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ABSTRACT 

OPTIMUM PROPORTIONS FOR HYBRID GIRDERS 

by 

Da-hsiung Lin 

An analytical investigation is made to find optimum 

proportions for hybrid girders. These optimum proportions 

must satisfy the bending and shearing requirements and the 

cost will be the minimum, compared to other possible girder 

proportions. The girders considered here are laterally 

supported and without intermediate web stiffeners. Using 

the working stress provisions of the AISC specifications as 

the design criteria, formulas are derived. The procedure to 

obtain optimum cross section is straightforward. Examples 

are given to illustrate the use of these formulas. It Is 

shown that optimum cross sections are generally deeper than 

conventional sections. One may use this optimum web depth 

as a guide to select a suitable shallower web depth. This 

information will assist engineers in designing girders. 
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NOTATION 

Aw = ht » area of the web (sq.in.) 

Af ** area of the compression flange (sq.in.) 

C = 2Af + (iAw = relative cost 

Cf = price of the flange steel plate (j^/lb) 

Cw = price of the web steel plate (^/lb) 

Fyf = yield strehgth of the flange steel (ksi) 

Fyw = y^eld strength of the web steel (ksi) 

Pb « 0#^Pyf = applicable bending stress (ksi) 

Pjj* = maximum allowable bending stress in the compression flange (ksj 

Py = maximum allowable shearing stress (ksi) 

g » maximum allowable web slenderness ratio 

h » web depth (in.) 

t » web thickness (in. ) 

kt = 0.0005(g - 760/(0.6Pyf)^) 

oC. * Fyw^Fyf ® web-to-flange yield strength ratio 

(* = C^/C^ = web-to-flange steel plate price ratio 

M = moment (kip-in. ) 

V » shear force (kips) 

S * elastic section modulus (in.^) 

Pu» i = 1* 2, 3 Lagrange Multipliers 
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CHAPTER I 

INTRODUCTION 

The objective of this investigation is to find 

optimum proportions, talcing into account the prices of 

the steel plates used in flanges and webs, for hybrid 

girders under specified moments and shears. The term 

optimum used here is to indicate the girder proportions 

that will give the minimum cost, compared to other possible 

girder proportions. 

The girder is designed according to the working 

stress design provisions of the AISC 1969 specifications. 

Hybrid girders are symmetrical about both axes and 

have flanges fabricated from a stronger grade of steel than 

that of the web. The girders considered here are supported 

to prevent lateral buckling and the web slenderness is such 

that intermediate stiffeners are not required. 

In the usual design procedure, web depth, web 

thickness, and/or web slenderness ratio are selected to 

meet construction requirements, or by engineering judgment 

and experience. Then flange width and thickness are estimated 

in order to satisfy bending requirements. The cross section 

is checked to see if the stresses are below the allowable 

values. This is more or less a trial-and-error procedure 
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and the designer depends on his judgment in assuming the 

values for web depth, web thickness» etc. 

In optimum design, the procedure to obtain cross 

section dimensions is direct. Formulas and computer program 

to obtain optimum proportions were developed and are pre¬ 

sented in Appendices A and B. Several examples are worked 

out to illustrate the use of these formulas and the computer 

program. 
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CHAPTER H 

DESIGN CONSIDERATIONS 

2.1 Design Variables 

To specify a girder cross section* four dimensions are 

needed» web depth* web thickness* flange width and thickness. 

For a designed cross section* the moment and shear requirements 

must be satisfied. 

In optimum design, one additional requirement is con¬ 

sidered. This is that the cost of a girder cross section 

shall be minimized. Because the flange thickness is not a 

controlling factor, the number of design variables can be 

reduced by the following considerations* First, the girder 

considered herein has its compression flange laterally sup¬ 

ported along its entire length. Lateral and torsional buckling 

are prevented so that the flange width-to-thickness ratio won't 

affect the moment capacity. Second, in computing section 

modulus, the thickness of the flange may be neglected, for 

its thickness is quite small compared to the web depth. This 

is the case for most hybrid girders. From the considerations 

above, the flange width and thickness can be replaced by the 

flange area in determining girder proportions. Then there are 

three design variables - web depth, web thickness and flange 

area - to be considered in girder design. 
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2.2 Constraints 

The stresses in the girder must not exceed the allowable 

stresses. The allowable stresses are given by AISC formula 

1.10-1 for maximum allowable shearing stress and formula 1.10-5 

and 1.10-6 for maximum allowable bending stress. 

Formula 1.10-1 takes into account the fact that the 

failure of the web in shear may be due to either yielding» 

inelastic buckling, and/or elastic buckling, depending upon 

the web slenderness. Therefore there are different forms of 

shear formulas for different types of shear failure. It is 

convenient to use the web slenderness ratio to distinguish 

several ranges and in each range the appropriate form of 

formula. The boundaries between these ranges can be found by 

setting both sides of formula 1.10-1 equal. The plate factor 

k is taken to be 5«3^» considering that no intermediate 

stiffeners are provided. 

(1) In the range of low web slenderness ratio, the 

girder has a stocky web and yielding of the web in shear 

will occur before buckling. The allowable shear stress does 

not vary with the slenderness ratio. It is permitted to use 

Fv = °'4Fyw (la) 

(2) In the range of medium web slenderness ratio, the 

web fails in inelastic buckling instead of yielding in shear, 

when Cv £ 0.8. The allowable shear stress decreases with 

increasing slenderness ratio and is given by 

Fv = 151.924(Fyw)*/(h/t) (lb) 
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It is to be noted that the quantities herein are 

in units of kips and inches. 

(3) In the high web slenderness range, elastic buckling 

controls, when Cv $ 0.8. The allowable shear stress decreases 

in proportion to the inverse of the square of the slenderness 

ratio and does not vary with different grades of steel. It 

is given by 

(4) The allowable bending stresses are given by 

formula 1.10-5 and 1.10-6. Formula 1.10-6, which is derived 

from the flange yield moment of the hybrid girder, may apply 

to the whole range of web slenderness ratios. But if the 

slenderness ratio exceeds the value 76O//F^ , the so-called 

post buckling range, the allowable stress may have to be 

reduced, according to formula 1.10-5* These two formulas 

are 

(5) Maximum Web Slenderness Ratio Allowed 

In order to prevent vertical buckling of the flange 

into the web, the slenderness ratio is limited not to exceed 

l4000//Fyf(Fyf + l6.5) (AISC 1.10.2). Also, if intermediate 

stiffeners are not used, the web slenderness ratio shall not 

exceed 260 (AISC 1.10.5*3)• The maximum web slenderness ratio, 

then, is given by 

Fy » 83l48.79/(h/t)2 (lc) 

(2a) 

(2b) 
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( | )max = Min (260, l4000/]Pyf(Pyf + 16.5)] (3) 

2.3 Cost Function to be Minimized 

The cost of a girder cross section is given by 

Cost « (Density of Steel)*(2AfCf + AwCw) (4) 

in which C^ = the price of flange steel, in $£/lb. 

Cw - the price of web steel, in <f>/lb. 

It is more convenient to use the relative cost , C, 

in minimization. 

C * 2Af + (iAw (5) 

in which p = Cw/C^, the ratio of the steel plate price of 

web to that of the flange. Thus, if we have the relative 

cost of a cross section, the cost of the girder cross section 

is obtained by 

Cost = (Density of Steel)*(Relative Cost)*^ 

(6) 

In this optimization problem, the function to be 

minimized is the relative cost, C. 
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CHAPTER HI 

PROBLEM SOLUTION 

In working stress design, the Lending stress is taken 

to be the ratio of the given moment and the section modulus 

of the section. The section modulus is taken to be 

S * Afh + Awh/6 (7) 

in which the term, A^h, is obtained by neglecting the thickness 

of the flange compared to the web depth, h. Therefore, the 

moment constraint is given by 

M - Fb»S 4 0 (8) 

in which F^*, the allowable bending stress, is given by Eq. 2a 

or 2b. The shear stress is the ratio of the given shear and 

the web area. Therefore, the shear constraint is given by 

V - Fyht 4 0 (9) 

in which Fv, the allowable shear stress, is given by Eq. la, 

lb, or lc depending upon the web slenderness ratio. The web 

slenderness constraint is given by 

| - g ^ 0 (10) 

in which g equals the maximum web slenderness ratio defined 

by Eq. 3. 

The function to be minimized is the relative cost, C, 

given by 

C = 2Af + (3 ht (11) 
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3»1 Formulation of Optimization Problem 

The problem can be stated mathematically as « 

To Minimize o
 

II ro
 

4*
 

&
 

(12a) 

Subject to M - Fb'S £ 0 (12b) 

V - Fyht ^ 0 (12c) 

1-860 (12d) 

Using the Generalized Lagrange Function» F» and Lagrange 

Multipliers X^, X2» X^» function F is given by 

F * C + >X(M - Fb'S) + >2(V - Fyht) + >3(| - g) 

(13) 

The necessary conditions for a relative minimum are given by 

Kuhn-Tucker(4), as followsi 

Sç-o (14a) 

adr=o (14b) 

H-® (14c) 

and 

- Fb*S) = 0, » 0 (15a) 

A2(V - Fvht) - 0, A2 » 0 (15b) 

A^f^ ~ s ) = o, A3 ^ 0 (15c) 

The terms in Eqs. 15 mean that Aj = 0 when M - Fb*S < 0 

and > 0 when M - Fb'S = 0, similarily for other terms. 
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3.2 Discussion of Kuhn-Tucker Conditions 

Consider a girder cross section. If it is not fully 

stressed in bending, the flange area, may be reduced without 

affecting the web slenderness ratio and shear capacity, thus 

giving a. saving in cost. Therefore an optimum girder must 

be fully stressed in bending. In other words, M - Fb'S *= 0 

and >,>0. Then there are four possible sets of conditions 

in Eqs. 15, which are considered below 1 

3.2. a Fully Stressed in Shear, Web Slenderness not at its Maximum 

These state that the web slenderness ratio is below 

the allowable maximum value and the cross section will be 

fully stressed in bending and shear. Starting from the low 

slenderness range to the allowable maximum and considering 

those applicable stress formulas in Section 2.2, it is found 

six possible cases exist. They are the cases from first to 

sixth in the next section. 

3»2.b Not Fully Stressed in Shear, Web Slenderness not at 

its Maximum 

These state that the cross section will be fully stressed 

> 0, M - Fb*S = 0 

A2 > 0, V - Fyht = 0 

>3 = °» t " g < 0 

(16.a) 

(16.b) 

(16.c) 

> 0, M - Fb'S = 0 

A2 =0* V - Fyht < 0 

A3 • °» I “ S < 0 

(17.a) 

(17.b) 

(17.c) 

9 



in bending but partially stressed in shear. If the allowable 

bending stress is given by Eq. 2b and Eqs. 14 are satisfied, 

then 2Af + ^>ht = 0 is the requirement for a relative minimum. 

Obviously, no such girder cross section exists. But if the 

allowable bending stress is given by Eq. 2a and Eqs. 14 are 

satisfied, the solution may be permissible. This is a special 

case which will be discussed separately from the other cases 

in the next section. 

3.2.c Fully Stressed in Shear, Web Slenderness at its Maximum 

\ > 0, M - Fb'S = 0 (18.a) 

A2 > o, V - Fyht = 0 (18.b) 

A3 > 0, I - e =■ o (18.c) 

For this case, the slenderness ratio is at its maximum 

and the cross section is fully stressed in bending and shear. 

This is Case 7 in the next section. 

3.2.d Not Fully Stressed in Shear, Web Slenderness at its 

Maximum 

> 0, M - Fb'S = 0 (19.a) 

>2=0, V - Fyht < 0 (19.b) 

>3 > 0, | - g = 0 (19.c) 

In this case, the slenderness ratio is at its maximum, 

the bending stress is at its maximum, but the shear capacity 

is not fully used. This is Case 8 discussed later. 
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3*3 Cases which have Permissible Solutions 

It is necessary to distinguish eight cases in designing 

an optimum girder. The method of obtaining the solutions in 

each case is described below. The resulting formulas for 

design are given in Appendix A. 

CASE 1. Thick Webi Failure at the boundary of Yielding and 

Inelastic Buckling in Shear 

The bending stress is given by Eq. 2b. If the 

allowable shear stress is given by Eq. la, then the solution 

which satisfies Eqs. 14 & 15 is 

Af + (3<A - O«3)Aw/12 = 0 (20) 

Because <*<1 and (3<?(.-<<?) is always larger than zero, the 

relation of flange to web area in Eq. 20 can not hold for an 

actual girder. But at the boundary separating the applicability 

of Eq. la and lb for shear stress, the solution for an optimum 

girder does exist. The shear stress formula changes at this 

boundary and the optimization process described by Eqs. 14 

does not apply. However, the web slenderness ratio is fixed. 

Then the three design variables h, t, and A^ can be found by 

applying Eqs. 16. The results are listed in Appendix A, Case 1. 

The flange-to-web area ratio is a linear function of moment- 

shear parameter (wyV1*^), as indicated by Eq. A.4. 
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CASE 2. Medium Web» Failure by Inelastic Buckling in Shear 

In this range of web slenderness ratio, the failure 

of web is controlled by inelastic buckling in shear. The 

allowable shear stress is given by Eq. lb and the bending 

stress by Eq. 2b. From Eqs. 14, it turns out that the flange- 

to-web area ratio is constant and given by Eq. A.9 This 

flange-to-web area ratio together with Eq. 16 furnishes 

three relationships to determine the three design variables. 

The results are listed in Appendix A, Case 2. 

CASE 3* Medium-Thin Webs Failure by Buckling at the boundary of 

Elastic and Inelastic Ranges 

In this case, failure in the web is due to either 

elastic buckling or inelastic buckling in shear. The 

allowable shear stress is given by either Eq. lb or lc, 

the bending stress by Eq. 2b# The web slenderness ratio 

is at the value separating the ranges of applicability of 

Eq. lb and lc, and is thus fixed. Three relations are 

available and are solved for the design variables as for 

Case 1. The optimum flange-to-web area ratio is a linear 

function of the moment-shear parameter, as indicated by 

Eq. A.14# The optimum web depth and web thickness are 

given in Appendix A, Case 3« 
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CASE 4. Thin Web« Failure by Elastic Buckling in Shear 

In this range, failure in the web is due to elastic 

buckling in shear. The shear stress is given by Eq. lc and 

the bending stress by Eq. 2b. From the conditions of Eqs. 14, 

the flange-to-web area ratio is found to be constant and 

given by Eq. A.19» Thus the web depth and thickness are 

determined from moment and shear requirements and the 

results are given in Appendix A, Case 4. 

CASE 5» Thin Web: Elastic Buckling in Shear, incipient 

Buckling in Compression 

The allowable shear stress is given by Eq. lc 

and the bending stress by Eq. 2a or 2b. The web slenderness 

ratio is found at the value separating the ranges of appli¬ 

cability of Eq. 2a and 2b, and is given by Eq. A.26. Thus 

three relationships, moment, shear, and web slenderness 

ratio are sufficient to determine the three design variables. 

The results must be obtained by solving a cubic equation 

in terms of (A^/Aw). The necessary formulas are listed in 

Appendix A, Case 5» 

CASE 6. Very Thin Web* Buckling in Shear and Compression 

The allowable shear stress is given by Eq. lc and 

the bending stress by Eq. 2a. It is required to satisfy 

both Eqs. 14 and 16 to obtain the optimum cross section. 

Because the allowable bending stress is now a function of 

the web slenderness ratio and the flange-to-web area ratio, 
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the analysis is more complicated. By satisfying Eqs. 14, 

a cubic equation, Eq. A.29* which relates the flange-to- 

web area ratio and web slenderness ratio is found. The 

solution for web slenderness ratio is obtained by solving 

Eq. A. 30, a nonlinear algebraic equation given in Appendix 

A, Case 6. After getting the values of h/t and -A^./Aw, it 

becomes a simple matter to find the web depth, web thickness 

and flange area by satisfying the moment and shear requirements. 

CASE 7* Minimum Web* Fully Stressed 

This is the case for which Eqs. 18 apply. The 

web slenderness ratio is at its maximum and the cross section 

is fully stressed in bending and shear. The shear stress is 

given by Eq. lc. The web depth and thickness can be obtained 

from the shear requirement. 

If the bending stress is given by Eq. 2b, then 

the flange-to-web area ratio is given by Eq. A.39 in Appendix 

A, Case 7«a. 

If the bending stress is given by Eq. 2a, then 

the flange-to-web area ratio has to be solved from a quad¬ 

ratic equation, Eq. A.4l, in Appendix A, Case 7.b. 

CASE 8. Minimum Web* Not Fully Stressed 

This is the case for which Eqs. 19 apply. 

The web slenderness is at its maximum and the cross section 

is fully stressed in bending but partially stressed in shear. 

If the bending stress is given by Eq. 2b, then 
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the flange-to-web area ratio which satisfies Eqs. 14 is 

constant. The design formulas are listed in Appendix A, 

Case 8.a. 

If the bending stress is given by Eq. 2a» from 

the conditions of Eqs. 14, the flange-to-web area ratio 

has to be solved from a cubic equation. The design 

formulas are listed in Appendix A, Case 8.b. 

SPECIAL CASE 

This is the case where Eqs. 14 and 17 are satisfied 

and the bending stress is given by Eq. 2a. The range of 

applicability is the same as for Case 6. The optimum 

flange-to-web area ratio has the form given by, 

Af . H3(h/t)+H4 . . 
AW HI (h/t)+H2 

in which HI, H2, H3# and H4 are functions of and F, - 
yi» 

Comparing the numerical solutions obtained in this 

case to that of Case 6 reveals that the cost is higher here 

than for Case 6. Therefore, this case is never optimum. 

3*4 Materials. Strengths and Price Ratios Considered 

Here we consider AJ6, A572, and A514 grades of 

steel plates which have yield strengths of 36, 42, 45, 50, 

55, 60, 65, and 100 ksi. Choosing the average prices for 

different grades of steel plates and using the least squares 
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method to approximate the web-to-flange steel plate price 

ratio,p is taken to be 

0.68^+11.5 ?vw 

0.68^+11.5 Fyf 
(22) 

for different yield strengths of web and flange steel, 

except for = 100 ksi. Using this fi value, the optimum 

flange-to-web area ratio can be obtained and plotted on 

semilog paper with moment-shear parameter, as 

abscissa. Plots of this kind are shown from Fig. 1 to 

Fig. 7. It should be remembered that the dimensions used 

here are inches and kips so that the moment-shear parameter 

has the dimension of inchAip0*^» In Fig. 1, the ranges 

of the eight cases are indicated. In the other figures, 

the cases are not indicated but they are similar to Fig. 1. 
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CHAPTER IV 

DESIGN EXAMPLES 

To illustrate the use of the formulas developed 

herein, several examples are given. Using (irç/V*'-*) as an 

index, a computer program given in Appendix B may assist 

the designer to find the boundary for each case, and thus 

to determine which case the problem belongs to. 

EXAMPLE 1. 

This example is selected to compare the difference 

in the method of analysis and results with that of Schilling 

(2). Referring to Schilling's example for a hybrid girder, 

the cost and web slenderness are given, the variable to be 

maximized is section modulus. The cross section he obtained 

is h = 31»3 in. 

t « 0.521 in. 

Aj. = 3*09 sq.in. (compression flange area) 

Cost = 84.9 S^/in. 

And the permissible bending moment will be, 

M = 0.6Myf = 0.6(14050) = 8430 kip-in. 

the permissible shear force, 

V = 0.4Fyfht « 0.4(36)(31.3)(0.521) * 234.8 kips 

To redesign the girder by formulas developed herein, 

using the same materials and prices, and the same allowable 

bending moment and shear. First, compute the basic data, 
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(1 = Cw/Cf = 10.0/22.2 « 0.45 

« “ Fyw/Fyf = 36/100 = 0.36 

IV/V1*5 = 8430/234.81,5 = 2.345 

Applying Eq. A.10 in Appendix A, the range of Case 2 

is given by 1.213 4 M/V**3 4 2.519» Thus this optimum girder 

is in the Case 2 category. The design cross section is 

determined by using Eq. A.7» A.8, and A.9» The results are 

h = 44.65 inçh 

t = 0.508 inch 

Aw = ht = 22.66 sq.in. 

Af/Aw = A/2 -(3O£-OC
3
)/6 = 0.05278 

A^. = 1.20 sq.in. 

Cost = 0.283(2Af + £ht)Cf - 79» 1 $/in. 

Thus this optimum girder is 42.776 deeper, 11.4$ 

heaver but 6.8$ cheaper than that of Schilling's. 

EXAMPLE 2 

This example is taken from Manual of Steel Construction 

(3)» plate girder design example 3» The problem is« Using 

F = 36 ksi, design the section of a 52 inch deep welded plate 
«X 

girder with no intermediate stiffeners to support a uniform 

load of 2.4 kips per linear foot on an 85 ft. span. The 

girder will be framed between columns and its compression 

flange will be laterally supported for its entire length. 

To find the optimum cross section, assume no limitation 

on girder depth. 

18 



The maximum bending moment and vertical shear are 

computed as, 

M = 2.4(85)2(12)/8 » 26010 kip-in. 

V = 2.4(85)/2 = 102 kips 

Then, Iv/v1,5 = 25*25 

Applying Eq. A.27 in Appendix A, the range of Case 5 

is given by 22.39 ^ M/V1*-* 4 26.41. Therefore this problem 

is in Case 5» Solving Eq. A.23 and then using Eq. A.24 and 

A.25» the design dimensions are calculated asi 

Af/A* = 0.335 

t = 0.448 inch 

h = 73*2 inch 

Af = (73,2)(0.448)(0.335) = 11.0 sq.in. 

This optimum cross section is 13*4?S lighter but 

46.4^ deeper than the Manual design. 

EXAMPLE 3 

Consider a hybrid girder carrying a uniformly dis¬ 

tributed load of 2 kips/in. throughout the span. The com¬ 

pression flange is laterally supported. Use 100 ksi steel 

in the flange and 36 ksi steel in the web. The price ratio 

ft is taken to be 0.51. Because the applicable range of 

Case 4 is 91.22 £ h/t $ 171«40, but by the requirement of 

Eq. 3» h/t ^ 129.71» Case 5 and 6 are squeeze out and Case 

7.a and 8.a are considered after Case 4. The boundaries 

between cases are calculated and listed below 1 
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Case 1 2 3 4 7,a 8.a 

M/V1*5 0.75-1.48 1.48-3.06 3.06-4.08 4.08-14.0 14.0-21.0 21.0- 
1 

If girder spans of 10 ft* 20 ft* and 30 ft are 

considered* these girders fall in Case 2, Case 3* and Case 4. 

Formulas in Appendix A can he used to find the girder dimensions 

directly. The results are tabulated belowi 

Girder Span, ft 10 20 30 

Case Applied 2 3 4 

M, kip-in. 3600 14400 32400 

V, kips 120 240 . 360 

in./Kip^ 2.738 3.873 4.743 

h, inch 31.29 46.81 61.12 

t, inch 0.363 0.513 0.642 

Aj>/Aw 0.083 0.128 0.139 

Af, sq.in. 0.94 3.06 5*46 

EXAMPLE 4 

Design a hybrid girder to support a bending moment 

of 640 kip-in. and a shear force of 6 kips. Suppose lateral 

buckling is prevented. Material strengths are F^ = 60 ksi 

and FyW = 36 ksi. The price ratio /5, from Eq. 22, is O.872 

so that the curve for F^ » 36 ksi, in Fig. 6, can be used. 

Solution : 

M/V1,5
 = 43.55 

From Fig. 6 the corresponding value of Af/Aw equals 

O.307 and is in Case 5* Applying Eq. A.24 and A.25, in 
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Appendix A 

t = 0.11 inch 

h = 19.1 inch 

Af = O.65 sq.in. 

EXAMPLE 5 

Consider a hybrid girder with a concentrated load 

of 0.32 kips acting at the center. Use 60 ksi steel in the 

flange and 36 ksi steel in the web. The price ratio is taken 

to be O.872, from Eq. 22. Lateral buckling is prevented. 

a. If the girder is 8 ft long, then 

V = 0.l6 kips 

M = 7*68 kip-in 

irç/v1*^ = 120, referring to Fig. 6, it falls 

in Case 7*b. 

The web thickness and the web depth are determined 

directly from Eq. A.37 and A.38* The flange area is obtained 

by solving Eq. A.41. 

t = 0.02 inch 

h = 4.12 inch 

Af = 0.042 sq.in 

b. If the girder is 16 ft long, then 

V = 0.l6 kips 

M = 15»38 kip-in. 

I/j/V1*-* = 240, referring to Fig. 6, it falls 

in Case 8.b. 
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206.64. The web slenderness ratio is fixed, h/t = 

The flange-to-web area ratio is found by solving Eq. A.47, 

Af/Aw = 0.605 

Using Eq. A.48 and A.49, we obtain 

h = 4.964 inch 

t = 0.024 inch 

Af = 0.072 sq.in. 
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CHAPTER V 

CONCLUSIONS 

In this study» wet thickness, web depth and flange 

area are determined to provide optimum girder proportions* 

These proportions satisfy the bending and the shearing 

requirements and give the minimum cost compared to other 

possible proportions. Sufficient information is presented 

herein to permit the design of the optimum girder. For a 

prescribed bending and shearing force, the moment-shear 

parameter (Hl/v J) is used to determine in which case the 

girder falls and, therefore, which formulas are to be used 

to determine the optimum design variables. The loading 

may range from very high shear and small moment to very 

large moment and small shear. The use of this information 

is illustrated by several examples. It is shown that the 

optimum cross sections are generally deeper than conventional 

sections. 

It is worth noting that in Example 3» only six cases 

occur instead of eight. Thus, when the web-to-flange yield 

strength ratio, , is small (say less than 0.6), it may 

become necessary to check the range of applicability of web 

slenderness ratio, in Case 4 and 5* not to exceed the maximum 

allowable web slenderness ratio, g, defined by Eq. 3» 
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APPENDIX A 

CASE 1 - 

3.852 

CASE 2 

DESIGN FORMULAS FOR OPTIMUM HYBRID GIRDERS 

Thick Webi Failure at the Boundary of Yielding 

and Inelastic Buckling in Shear 

Fy » given by Eq. la or lb 

F^' , given by Eq. 2b 

h/t = 379.810/Fyw* (A.l) 

t « 0.081131 vVFyw* (A.2) 

h « 30.8144 VVF^0*75 (A.3) 

4 & °-2l635*< "l.5> - (A.4) 

(3 < 
ty *.15 V 

yw 
23.111 

3<rt- oO 
 6" ) 

<XF yw 
(A.5) 

Medium Web* Failure by Inelastic Buckling in Shear 

Fy t given by Eq, lb 

F^* » given by Eq. 2b 

379.810 ^ h 547.305 
p 2 ^ F 2 

yw yw 

t - 0.081131 V2/^* 

(A.6) 

(A. 7 ) 
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h = 6.40982 
oC 

i 

( /i - (3 e* - ot3)/6) = 
-X 

A 
M2 

F V4 
(A.8) 

yw 

_ JL 3ot - c*3 2 " 6 (A.9) 

3o( -c*3 3o< « o< 3 

23.111 ^ P—** 8 ) y M ✓ 47.989 ■(.. , 6l  ) 0*111 _ n .o< ^ yl.5 * 0#75 Q/p 0*75 
*ryw 

(A.10) 

CASE 3 - Medium-Thin Web» Failure by Buckling at Boundary 

of Elastic and Inelastic Ranges 

Fv » given by Eq. lb or lc 

F^* » given by Eq. 2b 

h/t = 547.305/Fy/ 

t = 0.081131 V2/Fyw* 

h = 44.4034 VVF^0*75 

(A.11 ) 

(A.12) 

(A.13) 

7Ç " °-0104l7 (A-l4> 

3L^3 3 o(-dl 3 

47-989 (L O?»1 « -^.s « 63-985 (P;F o?75 
J 

(A.15) 

26 



CASE 4 - Thin Webt Failure by Elastic Buckling in Shear 
I 

Fv » given by Eq. lc 

Ffc* » given by Eq. 2b 

547.305 / h / 760 + 1000(o(3 - 3c* + 2)  
Fy/ " * SsJ^F^f 6 + l.^t/3- 7(3o/-ol?)/24) 

t = 0.044789 

h = 7.471061 

(A.l6) 

  1 x: 
W v7 MV 7 (A.17) 

Ip- (3■i-d?)/6fr F 
VT 

V 

 1   3. 
V7 

M (A.18) 
C(i- (3oc—0ë)/6f^ V^F ? yf 

(p —Iç’OK-PC*')) (A.19) 

63.9852 ULL 
oC F 0.75 

1 < -T.5 < 1» 6683x10**® ( |1 - 
25^2.. 7/“ 

)( 
yw 

(A.20) 
y* 

where (^)u#^ indicates the upper bound of slenderness ratio 

in this case. 

CASE 5 ~ Thin Webt Elastic Buckling in Shear, Incipient 

Buckling in Compression 

Fy » given by Eq. lc 

F^* , given by Eq. 2a. or Eq. 2b 

27 
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<0.6Fyf)S 6+ i 

760 .IPOOfoC 1000 (cC3-3ot+2 ) 
1 

(A.21) 

where X is the upper bound on A^/Aw for Case 5 and is 

obtained by solving 

(6A3-6A1+2000-12000A2)(^)3+(A3“A1+12A2A344000A2- 

24000A2
2)(H)2+(2A2A3+2000A2

2-12000A2
3)(|~)+A2

2A3 - 0 

(A.23) 

in whloh . = 83148 
(°‘6Pyf) V 

A2 =(3*-0<?)/l2 

A3 = 760/(0.6Fyf)^ 

After getting the value of Af/Aw> the web thickness 

18X3+(-4.5/(0.6Fyf )^-4.5(<<3-3«t+2)-12p+10)X2 

+C-1.52/(0.6Fyf )«-13 (*3-3^+2 )/l2 -2|i+7/6)x 

+(-(i(oC3-3(^+2)/6-0.38/3/(0.6Fyf)^) = 0 (A.22) 

Af/Aw may be obtained by solving the following 

cubic equation* 
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and depth are found from 

t = 0.04227 
MV 

râf + &LZSL—\F 

• Aw 12 

h = 6.279 

12 

M 

yf. 

Vr 

'/7 

.A* 3t>< -ot a * 
( f + rj-^> )FyfV 

w 

Also, 

h = 760 , + 1000(pt -3*+2) 

* (0.6Fvfr 6 + Aw/Af 

(A.24) 

(A.25) 

(A.26) 

To find the range of applicability in terms of the 

moment-shear parameter, Eq, A.27 may be used, using the 

upper bound or the lower bound value for h/t and Af/Aw. 

^ c = 2.502461x10 
-8/h)\A£ + )F 

(t'X, 12 'r: yf (A.27) 

CASE 6 - Very Thin Webt Buckling in Shear and Compression 

Fv » given by Eq. lc 

F^' » given by Eq. 2a 

14000 
(Upper Bound of Case 5) 4 - ^ Min(260,^“^— 

(A.28) 
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From the optimum requirement# the following cubic 

equation should be satisfied» 

18 (èlp + (-12 p + 7 + 0.021—^ r “ 0.027|\-7^)2 

\ ' (0.6Fyf)« ^ \ 

+ (0.0055 - 0.0065 £)(*£) + (-0.001(7) + 0.001-^ r)p 
(0.6Fyf)

2 * Aw * (0.6Fyf)* r 

= 0 (A.29) 

The required h/t may be found by solving the nonlinear 

algebraic equation# ie, 

D1(/i)Y
lJ4+ D2(p)Y>%+ D3(^)Y^+D4(p)YH4+(D5(p)Y1 + D6(P)Y* 

+ D
7
(
P

)YT
J< F "l.s > + [D8(P)ï%+ D

9
(
P
)Y7/

'J
(
7~î75

)2 

yfv ryf 

+ D10(p) 

vv H  
1.5 

* 

(A.3O) 

where Y = *£ 

d = 83148.79 

X = 0.38/(0.6Fyf)® 

D^p) = 10“9(-324p+ 108)/d4'5 

D2(p) = 10~6((-2l6p2 - 144 p + 72) + (I728/S- 576)x)/d4,5 

D3(p) = 10“3 ((-l44|32+12(i+12)+(864(i2+432 p-240)X 

+(-3024^+1008 )XZ]/<^'5 
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= ((-24p2+8p)+(288|3.2-48p-l6)X+(-864p2-288p+192)X2 

+(l?28p-576)X3)/d4,5 

D5(p) = 10~5(-l62p+99)/d3 

D6(p) = 10~2 ((-l44p£+156p-17)+(504p-282)x]/d3 

D?(p) = [(480p2-100p)+(2880p2-2640p+320)X+(-3600p+1920)X2yd3 

Dg(p) = -1.95/d3 

D9(p) = [(-2400p2-400p)+(-2400p+3300)xJ/d3 

Dl0(p) = 6000 p 

After getting the value of h/t, the web dimensions 

are readily found from shear requirement. 

this case is just between the upper bound of Case 5 and 

lower bound of Case 7* 

(A.31) 

(A.32) 

1 
The range of applicability in terms of Hl/V D for 

Let 
(A.33) 

kx = 0.0005(g - 760/(0.6Fyf)®) 

d = 83148.79 

(A. 34) 

(A.35) 
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CASE 7 - Minimum Web» Fully Stressed 

Fv f given by Eq. lc 

h _ 
t “ g U.36) 

h = g1,5V0,5/<3°'5 (■A.37 ) 

t - g°-V-5/d0’5 (A.38) 

7.a If g $ (Upper bound of Case 5)» the bending stress 

formula Eq. 2b applies. The flange-to-web area 

ratio is 

tl _ 39.96xl06 M _ 3*-c*3 

■^W g3*5p yl* 5 12 (A. 39) 
yf 

1 *5 
The lower bound for this case in terms of I0T

D 

is found at the intersection of the applicable range of the 

former case, ie, Case 4 or Case 5* and Case 7»1* 

The upper bound is given by 

^1.5 4 25.03x10-V5Fyf< (5 - 2(A.40) 

7.b If g > (Upper bound of Case 5)t the bending stress 

formula Eq. 2a applies. The optimum value of Af/Aw 

is found by solving 

6<£)2 ♦ (1 - *4 - 
w 1 Fyfg

J> D 
_M 

.V 1.5'
VA, 
)(/) - k. = o (A.41) 

w 
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The lower bound in terms of M/V**3 is found at the 

intersection of the applicable range of Case 6 and Case 7.b. 

The upper bound is found by substituting the optimum 

value of Af/Aw obtained from Case 8.b into Eq. A.42. 

0.6Fvf g3*5 

(1.0 ¥wu
Af . 

A Mr * 
Af \ 

U.42) 

CASE 8 - Minimum Webi Not Fully Stressed 

Fv t less than that given by Eq. 1c 

g (A.43) 

8.a If g ^ (Upper bound of Case 5)» the bending stress 

formula Eq. 2b applies. The optimum Af/Aw is constant. 

3*- *3 

4 

< gM 'J J 

h=lo.6Fyf(P->^rj 

*= (o.6Fyfg2<p- 

(A,44) 

(A.45) 

(A.46) 

8.b If g > (Upper bound of Case 5)» the bending stress 

formula Eq. 2a applies. 
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The optimum Af/Aw is obtained by solving the following 

cubic equation. 

6(^)3 + (3 - - 5l4(^) = 0 (A.47) 

After getting the value of Af/Aw, the web depth and 

thickness are calculated from 

■'5 

h = 
gM 

t = 

0.6VV*W - ** * !/« * 

M 

(A.48) 

°*6FyfS (Af/Aw " + 1/6 - Vw/6Af) 

(A.49) 
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APPENDIX B 

The computer program is written in Fortran and 

gives the boundaries for the possible cases. 

Input data is Fyft Fyw, Cf, and Cw. 

The output gives the flange-to-web area ratios 

and the moment-shear parameters, trç/V1**’, from the lower 

boundary of Case 1 to that of Case 8. 
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C FORTRAN PROGRAM TO FIND BOUNDARIES BETWEEN EACH POS3BLE CASE 

C 

IMPLICIT REAL*8(A-H »O-Z) 

NAMELIST /DATA/FY.FW, CF.CW 

12 READ (5.DATA,END=99) 

ARFA=FW/FY 

BETA=CW/CF 

A= (3.0-ARFA*ARFA)*ARFA 

B=BETA-A/6.0 

C=760.0/DSQRT(0.6*FY) 

RFVNDSQRT(FW) 

Gl=l4000/DSQRT(FY*FY+l6.5*FY) 

IF (260.0 .GE. Gl) GO TO 74 

G=260.0 

GO TO 19 

74 G=G1 

19 TWEB=0.0811309958/DSQRT(RFW) 

H1T=379« 8100003/RFW 

H2 !B=547.3 051583/RFW 

H4ü>=C+1000. 0*(2.0-A )/(6.0+1.5/(BETA-7.0*A/24.0 ) ) 

HHT1=H1T*H1T*(TWEB**3) 

HHT2=H2T*H2T*(TWEB**3) 

AMV01=0.6*FY*A/12.0*HHT1 

A MV12= 0.3 *FY*B *HH T1 
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AMV23= 0.3 *FY*B*HHT2 

AM345=1.668307489*B*FY/10**8 

AMV3^=AM345*DEXP(3.5*DL0G(H2T)) 

AMV45=AM345*DEXP(3.5*DLOG(H4T)) 

AREA=0.0 

AREA2= BETA/2.0-A/6.0 

AREA4=2.0/3.0*(BETA-7.0*A/24.0) 

WRITE (6,11) FY,FW,ARFA,BETA 

11 FORMAT (7X, ' FY = • ,F6.2, *KSI' ,5X, ' FW =» ’.Fô^.'KSI* 

&,5X,*ALFA = •,F7.5»5X,*BETA = *,F7.5) 

WRITE (6,13) AREA,AMV01,AREA2,AMV12,AREA2,AMV23»AREA4,AMV34 

13 FORMAT (2?X, * AF/AW J0T •/ 

&26X,2(F10.6,10X)/26X,2(F10.6,10X)/26X,2(F10.6,10X)/ 

&26X,2(F10.6,10X)) 

14 FORMAT (26X,2(F10.6,10X)) 

IF (G.LE.H4T) GO TO 16 

WRITE (6,14) AREA4,AMV45 

C 

C BOUNDARY BETWEEN CASE $ AND CASE 6 

Rl=10.0-12.0*BETA-0.006*C-4.5*(A+2.0) 

R2=7* 0/6.0-2.0*BETA-0.002*C-13.0*(A+2.0)/l2.0 

R3=-BETA*( A+2.0 )/6.0-0.0005*C/3.0 

XO=0.3 

66 FO=((18.0*XO+R1)*XO+R2)*XO+R3 
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FODR=(54.0*X0+2.0*R1)*X0+R2 

Xl-XO-FO/FODR 

IF (DABS(FO). LE. 1.0D-10) GO TO 65 

X0=X1 

GO TO 66 

65 H5T= C+IOOO.0*(A+2.0)/{6.0+1.0/X) 

IF (G.LE.H5T) GO TO 17 

T56=DSQRT(H5T/83148.78893) 

HHT5=H5T*H5T*(T56**3) 

AMV56=0.05*FY*HHT5*(12.0*X1-A) 

WRITE (6,14) X1,AMV56 

GO TO 75 

C 

C BOUNDARY BETWEEN CASE 6 AND CASE 7 

75 T67=DSQRT(G/83l48.78893) 

HHT7=G*G*(T67**3) 

CK=0.0005*(G-C) 

Dl=7« 0-12.0*BETA+0.021*C-0.027*G 

D2=o.0055*0-0.0065*G 

D3=-2.0*BETA*CK 

XO0.6 

77 F0=((18.0*X0+D1)*X0+D2)*X0+D3 

FODR=(54.0 *X0+2.0 *D1)*X0+D2 

X2=X0-F0/F0DR 
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IF (DABS(FO). LE. 1.OD-IO) GO TO 76 

XO=X2 

GO TO 77 

76 AMV76=(X2-CK/6.0/X2+1.0/6.0-CK)*0.6*FY*HHT7 

WRITE (6,14) X2,AM776 

C 

C BOUNDARY BETWEEN CASE 7 AND CASE 8 

El=3.0-6.0*BETA-18.0*CK 

E2=-5.0*CK 

E3=-BETA*CK 

X0=0.6 

88 F0=((6.0*X0+E1)*X0+E2)*X0+E3 

FODR=(18.0*X0+2.0*E1)*X0+E2 

X3=X0-F0/F0DR 

IF (DABS(FO). LE. 1»OD-IO) GO TO 87 

X0=X3 

GO TO 88 

87 AMV78= (X3-CK/6.0/X3+1.0/6.0-CK)*Q.6*FY*HHT7 

WRITE (6,14) X3.AMV78 

GO TO 12 

16 AW47=AMV345*DEXP(3.5*DLOG(G)) 

AMV78=25.03*AMV47/l.6683 

AREA78=BETA-A/4.0 

WRITE (6,14) AREA4,AMV47,AREA78,AMV78 

GO TO 12 
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17 AREA57=1.0/((1000.0*(2.0-A)/(G-C)-6.0) 

AMV57=2.50246/10.**8*(AREA57+A/l2.0)*FY*DEXP(3.5* 

&DL0G(G)) 

AMV78=25.03*AMV47/l.6683 

AREA78=BETA-AA« o 

WRITE (6,14) AREA57.AMV57» AREA78,AMV78 

GO TO 12 

99 STOP 

END 

40 



(X) O 

6 *$— I $ p 
<t|<t 

41 

F
IG

. 
I. 

O
P

T
IM

U
M
 

C
R

O
S

S
-S

E
C

T
IO

N
A

L
 

A
R

E
A

 



(O 

6o. 

JSü 

N 
c 

• w 

iO •* 

’> 
\ 
2* 

CO 

d 
< < 

d 

42 

F
IG

. 
2
. 

O
P

T
IM

U
M
 

C
R

O
S

S
-S

E
C

T
IO

N
A

L
 

A
R

E
A

 



O 
O 
O 

tf> OJ CO 
ro 

Cf) OJ co 
^ sj* ro 

55 

lf> 

II 

O 
O 

m 

iq •* 
“> 
\ 

d 
co . * o 
O *+~| 5 o 

<l< 

43 

F
IG

. 
3.
 

O
P

T
IM

U
M
 

C
R

O
S

S
-S

E
C

T
IO

N
A

L
 

A
R

E
A

 



O 

«n 
d û. 

N 
» 

c 

io •» 

> 
\ 
2 

® + O 
O I 5 O 

<l< 

44 

F
IG

. 
4;
 

O
P

T
IM

U
M
 

C
R

O
S

S
-S

E
C

T
IO

N
A

L
 

A
R

E
A

 



8
*0

 

in 

C 

in ** 

~> 
\ 

TZ\ > 
< < 

<* 

o 
o 

45 

F
IG

. 
5.
 

O
P

T
IM

U
M
 

C
R

O
S

S
-S

E
C

T
IO

N
A

L
 

A
R

E
A

 



0
.8

 
o 

5 
< 

d 
o 

46 

F
IG

. 
6

. 
O

P
T

IM
U

M
 

C
R

O
S

S
-S

E
C

T
IO

N
A

L
 

A
R

E
A

 



O 

CD 

O I 5 

< < 
O 

o 

47 

F
IG

. 
7
 

O
PT

IM
U

M
 

C
R

O
S

S
-S

E
C

T
IO

N
A

L
 

A
R

E
A

 


