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ABSTRACT 

POTENTIAL FIELDS FROM CARDIAC STRANDS OF CYLINDRICAL GEOMETRY 

by 

Nirmala Ganapathy 

This paper deals with the classical forward and inverse volume con¬ 

ductor field problems associated with the isolated active cardiac 

strand. The Purkinje fiber and the atrial trabeculum are chosen as 

specific examples of cardiac tissue that may be well modeled by cylindr¬ 

ical geometry. The electrical behavior of these strands is modeled in 

terms of the electrical activity of an equivalent single cell, with a 

representative membrane that separates an anisotropic intracellular 

medium from an isotropic extracellular medium. The isolated single 

atrial muscle fiber is also studied as an interesting special case. A 

Potential theory model is developed for the strand, that is based on a 

solution of Laplace's equation in the media of interest, subject to 

appropriate boundary conditions. The solution for potential at an arbi¬ 

trary point in the extracellular medium is in the form of a Fourier 

integral; the equation is subsequently reformulated into a more con¬ 

venient computational form using a discrete Fourier transform (DFT) 

method. Implementation of this method using a Fast Fourier Transform 

(FFT) technique, results in a fast and efficient numerical algorithm for 

the calculation of volume conductor potentials. A benefit of this 

approach is that the classical forward and inverse problems in electro¬ 

physiology may be viewed as equivalent filtering problems. Thus not 



only can volume conductor field potentials at varions distances from the 

strand be easily and rapidly computed, but given field potential data, 

good estimates of the action potential waveform can also be obtained 

provided the signal to noise ratio is adequate. 



ACKNOWLEDGEMENTS 

I am very grateful to Dr. T. W. Clark, without whose help this 

thesis would not have been possible. I thank Oven Wilson for taking the 

time to discuss certain problems in signal processing with me and for 

some very useful suggestions. My friends and colleagues were there when 

I needed them. Thank you to all of you. Most important of ail» I thank 

my family for their wonderful patience and their staunch support 

throughout the project. 



TABLE OF CONTENTS 

CHAPTER 

1. INTRODUCTION 1 

1.1 Introduction....   1 

1.2 Anatomy of Strands... ..5 

1.3 Electrophysiology of Strands 10 

1.4 Outline of the generalized model. 14 

2. THE MODEL 19 

2.1 The Forward Problem....   .....19 

2.2 The Idealized Inverse Problem 39 

3 . DISCRETE FOURIER METHODS OF SOLUTION 43 

3.1 Digital Signal Processing 43 

3.2 Forward Solution   .46 

3.3 The Inverse Problem.... 52 

3.4 Computational Aspects.....   59 

4. SIMULATION RESULTS 61 

5. CONCLUSIONS AND FUTURE PROJECTIONS 78 

5.1 Discussion of Results   78 

5.2 Conclusions and Extensions of the model.... 80 

BIBLIOGRAPHY 82 

APPENDIX — Program listings 86 



CHAPTER 1 

Introduction 

1.1 Introduction 

As a result of the electrical activity of cardiac muscle, au 

electric field is established in the conducting region of the body 

surrounding the heart. The potentials that are recorded at the sur¬ 

face of the body, resulting from cardiac activity, are called elec¬ 

trocardiograms (EGGs). Historically, mathematical modeling of car¬ 

diac activity has developed along several different lines, each 

approach being highly dependent on the particular objectives of the 

modeling study. For the case of electrocardiography, one might con¬ 

sider the electrical activity of the heart to be characterized by a 

set of current sources that are distributed both in time and space. 

These physical sources cannot be evaluated uniquely from surface 

potentials, however this problem may be circumvented by introducing 

the concept of an "equivalent cardiac generator" [10]. The 

equivalent generator is a source or a collection of sources that 

replaces the actual bioelectric sources, but produces the same poten¬ 

tial distribution on the surface of the body. One such model (the 

multipole model [9,16,46]) corresponds to the set of coefficients of 

a multipole expansion which best approximates the surface potential 

distribution. Although lacking in physical interpretation, the 

electrical activity of the heart may be characterized by only a few 
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terns in the multipole expansion for potential. Usually only the 

dipole and quadrupole terms in the multipole expansion are calculated 

for a good fit to surface data [16]. 

The "multiple dipole" equivalent cardiac generator is another 

model of gross cardiac activity* and consists of a number (20-60) of 

discrete dipoles [34]* usually with fixed locations and orientations 

on the heart* that characterize local dipole activity in different 

regions of the heart. For example* Selvester et al [34] used a mul¬ 

tiple dipole generator to simulate regional cardiac activity with 

twenty spatially-fixed dipoles. Seven dipoles were located in the 

septum, nine in the left ventricle and four in the right ventricle. 

Each dipole represents local activity in a particular heart segment 

and the area of the excitation waveform within a given heart segment* 

is a function of time. The multiple dipole equivalent generator is 

an adequate model for solving both the forward and inverse problems 

in electrocardiography, but it has some disadvantages. For example, 

the number of dipoles as well as their location and orientation is 

not unique. More importantly* the specification of fixed dipole 

orientations implies apriori knowledge of the actual cardiac source 

distribution. In other words* if the fixed dipoles are oriented to 

agree with the normal sequence of activation in the heart, then other 

models with different orientations may be required to obtain meaning¬ 

ful results for abnormal excitation. 

Both of these equivalent cardiac generator models of cardiac 

activity are designed primarily to produce reasonably good approxima- 
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tions to the far-field activity of the heart* as recorded at the sur¬ 

face of the body. As a representative field point is brought closer 

to the cardiac generator* the granularity or coarseness of these 

models in approximating cardiac electrical activity* becomes 

apparent. For an introduction to equivalent generator modeling* see 

Plonsey [31]. 

On a comparatively microscopic scale* others have attempted to 

model the electropbysiological properties of cardiac cell membranes 

of different types (ventricular* atrial* Purkinje and nodal cells) 

[3*4*27*32]. The models developed have been formulated to simulate 

(and thereby aid in the interpretation of) voltage clamp and action 

potential data from these types of cells* and represent modifications 

of the pioneering model of Hodgkin and Huxley [19] for the squid 

giant axon. Since individual cardiac cells are quite small (6-15 |im 

in dia. and 150-200 pm in length) and are electrically coupled via 

gap junctions [26*30] to form larger structures such as trabecular 

strands and the myocardium proper. Therefore some investigators have 

attempted to model the spread of local activation in cardiac muscle 

in terms of one-dimensional cable-like structures consisting of 

linearly coupled single cardiac cells [8*17*25,35] as veil as, two- 

dimensional sheet-like couplings of individual cells [23]. 

The ultimate goal of such modeling efforts at the cellular level 

is a better description of fundamental membrane electrical source and 

the propagating electrical wavefront through the coupled cellular 

structure. Experimentally* the propagation of activity in anisotro- 
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pic cardiac muscle, has led to some rather surprising results, that 

are largely unaccounted for in conventional linear cable theory [40]. 

Presently, modeling studies using multicellular coupled structures 

are being performed by several groups to determine how the basic mem-* 

brane ionic currents and the complexities of cell coupling and tissue 

structure interact to determine wavefront propagation in normal and 

abnormal cardiac muscle. 

On an intermediate level of structural complexity, some investi¬ 

gators have attempted to characterize the overall electrical behavior 

of cylindrical strands of cardiac tissue such as Purkinje strands 

[15,39]. Generally speaking, these multicellular structures are 

treated as equivalent single cells, having a diameter equal to that 

of the strand, a cell membrane with electrophysiological properties 

representative of the individual component cell, and a lumped intra¬ 

cellular resistive medium. The cell length is assumed to be much, 

much greater than its diameter and the action potential (typical of 

the individual cell) is assumed to be conducted along the length of 

the strand. The objective of this type of research is the formula¬ 

tion of a mathematical description of the volume-conducted extracel¬ 

lular field potential from elemental structures such as cardiac 

strands. Solution of such a problem would lend considerable insight 

into the problem of interpreting more complex waveforms such as the 

His bundle recording or body surface electrocardiograms (EOGs). 

Although there is an obvious interrelationship between ionic 

membrane events and the volume conductor field potential, the 
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mathematical formalism utilized in the study of cellular events and 

that used in the description of macroscopic multicellular events» is 

quite different. For example» to study the propagation of activity 

in a network of coupled cells» one solves a parabolic partial dif¬ 

ferential equation subject to initial and boundary conditions. To 

compute extracellular field potentials from a multicellular cardiac 

strand» a model based on the principles of electromagnetic field 

theory rather than network theory is evoked. That is» the extra¬ 

cellular field problem is formulated as a boundary value problem in 

potential theory» and the resulting solution is in the form of an 

integral equation. Consequently the solution methods are quite dif¬ 

ferent from those evoked in the case of propagation of electrical 

activity at the cellular level. 

The research objectives of this thesis will focus at the inter¬ 

mediate level of structural complexity mentioned previously» on the 

modeling of the extracellular fields of cylindrical strands of car¬ 

diac tissue. Two main types will be considered» the Purkinje fiber 

and the atrial trabeculum. As an interesting additional case» the 

single atrial cell will also be studied. The morphology and typical 

electrophysiology of these structures is discussed in the following 

sections. 

1.2 Anatomy of the strands 

Purkinje fibers form a part of the "specialized conduction tis¬ 

sue* in the heart that gives rise to and distributes the electrical 

impulse responsible for rhythmic contractions. The two major 
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branches of the bundle of His terminate near the anterior and poste¬ 

rior papillary muscles and give rise subendocardially to several 

Purkinje fibers. The network of Purkinje fibers is most clearly seen 

in the left and apical regions of the heart as small strands of mus¬ 

cle crossing the cavities between the trabeculae. The larger 

branches of the Purkinje system have a connective tissue sheath 

around them but the finer branches that penetrate the muscle are 

without this sheath. The absence of the connective tissue sheath 

allows the Purkinje fibers to excite the myocardium [33]. 

Figure 1.1 shows a photomicrographic cross-section through a 

Purkinje strand [38]. These strands are larger than other cardiac 

muscle fibers* contain fewer myofibrillae and more interfibrillar 

sarcoplasm. The nuclei are usually grouped in groups of two or more 

at the center of the fiber which is devoid of myofibrillae and filled 

with granular sarcoplasm [33]. 

The atrial trabeculum used in this study is from the bullfrog 

atrium. In the frog atrium muscles are arranged in fasciculi or bun¬ 

dles [2] as seen in figs. 1.2 and 1.3. A longitudinal section 

through a frog trabeculum is seen in fig. 1.2. As seen here indivi¬ 

dual muscle fibers can be traced along the length of the trabeculum. 

A photomicrograph of the cross-section through a trabeculum is shown 

in fig. 1.3. Each trabeculum consists of the order of one hundred 

individual muscle fibers or cells [2]. The muscle cell bundles are 

surrounded by a thin endocardium to form trabeculae. The endocardium 

consists of an epithelium and an underlying layer of collagen fibers. 



Fig. 1.1 : Cross-section through a Purkinje strand 
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Fig. 1.2 : Longitudinal section of a frog atrial trabeculum 
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Fig. 1.3 : Cross-section of a frog atrial trabeculum 
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A typical basement membrane exists between tbe collagen fibers and 

tbe muscle fibers. The muscle bundle is further subdivided by this 

basement membrane and associated collagen that penetrate between 

groups of fibers. A drawing of the cross-section and two longitudi¬ 

nal sections through a frog trabeculum is shown in fig. 1.4. The 

shaded regions in the figure represent the extracellular space which 

ammounts to about 12% of the total fiber volume on an average [14]. 

Figure 1.5 shows a photomicrograph of a typical bullfrog single 

atrial cell. It is a long, tapering, unbranched cell approximately 6 

pm in diameter and 200 pm in length. Each cell has only one nucleus 

located at the center of the wider region of the cell [20]. Very 

rarely are more than three myofibrillae found in an individual cell. 

Z lines and A and I bands can be observed when the cell is examined 

with transmission electron microscopy [20]. These cells contain sar¬ 

coplasmic reticulum though it is poorly developed [37] and numerous 

mitochondria with abundant cisternal network. However the transverse 

tubule system has not been observed in them and neither do they have 

prominent M lines [37]. 

1.3 Electrophysiology of the strands 

Figure 1.6 illustrates a typical action potential recorded from 

a Purkinje fiber [28]. The action potential starts from a resting 

value of about -90 mV and rapidly rises toward 0 mV. It overshoots 

the zero line and reaches a peak value of about 30 mV. The potential 

then moves slowly towards less positive values. This slow repolari¬ 

zation phase is termed the plateau phase and is followed by a more 
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Fig. 1.4 : Line drawing illustrating packing ratio in 
the trabeculum 



Fig. 1.5 : A single bullfrog atrial cell 
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(a) 

Fig. 1.6 : Two recordings from a Purkinje strand 
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rapid repolarization phase that brings the membrane back to its rest¬ 

ing potential. Record (a) shows a fiber that is quiescent until 

stimulated while record (b) shows pacemaker activity, where the mem¬ 

brane slowly depolarizes after an action potential* until the firing 

level is reached and another action potential is spontaneously ini¬ 

tiated. 

Figure 1.7 illustrates a typical action potential from a 

bullfrog single atrial cell [20]. The resting potential is about 

-88.6 mV. the upstroke velocity is about 40 V/sec and the maximum 

peak voltage is 35 mV or so. As can be seen the action potential is 

considerably different in character from that recorded from the Purk- 

inje strand. The "plateau region" is not as pronounced as that in 

the Purkinje strand and the duration of the action potential is 

smaller for the atrial cell. The action potential recorded from the 

single cell is representative of the action potential elicited in the 

atrial trabecular strand. 

So far the morphology and electrophysiology* of the various 

strands studied in this research* has been presented. The following 

section sets down a brief outline of the technique used to formulate 

the generalized model for these structures. 

1.4 Outline of the generalized model 

As is apparent from sections 1.2 and 1.3 both the atrial trabec¬ 

ular strand and the Purkinje fiber are clearly multicellular in 

nature. However they function electrically as a syncytium, as do 
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Fig. 1.7 : A typical atrial action potential 
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most structures in the heart. To a significant degree, an action 

potential recorded from one component cell of the strand is very 

similar to that recorded from any other cell in the strand. There¬ 

fore to a first approximation, a given strand may be considered to be 

electrically equivalent to a single cylindrical cell with a membrane 

of radius a and essentially infinite length (fig. 1.8). Also to a 

first approximation, the intracellular medium of the equivalent cell 

may be considered to be uniform, homogeneous and anisotropic with a 

preferential conduction in the z-direction (fig. 1.8) and smaller, 

equal specific conductivities in the radial and axial (6) directions. 

The specific conductivity in the z-direction is denoted as a, 
ip z 

(S/cm) while that in the transverse direction is labeled a. (S/cm). 
i# t 

The extracellular bathing medium is considered uniform, homogeneous 

and isotropic and characterized by the specific conductivity 

o (S/cm), 
o 

As discussed previously in sections 1*2 and 1.3 the typical iso¬ 

lated single atrial cell has a diameter of 6 pm and a length of 200 

pm (fig. 1.5). The action potential from such a cell is shown in 

fig. 1.7. As a crude approximation, one could neglect tapering and 

end-effects and consider the single atrial cell to be of essentially 

infinite length; in essence, a smaller version of the Purkinje and 

atrial trabecular strands mentioned previously. In this case the 

intracellular medium would be uniform, homogeneous and isotropic. As 

mentioned before we will include the single, isolated atrial cell as 

a third type of cardiac fiber in our study. 
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The objective of this thesis is to develop a general mathemati¬ 

cal model of these electrically equivalent cylindrical cells, which 

is capable of relating the equivalent action potential for a given 

cell to the volume-conducted field potential anywhere in the bathing 

medium surrounding the cell. The method of solution employed (a spe¬ 

cial discrete Fourier transform (DFT) technique) facilitates solution 

of the classical "forward" and "inverse" problems for the case of the 

single isolated cylindrical cell placed in an essentially infinite 

volume conductor. In the forward problem, data is given on the 

transmembrane action potential as well as certain electrical and 

geometrical constants, and the potential at an arbitrary field point 

in the extracellular medium is computed. Conversely, in the inverse 

problem, the potential waveform at a particular radial distance from 

the cell is specified, and the transmembrane action potential distri¬ 

bution is computed. 

In the succeeding chapters the generalized mathematical model 

for the cylindrical cardiac strands will be fully developed. The 

implementation of this model will be discussed in detail and the 

results of simulation studies will be presented, followed by a dis¬ 

cussion of the results. Future possibilities of this generalized DFT 

model will also be briefly explored. 



CHAPTER 2 

The nodal 

The approach taken in studying the forward and inverse aspects 

of this problem is based on previous studies of Clark and Plonsey [6] 

and Harman, et al [15], that develop and extend a field-theoretic 

model of the intra- and extracellular potential distributions about 

an isolated active nerve fiber. This model assumes that the intra- 

and extracellular media are uniform, homogeneous and purely passive, 

and that all sources for the potential are assumed to lie within the 

equivalent fiber membrane (fig. 1.8). Quasistationarity (i.e. pro¬ 

pagation effects are neglected [6]) and axial symmetry (in cylindri¬ 

cal coordinates d/dp s 0) are also assumed. The scalar potential # as 

a function of radial (r) and axial (z) distance in the external 

(t°(r,z)) and internal (f*(r,z)) media may be obtained by solving 

Laplace's equation Œ2 f(r ,z) « 0) in each of these media subject to 

the appropriate boundary conditions. Fourier transform methods are 

employed in solving Laplace's equation in these media; these tech¬ 

niques also facilitate the solution of the inverse problem. 

2.1 The Forward Problem: 

The assumptions utilized in the development of the model are as 

follows: 

(1) axial symmetry; 

19 
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(2) quasistationarity, i.e. the field is established at all 

points in the surrounding volume conductor instantaneously; 

(3) the intra- and extra-cellular media are uniform, homogeneous 

and purely passive, with the extra-cellular medium being isotropic 

and the intra-cellular medium being anisotropic; 

(4) all sources for the potential lie within the equivalent fiber 

membrane; 

(5) the field potential in the extra-cellular medium approaches 

zero as the field point moves away from the fiber and at the fiber 

surface the field potential equals the outer surface potential; 

(6) the field potential is zero at each end of the fiber and 

non-zero in a small region along the fiber, the 'active region'; 

(7) the fiber length and radial extent of the volume conductor 

are large relative to the field potential spread. 

The geometry for the fiber is shown in figure 1*8 from which the 

axial distance is z, the radial distance is r, a is the fiber radius, 

the angular dimension is f and a , a. and a. are the specific 
o ifz if v 

conductivities of the external medium, the internal medium along the 

longitudinal direction and the internal medium along the transverse 

direction respectively. Laplace's equation in cylindrical coordi¬ 

nates for this problem is given as: 

(2.1) 

With axial symmetry (2.1) reduces to 
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(2.2) 

Separation of variables, using a positive separation constant is used 

to solve (2.2). Substituting t ” R(r)Z(z) into (2.2) yields 

or 

*$♦**£♦ R âîz 
dz2 

(2.3) 

l a^R , i i an _ i a2z 2 
R , 2 r ï îr ' ‘ z . 2 B 1 
or dz 

2 
where k is tbe separation constant. 

(2.4) 

Equation (2.4) can therefore be written as two ordinary dif¬ 

ferential equations as follows 

d2R 1 dR 
.2 r dr 
dr 

k2R « 0 (2.5) 

and 

+ k2Z - 0 . (2.6) 
dz2 

The solution of (2.5). which is the modified Bessel equation of order 

zero, is given by 

R(r) *= AJIQOU:) + A^Otr) (2.7) 

where I^(kr) is the modified Bessel function of the first kind order 

zero and K^(kr) is the modified Bessel function of the second kind 

order zero. 
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Hie solution of (2.6) is given es 

Z(z) « Bie“
jkz + B2e

jkz . (2.8) 

The boundary conditions to be applied to (2.7) and (2.8) to obtain 

the extra-cellular potential |°(r,z) can be specified as 

(a) f°(r,z) -> 0 as r -> • 

(b) f°(a,z) * lgo(z) i.e. the field potential 

at the fiber surface equals the outer membrane surface potential. 

Boundary condition (a) implies that = 0 since 

IQ -> » as r -> 
00. Therefore |°(r, z) is given as 

f°(r,z) - R(r)Z(z) (2.9) 

or 

t°(r,z) '1(k)I0(k*)e”
Jk*dk + fB'2(k)K0(kr)e

jkzdk (2.10) 

where the constants are made functions of the separation constant k 

and the solution is summed over all positive values of k. Equation 

(2ml0) can also be written as 

where 

f°(r,z) - C(k)K0(|k|r)e_jkzdk (2.11) 

C(k) 

2nB 2(k) 

2nB*2(-k) 

0 < k < » 

■» < k < 0 
(2.12) 
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Applying boundary condition (b) to (2.11) yields 

*so
(n) “ ^JcU)K0(lk|a)e"jkZdk . (2.13) 

00 

Equation (2.13) bas the form of an inverse Fourier transform. Defin¬ 

ing Fg(>(k) as tbe Fourier transform of tbe potential distribution 

f (z) tbe constant C(k) can be calculated as 
SO 

F#o(k) » C(k)K0(lk|a) . (2.14) 

Thus 

C(k) 
F (k) 

■ . ■ ft o.l— ■,. 
KQ(Ikla) 

Substituting C(k) in (2.11) yields 

(2.15) 

f°(r,z) 
F (k)Kn(lk|r)e”jkzdk 

SO u 

KQ(Ikla) 
(2.16) 

vbere F&o(k) is tbe Fourier transform of tbe potential distribution 

iso(z) on tbe outer membrane surface of tbe equivalent cylindrical 

cell* i.e. 

and 

(2.17) 

« (z) « £ fF (k)e_jkzdk . (2.18) 
SO *31 J SO *oo 

Tbe membrane of tbe equivalent fiber is assumed to contain all 

sources and sinks for current flowing in tbe intra- and extra- 
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cellular media. These media are considered to be purely passive and 

the current flowing in them due to membrane activity* is solenoidal 

(closed path) in nature. Thus in the internal medium the divergence 

theorem may be applied as 

V.J^r.z) *0 (2.19) 

i 2 
where J represents the internal current density field (amp/cm )• 

Since for the conductive internal medium 

I* - SL-I1 (2.20) 

where is a specific conductivity tensor and £ is the electric 

field intensity (V/cm)* equation (2.19) may be rewritten as 

a + o 
i.z 

where axial symmetry has been assumed, 

quantity X as 

X 

,2*i 

dz 
(2.21) 

After first defining the 

(2.22) 

a transformation on the z coordinate may be introduced such that 

and equation (2.21) becomes 

z' X 
(2.23) 

(2.24) 

A solution to Laplace's equation (2.24) in the internal medium 



25 

subject to the boundary conditions that potential be finite at r = 0 

and equal to tbe inner surface potential distribution f#j(z') 
at 

r « a, can be obtained in a manner analogous to tbe technique used to 

obtain the extra-cellular field potential [6]. Once again the boun¬ 

dary conditions for this case are 

(a) t*(r,z*) must be finite as r -> 0 

(b) fi(a,z') - *si<*'> 

The analog of equation (2.10) becomes 

fi(r.**) - jA'jU'U^k'rJe^'^dk* + jk 2IQ(k 

on application of boundary condition (a). 

'r)ejk*Z#dk(2.25) 

A treatment similar to equations (2.11) to (2.15) yields 

i 1 ?Ffii
(k’> V,k'lr> -4k**' 

♦ (r-»'> -af, 8ti0(U-l.)—‘ <2-26> 

where 1^ is the modified Bessel function of the first kind (order 0). 

and (k* ) is the Fourier transform of the inner surface potential 

distribution f#^(z')» expressed by the transform pair : 

jk'z’ 
dk* (2.27) 

Fsi(k») » Jt$i(z')e"
jk'Z,dz‘ . (2.28) 

»(9D 

As a constraint we require that the inner surface potential # in 

the primed coordinates equal that actually measured (unprimed coordi- 
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nates)» that is 

#8i(z') - iai(z) . (2.29) 

This follows since potential is a physical quantity that must be 

independent of the spatial coordinate system chosen by the observer. 

Rewriting the transform pair (2.27) and (2.28) in the original coor¬ 

dinate system (via substitution of the expression for z' given by 

(2.23) and noting that k* * Xk) yields 

1 00 

F .(k') “ 1 J * • (*)eJk*dz = . (k) . (2.31) 
SX A> SX A» SX 

Thus the expression for potential at an arbitrary field point in the 

intracellular medium (2.26) may be rewritten as 

. 1 ? L(Xlklr) .. 
♦ *(r,x) = i/Fsi(k) ^ÏIÜ? dt (2‘32) 

where the only terms containing X are the modified Bessel functions 

of the first kind. 

The expression for the transmembrane potential distribution 

f (z) is given by 
III 

I (z) “ *.4<Z> - (2.33) in si so 

and the Fourier transform of the transmembrane potential distribution 

F (k) is expressed in terms of the following Fourier transform pair 
n 
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t (z) in (2.34) 

F (k) « f» (z)e"jk*dz . (2.35) m » in 

Taking the Fourier transform of (2.33) yields 

F (k) * F .(k) - F (k) . (2.36) in si so 

The solutions for potential in the extra and intra-cellnlar 

media may be linked by requiring that current crossing the membrane 

be continuous» The expression for current density at the outer mem¬ 

brane surface J°(a#z) is given by 

or differentiating equation (2.16) with respect to r one obtains 

<r • K, (Ikla) 
J (...) - Jt « • <2-»> 

Similarly* at the inner membrane surface the current density is given 

by 

J (a,z) i, t dr j r “ a 

or from (2.32)* 

. a. • I. (klkla) 
1 <*•*> * - lfXtlklin(xUI.)F.i(t)t J " 

(2.39) 

(2.40) 

For current to be continuous across the membrane 
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Ji(*,z) « J°(a,z) (2.41) 

Substituting and collecting terms 

_1_ 
2n 

• r I.Ulk|a) 

JfjkljX^ t I0Ulkla) F.i(k)^o 

^(Ikla) 

KQ(Ikla) F.o(k) e^
kzdk 0(2.42) 

If the integral is to equal zero for arbitrary values of k then the 

integrand must also be equal to zero. Thus 

ao K1(|k|a)I0Ulk|a) 

Fsi(k) “ ” ko.°^KQ(lkla)I^(klkla)Fso^k^ 

Substituting (2.43) into (2.36) 

F (k) 
m 

f o K1(lk|a)Ioalk|a)l 

l1 + Xa£ ^(Ikla^Ulk a)]Fso<k) 

Defining 

^dklaJ^Ulkla) 
u(lkla) » -[1 + 5 £o(|k|a)Ii(x|k|a)J 

(2.43) 

(2.44) 

(2.45) 

where 

& 
a 
o 

ri. tai,z 

Equation (2.44) may be rewritten as 

(2.46) 

F(k) 
SO 

Fm(k) 

a(lkla) 
(2.47) 

Substituting (2.47) into (2.16) yields the following expression for 

the potential at an arbitrary external field point 
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t°(r,z) 1? F
m

(t)I0(ik|g) -jkz^ (2.48) 

One will note that the general form of the expression for extra¬ 

cellular potential (2.48) is of the same form as that described pre¬ 

viously by Clark and Plonsey [7] for the case of the single nerve 

fiber vith an isotropic internal medium. The internal anisotropy 

ratio X (2.22) appears only in the function a(lkla) defined by equa¬ 

tion (2.44), where for a value of X • 1 (isotropic case) a(lkla) is 

identical to the a-function defined in [7]. Noting that equation 

(2.48) has the form of a Fourier integral for some constant value of 

radial distance (r), let us define 

F°(kr) - H(lk|r)F (k) 
in 

(2.49) 

where 

H(lklr) Vlkir)
 _ lUikl 

a(ik|a)K0(|kla) a(|k|a) (2.50) 

and 

Ko(lklr) 
I(ltlr)-VÏIîô • (2-51) 

Here, H(|klr) is referred to as the overall or "combined* filter 

function, a k(|kla) is the membrane filter function and W(|k|r) is 

the bathing medium filter function. 

Substituting Fm(k) as determined by equation (2.49) into (2.48), 

one obtains the following Fourier transform pair at radius r in the 

external medium: 
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CD CD 

f°(r,x) - ^ jF°(kr)e~jl“dk « ^ J H( |klr)Fn(k)e”jl“dk (2.52) 

CD 

F°(kr) - f J°(r,*)eJk2dz - H(|k|r)F (k) . (2.53) * in 
—CO 

At the outer membrane surface of the fiber» the potential, i (a) is 
80 

given by 

f#0(z) “ t°(a,a) « J F°(ka)e_jk*dk . (2.54) 

Defining the Fourier transform of the outer membrane surface poten¬ 

tial as 

« FJk) 
F (k) - F°(ka) = H(|kla)F (k) -“A (2.55) 

so' ' — m~-' a(|kla) 

we establish, via Equation (2.54), the following Fourier transform 

pair at the cell membrane surface: 

F_(k) 

- à J - à ! ^uITT «•“> 

F (k) » f f (a)ejkzdi . (2.57) 
80 80 

1 CD 

Note here that at r ■ a, the medium filter function V(|k|a) is equal 

to one. Since via equation (2.55), F (k) “ a(lk|a)F (k) and in so 

H(lklr) - o”^(|kla)¥(Iklr) in equation (2.50), the potential at an 

arbitrary field point in the extracellular medium equation (2.52) may 

also be expressed in terms of the Fourier transform pair 
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« 

f°(r,z)-:^J Fgo(k)W(|k|r)e"jkzdk (2.58) 

CO 

F°(kr) - f i°(r,z)ejkzdz *= F (k)W(lklr) . (2.59) 

Thus» with regard to the forward problem» the potential distribution 

in z at an arbitrary radial distance r from the cylindrical cell (or 

fiber) may be computed by specification of the Fourier transforms of 

either the transmembrane or outer membrane surface potential distri¬ 

butions* according to equations (2.52) and (2.58)» respectively. 

The Fourier transform of f°(r»z) may be regarded as the result 

of a two-stage filtering process applied to the transmembrane poten¬ 

tial lm(z). This is shown diagramaticaly in figure 2.1 where the 

first stage is associated with the membrane [i.e.» equation (2.55)]» 

where the filter function is [a ^(Ikla)], and the second stage is 

characteristic of the external medium [i.e.» equation (2.58)» where 

the filter characteristic is V(lk|r)]. The characteristics of the 

individual filters are shovn in figures 2.2 and 2.3. Figure 2.2 is a 

plot of the membrane filter characteristics a *(|k|a) for an 36 pm 

diameter atrial trabeculum as a function of spatial frequency k for 

various different conductivity ratios 8» where 6 is defined by equa¬ 

tion (2.46). The individual filter characteristics have the shape of 

a family of parabolas and a * (Ikla) goes to zero at k = 0. As is 

well known from cable theory [6]» the transmembrane current per unit 

length (i ) entering the extra-cellular medium is related to the 
in 

second spatial derivative of the transmembrane potential distribu- 



!o[k] 

Membrane 

Filter 

Wtlklr] 

Medium 
Filter 

Fig. 2.1 : Block diagram of the forward problem 



33 

Fig. 2.2 : The membrane filter with changing 

values of conductivity 
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Fig. 2.3 : The medium filter with changing 
field radius 
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2 2 
tion, d i (z)/dz . Since in the passive extra-cellular medium, 

m 

current is directly related to potential, the extra-cellular surface 

potential fgo(z) *ill also be directly related to the second deriva¬ 

tive of the transmembrane potential distribution. The membrane 

therefore acts as a second derivative filter that has a parabolic 

characteristic in the k-domain. Since a* (Ikla) goes to zero at 

k = 0, the dc component of the input transmembrane potential i (z) is 

completely attenuated by the membrane filter. Consequently, any dc 

offset potential associated with the i (z) waveform (e.g. the resting 
111 

potential) cannot contribute to either the current traveling through 

the membrane (i ) or the outer membrane potential distribution 
in 

tso(z). It should also be noted that the dc resting potential asso¬ 

ciated with f (z) will not be able to be recovered in the inverse 
in 

problem. 

One will also note from figure 2.2 that the overall gain of the 

filter varies with the conductivity ratio 6 which is a function of X 

(see (2.46)). Specifically, as 6 decreases the gain of the filter 

a 1<Ikla) increases. Although the modified Bessel functions IQ and 

1^ in the expression for a(|k|a) (2.45) have arguments that are func- 

I0Ulkla) ± 

tions of X, the ratio i (xlkla) vaties as xlkli for small values of 

argument. In our case, for all the values of X and a considered, and 

for k in the frequency range 0 ± k £ 5, the argument Xlkla was always 

less than a value of .15. As a result of these considerations, an 

approximate formula for u(|k|a) for small values of argument, would 

be 
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o(lkla) [ 1 + 
o I0(lkl«) ± 

ETCUÜT lk|aJ 
i, t 1 

(2.60) 

Thus as can be seen from this equation, changes in the anisotropy 

2 
ratio X are linked only to changes in the gain of the membrane 

filter function, which is the inverse of equation (2.60). 

In the case of the filter W(lklr) associated with the external 

medium of the trabeculum (figure 2.3), one will note that as r 

increases the degree of attenuation of the filter V(lklr) increases 

with increasing values of k. The transfer function V(|klr) therefore 

behaves as a low-pass filter, i.e., the further from the fiber the 

potential distribution is recorded, the more its energy will be con¬ 

centrated at lower spatial frequencies. The over-all combined filter 

function H(lklr) is shown in fig. 2.4 for the atrial trabecular case 

(a ** 18 |ua). Clearly the gain of this filter decreases as the field 

observation point moves further from the surface of the trabeculum. 

The plot of the membrane filter o *(|k|a) for various fiber radii is 

shown in fig. 2.5; the conductivity ratio & is held at a value of 2 

in each case, for sake of comparison. The uppermost curve 

(a “ 100 |im) represents the membrane filter for the Purkinje fiber, 

while the lower (a * 3 pm) represents the membrane filter charac¬ 

teristic of the single atrial fiber. One will note that there is a 

very dramatic increase in filter gain with increasing fiber radius. 

Thus, in the forward problem, one is given the filter charac¬ 

teristics Y(|k|r) and a^(lk|a) and the transmembrane potential dis¬ 

tribution ♦ (z); the Fourier transform of i (z) is F (k) from equa- 
n m m 
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klrad/fcm) 
Fig 2.4 : Complete filter with changing 

field radius 
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k(rad/cm) 
Fig. 2.5 : Membrane filter for the three 

fibers 
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tion (2.17)» and equation (2.20) specifies F°(kr). The inverse 

transform of F°(kr) yields the desired result — the potential dis¬ 

tribution f°(r,z) — at an arbitrary radial distance from the fiber. 

2.2 The Idealized Inverse Problem 

The procedure for solving the inverse problem in the k-domain is 

analogous to the procedure outlined in the previous section for the 

forward problem. One is given the same filter characteristics and 

potential distribution |°(r»z). The objective is to solve for Fa(k) 

via equation (2.49)» i.e.» 

F (k) - u(|kla)W"1(|k|r)F°(kr) . (2.61) 
nL 

Similarly» to obtain F#o(k), one employs equation (2.59) so that 

F (k) » W"1(lklr)F°(kr) . (2.62) 
SO 

The validity of these equations depends on the existence of the 

operators a(lkla) and V ^(Iklr). From the definitions given in equa¬ 

tions (2.45) and (2.51) and figures 2.2 and 2.3» it follows that 

o(ikla) — > • as k —> 0 (2.63) 

l^dklr) —> “ as k —> (2.64) 
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Table 2.1: Maximum gain and bandwidth of the inverse filter 

for the three cases. 

1 Fiber Magnitude Bandwidth 
of Gain (rad/cm) 

Atrial 1.85 * 1010 0.117 
1 Cell 

J Atrial 6.23 * 108 0.127 
| Trabeculum 

{ Purkinj e 2.54 * 107 0.137 
I fiber 

Fig. 2.6 is a plot of the ideal overall inverse filter function 

H 1(|k|r) computed at three specific field radii r = 3a.7a.15a for 

the 18 pm radius trabeculum. Since as previously discussed, the dc 

component of the transmembrane potential distribution cannot be 

recovered, the dc component of the inverse membrane filter a(lkla) is 

set equal to zero. Consequently. H *(lk|r) is zero at 1*0. The 

nature of the ideal inverse filter H^(lklr) is generally the same 

for all three types of fibers (Purkinje. atrial trabeculum and single 

atrial fiber). All peak in the very low frequency range but have 

different gains. The gain of the inverse filter function for the 

single atrial fiber is much greater than that for the Purkinje fiber 

as can be seen from Table 2.1 which is constructed using a field 

radius r m 9a; the bandwidth however is essentially constant for all 

three cases. The importance of the particular form of these ideal 

inverse filter functions to the overall recovery process, especially 

when the input field potential (°(9a.z) to the inverse filter is 
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Fig. 2.6 : Inverse filter with changing 

field radius 
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corrupted with measurement noise» will be discussed in greater detail 

in the chapter dealing with results* 

So far the model has been developed and the properties of the 

various filter functions has been investigated. In the following 

chapters the implementation of the model and the results of the simu¬ 

lation will be presented. 



IHATTKB 3 

Discrete Fourier Methods of Solution 

3.1 Digital Signal Processing: 

A continuous time signal can be converted into a discret-time 

signal by sampling the continuous time function at a number of points 

in time. Analogous to the Fourier transform in the continuous time 

domain is the Discrete Fourier Transform (the DFT) in the discreet 

time domain. The DFT pair is given by the following equations: 

where N is the length of the finite sequence x(n). 

The DFT pair considered in (3.1) and (3.2) has the property of 

periodicity, i.e. a finite sequence x(n), where n ranges from 0 to 

N~1, is extended into a periodic sequence of periodicity N by the DFT 

[29]. Thus 

X(k) B J x(n)e ^ 
n=0 

(3.1) 

k=0 

(3.2) 

x(n) m x(n+mN) (3.3) 

where m is a real integer 

The corollary to this property is 

43 
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X(k) - X(k+mN) (3.4) 

The limits of the summation in (3.1) and (3.2) can he shifted arbi¬ 

trarily yielding 

N-l+« •U*»* 
X(k) “ J i(a)i (3.5Ï 

and 

x(n) 

,N-l+m 
-12irnk 

(3.6) 

for all values of m. 

A 
Convolution of two aperiodic# finite sequences# x(n) defined for 

n going from 0 to L-l and y(n) defined for n ranging from 0 to H-l to 

form the sequence d(n) defined for n ranging from 0 to N-l is defined 

by the following equation [12. pg. 28] 

d(n) ^ x(n-m)y(m) 
iff=0 

where d(n) can also be written as 

(3.7a) 

m=0 

The relation between N, L and M is given by 

(3.7b) 

N - L + M - 1 (3.8) 

The convolution process must be redefined in order to apply the DFT. 

Thus the convolution of two periodic sequences x(n) and y(n) to form 

c(n) for n ranging from 0 to N-l is defined as 
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c(n) 

N-l 

x((n-m))y((m)) (3.9) 

where ((n-m)) signifies (n-m) modulo N [12, pg. 5] which means that 

x(-i) - x(N-i) (3.10) 

for i ranging from 0 to N-l. 

Equation (3.9) is circular or periodic convolution where 

sequences x(n) and y(n) are hoth of length N and periodic with a 

period of N. Equation (3.9) can be re-written as follows 

n N-l 
c(n) • 2 x((n-m))y((m)) + 2 x((nrm))y((m)) . (3.11) 

m=0 BFR^l 

N-l 
It can be seen that (3.11) contains a term 2 x((n-m))y((m)) in 

npn+1 

addition to the convolution result of (3.7). This term is the error 

term and providing both sequences x(n) and y(n) have a sufficient 

number of trailing zero terms, it can be made zero. Thus for x(n) 

and y(n) defined as follows 

x(n) 
x(n) 

0 

0 i n 1 L-l 

L 1 n i N-l 
(3.12) 

and 

y(n) 

y(n) OXn^M-1 

0 Mi.niN-1 (3.13) 

the result of circular convolution (3.11) is the same as aperiodic 

convolution (3.7). 
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Taking the DFT on both sides of (3.9) yields 

DFT [e(n)l - DFT [x(n)].DFT [y(n)l (3.14) 

Thus the product of the DFTs of two sequences results in the circular 

convolution of the two sequences. The DFT can therefore be used to 

perform convolution. Since DFTs can be performed very efficiently 

using the Fast Fourier Transform techniques* convolution by DFTs is 

efficient and easy to perform. 

3.2 The Forward Solution: 

The continuous z-domain expressions for the various potentials 

(i (z), f°(r,z), and i (z)] and their Fourier transforms [F (k), m so in 

F°(kr), and F (k)] can be reformulated in the discrete k-domain for so 

implementation on a digital computer by introducing the following DFT 

pair (transmembrane potential is used as an example): 

N“1 
F (Pq) » J J (Zn)ej2,m<l/N *= DFT[f (Zn)] (3.15) 
■ n«0 “ * 

|(Zn)»^Nj F (Pq)e~j2n,Ul/N - IDFT[F(Pq)J (3.16) 
m N <£o “ m 

where 

P - 2it/NZ (3.17) 

Here* Z and P are the sampling intervals in the z- and k- 

domains* respectively* and n and q are integers. The function i (z) m 

is normally limited in both the z- and k-domains* meaning that I (z) 
01 

is nonzero for a small finite range of z values (-Z^ < z < Z^) and 



47 

essentially zero outside this range. Figures 3.1 and 3*2 illustrate 

this. Figure 3.1 is the transmembrane action potential recorded from 

an atrial single cell and used as input to the forward model for the 

case of the single atrial cell and the atrial trabeculum. Figure 3.2 

is the tranamembrane action potential recorded from a dog Purkinje 

fiber and is used as input to the forward model for the case of the 

Purkinje fiber. Similarly, I (z) is limited with respect to fre- m 

quency content; therefore F (k) is nonzero only within a small range 
fll 

Ik1 < H (a constant) and zero elsewhere. This is illustrated in fig¬ 

ures 3.3 and 3.4, where fig. 3.3 is a plot of F (k) for the transmem- 
IB 

brane action potential f (z) of fig. 3.1 and fig. 3.4 is a plot of 

F (k) for I (z) of fig. 3.2. Thus, the discrete functions i (Zn) and 
m iB si 

F (Pq) approach zero as Zn and Pq, respectively, become large. The 
IB 

sampling interval Z is chosen to be small enough so that no aliasing 

occurs in the k-domain, and the number of samples or sampling dura¬ 

tion, NZ, is chosen to include the entire signal. Relationships 

similar in form to the DFT pair of equations (i.e., (3.15) and 

(3.15)) exist for i (z) and F (k) as well as f°(r,z) and F°(kr). 
IB IB 

The forward solution, as defined previously, can now be written 

in terms of the products of the DFT*s (equivalent to linear convolir- 

tion). With the transmembrane potential given [} (z)], the DFT of the 
IB 

field potential at a given radius r is (analogous to equation 

(2.49)): 

F°(Pq,r) - H(Pq,r)F (Pq) (3.18) 
IB 

where q = 0, 1, ..., N and the field potential itself is given by 
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z[cm] 
Fig. 3.1 : Transmembrane action potential of the frog 

atrium 
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z[cm] 
Fig. 3.2 : Transmembrane action potential of the Purkinje 

strand 
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k[rad/cm] 
Fig. 3.3 : Fourier transform of the atrial action potential 
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Pig* 3.4 s Fourier transform of the Purkinje action potential 
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f°(Zn,r) « IDFT[F°(Pq,r)] . (3.19) 

When the surface potential f (z) is specified, the DFT of the 
SO 

field potential at radius r is 

F°(Pq,r) « W(pq,r)F (Pq) (3.20) 
SO 

and F_„(Pq) in terms of F (Pq) is so in 

F (Pq) « a-1(Pq,a)F (Pq) . (3.21) 
SO 91 

The impulse response for the forward filters H(|k|r), a *(|k|a) 

and Y(lklr) is not finite. However several techniques exist for 

obtaining a Finite Impulse Response (FIR) filter, given a frequency 

response [29]. The "windowing method" is the one employed in this 

study. It employs a Hanning window, and yields a linear phase 

filter; the resulting FIR filter approximates the actual impulse 

response with minimum mean square error. 

3.3 The Inverse Problem: 

In the inverse problem in discrete space, the field potential 

i°(r,z) is given and the source potential f (z) is calculated. The 
91 

procedure for obtaining the transmembrane potential is essentially 

that of deconvolution. Thus, given F°(kr) * DFT[f°(r,z)], one may 

compute its transform and form the following function analogous to 

equation (2.49): 

F (k) - F°(kr)/H(|klr) (3.22) 
91 

where the hat notation on F (k) refers to the fact that the DC value 
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of F (k) is not recoverable. Taking the inverse transform of F (k) 
ID 01 

yields 

f (z) - IDFT[F (k)] . (3.23) 
B B 

Two major problems are involved with the implementation of 

deconvolution with DFT. The first problem involves the zero of the 

membrane filter a *(Pq,a) at Pq * 0. This zero implies that the 

inverse membrane filter a(Pq, a) must be infinite at Pq « 0. which is 

not possible. It also implies that the d.c. component of the 

transmembrane potential cannot be recovered. The problem of a(Pq,a) 

being infinite at Pq * 0 has been dealt with in chapter 2 where 

a(k, a) is set to zero at k *= 0 and consequently H *(k,r) is zero at 

k = 0. Bence a(Pq, a) is also set zero at Pq » 0. 

The second problem that arises in inverse filtering the field 

potential is caused by the presence of noise in the signal, which 

includes truncation and round off errors of the computer and measure** 

ment noise. Since measurement noise is the greatest source of error 

all the other sources are lumped into measurement noise, which is 

treated as an additive noise source in the model as shown in fig. 

3.5. 

The input sequence x(n) is convolved with the filter h(n) in 

order to obtain the output sequence y(n). Thus we have 

N-l 
y(n) « 5 h((m))x((n-m)) . (3.24) 

m*0 

If the measured output of this process contains measurement noise 
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which is characterized as being totally randon and is additive then 

the measured ontpnt v(n) is given by 

v(n) « y(n) + u(n) (3.25) 

where u(n) is the random noise source. 

The measured output v(n) has to be optimally inverse filtered to 

recover x(n). The technique used here is a least squared filtering 

technique which results in a filter similar to a Wiener filter [44]. 

The measurement noise is assumed to be stationary with zero mean. A 

best estimate of x(n), w(n) is obtained from v(n) by applying the 

filter g(n) to it. The filtered noise is q(n) and so the error 

sequence can be defined as 

e(n) « x(n) - w(n) (3.26) 

where 

N-l 
w(n) - J g((i))y((n-i)) 

i=0 
(3.27) 

defined for n ranging from 0 to N-l. 

A functional 1 is defined in terms of the error sequence and the 

measurement noise as 

N-l 2 N-l N-l 
I- J eZ(a) + 1 5 g((i))R ((k-i))g((k)) 

n=0 i=0 k-0 1111 
(3.28) 

where R (m) is the circular autocorrelation of the measurement uu 

noise. The first half of the periodic correlation R(i) corresponds 

to the standard correlation for positive indices* and the last half 
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corresponds to the standard correlation for negative indices* 

Substitution of (3.27) and (3.26) into (3.28) yields 

N-l 2 N-l 
I * J x in) - 2 J g((i))R ((i)) 

n*0 i“0 yx 

N-l N-l 

+ > g((i)> J g((k))R ((k-i)) 

i*=0 k=0 ^ 

N-i N-l 

+ J g((i)) J g((k))R ((k-i)) 
i°0 k**0 

m 

(3.29) 

where R (i) 
y* 

is the cross correlation defined as 

N-1 

R__(i) " / y((n))x((n+i)) 
yx n=0 

(3.30) 

and R (i) is the circular autocorrelation function defined as 
77 

R 
yy 

(i) 

for i ranging from 0 to N-l 

g(i) at i 
m
 m results in 

N-l 

> y((n))y((n+i)) (3.31) 
n*=0 

Differentiating (3.29) with respect to 

31 
3g(m) 

.(3.32) 

To minimize the functional I with respect to g(i) we set 

-91 
3g(m) 

0 

resulting in 

Ryx
(m) J g((i))[R ((m-i)) + R (( 

i-0 
77 Utt 

i))] 

(3.33) 

(3.34) 

which results in a set of N simultaneous equations in N unknowns and 
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can be solved for the filter coefficients g(i). 

The cross correlation functions* R (m)# R (m) and R (m) can y* xx yy 

be related to each other as follows. Multiplying both sides of 

(3.24) by x((n+m)) and summing over n results in 

N-l 
R (m) - J *«k»R <<»+«> 7x k£o (3.35) 

Multiplying (3.34) by y((n-m)) and summing over n results in 

R (m) « J h((k))R ((m-k)) 
77 kS0 yx 

Taking the DFT of equation (3.34) results in 

(3.36) 

S (Pq) - G(Pq) [S (Pq) + S (Pq) ] yx yy uu (3.37) 

or 

G(Pq) 
S (Pq) + S (Pq) yy uu 

(3.38) 

where (Pq) is the power spectral density of the noise free output 

defined as 

S 
yy 

(Pq) 

i2nma 
N 

e 

S 
yx 

(Pq) is the power spectral density defined as 

S (Pq) 
yx 

N-l 

in* m=0 yx 
((m))e 

(2nmo 
N 

(3.39) 

(3.40) 

and S (Pq) is the power spectral density of the noise alone defined 
UU 

as 



(3.41) 

N-1 j2,nmq 

S (Pq) -JR ((m))e N 

uu B^O 
U11 

Taking the DFT of equation (3.34) gives 

S (Pq) - H(Pq)S (Pq) (3.42) 
yy yx 

where S (Pq) and S (Pq) are as defined in (3.39) and (3.40) respec- 
yy yx 

tively and H(Pq) is the DFT of the filter h(k) i.e. 

N-l 
H(Pq) « J h(k)e N . (3.43) 

k«0 

Thus 

S 
yx 

(Pq) 
S (Pq) 
yy  
H(Pq) 

(3.44) 

Substituting S^(Pq) in equation (3.38) results in the filter coeffi¬ 

cients of G(Pq) given as 

Sw(Pq) 

G(Pq) " B(Pq) lSyy(Pq) + Sttu(Pq) 1 
(3.45) 

The term S (Pq)/[S (Pq) + S (Pq)] may be viewed simply as a 
yy yy uu 

weighting function such that when the noise power spectral density 

Su^(Pq) becomes small relative to the signal power density spectrum 

S (Pq). G(Pq) reduces to the ideal inverse filter H 1(Pq) and where 
yy 

the signal power density spectrum S (Pq) is small relative to 
yy 

S (Pq). G(Pq) tends to zero. 
UU 
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3.4 Computational Aspects: 

Hie Purkinje fiber and atrial transmembrane potential waveforms 

utilized in this study are shown in figs. 3.1 and 3.2. The typical 

atrial action potential used in this study is shown in fig. 3.1. It 

has a resting potential of -90 mV* an upstroke velocity of 40 V/sec 

and a conduction velocity that is assumed to be 1 m/sec* a value com¬ 

monly reported for atrial tissue. Figure 3.2 shows a typical action 

potential distribution t (z) recorded from an isolated dog Purkinje 

fiber positioned in a large Ringer-lÿrode solution volume conductor 

that was maintained at a temperature of 37° C. It has a resting 

potential of -88 mV, an upstroke velocity of 128 V/sec and a conduc¬ 

tion velocity of 2 m/sec. The frequency spectra F (k) of these input 
in 

data waveforms i (z) were obtained using a Fast Fourier Transform m 

(FFT) algorithm and were found to be band-limited to spatial frequen¬ 

cies below k “ 1.92 rad/cm for both types of fiber. The signals were 

sampled at rates that ensured that all of the significant frequency 

components in the signal would be represented, and that no aliasing 

would be introduced by the sampling process. The atrial waveform 

shown in fig. 3.1 originally had a capacitive transient associated 

with it due to stimulus artifact; this has been removed to yield a 

typical conducted action potential waveform. Table 3.1 provides a 

summary of the model parameter values utilized in this study for each 

of the three cases of interest: (a) the Purkinje strand, (b) the 

atrial trabeculum and (c) the single atrial fiber. The atrial action 

potential waveform shown in fig. 3.1 is used as the transmembrane 
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potential waveform in cases (b) and (c) mentioned above. 

In tbis chapter the implementation of the model bas been 

described in detail. In tbe following chapter the results of the 

simulation will be presented. 

Table 3.1: Hodel Parameter Values 

Atrial 
Cell 

Atrial 
Trabeculum 

Purkinj e 

Fiber 

a 3 18 100 

6 2.0 2.0 2.0 

y 1 1 2 

z 0.4 0.4 0.4 

L 128 128 256 

N 256 256 512 

a 

6 

v 

Z 

L 

fiber radius (pm) 

specific conductivity ratio 

conduction velocity (m/sec) 

sampling interval in z-domain (cm) 

signal duration (number of samples) 

N signal periodicity 



CHAPTER 4 

Sinlitioa Results 

With, the data waveforms of figs. 3.1 and 3.2 as input to the 

model, extracellular field potentials |°(r,z) are calculated for 

several values of radial distance according to equation (2.52). The 

results are shown in figures 4.1(a). (b) and (c) (at the relative 

radial distances, r * a. 3a. 7a. 11a and 15a) for the single atrial 

fiber, atrial trabeculum, and Purkinje fiber* respectively. The 

internal media for the Purkinje fiber and atrial trabeculum are con¬ 

sidered to be anisotropic while that for the single fiber is con¬ 

sidered isotropic. It can be seen that the field potential is 

approximately diphasic in nature and falls off in amplitude and fre¬ 

quency content, with increasing radial distance from the surface of 

the cell. Figure 4.2 is the plot of the falloff in the magnitude of 

the negative peak potential of the diphasic extracellular waveform 

(normalized scale), with increasing radial distance from the fiber 

surface, as a function of the size of the source fiber (i.e.* with 

radius a). The uppermost curve (a “= 3 pm) is representative of the 

single atrial fiber, while the lowermost curve (a m 100 pm) is 

representative of the Purkinje fiber. 

Thus in a relative sense* the falloff in potential with distance 

normal to the fiber surface is much more rapid for larger rather than 

smaller fibers. Furthermore, the falloff in frequency content of the 
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1 
O 
(O 

ir 
2cm 

(c) 

Fig. 4.1 : Simulation results of the forward 
problem, (a) Atrial single cell 
(b) Atrial trabeculum and (c) Purkinje 

strand 
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0 « i i 

a 5a 10a 15a 
Field radius 

Fig. 4.2 : Normalized plot of the results of the forward 

problem for the three cases studied 
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field potential waveform with increasing radial distance is much more 

pronounced in the case of larger fibers* due to the nature of medium 

filter W(|k|r) as a function of source fiber radius (a); i.e.« as the 

radius increases# f(lk|r) becomes progressively more low-pass in 

nature as can be seen from fig. 4.3. These effects may also be 

observed by comparing figures 4.1(a)* (b) and (c)# particularly at 

larger radial distances from the fiber surface. 

2 
In the model* a change in the internal anisotropy ratio X is 

equivalent to a change in the membrane filter gain (see equations 

(2.45) and (2.60)). Table 4.1 shows the peak to peak values of the 

outer surface potential waveform i (z) for both the Purkinje fiber 
SO 

2 
and the atrial trabeculum as the anisotropy ratio X is varied. The 

peak to peak value of fg<)(z) in general varies linearly with aniso- 

2 
tropy ratio X . 

Table 4.1: Peak to peak outer surface potential t as a 
so 

2 
function of internal anisotropy ratio X . 

X2 
ffi,t 

Purkinj e 

Fiber 

pV 

Atrial 

Trabeculum 

pV 

1.0 57.12 1.85 

3.0 170.74 5.56 

5.0 283.56 9.27 

7.0 395.59 12.97 

9.0 506.85 16.67 
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k[rad/cm] 
Fig. 4.3 s Medium filter at r » 9a for the three cases 
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In. order to study the inverse problem* a model solution of the 

forward problem (i.e.* a solution for the extracellular potential 

distribution in z at a particular value of r) is first corrupted by 

various amounts of additive random measurement noise* Fourier 

transformed and then fed as input to the inverse reconstruction 

filter G(|kir). This concept is expressed in fig. 4.4* where it is 

implied that the inverse filter function H^(|k|r) is modified in 

some manner in order to facilitate proper recovery. The modified 

filter is . called the reconstruction filter G(|klr). Assuming that 

the signal I (z) and the noise n(z) are statistically independent one 

may employ a Viener filter of the form 

S(k) 1 1 
G(|klr) - s (k) + s (k) s (k) H(|k|r) (4,1) 

mm un ay 

where S (k) is the spectral density function of the extracellular 

field potential* S (k) is the spectral density function of the noise nn 

and Sft^(k) is the average weighting factor over the entire frequency 

range [42*43]. 

The filter G(|k|r) in equation (4.1) is essentially the same as 

G(Pq) developed in equation (3.45) of chapter 3 with the exception of 

the additional term 1/S (k). S _(k) is an average weighting factor av av 

that specifies the extent to which the ideal inverse filter function 

H *(|k|r) is scaled down over the entire frequency range. It is 

obtained by averaging S_(k)/[S_(k) + S.(k)] over the entire range 

of spatial frequency k. Since the noise corrupting the signal is a 

broad band white noise» S (k), the spectral density function of the 
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noise is nowhere zero in the frequency range of interest. Hence 

I S (k) I 

!*■.<*> + Snn(k)| 
I < 1 (4.2) 

for all values of spatial frequency k in the range of interest. This 

implies that 

|G(Pq)| < |H_1(Pq)| (4.3) 

over the entire frequency range. The transmembrane action potential 

4 (z) that is the output of the filter G(Pq) can therefore be 
in 

expected to be smaller in peak to peak amplitude than the action 

potential input to the forward filter. If the output of the filter 

G(Pq) were totally unknown, it would not be possible to correct for 

this discrepancy in the peak to peak amplitude of the recovered sig¬ 

nal. Advantage can be taken of the fact that the shape and duration 

of the action potential is completely known in this problem to scale 

the recovered signal up by the proper amount. The scaling factor 

turns out to be 1/S (k), as expected, multiplication by which scales 
•Y 

up the recovered signal to the correct peak to peak amplitude. 

The output of the inverse filter function is F (k), which is n 

inverse transformed to yield 4 (z), the transmembrane potential dis- 
81 

tribution. The action potential distribution can be recovered exactly 

within a constant (the resting potential) for the noise free case 

when the input field potential waveform is taken at any radius in the 

range studied r ■ a, 2a,...,13a. Figs. 4.5, 4.6 and 4.7 indicate the 

recovery of the appropriate action potentials for the case where the 
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0 ,40, 80 
zlcml 

Fig. 4.5 : Results of the inverse problem for the atrial cell 
at a signal to noise ratio of 80 
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Fig. 4.6 : Results of the inverse problem for the atrial 
trabeculum at a signal to noise ratio of 80 
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Fig. 4.7 : Results of the inverse problem for the Purkinje 
strand at a signal to noise ratio of 80 
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signal-to~noi.se ratio (S/N) of the corrupted input signal at r « 9a 

is relatively lov (S/N m 80). Fig. 4.5 illustrates the corrupted 

input signal at the top and the recovered action potential as the 

bottom trace for the atrial single cell. The solid line in the bot¬ 

tom trace is the action potential recovered in the noise free case or 

the action potential input to the forward model (both of which are 

identical) and the dotted trace is the action potential recovered by 

the inverse model under a S/N of 80. Figs. 4.6 and 4.7 illustrate 

the same results for the atrial trabeculum and the Purkinje fiber 

respectively. As one will observe from each of these figures, the 

recovery of the original action potential distribution is only 

approximate, but with secondary application of a smoothing filter the 

recovered action potential may be considered a reasonable approxima¬ 

tion. Under the same conditions (r = 9a). the recovered action 

potential distribution for S/N “ 100 are nearly exact for all three 

cases as shown in figs. 4.8» 4.9 and 4.10. Once again the top trace 

is the corrupted input signal while the bottom trace is a comparison 

of the recovered signal with and without noise. Figs. 4.8» 4.9 and 

4.10 are for the single atrial cell, the atrial trabeculum and the 

Purkinje fiber respectively. However when the signal-to-noise ratio 

is lowered below 80» the recovery is not as good and worsens as the 

S/N ratio declines. Experimentally, one is generally able to easily 

achieve signal-to-noise ratios that are much larger than 100 by using 

high quality differential amplifiers with adequate gain and good com¬ 

mon mode rejection (CUR) properties, coupled with a capability for 

cumulative averaging to enhance the S/N ratio. 
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zlcm) 
Fig. 4.8 : Results of the inverse problem for the atrial cell 

at a signal to noise ratio of 100 
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S/N=100 

Fig. 4.9 : Results of the inverse problem for the atrial 

trabeculum at a signal to noise ratio of 100 
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Fig. 4.10 : Results of the inverse problem for the Purkinje 

strand at a signal to noise ratio of 100 
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Considering the Fourier decomposition of the Purkinje fiber and 

atrial action potential distributions into a sum of sinusoids of dif¬ 

ferent spatial frequencies k, the higher frequency components of the 

Fourier series representation of these waveforms would be very impor¬ 

tant for the accurate representation of the faster phases of the 

waveform such as the upstroke and rapid depolarization phase. Con¬ 

versely the lower frequency components would be important in estab¬ 

lishing an accurate representation of slower phases of these signals 

such as the pronounced plateau phase of the Purkinje fiber action 

potential. Observing the reconstructed action potential waveforms in 

figs. 4.5, 4.6 and 4.7, for the case where the field potential at a 

field radius r « 9a has a signal to noise ratio of 80, one notes that 

for all three waveforms, the fits to the upstroke phase is very good. 

In the case of the Purkinje waveform fig. 4.7, the fit to the final 

repolarization phase is also good, but the fit to the plateau region 

is poor. An explanation is given below. 

The characteristics of the inverse reconstruction filter are 

given by equation (4.1), and G(|k|r) may be viewed alternatively as 

the product of two terms, i.e. 

G(lklr) - M(k) H^Uklr) (4.4) 

where 

(4.5) 

and H *(lklr) is the reciprocal of equation (2.50). The spectral 
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density function S (k) for the Purkinje waveform has a more signifi- mm 

cant low frequency content than S _(k) for the atrial action poten- 

tial. The nature of the ideal H^(|k|r) characteristic (fig. 2.6) is 

essentially the same for all three fiber types and in general* lower 

frequency components are weighted with a much higher gain than the 

higher frequency components. The additive white noise is broad-band. 

As the noise level is increased and S/N declines* the signal as well 

as the noise is amplified by the large gain of the reconstruction 

filter in the low frequency region* resulting in poor determination 

of the low frequency components of the action potential waveform. 

This is seen particularly well in the plateau phase of the recon¬ 

structed Purkinje waveform, but also to a lesser extent in the poorly 

developed "plateau" phase of the atrial action potential. 

In the case of the atrial waveforms (figs. 4.5 and 4.6)* poorer 

reconstruction of i (x) is encountered in the case of the single 
m 

atrial fiber since the ideal inverse filter H^(lklr) for the atrial 

fiber has a significantly larger gain than the comparable inverse 

filter for the atrial trabeculum' (see Table 2.1). In the case of the 

single fiber a greater range of lower frequency components of $ (z) 
in 

are inaccurately determined resulting in a poorer overall reconstruc¬ 

tion of the signal. Again, the reconstruction of all these waveforms 

is nearly exact for S/N 2. 100. 



CHAPTER 5 

Conclusions sad Future Projections 

5*1 Discussion of results 

In tills thesis, the forward and inverse problems are solved for 

isolated cylindrical strands of cardiac tissue (i.e. the Purkinje 

fiber, the atrial trabeculum and a special case, the single atrial 

cell). The forward solution is accurate, and the inverse reconstruc¬ 

tion of the transmembrane potential distribution is also accurate 

provided the signal to noise ratio (S/N) of the field potential dis¬ 

tribution |°(r*,z) is sufficiently high (e.g. 2 100). Such signal to 

noise ratios are not unreasonable to expect. Modern day experimental 

techniques employ differential amplifiers with high common-mode 

rejection ratios that cut down measurement noise to considerable 

extent. If in addition to employing high quality differential 

amplifiers, band pass filters are employed to band limit the the sig¬ 

nal as well as to reduce the broad band noise present in the signal, 

the signal to noise ratio is further enhanced. Finally signal 

averaging can be performed on the acquired signal to further filter 

out random noise. When taken together these experimental techniques 

are capable of achieving signal to noise ratios well above 100. When 

the signal to noise ratio deteriorates to values below 80, the recon¬ 

structed signal may not be accurate but the basic shape and duration 

of the waveform are still preserved. 

78 
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Employing the DFT method to solve for the forward and inverse 

problems results in a considerable saving of time and effort when 

compared to the more conventional techniques utilized to numerically 

integrate equations. Finite element analysis or finite difference 

methods, which are alternatives to the technique presented in the 

preceding chapters, are laborious, time-consuming and very often not 

as accurate as the present technique [see e.g. [18]]. Moreover the 

DFT technique can be used with minor modifications of the filter 

functions a *(lk|a), W(lklr) and H(lk|r) to predict transmembrane 

current density, complete current density fields, magnetic fields, 

extra-cellular fields from very small fibers etc. etc* 

A study of the medium and membrane filters in terms of fiber 

dimensions is rather interesting. From fig. 2.5 it is apparent that 

the gain of the membrane filter increases with increasing fiber 

radii. This implies that the larger fiber will have an extracellular 

potential with a larger peak to peak amplitude. This is to be 

expected as the larger fibers have larger membrane surface areas and 

therefore will be capable of driving more current into the extracel¬ 

lular medium. From fig. 4.3 it is apparent that the medium filter 

function is more low pass in characteristic for larger fibers than it 

is for smaller fibers. This too is an expected result because for 

larger fibers a field radius of say 9a encompasses a greater amount 

of the medium than it does for a smaller fiber where a is small. For 

example for a = 100 pm, 9a • 900 pm, whereas for a “ 3 pm, 9a is only 

27 pm. Since the lines of force of the electric field tend to spread 



80 

further apart farther into the medium, the larger the extent of the 

medium encompassed the greater the low pass nature of the medium 

filter W(lklr). 

Incorporating an anisotropic intracellular medium proves to be a 

minor change in the membrane filter function. As shovn in Chapter 2 

equation (2,(0), changes in the anisotropy ratio X have a pure gain 

effect on the membrane filter. The medium filter is unaffected by 

2 
changes in X as it is independent of the anisotropy ratio. Intui¬ 

tively one vould expect such a result because changes inside the 

cylindrical cell are only lihely to affect the potential on the sur¬ 

face of the cell directly, in other words the membrane filter is the 

only one lihely to be affected. The extracellular medium being 

separated from the intracellular medium by the cell membrane, it is 

hardly lihely that changes within the cell will affect the extracel¬ 

lular medium or the medium filter. The medium filter should there- 

2 
fore not change with changing values of X , a result that is 

predicted by the model. 

5.2 Conclusions and Extensions of the model 

To summarize briefly, in the preceding chapters the following 

have been dealt with. 

1. The forward and inverse problems for isolated cylindrical 

strands of tissue in the heart (i.e. Purhinje fiber and atrial tra¬ 

beculum) have been solved. The forward solution is accurate, the 

inverse reconstruction is also accurate provided the signal to noise 
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ratio is adequate (e.g. 2,100). 

2. Forward and inverse solutions were obtained easily and effi¬ 

ciently via the FFT technique when compared to conventional methods 

involving solutions of integral equations or finite difference 

methods. 

3. The study of membrane and medium filters with regard to 

fiber size proved interesting. The characteristics of the medium 

filter become more low pass with increasing fiber size while the mem¬ 

brane filter gain increased in the larger fibers. 

This is a very efficient technique to compute a range of quanti¬ 

ties describing the entire extra- and intra-cellular fields of 

cylindrical cells. As stated before, it is very simple to extend the 

model to calculate quantities other than the electric field distribua 

tion. An obvious extension of this model would be to solve for the 

potentials from strands that are coupled together to form single or 

multilayered sheets. The computational expense involved in thus 

utilizing this technique would be minimal in terms of both time and 

effort 
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APPENDIX 

THE FORWARD PROBLEM 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
c 
c 
c 
c 
c 
c 
c 
c 
c 

THE PROGRAM TO SOLVE THE FORWARD PROBLEM 
SUBROUTINES USED: 

FFTD2 : TO DO THE DOUBLE 

PRECISION FFT AND 
ITS INVERSE. 

BESE1 : TO CALCULATE THE 
K BESSEL FUNCTION. 

BESI: TO CALCULATE THE I 
BESSEL FUNCTION. 

INPUT FILES NEEDED: ONE WITH THE ACTION 
POTENTIAL ON IT AND 
ALSO HAVING VALUES OF 
THE SAMPLING INTERVALS 
IN TIME AND SPACE. THE 
FIBER RADIUS. THE FIELD 
RADIUS. THE ANISOTROPY 
RATIO. THE LENGTH OF THE 
FFT TO BE PERFORMED. THE 
POWER OF TWO TO WHICH IT 
IT CORRESPONDS AND THE 
CONDUCTIVITY RATIO. 

OUTPUT CAN BE SENT TO A FILE. 

PARAMETERS : 
NPTS: LENGTH OF FFT 
NSTAGE:POWER OF TWO THAT 

CORRESPONDS TO NPTS. 
RA : FIBER RADIUS. 
DELZ : SAMPLING INTERVAL IN Z. 
DELT : SAMPLING INTERVAL IN TIME. 
RR : FIELD RADIUS. 
SIG : CONDUCTIVITY RATIO. 
ANISR: ANISOTROPY RATIO. 

IMPLICIT REAL*8 (A-H.O-Z) 
DIMENSION HW(513).X(1024).Y(1024) 
DIMENSION FX(1024).XS(513) 
PI=3.14159265 

READ INPUT FILE FOR INPUT VALUES 

READ(5.12) NPTS.NSTAGE 
READ(5,10) RA.DELZ.DELT.RR.SIG 
READ(5.10) ANISR 

10 FORMAT(5F13.6) 
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12 F0RMAX(2I6) 
READ(5,10) (FX(I),1=1,NPTS) 

C 
C CALCULATE ALL MULTIPLES OF NPTS NEEDED 
C 

NE=NPTS/2 

NHP1=NH+1 

N4P1=4*NPTS+1 

N8=8*NPTS 
N8P2=N8+2 
NP2=NPTS+2 

NP1=NPTS+1 
N2=2*NPTS 
N2P2=N2+2 
NM1=NPTS-1 

NM40-NPTS-40 
NP40=NPTS+40 

ALAM=DSQRT(ANISR) 

VELFDELZ/DELT 

ZT=DELZ*FLOAT(NPTS) 

ZT8=8.D0*ZT 

TPI=6.2831853 

C******* NORMALISE DATA TO PEAK PD FX 
AFMAX=O.DO 

DO 115 1*1,NPTS 
W=DABS(FX(I)) 
IF(V.GT.AFMAX) AFMAX=W 

115 CONTINUE 
DO 120 1*1,NPTS 

120 FX(I)=FX(I) 
c******* REMOVE DC COMPTENT FROM FX 

AVEM=O.DO 

L=1 

DO 121 I*NM40,NPTS 
ÀVEM=AVEM+FX(I) 
IF(L.GT.NPTS) GO TO 122 

121 IPL+1 

122 AVEM=AVEM/FLOAT(L) 
DO 125 1*1,NPTS 
X(I+NPTS)=FX(NM1) 

125 X(I)=FX(I) 
XM=0.D0 

DO 130 1*1, N2 
130 XM=XM+X(I) 

XM=XM/FLOAT(N2) 

DO 135 1*1,N2 
135 X(I)*X(I)-XM 

DO 150 1=1,NPTS 
TCI+NPTS)*0.D0 

150 Y(I)*O.DO 
MI=NSTAGE+1 
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CALL FFTD2(X,Y,N2,MI,1) 
DO 200 1=1,NPI 
XS(I)«X(I) 

FX(I)=Y(I) 
200 CONTINUE 
C******* FIND FIR FILTER FOR COMBINED FILTER 

X(1)=0.D0 
Y(1)=0 .DO 

DO 275 1=2,NP1 
W=0.DO 
ARG=TPI*(I-1)/(ZT*2.D0) 
RK=ARG*RR 
IF(RK-170.D0) 260,260,275 

260 CALL BESK1(RK,0,BKR, IERR) 
IF(IERR.NE.O) GO TO 900 
AK=ARG*RA 
CALL BESK1(AK,0,BKA,IERA) 
IF(IERA.NE.O) GO TO 900 
W=BKR/BKA 

CALL BESK1 ( AK, 1, TX1. IERA) 
IF(IERA.NE.0) GO TO 900 

AK=ALAM*AK 

CALL BESI(AX,0,TI0,IERA) 
IF (IERA.NE.0) GO TO 910 

CALL BESI(AK,1,BI1,IERA) 
IF (IERA. NE. 0) GO TO 910 

11^7X1*110 
WB=BI1*BKA 
WM=-l.DO/ ( ( SIG/ALAM) * (WT/WB) +1 .DO) 
W=W*WM 

Y(I)=0 .DO 
275 X(I)=1 

DO 300 1=2,NP1 

Y(N2P2-I)=Y(I) 

300 X(N2P2-I)=X(I) 
MI=NSTAGE+1 
CALL FFTD2(X,Y,N2,MI,-1) 

C******* WINDOW IMPDLSE RESPONSE OF COMBINED FILTER 
DO 325 1=1,NH 
W=0 .5 * (1 .DO+DCOS( (PI* (1-1 ) ) /NH) ) 

Y(I)=0.D0 

325 X(I)«W*X(I) 
DO 350 I=NHP1,NP1 

Y(I)=0.DO 
350 X(I)sO.DO 

DO 375 1=2,NPTS 

Y(N2P2-I)=Y(I) 
375 X(N2P2-I)=X(I) 

MI=NSTAGE+1 
CALL FFTD2(X,Y.N2,MI,1) 
DO 400 1=1,NP1 
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400 HW(I)=X(I) 
C******* FIND THE BEST ESTIMATE OF THE FPD 

DO 525 1=1,NP1 

X(I)=HW(I)*XS(I) 
525 Y(I)=HW(I)*FX(I) 

DO 550 1=2,NPTS 
Y(N2P2-I)=-Y(I) 

550 X(N2P2-I)=X(I) 
MI=NSTAGE+1 

CALL FFTD2(X,Y,N2,MI,-1) 
DO 575 1=1,N2 

575 FX(I)=X(I) 
WRITE(6,10) (FX(I),I=1,N2) 

C PRINT OUTPUT 
60 TO 1000 

900 WRITE(7,90) 1ERE, IERA 
90 FORMAT( 'ERROR IN BESE ROUTINE’/10X, 'IERR= ',14, 'IERA= ', 14) 

GO TO 1000 
910 VRIIE(7,91) IERA 

91 FORMAT( 'ERROR IN BESI ROUTINE’ /10X, ' IERA= ', 14) 
1000 STOP 

END 



90 

THE INVERSE PROBLEM 

C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 
C 

C 
C 

C 
C 

C 

C 
C 

10 
12 
C 
c 
c 

THE INVERSE PROBLEM 

SUBROUTINES NEEDED : 
SAME AS IN THE FORWARD 
PROBLEM PLUS 

NGEN : TO GENERATE 
RANDOM NOISE. 

INPUT FILES CONTAIN : ALL PARAMETERS AS IN 
THE FORWARD PROBLEM 

PLUS NOISE SPECTRUM. 
AND PEAK TO PEAK NOISE 
LEVEL. 

INPUT PARAMETERS : 
SAME AS IN THE FORWARD 

PROBLEM PLUS 
PLEVEL : PEAK TO PEAK 

NOISE LEVEL. 

ANOI : NOISE SPECTRUM. 

IMPLICIT REAL*8 (A-H.O-Z) 

DIMENSION HW(513). 1(1024).1(1024).ANOI(1024) 
DIMENSION FK1024) 
PI=3.14159265 

READ IN THE INPUT VALUES 

READ(5.12) NPTS.NSTAGE 
READ(S.IO) PLEVEL 
READ(S.IO) RA.DELZ.DELT.RR.$IG 
FORMAT(5FI3.6) 

FORMAT(2I6) 

CALCULATE MULTIPLES OF NPTS NEEDED 

NH=NPTS/2 

NHP1=NH+1 

NH=NPTS/2 
NQP1-NQ+1 

N4P1«4*NPTS+1 
N8=8*NPTS 
N8P2=N8+2 

NP2=NPTS+2 
NP1*=NPTS+1 
N2=2*NPTS 
N2P2=N2+2 
NM1=NPTS-1 
NM40=NPTS-40 
NP40=NPTS+40 
VEL=DELZ/DELT 

ZT>DEIZ *FLOAT( NPTS ) 



ZT8=8.D0*ZT 

TPI=6.283 1853 
READ(5,10) (FX(I),I=1,N2) 

C******* READ IN THE PRE-CALCULATED NOISE SPECTRUM OF THE 
C******* APPROPRIATE PEAK TO PEAK MAGNITUDE. 

READ(5,10) (AN0I(I),I=1,NP1) 
C******* CALCULATE SPECTRAL DISTRIBUTION FOR NOISE FREE SIGNAL 

C******* AND FIND THE WEIGHTING FUNCTION. 
DO 102 I=1,N2 

X(I)=FX(I) 
102 Y(I)=O.DO 

MI=NSTAGE+1 

CALL FFTD2(X,Y,N2,MI,1) 

DO 103 1=1,NP1 
W=DSQRT(X(I)**2+Y(I)**2) 

103 HW(I)=W/ (W+ANOKI) ) 
WAVG=0.DO 
DO 104 1=1,NPl 

104 WAV G=WAVG+HW(I) 
WAVG=WAVG/NP1 

C******* CORRUPT SIGNAL WITH NOISE 

DO 105 1=1,N2 
105 ANOI(I)=0.DO 

CALL NGEN(PLEVEL, SEED,ANOI,l,N2) 

DO 274 1=1, N2 

274 FX(I)=FX(I)+ANOI(I) 
WRITE(6,10) (FX(I),I=1,N2) 

C******* FIND FIR FILTER FOR COMBINED FILTER 
X(1)«0.D0 
Y(1)=O.DO 

DO 275 1=2,NPl 
W=0.DO 

ARG=TPI*(I-1)/(ZT*2.DO) 

RK=ARG*RR 
IF(RK—170.DO) 260,260,275 

260 CALL BESK1(RK,0,BKR, IERR) 

IF(IERR.NE.O) GO TO 900 
AK=ARG*RA 
CALL BESK1(AK,0,BKA,IERA) 
IF(IERA.NE.O) GO TO 900 
W=BER/BKA 
CALL BESK1 (AK, 1, TX1, IERA) 

IF (IERA. NE.0) GO TO 900 
CALL BESI(AK,0,TI0,IERA) 
IF(IERA.NE.O) GO TO 910 

CALL BESI(AK,1;BI1,IERA) 
IF(IERA.NE.O) GO TO 910 
WT=TK1*TI0 

WB=BI1*BKA 
WM=-1. DO/( SIG • ( WT/WB )+1. DO ) 

W=W *WM 



275 
Y(I)=O.DO 
X(I)=W 

300 

DO 300 1=2,NP1 
Y(N2P2-I)=Y(I) 
X(N2P2-I)=X(I) 
MI=NSTAGE+1 
CALL FFTD2(X.Y,N2,MI,-1) 

►** WINDOW IMPULSE RESPONSE OF COMBINED FILTER 

325 

DO 325 1=1,NH 
W=0 .5* (1 ,DO+DCOS( (PI*(1-1 ) )/NH) ) 
Y(I)=O.DO 
X(I)=W*X(I) 

350 

DO 350 I=NHP1,NP1 
Y(I)=O.DO 
X(I)=O.DO 

375 

DO 375 1=2,NPTS 
Y(N2P2-I)=Y(I) 
X(N2P2-I)=X(I) 

C****1 

MI=NSTAGE+1 
CALL FFTD2(X, Y,N2,MI,1) 

>*• FIND THE IDEALISED INVERSE FILTER AND SCALE IT 

400 

DO 400 1=1,NP1 
W=X(I) 
IF(W.NE.O.) W=l/W 
HW(I)=HW(I)*W/WAVG 
CONTINUE 

C******* REMOVE THE DC COMPONENT FROM FX 

600 

AVEM=0.DO 
L=1 
DO 600 I=1,NP40 
AVEM= AVEJH-FX ( I ) 
IF(L.GT.NPTS) GO TO 601 
L=L+1 

601 AVEM=AVEM/FLOAT(L) 

602 

XM=O.DO 
DO 602 1=1,N2 
X(I)asFX(I) 

610 
DO 610 1=1,N2 
XM=XM+X(I) 

615 

XM=XM/FLOAT(N2) 
DO 615 1=1,N2 
X(I)=X(I)-XM 

C******* FIND BEST ESTIMATE FZ OF THE ACTION POTENTIAL 
DO 500 1=1,NPTS 
Y(NPTS+I)=0.DO 

500 Y(I)=0.D0 

504 

MI=NSTAGE+1 
CALL FFID2(X,Y,N2,MI,1) 
DO 635 1=1,NP1 

635 
Y(I)=HW(I)*Y(I) 
X(I)=HW(I)*X(I) 



639 

650 

675 

680 

685 

C*** 

8000 

900 

90 

910 

91 

1000 

DO 650 1=2,NPTS 

Y(N2P2-I)=-Y(I) 

X(N2P2-I)=X(I) 

MI=NSTAGE+1 

CALL FFTD2(X,I,N2,MI,-1) 

DO 675 1*9,247 

FX(I)=X(I) 

DO 680 1*1,8 

FX(I)=X(8) 

DO 685 1*248, N2 

FX(I)*X(8) 
1 PRINT OUTPUT 

WRITE(6,10) (FX(I),I*1,N2) 

GO TO 1000 

WRITE(7,90) IERR,IERA 

FORMAT( 'ERROR IN BESE ROUTINE' /10X, ' IERR= ', 14 , ' IERA* ' 

GO TO 1000 

WRITE(7,91) IERA 

F0RNAT( 'ERROR IN BESI ROUTINE'/10X,'IERA*',14) 

STOP 

END 
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DOUBLE PRECISION FFT 

C 

C 

C 

C 

C 

C 

C 

C 

C 

C 

C 

C 

C 

C 

C 

C 

C 

C 

C 

10 
c 
c 
c 
c 

c 

c 
c 

SUBROUTINE TO CONFUTE N POINT COMPLEX DPT FOR N=2**M. 

THE ALGORITHM IS THE RADIX 2 COMMON FACTOR WITH DECIMATION 

IN FREQUENCY. 

THE MAXIMUM VALUE OF N IS 8192. 

THE CALL IS FFTD2(X,Y,N,MI,INV) 

WHERE X IS THE REAL PART OF THE INPUT ARRAY 

Y IS THE IMAGINARY PART OF THE INPUT ARRAY 

N IS THE LENGTH OF THE FFT 

MI IS THE POWER TO WHICH 2 IS RAISD TO GET N 

INV IS THE FLAG WHICH IS NEGATIVE FOR 

AN INVERSE FFT AND POSITIVE 

OTHERWISE 

THE OUTPUT IS RETURNED IN ARRAYS X AND Y. 

SUBROUTINE FFTD2(X, Y,N, MI, INV) 

IMPLICIT REAL*8 (A-H.O-Z) 

DIMENSION FCOS(1024),X(N),Y(N) 

FN=N 

CONFN-1 .DO/FLOAKN) 

FM=DLOG(FN) /DL0G(2.D0) 

M=IFIX(FM+.l) 

NT=2**M 

IF(NT.NE.N) GO TO 1000 

IF(MI.NE.M) GO TO 1000 

CALCULATE TABLE OF SINES AND COSINES 

PI-3.14159265 

ANGLE-2.DO*PI*C0NFN 

IF(INV.LT.O) ANGLE—ANGLE 

N3Q=(3*N)/4 

DO 10 I-1.N3Q 

ANGK=ANGLE*FLOAT( 1-1) 

FCOSd)-DCOS(ANGE) 

CONTINUE 

START FFT COMPUTATION 

USE L AS COUNTER FOR STAGES 1-M 

DO 100 L-l.M 
***** DEFINE PARAMETERS THAT CHANGE WITH L 

L21-2**L 
N21-N/L21 

L212=2**(L-1) 

N212-N/L212 
***** USE J COUNTER FOR EACH SUB-STAGE OF CONSECUTIVE 

BUTTERFLIES. 
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DO 200 J«1,L212 
C IOFFSE WILL DEFINE NUMBER OF INDECIES TO JUMP FROM ONE 
C SUB-STAGE TO ANOTHER. 

IOFFSEF(J-l)*N212 

C USE E COUNTER FOR CONSECUTIVE BUTTERFLIES IN SUB-STAGE J. 
DO 300 K=1,N21 

C DEFINE BOTH INDECIES FOR INPUT TO BUTTERFLY. 
INDEX1*=K+IOFFSE 
INDEX2= INDEX1+N21 

C CALCULATE INDEX INDW FOR ACCESSING SINES AND COSINES. 
INDW=1+(K-l)*L212 
INDWl=INDW+(N/4) 

C 
C START BUTTERFLY 
C 

TR=X ( INDEX1 ) -i ( INDEX2 ) 
TI=Y(INDEX1)-Y(INDEX2) 
X ( INDEX1)=X(INDEX1)+X(INDEX2) 

Y(INDEX1)=Y(INDEX1)+Ï(INDEX2) 

IF(INV.LT.O) GO TO 333 
X ( INDEX2)=TR*FCOS ( INDW)-TI*FCOS ( INDW1 ) 

Y ( INDEX2)«TI*FCOS(INDW)+TR*FCOS(INDW1) 
GO TO 300 

333 X(INDEX2)=TR*FCOS(INDW)+TI*FCOS(INDW1) 

Y(INDEX2)=TI*FC0S(INDW)-TR*FC0S(INDW1) 

300 CONTINUE 
200 CONTINUE 

100 CONTINUE 

C 
C SCALE BY 1/N IF INVERSE F FT IS BEING FOUND 

C 
IF(INV.GE.O) GO TO 390 
DO 350 K=1,N 

X(K)*X(K)*CONFN 
Y(K)=Y(K)*CONFN 

350 CONTINUE 

C 
C START BIT REVERSING 
C 
390 DO 400 K®1,N-1 

KM=K-1 
C GET BIT REVERSED VALUE OF COUNTER (MINUS 1) X 

LFNBITRE(KM,M)+1 

IF(L.LE.E) GO TO 400 

C INTERCHANGE IF ABOVE CONDITION IS NOT SATISFIED 

TR*X(L) 
TI*Y(L) 
X(L)«X(K> 
Y(L)=Y(K) 
X(K)=TR 
Y(K)=TI 
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400 CONTINUE 
C 

RETURN 
1000 WRITE(7»1010) N 
1010 FORMAT(' ERROR IN FFTD2 SIZE N -MS) 

STOP 
END 

C 
C FUNCTION TO CALCULATE BIT REVERSEED VALUE OF E FOR N BIT 
C REPRESENTATION. 

INTEGER FUNCTION NBITRE(K,M) 
C INITIALIZE SUM TO 0 

KBR=0 

IO=K 

DO 10 J=1,M 

C GET LEAST SIGNIFICANT BIT 
IB IT^ 10-2 ♦ (10/2) 

C SHIFT TO THE RIGHT FOR NEXT TIME 
IO»IO/2 

C ADD CONTRIBUTIONS OF THIS BIT TO TOTAL 
KBR=KBR+IBIT*2**(M-J) 

10 CONTINUE 
NBITREFKBR 

RETURN 
END 
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THE I BESSEL FUNCTION 

C 

C 
C 
c 
c 
c 
c 
c 

c 
15 

C 

19 

C 
4 

C 

62 

C 
70 

82 
C 
100 

A PROGRAM TO CALCULATE THE I BESSEL FUNCTION 

ARGUMENTS ARE :: 
X : THE ARGUMENT OF THE BESSEL 

FUNCTION 

N : THE ORDER OF THE FUNCTION 
BI: THE VALUE OF THE FUNCTION 

1ER: AN INTEGER ERROR FLAG 

SUBROUTINES USED : NONE 
DOUBLE PRECISION FUNCTION BESI (X, N, BI, 1ER) 
DOUBLE PRECISION X,BI, XX. FACTN, FI. TERM, TOL,FK,FN 
INTEGER N, 1ER, K 

1ER - 0 
BI - 1. 
IF(N.LT.O) GO TO 115 
IF(N.EQ.O) GO TO 15 
IF(X.LT.O) GO TO 116 

IFCX.GE.0) GO TO 19 

IF(X.LT.O) GO TO 116 

IF(X.GT*0) GO TO 19 
GO TO 130 

TOL « 0.000001 

AN*FLOAT(N) 
IF((X-12.).LE.O.) GO TO 4 

IF(U-AN).GT.O) GO TO 111 

XX » X/2. 
FACTN « 1. 

IFC(N-l).LE.O) GO TO 70 

DO 62 1=2,N 
FI = FLOAT(I) 

FACTN - FACIN*FI 
CONTINUE 

TERM “ (XX**N)/FACTN 

BI - TERM 
XX - XX**2 
DO 82 K-1,30 
IF( (DABS(TERM)-DABS(BI*TOL) ) .LE.O) GO TO 100 
AK=FLOAT(K) 
AKN=FLOAT(N+K) 

FK = AE*AKN 
TERM *= TERM* (XX/FE) 
BI=BI+TERM 

CONTINUE 

GO TO 130 



Ill FN « 4.*(AN**2) 
XX « 1./(8.*X) 
TERM - 1. 
BI - 1. 
DO 107 Ksl,30 
IF((DABS(TERM)-DABS(TOL*BI)).LE.O.) GO TO 114 
AK=FLOAT(K) 
AK1=2.*AK-1. 
FK « AK1**2 
TERM » TERM*XX*(FK-FN)/AK 
BI “ BI + TERM 

107 CONTINUE 
C 
114 PI - 3.141592653 

X1=2.*PI*X 
BI » BI*DEXP(X)/SQRT(Xl) 
GO TO 100 

115 1ER * 1. 
GO TO 100 

116 1ER = 2 
GO TO 100 

130 RETURN 
END 
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K BESSEL FUNCTION 

C BESK1 TAKES THE ARGUMENT (X) OF THE K BESSEL FUNCTION 

C FUNCTION AND THE ORDER (N) OF THE K BESSEL FUNCTION 
C AND RETURNS THE VALUE OF THE FUNCTION» ALONG WITH AN 
C ERROR MESSAGE. 

C 
C ARGUMENTS : 
C X : ARGUMENT OF THE BESSEL FUNCTION ITSELF 

C N : ORDER OF THE BESSEL FUNCTION 
C BE: CALCULATED VALUE OF THE BESSEL FUNCTION 
C 1ER: INTEGER ERROR FLAG 
C SUBROUTINES USED : NONE 

DOUBLE PRECISION FUNCTION BESK1 (X, N,BK, 1ER) 
IMPLICIT REAL*8 (A-H.O-Z) 
DOUBLE PRECISION T(12) 
INTEGER 1ER, N, J 

10 BK=0. 

IF(N.GE.O) GO TO 11 
IER=1 
GO TO 50 

11 IF(X.GT.O) GO TO 20 
IER=2 

GO TO 50 

20 IER=0 

IF((X-l).LE.O.) GO TO 36 

AFDEXP(-X) 

B-l./X 
OSQRT(B) 

T(1)«B 

DO 22 J-2,12 
T(J)«T(J-1)*B 

22 CONTINUE 
IF((N-1).EQ.O) GO TO 40 

G0»A* (1.25331414 - .15666418*T(1) + .088111278*1(2) 
* - .091390954*T(3) + .13445962*1(4) - .22998503*1(5) 
* + .37924097*T(6) - .52472773*1(7) + .55753684*1(8) 
* - .42626329*T(9) + .2184518*1(10) - .066809767*1(11) 
* + .009189383*1(12))*C 

IF(N.LT.O) GO TO 20 
IF(N.GT.O) GO TO 40 
BK=G0 

GO TO 50 
40 Gl-A*(1.2533141 + .46999270*T(1) - .14685830*1(2) 

* + .12804266*T(3) - .17364316*1(4) + .28476181*T(5) 

* - .45943421*T(6) + .62833807*1(7) - .66322954*1(8) 
* + .50502386*T(9) - .25813038*T(10) + .078800012*T(11) 
* - .010824177*1(12))*C 

IF((N-l).LT.O) GO TO 20 

IF((N-l).EQ.O) GO TO 30 
IF((N-l).GT.O) GO TO 42 
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30 BK-G1 
GO TO SO 

42 DO 44 J-2.N 
AJ=FLOAT ( J-l ) 
GJ=2.*AJ*G1/X + GO 
G0=G1 
G1=GJ 

44 CONTINUE 
BK=GJ 
GO TO 50 

36 B=X/2. 
A“.57721566 + LOG(B) 
C=B**2 
IF((N-1).EQ.O) GO TO 43 
GO=*-A 
X2J=1. 
FACT=1. 
HJ=0. 
DO 46 J«l,6 
AJ«FLOAT(J) 
RJ=1,/AJ 
X2J*=X2J*C 
FACT=FACT*RJ*RJ 
HJ=HJ + BJ 
G0=G0+X2J *FACT*(HJ-A) 

46 CONTINUE 
BK=GO 
IF(N.NE.O) GO TO 43 
GO TO 50 

43 X2J=B 
FACT*1. 
HJ*1. 
Gl*l./X + X2J*(.5+A-HJ) 
DO 48 J*2,8 
AJ-FLOAT(J) 
X2J«X2J*C 
RJ*=1 ,/AJ 
FACT-FACT* (RJ* *2) 
HJ=HJ+EJ 
G1*=G1+X2J*FACT* ( ,5+( A-HJ ) *AJ ) 

48 CONTINUE 
IF((N-l).NE.O) GO TO 42 
BK=G1 

50 RETURN 
END 
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TO CALCULATE THE NOISE SPECTRUM 

C THE PROGRAM THAT CALCULATES THE NOISE SPECTRUM 

C BT CALLING THE RANDOM NOISE GENERATOR 100 
C TIMES AND AVERAGING ITS SPECTRUM. 
C SUBROUTINES NEEDED : 
C NGEN : THE NOISE GENERATOR. 
C FFÏD2 : THE FFT ROUTINE. 
C INPUTS NEEDED : NONE 

C OUTPUT CAN BE DIRECTED TO A FILE. 
IMPLICIT REAL*8 (A-H.O-Z) 

DIMENSION HW(513) .1(1024) . Y(1024). AN0K1024) ,FX(1024) 

PI=3.14159265 
C 
C SPECIFY INPUT VALUES 
C 

NPTS=512 

NSTAGE*9 

PLEVELM) .00005983 
10 FORMAT(5F13.6) 
12 FORMAT(2I6) 

C 
C CALCULATE MULTIPLES OF NPTS NEEDED 
C 

NH=NPTS/2 

NHP1-NH+1 
N0=NPTS/2 

N0P1*NQ+1 
N4P1=4*NPTS+1- 

N8*8*NPTS 
N8P2-N8+2 
NP2-NPTS+2 

NP1*NPTS+1 
N2-2*NPTS 
N2P2-N2+2 
NM1-NPTS-1 
NM40=NPTS-40 
NP40=NPTS+40 

TPI-6.2831853 
C******* CALL THE SUBROUTINE TO GENERATE RANDOM NOISE 

SEED=0.DO 

IND=1 

200 CALL NGEN(PLEVEL,SEED.ANOI,1.N2) 
C******* CALCULATE SPECTRAL DISTRIBUTION FOR NOISE 

DO 100 1=1,N2 
X(I)=ANOI(I) 

100 Y(I)=0.D0 
MI=NSTAGE+1 

CALL FFTD2(X,Y,N2,MI,1) 
DO 101 1=1,NP1 

101 HW(I)=DSQRT(X(I)**2+Y(I)**2) 



102 

DO 102 1=1,NPI 
102 FX(I)=FX(I)+HW(I) 

IND=IND+1 

C 
C REPEAT IF THIS HAS BEEN DONE LESS THAN 100 TIMES 
C 

IF(IND.GT.IOO) GO TO 103 

GO TO 200 
C 

C AVERAGE SPECTRUM 
C 
103 DO 104 1=1,NP1 

104 FX(I)*=FX(I)/DFLOAT(IND) 
C******* PRINT OUTPUT 

8000 VRI1E(6,10) (FX(I),I=1,NP1) 
1000 STOP 

END 



U
 U

 U
 U

 
103 

THE NOISE GENERATOR 

C 

C 
C 
C 
C 
C 
C 

C 
C 
C 

C 
C 

THE FOLLOWING IS THE RANDOM NUMBER GENERATOR THAT IS USED 

TO GENERATE THE RANDOM NOISE NEEDED TO CORRUPT A SIGNAL. 
THE SUBROUTINE CALL IS NGEN(NLEVEL, SEED, NOISE, D1.D2) 
SUBROUTINE PARAMETERS : 

SEED : 0.0 ON FIRST CALL AND ON 
SUBSEQUENT CALLS THE VALUE 

RETURNED IN THE PREVIOUS 

CALL IS RETAINED. 
NOISE : RANDOM NOISE ARRAY. 
NLEVEL : PEAK TO PEAK NOISE. 

D1 AND D2 : DIMENSIONS OF NOISE 
ARRAY. 

SUBROUTINE NGEN ( NLEVEL. SEED. NOISE. D1. D2) 

INTEGER I.J.D1.D2.INTER 
REAL*8 SEED. SEED1. SEED2. MULT. MULTI. MULT2 
REAL*8 MOD.INC.NLEVEL 

DOUBLE PRECISION N0ISE(D1.D2) 

IF (SEED.EQ.O.) SEED=0.3125 
MOD=34359738368.DO 
MULT=3141592653.D0 

INC=2718281829.D0 

MULTI-23968.DO 
MULT2-58957.D0 

ENTER LOOP THAT GENERATES D1*D2 VALUES. EACH UNIFORMLY 

DISTRIBUTED IN THE RANGE ( -NLEVEL/ 2, NLEVEL/ 2 ) 

DO 101 1=1,D1 
DO 102 J=1,D2 

SEED1= SEED*MULT1 

INTERFINT(SEEDI) 

SEED1-SEED1-INTER 
SEED1=SEED1*131072. 
SEED2=SEED*MULT2 
SEED= SEED1+SEED2+ INC / MOD 

INTER= INT ( SEED ) 
SEED=SEED-INTER 

NOISEd, J) =NLEVEL* ( SEED-0 .5 ) 
102 CONTINUE 
101 CONTINUE 

C 
RETURN 
END 


