
RICE UNIVERSITY 

EFFECT OF OUT-OF-ROUNDNESS ON THE 

DYNAMIC RESPONSE OF LIQUID STORAGE TANKS 

James Ward Turner 

A THESIS SUBMITTED 
IN PARTIAL FULFILLMENT OF THE 
REQUIREMENTS FOR THE DEGREE OF 

MASTER OF SCIENCE 

Thesis Director's Signature: 

by 

Houston, Texas 

May, 1978 



ABSTRACT 

EFFECT OF OUT-OF-ROUNDNESS ON THE 

DYNAMIC RESPONSE OF LIQUID STORAGE TANKS 

by 

James Ward Turner 

The objective of this study is to examine the possible effects 

that an initial out-of-roundness could produce in the radial displace¬ 

ment response of liquid storage tanks subjected to earthquake ground 

motions. Theory predicts that such structures vibrate in modes 

proportional to cos 0 when excited laterally. Model tests conducted 

recently indicated that the radial response was dominated by functions 

proportional to cos 30 and cos 40. It was these unpredicted results 

that inspired the study given here. 

Two possible response mechanisms are considered. An out-of- 

roundness could produce higher order cos n0 pressures which in turn 

produce higher order deflections. This analysis was shown to be 

deficient in explaining the magnitudes of the experimental results. 

The other mechanism considered is that filling an initially out-of- 

round tank removes a portion of its magnitude and that dynamic 

pressures can cause conditions such that the removed portion is 

partially recovered. This analysis shows that a high order of initial 

out-of-roundness such as cos 80 or greater is significantly removed 

when the tank is filled with water. This is the result of hoop 

forces which tend to stretch the tank wall, thus removing a portion of 

the irregularity. Under dynamic excitation, the hydrodynamic pressures 



are dominated by a function proportional to cos 0. In the region where 

the hydrostatic pressure is relieved, there is an accompanying 

reduction in the hoop force which allows the recovery of a portion of 

that which was removed initially. The experimenters were then most 

likely measuring this partial recovery for their response function. 

Due to the small number of radial sensors used in the test, this high 

order complex response was then erroneously interpreted to be cos 30 

and cos 40 dominant. The results of this analysis are of a magnitude 

comparable to the experimental results indicating that the proper 

response mechanism was chosen. 
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1. 

I. INTRODUCTION 

1.1 Background and Objective 

The dynamic behavior of large liquid storage tanks during earth¬ 

quake ground motions is a topic of considerable current interest. 

These structures have often collapsed during earthquakes even though 

they were designed to withstand such forces, indicating that the 

dynamic properties of such structures are not fully understood. The 

design basis most commonly used was developed by Housner (2). He 

proposed that the tank should be designed to withstand the stresses 

produced by the sum of the hydrostatic pressure and hydrodynamic 

pressure generated by assuming that the tank is rigid. For convenience, 

he separated the hydrodynamic pressure into two components: 

• The impulsive part, which represents the effect of the 

portion of liquid moving uniformly with the excitation. 

• The convective part, which represents the effect of the 

portion of the liquid in the first sloshing mode. 

In a truly circular rigid tank, both components of the hydrodynamic 

pressure are functions of cos 0, where 0 is the circumferential angle 

measured from the line of excitation. 

The effect of tank flexibility was investigated approximately by 

Veletsos (5) using a single degree-of-freedom solution; by Yang (6), 

and Veletsos and Yang (7) using a shell theory. Only the impulsive 

effects were considered because it has been argued that the convective 

effects are insensitive to the tank flexibility. The result common 

to these and other studies (8, 9, 10, 11, 12) is that the generated 
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pressures and resulting radial deflections are also functions of cos 0, 

provided that the tank is assumed to be truly circular. 

Recently, a series of tests modeling cylindrical liquid storage 

tanks during earthquakes was conducted at the University of California 

at Berkeley by Clough and Clough (1). These tests revealed response 

mechanisms that were contrary to the theoretically predicted results. 

More specifically, it was noted that radial deflections on the test 

model were dominated by functions of cos 30 and cos 40. The experi¬ 

menters concluded that some initial eccentricity produced the unexpected 

results. 

The objective of this study is to examine the possible effects 

that an initial out-of-roundness could produce in the radial 

displacement response of liquid storage tanks subjected to earthquake 

ground motions. Special attention is made in relating this study to 

the results of one of the specific tanks tested at Berkeley. It is 

shown that an initial out-of-roundness could explain in part the 

experimental results. 

1.2 Scope of Study 

The problem is examined in two approximate ways. Consider an 

empty out-of-round tank. Filling the tank produces hoop forces which 

tend to eliminate a portion of the irregularity. The first analysis 

is to consider the hydrodynamic effects of the irregularity remaining 

in the filled tank and how they effect radial deflections. The second 

analysis is to examine how a tank under dynamic excitation partially 
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recovers the irregularity that was eliminated by the filling of the 

tank. 

The first analysis considers the effect of an out-of-roundness 

on a rigid tank. It is shown that such irregularities produce small 

pressures that are functions of higher order cos n0. Static 

deflections can then be calculated by applying these pressures to a 

flexible tank. Estimates of dynamic deflections can be made by 

multiplying the static deflections by an appropriate amplification 

factor from a response spectrum. 

The second analysis considers the out-of-roundness removed by the 

filling of the tank. During dynamic excitation, the hydrodynamic 

pressures are mainly a function of cos0. In a localized area, these 

pressures partially relieve the hydrostatic pressure thus reducing 

the hoop forces. This reduction can then produce a localized partial 

recovery of the out-of-roundness eliminated by the original filling of 

the tank. 

Deflections resulting from both of these effects are then compared 

with the experimental results of Clough and Clough (1). This compari¬ 

son attempts to show that the unexpected Berkeley test results are 

produced by an initial out-of-roundness. 

1.3 Notation 

The letter symbols are defined where they are first introduced in 

the text, and they are summarized herein in alphabetical order: 

Fourier coefficients of radial displacement 



Q
u

i 
Constants of cj> function A(0) A(1) A(1) 

ml ’ m(n-l)’ m(n+l) 
Constants of cj> function 

A Submatrix of mass matrix 

(AF) 
n 

Acceleration amplification factor 

Bl’ B2’ B3 
Fourier coefficients of radial displacement 

B, C Submatrices of mass matrix 

cl(z) 
Hydrodynamic pressure coefficient 

h Average value of c^(z) over height 

dn-l(2)’ dn+l(z) 
Hydrodynamic pressure coefficients 

^n-l* ^n+1 
Average values of d^ ^(z) and d^+^(z) 

over height 

(BLF)n,9 
Dynamic loss factor defining magnitude of 

“<u(9) 

D, E Submatrices of stiffness matrix 

E Young’s modulus 

f(e) Function describing nature of out-of- 

roundness 

F, G Submatrices of stiffness matrix 

g 
2 

Gravitational acceleration (384 in./sec.) 

h Wall thickness of tank 

H Height of tank 

S, I Submatrices of stiffness matrix 

i Subscript 

Modified Bessel function of the first kind 

of n’th order 
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K 
n 

[K] 

ttF)n 

m , m 
l s 

M 

[M] 

n 

"l* N2, N3 

P 

p Ce) 

pCz,e) 

PnO) 

■ n 

PU, PV, PW 

w 

*ni 

Stiffness of shell determined from static 

analysis 

Effective stiffness of shell determined from 

natural frequencies 

Stiffness matrix of shell 

Loss factor defining magnitude of w 
% 

Total mass of contained liquid and shell, 

respectively 

Effective mass of shell determined from 

dynamic analysis 

Mass matrix of system 

Order of circumferential out-of-roundness 

or mode shape 

Number of expansion terms in u, v, and w 

Uniform internal pressure 

Pressure that varies over 0 

Pressure that varies over z and 0 

Critical buckling pressure associated with 

circumferential order n 

Pressure that is distributed as cos n© 

Pressure uniform over height and 

distributed as cos n© 

Generalized force matrices 

Elements of PW 

Rl* R2’ R3* R4’ R5 

Cylindrical coordinate in radial direction 

Radial displacements at sensor locations 
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R(0) Function describing out-of-round surface 

s Vector perpendicular to r 

t Time 

u(z,e), V(z,e), w(z,e) Displacements of a point on the shell 

surface in axial, circumferential and 

radial directions, respectively 

V V wi 
Modal displacement coefficients in u, v, and 

w direction, respectively 

U, V, w Matrices of U^, V^, and W^, respectively 

n v w Second derivatives of u., v, and w with 

respect to time 

V , V , V , V Fluid velocities in r, 0, z and n directions 
r’ 0* z’ r\ 

w Radial displacement 

w# X 
initial out-of-roundness 

Irregularity lost by filling tank 

Ve) Amount of irregularity removed when combina¬ 

tion of hydrostatic and hydrodynamic 

pressures are applied to tank 

wnU) Coefficient describing radial displacements 

O
v

 

C
D
 

s
-
/
 

Average radial displacement 

»^(8) Average dynamic radial displacement 

Nondimensional normalized value of w (z) 
n 

X 
n 

Average value of X^(z) 

x(t), x(t) Ground excitation velocity and acceleration, 

respectively 
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X, y, 2 Cartesian coordinates 

V ei 
Coefficients in expressions of and Y 

** 
Weight density of liquid 

e Defines magnitude of out-of-roundness 

6 Cylindrical coordinate 

À 
m 

Constant in expression for <J> 

V Poisson’s ratio 

v ps 
Mass densities of liquid and shell, 

respectively 

* Velocity potential function for fluid 

♦«>. »u> Terms composing <|> 

<V Coefficient describing fundamental mode of 

empty tank for specified circumferential 

order n 

^ or ipiCz), ^ or ’fi(z) Displacement functions corresponding to modal 

shapes of cantilever beams 

* 
U), , Ci», 
In’ ln 

Æ, Æ* 

Fundamental natural frequencies with 

specified circumferential order n for empty 

and full tanks, respectively 

Dimensionless coefficients describing 

and respectively 

Æ, /K* 
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II, HYDRODYNAMIC FORCES ON RIGID OUT-OF-ROUND TANKS 

2.1 System and Assumptions 

The problem considered is a rigid out-of-round tank subjected to 

lateral ground excitation. It is assumed that the radial surface is 

symmetrical about the line of excitation and is defined by 

where a is the nominal radius, e is a small number in comparison to 

unity, and 

The cylindrical coordinate system is used with the center of the base 

being the origin and r, 0, and z representing radius, circumferential 

angle, and elevation respectively. The tank is filled to a depth H 

excited by a ground acceleration x(t) and only impulsive effects are 

considered. See Fig. 2.1 for the system model. 

2.2 Analysis of Problem 

The mathematical method used is a first order perturbation series 

expanded from the truly circular tank solution. In addition to the 

circular tank solution, a corrective solution taking account of the 

boundary irregularity is computed. The total solution must satisfy 

Laplace's equation 

R(e)=a(l + ef(e)) (2.1) 

f(©) = cos n8 (2.2) 

with an inviscid incompressible liquid of mass density p . The tank is 
JO 

(2.3) 
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where <j> is the velocity potential of the fluid. The velocity components 

of a fluid mass particle, V , V , V are related to the potential 
r 0 z 

function <j> by the equations 

Vr = 

V 

V 

l± 
îr (2.4) 

r ae (2.5) 

_ èà. 
*2 

(2.6) 

The hydrodynamic pressure p is related to the potential function <J> by 

the equation 

P = P (2.7) 

The boundary conditions for the impulsive solution are 

(2.8) 

fl =° 'i=H 
ln« nee (f>\ =0 lH=H 

(2.9) 

V« (internal fluid) = V*l (external wall) (2.10) 
r= R(e) * r=R(e) 

where n is the normal vector to the surface, R(9). When expressed in 

terms of the velocity potential function and radial surface geometry, 

Eq. 2.10 becomes 

3r 
+ £f'(e) 

r= R(e) 

i<j> 

as 
r*R(e) 

r x(t)[cos0+ tf(0)sin ëj (2.11) 
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where s is the circular tangential vector perpendicular to the radial 

vector, r. See Appendix A for the derivation of Eq. 2.11 where 

Eq. A.18 is the right side of Eq. 2.10 while Eq. A.22 is the left side. 

Also see Fig. 2.2 for the vector directions. 

The perturbation method is used by expanding the complete 

potential function into a series of simpler functions whose dominant 

terms come first 

<j> = ÿ<0\r,e,i) t r,e,z) +e20a£rie)l)+... (2.12) 

The objective is to express Eq. 2.11 in terms of <f>^(a,0, z) and 

(1) 2 <j> (a,0,z) neglecting terms containing e and higher. By use of a 

Taylor series, the expressions 

Eq. 2.11 are expanded about r = 
r = R(e) 

a. 

and 2É. 
as 

r=R(e) 
of 

-LRW +i(£<Wtrr<°,e,*>-.. (2.13) 

&|r R(8)‘f£| =^(o,e,£) +taf(8)^ss(a,e,î)i4<tqf(e))^ss(a>e,î)t... (2.14) 

where a subscript denotes differentiation with respect to the 

quantity concerned. The s direction can be related to the angular 

rotation 0 by 

mafr z) ^ 3<ft(g,e,î) 
as “ Q 3© (2.15) 

Using Eqs. 2.13 and 2.14, the radial boundary condition, Eq. 2.11, can 

be expressed as 
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2 

+^[ife.9,i)»tf(e)/e9(o,e,i)vf(tf(e))^9e8(qie,j)t...] 

- x(t)[cos0 + ef'(ô) sin©] 
(2.16) 

Each <)> term is then replaced by the perturbation terms, <|>^^and <j>^\ as 

follows: 

- +£*^(<*,0,») + ...] 

+taf(0)[^(ajej2)+E ^(q, e,i) * i) *...] 

+ifcaf(e))2[ 

[+ £ tf© *) * 2) * • * J 
£f'(e) 

+ £f(©)[-.] *-...3 = XCt)[cose + ef(e)sin0] (2.17) 

By grouping terms of equal order e on the left side of this equation 

and equating them to the corresponding term on the right side, Eq. 2.17 

is reduced to two simultaneous equations 

_^r
to)(a,e,îWCt) cos© 

(2.18) 

-^<0(a,e,z)-af(e)9^(0,e,2)+ ^Vô k*,e,*)-x(t)f'(e)sin e (2.19) 

2 
when terms of order e and greater are neglected. The first perturba¬ 

tion term, (|)^\ can be solved using boundary conditions expressed in 

Eqs. 2.8, 2.9, and 2.18; and then the second term, <J>^\ can be solved 

using Eqs. 2.8, 2.9, and 2.19. These solutions are given in Appendix 

B by Eqs. B.24 and B.36. 
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The solution for <j> can then be written as 

4* x(t)^sefA^co5(Amî)I,a„r) 
*«al 

r (0 
4£[cos(r>-l)©2.Am 

hr|»l 

OO ^ j S 

*• cos(n * OeZ.Am(„nc j 

(7r, 
km “ 

where _ (2m-l)ff 

mtl 
(o> 

'mi 
-2H a? H) 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

and I ( ) is the modified Bessel function of n'th order. The first 
n 

term of Eq. 2.20 is the truly circular solution while the rest is the 

corrective solution arising because of the irregularity. It should be 

noted that when e is set to zero, Eq. 2.20 can be represented as 

T T <2*>-t)fl r] no m+l 
00 *(-«) 

Vh» I 

cosp-l^ .£] (2.25) 

which is identical to the impulsive solution given by Yang (6). 

2.3 Presentation of Numerical Results 

The hydrodynamic pressure exerted on the tank wall is given by 

rz a 

. « i£i 
p' ^ >+L- 

(2.26) 
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where $ is defined by Eq. 2.20. The wall pressure can be evaluated 

at r = a because <j> was expanded in a Taylor series about this value. 

An out-of-roundness of the form e cos n0 produces pressures that are 

proportional to cos $ cos(n-l)0, and cos(n+l)0. The cos 0 pressure 

arises from the solution of a truly circular tank, whereas the other 

pressures represent corrective solutions arising from the cos n0 

irregularity. 

It is convenient to express the hydrodynamic pressure on the wall 

in the form 

p=p(2,e,t)=-e4H x(t) £c,d)cos e - etd^dJcosCn-o© ♦dmi(i)co$(n*oe] ^ 
(2.27) 

where c^(z), d^ ^(z), and are dimensionless functions of z/H 

and a/H, defined by 

ïfcô0 05^ (2.28) 

«3<2-29) 

, 2oo 

li)=®r|l>!'Ll(> ,1,'U.O) n I,(Mlcmkni (2. 

For the specific tank studied in the Berkeley tests, H/a = 0.83. The 

heightwise variations of the functions c^(z), dR ^(z), and d^+^(z) for 

this particular value of H/a and n = 2 to 6 are given in Table 2.1. 

These heightwise variations are also plotted in Figs. 2.3a and 2.3b. 

In Fig. 2.3a, the dashed line is c^(z) and the solid lines are 

n*i 
30) 

d^ ^(.z). In Fig* 2.3b, the dashed line is again c^(z) and the solid 
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lines are dn+^(z). In general, the ^(z) terms are significantly 

larger than the ^n+^(z) terms. 

In order to make comparisons of the relative magnitudes easier, 

the average values of the coefficients over height are presented. 

They are obtained by integrating Eqs. 2.28, 2.29, and 2.30 over z and 

dividing by H. These values, called ^n-1* an<* ^n+1 resPect^-ve-*-y> 

are 

In Table 2.2, the above values are presented for n = 2 to 6 while 

varying H/a = 0.30 to 2.0. In Fig. 2.4a, the dashed line is c^ while 

the solid lines are d^ In Fig. 2.4b, the dashed line is again c^ 

while the solid lines are d^^. The d^ ^ terms are significantly 

larger than the d^+^ terms over a wide range of H/a. 

In summary, an e cos n0 out-of-roundness produces pressures 

proportional to cos(n-l)0 and cos(n+l)0 in addition to the truly 

circular tank solution of cos 0 for tanks excited by lateral ground 

motions. Of the two corrective pressures coming from the out-of- 

roundness, the cos(n-l)0 pressure is significantly larger than the 

cos(n+l)0 pressure. However, these pressures are still small when 

compared to the primary cos 0 pressures because e is most likely on the 

order of 1/100 or less. 

(2.31) 

(2.32) 

(2.33) 
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III. TANK DISPLACEMENTS 

3.1 Statement of Problem 

The pressures calculated in the previous chapter on the assumption 

of a rigid tank are statically applied to a flexible tank and the 

resulting radial deflections are evaluated. The real dynamic pressures 

in a flexible tank are not in general equal to those of a rigid tank. 

For the purpose of the present study, however, the rigid tank solution 

may be considered to provide a reasonable approximation to pressures 

acting on a flexible tank. A comparison is made of the relative 

flexibilities of the tank subjected to pressures distributed as cos n0. 

These flexibilities are calculated in two ways. A static shell 

analysis compares radial deflections for varying cos n0 pressures with 

uniform heightwise variations,while an alternative analysis compares 

fundamental natural frequencies of empty tanks vibrating in different 

cos n0 configurations. The static tank deflections are then multiplied 

by an amplification factor related to the specified ground excitation 

to get estimates of dynamic deflections. These dynamic deflections 

are then compared to those obtained in the Berkeley test program. The 

presentation of this information is preceded by a discussion of the 

test tank considered and some aspects of the test program. 

3.2 Summary of Berkeley Model Tests 

The Berkeley test structure considered in this specific study is a 

12 ft. dia. x 6 ft. height tank excited by earthquake ground motions. 

The test was to have similitude to a 36 ft. diameter steel prototype 
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tank. The model tank was made of aluminum and had wall thicknesses of 

0.080 in. in the lower three feet and 0.050 in. in the upper three 

feet. The tank also had a band 0.080 in. thick on the outside rising 

to nine inches above the base. The tank was fastened to a 1/8 in. thick 

steel base plate. The tank was tested in two configurations which were: 

(a) base of wall clamped, and (b) base of wall free to uplift. Only 

the base of wall clamped case will be considered here. The tank was 

filled with water to five feet depth. The base excitation was the 1940 

El Centro (N-S component) earthquake speeded up by a factor of 1.73 and 

amplified to produce a peak acceleration of 0.50 g, where g equals the 

2 
Earth’s gravitational acceleration, 384 in./sec. The primary results 

presented were radial displacements. With less emphasis, values of 

hydrodynamic pressures and water surface displacements were given. 

There were 24 displacement sensors used in the test with 12 

located near the top and the other 12 at midheight. At each level, 8 

sensors were devoted to radial displacements and 4 to tangential dis¬ 

placements. No references to the tangential displacement results were 

made in the report, however. At each level, the eight radial sensors 

were uniformly spaced with one being located at 0 = 0°. The radial 

response at any given time for each level was then interpreted by use 

of the truncated Fourier series 

w(0) = A0+ A,cos6 + Aatos2© + A3C0S 30 AH cos 40 
(3.1) 

+ B, sin0+B2 sin26 ♦ B3s'tn30 

with the A and B coefficients being defined by the specific radial 

deflections at the sensor locations. The eight radial displacements 
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yield eight simultaneous equations of the form of Eq. 3.1, leading to the 

solution of the eight A and B coefficients. Fig. 3.1 gives time 

history plots reproduced from Clough and Clough (1) of the excitation 

and each of the eight coefficients for the response at the top of the 

tank. Only the top response was given because the midheight results 

were quantitatively similar. These plots reveal that the and A^ 

component responses dominated the total response as given in Eq. 3.1. 

The A^ term reached an absolute magnitude approximately 3.5 times that 

of the A^ term. 

If only responses symmetrical about the line of excitation are 

present, the B terms of Eq. 3.1 are zero, leaving only the five A terms 

to be evaluated. Appendix C gives the exact relationships for deter¬ 

mining the A terms of such a response. 

The accuracy of this method in interpreting the true response 

mechanism has certain shortcomings. If the true response does not 

contain Fourier components of cos 50 and greater, the A terms calculated 

are exact. However, if the true response does contain higher order 

terms, errors are introduced into the A^ through A^ terms. Table 3.1 

shows how a true w(0) = cos n0 response is interpreted using the 

relationships of Appendix C. For n £ 4, the A terms are correct. For 

n- 5, the A terms are in error. For example, a true cos 50 response 

is erroneously interpreted as a cos 30 response. 

Based on the theoretical analysis of truly circular tanks, the 

A^ cos0 term should dominate Eq. 3.1. However, Fig. 3.1 shows that the 

A^ and A^ terms dominated and even the nonsymmetrical B terms were not 
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negligible. The conclusion reached by the experimenters was that 

small geometric eccentricities produced the unexpected terms and that 

such eccentricities are significant in the seismic response of tanks. 

For an approximate theoretical analysis, the Berkeley test tank is 

modeled as a tank with a diameter of 12 ft. and height of 5 ft., 

resulting in a value of H/a « 0.83. The wall thickness h is assumed 

to average 0.072 in. making h/a « 0.001. The ratio of the solid and 

liquid densities is p /p = 2.70. Also, Young's modulus, E = 10 x 10^ 
S 

psi, and Poisson's ratio, v = 0.333. 

3.3 Static Shell Displacements 

Consider a flexible tank subjected to a pressure of the form 

p(i,0)= pn(l)cos n© (3.2) 

where Pn(
z) defines the heightwise variation of the pressure and cos n0 

the circumferential distribution. The radial displacement of the tank 

associated with this pressure is expressed in the form 

w(x,0) = wnu)cosn0 (3.3) 

where w (z) is the heightwise variation of displacement. In this 
n 

section, the relationship between Pn(
z) and w (z) *-s evaluated for 

different values of n and H/a using a uniform distribution of pressure 

along the tank height and a fixed h/a ratio of 0.001. The results are 

summarized as effective stiffnesses for which the proper definition is 

given later. 
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3.3.1 Method of Analysis 

The analysis is carried out by use of the Rayleigh-Ritz method 

using Fluggefs theory of cylindrical shells (17, 18). The displace¬ 

ments are expanded into a set of orthogonal functions using the modes 

of vibration of uniform cantilever beams. The axial, tangential, and 

radial displacements of a point on the shell, denoted as u, v, and w, 

respectively, can be expressed in the truncated series form as 

N, 

u(»,e) U* V;U) cos r>9 (3.4) 

V(2,0) = 7V +(•£) sin n0 
fel" ^ 

Ns 

w(z,0)=t^Ci) cosnG 
is i 

(3.5) 

(3.6) 

where iju(z) is the i’th natural mode of lateral vibration of a uniform 

cantilever beam, ^(z) is the derivative of iju(z); N^, are the 

number of functions used to approximate the displacements; and IL, V^, 

and are coefficients with units of length indicating the degree of 

participation of each modal shape. The functions (z) and ¥^(z) 

are defined by the equations 

2\ t r • v f H %U) = cos h ( \ fr) - co s ( i nh ( -sin (&.-)] (3.7) 

= sinhC^H’)+sjn (3‘8) 

where 3^ and ou are constants given in Table 3.2. These functions and 

constants are reproduced from Young and Felgar (19). The displacement 
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functions u(z,0), v(z,0), and w(z,0) are geometrically admissible since 

they satisfy the boundary conditions at the base of the shell: u = 0, 

v = 0, w = 0, and 3w/0z = 0. 

The coefficients U., V., and W. of Eqs. 3.4-6 can be evaluated by 
l l i ^ 

application of the following matrix equation: 

III 
-1 

>' 

• *1 

u 

E G H • PV 
V 

F H I PW w 
» . * - 

where u, v, and w are the column matrices of U#, V#, and W., 

respectively, and I) through 1^ are submatrices of the stiffness matrix 

of the system. These submatrices have been given by Yang on pp 44-46 

of Ref. (6) and are reproduced in Appendix D with corrections of 

certain typographical errors. The superscript n-ln represents the 

u v 
inverse of the matrix to which it is attached. The quantities P. » P. , 

w 
_P are column matrices representing the generalized forces associated 

with the displacements. For the type of loading considered 

PU=PV=0 (3.10) 

w w 
The elements, P , of the generalized force matrix can be obtained 

by application of the virtual work principle as follows. 

The virtual work <$W of the pressure p(z,0) = pn(z)cos n0 performed 

during a virtual displacement <$w(z,0) is 

H 2fT 

$ W= J j Pn(x)cosn9 £ w(i,9)a d0dz (3.11) 

which, upon substitution of Eq. 3.6, becomes 



(3.12) SW= 
0 

cos n 

N3 

6^£W^(l)co$ n0 ad©dz 

The latter equation can also be expressed as 

4,-\ 

where 

H 2t| 

P„> JJ Pn(i)+iU)cos,(n©)qd0di 

(3.13) 

(3.14) 

Noting that 

2ÎT 

/ cos2(n0) d0 = Ti nil (3.15) 
o' 

Eq. 3.14 reduces to 

P^= TTQ JfPnWtWd* (3.16) 

After u., v, and w are determined from Eq. 3.9, the radial 

displacement function w(z,0) can be evaluated by substituting the 

terms of w back into Eq. 3.6. 

3.3.2 Presentation of Displacements and Relative Stiffnesses 

The specific tank considered in this study was analyzed for a 

pressure of 

= Pn
COS n6
 (3.17) 

where p^ is a constant, independent of height. The justification for 

considering a uniform pressure along the height is that the heightwise 

variations of the dominant component of hydrodynamic pressures 
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developed in rigid out-of-round tanks are reasonably uniform. These 

heightwise distributions of pressures are shown in Fig. 2.3a. The 

quantity p^ in Eq. 3*17 may thus be interpreted as the average 

amplitude of the pressure along the tank height. 

The radial deflections calculated by Eq. 3.6 can be normalized to 

produce nondimensional results. The normalization factor used is 

2 
p^a /(Eh) which represents the radial deflection of a truly circular 

thin ring subjected to a uniform internal pressure p^. The radial 

deflection for a pressure of the form of Eq. 3.17 can then be expressed 

as 

w(z,0) = Xn(z) cos n© 
(3.18) 

where X (z) is a nondimensional function which is related to the 
n 

quantity wn(
z) in Eq. 3.3 by the expression 

wn ( z) E h 

Pn 

(3.19) 

In Table 3.3, values of X^(z) are given for n = 1 to 6 for a tank 

with H/a = 0.83, h/a = 0.001, and v = 0.333. These solutions were 

obtained using = 3, ^ = 4, and 58 5. The results are also 

plotted in Fig. 3.2. Note that X^(z), and hence the deflections 

w(z,0), get larger as n increases, indicating that the tank is more 

flexible for higher order cos n0 loadings for the values of n 

considered. 

A convenient measure of the overall flexibility of the tank is 

the average value of X^(z) along the height. Let X^ denote this 
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average. The average value of the radial displacement, w^(0), is then 

given by 

Sn(«
s^ET",“9 (3.20) 

The quantity was calculated by use of Simpson1s rule using the 

deflections at tenth points along the height. The values of are 

given in Table 3.4 for tanks with h/a = 0.001, v 88 0.333, and a range 

of H/a values. These solutions were obtained using = 3, ^ = 4, 

and = 5. These values are also plotted in Fig. 3.3 as a function 

of H/a for fixed values of n. The general conclusion reached is that 

for equal magnitudes of pressure, the shell is significantly more 

flexible when either H/a increases or n increases. 

In Table 3.5, the values of X^ are normalized with respect to X^. 

This same data is also plotted in Fig. 3.4 as functions of H/a and 

fixed values of n. These results represent the ratios of the 

effective tank flexibilities for tanks deforming in cos n0 configura¬ 

tions to that of cos 0 configurations. 

For the pressure distributions considered, the effective stiffnesses 

of the tank may be defined as the pressure amplitude necessary to produce 

a unit average deflection amplitude, jL.e^ , w^(0) = 1 cos n0 • Denoted 

by K^, this stiffness is given by 

« - — Kr>- y An 
(3.21) 

For a pressure distributed as cos 0, the effective stiffness is 

K, = Eh/X, and thus the ratio of stiffnesses K. and K is 
1 1~ In 

J<i . xn 
(3.22) 
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These values have been previously presented in Table 3.5 and Fig. 3.4. 

A word of caution must be given against extending this analysis 

to higher order n. It must be remembered that the deflections 

corresponding to the hydrodynamic pressures are calculated independently 

of the hydrostatic conditions. More specifically, the elements of 

the stiffness matrix in Eq. 3.9 are evaluated without regard to the 

tensile hoop forces generated by the static fluid pressure. Considera¬ 

tion of this effect will tend to increase the stiffness and thereby 

reduce the displacements calculated by this analysis. In the next 

chapter, analysis will show that the effect of the hydrostatic hoop 

force becomes important when n is approximately seven or greater for 

the specific case of h/a = 0.001 and H/a =0.83. In other words, the 

results presented here are basically unaffected by the hydrostatic 

hoop forces. 

3.3.3 Alternative Evaluation of Relative Tank Stiffnesses 

An independent check of the values of the relative effective 

stiffnesses presented in the preceding section is obtained from the 

squares of the "fundamental" natural frequencies of empty tanks 

vibrating in different cos n0 configurations. A fundamental natural 

frequency is defined to be the lowest of the natural frequencies 

associated with the modes of vibration having the specified configura¬ 

tion, cos n0, in the circumferential direction. There is then a 

fundamental natural frequency, oo^n, 
associated with each cos n0. 

The natural frequencies of the empty tank are calculated using a 
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computer program developed by Yang (6). This program analyzes the tank 

system for the natural frequencies associated with modes proportional 

to an assumed cos n0. The system is governed by the differential 

equations 

"A 0 0 Ü D E F u 0 

0 B 0 m V + E G H • V = 0 

0 0 C w 111 w 0 
— • « - - - 

(3.23) 

where the elements A through JC represent submatrices of the mass matrix 

and the elements _D through 1 represent submatrices of the stiffness 

matrix, as already discussed in connection with Eq. 3.9. All of these 

terms are defined in Appendix D. The submatrix () represents a matrix 

of zeros. The submatrices _u, v, and w are as defined in Eq. 3.9, and 

ü, v, and w represent the second derivative of each term with respect 

to time. These equations are solved for the (N^ + + N^) natural 

12 i 
[K] - a) [M] = 0, 

where [K] represents the stiffness matrix and [M] the mass matrix. The 

lowest of the (N^ + + N^) natural frequencies is the fundamental 

circular natural frequency, a>^n, corresponding to the assumed cos n0 

circumferential configuration. The associated mode 

£ ^in ^ ) * • ' > Vj, • * • V„ , W,, • • • WN ^ 

is then obtained from the equation 

(3.24) 

(3.25) 
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The square of can also be expressed in terms of the Rayleigh 

quotient as 

u,2 = m 
. EiUT[KH*.i 

(3.26) 

where the numerator represents the effective stiffness, K^, and the 

denominator the effective mass, M^, of the system when vibrating in 

the fundamental mode involving the cos n0 circumferential distribution. 

The mass matrix [M] is independent of the circumferential order n 

while the stiffness matrix [K] is not. This is determined by examining 

the submatrices given in Appendix D. If the fundamental modal vector 

{<j>ln} can be considered to be independent of n, the effective mass 

would be a constant and the ratio of the effective stiffnesses would be 

given by 

(3.27) 

By application of the computer program referred to above, the 

fundamental natural frequencies of tanks with h/a = 0.001 and v = 0.333 

were evaluated for a range of values of H/a and n. The results are 

expressed in the form 

(3.28) 

with the values of /K presented in Table 3.6. The units of a) are 

radians per second. These values were obtained for « 3, ^ = 4, and 

= 5. The modal vectors were also evaluated, but the results 

are not included. Examination of the latter data revealed that, for 

the cases considered, the dominant term in {<|>^} was the term and 
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that the squares of each of the other terms was small in comparison to 

the square of W^. It follows that in so far as the evaluation of the 

denominator of Eq. 3.26 is concerned, the radial displacement may be 

taken equal to 

wn(z,e) = W1'fi(i) c-os n0 (3.29) 

and the u and v displacements may be neglected for the purpose of this 

study. Under these conditions, the effective mass M^, may be considered 

to be constant as n is varied. If {^ } is normalized such that = 1, 

the value of for any value of n is given roughly by 

~ m$ 
A/\ - ~2~ (3.30) 

where m is the total mass of the shell, 
s 

In Table 3.7, the values of /K as determined from Eq. 3.27 
In n 

are presented using the data presented earlier in Table 3.6. These 

values are also compared in Fig. 3.5 to values obtained previously 

from Eq. 3.22. It is apparent that the agreement between the two sets 

of results is reasonably good. It is especially good in the neighbor¬ 

hood of H/a = 0.83, which is the area of primary interest. The 

analysis that follows will be based on the stiffness values presented 

in Section 3.3.2. 

3.3.4 Static Deflections Due to Hydrodynamic Pressures 

The maximum static deflections of a truly circular tank due to the 

rigid tank hydrodynamic pressures were evaluated from Eq. 3.20 by 
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interpreting to be the maximum average rigid tank hydrodynamic 

pressure. Letting 

P, = c, Pt H x0 (3.31) 

where XQ is the maximum ground acceleration, c^ 

wise pressure given in Eq. 2.31, and taking x 

= thcose 

is the average height- 

0.5g, one obtains 

(3.32) 

The symbol y = p g represents the unit weight of the liquid. 

In Chapter 2, the hydrodynamic effects were evaluated for out-of- 

roundness of the ea cos nô type. It may be recalled that the d^ ^ 

pressure coefficients in Eq. 2.27 were significantly larger than the 

d terms. Consider an out-of-roundness in the form of ea cos(n+l)0, 
n+1 

n £ 2. The maximum average value over the height of the dominant 

hydrodynamic pressure associated with this irregularity is 

Pn
=^nP£H)(6 (3.33) 

The resulting average deflection due to this pressure is 

Wn(
0)= £ dnXn H UJÛOS n0 (3.34) 

where the acceleration, x^, is again considered to be 0.5g. 

For the Berkeley test model considered in this analysis, (for 

relevant parameters, see last paragraph of Section 3.2), the values of 

w (.e), in inches are as follows: 
n 
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w1(0) = 0.00613 COS0 

*^(0) = 0.0181 e cos 20 

w3(e) = 0.0365 e cos 30 (all values have 

w^(0) = 0.0680 e cos 40 
units of inches) 

W^CG) = 0.118 e cos 50 

(3.35) 

These results were obtained from Eq. 3.32 and 3.34 using the values of 

C- and d from Table 2.2 and X from Table 3.4 and taking = 62.4 
In n 
3 3 

lb./ft ® 0.0361 lb./in. The results indicate that for n ^ 2, the 

deflections increase as the order of out-of-roundness n increases. 

3.4 Dynamic Deflections 

Estimates of the peak values of the average dynamic deflections, 

wjJ(e) , are obtained by multiplying the static values of the preceding 

section by an appropriate amplification factor, (AF)^. That is, 

wn
d(e)= wn(e)(AF)n (3.3' 

The quantity (AF)^ is equal to the ratio of the pseudo-acceleration 

of a single degree-of-freedom system excited by the specified ground 

motion to the maximum ground acceleration, x^. This value should be 

evaluated at the fundamental natural frequency of vibration of the 

fluid-tank system for the particular cos n0 circumferential distribu¬ 

tion being considered. This multiplication in effect replaces the 

quantity x^ in the pressure expression by the response psuedo- 

acceleration value. 
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3.4.1 Amplification Factors 

The fundamental natural frequencies of full tanks vibrating in 

different cos n0 configurations were calculated by the same method as 

were empty tanks by application of Eq. 3.23, with the submatrix 

modified to include the contribution of the mass of the liquid. These 

frequencies, in radians per second, can be expressed as 

The values of Æ* for a tank with h/a = 0.001, v = 0.333, and p /p = 
S 

2.70 are presented in Table 3.8 for a range of H/a and n values. For 

the Berkeley test tank under study, for which E = 10 x 10 psi, 

3 
a = 72 in., and y = p g = 168 lb./ft., the fundamental natural 

s s 

periods 

(3.38) 

are given in Table 3.9. 

The acceleration response spectrum of the actual El Centro 

earthquake record (not the speeded up version used in the test program) 

is given in Fig. 3.6 for an assumed damping of 2%. This graph was 

obtained from numerical data given by Chelepati (21). To use this 

•k 

spectrum, the periods must be multiplied by the 1.73 speed factor 

used in the test program. The resulting periods are given in the third 

column of Table 3.9. 

Included in the latter Table are values (AF) and the ratios of 
n 

(AF)^ to (AF)^. These specific values of (AF)^ are also marked in 
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Fig. 3.6 of the response spectrum. It can be seen that all amplifica¬ 

tion factors fall in the amplified acceleration region of the spectrum. 

3.4.2 Presentation of Data 

From Eq. 3.36 and the values of w^(0) and (AF)^ Presented in the 

preceding sections, the following values of w^(0) are obtained for the 

test structure considered. 

w^ (0) = 0.0086 cos0 

w^ (0) = 0.031 e cos 20 

(0) = 0.069 ecos 30 (all values have (3.39) 

~d /n\ An ^ /o units of inches) 
(0) = 0.17 e cos 40 

(0) =0.50 e cos 50 

The value of w^(0) is in very good agreement with the maximum 

coefficient of 0.01 in. given in Fig. 3.1. The magnitudes of the 

higher order displacements are discussed in the next section. 

It may be noted that when normalized with respect to w^(0), the 

value of w^(0) is given by 

"dp Xn (AF?n 

w,d(e) 2, (Af), <3' 

The ratios of d /c, are given in Table 2.3, X /X- in Table 3.5, and 
n 1 0 ’ n 1 * 

(AF)n/(AF)^ are easily obtained from the response spectrum. 
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3*5 Discussion 

The estimate of the dynamic deflection of the primary cos 0 loading 

is in very good agreement with the measured result. Note that the 

incorporation of the amplification factor brings the calculated 

results closer to the actual measurements. To predict the higher 

order results based on this analysis, unacceptably large out-of- 

roundnesses would have to be present. Specifically, to predict the 

dominant cos 4Q response, the cos 50 out-of-roundness would have to be 

nearly 18% of the radius a. A more realistic out-of-roundness of 

R(B) “ a( 1 4* .01 cos 50) would produce a cos 40 deflection whose 

mangitude is 20% of the primary cos0 response. Although this value is 

significant, it is not nearly large enough to explain the measured 

results. Since measurements of out-of-roundnesses were not taken on 

the test tank considered here, it is purely speculative to make judg¬ 

ments of their magnitudes. An out-of-roundness of 18% of the radius 

is clearly unrealistic, but a figure of 1% is conceivable for the test 

tank. In industrial practice, the American Petroleum Institute (22) 

stipulates that eccentricities in radius should be kept below ±1/2 inch 

for tanks with diameters less than 40 feet. This corresponds to an e 

of 0.2% on a 36 foot diameter tank which is the tank size that is being 

modeled in the test. This small e would basically eliminate any 

significant higher order contributions of the type measured in this 

analysis. 

There is a distinct possibility that the measured responses were 

not actually the true responses. In Section 3.2 and Appendix D, the 
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method of interpreting a true w(0) = cos n0 response was discussed. 

Recall that if the true response can be exactly defined by Fourier 

coefficients of cos 40 and lower order, then the reported values of 

AQ through would be correct. However, if the true response 

contained Fourier coefficients of cos 50 and greater, the reported 

terms would be in error. Table 3.1 shows how a true w(0) = cos n0 

would be interpreted using the test procedure. It is conceivable that 

the true response contained significant higher order Fourier terms 

which were then erroneously interpreted. 

Consider the cos 60 out-of-roundness. It would produce dynamic 

pressures and deflections that are functions of cos 50. The dynamic 

deflection of w^(0) = 0.50 ecos 50(in inches) from Eq. 3.39 would be 

erroneously interpreted as a cos 30 response using the method which is 

summarized in Table 3.1. Notice that the magnitude of this falsely 

obtained cos 30 response is about seven times greater than the true 

cos 30 response if the same out-of-roundness e is assumed in both cases. 

If this type of analysis was carried to higher order n without 

restriction, even higher values of deflections would be calculated. 

For instance, consider a tank with a cos 110 out-of-roundness. The 

dynamic deflections would then be a function of cos 100. In Fig. 3.4, 

values of X^/X^ are plotted up to n = 6. For higher order n, these 

values are significantly larger. The value of X^Q/X^ = 141. In 

Table 2.3, values of d^/c^ are given for an out-of-roundness of 

cos(n+l)0, for n up to 5. The value of d^/c^ = 0.270, which is 

smaller than for lower order n. The value of (AF)^^/(AF)^ would be 



34. 

2.347. Using Eq. 3.40, the ratio of W^Q(0) to (0) would be 

to = 0.Z70- 141- 2.347= S4.3 fc (3.41) 

This value is larger than the deflections of the lower order terms 

presented in Eq. 3.39, but even so, it is still not large enough to 

explain the measured results unless unrealistically large values of e 

are used. The value given in Eq. 3.41 is probably too large, anyway. 

It must be remembered that the stiffness analysis used to calculate 

X^/X^ neglected the hoop forces produced by the hydrostatic effects 

which tend to make the tank stiffer than calculated. In the next 

chapter, it will be shown that this effect is important for n approxi¬ 

mately seven and greater. 

In conclusion, the maximum experimental cos 0 dynamic deflection is 

in excellent agreement with the calculated value considering all of the 

assumptions that were made. However, this analysis cannot explain the 

magnitudes of the dominant cos 30 and cos 40 responses measured. Even 

on the assumption that the true response was of higher order, this 

analysis falls short of the magnitudes measured. 
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IV. RECOVERY OF AN INITIAL OUT-OF-ROUNDNESS 

DURING EXCITATION 

4.1 Statement of Problem 

Consider an empty out-of-round tank. When the tank is filled, 

tensile hoop forces are generated which tend to remove a portion of 

the initial out-of-roundness. In the previous chapters, the effects 

of the out-of-roundness remaining in the full tank were examined. In 

this chapter, the possibility of recovering a portion of the removed 

out-of-roundness during excitation is considered. 

The general approach is very approximate. The first step is to 

determine roughly the portion of the irregularity removed by filling 

the tank. This is estimated by calculating the shell buckling 

pressures and comparing them to the hydrostatic pressure. The second 

step is to consider the dynamic pressures acting in conjunction with 

the hydrostatic pressures. The dynamic pressures are dominated by the 

cos 0 term as shown in the previous chapters. This tends to increase 

the net pressure on one side of the tank and to decrease it on the other 

side. In the localized area where pressure is relieved, there is an 

accompanying reduction in the hoop forces. This reduction then 

produces a localized recovery of the initial out-of-roundness lost by 

the filling of the tank. 

4.2 Effect of Filling an Initially Out-of-Round Tank 

Filling an empty out-of-round tank generates hoop forces which 

tend to eliminate a portion of the irregularity. A rough estimation 
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of the portion removed can be obtained by examining the behavior of a 

related but simpler problem. 

Consider a simply supported cylindrical shell with a mean radius 

a and an initial radial irregularity of the form 

w^= ta sin fï-q- cos n0 (4.1) 

Note that the lengthwise variation is considered to be a sine curve 

varying from zero at the ends to a maximum at the midspan. If the 

shell is subjected to a uniform internal pressure p acting outward in 

the radial direction, the deflection, w, which is measured from the 

unloaded a4w^ configuration, can be expressed as (see Appendix E) 

r JL 
" (p \ , a 
  a1' - *10 NH COS (4.2) 

l + , 
(pcr)p 

The value (Pcr)n is the radially inward buckling pressure corresponding 

to the cos n0 buckling mode of a truly circular cylinder. Equations 

for (Pcr)n have been presented by numerous authors such as Donnell (23), 

Timoshenko (24), and Flugge (17). Fluggefs solution is 

(Pcr)n= 2(v(fl^)‘ 

-t3(n^)n2’-h(H'-v)CnfJ')nlt+ n6)+2(2"vXn^)n\n^ 

*[n2((n + n2)2- n2(3( ft §f+ n*)] ( 

Wang and Billington (25) studied the buckling of clamped-free 

cylinders subjected to uniform external pressure acting inward. 
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These boundary conditions are the same as those for the tank problem 

considered, but the distribution of loading is different from that of 

the tank problem. In these solutions, Timoshenko's theory was used 

and numerical values of the lowest (p ) for various geometric 

parameters were given. A very useful comparison between the buckling 

pressures of clamped-free cylinders and simply-supported cylinders of 

the same geometric proportions was made. For parameters of h/a = 0.001, 

v = 0.3 and H/a = 1 to 5, the clamped-free buckling pressure was 

approximately 60% of the simply-supported buckling pressure. 

In application of Eq. 4.2 to the problem under study, certain 

rough approximations must be made. The Berkeley test tank had an 

H/a = 0.83 and v - 0.333. The hydrostatic pressure has a triangular 

instead of a uniform heightwise distribution. The pressure p in Eq. 

4.2 is considered to be the average hydrostatic pressure and (Pcr)n is 

taken as 60% of the value given by Eq. 4.3 for every n. Furthermore, 

the irregularity is assumed to be uniform along the length. Thus, for 

a radial irregularity 

w^= to cosn0 (4.4) 

the amount of irregularity lost by filling the tank, w , is estimated 

as 

VV^ = CLF)n ta oos n© (4.5) 

where (LF)^ is the loss factor defined by 
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For a tank filled with water to a depth of five feet, the average 

hydrostatic pressure, p = 1.08 psi. In Table 4.1, the values of (Pcr)n 

are given for the Berkeley test tank for which H/a - 0.83, h/a = 0.001, 

and v = 0.333. These values were taken equal to 60% of those computed 

from Eq. 4.3. Also included are the values of the loss factor (LF)^ 

for different values of n. The loss factor (LF) for the low order n 
n 

values is very small. For example, only 1% of a cos 40 out-of- 

roundness is removed when the tank is filled with water. For a cos 80 

out-of-roundness, 25% is removed. The maximum amount removed for the 

parameters considered occurs for a cos 170 out-of-roundness for which 

(LF)n = 0.82. The important conclusion is that for a low order 

out-of-roundness, the effect of filling the tank is negligible while 

for a higher order out-of-roundness, there is a significant portion 

removed. 

It is interesting to compare the applicability of the method 

given in Chapters 2 and 3 to that given in this chapter. For a low 

order out-of-roundness, filling the tank removes little of its 

magnitude. For such tanks, the method given in the previous chapters 

probably gives the best estimation of the dynamic effects. For higher 

order out-of-roundnesses, the method of this chapter probably gives 

the better interpretation of the actual dynamic behavior. Also, 

remember that the analysis of Chapters 2 and 3 was carried up to only 

n = 6. The reason given was that the hoop forces generated by the 
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liquid were neglected in the formulation of the terms comprising the 

stiffness matrix of the shell. From Table 4.1, it is seen that for 

n = 7, p/(p ) = 1.08/6.46 = 0.167 and for n > 7, this value 

becomes progressively larger. For this range of P/(Pcr)n ^he effect of 

the hoop forces on the stiffness of the tank becomes important. It is 

for this reason that the previous method was carried up to only n = 6. 

Measurements of out-of-roundness were not taken on the specific 

test tank considered in this analysis. However, on another tank with a 

diameter of 7.75 ft. and a height of 15 ft., measurements of the 

displacements between the empty and full conditions were taken using 

some arrangement of radial sensors. (The results of the dynamic tests 

on this tank were not available at the time when this study was 

conducted.) Professor R. W. Clough stated in oral communication to 

Professor A. S. Veletsos that these displacements indicated an 

out-of-roundness of about 0.25 in. Theoretical analysis of a truly 

circular tank of these dimensions predicts an average displacement of 

about 0.01 in. due to extentional deformation. The deformations 

recorded must then have come from bending action which occurred 

because of an initial out-of^roundness. It is assumed that a similar 

out-of-roundness exists in the 12 ft. dia. x 6 ft. height tank. This 

corresponds to about 3 1/2 wall thicknesses or to l/300th of the tank 

radius. 

4.3 Approximate Distribution of Dynamic Pressure 

In Fig. 4*1, the combination of the maximum average hydrostatic 
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and hydrodynamic pressures is represented on a circumferential profile. 

The average hydrostatic pressure in a tank filled with water to five 

feet depth is 1.08 psi. The hydrodynamic pressure in a rigid tank is 

given by Eq. 2.27. Neglecting the small terms arising from the out-of- 

roundness, Eq. 2.27 becomes 

HïCt)0,(2) cose (4.7) 

where c^(z) is given by Eq. 2.28. The average hydrodynamic pressure is 

obtained by replacing c^(z) with its average value c^ given in Eq. 2.31. 

Taking the maximum value of x(t) to be 0.5 g and y = p g, the average 

hydrodynamic pressure can be expressed as 

P = COS0 (4.8) 

The constant = .575 is obtained from Table 2.2 and the other 

constants are taken to be y - 62.4 lb/ft"^ => 0.0361 lb/in^ and H = 60". 

The maximum average hydrodynamic pressure in psi is then p = 0.62 cos0. 

The combination of average hydrostatic and maximum average hydrodynamic 

pressures represented in Fig. 3.1 is then given by 

p(0) — U.OS +• 0.62GO$0) f%{ 
(4.9) 

Note that the average pressure on one side of the tank at 0 = 0° is 

increased by approximately 57% of the average hydrostatic pressure. 

On the other side at 0 = 180°, the pressures are in opposition 

producing a minimum pressure equal to 43% of the hydrostatic pressure. 

At 0 = ±90°, there is no change in the combined pressure from the 

hydrostatic pressure. 
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4.4 Displacements Corresponding to Dynamic Pressures 

The method of measuring the tank displacements was discussed in 

Section 3.2 and Appendix C. The filling of an initially out-of-round 

tank removed a portion of that out-of-roundness. The amount removed 

can be approximated by Eq. 4.5. It is from this full condition that 

the experimenters measured dynamic deflections. If the configuration 

under the combination of average hydrostatic and maximum average hydro- 

dynamic pressures can be calculated, then the difference between this 

configuration and the configuration due to the hydrostatic effects 

alone corresponds to the displacements that the experimenters were 

attempting to measure. 

The amount of initial irregularity removed by a pressure such as 

Eq. 4.9 can be estimated in the same manner as was done in calculating 

the hydrostatic configuration, provided that the pressure p is 

interpreted as Eq. 4.9. This amount, ^^(Q)» can approximated as 

and p(0) is given by Eq. 4.9. Eqs. 4.10 and 4.11 assume that the 

removal of an out-of-roundness at a particular point on the shell is a 

function of the pressure at that point. This is admittedly an approxi¬ 

mation, but it is considered to be reasonable for the purpose of this 

study particularly for pressures that are relatively uniformly 

(4.10) 

(4.11) 
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distributed around the circumference. The question may arise as to how 

(PcPn should be interpreted. For the hydrostatic case, it was 

interpreted to be the buckling pressure associated with uniform 

circumferential loading. In this case, it is logical to assume that it 

is the buckling pressure for loading of the form P 88 PQ 
+ cos 9 > where. 

p /p = 0.62/1.08 = 0.55 (See Eq. 4.9). The critical buckling 

pressure for loadings of the general form p = PQ + p^ cos 0 have been 

calculated for a different but related problem. Almroth (26) considered 

such a loading on simply-supported cylindrical shells. For geometric 

parameters similar to those of the Berkeley test tank and for values of 

p /p * 0.7, the critical condition was attained when the sum pQ + p^ 

reached the buckling pressure for uniformly loaded cylinders. It 

follows that the values of (p ) in Eq. 4.11 can be taken equal to 

60% of those given previously in Eq. 4.3. In Table 4.2, values of 

CDLF) are presented for values of 0 corresponding to the experi- 
n, 0 

mental test configuration and for increasing values of n. These values 

were obtained by application of Eq. 4.11 with p(0) defined by Eq. 4.9 

and (p ) taken to be 60% of Eq. 4.3. 

The difference between Eqs. 4.5 and 4.10 corresponds to the 

maximum values that the experimenters measured. This difference can be 

expressed as 

W*ea^(LF)n-(DLF)n eJoo5 n6 (4.12) 

It should be noted that a positive value of w represents an outward 

displacement. Values of the factor {(LF) - (DLF) A cos n0 are 
n n, u 
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presented in Table 4.3 for several different values of n and 0=0°, 

45°, 90°, 135°, and 180°. The maximum tabulated value of this factor 

is 0.210 which corresponds to n = 11 and 0 = 180°. Note that this and 

the other large factors occur at 0 = 180° which is the location where 

the hydrostatic pressure is relieved the greatest amount thus allowing 

the maximum recovery. Also note that for n > 8, the factor ranges 

between 0.125 and 0.210,which for the assumed out-of-roundness 

ea = 0.25 in. corresponds to a displacement range of 0.031 in. to 

0.052 in. 

To make a direct comparison with the experimental results, it is 

necessary to compute the Fourier coefficients AQ to A^ corresponding to 

the values given in Table 4.3. These coefficients were evaluated for a 

unit value of ea by application of the method previously described in 

Section 3.2 and Appendix C and are presented in Table 4.4. The larger 

values are obtained for n greater than about 8 and the absolute maximum 

value of the Table is 0.135 for A^ when n = 12. Taking ea = 0.25 in., 

this Fourier coefficient is 0.25 in. x 0.135 = 0.034 in. It is 

noteworthy that this value is identical to the maximum value of the 

experimentally determined coefficients represented in Fig. 3.1. 

To illustrate further the results of the analysis, assume that the 

tank has a cos 120 irregularity of 0.25 in. magnitude. Filling the 

tank reduces the magnitude of the irregularity to 0.072 in., which is 

shown as the dotted-line in Fig. 4.2. Under the maximum hydrodynamic 

effects, the shell deflects into the configuration which is described 

by Eq. 4.10. This configuration is shown as the solid line in Fig. 4.2. 
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Under the maximum hydrodynamic effects, the shell deflects into the 

configuration which is described by Eq. 4.10. This configuration is 

shown as the solid line in Fig. 4.2. The differences at the sensor 

locations are calculated by Eq. 4.12 and are shown as the R values in 

Fig. 4.2. The Fourier coefficients determined by these R values are 

shown to be dominated by cos 30 which has a magnitude of 0.034 in. 

4.5 Summary of Results 

In general, it is possible to explain the Berkeley test results as 

coming from a medium or high order out-of-roundness. More specifically, 

irregularities of order cos 80 and greater contribute results of 

roughly the same order magnitude as reported in the test program if ea 

is assumed to equal 0.25 in. 

The conclusion reached is that high order out-of-roundnesses of 

reasonable magnitude can be partially recovered in localized areas 

during dynamic excitation. This very complex response is not inter¬ 

pretable with eight sensor locations. It is probable that the true 

experimental response was of the complex nature described above and 

the lack of sufficient sensors meant that the true response was 

erroneously interpreted as cos 30 and cos 40 dominant. 
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V. SUMMARY AND CONCLUSIONS 

The interpretation of the tank behavior given in Chapters 2 and 3 

does not produce results of a magnitude large enough to explain the 

experimental results. It was shown that an out-of-roundness described 

by R(0) « a(l + ecos n0) produces hydrodynamic pressures and associated 

deflections which are functions of cos(n-l)0 and cos(n+l)0. These 

higher order effects were shown to be small unless unrealistically 

large magnitudes of out-of-roundness were assumed. 

The interpretation of the tank behavior given in Chapter 4 

produces results of magnitude similar to those determined experimentally 

if relatively high order out-of-roundnesses are assumed to exist. It 

was shown that if the order of out-of-roundness was taken to be cos 80 

or greater with a magnitude of 0.25 in., then the dynamic results were 

of a magnitude similar to those determined experimentally. The response; 

mechanism is of a complex nature which arises from the localized 

dynamic recovery of the portion of out-of-roundness lost during the 

initial filling of the tank. 

The highly complex response arising from such effects cannot be 

sufficiently described by a small number of radial sensors such as were 

used in the experimental test program. With eight radial sensors, 

Fourier coefficients up to cos 40 can be extracted. The higher order 

response that existed in the Berkeley test tank was then misinterpreted 

as being made up of lower order Fourier coefficients. It is for this 

reason that the validity of the Berkeley test results is in question, 
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except for the important fact that higher order effects did occur and 

that they were probably the result of an initial out-of-roundness. 
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APPENDIX A 

A.l External Wall Normal Velocity 

The velocity of the tank wall in the normal direction ri must be 

derived and set equal to the internal normal fluid velocity to satisfy 

the given boundary condition of Eq. 3.10. For the external wall part, 

the problem reduces to relating R(G) and x(t) to the normal velocity. 

From elementary calculus [See Ref. (13)], a certain angular relation¬ 

ship is derived 

R(8) 
fa n * 3 d R(e)/de <A-« 

where a is the angle from the radial vector r to the tangential vector 

t as shown in Fig. 2.2, and R(G) describes an arbitrary smooth 

circular function which in this case is assumed to be Eq. 2.1. 

The external normal velocity can then be found by relating a to 

cosy where y is the angle between the line of excitation and the normal 

vector rj as shown in Fig. 2.2. 

VJ „ rx(t)cos* nl r* R(e) 
(A.2) 

By defining <S to be the angle from the radial vector r to the normal 

vector Tï» it is apparent that 

i - c<- 
H 
2 (A. 3) 

hence 

cos Î = $inc< 
(A.4) 
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sin S = -cos<A 

However, 

+ î 

which leads to the exact relationship 

cos V = COS0COS Î - sin 0sin $ 

From Eqs. A.l, A.4, A.5, and 2.1 

sin^ _ cos g _ jue) _ I +ef(0) 
Tan ~ cos^ - -sins “ dR(9)/de " eF'(6) 

The assumption that 

cos Î » | -h oil2) 

is made. The symbol o( ) represents the order of the error term. 

To show that the assumption of Eq. A.9 is justified, the 

following trigonometric identity from Ref. (14) is used 

-JL 

if tan ^ =c| then sin«< » <|( l + 

Thus, from Eqs. A.8 and A.4 

, I » ef(6) 1 
sin<* = cos i = £fxe) r-ïïT» 

\J I +v ifw) 
l *■ ef (e) I  

- if'W) . /[efW+fi+ine)]2 

V ÜfW 

Squaring both sides of Eq. A.12 gives 

(A.5) 

(A.6) 

(A.7) 

(A.8) 

(A.9) 

(A.10) 

(A.11) 

(A.12) 
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2, [!»ef(9fl2 

cos * ~ îïftëâMiTëf(^F w-i3) 

Neglecting terms containing e leaves 

2 1 +2ef(6) _ , 
COS J~ l+2ef(0) “ <A'14) 

thus the assumption of Eq. A,9 is justified. 

Using Eq. A.9 in A.8 reduces it to 

&ne) 

“s‘n S = 14-efce) <A-15> 

which can be reduced even more by the elimination of the term 

containing e in the denominator. This is shown to be of second order 

e by multiplying numerator and denominator by the conjugate of the 

2 
denominator and throwing away terms containing e . 

fcfte) [i-&f(8)J 
sm* =(l+£fce)] 

tf'ce) 
(A.16) 

Using this and Eq. A.9 in Eq. A.7 gives 

cos V = cos0+sm0 ef (0) (A.17) 

The velocity of the rigid shell in the normal direction is then 

obtained by the substitution of Eq. A.17 into Eq. A.2. 

Vn I =x(t)[co$0 * tf'CôJsin©] (A.18) ‘ lr= me) 

A.2 Internal Fluid Velocity 

The internal normal fluid velocity is the vector sum of the radial 
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r and circular tangential s velocities. 

-_i£_ .ilir ài is 
à1? “ ar an as a*? T=R«0 

See Fig. 2.2 for the direction of the vectors, 

of Eq. A.19 are 

~ = cos S ~ I 

(A.19) 

The direction components 

(A.20) 

^ = sinS~ (A. 21) 

which have been derived in Eqs. A.9 and A.16 respectively, 

internal fluid velocity result is then 

_ _ ïà\ 

The 

V, ̂
*r=R(e) 

ôrU r= R(6) 
+£f<e) r*Rce) (A.22) 
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APPENDIX B 

B.l Derivation of <|> 
CO) 

The method of solution for <$> ^ and <|> ^ is to use the separation 

of variables technique. Assume that the <|>^^ function can be 

separated into the product of independent functions of time, radius, 

angle, and height. 

^<o, = TR02 (B.l) 

Substituting Eq. B.l into the governing differential equation, 

Eq. 2.3, gives 

R ezr ♦ -pR'ez T+ -piRe'zT * Rez'V=o (B.2) 

which when divided by R0ZT becomes 

// _ / »• _ n 
i. iiti £ + J.-0 
R + r R + r* 6 Z"U 

Separating the Z functions gives 

(B.3) 

^ arbitrary constant) (B. 4) 

Therefore, 

z'»xLz -o (B.5) 

for which the solution is 

2 * A COSÀm Ï Bsin (B.6) 

2 
The remaining part of Eq. B.4 when multiplied by r is 
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.2 R 
ji 

+ r 
2 
m = 0 

(B.7) 

Separating the 0 function gives 

-fi'l - -e' 
-r2K~- Q-=n' (n2 arbitrary constant) 

(B.8) 

Therefore, 

0#V n20 = 0 (B.9) 

for which the solution is 

0 = Ccosn0 t-Dsinn0 (B.IO) 

2 
The remaining part of Eq. B.8 is multiplied by R and divided by r 

giving 

R\ + -p)R = 0 
for which the solution is 

R - EInO‘mr) K„Umr) 

(B.ll) 

(B.12) 

where I ( ) and K ( ) are the n’th order modified Bessel functions of 
n n 

the first and second kinds, respectively. Using Eqs. 2.8 and 2.9 to 

evaluate the constants of Eq. B.6 gives 

9 

1 = -A sin +*BAmcos ‘m m (B.13) 

H=o 
= 0= BA m 

B = 0 
(B.14) 
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I|î=H=0= A cos Àm H-*Am= ■22!"^J"--,m = l,2,î... (B.I5) 

Also, since only functions symmetrical about the line of excitation are 

being considered 

D - 0 (B.16) 

Since the modified Bessel function K (x r) is singular for a zero 
n m 

argument, 

F-0 (B.17) 

Finally, the last function is determined by inspection 

T - (B.18) 

Thus, the combination of the four separated functions gives 

^<0)= x(t)7cos nd£ Amn COs(Am2) I^r) 
n=o rn« I 

(B.19) 

where are constants to be determined later, 
mn 

Substituting Eq. B.19 into Eq. 2.18 gives 

oo CO 

- 0, 2) = -X (t^cos n cos 0^,2)^ I n = x(t)cos e (B.20) 
n«o l 

allowing the solution of the constants . Since the right side of 

Eq. B.2Û contains a cos 0 term only, all A^ except for A^^ must equal 

zero, hence 

CO 

ZA™ c-osCA^A^CA^z -| 
ms | 

(B.21) 
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which is recognized as a Fourier cosine series, thus 

Ami Am I, (A^o) - -pj- jcosU^îjdz 

which leads to the solution of A 
(0) 
ml 

.« _ ±- (-I)"*1. -2 H 12] 
A">' " A2

mH 1,(^0) (Amq)
2 W 

The <j>^ solution is then 

oO 

<f> (0)= x (t)cos A^, cos ( *) I, (Am r) 
mal 

(0) 

(B.22) 

(B.23) 

(B.24) 

with the constants A\ defined in Eq. B.23 and X defined in Eq. B.15. 
ml m 

B.2 Derivation of j> ^ 

The <(>^ potential function is derived by use of Eq. 2.19 to 

which the <|>^^ solution of Eq. B.24 is substituted and f(0) = cos n0 

as given in Eq. 2.2. Rearranging Eq. 2.19 gives 

<f>r\a,0,î) = -af(0)^(a,0,i)+-<j>e to,©,z)-x(t)f(6)sin0 (B.25) 

and substituting the proper functions gives 

0p°W>*)= -qc°s ne xWcose^A^oos ( Ary,z)A^ ir(Ama) 
ms| 

°o 

--•sinn© xftX-sine^^cosU**)! (A^q) 
m-1 

-x(t)(-nsin n0) sin 0 (B 26) 

By use of Eq, B.21 in the last term of Eq, B,26 and by the use of the 
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following trigonometric identities 

^ cos (n-00 + cos(n-»l)8 
cos U cos ne? r     

sinGsin n0 - 
cos(n-1)0-cos (n*-l)0 

(B.27) 

(B.28) 

Eq. B.26 becomes 
* \ 00 

^[cos(.n-l)e+oosCn»l)^A^ c^U^XA^/lXa) 
m*i 

00 

i-[cos(n'l)ô-c.os(rHl)0jr^\^cos(Xtnï)Il(Amq) 
W*l 

00 

-[cos(n-ne-«is(n.l)eJn^)Gos(x_nî)a^)I^^^ 
Wisl 

Regrouping terms gives 

rO), ?s>, <>,*>= 

(B.29) 

x(t) °° 
—[cosU- Oe^A^, [-tAma)2l’'(Xwq) + nl, Umq) - n(A^Q)l'(Amq)]cos Amï 

m*t 

oO 

4cos(n.l)^A<;°1[-(Ama)2l"a„o)-nllU1„c!).n(X„«)I>K4c«Alni] (B.30) 
W-l ' me» 

Substituting Eq. B.23 for gives 

S2. . .,m*l 

n xja^q) " n(A^Cl)] Cos^ 
( naf / c-ont. ne*f\ 

• I;(M " ( pa3e ' 

+ COS 
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/continued \ I,(Amo) -, \ 
\from last page/ ^ |+ r^Ama)J C05Am2. y (B.31) 

The solution of <)>^ is identical to the form of <|>^ as given in 

Eq. B.19 since the same type of boundary conditions must be satisfied. 

OO oo 
—
 -AT / I _\ 

(B.32) <f>= x(t)^cos n 0 £ A^n cos (Am ï) In(Am r) 
nso m=l 

The left side of Eq. B.31 becomes 

i(t)“ oo 

€{a>6'*>‘ ~I“s»elA-loos(À„ï)(Ama)r'ufca) >r-o m* I 

Equating this to the right side of Eq. B.31 gives two non-zero 

constants 

U) -u/9-f r f. x _ n I,(AmcQ-] 
^Umo)zi;.l(Xma)'-n *U">a) l>mq) (Am«) (B. 

A«> -ugf—(d»Hl .r.n.a n l,u„qh 
Aintn.o) i;(*raa) <B- 

The solution of the potential function <j>^ then becomes 
oo 

<J(,)= xCO^osin-De^A^.^ cos(Amî)ln.,(Àmr) 

(B.33) 

34) 

+c«<n.l)9^A<^nt|)COsUmî)Infl(Arnr)^ 

m = l 
(B.36) 

with the constants defined by Eqs. B.34 and B.35. 
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APPENDIX C 

Evaluation of Fourier Coefficients 

The Fourier coefficients can be extracted from the displacements 

at the sensor locations by solving simultaneous equations. The eight 

sensor displacements lead to eight independent equations of the form of 

Eq. 3.1. If only symmetric responses are allowed, this reduces the 

number of equations to five by the elimination of the B terms of 

Eq. 3.1. Define R., , R0, R_, R,, and Rr to be the measurements taken 1 2 3 4 5 

at 0=0°, 45°, 90°, 135°, and 180° respectively. The five equations 

can then be expressed as 

1 1 1 1 1 Ao R1 

1 .7071 0 -.7071 -1 A1 R2 

1 0 -1 0 1 • A2 
= R3 

1 -.7071 0 .7071 -1 A3 R4 

1 -1 1 -1 1 

1
 
 

J
*
 

I , *
 

£2
 
 

(C.l) 

The Fourier coefficients can be determined by premultiplying by the 

inverse of the square matrix, thus 

1250 .2500 .2500 

2500 .3536 0 

2500 0 -.5000 

2500 -.3536 0 

1250 -.2500 .2500 

.2500 .1250 V 
-.3536 -.2500 R2 

0 .2500 R3 

.3536 -.2500 R4 

-.2500 .1250 

1 , 
*
 

IS
£ 
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APPENDIX D 

Elements of Stiffness and Mass Matrices 

The stiffness and mass matrix elements are reproduced from 

Yang (6) with the corrections of certain typographical errors. The 

expression < ; represents 

< >=-pr je (D.l) 

The stiffness submatrices are 

.2 

(D.2) 

(D.3) 

(D.4) 

(D.5) Gij=zW)“î2n,:ti t->,(|-vC)H',J'j>]ti2Ê)[3(i-v)§)<'J;.''t;'>]j 

Hij î>* ^(^fr30-v)n(a)K+;^>-2vn(f)<+i f>] J <»•« 

Iy: 2(^50^ V* ÎZ ê)t2g(<1i"ti">+2<nl-l)J<'l'i ^ 

+j> -2 vn^K'lf'j;)*<% ■*!’»]] (D.7) 

The various integral expressions of Eqs. D.2 to D.7 are given in 

Ref. (20) and are 

Yang's equations neglected to square v in the denominator of all 

of the equations and neglected the primes in the last term of G 
ij 

1 
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<W>= fi f°P J \0 for i*j 

(c*i^(2+*i^) for »=j 

^ e?- £>[('•> J(^j "*i ^"6f % 6i “*j* Sj)] f°r ' *j 

✓ A i|A- (‘*i6i(2“°‘‘»&i) f°r “j S^U/“( H6]U{e.^;6.) u; 

U"0 0j«*e*] for i*j 

(D.8) 

(D.9) 

(D.10) 

<+;'>"> = f ^ for i=j 

O for (*j (D.ll) 

Ws 
(D.12) 

<w= 4<+;Y> (D.13) 

(D.14) 

<X^'>= ^-<<<> (D.15) 

<*'*> £«i>/> (D.16) 

where and g_^ are given in Table 3.2. 

The mass matrix terms for the empty tank are 

A;j- ~21<V,''Ç) (D.17) 

(D.18) 
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G- = 
>J 2 NT» v 

where m is the mass of the shell given by 
s 

(D.19) 

ms= 2 fîa h H (D.20) 

For the full tank, C. . becomes 

cij= (D.21) 

£ 
where (iiUj)^ expresses the virtual mass of the liquid associated with a 

cos n0 mode of vibration and is given by 

( V" ' miL ( A„a) i; (Ama) nrisl 

and m is the mass of the contained liquid, given by 
XJ 

(D.22) 

%= rr<*2H^ (D.23) 

The constants a. and X are given by 
xm m 

H 

H*; (H) cos(Am2)c( 2 (D.24) 

, _ <2r*-l)1T 
A** " 2 H 

(D.25) 

For the full tank, Yang (6) only considered the case where n = = 1 in 

Eq, D.22. The generalized expression for a specific n can be derived in 

identically the same manner as it was for n = 1 by Yang, 
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APPENDIX E 

The form of Eq. 4.2 can be derived most easily by using the Donnell 

theory for cylindrical shells. The notation used is somewhat different 

from that of the text, but is more in line with many of the standard 

shell theories. The bending and extentional stiffnesses of the shell 

are called K and D respectively and are defined to be 

1/ -Eh* K= 12( l-V2) (E.l) 

_ Eh 
D= (i-V2) (E.2) 

The governing differential equation (Ref. 27) for cylindrical shells 

with imperfections of shape and loaded by lateral pressure is given by 

KV
8
W * (l-vVDw,,"=aV(N0w") (E.3) 

where w is the radial deflection outward from the circular cylinder of 

4 8 
radius a, V and V are Laplacian operators, and N<j> is the hoop force, 

positive in tension. (Note: w is defined differently here from that 

given in the text. Here it includes the initial imperfection while in 

the text it is neglected.) The primes and dots represent derivatives 

in the longitudinal x direction and circumferential <f> rotation. 

x ) _ , 
a ^ * (E.4) 

X ) 

l<t> = C ) 
(E.5) 

Assume that the shell is simply supported with length H and has an 
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initial imperfection w_^ equal to 

wx.= wi Si ? cos nô (E.6) 

where a is a constant of integer order m 

m (Ta 
H 

(E.7) 

£ is the dimensionless longitudinal position 

7 - “ f - a CE. 8) 

and is a constant defining the magnitude. When this system is 

subjected to a uniform external pressure p, additional deflections are 

* 
generated which are denoted as w^. (Note: the positive value of p is 

taken to be inward for the time being in order that a critical buckling 

pressure can be calculated.) The total deflection w is then the sum 

given by 

W = WX 1- W* (E.9) 

The next step of this derivation is not so obvious. The w terms on the 

left side of Eq. E.3 relate back to terms representing the stress 

resultants on a shell element while the w term on the right side is a 

force acting through the deformed shape. For this reason, the w terms 

•k 
on the left side are taken to be w^ only, while the w term on the right 

k 
side is taken to be the sum w^ + w^ given in Eq. E.9. The solution for 

Vfe k 
w is known when w is determined. Assume that w. is of the form 
i i 

wc - Wj*$incA.7c.os n0 (E.IO) 

k 
where w- is the constant defining the magnitude. The hoop force N. is 
i (j) 
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taken to be the membrane force of the external pressure p. 

(E.ll) 

By substitution of Eqs. E.6 and E.10 into E.3, the constant can be 

obtained 

6oC*n4+ Ho<*n‘ ♦ -► ( l-v^o3 D<**- paV £«A2<*V+ nH] j 

'W*sin*?co$nÔ * paVt<<4+2<*ana+n*]w,3inc*?cosn© (E.12) 

By grouping and canceling terns, this is reduced to 

(Kt<*W]Vl paVUWfvVj (E.13) 

Suppose that the cylinder was truly circular, (!•£•» w^ = w^ = 0) . 

This means that the left side of Eq. E.13 equals zero. Define (Pcr)n 

to be the value of p such that the above statement is true, thus 

. v , (<**»n3) K U-vaJ — 
n3 a* n3U3+n*) a (E.14) 

Eq. E.14 is known as the Donnell solution for the buckling of simply 

supported cylindrical shells subjected to uniform external pressure. 

3 2 2 2 2 
By dividing both sides of Eq. E.13 by a n (a + n ) , this equation 

can be expressed as 

C<P«->n* P]w**pW, (E.15) 

or 

w,* - w, ..(^V 
i- 

<Pcr>„ 

(E.16) 
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If p is now taken to be positive outwards and w^ = ea, then 

* 
w, -  -  (E.17) 

The definition of w in the text really corresponds to w^ as defined in 

Eqs. E.1Û and E.17. Thus, Eq. 4.2 follows from Eq. E.16. 

Since this reasoning works for the Donnell theory, it is reasonable 

to assume that it will work for the more general Flugge theory which is 

governed by a much more complex system of differential equations. By 

examining the form of Eq. E.17, it is interesting to note that the 

shell problem is analogous to the behavior of an imperfect column 

subjected to tensile loads. (See Ref. 24.) 



TABLE 2.1 

VALUES OF C-, (z) , d . (z) , AND d (z) FOR 
1 n-1 n+1 

OUT-OF-ROUND RIGID TANKS H/a =0.83 

C1(Z) 
0.785 

d-^z) 0.824 

d3(z) 0.063 

d2(z) 0.628 

d4(z) -0.015 

d3(z) 0.505 

d5(z) -0.059 

d4(z) 0.429 

d6(z) -0.088 

d5(z) 0.381 

d?Cz) -0.076 

0.2 0.4 0.6 0.8 

(a) for R(9) : 

0.764 0.700 

(b) for R(0) ■ 

0.827 0.833 

0.071 0.101 

(c) for R(0) - 

0.642 0.681 

-0.009 0.011 

(d) for R(0) : 

0.524 0.579 

-0.057 -0.046 

0.581 0.385 

a(l + e cos 20) 

0.830 0.790 

0.163 0.286 

a(l + e cos 30) 

0.733 0.762 

0.064 0.193 

a(1 + ecos 40) 

0.663 0.740 

-0.006 0.118 

(e) for R(0) = a(l +ecos 50) 

0.450 0.511 0.611 0.722 

-0.088 -0.085 -0.058 0.056 

(f) for R(0) = a(l+e cos 60) 

0.401 0.464 0.571 0.705 

-0.079 -0.086 -0.078 0.014 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 
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TABLE 3.1 

COEFFICIENTS IN AN EXPANSION OF THE TYPE 

OF EQ. 3.1 OF A FUNCTION w(0) = cos n0 

Function 
w(0) A0 

Coefficients 
A1 A2 A3 A4 

cos 10 0 1 0 0 0 

2 0 0 1 0 0 

3 0 0 0 1 0 

4 0 0 0 0 1 

5 0 0 0 1 0 

6 0 0 1 0 0 

7 0 1 0 0 0 

8 1 0 0 0 0 

9 0 1 0 0 0 

10 0 0 1 0 0 

11 0 0 0 1 0 

12 0 0 0 0 1 

13 0 0 0 1 0 

14 0 0 1 0 0 

15 0 1 0 0 0 

16 1 0 0 0 0 

17 0 1 0 0 0 

18 0 0 1 0 0 

19 0 0 0 1 0 

20 0 0 0 0 1 



TABLE 3.2 

VALUES OF a± AND FOR UNIFORM CANTILEVER BEAM 

i a. 
l 

i 0.73410 1.87510 

2 1.01847 4.69409 

3 0.99922 7.85476 

4 1.00003 10.99554 

5 1.0 14.13717 

for i > 5 

a. = 1.0 
l 

o (21—1)TT 



TABLE 3.3 

FUNCTIONS X (z) IN EXPRESSION FOR RADIAL 
n 

2 
P a 

DISPLACEMENT w(z,0) = X (z) cos n9 
n Eh 

H/a = 0.83, h/a = 0.001, v = 0.333 

0 0.2 0.4 0.6 0.8 1 

1 0 1.436 1.520 1.869 1.817 1.971 

2 0 2.524 3.455 4.527 5.092 5.693 

3 0 4.490 7.223 10.04 12.23 14.19 

4 0 7.561 13.64 20.01 25.73 30.88 

5 0 12.04 23.81 36.65 49.02 60.46 

6 0 18.26 39.00 62.52 86.13 108.5 













TABLE 3.9 

BERKELEY TANK NATURAL PERIODS AND 

AMPLIFICATION FACTORS, 2% DAMPING 

n 
* 

T 
(sec.) 

1.7 3xT* 
(sec.) 

(AF) 
n (AF)n 

(AF)X 

i 0.0368 0.0637 1.40 1.0 

2 0.0468 0.0809 1.73 1.23 

3 0.0619 0.107 1.88 1.34 

4 0.0805 0.139 2.50 1.79 

5 0.103 0.177 4.20 2.99 

6 0.127 0.220 2.93 2.09 



n 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

25 

VALUES OF (p ) AND (LF) FOR A rcr n n 
CANTILEVER TANK, H/a = 0.83, h/a = 0.001 

£ 

E = 10 x 10 psi, v = 0.333, and p = 1.08 psi 

[(p ) = 60% of Eq. 4.3] 
cr n n 

(P cr^n 
<LF)n 

070 0.001 

278 0.004 

89.5 0.012 

33.4 0.031 

14.0 0.072 

6.46 0.143 

3.25 0.249 

1.76 0.380 

1.03 0.512 

0.645 0.626 

0.441 0.710 

0.329 0.767 

0.269 0.801 

0.239 0.819 

0.226 0.827 

0.225 0.828 

0.231 0.824 

0.243 0.816 

0.259 0.807 

0.372 0.744 

0.523 0.674 



n 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

25 

30 

TABLE 4.2 COEFFICIENTS (DLF) a OF EQ. 4.11. n,Q 6 

H/a = 0.83, h/a = 0.001, E = 10 x 10 psi, 

v =0.333, and p(0) = (1.08 + 0.62 cos 9) psi 

0 
0° 45° 90° 135° 180° 

0.002 0.001 0.001 0.001 0.000 

0.006 0.005 0.004 0.002 0.002 

0.019 0.017 0.012 0.007 0.005 

0.048 0.044 0.031 0.019 0.014 

0.108 0.098 0.072 0.044 0.032 

0.208 0.190 0.143 0.090 0.066 

0.343 0.319 0.249 0.165 0.124 

0.491 0.463 0.380 0.267 0.207 

0.623 0.596 0.512 0.383 0.309 

0.725 0.702 0.626 0.498 0.416 

0.794 0.775 0.710 0.592 0.511 

0.838 0.822 0.767 0.660 0.583 

0.863 0.850 0.801 0.704 0.631 

0.877 0.864 0.819 0.728 0.658 

0.883 0.871 0.827 0.739 0.671 

0.883 0.871 0.828 0.740 0.672 

0.880 0.868 0.824 0.735 0.666 

0.875 0.862 0.816 0.725 0.654 

0.868 0.854 0.807 0.712 0.640 

0.820 0.802 0.744 0.632 0.553 

0.765 0.744 0.674 0.550 0.468 



TABLE 4.3 

VALUES OF {(LF) - 
n 

USED IN EQ. 4.12 

(DLF) } 
n,6 

cos n0 

N. e 
n \ 

0° 45° 90° 135° 180° 

2 -0.001 -0.000 0 -0.000 0.001 

3 -0.002 0.001 0 0.001 -0.002 

4 -0.007 0.005 0 -0.005 0.007 

5 -0.017 0.009 0 0.008 -0.017 

6 -0.036 -0.000 0 -0.000 0.040 

7 -0.065 -0.033 0 -0.037 -0.077 

8 -0.094 -0.070 0 0.084 0.125 

9 -0.111 -0.059 0 -0.080 -0.173 

10 -0.111 -0.000 0 -0.000 0.204 

11 -0.099 0.054 0 0.091 -0.210 

12 -0.084 0.065 0 -0.118 0.199 

13 -0.071 0.039 0 0.076 -0.184 

14 -0.062 -0.000 0 -0.000 0.170 

15 -0.058 -0.032 0 -0.064 -0.161 

16 -0.056 -0.044 0 0.088 0.156 

17 -0.055 -0.030 0 -0.062 -0.156 

18 -0.056 -0.000 0 -0.000 0.158 

19 -0.059 0.033 0 0.064 -0.162 

20 -0.061 0.047 0 -0.095 0.167 

25 -0.076 0.042 0 -0.079 -0.191 

30 -0.091 0.000 0 -0.000 0.206 



n 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

25 

30 

TABLE 4.4 

VALUES OF FOURIER COEFFICIENTS FOR 

UNIT OUT-OF-ROUNDNESS 

Ao A1 A2 A3 \ 

0.0000 0.0005 0.0007 0.0005 0.0000 

0.0000 0.0000 0.0010 0.0000 0.0010 

0.0000 0.0000 0.0000 0.0070 0.0000 

0.0000 -0.0004 0.0085 0.0004 0.0085 

-0.0005 0.0190 -0.0010 0.0190 -0.0005 

0.0353 -0.0044 0.0355 -0.0016 0.0003 

-0.0074 0.1092 -0.0078 0.0003 0.0004 

0.0703 -0.0229 0.0710 -0.0081 0.0008 

-0.0116 0.0788 -0.0233 0.0788 -0.0116 

0.0024 -0.0147 0.0773 -0.0408 0.0749 

-0.0013 0.0060 -0.0287 0.1354 -0.0276 

0.0031 -0.0152 0.0638 -0.0413 0.0606 

-0.0135 0.0580 -0.0270 0.0580 -0.0135 

0.0514 -0.0371 0.0548 -0.0144 0.0034 

-0.0235 0.0997 -0.0250 0.0063 -0.0015 

0.0494 -0.0366 0.0528 -0.0139 0.0034 

-0.0128 0.0535 -0.0255 0.0535 -0.0128 

0.0034 -0.0148 0.0553 -0.0367 0.0519 

-0.0013 0.0068 -0.0265 0.1072 -0.0253 

0.0636 -0.0418 0.0668 -0.0157 0.0031 

-0.0144 0.0743 -0.0288 0.0742 -0.0144 



R(0) = a(1 + e f(0)) = a(1 + e cos n 6) 

Fig. 2.1 — System Model 
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Fig. 2.3a — Pressure Coefficients Ci and dn_-| 



Fig. 2.3b — Pressure Coefficients Cj and dn + 1 



Fig. 2.4a — Values of cj and dn _ -j 
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Fig. 2.4b — Values of cî and dn+1 
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FIG. 3.1 INPUT ACCELEROGRAM AND FOURIER COEFFICIENTS 

AQ THROUGH A4 AND Bj THROUGH B3 
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Fig. 3.3 — Values of Xn 
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