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ABSTRACT 

A CATEGORICAL MODEL FOR DATA STRUCTURES 

by 

Susan Conry Meyer 

In this thesis we consider the problem of modeling 

data structures. A model based on category theory is 

proposed in which both the static and dynamic character¬ 

istics of data structures can be represented. Data 

structures are modeled by categories and their dynamic 

characteristics by functors between these categories. 

Hierarchical data structures are considered, and examples 

are given of several common types of information structures 

and their description within this model. 

The categorical model for data structures is employed 

in studying those properties of data structures which are 

due to their structure alone. This is done by considering 

the functors between the representations of different data 

structures in order to study the relationships between them. 

An indication of when one data structure can be realized 

in another is given and the class of realizations of a 

data structure D in another data structure D' is character¬ 

ized. Finally, a sufficient condition is given for the 

realization of one class of data structures in another. 
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I - INTRODUCTION 

In this thesis we consider the problem of modeling 

data structures. A model for these structures is proposed 

and shown to be a very general yet powerful descriptive 

tool for data structures. It is demonstrated that within 

this model both nonrecursively defined data structures and 

those which are recursive in nature can be described and 

changes which occur in them can be effectively modeled. 

Tools are developed with which relationships between data 

structures can be studied and then applied to obtain a 

solution to the problem of when one class of data structures 

can be realized in another. 

We begin by restricting our attention to the structural 

relationships between data without any regard to a scheme 

of implementation. Should it prove desirable to study 

implementations of data structures at some other time, the 

structural analysis done in this thesis could be applied 

to the study of any such scheme. 

The problem of modeling data structures is not a new 

one. A survey of the literature shows that various dif¬ 

ferent approaches to the problem have been used, each 

faithfully representing different properties of the struc¬ 

tures. We examine those which deal with purely structural 



properties of data as opposed to those which are dependent 

on a particular machine or language interpretation. 
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We commonly think of data structures as graphs, and 

Holt [73 was among the first to use graphs in representing 

them. In his n-theory, undirected graphs called configu¬ 

rations can be thought of as representing data structures. 

Event types are an integral part of a n-theory. They 

represent laws of local change or primitive transformation 

rules in the structure. Classes of configurations are 

defined by a grammar, and a simulation rule gives classes 

of configuration sequences. Thus there is present in a 

n-theory a mechanism for dynamic change in structures. 

Earley [23 captures the same property in his model 

for data structures. Basic to this description is the 

idea of a directed graph with labeled edges (called a 

V-graph) . Primitive transformations are defined very 

much as Holt defined them, and a data structure is a pair 

consisting of a set of initial V-graphs and a set of 

transformations on them. These two models are very similar 

in nature and they share a common difficulty. It is quite 

difficult to algebraically prove properties about data 

structures and analyze them completely using this type 

of model. 

A second approach to the problem which remedies this 

difficulty is algebraic in nature. Fleck [33 uses 

algebraic techniques in formalizing LISP-type structures 
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and defining a notion of representation for them. He then 

derives a relationship between representations of list 

structures and context free languages. Fleck's generaliza¬ 

tion of the formalization to include the "patterns" of 

SNOBOL and a notion of their representation leads to further 

results which relate context sensitive languages and the 

representations of these patterns. 

Rosenberg [12,13,14,151 on the other hand uses a 

slightly different algebraic approach in an analysis of 

structural uniformities in data structures. He defines a 

data graph as a pair r * (C,A) , where C is a denumerable 

cell set and A, the set of link types, is finite. With 

each edge in the graph is associated a link type, and the 

monoid of transformations, AT, generated by the paths 

through the graph is thoroughly studied. It is fair to 

say that in fact to Rosenberg the object of study is not 

the data graph itself, but the monoid of transformations 

associated with the data graph. 

Rosenberg's and Fleck's models are algebraic in nature, 

and within their framework it is easier to prove properties 

of data structures due to their structure alone. These 

models do not, however, embody any notion of structural 

change as do those of Holt and Earley. A third theory of 

data has been proposed by Mealy [9] which does not have 

either of the drawbacks previously mentioned. Its basic 

constituents are a set of entities (E), a set of values (V), 
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and a set D whose elements are data maps v: E -+■ V. These 

data maps are the data, and transformations on them are 

called procedures. A data structure may then be regarded 

as a system (E,V,D,P), where V ç E. Mealy's theory of data 

appears to be capable of describing in an algebraic manner 

the dynamic nature of data structures, but it has never 

been fully developed. 

Our goal here is twofold. We wish to develop a rigorous 

mathematical model for data structures which at the same 

time serves as an adequate descriptive tool and as a frame¬ 

work within which purely structural properties of data can 

be explored independent of their implementation. The 

mathematical construction within which this model will be 

developed is the category. It serves as a very general 

structure in which we may define data structures and maintain 

the element of dynamic change. A natural hierarchy can be 

exploited in defining data structures whose elements are 

other data structures, and it is clear that recursion has a 

place in this theory. Furthermore, we may explore relation¬ 

ships between different data structures within category 

theory. Hence this branch of mathematics affords us a 

vehicle through which our goals may be met. 

The remainder of the thesis is devoted to the exposi¬ 

tion of our model and its properties. The second chapter 

contains all the relevant definitions from category theory 

together with examples illustrating the concepts involved. 
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If one is not familiar with these concepts, a reading of 

that chapter is essential in understanding what follows. 

In the third chapter, the model is defined and some of its 

properties are derived. Some examples of common data 

structures are given to illustrate the descriptive power 

of the model. Chapter IV then explores relationships 

between data structures within this model and gives a 

relatively simple criterion for deciding when one class of 

structures can be embedded in another. Finally, we summarize 

and give some indication of the direction which further 

research could take. 



II - PRELIMINARIES 

Since the concepts of category theory are not familiar 

to many computer scientists, we set forth the definitions 

and terminology which will be used throughout this thesis 

in one chapter. An attempt will be made to give familiar 

examples of the concepts whenever it can be done briefly. 

We begin with the definition of a category. 

DEFINITION 2,1 

Let C be a class of objects |C[ together with 

i) a family of pairwise disjoint sets [A,B1C, one 

for each ordered pair (A,B) e |C| x [Cl, whose 

elements are called morphisms, and 

ii) a family of maps [B,C]C x [A,B1C [A,C1C for 

all ordered triples (A,B,C) of objects in [C| 

called compositions (if f e [A,B3C and g e [B,C] , 

we write gf e [A,C3C). 

We say that C is a category if the following axioms 

are satisfied: 

a) if hg and gf are both defined, then (hg)f = h(gf) 

b) for each object A c |C| there is a (distin¬ 

guished) morphism iA e [A,A]C (called the iden¬ 

tity morphism at A) for which i f * f whenever 
A 

i^f is defined and giA = g whenever giA is defined. 



7 

Some familiar examples of categories include EWA, 

the class of all sets with the functions between them as 

morphisms, Re£, the class of all sets with the relations 

between them as morphisms, and the class of all groups 

with the homomorphisms between them. If there is no doubt 

as to the category intended, we shall write [A,B] rather 

than [A,B]C, and denote the class of all morphisms in a cat¬ 

egory C by Mor C. We say that if f e [A,B], then A is the 

domain of f and B its codomain. It is evident that two 

morphisms compose if and only if the codomain of the first 

is the same as the domain of the second. A few special kinds 

of categories will be considered later, so we define them 

here. 

DEFINITION 2.2 

i) If |C| is a set, then C is a smal1 category. 

ii) If the only morphisms in c are identities, C is 

a discrete category. 

iii) If |[A,B]| s I for each pair of objects of C, 

then C is said to be a preordered class. 

The first part of this definition points out that the 

objects of a category do not necessarily form a set; in 

general they form a class. It should also be evident why 

this distinction must be made from the examples En& and Re£ 

given earlier. Ordinary set theory would admit difficulties, 

as the collection of all sets cannot be a set, so we must 
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define category theory within a higher universe than the 

usual set theory of Zermelo-Fraenkel. Schubert C163 

gives a brief explanation of one way in which this can be 

done, and it is within his definition that we work. One 

expands Zermelo-Fraenkel set theory by introducing universes. 

There are only sets in this theory, but some of them, the 

universes, are special sets. Sets are then the elements 

of classes and classes elements of some higher universe. If 

we require that CA,B] be a class rather than a set, the new 

"large" category is in a higher universe, so that the large 

categories of one universe are the ordinary ones of a higher 

universe. We refer the reader to Schubert's book for the 

detaiIs. 

DEFINITION 2.3 

A subcategory C' of C has as its object class, IC'I, 

a subclass of |C|. For each ordered pair (A,B) of 

objects of C, [A,B] , c [A,B] . Furthermore, the 
L L* 

composition of morphisms in C maps [B,C]C, x [A,B]C, 

into [A,C]C,, and for each A e |C1|, e [A,A3C,. 

It should be clear that a subcategory C of a category 

C is again a category. An example of a subcategory can be 

easily given, for Evu> is a subcategory of Rc£, and the 

category of all abelian groups is a subcategory of the 

category of all groups. 

There are two special kinds of objects which will be 

important to us in the future. 
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DEFINITION 2.4 

i) If |[AtA']| = 1 for all A' e |C|, A is an initial 

object of the category C. 

i i ) If | [A1 ,A] | = 1 for all A' e |C| , A is a terminal 

object of the category C. 

In our application of category theory, it will he 

convenient to represent the categories under discussion 

as directed graphs. Justification of this notation follows 

after a few more definitions. 

DEFINITION 2.5 

A directed graph G = <V,E,<S> is an ordered triple, 

where i) V is a (possibly infinite) set of vertices, 

ii) E is a set of (directed) edges, and 

iii) 6: E + V x V is an incidence map such that 

6(e) ® (v. ,v.) if e is an edge from v. to v . 
i J i j 

If 6(e) = (v.,v.), then v. is termed the initial vertex 
i j i 

of the edge e and v^ the terminal vertex of the edge. 

Associated with each such graph there is a category 

which is constructed as follows. The path category of a 

graph (denoted P(G)) has as its objects the vertices of the 

graph G and as its morphisms the directed paths through the 

graph. So if ej and e2 are edges in the graph G and 

<S(e1) = and ô^e2^ = ^vj»vk** then ele2 e Cvi *Vk]P(G) * 

and the identity morphism at each vertex is the path of 

length zero at that vertex. It is easily verified that the 
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construction generated in this way is indeed a category. 

Now let us consider a small category C. A morphism 

h e [A,B] is composite if for some object A' of C (with 

A * A* * B) there exist morphisms g e [A,A'] and f e [A1,B] 

such that h = fg. A morphism h e [A,B] is elementary if it 

is not composite. We construct an underlying graph for the 

category C by letting V = |C|. Then for each elementary 

morphism which is not an identity» there is an edge e^ in 

E such that <$(ef) = (A,B) if f e CA,B], Hence in construct¬ 

ing the underlying graph of a category C, we "forget" the 

compositions and identities. It can be shown that P(C) is 

isomorphic to C, and we refer the reader to Schubert's book 

for the result. We may therefore speak of any small category 

as being specified by a graph with labelled vertices and 

refer to that graph (loosely) as a category. 

In order to effectively model the kinds of structures 

we wish to model, a means by which they may be changed 

should be present in the model. Such a mechanism is present 

in category theory in the functor. 

DEFINITION 2.6 

A (covariant) functor T: C -*■ V between two categories 

has two parts: 

i) an object map which assigns to each object A of C 

an object T(A) of P, and 

ii) a morphism map which assigns to each f e [A,B] in C 

a morphism T(f) € [T(A),T(B)3 in V in such a way 



that T(Va) = iT(A) 

gf is defined in C. 

and T(gf) = T(g)T(f) whenever 
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It should be clear that every functor T: C V defines 

a family of maps of the sets of morphisms: 

(*) TAjB: CA,B: - [T C A) ,T(B)] , 

These maps IA B are induced by T since T maps f e CA,B] onto 

T(f) e [TCA),T(B)3, hence T restricted to [A,B] has its 

image in CT(A) ,T(B)3. For each pair (A,B) the map TA B is 

distinct since the morphism sets are pairwise disjoint. 

DEFINITION 2.7 

i) A functor T: C -*■ V is faithful if (*) is injective 

for every pair (A,B) e |Cl * |C|, 

ii) T is full if the T. „ are surjective. 
  A )D 

iii) T is fully faithful if the T are both injective 

and surjective. 

iv) A functor T: C -*■ V is an embedding if the map 

of morphisms T: Mor C -+ Mor V is injective. (It 

can be shown that the object map of an embedding 

must be an injection.) 

v) The constant functor T : C V maps every object 

in C to a single object in V and every morphism 

in Mor C to the identity at that object. 

We present at this point a property of functors whose 

domain and codomain are both preordered classes which will 

be used later to some extent. 
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PROPOSITION 2.8 

Let A and B be preordered classes (as categories), A 

map T: |A| |B| is associated with a functor if and 

only if whenever [A,B3 * <|> in A, we have [T(A),T(B)3 * <{> 

in B. 

Proof: 

First note that if [A,B] * <j>, we write A < B. 

If T is a functor, the map T must have the property that 

if f e [A,B], then T(f) e [1(A),T(B)], so if A ^ B, we have 

T(A) £ T(B). Conversely, suppose that if A s B we have 

TCA) £ T(B). The object map of the functor associated 

with T is given by T. The morphism map is given by noting 

that f e [A,B3 whenever A £ B. Consider (A,B), where 

A,B e |A|• The map of |A| * |A| into |Bl x |B| induced by 

T sends (A,B) into (T(A),T(B)), so if there is an f e [A,B], 

there is an element T(f) e CT(A),T(B)D since by hypothesis 

A £ B => T(A) £ T(B), Because A and B are preordered classes 

T uniquely specifies a morphism map and all we need show 

is that a) T(i^) = which is clear since A and B are 

preordered classes, so A s A and T maps [A,A3 

into [T(A),T(A)], and 

b) T(gf) = T C g)T(f) whenever gf is defined in A. 

This is also easily seen by letting f e [A,B3 

and g € [B,C3 for some A, B, and C in |A|. We 

know that gf e [A,C3 so T(gf) e CT(A),T(C)3 and 

also that T(f) e [T(A),T(B)3 and T(g) e [T(B),T(C)3 
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so that T(g)T(f) e CT(A) ,T(C)]. Again, since 

A and B are preordered classes, we are done. 
□ 

This result indicates that a functor between two preordered 

classes may be specified by its object map alone, and 

that admissible object maps for such functors can be easily 

characterized. 

In view of the connection between small categories and 

their underlying graphs, it seems reasonable to expect 

that the description of functors can be given by means of 

maps whose domains are graphs. 

DEFINITION 2.9 

A diagram D in a category C over the directed graph G 

is a map of the directed graph into the category c 
which assigns to each vertex of G an object in |C| 

and to each edge e between v. and v. of G a morphism 

of C having the property that D(e) e [D(v.) ,D(v .)]. 
^ J 

Two functors having a common domain and codomain may 

also be related to one another. This is done by means of 

the natural transformation, which is defined below. 

DEFINITION 2.10 

Let S ,T : C V be functors from C to V. A natural 

transformation n: S T is a map which assigns to each 

object A in |C| a morphism r»A e [S(A),T(A)] such that 

the diagram 
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SCA) 

S(f) 

7. 

SCA1) 

^T(A) 

T(f) 

7 
-&-TCA') 

commutes for every morphism f: A A* in C, 

Examples : 

1) Let C be given by 

V 

and V by 

2 

If S is the functor defined by the object map 

S(a) = 1} S(b) = 2 

and T is defined by the mapping of objects 

T C a) « 3 ; T(b) = 4 

a natural transformation n; S T is given by the 

following assignment of morphisms to objects of C: 

na*. 1 3; nb: 2 -»■ 4. 

2) Let F(X) denote the free group on a set X and G(X) 

the free abelian group on X. F and G define functors 

from EH4 to the category of all groups, and the 
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canonical homomorphisms F(X) -*■ G(X) form a natural 

transformation F -*■ G. 

One final concept will be introduced at this time. 

The concept of the limit of a diagram is very important, 

and limits of diagrams will have an intuitive meaning which 

is of use to us. We shall give the definition then an 

example which illustrates that definition, but first some 

notation. We denote by l_G: G -► C the constant diagram which 

maps every vertex of G to the object L of C. 

DEFINITION 2.11 

Let D: G + C be a diagram in C over G. A limit of 

D is a pair <L,X> where L is an object of c and x a 

natural transformation of LQ into D with the property 

that given any natural transformation Ç: D, there 

is a unique morphism f: A L in C such that the 

following diagram commutes, where f is the natural 
G 

transformation of Ar into L. given by mapping every 
G G 

vertex of G to the morphism f. 

G 

That is, E = Xf as natural transformations 
G 
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Example; 

Let G be given by 

and the category C 

We define the diagram D by the following mapping of 

vertices of G into objects of C: 

D C a) = 3; D(b) = 4; D(c) = 5. 

The limit of this diagram is given by the pair <2,X> 

where : 

Xà = p2* Xb = p3 * Xc ~ P2P4 " P3P5* 
There is only one other natural transformation Ç: 1Q D 

with which we need worry, and it is clear that there is 

indeed a unique morphism in C such that the appropriate 

diagram commutes. 

The most intuitive interpretation of a limit is that 

it represents a least upper bound on the diagram in a 

sense. This example certainly indicates that, as do many 

others. A special case of a limit is the product of a set 

of objects, which is the limit of a diagram over a directed 
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graph having no edges. We shall often refer to the object 

L associated with the product of a family of objects as 

the product of that family of objects. A category is said 

to be complete if there is a limit for every diagram D in 

that category. 

At this point, most of the definitions which are 

needed in the remainder of the thesis have been made. We 

are now ready to proceed with the definition of our model 

for information structures. 



Ill - THE MODEL 

In this chapter, we shall define the major components 

of our model for information structures. Our definitions 

will be inductive in nature to allow full generality within 

the model for description of these structures. We shall 

then demonstrate the power of the model as a descriptive 

tool for the study of information structures. 

We first define the structures themselves. In doing 

so, we shall need the following categories as a basis from 

which to work. We shall denote by K the equivalence 

relation on a category C such that if f e [A,B] and g e [C,D] 

in C, then [f,g] e K if and only if A = C and B = D. The 

category C with that relation imposed upon it will be 

termed C/K. 

DEFINITION 3.1 

In the category P1, each object D will be defined by 

a pair D * <P(P),I>, where P is a directed graph with 

labelled vertices such that either P(P)/K has an 

initial object and I is an initial object of P(P)/K, 

or P is a directed graph having no edges and |V| >1, 

in which case I = A. If D = <P(P) ,I> and D‘ = <P(P'),I'> 

are objects of P1, then [D,D']pi is given by g e [D,D‘] 

where g: P(P) -*■ P(P') is the functor mapping each 
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d e P(P) into I‘ if I* * A. If I* = A, then 

CD,D‘] = tf>. 

In a second category, P2, each object is defined by a 

pair <1?2»I>» where I is an initial object of P2 and 

is a category defined as follows: 

i ) If II£>£ 11=1» then t?2 “ P(P) and I = I', where 

D = <P(P),I'> e|I. Furthermore, for each object 

D of Pl such an object of V2 exists, 

i i ) If l|l?2ll > 1, then P2 is either a (nontrivial) 

small subcategory of P1 such that V^/K has an 

initial object and I is an initial object of P^/K 

or #2 1S a discrete subcategory of Pl and I = A. 

If D = <^2»^ and D' = <P2',I'> are objects of V2, 

[D,D‘] x is given by g e [D,D'j, where g: 

is the functor which maps every d e P^ into I* 

whenever I* * A. If I' - A, [D,D‘] = <j>. 

We can now inductively extend the definitions given 

here to define a category Pn. Each object of Pn is 

given by a pair D = <Pn,I> where I is an object of Pn 

and P^ is a category defined as follows: 

i) If 1 IPnlI = 1, then Pn = Pn-1 and 1=1', where 

D' = <Pn ^,I‘> ’s some object of Pn~*. Further¬ 

more, for each D‘ e lPn“*| such an object of Pn 

exists. 

ii) If IIP || >1, then P is either a (nontrivial) 
n n 
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small subcategory of Pn”* such that Pn/K has an 

initial object and I is an initial object of Pn/K, 

or V is a discrete subcategory of Pn“'1 and I * A. 

The morphisms of Pn are defined in precisely the 

same manner as were those of P2. 

DEFINITION 3.2 

A data structure is an object of Pn for some n > 1. 

We may think of objects of Pl as simple data structures. 

They have simple values as their elements rather than more 

complex, structured data. Objects of Pn for n > 1, on the 

other hand, represent data structures whose elements are 

other data structures. The object I is interpreted as a 

head node or distinguished initial object for the data 

structure. It is important to note that each object of Pn 

is a category with a single distinguished object. 

PROPOSITION 3.3 

Each object of Pn is also an object of pn+1 for all 

n £ I. 

Proof: 

By definition, if IIP^II = 1» for some D = <Pn,I> 

in Pn , then D = D‘ for some object D' of Pn“*. For each 
n 1 n 

object D' of Pn“i such an object D exists in P , so we 

are done. 
□ 

DEFINITION 3.4 

The level of a data structure D is the least n for 
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which De iPn l . 

Some examples of various level structures are given in 

Figures 1 and 2. 

There are at least two interpretations which can be 

made of the morphisms in Vn. Let us consider Figure 2. 

In example 5, the morphisms may be construed as representing 

paths through one entire component structure to the next. 

This interpretation lends itself to applications in describ¬ 

ing structured programs as well as information structures. 

In example 6, however, this interpretation is not quite 

so natural. For structures some of whose component 

objects have no terminal object, the morphisms could be 

interpreted as representing access paths. We could traverse 

at one level until the component object containing the ob¬ 

ject to be accessed is reached, then pop down a level and 

continue. No doubt there are other interpretations of these 

morphisms, but the two presented here should be an indica¬ 

tion of the ultimate flexibility of the model. 

At this point a few of the properties of data struc¬ 

tures will be explored, as they are also indicative of the 

descriptive power of the model. Proposition 3.3 verifies 

that data structures such as those shown in Figure 3 are 

indeed well defined in the model, as we would intuitively 

wish them to be. The following proposition is presented 

at this time for the sake of completeness. It reveals a 

property of these structures which will be of great 
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Example 1 

(level 1) 

a 

I 
b 

V 

Example 2 

(level 1) 

/ /_ 
t t 

\\ 
-^b 

Example 4 

(level 3) 

H0 

FIGURE I 



Example 5 

FIGURE 2 
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Example 7 

Example 8 

FIGURE 3 
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use to us later. 

PROPOSITION 3.4 

A data structure is a preordered class. 

P roof : 

The result is immediate from the definition of the 

morphisms in Vn given in Definition 3.1. There can be at 

most one morphism in [D,D']pn for each pair of objects of 

Vn
t so Vn is a preordered class by definition. 

□ 

As the examples in Figure 3 indicate, there is no 

reason to exclude strongly connected data structures from 

consideration within the model. Hence it should be clear 

that within the categories Vn we can describe all informa¬ 

tion structures. Indeed, if we attach the notion of a 

morphism type to the categories and require that the set 

of morphism types of a given data structure be finite, all 

of the results obtainable in Rosenberg's model should be 

obtainable in a subset of V1. Generalizations of his 

results to those applicable in hierarchical structures 

should also be possible, though we do not consider them 

in this thesis. 

We turn now to the problem of defining primitive 

structural operations for information structures. These 

will form the dynamic element of our model of informa¬ 

tion structures. The functors between categories can be 

thought of as providing this means of change. A functor 
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which is an inclusion of one category D in another, D, 

may be considered as adding a set of nodes to the struc¬ 

ture, and if |D| has precisely one more element than |D|, 

such a functor can be thought of as a primitive structural 

operation. Similarly, a surjective functor which is the 

identity functor on a subclass of the object class of its 

domain can describe the deletion of a set of nodes from 

the structure. 

With this general idea of the approach to be used, 

we shall examine some common data structures and their 

primitive operations. Definitions of the categories of 

stacks, decques, queues, and binary trees will be given to 

indicate precisely how the model can be used to define 

common classes of information structures and their 

primitive operations with mathematical rigor. 

Since stacks, decques, and queues are all variants of 

the linear list, we shall first define a class of data 

structures K. K will consist of all data structures whose 

underlying graphs are of the following form: 

. A., • , • » • • • 

A = <V,E,S> is the empty graph, for which V = E = <f>. It 

represents the empty category, which has 4» as its only 

object and f: <j> -»■ <f> as its only morphism. 



27 

Given K, we now define four types of functors between 

elements of K for use in defining the category of stacks, S, 

the category of decques, £, and the category of queues, Q.» 

i) P: K^ -*• is an inclusion of K^ in K^, where 

the object class of Kg has precisely one more 

element than the object class of K^, and that 

element, k, is the initial object of Kg. 

ii) F: Kj -► K^ where the object class of K^ has 

precisely one element k which is not in the 

object class of K^ (and k is the initial object 

of K^), is a surjective functor. If k' is the 

initial object of K2, F(k) = k', and F is the 

identity functor when restricted to the 

remainder of K^. 

iii) P: K^ -► Kg is an inclusion of K^ in Kg where the 

object class of Kg has precisely one more 

element k (which is the terminal object of K^) 

than that of Kj. 

iv) P: K^ ■+• K^ where the object class of Kg has one 

element k (which is the terminal object of K^) 

not in that of Kg, is a surjective functor. If 

k' is the terminal object of Kg, P(k) = k', and 

P is the identity when restricted to the 

remainder of K^. 

We now define the categories of stacks, decques, and queues. 
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DEFINITION 3.5 

S, the category of stacks, has K as its object class. 

Its morphisms are completely given by the functors of 

type P and F. 

Exampl e : 

Let the stack A be given by: 

23 HE c 

If we insert an element, pushing it onto A, we 

produce A*: 

a' HU HE c 

PA,(A) = A*. 

If we now pop A1 to get A, the effect will be that 

of applying F to A1 ; F^A1) = A. The identity 
A 

morphisms of the category can be generated by 

applying a functor of type P then one of type F, 

as the example shows. 

DEFINITION 3.6 

£, the category of queues, has K as its object class. 

Its morphisms are completely given by the functors of 

types P and P. 

Exampl e : 

Let the queue A be given by: 

[I] HU HU 
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If we insert an element, we produce A': 

m HD 2 H3 

and the effect of applying a functor of type P 

is clear; ,(A) = A'. Similarly, the applica- 
A 

tion of a functor of type P deletes an element, as 

0 HD HD 

P^MCA’) = A". Again, the identity morphisms of 

the category are given by compositions of functors 

of two different types. 

DEFINITION 3,7 

£, the category of decques, also has K as its object 

class. Its morphisms are given by the functors of 

types P, F, P, and P. 

Example : 

Since examples of the operation of functors of 

types P, F, and P have already been given, the 

example we give here will illustrate P. 

Let the decque A be given by: 

OD HD HU 

The functors of type P have the effect of inserting 

an element at the rear of the decque, as 

P^,(A) = A*, where A* is given by: 

m i HU 3 
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Once again, the identity morphisms are present. 

Furthermore, if we restrict the functor types to 

include only one of either P and P, we have the class 

of all input restricted decques. Similarly, if only 

one of F and P is allowed, the decques described are 

output restricted. 

The category of binary trees is similarly defined. 

Its object class T will consist of all data structures 

whose underlying graphs are binary trees. (Recall that 

a binary tree is a finite set of vertices which either is 

empty or has an initial vertex v and two disjoint binary 

trees called the left and right subtrees of v.) 

Examples of the underlying graphs of objects in T 

incl ude : 

A 

The morphisms in the category of binary trees will 

be completely given by the following functor types: 

Q: T^ -*■ T2, where |TjJ has precisely one element t 

which is not in |T^I , and Ct,t'] * 4» for all 

t' * t in T^, is a surjective functor such that 
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Q(t) = t' where [t',t] * <j> in T and there is no t" 

in such that [t',t"] * <J> and Ct",t] * <(>, and 

Q is the identity functor when restricted to the 

remainder of T^. 

Q: -*■ is an inclusion of in where the object 

class of T2 has one more element, t, than that of 

and if t' in is such that there is no t" 

having the property that [t'.t"] * <j> and [t" ,t] * <j> 

in T2, then it must be the case that [t',t"] = 4> 

for all t" *■ t* in T^. 

Examples : 

then add a left son at node c by an application 

of the functor type Q; QT (Tj) ** T2, where T2 is 

given by 

If we wish to add a right son to at node b, we 

simply apply a functor of type Q to T^, again. The 

resultant data structure is given by T3, shown 

below; QT (T^ = T3> 
3 
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Now to delete that right son from Tg, we apply 

a functor of type Q to Tg, and the result is T^; 

Vv ■ v 
It is easy to see that Q deletes nodes from tree 

structures and Q adds them. Q may be broken into two 

subtypes of functors, those which add a left son and 

those which add a right son to the tree, if desired. The 

generalization of the preceding definitions to the category 

of n-ary trees is immediate upon change only of the under¬ 

lying graphs allowed in the data structures of the category. 

It is interesting to note that these definitions of 

common information structures are completely general. 

There is no restriction to the effect that elements of a 

stack or tree must correspond to a simple data element. 

They could be stacks, trees, or any other data structure 

one would wish to consider. The recursive nature of the 

model is now apparent. We may describe stacks whose 

elements are other stacks and trees at each of whose nodes 

is yet another tree. 

There is also a simple way of describing the category 

of arrays in the model. Since we seldom wish to perform 

structural alterations of an array, we really need only 
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describe the admissible underlying graphs of the category. 

In order to do this, we introduce the concept of the 

product of two categories. 

DEFINITION 3.8 

The product category C x p, of two categories C and p 

has as its objects the ordered pairs (C,D) of objects 

C in C and D in P. The sets of morphisms are given 

by C(C,D) ,(C ,D,)3Cxp = CC»C']C 
x [D.D'] , and the 

composition of morphisms is defined component wise: 

(f ' .9')(f .g) = (f'f,g'g). 

Example : 

Let C be given by: 

and P by: 

Then the product category C x p is given by: 

0——effi 
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Now let A be the class of graphs which underly the 

product categories D x D', where D and D' are elements 

of K. A then defines the class of underlying graphs 

for the category of all two dimensional arrays. That 

category has as its object class all data structures having 

underlying graphs in A. The only morphisms in the category 

whose objects are all two dimensional arrays are identities. 

An obvious extension of the definition to n-dimensional 

arrays is possible. 

As these examples have shown, this model provides a 

very general descriptive tool for handling information 

structures. The next chapter uses the model developed 

here in exploring properties of information structures. 



IV - RELATIONSHIPS BETWEEN STRUCTURES 

We are now prepared to explore some of the relation¬ 

ships which exist between data structures using the 

framework which has been built up. We shall do so by 

confining our attention to maps between data structures 

and a category which contains them as objects, calling these 

maps structural programs. In this chapter we progressive¬ 

ly generalize the domains and codomains of the maps we 

consider and finish with a result giving a sufficient con¬ 

dition for the embedding of one class of data structures 

in another. It is then pointed out that it may be 

possible to apply other results derived in the chapter to 

such embeddings when they exist. The following categories 

will generally serve as codomain categories for the maps 

which we consider. 

DEFINITION 4.1 

We define the categories 0n, for n > 1. The object 

class of Vn, |0n| = |Dn|. Given two objects of Vn, 

D = <t?,I> and D* = <P',I>, all the functors T: V -*• 0' 

are in CD,D']^n. 

It should be clear that for each n > 1, 0° is a 

subcategory of 0n. 
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DEFINITION 4.2 

A structural program ts a functor F: D -► D, where 

D ts a data structure and D is a small subcategory 
A u. 

of Vn for some n * 1. 

Remark: Henceforth D will be understood to be a small 

subcategory of Vn for some n ^ 1. 

DEFINITION 4.3 

A morphism between two structural programs P^: D^ -»■ D 

and P^: D^ D will be given by a pair <F,n> where 

F: D^ D^ is a functor and n: P^ P^F a natural 

trans formation. 

A diagram illustrating the domains and codomains of the 

various maps in the previous definitions is given below. 

Since i) is a natural transformation, 

PL(f) 

P^d) 

PL(d') 

*d P^F(d) 

*d 
** P 2 F C d1 ) 



37 

commutes for each morphism f of D^. To further illustrate 

the definitions, we give an example of two structural 

programs and a morphism between them in Figure 4. 

The class of structural programs is clearly so large 

that we should at once restrict our attention to a 

specific subclass of them. We first study the simplest 

kind of structural program. Since we know that all the 

data structures we study here are preordered classes, we 

have the following theorem. 

THEOREM 4,4 

Let Dj be a data structure and D2 a small subcategory 

of Vn (for some n) which is a preordered class. The 

class of structural programs between and together 

with the morphisms between them forms a preordered class. 

Proof: 

First notice that since the domain of the programs 

remains constant, F may be taken as the identity functor. 

Suppose that for some such P^ and P^ there are two 

distinct natural transformations nip: Pj -*• P^* Then 

^d »d 

Px(f) 

2' 
\ 1 2 f 

f,(f) P,(f) 
1 i T 1 1 I 

P2(f) 

PxCd' ) 
n 

-^p^Cd') P 1C d ' ) -£^P2(d') 
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where a, b, a', b‘, and c* are any data structures. 

We shall specify D by: 

Now let P^: Dj+D have the object map Pj_(a}=l; P^(b)=2 

and P2: D^-^D have the object map Pa') =4; P2(b')=5; P2(c0=6. 

If F: D^D2 is given by F(a)=a‘ and F(b)=c‘, a program 

morphism can be defined by noticing that there are morphisms 

f e [1,43 and g € [2,6] in D, so let n be defined by 

na = f and nb ■ g. 

<F,n> then is a morphism between the structural programs 

P^ and P2. 

FIGURE 4 
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both commute for each morphism f in Dj. Since n and p 

are distinct, there must be some d e I DjJ such that 

nd * Ud. Hence nd e CPx(d) ,P2(d) ] and pd e CPx( d) ,P2( d) 3 

and since rid * pd, ICP^Cd),P2(d)]| > 1, which cannot be, 

since D2 is a preordered class. 
□ 

This theorem indicates that given two structural 

programs having common domain and codomain, there is at 

most one morphism between them. Moreover, it is not 

hard to see that such a transformation exists if and only 

if for each d e |D1I there is some morphism nd in such 

that the diagram 

P1Cd) — ^ P2(d) 

p
2ud) 

P Ad) £^P_(d) 
nd 

commutes. So a morphism between two programs having a 

common domain and codomain which are preordered classes 

exists if and only if there is a morphism in D2 from P^(d) 

to P2(d) for each d e |D^U We also have an immediate 

coroll ary. 

COROLLARY 4.5 

The preordered class of Theorem 4.4 is weakly 

ordered (having no cycles) if and only if is 

W 



weakly ordered. 

Proof: 
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If D2 is weakly ordered, there cannot be both 

morphisms nd: PL(d) -► P2(d) and yd: P2(d) -» P^d) in D2, 

so there cannot be a morphism from P^ to P^ and a morphism 

from P2 to P^ in that preordered class. The class of 

structural programs between and D2 must therefore be 

weakly ordered. 

Now suppose that the class of structural programs 

between and is weakly ordered, but is not. We 

can easily produce a pair of functors S and T from 

to D2 whose object maps are identical except on a pair 

of objects, d and d', such that [d,d'] * <f> and [d',d] * <j>. 

It is then trivial to find n: S T and p: T -► S and we 

have the contradiction. 
□ 

Having been able to describe the structure of the 

class of transformations between two structural programs 

having preordered classes as their common domain and 

codomain, we wish to further characterize that structure. 

This is very simply done using some of the remarks made 

above. 

Pj s P2 <=> there is a Dimorphism nd: P1 (d) P2(d) 

for each d € |D^|. 

P1 ■ p2 <*> P1 s p2 and "d = 'P^d) * »P2(d) f»1" 
each d e ||. 

P^ < P2 <=> P^ s P^ and there is at least one object 



The structural programs and their morphisms may be 

viewed in various ways. The programs themselves can be 

regarded as transformations of one data structure into 

another. In this light, structural programs may describe 

algorithms and their action on data structures, and it 

could be possible to do some very general analysis of 

algorithms, their correctness and termination using this 

interpretation. When structural programs are viewed as 

transformations between data structures, the primitive 

operations given as examples in the third chapter are 

special cases of them. 

Structural programs may also be viewed as ways of 

overwriting the contents of one information structure with 

the contents of another while retaining the accessibility 

relation between objects which existed in the first 

structure. A third way of interpreting structural programs 

captures the notion of embedding. Not all structural 

programs are amenable to this third interpretation, but 

those which are provide some insight into the question of 

when one information structure can be embedded or 

realized in another. 

The morphisms between structural programs provide us 

with some very real insights into the relationships between 

information structures. Under the first interpretation 

of the programs themselves, the morphisms could possibly 
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be used to determine such properties as equivalence, 

correctness, and termination of algorithms dealing with 

information structures. Under the second and third 

interpretations which we may place on structural programs, 

the morphisms point out ways in which one structural 

program can be transformed into another which in some 

sense does the same thing. The meaning of the phrase 

"does the same thing" is, of course, slightly different 

under each of these interpretations. 

The significance of Theorem 4.4 is that it indicates 

that there is at most one transformation of a structural 

program into a structural program P^ when the two have 

a common domain and a codomain which is a preordered class. 

It also, fortunately, provides us with a relatively easy 

way of determining when such a transformation exists and 

characterizes the transformation. The theorem takes on 

added significance when we realize that the domain of a 

structural program can be a set of data structures. If 

D = <0,I> and V is a discrete category, this will be the 

case. Then a structural, program is viewed as a map of 

one set of data structures into another, and depending 

upon the relationship of each object of the domain to its 

image, may indicate an embedding or realization of one 

set of data structures in another. The morphisms would 

then tell us something about the relationships between 

the possible embeddings of one set of data structures in 
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another. It is this problem which we would like to 

explore now. 

Let us first consider the simplest form which a 

structural program between two classes of data structures 
A 

can take. This occurs when D is a discrete subcategory 
^ « 

of V 1 for some n £ 1. 

PROPOSITION 4.6 

If D = <P,I>, where V is a discrete category and D is 
A 

a discrete subcategory of Pn for some n ^ 1, then the 

only morphisms between structural programs P.. : D ■* D 

are identities. 

Proof: 

The result is immediate from previous remarks, as 
/V A 

the only morphisms in D are identities when D is a discrete 

category. 
□ 

As is clear from this proposition, the simplest 

structural programs are not interesting. It would be 

beneficial, therefore, to consider as our codomains small 
A n 

subcategories of some V which have particularly nice 

structure imposed upon them. 

DEFINITION 4.7 

A functor (structural program) F: D2 is a 

structural embedding whenever the level of D2 is at 

least as great as the level of and there is an 

embedding F^ of d in F(d) which satisfies the following 
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conditions for each d e 1| : 

i) for each object d' of |d|, there must be an 

embedding F' of d' in F^Cd*) satisfying the 

conditions (i) and (ii) of this definition, and 

ii) if d e IP1!, F is simply an embedding. 
d 

This definition says very simply that a structural 

program is a structural embedding whenever for each object 

d of there is some object d' of D2 such that the 

structure of d can be realized in the structure of d'. 

The recursive nature of the definition makes it possible 

to very methodically check whether oh not a particular 

structural program is indeed a structural embedding. 

A structural embedding is particularly interesting 

when its domain is a set of disjoint data structures, for 

then it gives an embedding of one set of data structures 

in another, a realization of each data structure in the 

domain set in one of those in the codomain set. Supposing 

for the moment that such a structural embedding exists, we 

ask when a "first" such map exists. When is there one 

structural embedding of a set of data structures D in a 

set of data structures D from which all the others can be 

derived (via program morphisms)? 

In answering this question, it is convenient to 
A 

suppose that D is not just a disjoint set of data structures 

but a set of data structures together with the functors 

between them which are embeddings satisfying conditions (i) 
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and (ii) of Definition 4.7. As there may be more than one 

such embedding and it makes no difference to us at this 

point which one we choose, we shall impose the equivalence 

relation R (defined by CFtG] e R < = > F: d d' and G: d -* d' 

are both embeddings satisfying conditions (i) and (ii) of 

Definition 4.7) on this subcategory of some Vn. The 

category D with the relation R imposed upon it will be 

denoted by D/R, and it will be noted that D/R is a 

preordered class. 

Let us consider the category of functors from a set 
A A 

of disjoint data structures D to D/R, calling this category 
A A 

CD,D/R]. Recalling that a structural program is a functor, 

CD,D/R] is a category of functors. By Theorem 4.4, CD,D/R] 

must be a preordered class, so we ask the following ques¬ 

tions about that preordered class: 
A /s 

1) Under what conditions does the subset of CD,D/R] 

consisting of those structural programs which are 

structural embeddings have an initial object? 

2) If such an initial object (which will be a struc¬ 

tural program) exists, how is it characterized? 

The significance of these questions lies in that if this 
/S A 

subset of CD,D/R] has an initial object, there is some 

structural embedding from which all the others can be 

easily derived using comments made previously. We shall 

presently answer these two questions, but first two 

lemmas which we shall use in answering them are presented. 
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LEMMA 4.8 

Consider the category of functors CD,D/R], If D/R 

has an initial object, then [ D ,D/R] has an initial 

object. 

P roof: 

Let I be an initial object of D/ft and let the 

functor f j : d -► I for all de |D| and f j : h ij for 

every morphism h of D. We show that f^ is an initial 

object of [D,D/R]. Let f be any object in the functor 

category CD,D/R]. For each de |D|, f(d) e |D/R|, so it 

suffices to show that there is a unique natural transfor¬ 

mation n: fj -*■ f, since we chose f arbitrarily. Let us 

consider the diagram: 

I - frCd) 

iT = frCg) 

? 
i - frCd‘) 

^d 

f(g) 

-^f(d') 
"d1 

A natural transformation exists between fj and f if and 
A A 

only if there are D/R-morphisms I ■+ f(d) and 

n.,: I f(d') for all objects d and d' of D such that the 
d 

A Ax 

diagram commutes. Since I is an initial object of D/R, 

such morphisms exist and furthermore are unique. Hence 

the transformation is unique, and we are done. 
□ 
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LEMMA 4,9 

Let C be a preordered class. The product of every 

nonempty family of objects in the category C exists 

if and only if C has an initial object. 

Proof: 

Suppose that C has no initial object. Then it is 

clear from the definition of a product that the product 

of the family of all objects in C does not exist. 

Conversely, suppose that C has an initial object. 

We show that every nonempty family of objects in C has a 

product by induction. The product of every family contain¬ 

ing only one object clearly exists and is represented by 

that object. Suppose that the product of every family of 

objects having cardinality less than k exists. Let such 

a family be represented by A ='{A^,...,A^}. In showing 

that the product of the family A* = A u{A^+^} exists, 

there are two cases to consider. Either there is a morphism 

f e CA.J.AI^] for some i such that l^isk, in which case 

the product of the family A' is represented by the same 

object as the product of A, or there is no such morphism 

in C. In the latter case, we need only show that there is 

some object A of C such that there is a morphism f.e[A,A.] 

for all i such that lsi^k+l. Since C has an initial ob¬ 

ject, such an object A clearly exists, and since C is a 

preordered class, the result is established. For if the 

initial object of C is not the product of the class, there 

there is a unique morphism from that object to another 
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object which does represent the product of the class. 
□ 

We now present the result which indicates when the 

subclass of [D,D/R] whose elements are structural embed¬ 

dings has an initial object. 

THEOREM 4,10 
A A 

Suppose that D/R has an initial object and consider 
A A 

[D,D/R3. Assume that there is some structural 

embedding of D in D/R. Then the product of the 
A A 

structural embeddings of D in D/R is a structural 
A A. 

embedding of D in D/R if and only if the product of 

the set = (d1 e ID/Rl such that there is a functor 

F: d ■+■ d‘ satisfying conditions (i) and (ii) of 

Definition 4.7} is again in A^ for each d e [Dl. 

Proof: 

We shall construct the product of the structural 

embeddings (which we know exists by Lemmas 4.8 and 4.9) 

pointwise, under the assumption that the product of each 

set A^ is again in A^, by mapping each d e |Dl to the 

product of the set A^. It is apparent that this associa- 
A A 

tion of objects of D to objects of D/R defines a functor 

which is a structural embedding. That the functor so 

constructed represents the product of the family of 
A A 

structural embeddings of D in D/R is evident from its 

construction and the definition of a limit. 

A simple example shows that if the product of A, 
d 

is not in A, for some d e |D|t the product of the d 
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structural embeddings of D in D/R is not a structural 

embedding of D in D/R. 

Let D be given by: 0 

and D/R by: 

conditions (i) and (ii) of Definition 4.7, but no such 

functor a + 1, it is easy to see that the product 
A A 

of the structural embeddings of D in D/R is not a struc¬ 

tural embedding of D in D/R, and we are done. 
□ 

The significance of this result is that when the 

theorem applies, there is an initial object of the class 
A A. 

of structural embeddings of D in D/R, and that initial 

object is the product of the class. Furthermore, the 

theorem gives a relatively straightforward method for 

the construction of that structural embedding whenever 

it does exist. 

Returning to consideration of the functors in each 
A A 

equivalence class of functors in D/R, we see that if the 

theorem applies to each component object of D/R, we can 

find a distinguished first element of each equivalence 

class by iteratively applying the theorem. We shall now 
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give an example of the application of this result. 
A A 

The categories D and D/R are given in Figure 5. 

Notice that the data structures in D/R correspond 

to the generation of the binary tree, enumerating all the 

possible ways in which it could be generated, given that 

the component data structures a, b, c, e, and f remain 

unchanged. D/R satisfies the hypotheses of Theorem 4.10, 

and that there are several structural embeddings of D in 
A /\ 

D/R is clear by inspection. The pointwise construction 

of the first object of D/R in which each object of {D[ 

may be embedded clearly yields thé (unique) first structural 

embedding of D in D/R. 

We should comment that if we consider maps of classes 

of data structures together with certain functors between 

them into other classes of structures with functors be¬ 

tween them (such as the map of the category S into the 

category £) , these results may be generalized to consider 

the effect of carrying over the primitive operations as 

well as the data structures themselves. In this partic¬ 

ular example of embedding S in £, it is clear that every 

stack, together with its primitive operations, may be 

realized in the category of decques. The following 

definitions and results formalize and prove this intui¬ 

tively appealing assertion. 

DEFINITION 4.11 

A functor F between two members of a class r of 



Let D be given by: 

where a, b, and c are any data structures. 

We give D/R by the following, noting that dashed arrows 

FIGURE 5 



of categories is of type P in r if it satisfies the 

conditions P. 
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The functor types P, F, P, and P of the third chapter 

were each different. A functor of type P satisfied a 

different set of conditions than a functor of type P\ 

DEFINITION 4.12 

If F is a set of functor types and P., P. e P, then 
^ J 

the composition of two functors, F.F., where F. is of r i j i 

type P. and F. of type P,, is said to be of type P.P. 
• J J * J 

in P*. The obvious inductive extension of this 

definition can also be made. 

DEFINITION 4.13 

A structure type will be defined by a pair <2,P> where 

i) 2 is a class of directed graphs, and 

ii) P is a finite set of functor types. 

A data structure D is of type <2,P> if it is the 

image of a diagram e in pP for some n over some a e 2 

and a) if D^ and D^ are of type 2, there is at most 

one functor F: D^ -► Dg having a tyPe in 

b) if F is of type P in P, then F(D) is again 

of type 2 for each D of type 2. 

PROPOSITION 4.14 

The class of functors of type 2 together with the 

functors of type P in P between them form a category 



53 

if and only if the following holds: 

for each data structure D of type Z, there is 
(*) 

a functor FQ of type P* in P* such that F is the 

identity functor on D. 

Proof: 

All the conditions for a category except the 

requirement that identities be present are satisfied 

without (*). This condition ensures the presence of 

an identity morphism for each object in the category. 

If the condition (*) is not satisfied, it is easy to 

find a class of data structures of type Z and a set of 

functor types which does not define a category. Take 

K with the functors of type P. 
□ 

We shall denote a category defined as above by S(z,P), 

and notice that it is a preordered class because of re¬ 

quirement (a) in Definition 4.13. We should like to ask 

next when all the data structures of one type can be 

realized in data structures of another type. Since 

S(Z,P) is in a real sense the structure type, we ask when 

the category S(Z,P) can be embedded in the category S(Z',P'). 

An answer to that question follows. 

THEOREM 4.15 

The category S(Z,P) can be embeddéd in the category 

S(Z',P') whenever 

i) there is an injection F: Z -*■ Z' such that if 

F(a) = p, there is an embedding of a in p, and 
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ii) the following diagram commutes for some 

injective map T: P* ->• (p1)* 

TCP) 

where ai e 2, p1 e 2', and T(P1...Pn) * T(PX). .T(PR). 

Proof: 

We need to show that there is some functor 

S: S(2,p) -► 3(2 ' ,P' ) 

such that 

(*) S: Mor S(2,P) S(2' ,P1 ) 

is injective. 

We shall first define the functor S then show that (*) 

is indeed injective. For each D e S(2,P), we let S(D) = D 

where if e(o) = D for some a ç 2, then D is defined by 

letting D be such that ô(F(a)) = D for some diagram S of 

F(CT) in Vn subject to the constraint that 6(F(v.)) = efv^). 

There could be more than one candidate for D in S(2',P'), 

so we choose one such admissible image and let it be S(D), 

subject only to the constraint that S(D) * S(D') if D * D'. 

The morphism part of S must now be defined. This 

can be done in terms of the map T: P* -► (P1)*. Let 

P e P* and T(P) = P e (P1)*. Then if P^: Dx D2 we let 
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S ( P Di ) : S (DJL) + S(D2) be given by S(PQi) = T(P)S(D )» 

where PQ denotes a functor of type P whose domain 
ui 

is D.. 

Having defined the functor S, we now show that (*) is 

injective. Suppose that S(PD.) = S(FQJ for some PD ^ * FQ. 
^ J l j 

in S(I,P). Then D- = D., for if not, the two functors 
* J 

could never have the same domain, as the object map of S 

is Injective. Since S(PDl> » T(P)S(D_, = T(F)s([|j) - StF^) 

it must be the case that Pn. = FD. because T is injective, 
1 1 □ 

We should remark that the theorem fails to be a 

necessary and sufficient condition for the existence of this 

kind of embedding because to show that there is an embed¬ 

ding of S(Z,P) inS(Z',P') it is necessary only to produce 

an injection F: 2 t and have condition (ii) of the 

theorem satisfied. The remainder of the condition (i) of 

Theorem 4.15 simply guarantees that the structure of 

S(Z,P) is preserved by the embedding in S(Z',P'). 

Remark: The map T: P* (P1 )* can usually be specified 

by a map T' : P ■+■ (P*)* with ease when it exists. 

This theorem has obvious implications. It verifies, 

for example, that S can be embedded in £, and Q, can be 

realized in £ as well. We have derived a simple condition 

for the realization of one type of data structure in 

another and given that realization in the proof of Theorem 

4.15. We did note that this realization is not in general 
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unique. At this point, however, we may be able to use 

some of the results derived earlier. S(Z,P) and S(Z',P') 

are both preordered classes, and Theorem 4.10 therefore 

applies to functors between them. It may be that we can 

apply techniques similar to those used earlier to the 

subclass of functors between S(Z,P) and S(Z',Pf) which 

define embeddings of S(Z,P) in S(E',P') and derive 

results concerning the existence of canonical embeddings 

of one class of data structures in another. 



V - CONCLUDING REMARKS 

Holt, in his introduction to n-theory, states four 

goals towards which n-theory was aimed. Two of them are 

of relevance here. Holt wanted to develop a uniform 

descriptive tool for information processing devices in 

general which could be used in analyzing those devices. 

He wanted to be able to describe information processing 

devices at various levels, from the abstract level to the 

imp!ementational level, and to provide a means by which 

data structures could be specified and evaluated and 

alternate representations of them in a specific memory 

medium given. The accomplishment of this goal, of course, 

presumes the existence of the adequate descriptive tool 

which Holt was trying to develop. 

Our goal has been essentially that which Holt had in 

mind with reference to data structures in particular. We 

have given a descriptive tool for data structures and 

demonstrated some of its properties. It has also been 

shown that both recursive and nonrecursive data structures 

as well as the dynamic and static properties which data 

structures exhibit can be described within our model. 

Hence a very wide range of data structures can be described 

using this model, and it is reasonable to seek an analysis 
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of properties of data structures within it. 

Given a means of describing data structures, we set 

about exploring properties of these structures which are 

dependent only on their structure. Relationships between 

structures are often indicative of such properties, so it 

is these relationships which are explored in the fourth 

chapter. In considering these relationships in terms of 

maps between data structures, we essentially considered 

one of the problems which Holt posed. Certain maps between 

data structures (the structural embeddings) give alternate 

representations of the data structures which are the 

domain of a map in the codomain structure, and natural 

transformations between such maps having a common domain 

and codomain give transformations between alternate rep¬ 

resentations of one data structure in another. Since a 

memory medium can be considered as a data structure in 

its own right, we have implicitly considered the problem 

of giving alternate representations of a data structure 

in a memory medium, characterized the class of such rep¬ 

resentations, and given a means of transforming one 

representation of a data structure into another. 

The problem of evaluating data structures and their 

representations is as yet unsolved. In order to carry 

out this phase of the analysis of data structures, it will 

be necessary to further develop the model. This future 

development might take the form of defining a suitable 

category of values then studying the functors from various 
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data structures to this category. A particular memory 

organization could then perhaps be evaluated as to its 

efficiency when various classes of data structures are 

implemented in it. It might also be possible to analyze 

the various realizations of a particular data structure 

or class of data structures in a specified memory medium 

using an extended model together with the structural 

analysis presented in this thesis. 

Other directions which future research might take are 

many and varied. One might generalize all of Rosenberg's 

work to hierarchical data structures and obtain some 

interesting results, or an analysis of structural algo¬ 

rithms could be attempted using the notion of a 

structural program. We might then be able to gain some 

insight into solution of the problems of equivalence 

and correctness of algorithms. One final idea regarding 

possibilities for future research is that of joining 

the characterization of embeddings given in Theorem 4.15 

with the preordering of Theorem 4.10. Using these two 

theorems, some characterization of a "canonical" or 

"irreducible" embedding of one type of data structures in 

another is quite possibly attainable. Having a result of 

this nature with which to work would allow us to in some 

way give a measure of the flexibility of a data structure. 

This model is definitely not complete; it should be 

expanded and improved upon. Certainly further analysis 
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along the lines of Theorem 4.15 should be done, as it is 

the kind of realization of one type of data structure in 

another derived in that theorem which could prove to be 

of great practical significance. Incomplete as it is, 

the model does provide a framework which should prove 

quite useful in the analysis and description of data 

structures. For this reason, it is a constructive step 

towards the realization of Holt's goals as well as those 

set forth in the introduction to this thesis. 
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