

tem damping is presumed to be 2 percent of critical. The results 

in all cases are normalized by the static displacement, (*st)0 
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induced by the maximum value of the particular force under considera¬ 

tion. For a = 0, this force is Pjj for a=l it is P^; and for an inter¬ 

mediate value of a, it is the peak value of the combination of Pj(t) 

and PD(t). 

In Fig. 11, for which a* 0.1, the nondimensionalized re¬ 

sponse is almost identical to the one obtained for the inertia component 

of the force only (a = 0). In Fig. 12, for which a =0.25, the response 

is still greatly dominated by the inertia component. Taking both 

components in the same proportion, as in Fig. 13, the influence of 

drag can be noticed, but the spectrum is clearly closer to the one 

for the inertia force component only. In Fig. 14, a is taken to be 

equal to 0.75, and the response, although still showing some inertia 

influence, is much closer to the one for the drag force component only. 

When a is taken equal to 0.9, as in Fig. 15, the response is totally 

dominated by the drag component. 

The behavior of these spectra for high-frequency systems 

may seem somewhat odd at first sight (as in Fig. 13, where the response 

due to the combined force is larger than that due to the inertia force 

only and the drag force only) and may lead to erroneous conclusions if 

not properly analyzed. In the next section, the behavior of the 

spectra at high-frequency ranges is investigated. 

5.4 Effects of Initial Value of Excitation 

All the spectra for Wave 1 presented so far have in common 

the fact that some of the curves tend to val ues greater than unity at the 
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high-frequency range. The value of 1 would be expected on the basis 

that high-frequency systems, being very stiff, are supposed to respond 

almost statically. 

It has been shown [5], however, that this assumption is 

not true when the excitation presents discontinuities. For an exciting 

force like Wave 1, in which the only discontinuities are in its initial 

and final values, the maximum undamped transient response for high- 

frequency systems is approximately given by the sum of the maximum 

static response and the static response produced by the initial value 

of the excitation. The maximum damped response is either given by ap¬ 

proximately twice the value of the initial static response (smaller 

with increasing damping) or by the maximum static response, whichever 

is bigger. 

In engineering design practice, when the excitation con¬ 

sidered has an initial value different from zero, a common procedure 

used to eliminate the effect of this initial value in the response of 

high-frequency systems is to apply a ramp at the beginning of the 

exciting force. This ramp should vary linearly from zero to the ini¬ 

tial value of the forcing function and should also be sufficiently 

long to ensure that the load is being applied almost statically. In 

this way, when the "real" force starts acting, the high-frequency 

structure will not suffer a sudden impact and the dynamic effects of 

the wave can be appreciated from that point on. 

To ensure that the response of the system is almost static 

at the end of the ramp, it is necessary that the duration of the ramp, 
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tf, be at least twice as long as the natural period of the system con¬ 

sidered, i.e. ft must be 2 or more, r 

The idea of the ramp is simple, but its implementation re¬ 

quires great care. Two types of ramp are examined in this study: the 

variable-duration ramp, shown in part (a) of Fig. 16; and the fixed- 

duration ramp, shown in part (b) of the figure. The value of ftr for 

the first type is considered to be identically equal to 2 over the 

entire range of frequencies considered. In other words, the ramp 

varies inversely with the natural frequency of the system. When 

f»0.02 cps, the ramp is 100 seconds long, whereas when f=l cps, the 

duration of the ramp is only 2 seconds. The fixed-duration ramp was 

considered to have a value of tr=5 sec. for all frequencies considered. 

Thus the value of ft varies from 0.1 at f=0.02 to 5 atjf = 1 cps. 

For systems with ç=0.02 subjected to the inertia force 

component of Wave 1, the response spectra obtained with these two types 

of ramp are presented in Fig. 17, together with the spectrum presented 

previously, in which no ramp was used. It is apparent that in both 

cases, the desired behavior of high-frequency systems is obtained, as 

the maximum responses tend to the maximum static response. However, 

the response of low-frequency systems also is influenced by the addi¬ 

tion of the long-duration ramps, and the computed response may turn 

out to be much greater than that obtained without the ramp. On the 

other hand, in the same low-frequency region, the spectrum for the 

ramp with fixed duration maintains a good agreement with one for which 

no ramp was used. 

The explanation for the poor performance of the variable- 
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duration ramp in the low-frequency region of the spectrum is quite 

simple. By guaranteeing a static response at the end of the ramp it 

is obvious that the system cannot have a maximum response smaller than 

this value. Indeed, if the spectrum for variable ramp in Flgu. 17 

is extended to the left, it will approach asymptotically a value 

equal to the static response due to the initial value of the force. 

By the same token, by giving this value as an initial displacement in 

the system and carrying out the analysis without considering the ramp, 

the results over the whole frequency range are, for all practical 

purposes, equal to the ones obtained with the variable ramp. 

When trying to correct for the undesirable effects of the 

initial value of the force on high-frequency systems, an even simpler 

concept than that of the ramp may be used. This concept involves 

taking the origin of the force history at its first zero-crossing. 

Since the wave is supposed to be a segment of a larger process, the 

choice of almost any starting point for the excitation is justifiable. 

Furthermore, for the waves generated in this study which represent one 

cycle of a periodic time-history, one may consider one full cycle of 

the excitation merely by adding to the end of the excitation the initial 

part that was omitted. 

Figure 18 shows the original Wave 1 and its shifted ver¬ 

sion. The corresponding response spectra are presented in Fig. 19 for 

systems with ç = 0.02. It can be seen that the two spectra are in good 

agreement in the low and medium-frequency ranges and, as expected, 

the behavior of the shifted wave spectrum in the high-frequency range 

tends to the desired maximum static response. 
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5.5 Sensitivity of Response to Choice of Phase Angles 

The definition of a wave loading by application of Eq. (27) 

requires specification of the phase angles, 0., which are random num¬ 

bers uniformly distributed between 0 and 2ir. In addition to Wave 1, 

two other waves, which differ only in the values of random phase angles 

employed, were computed and designated as Waves 2 and 3. The three 

sets of phase angles were obtained by use of a computer program for 

generating random numbers. 

The fluid kinematics corresponding to these waves are shown 

in Figs. 20 and 21. The inertia components of the wave loading for the 

three waves are shown in Fig. 22, and the corresponding drag components 

are shown in Fig. 25. 

A comparison of the results displayed in Figs. 4, 20 and 

21 reveals that the detailed features of the fluid acceleration, ve¬ 

locity and displacement histories for the three waves are quite differ¬ 

ent. In particular, the major pulses in the individual traces generally 

occur at different times, and the initial values of the acceleration 

and velocity traces, and hence of the inertia and drag components of 

the ensuing wave forces, are quite different. 

The response spectra for the inertia component of loading 

for the three waves are shown in Fig. 23 for zero damping, and in 

Fig. 24 for 2% of critical damping. The three spectra follow the same 

general trends but there are significant differences in the locations of 

the peaks of the spectra as well as in the response values correspond¬ 

ing to a given frequency. The differences are generally larger for 
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undamped systems and decrease with increasing damping. Note, in partic¬ 

ular, that the limiting values of the spectra in the high-frequency 

region are significantly different. The latter are due to the dif¬ 

ferences in the initial values of the three force histories, and should 

have been anticipated from the discussion presented in Section 2.4. 

The response spectra corresponding to the drag components 

of the three wave forces are shown in Fig. 26 for undamped systems and 

in Fig. 27 for systems with ç=0.02. The differences between the 

individual spectra in this case are somewhat less than those for the 

spectra corresponding to the inertia force component. 

These results clearly demonstrate that the response of 

systems to simulated wave loadings are sensitive to the the phase 

angles used in the generation of the waves, and that design decisions 

should, therefore, be based on consideration of a large family of such 

waves. Due provision should also be made for the uncertainties that 

are inherent in the definition of the wave spectrum itself. 

5.6 Effects of Fluid-Structure Interaction 

The response of systems was also evaluated by application of 

Eq. (15) which incorporates the effects of interaction or coupling be¬ 

tween the oscillating fluid and structure. 

In Figs. 28 and 29 are presented response spectra computed 

in this manner for undamped systems subjected to the drag component of 

the simple excitation and of Wave 1, respectively. The results are 

presented for several different values of the dimensionless interaction 
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parameter, <5, defined by Eq. (19). For the conditions considered, the 

value of XQ in the latter equation is euqal to (xs^)Q. 

Comparison of these spectra with the corresponding spectra 

for non-interacting, viscously damped systems considered in Figs. 8 and 

9 reveals that fluid-structure interaction, like damping, is responsible 

for a reduction in the system's response and that the two effects are 

remarkably similar. This similarity should, of course, have been 

anticipated from the analysis presented in Section 2.3. 

In Figs. 30 through 33, some of the response spectra pre¬ 

sented in Figs. 28 and 29 are comparied with those obtained by use of 

the equivalent linearization technique described in Section 2.3. For 

the simple excitation, for which all velocity pulses are the same (see 

Fig. 1), the average fluid velocity for each pulse is 

Hence 

c = 0.57 

and the equivalent damping values for 5 = 0.05 and 5 = 0.10 are 8 = 0.0285 

and 8 = 0.57, respectively. 

For more realistic, irregular excitations, it is proposed 

that the value of û be computed by considering only those pulses in 
y 

the fluid velocity trace for which the peak ordinates are equal to or 

in excess of 75 percent of the largest velocity peak, and taking the 

mean value of the average ordinates of these pulses. If the individual 
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pulses are approximated by half-sine waves—a reasonable approximation 

for all practical purposes—the desired value of û is equal to 2/TT 

times the average of the peak ordinates of the relevant velocity pulses. 

This technique is based on the results of comparative studies for 

several different excitations. 

Application of this procedure to Wave 1 leads to a value of 

c = 0.58. Thus the damping factor, 8, for the equivalent linear systems 

for 6 = 0.05 and 6 = 0.10 are 0.029 and 0.058, respectively. 

The agreement between the exact and the approximate response 

spectra in Figs. 30 through 33 is quite good for all practical purposes. 

Comparable agreement has been obtained for the other wave loadings 

examined in this study. 

5.7 Steady-State Response 

The response data presented in the preceding sections were 

for systems that are initially at rest. Since the wave loadings em¬ 

ployed correspond to fully developed sea states, it is unlikely that 

the system will have zero displacement and velocity values at the start 

of the excitation. A more likely condition is for the structure to be 

already in motion. The conditions of this motion at t = 0 will depend 

on the previous history of the wave loading and the characteristics 

of the system itself. 

The simulated wave loadings employed in this study are 

single-cycle segments of periodic excitations. It is of interest, 

therefore, to evaluate the response of the system on the assumption 

that its initial state corresponds to that obtained after many cycles 
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of excitation such that the initial transients have been damped and the 

réponse repeats itself from one excitation cycle to the next. The 

resulting response is then the steady-state response of the system to 

a periodic extension of the excitation considered previously. 

In addition to defining the response of the system for an 

additional probable set of initial conditions, the steady-state response 

reflects the effect that repeated applications of the simulated wave 

loading would have on the response of the system. 

In Figs. 34 and 35 some of the response spectra presented 

previously for Wave 1 are compared with the corresponding spectra for 

the steady-state response of the system to a periodic extension of the 

excitation. Two different values of damping are considered. 

The following major differences may be noted between the 

spectra for transient and steady-state responses: 

1. Whereas the high-frequency limit for the spectra for a 

single cycle of the forcing function is greater than unity, the cor¬ 

responding limit for the steady-state spectra is unity and is approached 

at a relatively low value of natural frequency. This difference stems 

from the initial discontinuity which is present in the single cycle of 

the forcing function but does not appear in its periodic extension. 

2. At low natural frequencies the spectral ordinates of 

steady-state response are substantially lower than those obtained for 

a single cycle of excitation. These differences are consistent with 

those found for the simpler forms of excitation considered in Ref. [7]. 
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3. In the medium frequency region, the spectra for steady- 

state response exhibit peaks substantially higher than those for tran¬ 

sient response, the differences being larger for the smaller amounts of 

damping. 

The peaks referred to under item 3 above occur at natural 

frequencies equal to the frequencies of the major components in a 

Fourier expansion of the forcing function. Considering that the fre¬ 

quency increment used was Af= 0.0098 cps, the major peaks would be 

expected at some integer multiple of this frequency. Indeed, major 

peaks are observed at 4Af = 0.0391 cps, 5Af = 0.0488 cps, 6Af= 0.0586 

cps, and so on up to about 11 Af = 0.0977 cps. Referring to Fig. 3, it 

can be seen that this range of frequencies corresponds to the high- 

energy region of the Pierson-Moskowitz spectrum. 

5.8 Tripartite Format of Response Spectra 

In the field of earthquake engineering, response spectra 

are normally displayed in the tripartite logarithmic format using three 

alternative measures of maximum response: the maximum deformation of 

the system, D; the pseudo-velocity, V; and the pseudo-acceleration, A. 

These quantities are interrelated by: 

A = pV = p2D (32) 

In the tripartite logarithmic plot, a log-log paper is used, 

with the abscissa representing the natural frequency of the system, f, 

and the ordinate representing the pseudo-velocity, V. On such a plot, 

diagonal lines with 45° slope extending upward from left to right 

represent constant values of D, and diagonal lines with 135° slope 
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extending upward from right to left represent constant values of A. 

Such a spectrum is shown in Fig. 36. The dashed lines are reference 

lines corresponding to the peak values of the acceleration, velocity, 

and displacement traces of the ground motion. 

The behavior of the right-hand portion of such a spectrum 

is controlled by the characteristics of the acceleration trace of the 

ground motion. The behavior of the middle region is controlled by the 

characteristics of the velocity trace, and the behavior of the left- 

hand portion is controlled by the characteristics of the displacement 

trace of the ground motion. 

Applying the same concept to force-excited systems, a 

typical tripartite response spectrum is illustrated in Fig. 37. The 

scales represent the maximum displacement, X, and two alternative 
2 

measures of it: the pseudo-impulse, X/p; and the psuedo-moment, X/p . 

Let x (t) be the instantaneous value of the static dis¬ 

placement produced by the exciting force, and (x$^)0 be its maximum 

value. Similarly let I-|(t) and Ig(t) be the first and second integrals 

of x t(t), and (I-|)0 and (I2)0 be the maximum values of these integrals. 

The initial values of the integrals may be chosen in either of two 

possible ways, and this matter is considered in greater detail later. 

The dashed lines in Fig. 37 are reference lines defined by Ust)0* 

(I,)0 and <I2)0. 

When plotted in this format, the right-hand side of the 

spectrum may be defined in terms of certain gross characteristics of 

the x t(t) trace; the medium region may be defined in terms of the 
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characteristics of the I-j(t) diagram, and the left-hand region of the 

spectrum may be defined in terms of the characteristics of the Ig(t) 

diagram. 

For the simple excitation considered, the normalized traces 

of x t(t), I-j(t) and ^(t) are shown in Fig. 38 for the inertia com¬ 

ponent of the excitation and in Fig. 39 for the drag component. In 

evaluating I-j(t) and ^(t), the initial values of these integrals were 

taken as zero. 

The tripartite versions of the response spectra for these 

excitations are shown in Figs. 40 and 41. At high frequencies, these 

spectra tend to a unit value on the right-hand diagonal scale; and at 

low frequencies, they tend to a unit value on the left-hand diagonal 

scale. 

The histories of xst(t), I-j(t) and Ig(t) for the inertia 

component of Wave 1 are shown in Fig. 42, and the normalized, tri¬ 

partite versions of the response spectra for this excitation are shown 

in Fig. 43. Unrealistically low frequencies are included in the 

latter figure in order to illustrate the limiting behavior of the 

spectra in the low-frequency region. Note that the low-frequency limit 

is again unity on the left-hand diagonal side; however, this limit is 

attained following a fairly long region in which the response spectrum 

has almost a constant value on the vertical scale. This behavior is 

representative of that observed for the simpler inputs investigated in 

Ref. [7], and may be explained in terms of the concepts developed in 

that study. 



33 

The force integrals, I-j(t) and I2(t), presented in Fig. 42 

were computed by considering their initial values to be zero. It is 

also instructive to evaluate these integrals with initial values such 

that the resulting diagrams have a zero mean. These balanced integrals 

will be identified by Ipt) and I2(t), and their peak values will be 

denoted by (Ij) and (I2)Q. *n ^9* 44 are given normalized plots of 

I-j(t) and I2(t) for Wave 1, and in Fig. 45 the response spectra pre¬ 

sented previously are replotted on a tripartite logarithmic plot with 

the vertical and diagonal scales normalized with respect to (Ip0 and 

(I^o rather than (Ij) and (I2)Q. When displayed in this format, the 

response spectra approach a low-frequency limit of 17.6 on the left- 

hand diagonal scale. This value is precisely the ratio (^o^Po* 

Incidentally, if the spectra for steady-state response are plotted in 

this format, they will approach a limiting value of unity on the left- 

hand diagonal scale. For a more detailed account of this low-frequency 

behavior of the spectra for transient and steady-state responses, the 

reader is referred to Ref. [7]. 

The histories of x$t(t), I-j (t) and I2(t) corresponding to 

the drag component of Wave 1 are shown in Fig. 46 and the corresponding 

tripartite spectra are shown in Fig. 47. The vertical and left-hand 

diagonal scales in this case are normalized with respect to (I]) and 

(I2)q. The general trends of these spectra are similar to those of 

the spectra presented in Fig. 43. 



VI. CONCLUSIONS 

A study has been made of some of the major parameters that 

influence the response of simple structures to wave-type excitations. 

Based on the information presented, the following conclusions can be 

drawn. 

1. The response characteristics of systems subjected to 

the idealized simple wave loading are generally similar to those ob¬ 

tained for more realistic wave excitations. Valuable insight into the 

response of systems to wave loadings may, therefore, be gained from 

consideration of the effects of much simpler excitations. 

2. The relative magnitude of the inertia and drag compo¬ 

nents of the wave loading is one of the important factors controlling 

the response characteristics of structures to waves. Of the two com¬ 

ponents, the inertia force component has the dominating influence, pro¬ 

vided the two are of about the same magnitude. 

3. The concept of a force ramp is widely used in practice 

as a means of eliminating the spurious oscillations in the response 

associated with the sudden application of a force. It is shown that 

great care should be exercised in the use of this concept. Specifical¬ 

ly, the ramp should not be too long, as this may create unwanted re¬ 

sponses in low-frequency systems, nor too short, otherwise the very 

purpose of the ramp may not be achieved. An alternative and simpler 

means of correcting for the unwanted oscillations is to shift the origin 

of the force history to its first zero crossing. 

34 
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4. The histories of wave motion are generally quite sensi¬ 

tive to the set of random phase angles used in the generation of the 

waves, even when all other parameters, such as wave height, water depth, 

average wave period and the frequency increment used to discretize the 

wave spectrum are the same. Of even greater practical importance is 

the fact that the response spectra corresponding to these different 

histories may differ significantly from one another. 

5. In studies of the dynamic response of structures to 

waves, it is normally assumed that the structure is at rest when the 

wave excitation starts. In reality the structure may already be in 

motion, and its initial state depends not only on the past history 

of the excitation but also on the characteristics of the system itself. 

Valuable insight into the effect of these initial conditions may be 

obtained from a study of the steady-state response of the systems. It 

is shown that the latter response may be materially different from that 

obtained for a single segment of wave loading, particularly for systems 

having a small amount of damping. 

6. The tripartite logarithmic format of displaying response 

spectra, which is used widely in earthquake engineering, can also be 

used to advantage for wave-excited systems. 
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FIG. 1 Fluid Kinematics for Simple Excitation 



FIG. 2 Inertia and Drag Force Components for Simple Excitation 



FIG. 3 Representative Pierson-Moskowitz Spectrum 
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FIG. 4 Fluid Kinematics for Wave 1 
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FIG. 5 Inertia and Drag Force Components for Wave 1 
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FI6. 6 Response Spectra for Systems Subjected to Inertia Component 
of Simple Excitation 



FIG. 7 Response Spectra for Systems Subjected to Inertia Component 
of Wave 1 
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FIG. 8 Response Spectra for Systems Subjected to Drag Component 
of Simple Excitation 
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FIG. 9 Response Spectra for Systems Subjected to Drag Component 
of Wave 1 
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FIG. 10 Combinations of Inertia and Drag Components of Wave 1 



FIG. 11 Response Spectra for Systems with ç = 0.02 Subjected to Wave 1 — 
Values of a Equal to 0, 0.1 and 1 



FIG. 12 Response Spectra for Systems with ç = 0.02 Subjected to Wave 1 
Values of a Equal to 0, 0.25 and 1 



FIG. 13 Response Spectra for Systems with ç = 0.02 Subjected to Wave 1 
Values of a Equal to 0, 0.5 and 1 
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FIG. 14 Resppnse Spectra for Systems with ç = 0.02 Subjected to Wave 1 
Valuès of a Equal to 0, 0.75 and 1 



FIG. 15 Response Spectra for Systems with ç=0.02 Subjected to Wave 1 
Values of a Equal to 0, 0.9 and 1 
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FIG. 17 Response Spectra for Systems with ç=0.02 Subjected to the 
Inertia Component of Wave 1 with and without Initial Ramp 
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FIG. 18 Inertia Component of Wave 1 and Its Shifted Version 



FIG. 19 Response Spectra for Systems with ç = 0.02 Subjected to Original 
and Shifted Versions of the Inertia Component of Wave 1 
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FIG. 20 Fluid Kinematics for Wave 2 
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FIG. 21 Fluid Kinematics for Wave 3 
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FIG. 22 Inertia Force Components for Waves 1, 2 and 3 



FIG. 23 Response Spectra for Undamped Systems Subjected to Inertia 
Components of Waves 1, 2 and 3 



FIG. 24 Response Spectra for Systems with ç = 0.02 Subjectéd to 
Inertia Components of Waves 1, 2 and 3 



0 20 40 60 80 100 

t , sec 

FIG. 25 Drag Force Components for Waves 1, 2 and 3 



FIG. 26 Response Spectra for Undamped Systems Subjected to Drag 
Components of Waves 1, 2 and 3 



FIG. 27 Response Spectra for Systems with ç = 0.02 Subjected to 
Drag Components of Waves 1, 2 and 3 
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FIG. 28 Response Spectra for Undamped Systems Subjected to Drag 
Component of Simple Excitation with Fluid-Structure 
Interaction Considered 



FIG. 29 Response Spectra for Undamped Systems Subjected to Drag 
Component of Wave 1 with Fluid-Structure Interaction Considered 



FIG. 30 Comparison of Exact and Approximate Response Spectra for 
Systems with ç = 0 and 5 = 0.05 Subjected to Drag Component 
of Simple Excitation 



FIG. 31 Comparison of Exact and Approximate Response Spectra for 
Systems with ç=0 and 6 = 0.10 Subjected to Drag Component of 
Simple Excitation 



FIG. 32 Comparison of Exact and Approximate Response Spectra for 
Systems with ç = 0 and 0 = 0.05 Subjected to Drag Component 
of Wave 1 



0.02 0.05 0.1 0.2 0.5 I 

f , cps 

FIG. 33 Comparison of Exact and Approximate Response Spectra for 
Systems with ç = 0 and 6 = 0.10 Subjected to Drag Component 
of Wave 1 



FIG. 34 Comparison of Response Spectra for Transient and Steady-State 
Response of Systems with ç = 0.02 Subjected to Inertia Component 
of Wave 1 and Its Periodic Extension 



FIG. 35 Comparison of Response Spectra for Transient and Steady-State 
Response of Systems with ç = 0.05 Subjected to Inertia Component 
of Wave 1 and Its Periodic Extension 
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FIG. 38 Static Displacement Due to Inertia Component of Simple 
Excitation and Its First Two Integrals 
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FIG. 39 Static Displacement Due to Drag Component of Simple 
Excitation and Its First Two Integrals 
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FIG. 40 Tripartite Format of Response Spectra for Systems Subjected 
to Inertia Component of Simple Excitation 



FIG. 41 Tripartite Format of Response Spectra for Systems Subjected 
to Inertia Component of Simple Excitation 
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FIG. 42 Static Displacement Due to Inertia Component of Wave 1 and 
Its First Two Integrals 
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FIG. 44 Static Displacement Due to Inertia Component of Wave 1 and Its 
First Two Balanced Integrals 
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FIG. 46 Static Displacement Due to Drag Component of Wave 1 and Its 
First Two Integrals 
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