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ABSTRACT 

Fatigue Analysis for Non-normal 

Stochastic Stress 

by 

Sau-Lon J. Hu 

The basic goal of this study is to determine the 

relationship between the fatigue damage predicted for 

Gaussian and nongaussian processes when both are analyzed 

by the rainflow counting method. Due to a lack of references 

on nongaussian process simulation, some initial effort is 

devoted to finding a simple way of generating nongaussian 

processes. In this study, in addition to mean and variance 

(the usual two parameters of a normal distribution), kurtosis 

is chosen as a third parameter to indicate the degree of 

non-normality. A theoretical prediction of the fatigue 

damage due to a nongaussian process is also obtained for 

the special situation of a narrow-band process with the 

exponent in the S-N curve limited to integer values. The 

effect of non-normality on the empirical rainflow results 

(for any bandwidth process) is shown to be approximately 

the same as the effect predicted theoretically for the 

corresponding narrow-band process. 



A practical example associated with the fatigue life 

design of an offshore platform is given. It incorporates 

non-normality considerations into the design procedure. It 

is concluded that the effect of non-normality should not 

be neglected. It is also noted that the influence of non¬ 

normality is affected not only by the kurtosis of the stress 

process, but also by the slope of the S-N curve (which is a 

material property). 
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SUMMARY OF NOMENCLATURE 

Symbol Explanation or Definition 

a, b weighting constants (3-2) 

A envelope random variable 

B Rayleigh envelope random variable 

D average fatigue damage per cycle 

EC-3 expected value 

f frequency (Hz.) 

6(f) one-sided power spectral density in terms 

of Hz. 

k empirical constant in S-N curve 

L number of harmonic components (3-1) 

m negative reciprocal slope of the S-N 

curve 

N number of cycles to failure in fatigue 

test 

% 

*0 

number of peaks 

number of upward zero crossings 

NIF non-normality influence factor 

P probability density function 

R(T) autocorrelation function 

S random variable denoting stress range 

S(w) spectral density function of frequency w 

X Gaussian random stress process 

Y nongaussian random stress process 

Z normalized nongaussian random stress process 

i 1 i 



Symbol 

a 

a, S 

♦, 
e 

X 

K 

(!) 

U 

P 

Y 

r(* ) 

0 

a 

T 

Ç 

Explanation or Définition 

irregularity factor 

weighting constants (4-4) 

parameter (3-6) (4-7) 

parameter (3-8) (4-8) 

spectral width 

spectral width correction factor 

kurtosis 

frequency in radians/sec 

mean value 

dimensionless index of the 6**1 central 

moment 

Y/Z (3-9) 

gamma function 

random phase angle 

standard deviation 

time separation of autocorrelation 

function 

threshold crossing level (2-12) 

iv 



I. INTRODUCTION 

Fatigue failure can be described as the result of 

cumulative damage that arises when the response of a structure 

to external excitations fluctuates with time. Unlike first 

excursion failure, fatigue failure can occur just because of 

continued small or moderate excursions. Since fatigue failure 

is a real danger, and there are generally no warning signs 

that it is approaching, it becomes very important to have 

accurate methods to predict fatigue life. 

Many natural excitations in the real world vary 

randomly with time. Examples are ground motions due to 

earthquakes, wind forces, rough roads, machinery vibrations, 

atmospheric turbulence, acoustic pressure caused by jet or 

rocket engines, and ocean waves in a stormy sea. These, 

in turn, give rise to problems of random vibrations of 

structural frameworks, automobiles, aircraft, space vehicles, 

ships, etc. Thus probabilistic studies of the dynamic 

behavior of structural or mechanical systems subjected to 

such random enviroments seem relavent and almost mandatory. 

Existing methods to probabilistically estimate fatigue 

life can be roughly divided into "spectral methods" and "time 

series methods". In the former category are methods of 

predicting average fatigue damage from knowledge only of 

parameters of the stress process that can be determined from 

the power spectral density of that process and certain 
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simplifying assumptions. The latter category includes 

simulation methods wherein an ensemble of possible stress 

time histories is produced, and average damage is determined 

after deterministic analysis of each of these time histories. 

According to recent publications on fatigue damage 

prediction, the rainflow counting method (one of the "time 

series methods") is considered to give good predictions 

under a range of random loadings. The disadvantage, from 

the designer's point of view, is that estimating fatigue 

damage by the rainflow counting method can be expensive and 

complicated. Since estimating fatigue damage from the 

rainflow counting method is considered to be accurate, and 

estimating fatigue damage from power spectral density is 

easy, attempts have been made to find a correction factor 

curve to transform damage estimated by a spectral method 

into damage estimated by the rainflow counting method. 

Wirsching et al (1980), and Corazao (1981) have done 

research on estabi1ishing correction factor curves. In 

their studies, they limited the response stress process to 

be stationary, ergodic and Gaussian. The assumed Gaussian 

stress distribution is quite correct under the circumstance 

that the input external force is Gaussian and the analyzed 

structure is linear. However, in case the input force is 

nongaussian or the structure is nonlinear, then it is very 

possible to have a nongaussian response stress process problems. 

Both Wirsching and Corazao agreed on one crucial conclusion. 
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That is, under the Gaussian process assumption, the damage 

prediction from the rainflow method is always less than that 

from the Rayleigh range distribution spectral method, no 

matter what $-N curve is chosen. In other words, in this 

design procedure the fatigue damage prediction from the 

spectral method can be reduced to that of the rainflow 

method by multiplying by a factor less than 1. 

The basic goal of this study is to determine the 

relationship between the fatigue damage predicted for 

Gaussian and nongaussian processes when both are analyzed 

by the rainflow counting method. Due to a lack of references 

on nongaussian process simulation, some initial effort is 

devoted to finding a simple way of generating nongaussian 

processes. In this study, in addition to mean and variance 

(the usual two parameters of a normal distribution), kurtosis 

is chosen as a third parameter to indicate the degree of 

non-normality. A theoretical prediction of the fatigue 

damage due to a nongaussian process is also obtained for 

the special situation of a narrow-band process. To simplify 

this narrow-band problem, the exponent in the S-N curve is 

limited to integer values, however this limitation does not 

apply to the rainflow simulation study. The narrow-band 

results for the effect of non-normality are compared with 

the corresponding rainflow results. 

Chapter 2 presents some fundamental results which 

are background for the later chapters. Chapter 3 describes 
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the method used to simulate Gaussian and nongaussian time 

series. Chapter 4 explains the theoretical prediction of 

fatigue damage for a nongaussian process which is restricted 

to be narrow-band. Chapter 5 presents the results of the 

simulation studies, and compares these with the theoretical 

results of Chapter 4. The results in Chapter 5 show the 

effect of non-normality on fatigue damage predictions. The 

last chapter summarizes the results and important conclusions 

of the earlier chapters. 



II. PRELIMINARY CONCEPTS 

This chapter serves as background and reference 

material for later chapters. Because statistical analysis 

of the response stress is fundamental to the topic of study, 

some useful concepts which represent the statistical descrip¬ 

tion of random processes will be reviewed briefly in Section 

2.1. An explanation of spectral methods and the rainflow 

counting method for estimating fatigue damage will.be given 

in Section 2.2 and 2.3, respectively. 

Unless explicitly stated otherwise, the response 

stress is assumed stationary and ergodic (but not necessarily 

Gaussian) with zero mean throughout this and further chapters. 

The restriction to the stationary situation means that while 

the quantity of interest (for example, response stress) varies 

with time, the value of any statistical measure of the quantity 

(for example, its mean square value) does not depend upon the 

time for which the measure is determined. A stationary process 

is called an ergodic process if an average taken along any 

single sample time-history is the same as the ensemble average 

(or expected value). 

2.1 Statistics of a Stationary Ergodic Process 

A stationary random function of time X(t) may be 

characterized by a series of related probability functions 

fl» f2» •••» fn where fi(x)dx is the probability of finding 
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X between x and x+dx; fgfXj^.'OdXjdXg is the joint proba¬ 

bility of finding a pair of values X(t) and X(t+x) in the 

ranges x^ to x^+dx^ and Xg to x
2
+c*x2' The sequence of fn 

probability distributions represents a complete statistical 

description of the process, each distribution of higher order 

describing it in greater detail^. From f^(x) the average 

value of x can be found 

E[X] xf^(x)dx (2-1) 

For an ergodic process 

EDO - 1 im 
T+00 2T "fT 

T J-T 

this is the same as the time average 

x(t)d t (2-2) 

In practical applications, the data may be sampled at discrete 

times, then 

! N-l 

EDO = 11m “"E x, (2-3) N-x» N -j =Q 1 

The autocorrelation function for a random process X(t) 

is defined as the average value of the product X(t)X(t+x). 

Provided that the process is stationary, the value of 

E[X(t)X(t+x)] will be independent of the absolute time t and 

will depend only on the time separation T. From fgfx^Xg»?) 

one can obtain the mean value of the product X(t)X(t+x) and 

put 
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RX(T) = E ^(t)X 2(t+T)] 

xlx2^2^x 1 »xjdx^dxg (2-4) 

For an ergodic process, this is the same as the time average 

1 rT 
R (T) = lim  / x(t)x(t+x)dt (2-5) x T-H» 2T J-T 

The Fourier transform of RX(T), and its inverse, are given by 

(10,11) 

Sx(u) = 27" f_m Rx(T)e’1Ü1TdT (2‘6) 

and 

RX(T) = J" Sx(o))eiülTdü) (2-7) 

where Sx(m) is called the power spectral density of the x 

process and is a function of the angular frequency ID. One 

important property of S (w) becomes apparent when T = 0. 
J\ 

In this case 

Rx(0) f sx<«) dü) 

or 
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E [X2] - f; Sx(u)dw (2-8) 

In applications people often change the frequency scale from 

0 to » instead of -« to » and use frequencies f expressed 

in Hz instead of w in rad/sec. Then 

where Gx(f) is called one-sided power spectral density in 

terms of Hz. Since w = 2irf and Sx(w) is an even function, 

this is equivalent to the above expressions if 

6
x(
f) » 4TrSx(2irf) 

2.2 Background and Review of Spectral Methods 

The term spectral method as used here indicates a 

prediction of fatigue damage which can be performed from a 

given power spectral density without knowledge of a specific 

time history. This includes use of the Rayleigh distribution 

and the Rice Peak distribution for the range of a stress 

process. It should be recognized that both of these spectral 

methods of fatigue damage estimation are derived assuming a 

Gaussian process for the time series X(t). Strictly speaking, 

not only is X(t) a Gaussian process but also X(t) and X(t) 

are Gaussian processes. No spectral method has been found 

for a nongaussian process. Below is a basic review of the 

(2-9) 
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spectral methods mentioned above^*6^. 

For any stationary process X(t) one can write 

E[x2 3 - j" Sx((d)daj (2-8) 

. 2 f00 2 
E[X ] - / OJ Sx(oj)dü) 

f ■» 00 
(2-10) 

..2 rco 4 

E[x ] = / to S (oj)do) 
/-00 

(2-11) 

where $x(w) the power spectrum. 

The expected rate of threshold crossing from below at 

level % is 

E[N + U,t)] = J” xpx» (£,x, t)dx (2-12) 

If X(t) is stationary and Gaussian with zero mean, 

then X(t) and X(t) are independent and their probability 

density is independent of t and given by 

Pxj(x,x) 
1 

!'Vi 

• 2 
X 

Then 

(2-13) 

ElVU)] exp( -C 
2 

2 a 2 

X 

) (2-14) 



10 

and for Ç ■ 0 

10» 

E[N+(0)] •    (2-15) 
2u <JX 

(the zero mean crossing rate) 

In the same way, there is a joint probability density function 

n • •• s 
KXX 2ir ax 

exp(- 
• 2 x2 

2 a; 2 a 
(2-16) 

giving the expected total number of peaks per unit time as 

E[N ] - — — (2-17) 
P 2* 

People often use the irregularity factor (a) or the spectral 

width (e) to characterize narrow band or wide-band processes, 

where 

E[M*(0)1 

E[N„] 
(2-18) 

and 

e = ( 1 - <x2)h (2-19) 

If a is close to 0 or e is close to 1 then the process is wide¬ 

band, and if a is close to 1 or e is close to 0 then it is 

narrow-band. For a Gaussian process, from the above, 
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a = o o •• 
X X 

(2-20) 

The probability density function of a peak : of a Gaussian 

process is given by the Rice peak distribution : 

P5(C) - (2TT)"^ ax
_1(l-a2)% exp{-£2[2 a2(l-a2)]"1} 

+ (2 aJ)_1aÇ{l+erf J-[(2a~2 

°x 

-K 
2)'%]>exp( .) 

. 2 a 
X 

(2-21) 

For a = 1 (narrow-band) this reduces to the Rayleigh distri¬ 

bution : 

5 £ 
Ps(£) exp( j) (2-22) 

o’ x 2 ox 

In analyzing fatigue damage, it is usually assumed 
(g) 

that Miner's rule' 1 applies and that the allowable number 

of cycles N at a given constant stress range S is given by 

NSm = k (the "S-N curve"), where N is the number of full 

cycles until failure, and S is the stress range (Range * 2 

amplitude). Thus N"1 * k"lSm is the damage per cycle at 

stress range S. 

The Miner's rule formula for calculating average 

fatigue damage per cycle under variable range stresses is 

then 
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1 M ! i M SJ 
(2-23) 

where N-S1? = k, i = 1,2,---,M. 

A1ternatively 

(2-24) 

If one assumes that each range is two times an amplitude 

If one has an S-N curve based on stress amplitude, but 

wants to use formula 2-25 to compute fatigue damage, the only 

thing that needs to be done is to change the coefficient k; 

k(range) * 2mk (amplitude). To convert damage per cycle to 

damage per unit time, the number of cycles per unit time is 

taken as E[N+(0)] (i.e. zero crossings rate). Although this 

and that the amplitudes have the Rayleigh distribution' '(i.e. 

X(t) is a Gaussian process and narrow band), then 

D = W(2/2 crx)mr(^-+ 1) 
k x 2 

(2-25) 

As an aside, notice that if the S-N curve is based on 
/ o g \ 

stress amplitudes instead of stress ranges' ’ , then 

D = 0x>mr(T+ D k 2 
(2-26) 

damage calculation was based on assumptions of a narrow-band 

process, it is also commonly used as an approximation of the 
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damage done by a broad-band process. 

The other spectral method sometimes used for broad¬ 

band processes is to assume that each range is two times a 

peak value. In order to avoid negative ranges the Rice peak 

distribution is modified by conditioning by the event S > 0. 

This procedure requires numerical integration of the Rice 

peak distribution (formula 2-21) for P$(s) in the primary 

fatigue damage formula (formula 2-24) to get fatigue damage 

per cycle. The number of cycles per unit time is then taken 

as the number of positive peaks per unit time, which is 

N (l+o)/2. 
(13) A study by Wirsching and Light' ' has shown that 

the Rice range distribution spectral method predicts almost 

the same results as the Rayleigh range distribution method 

for most spectral widths (say e < 0.75). For larger e values, 

the Rice distribution predicts more damage than does the 

Rayleigh distribution. Simulation studies have shown, though, 

that the Rayleigh distribution method is probably conservative 

since it predicts more damage than is computed by rainflow 

analysis (this will be discussed more in Section 5.1). Thus 

it appears that the Rayleigh distribution method is not only 

the simpler, but also is the better of the two spectral 

methods, and it is the only one that will be applied 1n this 

study. 
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2.3. Background and Review of Rainflow Method 

To apply Miner's rule to a given time history, it is 

necessary to identify the number of cycles and the cycle 

ranges. A number of cycle counting algorithms have been 

proposed. The rainflow method is generally considered to be 
f 41 one of the best methods' . 

Although the rainflow method is believed to provide 

an accurate prediction of fatigue damage, several factors 

known to sometimes influence fatigue damage are not being 

considered in this approach. These include the sequence of 

the stress cycles, the frequency of stress cycles and the mean 

stress value of each cycle. It should be understood that these 

factors are really excluded by Miner's rule rather than by the 

rainflow method. 

Application of the rainflow method does not impose 

any restriction of a Gaussian process. A common defect of all 

time series methods is the amount of data processing effort 

required, which makes application to design projects prohibi¬ 

tive. An additional drawback is that the rainflow method 

also really requires much computer time. In order to reduce 

computer time somewhat, Wirsching used an assumption that for 

any range from valley to peak, there should be another equal 
f 131 range from peak to valley corresponding to it' '. This 

algorithm gives the number of full cycles (closed hysteresis 

loops) but not the exact "flows" of the original rainglow 

method. However, for a long time series the fatigue damage 



15 

results are almost the same. 

The rainflow method (Wirsching's algorithm) will be 

used in Chapter 5 to calculate the fatigue damage for the 

nongaussian processes. A description of the rainflow algori¬ 

thm is given in Appendix A. 



III. SIMULATION OF SAMPLE STRESS HISTORIES 

3.1. Gaussian Process Simulation 

Consider a stationary random process X(t) with zero 

mean and a power spectral density S(w). The process X(t) 

can formally be expressed in the form of a sum of cosine 

functions: 

L 
X(t) = E [2S(Uk)Aajk]

% cosUkt - <j>k) (3-1) 
k-1 

where the <j>k are independent random phase angles distributed 

uniformly between 0 and 2ir, 

S(w) is the one sided spectral density function 

expressed in terms of circular frequency 

w (rad/sec), 
k 

and w. = E Aco. 
K j = 1 j 

Note that the simulated process is Gaussian by virtue 

of the Central Limit Theorem when L is large. Wirsching 

declares that the number of harmonic components L is arbitrary, 
(121 and L * 20 was found to provide adequate results' . Using 

the above formula, it is obvious that if all Ao>k terms are 

identical then X(t) will be periodic with period of 2TT/AW. 

This periodicity can be avoided either by using random 

intervals for Awk or by using a new set of random phase 
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angles after one period (that is every 2ir/Aw time interval). 

Note that X(t) can only be simulated at discrete times, rather 

than continuously. For the rainflow method, in particular, 

it is necessary that every peak of X(t) be detected from the 

simulated time series. Therefore, the time increment used in 

simulation must be equal to or less than the period of the 

highest frequency component of the spectral density. 

For all simulations in this study, L is chosen to be 

50 and the simulation time is about 20 minutes. For any 

particular one-sided power spectral density, the Aw is always 

taken equal to the frequency range divided by 50, where 

frequency range is the difference between the highest and 

lowest frequencies. Because the Aw values are all the same 

during one simulation, periodicity is avoided by using a new 

set of random phase angles (generated by the Monte Carlo 

method) whenever the function would otherwise repeat itself. 

A nonlinear function to perform the transformation of 

a Gaussian process into a nongaussian process is presented in 

Section 3.2. This type of transformation can also be used to 

modify a slightly nongaussian process to a more nearly Gaussian 

process. Table 3-1 lists 5 simulations from formula 3-1 and 

their modified results. More numerical results associated 

with these simulations are described in Section 5.2. 

The judgement of whether or not a process is Gaussian 
t h 

is here based on the kurtosis (K; a dimensionless index of 
X L 

central moment) and a dimensionless index of the 6& central 
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moment (p). For a perfectly Gaussian process these values 

should be equal to 3 and 15, respectively. Thus, based on the 

values of K and p shown in Table 3-1, one can say that formula 

3-1 does give a reasonable approximation of a Gaussian process. 

For some simulations, like the 5tn simulation in Table 3-1, it 

does not require any modification since the simulated values 

< * 2.99 and p = 14.9 are very close to Gaussian already. 

Since all simulations from formula 3-1 are "random", it is 

unlikely that the K and p of the simulated process will fall 

into the desired range every time. If one desires more nearly 

normal values of K and p , then the random characteristics can 

be remedied somewhat by the nonlinear transformation (Section 

3.2), and several examples of the effectiveness of this pro¬ 

cedure are shown in Table 3-1 also. 

3.2. Nongaussian Process Simulation 

3.2.1. Kurtosis as a Parameter to Represent Non-normality 

The distribution of a Gaussian random variable can be 

wholly represented by two parameters, the mean and standard 

deviation. Similarly a stationary Gaussian random process is 

completely defined by its mean and power spectral density. 

For a nongaussian process (which we wish to use to analyze 

fatigue life) at least one more parameter is necessary to 

represent its degree of non-normality. The nonnormal processes 

used in this study will have symmetric distributions, so the 
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p HI 
mean stress skewness (3r moment) alone is not a good candi¬ 

date for a non-normality index. 
J. L 

Kurtosis is the dimensionless index of the 4^ central 

moment of a probability distribution and it should be equal to 

3 for a Gaussian distribution. A value greater than 3 indi¬ 

cates more probability mass in the tails of the distribution 

than in a Gaussian distribution^. One reason it is chosen 

here to be the only index to show the degree of non-normality 

in fatigue damage estimation is that the index of any even 

order central moment has the same tendency as kurtosis. All 

the odd order central moments are zero, due to symmetry. 

3.2.2. The Generation of Nongaussian Process 

In Section 3.2.1, kurtosis has been selected as the 

index of non-normality. In this section a nongaussian simu¬ 

lation technique is presented such that the kurtosis of the 

generated process is known before simulation. 

One way to generate a nongaussian process is to use 

a nonlinear function to transform an existant Gaussian process. 

By using a linear combination of a linear and a nonlinear 

function, one can get different "degrees" of non-normality by 

varying the ralative weights. Putting more weight on the 

nonlinear part gives a more nongaussian process. An advantage 

of using a Gaussian process as the basic element is that one 

can apply the simple relation between the moments of various 

orders of the Gaussian process to get the various order 
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moments of the nongaussian process. 

Let the generated nongaussian random variable be 

expressed as 

Y(t) = a X(t) + b G(X(t)) (3-2) 

where X(t) is Gaussian random variable with zero mean 

G(X(t)) is a nonlinear function of X(t), e.g. some 

function like X3(t), sign(X(t))/|X(t)|,e.t.c. 

a, b are weighting constants 

By definition, the kurtosis of Y is^ 

E r f Y - u T] 

Because E[X ] = 0, one also gets E[Y] = 0 for any odd function. 

Thus, 

E[Y4] 
Ky 

(E[Y2])2 

From formula 3-2, one gets 

(3-3) 

E[Y2] = a2E[X2] + 2abE[XG(x)] + b2E[G2(x)] 

E[Y4] = a 4 E [X 4 ] + 4a3bE[X3G(x)] + 6aVE [X2G2 (x)] 

+ 4ab3E[XG3(x)] +b4E[G4(x)] (3-4) 
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If the G(x) is selected carefully then the expectation of all 

terms in formula 3-4 can be obtained, and by substituting 

formula 3-4 into formula 3-3, the kurtosis of Y should be 

easy to obtain also. 

First consider G(x) = x and insert into formula 3-4, 

then 

E[Y2]= a 2 E [ X 
2 3 + 2abE Ex'*] + b 2 Et X6 ] 

E[Y4] = a4E[X4] + 4a3bE[X6] + 6a2b2E[X8] + 4ab3E[X10] 

+ b 4 E Cx123 

Also for any normal random variable with ECX3 = 0, one has 

E [Xn3 = 2n/2Tr"î$r(n21) a" for n even 

= 0 for n odd (3-5) 

Thus 

3 + 60<J>X + 630<f>? + 3780 + 103954>ï 
K -    

y 1 + 124)! + 664>2 + 1804>[ + 225<j>J (3-6) 

b , 
where 4>j = —a 

Secondly, let G(x) * sign(X)/|X|, then one has 
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E[Y2] = a2E[X2] + 2abE[|X|3/2] + b^E [| X |3 

E[Y4] = a4E[x'f ] + 4a3 bE[ | X | ?/2] + 6aVE [| X |3] 

+ 4ab3E ClX| s/2] + b**E[X2] 

Using the Gamma function, 

Ec |XI n 3 = 2n^2ir"^ r(~~) a" for n > 0 (3-7) 

therefore 

3.0 + 8.64>2 + 9.58<t>2 + 4.92c|)J + *5 
K _ 22 (3-8) 

y (1.0 + 1.72<i>2 + 0.798<|>2) 

b 
where 4>, =   

a^x 

Note that in formulas 3-6 and 3-8, the kurtosis is 

equal to 3 whenever the constant b is set to zero. This is 

a result in agreement with the general principle that linear 

functions of Gaussian variables remain Gaussian. Columns 2 

and 4 in Table 3-2 give numerical results of formulas 3-6 and 

3-8. It shows that when <J>. increases, the.kurtosis departs 

from the standard value of 3. In other words, the larger the 

value of b is taken, the more nongaussian will be the process 

generated. It should be clear that not only is the "degree" 

of non-normality determined by how much the kurtosis is greater 

than 3, but also by how much the kurtosis is smaller than 3. 

The nonlinear function X3 has the ability to shift probability 
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mass to the extreme parts of the distribution, while 

sign(x >/R concentrates probability mass in the middle 

part. 

Theoretically the nongaussian process simulation 

can control kurtosis to be a particular value. One problem 

in real simulation is that the basic "Gassian" process may 

not be perfectly Gaussian. Table 3-2 gives a little infor¬ 

mation to show how much difference exists in theoretical and 

real simulations. One could simply ignore this discrepancy, 

trusting that the effect on the kurtosis of the simulated 

nongaussian process would be small. Alternatively, as 

already mentioned in Section 3.2, the original "Gaussian" 

simulation from formula 3-1 can be modified by adding a 

small portion of a nonlinear function, to obtain a kurtosis 

very near 3. Then the modified process can be used as the 

basic Gaussian input to generate nongaussian processes. One 

can predict that using the modified Gaussian process to 

generate a nongaussian process should give better results. 

3.2.3 Other Factors Influencing Fatigue Damage by 

Nongaussian Process 

In estimating fatigue damage, the standard deviation 

of the stress process, the number of zero crossings and/or 

the number of peaks are generally recognized to be important 

factors. If one wants to know the individual effect of non¬ 

normality on fatigue damage, then the other significant 
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factors like standard deviation, number of zero crossings, 

and number of peaks should be held at fixed values. Although 

the nongaussian simulation procedure presented above was 

designed to control kurtosis, the standard deviation is 

generally changed to a different value at the same time. 

Thus, before starting to analyze the individual effect of 

non-normality, it is important to shift the standard devi¬ 

ation back to the original value. 

If y is the ratio of o to cr (standard deviation of y x 

Y and X), let the random variable 

Z=Y (3-9) 

From basic probability theory, one can get 

VAR(Y) 
VAR(Z) =   (3-10) 

Y2 

then VAR(Z) = VAR(X) and KZ - Ky. Therefore, the random 

variable Z has the standard deviation as X and the kurtosis 

of Y. Thus az of the generated nongaussian process is sure 

to be the same as ax of the Gaussian process. The remaining 

problem is to be sure that the number of zero crossings and 

number of peaks match with the original Gaussian process. 

Choosing G(x) as an odd monotone increasing function assures 

that the zero crossings and peaks of Z(t) exactly coincide 

with those of X(t), thus assuring that NQ and Np are unchanged 
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during transformation. Results of a digital computer run are 

given in Table 3-3, which shows that following the above 

procedure does generate a nongaussian process with other 

significant fatigue damage factors the same as for the original 

Gaussian process. Time histories with three different kurtosis 

values are shown in Fig.3.1. The time histories have the same 

values of the other factors, o, NQ and Np. It is obvious from 

Fig.3.1 that the kurtosis greater than 3 should have more 

probability mass in the extreme parts of the distribution. 
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b/a Y = ax+bx3 Y * ax+b*sign(x)/jlTf 

<t>,or<t>2 

(1) 

Theoretical 
> kurtosis 

(2) 

Simulated 
kurtosis 

(3) 

Theoretical 
kurtosis 

(4) 

Simulated 
kurtosis 

(5) 

0.00 3.00 2.99 3.00 2.99 

0.05 4.53 4.40 2.92 2.91 

0.10 6.57 6.14 2.84 2.84 

0.15 8.83 7.98 2.78 2.78 

0.20 11.11 9.78 2.72 2.72 

0.25 13.29 11.50 2.66 2.66 

0.30 15.33 13.00 2.61 2.62 

0.35 17.20 14.40 2.56 2.57 

0.40 18.90 15.60 2.52 2.53 

0.45 20.45 16.70 2.48 2.49 

0.50 21.86 17.80 i 2.45 2.45 

0.55 23.13 18.70 2.41 2.42 

0.60 24.29 19.50 2.38 2.39 

0.65 25.35 20.20 2.35 2.36 

0.70 26.32 20.90 2.32 2.33 

0.75 27.21 21.50 2.30 2.31 

0.80 23.03 22.10 2.27 2.28 

0.85 28.78 22.60 2.25 2.26 

0.90 29.48 23.10 2.23 2.24 

0.95 30.12 23.60 2.21 2.22 

Table 3-2 Theoretical and simulated kurtosis 
from formulas 3-6 and 3-8 



H* a K P NP € 

1 0.0 1.00 1.94 5.30 646 626 0.247 

2 0.0 1.00 2.01 5.80 646 626 0.247 

3 0.0 1.00 2.31 8.06 646 626 0.247 

4 0.0 1.00 2.50 9.62 646 626 0.247 

5 0.0 1.00 2.79 12.40 646 626 0.247 

6 0.0 1.00 3.00 14.60 646 626 0.247 

7 0.0 1.00 3.12 16.30 646 626 0.247 

8 0.0 1.00 3.36 20.20 646 626 0.247 

9 0.0 1.00 4.21 37.60 646 626 0.247 

10 0.0 1.00 4.53 45.40 646 626 0.247 

11 0.0 1.00 6.16 95.50 646 626 0.247 

12 0.0 1.00 11.40 355.00 646 626 0.247 

Table 3-3 Statistics for nongaussian simulation 



IV. FATIGUE DAMAGE CALCULATIONS FOR 

NON-NORMAL NARROW-BAND PROCESSES 

Estimating fatigue damage for nongaussian processes 

will be the topic of this and the following chapter. In 

this chapter the stress process is narrow-band, which allows 

calculation (at least approximately) of a theoretical pre¬ 

diction of fatigue damage. The rainflow method is believed 

to be one of the most accurate methods of dealing with 

fatigue damage estimation problems, and it has no restriction 

regarding either the bandwidth or the probability of the 

stress process. Thus, in Chapter 5 the effect of non¬ 

normality on fatigue damage will be evaluated by rainflow 

analysis of simulated stress histories, and these results 

will be compared with theoretical results obtained in this 

chapter for narrow-band processes. 

Narrow-Band Processes 

express a narrow-band process 

Y(t) = A(t) cos(wt + e(t)) (4-1) 

where A(t) is called the envelope random process and is 

slowly varying with time, 

0(t) is a random phase angle uniformly distributed 

between 0 and 2ir, and 

4.1. Properties of Non-Normal 

It is quite common to 

as (6) 
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A(t) and e(t) are independent. 

From formula 4-1, one can easily get 

ECV2] -|E[A!] 

ECY‘3 =| E[A‘] (4-2) 

since E[Y] = 0. By definition 

E[Y4] 

Ky ’ (E[Y2])2 

so 

3 E[A*] 
<y * 2 (E[A2])2 

(4-3) 

Formulaes 4-2 and 4-3 reveal that the various order expec¬ 

tations of the stress process are closely related to the 

corresponding expectations of the envelope process. Thus, 

one can get a statistical index of the stress process, like 

kurtosis of stress, from consideration of the envelope 

process, as well as directly from the stress process. This 

simple idea will serve as a tool for theoretical analysis 

of the effect of non-normality on fatigue damage predictions. 

Recall that in Chapter 3 a non-normal process Y was 

generated from a normal process X by eq.3-2 : 
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Y = aX + bG(x) 

The envelope of a normal process defined as in eq.4-1 always 

has the Rayleigh probability distribution, but since Y is 

not normal, its envelope A is not Rayleigh. The method used 

here is to define an envelope which is not Rayleigh by a 

direct analogy of eq.3-1 : 

A = aB + B G(B) (4-4) 

where B is Rayleigh corresponding to a narrow-band X stress 

process, 

G is a nonlinear function (same definition as before) 

and a and 3 are two constants. 

Note that the nonnormal process resulting from eqs.4-1 and 

4-4 is not identical to the one resulting from eq.3-2, but 

it is expected to be similar if the kurtosis values are 

chosen to be equal. 

Since B is Rayleigh distributed, one can obtain the 

expected kth power of B as 

b2 

E[Bk] = f bk+1 $ 2° db 
J 0 az 

— t, 
* (2 ®2)2r(j+ 1) (4-5) 



This is almost like the development in Section 3.2.2. From 

(4-4) and using the binomial expansion theorem one can get 
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E[Am] = (gJ^ECB™] + (j)c.m'16E[Bra'1G(B)] ♦ ••• 

••• + (™)BmECem(B)3 (4-6) 

3 
First consider 6(B) = B . Substituting m = 2 and m 

(4-6), it is not hard to get (from eq.4-3) 

3 (8 + 192*i + 2304*1 + 15360*! + 46080*5) 

y 2 (4 + 64*x + 448*5 + 1536*! + 2304*5) 

where *i = — a2 

a x 

Similarly, for G(B) = , it turns out that 

3 (8.0 + 21.64*2 + 22.56*! + 10.80*! + 2.00*5) 
= —   : — (4-8) 

y 2 (4.0 + 12.37*2 + 20.24*5 + 7.75*5 + 1.57*2) 

B 
where *, » 7- 

««5 

Both (4-7) and (4-8) show that kurtosis is a function of *x 

or *2. These results are quite similar to eqs.3-4 and 3-5. 

The only difference is that a and 3 are weighting coefficients 

of B and G(B), while a and b are coefficients of X and G(X). 

= 4 into 

(4-7) 



The above expressions are correct for any process defined by 

eqs.4-1 and 4-4, but the physical meaning of A(t) is clear 

only for the narrow-band situation. 
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Figure 4.1 and 4.2 show plots of eqs.4-7 and 4-8. 

From these figures one can obtain values of a and B to produce 

a desired kurtosis value. It will be clear later that these 

figures provide a method of obtaining theoretical fatigue 

damage estimates for processes with different kurtosis values. 

Another interesting result one may obtain from eqs.4-7 and 

4-8 is the limiting values of when a = 0 or B =0. For 

G(B) = eq.4-7 gives 

3 < Ky < 30 (4-9) 

Similarly for G(B) = »ireq.4-8 gives limits of 

1.91 < Ky < 3 (4-10) 

If one is interested in a kurtosis outside the ranges of 

(4-9) and (4-10), then another type of G(B) must be taken. 

4.2. Kurtosis and Fatigue Damage Prediction 

Since the process being considered is narrow-band 

one can use eq.2-24 : 

(2-24) 
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considering range = 2•amp!itude (i.e. S = 2A), to get 

D (4-11) 

which is also 

D (4-12) 

recalling that m is a material property representing the 

exponential constant of the S-N curve. Thus, the significant 

preparative work for calculating fatigue damage is getting 

the mt*1 moment of the envelope random variable. It is desired 

to find the relationship between E[Am] and kurtosis. Just 

like the discussion in Section 3.2.3, a meaningful comparison 

of fatigue damage for different kurtosis values must be based 

on processes with the same standard deviation. In calculating 

E[Am] from eq.4-6, although ax is fixed, the a would change 

every time according to the a and $ values. For this reason, 

a more meaningful expression to use is E[Am]/Oy instead of 

E[Am]. It should be recognized that o^ can be obtained from 

(4-2). That is, 

2 E[A2] 
a., =   

From the above discussion, let the Non-normality 

Influence Factor (denoted N.I.F.) for m * c be defined as 



N. I .F. i (4-13) 
Dj E[A«1/ aj. 

where subscript j indicates the Gaussian case and subscript 

i is for kurtosis tcy. 

The relation between N.I.F. and kurtosis is plotted 

in Fig.4.3 for m = 2,3,4 and 5. The reason for considering 

m equal to an integer is simply to allow use of eq.4-6, 

thereby avoiding tedious computation. Based on Section 4.1 

the procedure to obtain Fig.4.3 is : 

( i) choose a, B and G(B) to calculate E[Am] from 

eq.4-6, 

( ii) from (i), K and a can be obtained from eqs.4-3 
J y 

and 4-2(a), respectively, 

(iii) divide E[Am] by am, then record the ratio and the y 
corresponding K^, 

( iv) repeat the work from (i) to (iii) until sufficient 

points are obtained, then normalize all recorded 

values in (iii) by the case with <y * 3 (i.e. the 

case of 6 = 0). 

From eqs.4-2(a) and 4-2(b), it is not hard to show 

that E[A^]/a2 is independent of kurtosis and E[A^]/0y has a 

linear relationship with kurtosis. The properties of the 

other curves will be discussed in the next chapter. 
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V. SIMULATION RESULTS 

5.1. Effect of Spectral Width 

Fatigue damage estimates by the rainflow method may 

be computed for individual simulated time series. When this 

is a Gaussian time series then it is reasonable to compare 

the results with the spectral methods presented in Chapter 2 

for Gaussian processes. This has been done by several inves¬ 

tigators, particularly for the spectral method using the 

assumption of a Rayleigh distribution of stress ranges. It 

has been found that the Rayleigh assumption always gives a 

higher fatigue damage than the rainflow method, with the 

error depending on the irregularity factor or spectral width. 

If a correction factor (X) is defined to be the (damage by 

rainflow) divided by (damage by Rayleigh), then the correction 

factor curve is always less than 1 for any e (or a) value, 

although there is some disagreement about its shape. Fig.5.1 
f 31 from Corazao' ' shows his form of the correction factor as a 

function of spectral width, as well a rather different form 
f 131 adopted by Wirsching and Light' ' from a similar study. 

In this study it was necessary to apply the rainflow 

method to estimate the fatigae damage of Gaussian simulations, 

for the purposes of later comparison with non-normal simula¬ 

tions. Thus, before starting the analysis of the non-normality 

influence factor, it is possible to compare these data for 
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normal processes with the results of the Rayleigh approxima¬ 

tion. Table 5-1 lists spectral width correction factor (X) 

from two different rainflow computer algorithms (Section 2.3). 

Of course, these limited data are not sufficient to give a 

complete description of the correction factor, but they do 

support the former investigators' conclusion. That is, each 

fatigue damage value calculated from the rainflow method is 

less than the corresponding value from the Rayleigh assump¬ 

tion. Furthermore, small values of m together with small 

values of e cause the correction factor to be more close to 

1. 

5.2. Effect of Non-normality 

To simplify the computations, all input power spectra 

were chosen to have a rectangular shape and with area equal 

to 1. As described in Section 3.1 five different Gaussian 

random simulations were obtained from eq.3-1, and the 

important statistics were listed in Table 3-1. Based on 

checking the simulated NQ, Np, standard deviation and 

kurtosis values, it was concluded that these simulations 

are satisfactory. These Gaussian simulations were then used 

to generate nongaussian time histories as described in Sec. 

3.2. It was considered there that using this technique 

could get rid of most significant fatigue damage influence 

factors other than non-normality (i.e. kurtosis). 

Figure 5.2, 5.3, 5.4 and 5.5 show simulated results 
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of fatigue ratio versus kurtosis for materials with m * 2,3,4 

and 5, respectively. The fatigue ratio is defined as 

Fatigue damage due to non-normal process 
Fatigue Ratio *—;  

Fatigue damage due to Gaussian process 

(5-1) 

where both numerator and denominator are determined by the 

rainflow method, and the Gaussian process used in the deno¬ 

minator is the simulation used in producing the non-normal 

numerator. 

The figures also show the non-normality influence factor 

(N.I.F.) derived in Chapter 4. For the particular case of 

a narrow-band process this NIF should be the same as the 

fatigue ratio. One reason for limitation of the m exponent 

to integer values (2, 3, 4 and 5), for now, is to allow simple 

computation of the NIF for comparison. 

Fig.5.2 is the fatigue ratio versus kurtosis for a 

material with m = 2. As mentioned in Chapter 4, E[A ]/ cr 

is independent of kurtosis, so the NIF must be equal to 1 

for any kurtosis in this case. The simulated results for 

processes which are not necessarily narrow-band show that 

the fatigue ratio is greater than 1 when kurtosis is larger 

than 3 and is less than 1 when kurtosis is less than 3. 

However, one can see that all the simulated results are 

fairly close and no consistent change can be found from 



varying spectral width. Thus, a conclusion can be made that 

spectral width has a relatively insignificant effect on the 

fatigue ratio for a fixed value of kurtosis. 

At least part of the variation of the curves in 

Fig.5.2 can be explained by examining the Gaussian simulations 

used to generate the non-normal time series. Unfortunately, 

no finite time series can be perfectly Gaussian. Thus, the 

fatigue ratio calculated from a simulated time series inevi¬ 

tably contains some errors due to this fact. Note that a 

higher kurtosis random process will cause larger fatigue 

damage, hence if the "Gaussian" random process in the denom¬ 

inator of eq.5-1 has kurtosis greater than 3 then this will 

cause the computed fatigue ratio to be a little lower than 

otherwise. From Table 3-1 it is found that the particular 

Gaussian simulation with e = 0.567 (the 4^ simulation) has 

the highest kurtosis (3.02) and the highest value of the 
‘t* h 

dimensionless index of the central moment (15.0). This 

reason might be able to explain why the e * 0.567 simulation 

occupies the lowest position of all simulations of the fatigue 

ratio. 

When m = 3, all the fatigue ratio curves plotted in 

Fig.5.3 are monotone increasing with decreasing slope. When 

m = 4, Fig.5.4 shows that all the curves look like straight 

lines. Fig.5.5 is for m = 5, which gives all curves as 

monotone increasing with increasing slope. Recall that 
J, L 

kurtosis is a dimensionless index of the 4l central moment. 



Hence a linear relationship between E[A^]/a4, and ECx^l/o1* 

is reasonable. It is also obvious that E[A^]/a5 has a faster 

growth rate than E[A^]/cr4, and E[A^]/a3 is slower than 
r 4 T 4 E[A j/a . Thus, it is not surprising to get diagrams like 

Fig.5.3 and Fig.5.5. 

Note that all the simulated fatigue ratio curves are 

higher than the narrow-band NIF curve for kurtosis greater 

than 3 in Figs.5.2, 5.3 and 5.4, but that this relationship 

does not hold in Fig.5.5. It is natural to ask why the se¬ 

quence changes, but it is very difficult to find the answer. 

The whole calculation procedure involves too many uncertain¬ 

ties, like the random simulation, the assumption of a perfect 

Gaussian simulation, the approximate rainflow algorithm, etc. 

Figs.5.6 to 5.10 present the same data as Figs.5.1 

to 5.5, but organized somewhat differently. Now each figure 

contains all four values of m, but only one particular simula 

tion. Fig.5.6 gives the first simulation (e = 0.247) results 

The m value changes from 2.0 to 5.0 increasing by 1.0. 

Comparing the simulated. results with the narrow-band NIF 

theoretical results, one sees that the differences are 

acceptable. Figs.5.7, 5.8, 5.9 and 5.10 give results from 

the 2nd, 3rd, 4th and 5th simulations, respectively, and the 

conclusion of good approximation by the narrow-band NIF 

remain valid. 
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5.3. Use of the Narrow-Band Nonnormal Approximation 

Recall that Rayleigh range distribution spectral 

method is sometimes used as an approximation for the damage 

done by a broad-band process. The concept is to assume that 

the damage is the same for any normal process with given 

(131 values of rms and rate of zero crossing. Wirsching' ' and 
(31 Corazao' ' provide improvements by adding a spectral width 

correction factor (x) as described in Section 5.1. A method 

which might be called a "non-normal spectral method" can now 

be used to add the effect of non-normality on fatigue damage. 

From Section 5.2, the data support a conclusion that the 

effect of non-normality for any process can be approximated 

by the NIF for a narrow-band process. Thus, simply multiply¬ 

ing the corresponding NIF times the result of the Rayleigh 

range spectral method can give an estimated fatigue damage 

for a nongaussian process. In case m is not an integer, one 

can get an approximate value of the corresponding NIF by simply 

interpolating between the NIF values for integer values. 

Since the effects of non-normality and spectral width 

seem to be almost independent, one can combine the NIF with 

a spectral width correction factor to allow inclusion of both 

spectral width and kurtosis. Note that this procedure does 

not require any simulation. 
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5.4. Practical Application of the Fatigue Ratio 

The results in the previous section cover a very 

wide span of kurtosis values, and are limited to integer 

values of the exponent m in the S-N curve. In this section 

more detailed results are presented for more practical m 

and kurtosis values. Nonnormal stress processes occurring 

in the real world are likely to have kurtosis values in the 

range of 2.5 to 4.5, while the material property m is likely 

to be between 3 and 5. 

The detailed fatigue ratio data in Figs.5.11 and 

5.12 are all based on one particular simulation (the first 

simulation in Table 3-1, e 55 0.247). Recall, though, that 

the results in Section 5.2 show that spectral width only has 

a secondary effect on the fatigue ratio (particularly when 

the kurtosis is less than 4.5), so the results in Figs.5.11 

and 5.12 need not be considered to be limited to a single e 

value. 

From Fig.5.11 and Fig.5.12, one can clearly see that 

a high m value together with a high kurtosis value for the 

stress process will lead to a large value of the fatigue 

ratio. In other words, this is the situation when the con¬ 

sideration of non-normality is most important. Thus, the 

situations where designers should consider the effects of 

non-normality are determined not only by the kurtosis of the 

stress process but also by the material property m. 

In the remainder of this section, a practical example 
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is given incorporating non-normality considerations into the 

design procedure. Consider the fatigue life design of an 

offshore platform. Reference 13 gives a design procedure, 

but ignoring non-normality. 

As mentioned before, a nongaussian stress process 

can be caused by either nongaussian external forces or by 

nonlinearity in the structural response. In general, people 

believe that larger external force conditions (like a sea 

state with a high significant wave height on an offshore 

platform) will generate higher kurtosis in the stress process. 

The problem of finding the kurtosis of the stress process 

for a given structure and loading needs more study, but it 

is beyond the scope of the current study. Basically, the 

kurtosis of the stress process is assumed given here. 

According to the AWS-X modified S-N curve for welded 

tubular joints^, the exponent m is 4.38. For this m value 

Fig.5.13 gives fatigue ratio results from all 5 simulations 

shown in Table 3-1. From a statistical point of view, one 

could also simulate more stress processes and apply a least 

square method or other mathematical technique to get a more 

reliable fatigue ratio curve. 

Table 5-2 is taken from reference 13. It can be seen 

that although sea states with significant wave height over 

22.5 ft are just a small fraction of all sea states, these 

sea states take a very important role in fatigue life design. 

Ignoring non-normality, people first get fatigue damage 



estimates from the spectral method (Rayleigh range assumption, 

col.10 in Table 5-2), then multiply these by the corresponding 

correction factor (col.8 in Table 5-2) to get a value corres¬ 

ponding to the rainflow method (i.e. the design values, col.9 

in Table 5-2). 

Suppose that at a sea state with 27.5 ft significant 

wave height, one gets a stress process having kurtosis equal 

to 3.5 (which is not unreasonable). Then from Fig.5.13, one 

finds that the corresponding fatigue ratio is about 1.25. 

This means that 25% more fatigue damage should be considered 

in the design. Overall, it appears that the effect of non¬ 

normality should not be neglected. 

5.5. Effect of Power Spectrum Shape on the Fatigue Ratio 

It should perhaps be noted that the shape of the 

power spectrum for a particular non-normal simulation is not 

the same as that for the normal process used in the simulation 

That is, the shape of the power spectrum is changed by the 

nonlinear transformation, even though the irregularity factor 

(or spectral width) is not changed. The studios by Wirsching 
(131 (31 v 7 and Corazao' 7 for normal processes seem to indicate 

that power spectrum shape is not very important, though. 

Thus the difference in power spectrum shape for the normal 

and non-normal processes has been ignored here. 

A related but distinct problem, which is studied here, 

concerns the effect of power spectrum shape on fatigue ratio. 
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The procedure is to simulate normal processes from different 

shaped power spectra; to generate a non-normal process from 

each of these; then to calculate the individual fatigue ratio 

for each spectrum (as in the previous section) and compare 

the fatigue ratio curves. Fig.5.14a and Fig.5.14b are the 

two power spectra selected to test the "shape" influence on 

fatigue ratio. To avoid other influences, these two spectra 

are chosen to have the same standard deviation and almost 

the same irregularity factor (a = 0.78). Table 5-3 lists 

the Gaussian simulations of these particular power spectra. 

Fig.5.15 shows the fatigue ratio curves for both spectra, 

in which m is chosen from 3.0 to 5.0 increasing by 0.5. As 

mentioned in Section 5.2, there are many uncertainties 

involved in the calculation of fatigue ratios. From the 

results shown in Fig.5.15, it may be sufficient to say that 

the spectrum shape does not have a primary influence on the 

fatigue ratio. 
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Figure 5.3 Fatigue ratio and NIF for m * 3 
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Figure 5.4 Fatigue ratio and NIF for m * 4 
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KURTOSIS 

Figure 5.5 Fatigue ratio and NIF for m * 5 
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C f 
Figure 5.6 Fatigue ratio from 1 

compare with NIF 
simulation 
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KURTOSIS 
Figure 5.8 Fatigue ratio from 3rc* simulation 

compare with NIF 
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KURTOSIS 
1* h 

Figure 5.9 Fatigue ratio from 4 simulation 
compare with NIF 
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KURTOSIS 
Figure 5.10 Fatigue ratio from 5th simulation 

compare with NIF 
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1 st simulation 
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KURTOSIS 

Figure 5.11 Fatigue ratio for non-integer m from 1st 

simulation (3.0 < m < 4.0) 
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1 st simulation 

o 
u> 
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Figure 5.12 
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c f 
Fatigue ratio for non-integer m from 1 
simulation (4.0 < m < 5.0) 
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Figure 5.13 Fatigue ratio for m » 4.38 
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Figure 5.14 Inputs used for study of effect of 
psd shape 



FA
TI

GU
E 

RA
TI

O 
0
.
.
7
5
 
1
.
.
0
0
 
1
/
2
5
 
1
/
5
0
 
1
.
7
5
 
2
.
0
0
 
2
.
2
5
 
2
.
5
0
 

64 

in 
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‘V.OO 2*. SO 3*. 00 3*. 50 4*. 00 4‘.50 5*. 00 
KURTOSIS 

Figure 5.15 The effect of power spectrum shape 
on fatigue ratio 
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frequency 
range 

X. 
methods m = 2 m = 3 m * 4 m = 5 

1 0.4-0.6 
Exact 

Appro. 

Rainflow 

Rainflow 

0.946 

0.921 

0.921 

0.889 

0.888 

0.853 

0.847 

0.785 

2 0.4-0.8 
Exact 

Appro. 

Rainflow 

Rainf1ow 

0.913 

0.883 

0.868 

0.833 

0.819 

0.784 

0.767 

0.735 

3 0.3-0.9 
Exact 

Appro. 

Rainflow 

Rainflow 

0.901 

0.849 

0.856 

0.796 

0.811 

0.751 

0.766 

0.711 

4 0.2-1.0 
Exact 

Appro. 

Rainflow 

Rainflow 

0.871 

0.801 

0.824 

0.745 

0.780 

0.702 

0.737 

0.665 

5 0.1-1.5 
Exact 

Appro. 

Rainflow 

Rainflow 

0.748 

0.711 

0.676 

0.628 

0.625 

0.572 

0.620 

0.564 

Table 5-1 Spectral width correction factor 
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power 
spectrum 
shape 

frequency 
range(Hz.) a K P % € 

single 

peak 
0.1-1.1 0.00 1.00 2.998 14.9 1039 0.627 

double 

peak 

0.3-0.8 

1.3-1.8 
0.00 1.00 3.015 14.7 1698 0.653 

Table 5-3 Statistics of the Gaussian inputs used for 
effect of psd shape 



VI. SUMMARY 

Common procedures for estimating fatigue damage are 

based on knowledge of the standard deviation and the rate of 

zero-crossings of the stress process, and sometimes on the 

spectral width (or irregularity factor). It is also assumed 

that the stress random process is Gaussian. 

This study was to determine the effect of non-normality 

on fatigue damage and to identify situations where consideration 

of non-normality should not be neglected. Kurtosis is the 

parameter chosen to indicate the degree of non-normality, as 

described in Section 3.2. Physically, standard deviation can 

be regarded as a measure of the magnitude of the "stress 

range". In comparing different stress processes which all 

have the same standard deviation, however, kurtosis can give 

additional information about "stress range". 

Chapter 3 reviewed the simulation of a Gaussian random 

process from a given power spectrum and offered a reasonable 

nongaussian simulation method, which can then be used to 

compute the effect of non-normality on fatigue damage. The 

generation of a nongaussian process was accomplished by taking 

a nonlinear function of an existant Gaussian process. The 

significant factors like standard deviation, number of zero 

crossings, and number of peaks were held at fixed values, and 

the kurtosis of the simulated nongaussian process was controlled 

also. The simulation results concerning the effect of non- 



69 

normality were presented in Chapter 5. The "fatigue ratio" 

was defined as : fatigue damage due to a non-normal process 

divided by the fatigue damage due to a Gaussian process, in 

which both fatigue damages are determined by the rainflow 

method, and the Gaussian process is the simulation used in 

producing the non-normal process. 

In Chapter 4, a theoretical relation between fatigue 

damage and kurtosis was obtained under the assumption of a 

narrow-band process. A non-normality influence factor (NIF) 

was defined to be the fatigue ratio for this narrow-band 

process, and the relationship between NIF and kurtosis was 

poltted in Fig.4. . The exponent m in the S-N curve was given 

only integer values to simplify computation of the NIF. If 

the NIF corresponding to a non-integer m is desired, one can 

simply interpolate between the NIF values for Integer m values. 

The simulation results in Chapter 5 show that the 

fatigue ratio is approximately equal to the NIF for a range 

of spectral widths. Thus spectral width has only a relatively 

insignificant effect on fatigue ratio. The results also show 

that : when m * 3 (Fig.5.3), the fatigue ratio curves are 

monotone increasing with decreasing slope; when m * 4 (Fig.5.4), 

the fatigue ratio has a linear relationship with kurtosis; and 

when m * 5, all the curves are monotone increasing with 

increasing slope. 

In Section 5.4, a practical example associated with 

the fatigue life design of an offshore platform was given 
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incorporating non-normality considerations into the design 

procedure. It was concluded that the effect of non-normality 

should not be neglected. It was also noted that the influence 

of non-normality is affected not only by the kurtosis of the 

stress process, but also by the material property m. 
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APPENDIX A 

A Description of the Rainflow Algorithm 

The rainflow method, suggested by Mastsuishi and Endo 

counts all the closed hysteresis loops as cycles. To do 

this, the stress history is scanned to determine the largest 

excursion between peaks of opposite signs (this excursion is 

classified as the largest half cycle). As the process con¬ 

tinues, smaller and smaller excursions are determined until 

an excursion starting at every trough and peak is determined. 

To implement the rainflow method, the first step is 

to determine the peaks and troughs in the stress history and 

plot them as shown in Fig.A-1 with the time axis vertical and 

pointing downward. Consider the process as a sequence of 

roofs with rain falling on them. The rain flow paths are 
f 131 defined according to the following rules' . 

1. A rain flow path is started at each peak and trough. 

2. When a rain flow path started at a trough comes to 

a tip of the roof, the flow stops if the opposite 

trough is more negative than that at the start of the 

path under consideration, (e.g., Fig.A-1, path (2-3), 

path (4-5), path (6-9), •••)• For a path started at 

a peak, it is stopped by a peak which is more positive 

' than that at the start of the rain path under consi¬ 

deration, (e.g., Fig.A-1, path (1-2), path (3-6), •• 

•). 
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3. If the rain flowing down a roof intercepts flow from 

previous path, the present path is stopped, (e.g., 

Fig.A-1, (5-4a), (8-7a),  , •••)• 

4. A new path is not started until the path under consi¬ 

deration is stopped. 


