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ABSTRACT 

"A COMPARISON OF FATIGUE LIFE IMPROVEMENTS OBTAINED BY 

WELD REINFORCEMENT AND TOE GRINDING" 

by 

Christopher Louis Mullen 

A study is made of two treatments which help to improve the fatigue life 

of a welded structure. Experimental data are examined to assess the rela¬ 

tive magnitude of the improvements under a bending type of loading. The 

results of this investigation are discussed in the light of stress distri¬ 

bution information obtained from a finite element analysis of two welds 

having different weld shapes. Reinforcement is found to achieve reductions 

in peak stress at the weld toe not only by reducing the angle at which the 

weld bead meets the plate surface but also by increasing the leg length which 

reduces the moment developed at the weld toe location. These reductions in 

stress are accompanied by reductions in strain which, in the presence of 

repeatedly applied tensile forces, make the weld toe more resistant to the 

formation and propagation of cracks. Toe grinding is shown to modify the 

shape and surface finish of the weld toe. These modifications vary signi¬ 

ficantly with the tool used in the grinding. At low load levels toe grinding 

with a tool that not only provides a beneficial curvature to the toe but also 

removes potential crack initiation sites may lead to improvements which are 

greater than those obtained by reinforcement. 
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I. INTRODUCTION 

The fatigue life of welded structures may be improved by applying 

any of a number of weld treatments.* Treatments which are well understood, 

inexpensive, and easy to apply to structures in the field are not so num¬ 

erous, however. Two methods which show promise in terms of adaptability 

to field operations are weld toe grinding and reinforcement. 

Weld toe grinding involves post-weld treatment of a small portion 

of the weld surface. Labor is minimized by grinding only the small toe 

region where fatigue cracks often develop. Grinding bits or disks and a 

hand-held rotor are the only supplies needed. Such equipment is usually 

easy to obtain. 

Weld reinforcement may be applied either while the structure is 

first being welded or afterwards as a post-weld treatment of weak or dam¬ 

aged welds. Additional weld material is deposited such that the weld 

bead and plate surface do not meet at sharp angles. This method is only 

applicable to connections whose plate sections meet at some angle. Other¬ 

wise, the reinforced weld bead is likely to form a sharper angle with the 

plate surfaces than existed prior to reinforcement. Set-up time and 

equipment requirements make reinforcement a somewhat less adaptable method 

than grinding. 

Fatigue life records for untreated and reinforced joints are avail- 
2 

able from two test programs conducted at Rice, one completed and one 
3 

ongoing . Additional tests have been conducted for this study in order 

that records might be obtained for toe-ground joints. Completion of these 

tests makes possible a comparison of improvements obtained by toe grinding 

and reinforcement. Presentation and discussion of these relative 
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improvements is the primary objective of this study. Tests from the 

ongoing program include records for joints having received both treatments. 

Improvements for these joints will also be discussed. 

A tee joint was used in all of the tests in order that fatigue 

behavior in the presence of bending forces might be observed. Interest 

in bending developed as a result of tests on tubular joints conducted 
4 previously at Rice . The tee specimen represents a simplified detail of 

the local bending conditions which are present near the welds of the large 

joints. Although not directly comparable, the fatigue behavior of the 

detail should provide insight into the fatigue behavior of the more com¬ 

plicated structure. 

A wealth of experimental and analytical research has already addressed 

the problems of fatigue behavior of welds. A brief literature review is 

provide^éo trace the historical developments of this research in areas 

related to the analysis of stresses in welds and to fatigue life improve¬ 

ments obtained by toe grinding and reinforcement. 



II. HISTORICAL SETTING 

A. Welded Tubular Joint Design 

The late 1950's and early 1960's witnessed the increased use of 

tubular steel members in structures of various kinds. In a state-of-the- 

art report on welded tubular connections made in 1966, Toprac et al 

attributed this development to the advent of welding techniques which 

made possible the complicated fittings required at the connections of 

tubes. Numerous configurations and stiffening schemes were cited in the 

report as being widely used at the time. The researchers were quick to 

point out that several of these joint designs appeared to be weak and 

under-designed. Numerous reported failures confirmed their observation. 

One configuration called a T-joint was selected for discussion. 

This involves two tubular members connected at right angles in the form 

of a tee. The relative simplicity of the joint made it suitable for 

analysis and testing. The report cited a number of attempts to analyze 

static, axial loading using the theory of circular, cylindrical thin shells. 

Results of a number of experimental studies for similar loading conditions 

were also reviewed. 

Conclusions were drawn regarding the studies which effectively stated 

that available theories were limited in their applicability to the complex 

states of stress produced in the joints and that design practices were 

inadequate. Recommendations were made for the investigation of fatigue 

loading as well as for tests on more complicated joints. 

Evolution of the design of tubular joints was reported later in 1974 

by Marshall and Toprac®. Cyclic tests had been performed on a number of 

simple joints in the interim. Design codes had incorporated the test 
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results into a family of curves relating allowable stress range to the 

expected number of load cycles to be imposed on the structure. The data 

upon which these curves were based were presehted in the discussion along 

with the curves. Data for one curve, called the X-curve, was said to 

represent the hot-spot stress (or strain) in the connections tested, 

whereas nominal values were represented in the other curves. They re¬ 

searchers pointed out that knowledge of the hot-spot stress was not readily 

available to some designers. 

B. Stress Concentrations at Welds 

Interest in the estimation of hot-spot stresses at welds encouraged 

the development of general finite element computer programs. In 1975 

Kuang et al^ applied such a program named TKJOINT to the development of 

semi-empirical relations which made possible the estimation of a stress 

concentration factor (SCF). The authors defined the SCF as the magnitude 

of the maximum stress relative to the magnitude of the nominal or average 
/ / 

stress. RelationsWere providedfor several simple connections and loadings. 
■ t 

Computed values were compared to values computed by other formulas as well 

as to values obtained by extrapolation of measured strains. Reasonable 

agreement was found. 
8 New estimates of SCF's appeared in 1977. Yoshida et al had devel¬ 

oped a shell analysis program which could incorporate non-linear behavior. 

This type of modeling permitted a more careful analysis of the local bend¬ 

ing behavior of the shell near the weld. Maximum stresses and strains 

were found to be significantly influenced by leg length. 
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C. Techniques for Improving Fatigue Life 

Fatigue life improvements have been discussed by Gurney* for a 

number of weld details, loadings, and treatments. He attributes all 

beneficial results to either modification of the notch shape, modifica¬ 

tion of residual stresses from tensile to compressive, or protection of 

exposed surfaces from harmful environmental conditions. According to this 

assessment, toe grinding and reinforcement affect fatigue life by modifying 

the notch shape in a way that will reduce the stress concentration at the 

notch. 

Improvements due to toe grinding have been reported as early as 
9 1968 by Harrison . Fatigue tests were performed on axially loaded plates 

onto which transverse gussets were attached with fillet welds. Signifi¬ 

cant improvements were attained in both fatigue life and endurance limit 

(defined as the stress below which fatigue failure will not occur). 

Harrison attributed the improvements to not only the reduction of the 

gross geometric stress concentration at the weld toe, but also to the 

reduction of microscopic stress concentrations and the removal of micro¬ 

scopic crack initiation sites. The microscopic stress concentrations and 

crack initiation sites were said to be the result of non-metallic slag 

inclusions, undercut, and spatter left as by-products of the welding 

process. 

Improvements due to weld reinforcement do not appear in the litera¬ 

ture for plates joined at some angle to one another. Butt welds, however, 

were investigated by Sanders et al*^ in 1965. Variations in fatigue life 

were associated with two shape parameters, reinforcement or flank angle 

and toe radius. 



III. EXPERIMENTAL PROGRAM 

A. Test Groups 

Nine fatigue tests were conducted to determine the effect of toe 

grinding. Tee specimens were used which did not have reinforced welds. 

All toes were ground with an abrasive tool. Six specimens were ground 

with a cone and three with a disk. 

Similar non-reinforced tee specimens were tested in the as-welded 

condition during an earlier Rice program. Although the effect of variable 

amplitude loading was being studied, several specimens were subjected to 

constant amplitude loading to obtain a reference curve. The curve con¬ 

structed was also used as a reference curve for the study of improvement 

techniques. 

Tests on reinforced specimens were conducted as a part of an on¬ 

going program at Rice. Results of tests on as-welded specimens were used 

to show the effect of reinforcement. Results of additional tests on toe- 

ground specimens were used to show the effect of combining reinforcement 

and toe grinding treatments. 

A summary of the various test groups is provided in Table 1. Speci¬ 

mens in all of these groups were subjected to the same type of constant 

amplitude loading. An MTS closed-loop electrohydraulic system was used to 

conduct the tests. System components included a load frame, hydraulic 

actuator, servo-valve, and control unit. MTS electromechanical transducers 

were used to measure load and deflection which were then recorded via an 

analog-to-digital converter and a PDP 11/04 digital computer. 
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TABLE 1. TEST GROUPS 

WELD CONDITION GRINDING TOOL 

Cone Disk 

Non-reinforeed: As-welded AW1 * * 

Toe-ground TGI TGlc TGld 

Reinforced: As-welded AW2 * * 

Toe-ground TG2 TG2c TG2d 

B. Fatigue Tests 

1. Specimen and load frame 

An overall view of the specimen and load frame configuration is 

shown in Figure 1A. A closer view is provided in Figure IB. The specimen 

consisted of two 1-in (25-mm) thick by 6-in (152-mm) wide plates joined 

at right angles to form an inverted tee. The ratio of stem to transverse 

plate dimensions was approximately 1:4. The stem plate was 4-1/2 in 

(114 mm) long and had a 1-in diameter hole cut 1 in clear from the top of 

the stem. The transverse plate was 18-20 in (457-508 mm) long and had 

small, threaded holes cut near the ends creating a 16 in (406 mm) center- 

to-center span. 

A 110 kip (489 kN) MTS load frame was specially rigged to accom¬ 

modate the tee with the stem in the vertical position. A 1-in diameter 

pin connected the stem to a fixture which was supported by 20- and 100- 

kip (89- and 445-kN) load cells. Vertical displacement of the stem was 

thereby prevented. Horizontal displacement was :prevented at the top by an 
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Figure IA. Specimen and Load Frame 
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aluminum cross-brace. Specially designed clamps and fittings permitted 

the transfer of vertical loads to the ends of the transverse plate with 

little or no rotational constraint. 

Cyclic external load was applied to the specimen via a 22 kip (98 kN) 

MTS hydraulic actuator. The actuator's 2-1/2 in (64-mm) diameter ram was 

connected to the center of the bottom plate of an aluminum box. The box 

was in turn connected to the end clamps of the transverse plate by vertical 

arms which were allowed to rotate freely at both ends. Synmetrical, .cyclic 

vertical loads were thereby applied to the ends of the transverse plate 

without inducing any significant axial or moment effects at the ends. 

This arrangement also ensured that the vertical displacement at the center 

of each end clamp corresponded fairly well to the ram displacement. The 

motion of the ram was measured using a linear variable differential trans¬ 

former (LVDT) housed inside the actuator. 

2. Materials, fabrication, and welding 

Stem and transverse plate sections were saw-cut from as-rolled 

sheets of 1-in (25-mm) thick steel plate. The plate material was to 

conform to<ASTM Standard A572** which prescribes standard chemical con¬ 

tent and physical properties for high-strength, low-alloy steel recom¬ 

mended for use in a variety of structures. Although several grades are 

available for this type of steel, Grade 50 was specified. Under fatigue 

loading the static strength capacities of the higher grades would not 

be fully utilized. The prescribed static tensile strengths for Grade 

50 steel are 50 and 65 ksi (345 and 448 MPa) for yield and ultimate 

strength, respectively. These values correspond to the average 
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strengths under the load causing first yield and under the maximum load 

supported by a standard .505-in (12.8-mm) diameter specimen subjected 

to monotonically increasing uniaxial tension. A number of these stan¬ 

dard tests were performed at Rice on specimens fabricated from material 

extracted from the as-delivered plate. Average values of 49.9 and 77.5 

ksi (344 and 534 MPa) were recorded for the two strengths. 

The plate sections were butted together at right angles and given 

a complete penetration weld using a submerged-arc welding (SAW) process. 

Filler weld metal and flux were to conform with AWS Specification A5.17. 

For the type steel and welding process used for the specimens, this 

specification calls for weld material which will develop a minimum ten¬ 

sile strength of 60 ksi (414 MPa) and an ultimate strength in the 

70-95 ksi (483-655 MPa) range. These values are slightly greater than 

those of the plate material. 

Fabrication and welding of the non-reinforced (AW1) and reinforced 

(AW2) specimens wer^not performed by the same contractor. Specifications 

differed primarily with regard to joint fit-up and layering of the weld 

metal. An attempt has been made in Table 2 to summarize the major weld¬ 

ing parameters which were applicable to both specimen groups. Differen¬ 

ces in the joint specifications are illustrated in Figure 2. 

The basic joint detail which was used for both specimen groups is 

a detail pre-qualified by the American Welding Society as being suffi¬ 

cient to develop the full strength of the joint for any thickness of the 

base metal provided that complete penetration is given and the SAW pro- 
12 cess used. The joint is symmetrical and requires that the stem plate 
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(a) Non-reinforced Joint 

(b) Reinforced Joint 

Figure 2. Joint Specifications 
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be double-beveled at 60 degree angles. The stem is to be butted up to 

the transverse plate so that no discontinuity will remain after completion 

of the welding. 

TABLE 2. WELDING PARAMETERS 

PLATE ASTM A572 * Grade 50 * Thickness= 1 in * As-rolled 

JOINT Complete penetration * Butt * TC-U5-S 

PROCESS SAW * Automatic * Single arc * Electrode vertical 
Flat position * Multiple pass * Split layer. 

FILLER AWS A5.17 * EM12K * F72 

ELECTRODE Diameter» 3/32 in * Voltage» 26-34 V * Current» 300-550 A 
DC * Reverse polarity * Travel speed» 8-20 in/min 

Automatic machine welding was used to reduce the variation in weld 

quality along the length of the joint. A multiple pass technique was 

employed to fill the deep grooves formed by the beveling. This ensured 

that a complete penetration weld was achieved. Layers were kept thin 

enough to ensure proper fusion between layers as well as reasonable 

uniformity of weld properties through the thickness of the joint. 

To eliminate edge effects and to reduce setup time, 4-10 ft 

(1.22-3.05 m) lengths of plate were welded in a single run, one side at 

a time. Several specimens were cut with a band saw, and the end 

pieces were discarded. Weld material was deposited in a continuous 

manner over the entire length, constituting a pass. After each pass, 

hardened slag was removed with an air-powered chisel, and flux was 

swept away with a brush. The direction of travel remained the same 

for each pass. Once the groove had been filled with the specified 

number of passes, the process was repeated on the opposite side of 
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the joint. A characteristic of this procedure was that cooling of one 

side was relatively independent of the cooling of the opposite side. 

This resulted in a slight rotation of the stem in the direction of the 

side which had just been welded. 

The automatic electrode and flux supplier remained vertical during 

the welding operation, allowing the weld materials to flow into the 

grooves under the influence of gravity. A special rig was built to per¬ 

mit this so-called flat position for welding and to accommodate the 

groove angle. The rig used to fabricate and weld the reinforced joints 

is shown in Figure 3. 

The fabrication rig was tilted at two different angles in order 

that different slopes might be achieved for the non-reinforced and rein¬ 

forced welds. Prescribed tilt angles of 60 and 45 degrees (Fig. 2) 

resulted in average weld angles of approximately 70 and 50 degrees for 

the AW1 and AW2 specimens, respectively. (The latter values are based 

on measurements made on the as-delivered specimens.) Part of the differ¬ 

ence may be understood in terms of the split-layer technique which was 

used to place the outer layers of the weld (Fig. 2). Small differences 

in the overall weld angle may be achieved by adjusting the widths and 

positions of the separated layers. 

Figure 4 shows a typical weld profile for a non-reinforced speci¬ 

men. Discontinuities in the slope of the weld appear on both sides of 

the joint in Figure 4a. On the left side the slope changes abruptly at 

a very small distance above the lower weld toe. The weld bead surface 

adjacent to the upper weld toe forms an angle of about 70 degrees rela¬ 

tive to the base of the tee, whereas the weld bead adjacent to the lower 



Figure 3. Fabrication Rig 



(a) Profile 

(b) Surface 

Figure 4. Weld Characteristics 
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toe forms an angle of only about 45 degrees. Although the slope of the 

weld bead at this lower toe is somewhat reduced, the weld bead neverthe¬ 

less fuses into the transverse plate at a definite angle. Very little 

transition or curvature is evident at the weld toe. A distinct weld toe 

line appears in Figure 4b, defining the fusion boundary along the length 

of the joint. 

3. Grinding 

Grinding of both non-reinforced and reinforced welds was performed 

by the same contractor. Tools were chosen in consultation with the con¬ 

tractor on the basis of manageability, durability, and availability. Pro¬ 

ducts manufactured by Bay State Abrasives, a division of Dresser Indus¬ 

tries, Inc., were found to be effective and were easily obtained through 

a local hardware distributor. Cones and disks were chosen so that dif¬ 

ferences in operation and surface finish might be investigated. 

Specifications for grinding are represented in Figure 5. Figure 5b 

shows specifications for treatment of reinforced welds. A radius of about 

5/16 in (8 mm) was to be imposed at both upper and lower toe locations. 

This radius had to be reduced for the non-reinforced welds, because it 

would not be possible to reach the weld toe line with the larger radius 

without removing a significant amount of material. A radius gage was 

used to estimate toe radius during grinding operations. Figure 6 illus¬ 

trates the manner in which the gage was used. Clearly, the effectiveness 

of the gage depended on how easy it was to see the weld toe and on the 

judgement of the operator. 

Depth of undercut caused by grinding was specified as well. Under 

normal weld conditions the depth was to be approximately 1/32 in (.8 ran) 
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(a) Non-reinforced Joint 

Figure 5. Grinding Specifications 



Figure 6. Toe Radius Gage 
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so that microscopic defects such as slag inclusions, spatter, or arc 

undercut might be removed. Large defects were to be completely removed. 

Consequently, deeper undercut was occasionally necessary. No physical 

means was used to estimate depth of undercut during grinding operations.. 

It was discovered upon delivery of the first toe-ground specimens that 

this was a source of unreliability. Clearly defined lines were observa¬ 

ble in the ground regions, indicating that the weld toe line had not 

even been touched. These specimens were returned for additional grinding. 

After these specimens were ground for the second time, undercut measure¬ 

ments were made using a specially rigged dial gage. Average values of 

approximately 1/40 in (.6 ran) were recorded at various points along the 

length of the joints. 

Cones used to grind the reinforced welds were 3 in (76 ran) long 

and had a convex taper. The diameter at the base of the cone was 1-1/2 

in (38 mm). Cones with a base diameter of 1 in (25 mm) having a length 

of 3 in (76 mm) and a linear taper were used to grind the non-reinforced 

welds. The smaller diameter cones were not available in stock and re¬ 

quired a special order. A 7-in (178-mm) diameter disk having an edge 

thickness of 1/4 in (6 mm) was used to grind both weld types. 

Grinding tools were attached to hand-held rotors having adjustable 

speeds. Techniques used to operate these grinders are shown in Figure 7. 

Approach angles and tool rotation directions were different for the two 

types of grinding tools. The direction of tool rotation is shown by the 

path of the sparks. 

An approach perpendicular to the weld toe line was not effective 

for cone grinding. The point of the cone deteriorated rapidly and the 
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contact radius was thereby enlarged. If the radius became too large, the 

cone could not reach the weld toe line. 

The large radius of the disk and the bulky rotor limited the approach 

angles possible for disk grinding. A perpendicular approach was required. 

Contact area was limited by the edge thickness. Motion perpendicular to 

the weld toe line was required to grind the toe region completely and to 

impose curvature to the toe surface. 

The effect of grinding on the weld profiles of typical non-reinforced 

specimens is shown in Figuré 8A. Both cone and disk grinding were effective 

in removing the abrupt discontinuity presented by the weld toe to the 

upper surface of the transverse plate. The nature of the transition 

imposed by grinding varied considerably with tool selection. Cone grinding 

provided a larger, more defined : radius to the toe of the non-reinforced 

weld than was provided by the disk grinding. 

Surface finishes are shown in Figure 8B for typical non-reinforced: 

welds. Scratch orientations for cone- and disk-ground surfaces are 

nearly orthogonal. Cone grinding provided a rougher texture to the sur¬ 

face, and the contact region tended to be more nearly uniform along the 

length of the weld after cone grinding. 

4. Cycling parameters 

Load cycling was sinusoidal with constant peak amplitude and constant 

frequency. A zero mean level was maintained so that the load alternated 

from tension to compression and back to tension during a single cycle. 

Welds in actual connections may be subjected to more complicated load 

histories, but it was assumed that the relative benefits of toe grinding 

and reinforcement would not be greatly affected by the application of the 
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(a) Cone-ground 

(b) Disk-ground 

Figure 8B. Characteristics of Toe-ground Welds-Surface Finish 
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simpler load history. 

Load cycling frequencies for all tests were in the range of 1-10 Hz. 

In the early stages of a test, low frequencies were maintained so that 

slack in the system could be reduced. During crack formation higher fre- 

quencies were maintained, and when large cracks developed cycling frequency 

was reduced in order that load control could be maintained as deflection 

increased. 

Load range levels, defined as twice the peak amplitude, were chosen 

high enough to ensure that the specimen would develop propagating cracks. 

As-welded (AW1 and AW2) specimens were tested at a variety of load range; 

levels, and the fracture lives were recorded. Levels were then chosen 

for testing of the toe-ground (TGI and TG2) specimens based on the results 

for the as-welded specimens. Levels significantly above the estimated 

endurance limits of the as-welded specimens were chosen so that the data 

would fall in the more nearly linear range of the load-life curve. 

Load range was used as the independent control parameter for the 

tests rather than stress range. Stress range necessarily incorporates 

assumptions regarding the load-stress relationship which may vary consid¬ 

erably throughout the structure and may be difficult to estimate. Load 

on the other hand is a single-valued parameter at a given section and may 

be measured accurately. 

Load transferred to the specimen by the ram was measured by a 20 kip 

(89 kN) load cell which acted as the upper support for the specimen 

(Fig. IA). The load cell was part of the closed loop MTS system which 

maintained applied loads at levels which were very close to the desired 

levels. The basic loop for the system was closed by a feedback signal 
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sent to the control unit by the load cell. Input and feedback signals 

were summed by the control unit and the error signal thus generated was 

amplified and sent to the servovalve. The servovalve in turn controlled 

the flow of oil to the ram and thereby the load transmitted to the specimen. 

5. Definition of failure 

Tests were originally designed to completely fracture the specimens. 

For the given loading donditions, fracture was expected to occur in the 

region near the weld where large bending forces developed. Unfortunately, 

crack propagation through the plate thickness in this region would produce 

large, eccentric deflections of the specimen. Damage to load frame com¬ 

ponents would possibly occur, so complete fracture could not be tolerated 

in general. 

Tests on as-welded specimens showed that complete fracture occurred 

a few hundred cycles after deflections measured about four times the 

deflection recorded at the start of the test. By setting deflection 

limits at the above value, it was possible to prevent complete fracture. 

When feedback from the LVDT reached the limiting value, the control unit 

acted to halt the test automatically. The fatigue life count at this 

shut-off point was used to define failure of the specimen. For lives 

that are tens of thousands of cycles, the difference between this type of 

failure and the true ultimate failure is negligible. 

C. Results 

1. Fatigue life records 

Specimens in all four test groups (Table 1) failed by progressive 

fracture extending over many thousands of cycles. Small cracks initiated 

at the surface of the lower weld toe (with one exception), progagated 
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slowly toward the edges of the transverse plate, and then moved rapidly 

downward through the plate thickness. This pattern is documented in Figure 9 

for a typical specimen in the TGI group. 

Cracks were detected visually with the aid of a 3x magnifying glass. 

Oil was sprayed over the weld toe so that a thin film covered the surface. 

Oil seeping into newly forming cracks during tension loading bubbled out 

during compression loading. By simply observing the motion of the bubbles, 

it was possible to detect cracks as small as .1 in (2.5 mm) with no 

additional apparatus. 

Cycle count was recorded periodically during the operation of a test 

to identify changes in the fracture process. Table 3 presents three sets 

of cycle counts which summarize the fatigue lives of the TGI specimens. 

Crack initiation life Nj and total fatigue life Nj are given by counts 

I and III, respectively. Crack propagation life Np may be found by taking 

the difference between I and III since Ny=Nj+Np . Count II identifies . 

the point at which a surface crack had been fully extended to both edges 

of the transverse plate. Two subperiods of crack propagation, Np^ and Npg , 

may be difined with respect to count II such that Np=Np^+Np2 . Surface 

crack extension life Npj represents the number of cycles required to 

extend a surface crack from initiation to plate edges and is given by 

the difference between counts I and II. Through-thickness propagation 

life Npg represents the number of cycles required to propagate a fully- 

extended surface crack beneath the surface down to a depth precipitating 

failure. N?2 is given by the difference between counts II and III. 

Total fatigue life was recorded to the nearest ten cycles based on 

the generated signal. The accuracy of this count was verified by an 



SPECIMEN G 

Load= + 7.5 kip (+ 33 kN) 

CYCLE DEFLECTION* 
CRACK' DEVELOPMENT COUNT RANGE 

x 103 in (mm) 
Along weld toe 

A| , 1 H ^ 1 1—iB 

• 34 .096(2.43) 
* • 50 .096(2.43) 

52 .096(2.43) 
115 .096(2.43) 
192 .110(2.79) 
199 .110(2.79) 

Through thickness 

A B 

—I  
199 .110(2.79) 

 1  
—| |— 

205 .115(2.92) 

212 .132(3.35) 

214 .232(5.89) 

* measured by LVDT 

Figure 9. Progressive Fracture Record 
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independent count by the MTS system of the feedback signal. Agreement 

was found to be within ten or twenty cycles for most of the TGI tests. 

This discrepancy is negligible when the total number of cycles involved 

is considered. 

TABLE 3. FATIGUE LIFE RECORDS 

CYCLE COUNT 

TEST GROUP SPECIMEN LOAD RANGE I 
First 
Crack 

II 
Fully- 

Extended 

Ill 
Failure 

x 102 3 x 103 

E 25 24* 41 41 760 
TGlc F 25 17 47 47 280 

H 25 16 58 58 300 

D 15 34 110 121 710 
TGld A 15 33 122 130 660 

G 15 34 199 214 230 

C 15 265 559 561 430 
TGlc B 15 270 754 754 440 

I 15 1 228 2 292. 2 292 960 

* Upper bound 

2. Crack initiation 

The initiation of a visible crack occurred at a point near the plate 

width centerline for the specimen described in Figure 9. This was gener¬ 

ally the case for the other TGI specimens. In a few cases, however, a 

crack would surface at a number of points along a line approximately 

1/2 in (13 mm) long. Initiation sites were usually within 1 in (25 mm) 

of the centerline. Multiple initiation sites were more common for 
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specimens tested at the higher load range level. These specimens event¬ 

ually formed cracks on both sides of the joint. Specimens tested at the 

lower level formed cracks on one side only. 

Crack initiation life was usually tens of thousands of cycles or 

more and therefore constituted a substantial portion of the total fatigue 

life. Nj for the TGI specimens was increased by reducing the load level. 

Also, at the lower level, use of a cone instead of a disk led to higher 

Nj values. In most cases, however, the fraction of the total fatigue 

life Nj involved in crack initiation did not change significantly. 

3. Crack propagation and failure 

Extension of surface cracks proceeded in the direction of the plate 

edges in a more or less symmetrical fashion as illustrated in Figure 9. 

Where multiple initiation sites occurred, propagation included an initial 

period during which point sites merged to form a single line crack. 

Symmetry of surface crack propagation was variable depending on the prox¬ 

imity of the initiation site to the plate width centerline. Npj for the 

TGI specimens was generally over half of Nj . Considerable variation in 

Npj existed. The patterns exhibited for Np^ , however, were much the 

same as those exhibited for Nj . 

Fully-extended cracks moved downward as in Figure 9. Some cracks 

were oriented toward the plane of the stem. Edge cracks tended to move 

downward at both edges until critical depths had been reached on both 

sides. Npg was fairly short in relation to Nj and Np^ and thus did not 

significantly influence Nj . 

Critical depths for edge cracks of typical TGI specimens are shown 

in Figure 10. The specimen tested at the lower level failed due to a 



(a) Higher Load 

(b) Lower Load 

Figure 10. Crack Penetration at Failure 
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crack penetration to raid-depth. Penetration was only about 30 percent 

of the plate thickness in the case of the specimen tested at the higher 

level. The higher load opened the crack significantly, whereas the crack 

due to the lower load is barely visible. 

D. Statistical Analysis 

1. Median curves and prediction intervals 

The results of the TGI tests indicate that a significant amount of 

variation is to be expected even within subgroups tested at the same 

level and given the same weld treatment. Results of different test groups 

and subgroups should therefore be compared statistically rather than on a 

specimen to specimen basis. 

Convenient parameters for statistical analysis are load range level PR 

and total fatigue life Ny . Both of these parameters are well defined and 

have been measured quite accurately. Furthermore, the results of the TGI 

tests indicate that the effects of load and weld treatment were similar 

for both crack initiation life Nj andsurfaceccraek extension life NR^ , 

the two most significant components of the total fatigue life Ny . 

Two approaches are necessary to make the statistical comparisons 

between test groups. Where tests were performed at the same load level, 

it is possible to model the fatigue life at that level as a random variable 

having a mean and variance which may depend on the test group modeled. 

Occasionally, fatigue life comparisons are desired at levels where results 

exist only for one of the test groups and not for the other. In this case 

a model of the load-life relationship must be formulated based on the 

results which do exist. Predictions of the life at the level of interest 

may be made based on the model parameters computed in the regression analysis. 
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Results for as-welded test groups (AW1 and AW2) are plotted on a 

log-log scale in Figure 11 showing the effect of reinforcement. Points 

on the far right with arrows denote specimens which did not develop visible 

cracks after several million cycles. Points at higher levels denote 

specimens which failed after fewer than a million cycles. These latter 

results fall into a nearly linear pattern on the log-log scale. A simple 

linear statistical model was used to compute median curves and prediction 

intervals based on the results in this region. Appendix A outlines the 

theoretical basis and implicit assumptions for this model. These curves 

have been extrapolated into the non-linear range to provide estimates of 

the endurance limit of each test group. 

The median curve and extrapolated endurance limit for the AW2 group 

lie above the median curve and extrapolated endurance limit for the AW1 

group. Furthermore, the prediction intervals which were computed for a 

95 percent confidence level do not overlap. Thus, based on the data 

shown, one might predict that the next AW2 specimen tested would fail 

after a greater number of cycles than would be expected to fail the next 

AW1 specimen. 

The effect of toe grinding is shown in Figure 12. The prediction 

interval for the TGlc group is considerably wider than that for the AW1 

group. This principally due to the unusual performance of one specimen 

(Specimen I in Table 3) at the lower load level. The intervals do not 

overlap, despite the wide interval. Overlap would probably have been 

observed for the TGld group, however, had tests been conducted at the 

higher level. Some rotation of the median curve for the TGlc group 

relative to the median curve for the AW1 group may be observed as well. 
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Based on the slopes and positions of the median curves, one might expect 

that the endurance limit for the TGlc group is somewhat higher than that 

for the AW1 group. The data do not indicate that the same is true, however, 

for the TGld group. 

Figure 13 shows the effect of grinding the toes of reinforced welds, 

that is, the effect of combining toe grinding and reinforcement treatments. 

The median curve for.the TG2d group lies above that for both AW1 and AW2 

groups. From the position of the data for the TG2c group,one would expect 

the same to hold for the median of the TG2c group had tests been conducted 

at other levels. The prediction interval for the TG2d group is significantly 

removed from that for the AW1 group,but the interval is barely distinguish¬ 

able from the AW2 prediction interval. 

2. Fatigue life improvement factors 

The relative magnitude of improvements for the various test groups 

is difficult to interpret from the log-log plots. Fatigue life improve¬ 

ment factors have been icalculated to clarify the comparisons. The factors 

are presented in Table 4. Each factor was obtained by dividing the pre¬ 

dicted median value at a particular level by the predicted median value 

for the AW1 group at that level. The median value for the fatigue life 

is close to the mean value for groups where variance in the data is small. 

This is due to the fact that the lognormal distribution which describes 

the fatigue life (see Appendix A) becomes more symmetrical as the variance 

decreases. 
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TABLE 4. FATIGUE LIFE IMPROVEMENT FACTORS* 

WELD TREATMENT LOAD 

15 

RANGE 

20 

(kips)* ** 

25 

Reinforcement: » 
• (AW2) 4.64 4.10 3.58 

Toe Grinding: Cone (TGlc) 11.69 5.54 3.10 
Disk (TGld) 1.78 ND*** ND 

Combination: Cone (TG2c) ND 9.58 ND 
Disk (TG2d) 11.67 7.24 5.00 

* Relative to fatigue life for AW1 test group 
** 1 kip = 4.448 22 kN • 
*** No data on which to base estimate 



IV. STRESS ANALYSIS 

A. Beam Model 

Insight into the effect of various weld treatments on fatigue 

behavior may be gained through an understanding of the stress patterns 

near the welds. External geometry of load and specimen is a primary 

factor influencing these patterns. A simple analysis of the tee viewed 

in terms of the macroscopic geometry provides a first order understand¬ 

ing of the stress patterns. 

Remotely applied stress may be estimated by viewing the tee as a 

simply supported beam. The arms at the ends of the transverse plate 

are presumed to provide vertical support to the plate which is loaded 

by a concentrated force at midspan transmitted by the stem. Stress in 

the plate is due to the presence of bending moments and transverse 

shears, while the stem is stressed primarily by axial forces. Integrity 

of the tee at the weld is ignored in this simple model. 

Since the width of the transverse plate is approximately a third 

of its span, the tee joint should be analyzed as a three-dimensional 

structure. Sizable transverse stresses are likely to develop due to 

plate action. Since two opposite edges are simply supported and the 

other two are free and since the aspect ratio is greater than two, bend¬ 

ing in the longitudinal direction is still likely to be the primary 

mechanism. Physical considerations outlined in Appendix B permit one 

to construct a modified beam model which accounts for the transverse 

stress associated with the plate action. The model illustrated in 

Figure 14 assumes that plane strain conditions are imposed on the sides 

of a longitudinal strip located near the centerline of the plate width. 
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The strip is presumed to have a width approximately equal to or less than 

half the total plate width, so that edge effects may be avoided. 

According to this modified beam model, the remotely applied stress 

state is biaxial at the outer surfaces of the plate. The longitudinal 

stress may be estimated using the simple flexure forrtùla for a beam. The 

transverse stress is directly related to the longitudinal stress by Poisson's 

ratio. The longitudinal strain is also proportional to the longitudinal 

stress and is influenced by the plate action. 

Figure 14. Beam Model 
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The flexure formula for a beam states that the longitudinal stress 

increases linearly with respect to both the distance from the supports 

and the distance from the neutral axis (surface in this case). Thus 

the modified beam model predicts that the maximum stress and strain 

in the tee occur at the upper and lower surface of the transverse plate 

at midspan. 

B. Finite Element Models 

The effect of integrity of the tee at the weld and of the local 

geometry of the weld are likely to influence the stresses. Thus, more 

refined models than the simple or modified beam are required to obtain 

an accurate understanding of stress near the weld. Finite element 

methods are well suited to this problem, since they are capable of in¬ 

corporating microscopic changes in the external geometry of the struc¬ 

ture. 

Crude finite element models were first constructed to obtain gen¬ 

eral stress distribution patterns in the joint. A representation of 

the meshes, boundary conditions, and loading used in these models is 

provided in Figure 15A. Half of a longitudinal slice of the tee similar 

to that used in the modified beam model was analyzed. The slice has 

unit thickness and is assumed to be symmetrically oriented along the 

width of the tee. The model was considered to be a two-dimensional 

elastic medium, subdivided into triangular plate-like elements connec¬ 

ted at the nodes. Each triangle was assumed to maintain constant strain 

(and stress by Hooke's Law) in the plane of the element and was subject 

to plane strain perpendicular to the plane of the element. Fundamental 

considerations for the element are summarized in Appendix D. A vertical 
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force was applied at one of the boundary nodes in the plane of the tri¬ 

angular elements. The pin was assumed to provide total fixity to the 

stem relative to the axis of the pin, whereas the ends of the trans¬ 

verse plate were assumed to have three degrees of freedom-in the plane 

of the plate. 

Stresses were calculated using a computer program developed at 
14 Lehigh University. The program calculated element matrices internally, 

assembled the global stiffness matrix for the model, and solved the 

simultaneous equilibrium equations at the nodes by means of a Gauss- 

Seidell over-relaxation method. A number of solution attempts were 

made to optimize the choice of an over-relaxation factor required by 

the solution technique. 

Two idealized weld geometries were studied, one corresponding to 

the AW1 group and the other to the AW2 group. The shapes and mesh sub¬ 

divisions for these welds appear in Figures 15B-E. Figures 15B and 15C 

show the model used to represent the AW1 type of weld and Figures 15D 

and 15E show the model used to represent the AW2 type of weld. Values 

selected for leg length X and weld angle 0 were based on measurements 

made on actual specimens in the respective test groups. 

C. Stress Distribution Patterns 

The general transfer of load in tee joints having AW1 and AW2 

type welds is shown in FiguresiôA and 16B, respectively. Arrows indi¬ 

cate the orientation and magnitude of the principal stresses at the 

centroids of triangular elements. The stresses were calculated using, 

the crude models in Figure 15A. 
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1/2 H 

2 H = 1/4 L 

Figure 16A. Principal Stress Patterns (AW1) 
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1/2 H 

2 H = 1/4 L 

Figure 16B. Principal Stress Patterns (AW2) 
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The general distribution patterns clearly indicate that the weld 

toe is a critical point in terms of stress. Stresses in the upper half 

of the transverse plate increase as the toe is approached, reach a peak 

near the toe where they are forced to change direction and then die out 

radially as stresses enter the interior of the weld or the stem. Stress¬ 

es in the lower half of the transverse plate are almost completely un¬ 

affected by the presence of the weld toe. Zero or negligible stresses 

are found at the mid-surface of the transverse plate and in the interior 

of the weld in a region slightly above the mid-surface. Values of 

stress in the plate removed from the toe are very nearly those predicted 

by the modified beam analysis. Values of stress in the stem are very 

nearly those of the average stress corresponding to axial forces in the 

stem. 

The effect of the weld toe is approximately the same for both AW1 

and AW2 weld types. The nature of the disturbance is modified only by 

the relative amount of space in which the transitions described above 

may occur. Slight differences in the peak stresses are also noticeable. 

Stress information obtained from the more detailed finite element 

models (Figs. 15B-15E) are plotted in Figures 17A-18B. Variations of 

longitudinal stress along the upper surface of the transverse plate near 

the weld toe are shown in Figures 17A and 17B for the AW1 and AW2 type 

welds, respectively. Highly localized stress gradients appear near the 

weld toe. Peak stresses occur adjacent to the weld toe and in a very 

short distance fall below the values predicted by the beam model. Dif¬ 

ferences in the effects of the weld shape are primarily with respect to 

the value of the peak stress. 
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Figures 18A and 18B show variations of longitudinal stress through 

the thickness of the transverse plate at the section containing the weld 

toe for AW1 and AW2 type welds, respectively. A highly localized gradient 

is again observed near the weld toe. The distribution patterns illustrate 

how the presence of the toe disturbs the normal bending distribution for 

a beam. The stress concentration at the upper surface causes the neutral 

surface to move upward slightly and causes the stress at the lower surface 

to be reduced. The redistribution is such that the total bending moment 

remains the same. 

Values presented for longitudinal stress correspond to either computed 

stresses at a node or at the centroid of an element. Nodal stresses repre¬ 

sent average values of surrounding element stresses. In regions of high 

stress gradient, nodal stress is less accurate than element stress. There¬ 

fore, element stresses have been plotted at points nearest to the weld 

where the gradient is severe. 

Stress is plotted as a non-dimensional parameter to show the effect 

of weld shape on the stress variation and on the peak stress. All a 
A 

stresses have been normalized with respect to the maximum stress predicted 

by the beam model. This stress occurs at the midspan and does not depend 

on weld shape. The stress depends only on the load and section properties 

of the transverse plate and may be considered to be a nominal stress on 

for the tee joint; 



V. DISCUSSION 

A. Weld Shape 

The finite element analysis indicates that the primary effect of weld 

reinforcement is about a 16 percent reduction in the value of the peak 

stress arising at the weld toe. The non-reinforced and reinforced joints 

were modeled identically, so the reduction in peak stress must be attri¬ 

buted to the difference in weld shape for the two joints. 

The influence of weld shape has been calculated by Gurney for a 
15 uniform tension loading. Some insight may be gained from these results 

if the local stress patterns are kept in mind. Figure 19 identifies various 

weld shape parameters which are important in two other types of joint which 

exhibit similar principal stress patterns to that of the tee joint. In all 

three cases the stress flow patterns (analogous to fluid flow in pipes) are 

constricted in the region near the weld toe. The disturbances at the toe 

indicate that stress concentrations may develop there. The degree to 

which the toe disturbs the flow depends in part on the dimensions of the 

weld shape parameters. 

For the load-carrying fillet joint, Gurney reported a direct relation¬ 

ship between weld angle and stress concentration at the toe for angles 

between 20 and 55 degrees (X/H = .8). A slightly non-linear relationship 

was found for the transverse butt weld for flank angles between 20 and 45 

degrees. In both cases, however, an increase in angle was associated 

with an increase in the stress concentration at the toe. Leg length X was 

reported to have an influence on stress concentration in the fillet joint 

as well for lengths less than the thickness of the plate (8 » 45 deg). 

Increases in the leg lengths were associated with decreases in stress 
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concentration. 

The influence of weld shape in the case of the tee joint appears to 

be similar in that the higher stress concentration was associated with 

the greater angle and the shorter leg length. However, the direct in¬ 

fluence of each parameter is not immediately clear, because the two para¬ 

meters vary simultaneously. In the case of welds subjected to bending, 

leg length not only influences the local disturbance of load transfer, it 

also has a direct influence on the moment which is developed at the section 

beneath the toe. The difference in leg lengths for the typical non-reinforced 

(AW1) and reinforced (AW2) welds was about 8 percent. Thus, half of the 

total 16 percent difference in toe stresses might be attributed to leg 

length, and the remaining 8 percent would be attributable to weld angle. 

The influence of weld angle as defined in Figure 19 is somewhat 

misleading, particularly in relation to actual welds. It is clear from 

Figure 4 that welds produced by the split-layered process do not have a 

single characteristic angle. Furthermore, in the finite element analysis, 

accurate determination of the influence of weld angle is possible only by 

constructing a very fine mesh around the weld toe. The influence of weld 

angle might therefore be interpreted as the influence of conditions local 

to the weld toe. It is this interpretation which gives meaning to tthe 

comparison of stress concentrations at the toe of a fillet weld with that 

of a butt weld. Fillet weld angle and butt flank angle are comparable 

only at the toe. 

A more complete analysis might therefore include a shape parameter 

defining the micro-geometry of the weld at the location of the toe. This 
16 

has been done by Mattos and Lawrence for simulated transverse 
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butt welds subjected to uniform tension. A finite element model was used 

which made possible the close approximation of small variations in the 

shape of the weld at the toe. The toe was expanded, so to speak, so as 

to define a small region. Thus, no single point could be identified as 

the toe. The shape of the region was described by a uniform curvature 

of radius r . Stress concentrations were computed for three small values 

of r (.01, .03, and .05 in or .25, .76, and 1.27 mm) . A noticeable in¬ 

crease was observed with decreasing r, the theoretical values seemingly 

approaching infinity as r approached zero. The increases in stress con¬ 

centration were in addition to increases associated with increasing flank 

angle 0 . 

Figure 20A shows closeup views of the different toe shapes associated 

with cone and disk grinding. A larger area is affected by the cone and 

a more nearly uniform curvature imposed on the toe region. Figure 20B 

shows how the initial weld angle and leg length influence the shape of a 

toe region which has been ground with a cone. A larger-diameter cone was 

used for the reinforced weld, since the toe was readily accessible. 

Nonetheless, the toe shape was not altered significantly and does not 

differ greatly from the shape which would have been imposed on a reinforced 

weld by disk grinding. 

The effect of grinding on stress concentration may be anticipated 

from these visual comparisons in light of the finite element studies. 

Non-reinforced specimens in the as-welded conditions possess the greatest 

susceptibility to high stress concentrations in the toe region. Grinding 

either with a disk or a cone would reduce the concentrations; however, the 

cone would provide the greater reductions. Weld reinforcement alone 



(a) Cone-ground 

(b) Disk-ground 

Figure 20A. Weld Shape After Grinding (TGlc and TGld) 



(a) Non-reinforeed 

(b) Reinforced 

Figure 20B Weld Shape After Grinding (TGlc and TG2c) 
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would also reduce the concentrations. Further reductions would be possible 

by grinding, but the amount is likely to be small for either disk or cone 

treatment of an already reinforced weld. 

B. Notch Strains 

In the assessment of stress concentrations, assumptions of static 

equilibrium, continuity, elasicity, and homogeneity of material were made. 

These assumptions are probably valid for material removed from the toe 

when conditions of stress are considerably below the endurance limit. When 

the endurance limit is approached, these assumptions are likely to break 

down in the region of the toe. 

It is clear from Figures 17A-18B that high, localized stresses develop 

in the toe region. The stresses are significantly in excess of the nominal 

bending stress. Thus, even when stresses are below the endurance limit, 

one might expect to observe localized yielding in the toe region. When 

this occurs, stresses in the plastic region cannot develop the peak values 

predicted by the elastic distribution. A redistribution becomes necessary 

to maintain equilibrium with the load effects. The reduction of stresses 

in the plastic region would have to be accompanied by increases in the 

elastic stresses elsewhere. 

Evidence for this kind of redistribution is found in the values of 

strains measured just outside the toe region. Such measurements were made 
3 

in the variable amplitude study conducted at Rice on a specimen taken from 

the AW1 test group. The specimen was subjected to cyclic loads at the 

20 kip (89 kN) range (±10 kip or ±44 kN). The nominal stress at this level 

is 40 ksi (276 MPa) which is close to the yield strength of the plate 

material (50 ksi or 345 MPa). Thus, localized yielding might have occurred. 
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Since a relatively stable hysteresis loop was observed after only a few 

cycles, one might expect that the macroscopic behavior was still elastic. 

The total strain ranges observed at three locations near the toe 

region during the fourth load cycle are plotted in Figure 21. If these 

strains were in fact elastic, a redistribution must have occurred. The 

strain values are greater than the values corresponding to the stresses 

calculated using the finite element model, so one might anticipate that 

localized yielding had indeed taken place. 

Extrapolation of the measured strain pattern has been attempted in 

Figure 21 in an effort to identify the region of plastic strain. A precise 

analysis would require that both the endurance limit and the cyclic stress- 

strain relationship for the material in the toe region be known. From 

this information the location of the elastic-plastic boundary could be 

estimatec|àlong with the value of the peak strain. The information required 
t 

to do this is not readily available, so best.estimates have been made 

which are based on current theories in the area of notch strain analysis. 

The elastic-plastic boundary in Figure 21 has been defined in 

relation to an estimated value of the yield condition for the plate 

material in a manner which is compatible with the extrapolated elastic 

strain pattern away from the toe and with the results of the finite element 

analysis. The yield condition may be determined from uniaxial tests. An 

adjustment must be made, however, for the biaxial state of stress near the 

toe. This may be done by application of the Von Mises-Hencky yield hypo¬ 

thesis which has been shown to agree reasonably well with experimental 

data for ductile materials subjected to alternating tension and multi-axial 

states of stress.^ Appendix E shows that the effect of a biaxial stress 
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State is to increase the critical yield condition to a level slightly 

greater than that predicted by a uniaxial test. 

The critical yield condition plotted in Figure 21 at the position 

of peak strain is based on the uniaxial yield strength of the plate material 

under monotonically increasing load. The applicable yield condition is 

more precisely the endurance limit of the material present in the toe region. 

The endurance limit may be estimated as a fraction between .3 and .6 of the 

ultimate strength of the plate material (79.9 ksi or 551 MPa), based on 

18 
rotating bending tests on smooth specimens of similar material. Such a 

value lies below the monotonie yield strength, so the yield condition in 

Figure 21 represents a conservative estimate of the boundary of plastic 

straining. 

Similar conditions of highly localized yielding are known to occur 

at locations of stress concentration in machine parts such as notches and 

grooves. Peterson has presented stress concentration factors, fatigue 

notch factors, and fatigue notch sensitivity factors for such parts.^ 

The stress concentration factor Kj. is defined as the theoretical value of 

the maximum elastic stress at the notch normalized with respect to the 

nominal elastic stress. The fatigue notch factor represents the effect 

which the stress concentration at the notch has on the experimentally 

determined endurance limit of the material. The fatigue notch sensitivity 

factor q relates Kt and in a manner which indicates the degree to which 

the computed stress concentration factor, applicable to static, elastic 

conditions, is achieved under conditions of cyclic loading where local 

plasticity is likely to occur. Values of q have been found to depend on 

both material and magnitude of the radius of curvature at the root of the 
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notch. Full theoretical effect (q = 1) is approached in steel parts having 

large radii, whereas no effect (q = 0) is approached as the radii become 

very small. 

The peak strain plotted in Figure 21 is based on anrassumption of 

strain concentration invariance. This is an assumption which is used in 

notch strain analysis which states that the strain concentration under 

plastic conditions is identical to the stress concentration under elastic 

conditions. Experimental data exist which indicate that this so-called 

linear rule provides a reasonable estimate of peak strain in plane strain 
18 situations. Circumferentially grooved shafts subjected to bending re¬ 

present one such situation where invariance has been applied. The biaxial 

stateof stress which exists at the notch root of the grooved shaft is very 

similar to the state of stress which exists in the toe region of welded tees. 

The significance of strain invariance to the fatigue life of tees 

is demonstrated in Appendix F. The primary result is that the ratio of 

strain concentration factors for the two regions containing plastic notch- 

type strains may be considered to be the same as the ratio of stress concen¬ 

tration factors for the two regions under elastic conditions. Thus, the peak 

strain range for the reinforced specimens would be 16 percent less than the 

peak strain range for the non-reinforced specimens. This reduction in 

plastic strain may be important over a large number of cycles. 

C. Surface Finish 

Significant differences were observed in the fatigue behavior of 

TGlc and TGld specimens tested at the lower load levels. Tool selection 

was evidently an important factor. The differences in weld shape imposed 

by cone and disk grinding have already been discussed. Differing surface 
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finishes may have been a factor. 

Figure 22 shows close-up views of cone- and disk-ground surfaces 

in the weld toe region where cracks initiated in the specimens and where 

failure occurred. The thin, dark lines represent the crack openings 

which resulted from the slow failure under the same low load level. The 

specimen in Figure 22a was the best performer for the TGlc group (Specimen 

1 in Table 3). Surface crack initiation life Nj, surface crack extension 

life Npj , and total fatigue life Ny were 1 228 000, 1 064 000, and 

2 293 000 cycles, respectively. Corresponding Nj , Npj , and Ny for the 

disk-ground specimen (A in Table 3) shown in Figure 22b were 33 000, 

89 000, and 131 000 cycles, respectively. 

Part of the significant difference in fatigue behavior may be 

attributed to the difference in surface finish shown in Figure 22. Notice¬ 

able features are surface texture, scratch orientation, depth of material 

removal (for the cones, removal occurred in thin grooves reaching below 

the general undercut level), and uniformity of contact region along the 

length of the weld. 

The material in the weld toe region has been likened to thin fila- 

ments . Provided that the material does not contain large discontinuities, 

these filaments may act as tiny uniaxial tension specimens. Rupture of the 

filaments corresponds to crack initiation and the early stages of surface 

crack propagation in this analogy. The stress-strain behavior of these 

filaments may have an influence on the ability of the weld toe material 

to resist the high strains imposed at the toe. 

The nature of the scratches imposed by cone grinding may have helped 

to improve the stress-strain properties of the weld toe material. The 



(a) Cone-ground 

(b) Disk-ground 

Figure 22. Surface Finishes (TGlc and TGld) 
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abrasive action of the cone which rotated parallel to the direction of 

principal stress (indicated in Fig. 22 by arrows) may have helped to remove 

microscopic discontinuities in the form of actual voids or non-metal!ic 

slag intrusions. At the same time a filament-like surface pattern is 

imposed. The disk, however, which makes contact only at the edge of the 

disk, imposes thin scratches perpendicular to the direction of stress and 

does not penetrate very deeply into the weld toe material. 



VI. CONCLUSIONS 

Local stress and strain concentrations develop at the weld toe 

surface of welded tee joints subject to bending. Tensile stresses induced 

during cyclic bending may cause cracks to develop in the toe material. 

Over a large number of cycles, these cracks may propagate in a manner which 

will precipitate failure. 

Both weld reinforcement and toe grinding alter the condition of the 

weld toe surface. Reinforcement reduces the weld angle at the toe and 

increases the leg length. The change in leg length has a direct effect on 

the moment which is developed at the location of the toe and thereby on 

the stresses which are developed there. Toe grinding provides a curvature 

to the toe which makes the toe a transition region in which load is trans- 

fered from one plate to another more easily. Toe grinding also may remove 

non-homogeneous materialsin the weld toe region which act as initiation 

sites and reduce the tensile capacity of the weld toe material. 

Reinforcement of a weld can reduce the magnitude of the peak elastic 

stress at the weld toe by as much as 16 percent. Reduced weld angle and 

increased leg length contribute to this reduction in stress. Under plane 

strain conditions which exist in tee joints subject to bending, the reduc¬ 

tion in elastic stress may translate directly into a reduction in plastic 

strain. Over a large number of cycles, a 16 percent reduction in strain 

could be important to the fatigue life of the joint. 

The effect of toe grinding on the stress concentration at the toe 

surface is difficult to assess quantitatively. Modifications of weld 

micro-geometry at the toe which are imposed by toe grinding vary consider¬ 

ably. Both tool selection and initial weld shape influence how the toe 
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surface is altered by the grinding. 

Relative benefits of reinforcement and toe grinding treatments may 

be understood in terms of fatigue life improvement factors which are 

based on the test data. From these factors the following conclusions 

may be drawn whith regard to the fatigue behavior of welded tee joints 

subject to bending. 

(1) Untreated welds which have sharp angles or a small radius 

of curvature at the weld toe will not perform as well as 

welds given reinforcement or toe grinding treatments. 

(2) Reinforcement which reduces the weld angle at the toe 

may improve the fatigue life by as much as a factor of 

four. Such improvements will be consistent at a variety 

of load levels that might cause fatigue failure of the 

joint. 

(3) Toe grinding of non-reinforced welds with an abrasive 

cone will be more effective than reinforcement at low 

load levels abovethe endurance limit for the joint. 

(4) Toe grinding of non-reinforced welds with an abrasive 

disk will be less effective than either reinforcement or 

toe-grinding with an abrasive cone at both high and low 

load levels. In fact improvements may only be on the 

order of a factor of two. 
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(5) Finally, toe grinding of reinforced welds will provide 

additional improvements over those expected due to rein¬ 

forcement alone. The additional improvements are noticed 

more at the low load levels. Tool selection is not as 

important when grinding reinforced welds as it is when 

grinding non-reinforced welds. 
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APPENDICES 

A. Simple Linear Model in Statistics 

1. Formulation of model 

The simple linear model applied to the fatigue problem assumes that 

prior to a test or at the time a prediction is to be made, the fatigue 

life variable at a given load range level i, Y.= ln(Ny). , is a random 

variable which depends on the nonrandom variable, x.= ln(PD). . The 

dependence is assumed to be a linear one, requiring that only two para¬ 

meters, a and 3 , be known. These parameters correspond to the intercept 

and slope, respectively. 

If a and 3 are assumed to be nonrandom and constant over all levels 

i for a given test group, then the variability of any Y. is governed by a 

corresponding random variable E.. . 

Y1 = a + 3xi + E. 

Reasonable assumptions regarding the E^ are that the E^ are uncorrelated, 

independent, normally distributed random variables each having a mean 

(m^). which is zero and a variance which is the constant a2. The 

Y.j are therefore independent, normally distributed random variables with 

means (my)^ , determined only by a,3» and , and with variances (cy). 

that have the same value a2 at all levels i of a given test group. 

Ei is N[(m£)i,(a|).] 

Y. is N^my)^^.] 

where (mE)1- = 0 ; (mY). = a + 3x^ 

(a|) = (aj) = a2 

Statistical analysis for the probabilistic model as defined above 

A1 
is well defined . Furthermore, the assumptions made regarding the 
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nature of the variables are consistent with the actual data for the most 

part. An assumption that is debatable is the one which states that the 

variance of Y., (a|). , is the same regardless of the level i. It is 

conceivable that load might dominate other factors such as tool selection 

at higher loads. This would tend to reduce the variance at the higher 

levels relative to the variance at the lower levels. Unfortunately, the 

assumption that the variance depends on x. introduces significant com¬ 

plications to the statistical analysis. The small amount of test data 

does not provide sufficient evidence to justify these additional compli- 

cations. 

Two statistical questions must be asked in the analysis of the 

fatigue data. First, what is the expected value of Y.. at a particular 

level for which no data exists? Second, for what values of Y.- can one be 

sure that an estimated value will be correct? The answer to the first 

question requires that estimates of the parameters a and 3 be made. The 

answer to the second question requires that a be estimated as well. 

2. Prediction of median fatigue life 
A A /S 

Unbiased estimators a, 3» and a may be obtained by examining the 

squared residual between the measured and estimated values of the Y. . 
A A 

The parameter estimates a and $ are derived by the minimization of the 
A 

squared residual, whereas a2 is simply defined in terms of the squared 

residual so that its expected value is a2 . Each parameter is thereby a 

function of the observed pairs (x.,y..) and the sample size n. 

a = y - 6x 
A 1 H A A 

a2 = -fp2" Z [y. - (a + 3x.)]2 

1=1 1 1 
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where x denotes the sample mean of x 
Sw denotes the sample standard deviation of x 

r^ y denotes the sample correlation coefficient for x and y 

The first statistical question is answered relatively simply in 
A A 

terms of a and 6 . The answer is approximate since it is based on the 

limited amount of test data. From a statistical viewpoint, however, it 

is the best available answer. 

/\ A 

(mY). = a + 6xi 

Care must be taken when applying this result to predictions of fatigue 

life, because represents the logarithm of the fatigue life (Nj)^ . The 

anti-logarithm of Y. is a lognormally distributed random variable, whose 

parameters are the median (m^ ). and the standard deviation of Y. , (oy)^ • 

The median of (Ny). may be easily calculated from the mean of Y^ . 

ln <\h = (Vi 
Since the linear model applies to the logarithms of load range level (PR)^ 

and fatigue life (Ny).j , the relationship between the variables themselves 

is a power relationship. 

<NT>1 ■ 

where a* = exp( a + E.. ) 

3. Prediction interval 

The answer to the second statistical question involves the construc- 
A2 tion of a prediction interval which quantifies the magnitude of the 

of the possible error for a given estimate. There are two sources of 

error in the regression analysis: 1) the inherent variability of Y^ from 
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its mean value and 2) the random sampling error introduced by the use of 
A A 

the estimators a and 3 . 

The variation in due to the nature of the fatigue process may not 

be determined prior to a prediction. The sampling errors, however, may be 

understood by analyzing the variances of the estimators which are random 
A A 

variables. As defined by the least squares method, the estimators a and 3 

are linear functions of x^, y.., and n and are therefore bivariate, normally 

distributed random variables. The means are a and 3 , respectively, since 
A /S 

a and 3 are unbiased estimators. The variances o~ , and the covariance 

£ may be shown then to be linear functions of a2 . 

r2 = a 

,-«>2 _ 
ns( 

1 + 

a,3 ns( 

For large a and small n , the magnitude of the variations in a and 
A 

3 will be large. This is likely to be the case for the fatigue test data, 

because of the nature of the fatigue process and the high cost of the 
A A 

specimens, respectively. The variations in a and 3 were reduced somewhat 

by the selection of load levels separated from one another which kept s^ 

at a maximum. 

Additional insight is gained by analyzing the subsequent variance 

of the estimated mean of Y.. . 

= aA2 + x?0«2 + 2x.o~ 2 a 13 i a,3 

n 1 + 
(x1 - x): 
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The variance of the estimated mean of Y. is a linear function of a2 and 

depends on the value of x. . When = x the variance is a minimum. Thus 

predictions near the mean of the x.'s are desirable. 

The prediction interval deals with the variance of the residual 

between the true and the estimated mean values of Y. . The residual is 

a random variable whose variance is the sum of the variances of the 

true and estimated mean values of Y^ and whose mean is zero. 

If the parameters a, 8, and a were known, the value of , the 

residual between the true value of Y. and its true mean could be determined 

from the probability distribution for the normal variate which has zero 

mean and unit variance (U which is N[0,l] ). 

Y. = a + 8x. + E. 

Ei is N[(m-)i,(a^2)i] 

P[ |Utl * uy/2 1 = 1 “ T 

p[ |E.| < uy/2a ] = 1 - Y 

where 1 - y is the confidence level 

Values of u^/2 may be found in probability tables for various values of 

the confidence parameter y . 
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The parameters a, 8» and a are not known, however, and the 

estimators a, 8, and a must be used instead. A Student's t distribution 
A A 

must be applied to find the value of , since E. depends on the unknown 

cr . The Student's t variate is defined as the ratio of a normal variate 

with zero mean and unit variance to a x2 variate. The x2 variate involves 

the sum of squared normal variates. 

The estimated variance of Y. , a2 , is x2 distributed with n-2 

degrees of freedom. This variance also depends on a . By taking the 
A A 

ratio of the normal variate , defined in terms of E.. , to the x2 

variate a/a , a Student's t variate is defined which is independent of a . 

let 

(a/a) 

where 

Values of tyyzin-2 may also found in probability tables for various 

values of the confidence parameter y and the sample size n. 

Values of t. 

^ J. R. Benjamin, C. A. Cornell, Probability, Statistics, and 
Decision for Civi1 Engineers, McGraw Hill, 1970. 

A2 
A. M. Mood, F. A. Graybill, Introduction to the Theory of 

Statistics, McGraw Hill, 2nd ed., 1963. 



B. Plate Action 

When viewed as a free body, the transverse plate appears to be a 

plate simply supported at two opposite edges, free at the other two 

edges, and subjected to a uniform line load at its midspan. The assump¬ 

tions are that the end clamps provide only vertical restraint and that 

the stem transmits vertical forces distributed uniformly along its width 

as well as its thickness. These assumptions may be presumed to be valid 

for the purposes of a simplified analysis. 

For the plate to deform in the longitudinal direction in the same 

manner as a beam, the plate would have to form an anticlastic surface 

in which the curvature in the longitudinal span is opposed to the curva- 
D1 

ture in the transverse span. This is not permitted if the transverse 

span is very great for two reasons: 1) continuity of the material and 

2) the effect of a counteracting force which develops when the edge 
t no 

strips are movedcompletely above or below the neutral surface. 

When a plate is subjected to pure bending in the longitudinal 

direction only, the midsurface removed from the edges undergoes cylindri- 
83 cal deformation. That is, curvature occurs in the longitudinal direc¬ 

tion only. A state of plane strain is thereby induced. Mechanically 

speaking, continuity requires that a moment develops in the transverse 

direction which is just sufficient to eliminate the curvature induced 

by Poisson's ratio effect. 

Consider now a longitudinal strip of the plate having width B. 

The strip is taken to lie symmetrically about the centerline of the 

plate width but removed sufficiently from the edge strips so that the 

plane strain condition applies (say B<W/2). From Appendix C it is 
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found that, under plane strain conditions parallel to the x-y plane, 

where x is taken along the longitudinal span and y is parallel to the 

plate thickness H, Hooke's law requires that, if Oy = 0, 

ex ’ 4* °X and °2 = VCT. 

where E* 1 
E 

\r 

Pure bending in the x direction requires that 

Thus 

where 

a = E*e = E*-^- x x R 
A 

E*I. 
Mx = = "T 

„ . V _ P'xVv 

p' = 

x1 = L - x 

D 1 

S. P. Timoshenko, J. N. Goodier, Theory of Elasticity, McGraw 
Hill, 3rd ed., 1970. 

DO 

S. P. Timoshenko, Mechanical Engineering, 45, 4, (1923). 

B3 
S. P. Timoshenko, S. Woinowsky-Krieger, Theory of Plates and 

Shells, McGraw Hill, 2nd ed., 1959. 



C. Hooke's Law for Plane Strain 

Plane strain parallel to the x-y plane in a rectangular coordinate 

system requires that 

w = 0 and If= tr ■0 

So e = *SL = o 
z 3z ■ 

V = 9u . 3w = o Yxz 3z 3x 

v = h. + M= o Yyz 3z + 3y u 

where u, v, and w represent displacements in the 
x, y, and z directions, respectively 

Hooke's law for isotropic materials under plane strain requires that 

a = v(a + a ) 
z v x y' 

t = T =0 
xz yz 

The component strains e , e , and y are linearly related to the x y xy 

remaining non-zero stress components o , a , and T . x y xy 

«. - - X 1 - v y iO 

e -IJLZ 
y E <aw - ■^x} 

y 1 - v 

■xy 
= l£_L±_vl -txy 

where E = Young's modulus 

v = Poisson's ratio 
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This form of Hooke's law for plane strain may be expressed in a form 

which is analogous to Hooke's law for plane stress by a transformation 

of variables. 

v*a 

Y xy 

v*°x> 

v)Txy 

where 
E* E 

1 - v 7 

V* 
V 

1 - V 

The third equation does not require a transformation of variables. 

Cl 
S. P. Timoshenko, J. N. Goodier, Theory of Elasticity, McGraw 

Hill, 3rd ed., 1970. 



D. Constant Strain Triangle 

A constant strain triangular element represents a region within a 

continuum defined by three points or nodes. The element imposes uniform 

material properties including Young's modulus E and Poisson's ratio v 

throughout the region. Points within the region are defined by their 

position relative to some local coordinate system usually having its 

origin at one of the nodes. 

Displacements u, v, and w of points within the element in the 

direction of x, y, and z coordinates, respectively, are assumed to be 

linearly related to the values of x, y, and z at the point. This accounts 

for displacements of the triangle as a rigid body(through a constant term) 

and for displacements due to straining of the element (through a factored 

term). Under plane strain conditions parallel to the x-y plane which 

are outlined in Appendix C, a displacement field for points within element 

may be defined by the vector u_ . 

f \ 
u fai r a2x ? a3yl 
V 
w 

V. J 

a4 + a5* + a6y 

k * 

If the values of x and y are known for a given element, the constants a^ 

may be determined for a given set of nodal forces. Strains at points in 

the element are defined by the first derivatives of the displacements 

(Appendix C), so strains are strictly determined by the values of the a^ . 

Thus, the strains are constant everywhere in the element. Stresses are 

linearly related to the strains by Hooke's law and are therefore constant 

throughout the element as well. In the notation of Appendic C Hooke's 

law for plane strain may be expressed in matrix form as 
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av 1 

y 
rxÿj 

E* 
V *2 V* 

V* 

1 

0 

0 
1 -V* 

"1 fS 
X 

e 
y 

Yxy. 

Nodal displacements are related to the forces applied at the nodes by the 

element stiffness matrix. A representation of the stiffness matrix for 

the constant strain triangle subject to in-plane forces appears in a 

text written by Przemieniecki01 . 

J. S. Przemieniecki, Theory of Matrix Structural Analysis, 
McGraw Hill, 1968. 



E. Von Mises-Hencky Yield Hypothesis^- 

The von Mises-Hencky yield hypothesis assumes that a material will 

begin to yield when the strain energy density component not associated 

with the mean stress attains a critical value k which may be determined 

from the critical value (either static yield strength or fatigue strength) 

observed during a uniaxial test. This assumption may expressed in terms 

of the principal stress components » and o3 in a body defined in 

a rectangular coordinate system 

(tfj - )2 + (ag - a3 )2 + (a3 - a^2 = 2k2 

or in terms of components a , a , and a relative to arbitrarily x y z 

oriented x, y, and z axes 

<°x • °y>2 + (<Ix • °z>2 + (oy - °z>2 + 6Txy + 6T
XZ 

+ hyz = 21(2 

For uniaxial stress = k . For biaxial stress 

a\ - aia2 + a| = 

For plane stress 

a2 - a o + a2 + 3x2 = k2 

x x y y xy 

For plane strain 

aa2 - ba a + acr2 + 3T
2 = k2 

x x y y xy 

where a = 1 - v + v2 

b = 1 + 2v + 2v2 
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At a stress free boundary parallel to the y-axis ao2 = k2 which is 

equivalent to the biaxial condition with = a
x » a2 = wi • Rewriting 

this ax * k . For v = 0.3 (steel) a = 0.79 ; l//a = 1.125 . Applied 

to the stress conditions in the tee, the yield hypothesis for biaxial 

stress assumes that, immediately adjacent to the weld toe, the maximum 

elastic stress conponent is 12.5 percent greater than the critical uniaxial 

condition (either static yield strength or fatigue strength). 

A. P. Boresi, 0. M. Sidebottom, F. B. Seely, J. 0. Smith, 
Advanced Mechanics of Materials, Wiley & Sons, 3rd ed., 1978. 



F. Linear Rule in Notch Strain Analysis^ 

Consider the material located at the root of a notch or groove in 

a shaft subjected to alternating tension. For sufficiently low values 

of remotely applied stress, the material will remain elastic and the total 

ranges of stress Aa and strain Ae will be completely elastic and propor¬ 

tional to one another. The ratio of total stress and strain ranges to 

the nominal stress and strain ranges, respectively, will be equal to the 

same constant called the theoretical stress concentration factor, . 

Ae ACT _ y 
Ae _ ACT “ n n 

where Ae is elastic 

When the remotely applied stress is increased so that yielding is initiated 

even while the nominal stress remains elastic, stress range and strain are 

no longer proportional. The stress and strain concentration factors attain 

new values Ka and K£ , respectively, which are not equal. 

The linear rule assumes that under the new inelastic conditions, the 

strain concentration factor remains invariant and is therefore equal to 

the stress concentration factor. 

where Ae is plastic 
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If this result may be applied to conditions at the root of a weld toe, 

the conclusion may be drawn that, for two welded joints having different 

profiles but subjected to the same elastic nominal stress range, inelastic 

strain ranges for the two joints will be in the same ratio as the elastic 

stress concentration factors. 

where 

(Ae)j (Kt)j 

(Ae)2 " Ut)2 

(Ae). and (Ae„)0 are elastic n 1 n c 

(Ac)2 and (Aejg are plastic 

H. 0. Fuchs, R. I. Stephens, Metal Fatigue in Engineering, 
Wiley & Sons, 1980. 


