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Abstract 

Estimation of the Parameters of All-Pole Sequences 

Corrupted by Additive Observation Noise 

Ordinary Least Squares procedures and the equivalent 

Yule-Walker formulation result in biased estimates of all-pole 

model parameters when applied to noise corrupted all-pole 

sequences. This bias is shown to be proportional to the inverse of 

the signal-to-noise ratio. The algorithm investigated applies an 

autocorrelation-like operation to the noise corrupted all-pole 

sequence which increases the signal-to-noise ratio but preserves 

the pole locations. This operation is applied recursively until 

acceptable signal-to-noise ratio is obtained. The all-pole parame¬ 

ters are then estimated from the high signal-to-noise ratio 

sequence using an Ordinary Least Squares estimator. The improve¬ 

ment in signal-to-noise ratio varies for different modes in an all¬ 

pole sequence with modes corresponding to pole locations close to 

the unit circle showing the most improvement. A signal-to-noise 

ratio cutoff exists below which no improvement in signal-to-noise 

ratio is possible for a given mode. This cutoff is dependent on the 

radius of the poles of the mode and goes to zero as the pole 

approaches the unit circle. The signal-to-noise ratio cutoff also 

corresponds to the point at which the mode’s peak spectral value 

just equals the level of the noise floor. Estimates of the poles from 

the high signal-to-noise ratio sequences show reduction in the noise 

induced bias concomitant with the increased signal-to-noise ratio. 

Correlations of up to four times are shown to be advantageous. The 

sensitivity of the successive autocorrelation algorithm to a white 

observation noise assumption is found to be small. With long corre- 
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lation length signals, such as sinusoids, unbiased low variance esti¬ 

mates of the parameters are possible at signal-to-noise ratios of as 

low as 0.1. 
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1.0 Estimation of All-Pole Parameters From Noise Corrupted 

Sequences 

1.1 Introduction 

If any one model of discrete sequences can truly be con¬ 

sidered ubiquitous, it is that of a linear relationship between 

present and past values of a sequence. That is, given a sequence of 

numbers fs*], the hypothesis that an element of the sequence is 

expressible as a linear combination of p other elements in the 

sequence. 

St = f) OiSt-i 
i=i 

In systems analysis, this is the all-pole model, in econometrics the 

general linear model and in time series analysis the linear predic¬ 

tion model. The attention of numerous researchers over the last 

century has been turned to the problem of optimal estimation of 

the $0*1 given some observed sequence \xt \ and an assumed rela¬ 

tionship between fs*j and fa;*]. Algorithms for estimating these 

parameters are utilized for many purposes including identification 

of systems Hsia [14], impulse response analysis Blaricum [3], cod¬ 

ing of speech Markel [21] and spectral analysis Haykin[13]. There 

yet remains room for improvement in the area of algorithms which 

provide robust estimation of the fa*] in the presence of additive 

observation noise. 

The chapter begins with a definition of the specific prob¬ 

lem considered and the working terminology. Estimation of the 

-1 - 
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parameters of the linear model from the finite sample or data 

point of view is discussed and the classic estimators defined and 

analyzed. An alternative but parallel approach from the stochastic 

estimation point of view is then investigated and recent algorithm 

developements which motivated the major results of this thesis are 

described. 

1.2 Problem Definition 

The problem addressed herein is the estimation of the 

parameters of a noise-corrupted all-pole sequence. The all-pole 

sequence will be defined by first introducing rational models of 

sequences and some important subclasses. The place of noise cor¬ 

rupted all-pole sequences in this framework will be discussed, and 

some pertinent relationships given. 

1.2.1 Rationed Models of Sequences 

A wide range of sequences \st j encountered in the world 

of digital signal processing are well described by the following 

difference equation. 

st = +ut - (1.2.1) 
t=i i=i 

From the systems point of view, is the output of a linear digi¬ 

tal system with input \ut j and having the rational transfer function 

S(z) Slsl 
A(z) 
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where 

A (z) = 1 - aiz"1
 — • • • - cLpZ~p 

B(z) = 1 - 6xz-1 - • • • — bqz~q 

If the input [u*] is deterministic, then $stJ is also and it 

will be termed a pole-zero sequence. The special case where 

B(z)=l and \ut]=Gôt will be termed an all-pole sequence. This 

sequence is thus governed by the difference equation 

st — (1.2.2) 
t=i 

The sequence is recognizable as the impulse response of a system 

with transfer function 5 (z)=—-y. This model arises naturally in 

the analysis of voiced speech Rabiner [26], in impulse response and 

spectral analysis of all-pole systems Akaike [1], and in general 

linear prediction problems Robinson [28], Mann [20]. The power 

spectrum of the all-pole system 5’(z) is 

S (u> ^‘(tu) G2 

A{z)An{z-1) z=e~iw 

-jw 

G2 

(1.2.3) 

If is well represented as a sequence of random vari¬ 

ables, then js* j is stochastic. Sequences such as these were first 

considered by Yule [33] in 1928. He utilized a system model where 

B (z)=1 and \ut \ had the statistical properties of a white noise pro- 
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cess 

E\uf] = 0 

E[utus] = <r*<5*_s 

Under these conditions, ] is termed an Autoregressive or AR pro¬ 

cess and is given by the difference equation 

The power spectral density ( PSD ) of an AR process is given by 

If B(z)^ 1 , then \st] is termed an Autoregressive-Moving Average 

or ARMA process. The emphasis in this thesis will be placed on the 

estimation of the parameters of all-pole sequences ( deterministic 

models of js*j are important physically. However, the classic 

approaches to estimation of the parameters of the sequences 

result in almost identical estimators. When observation noise is 

added to j and emphasis shifts to estimates of the correlation 

function of the sequence, the distinction becomes much less 

important. 

(1.2.4) 

M). 

The distinction between the .stochastic and determinitstic 
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1.2.2 Noise-Corrupted All-Pole Sequences 

When dealing with observed sequences \xt ) the presence 

of observation noise is almost a given. If the noise is strictly addi¬ 

tive, one has 

xt = st + n* (1.2.5) 

where \ is the true sequence and {nt ] is the noise. This model of 

noise corruption is assumed throughout this thesis. Furthermore, 

the corrupting noise will be assumed to be a stochastic process 

with zero mean, independent, identically distributed elements. 

E[n,] = 0 

If J is an all-pole sequence as given by (1.2.2) then by 

substituting (1.2.5) into (1.2.2) one obtains the difference equation 

xt = f) Oixt-i +nt - fj 0*71*.* + G6t (1.2.6) 
l=l i=1 

Though this difference equation fits into none of the categories 

described in § 1.2.1, the power spectral density of \xt) ( and its 

autocorrelation function ) is identical to that of an ARMA process. 

X(z)X"{z-1) Lr 2 

A{z)A*{z~x) n 

G2+cr%A (Z)A*(Z_1) 

A (z )A * (z ""^) 

(Gf+^)B(z)5j(z^) 
~A(z)A'(z"*1") " 

This power spectral density would be produced by a pole-zero sys- 
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tern with transfer function S (z)= ÆÎSÛ. 
A{z) 

excited by an input ( white 

noise or impulsive ) of variance G2+a2. 

Kay[15] has described in detail the signal-to-noise ratio 

dependencies of the "noise zeroes" B(z). As the signal-to-noise 

ratio decreases B (z)-*A(z) and the system outputs pure obser¬ 

vation noise as expected. For intermediate signal-to-noise ratios, 

the zeroes tend to smooth the PSD of the all-pole system. This 

pole-zero or ARMA interpretation of a noise-corrupted all-pole 

sequence will prove useful in understanding the failure of classic 

estimators of the la*]. 

1.3 Finite Sample Approaches to Parameter Estimation 

A natural approach to parameter estimation is to utilize a 

linear model in the observations themselves to form the estimator. 

Given N observations {a;*} of a noise-corrupted all-pole sequence 

\st the following linear matrix equation can be written from 

(1.2.6) 

Y = Xa + e 

where 

Y = 

?N-z 

€ = 

Tip ~ 
i=l 

nu-1- ^ 

t=l 

(1.3.1) 



7 

*0 Sj>-1 . . . S0 I • • • 71Q 

X = « 

Xjy_l . . . xN—p—l SJJ-Z • • . sN-p-l 

+ 

V-y-z • • • 

• 

• 

nN-p-1, 

= XS+Xn 

Unless otherwise stated, the observation noise $74 ] will be charac¬ 

terized as zero-mean, independent and identically distributed. 

The Ordinary Least Squares estimator of a ( OLS ) will first 

be developed and its properties and limitations analyzed. The 

method of Instrumental Variables ( IV ) will then be investigated as 

an asymptotically unbiased alternative estimator. 

1.3.1 Ordinary Least Squares Estimators 

If in the linear model (1.3.1) the equation error e. was 

zero, and \xt ] was a pth order all-pole sequence, .a could be deter¬ 

mined from the observations directly by using any p equations 

If is not a pth order all-pole sequence* and/or e, is non-zero, 

then the equations of (1.3.1) are inconsistent and direct calculation 

of a is not possible. 

Any pth order estimate a of a will produce an estimate 

error e. given by 

e = Y- Xa 
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A choice of estimate jï is usually based on minimizing some func¬ 

tional of e. One such functional, first used for this purpose by 

Gauss in 1821 Plackett [25], is the euclidean distance 

J<2) = ILall^OMSFa-aS) 
The minimization of this functional with respect to a leads to the 

ordinary least squares estimator of a 

aj, = (X^XT^Y (1.3.2) 

=M.+ (xTxrlxT£. 

Whether this estimator has "desirable" properties depends on the 

characterization of the equation error a 

1.3.1.1 Bias and Covariance 

Two important statistical properties of a vector estimator 

are its bias and covariance matrix. An unbiased estimator will on 

average produce an estimate equal to the true parameters. An 

estimator with a "small" covariance matrix will produce estimates 

which for any given sample will not be far from the true parame¬ 

ters. For the covariance matrix V to be smaller than another Q, 

means that M-Q—V is positive definite. If an estimator’s covari¬ 

ance matrix is smaller than all other estimators’ in the same class, 

it is called a minimum variance estimator. 

The bias inis defined 

lbs =£[ais]-a = ils-a = Æ[(X7’X)-1X7'e] (1.3.3) 

where E[ ] is the statistical expectation operator. The covariance 

matrix is given by 
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%* = E[a&âS] -Si,.a£ 
= £[(XrX)-1XrïïI'X(X3’X)-t] -üï 

%S = £[(X7'X)-1xri£I’X(XrX)-1] - (1.3.4) 

The evaluation of these expressions will be considered in terms of 

three statistical characterizations of X and_e. 

A. ) X is deterministic 

The evaluation of (1.3.3) and (1.3.4) is straightforward 

4 b = (XrX)~1XTE [e] = 0 

X = (XrX)’1Xri;|Wr]X(XT30*1 

= (XrX)-1XrV£X(X7’X)-1 

where is zero-mean and Vc=£’[ssr]. 

B. ) X and.e uncorrelated ( E [X7.£]=-£ [X^jÆ’fV] ) 

The evaluation of the bias is the same as in case A 

b = A,[(XrX)-1X7’]Æ’[e] = 0 

A general expression for the covariance matrix cannot be 

obtained because terms such as ■£’[(X7'X)"1Xr] cannot be 

evaluated. One can, however, comment on the covariance 

matrix via the Gauss-Markov Theorem ( Anderson [2] ). This 

theorem states that for the class of linear unbiased estima¬ 

tors of j| from the model (1.3.1), the one with minimum vari¬ 

ance is given by 

a,» = (XI'Ve-IX)-1XI'y-lY 

The OLS estimate will be minimum variance if and only if 

Ve=o?I; i.e. the \st] are uncorrelated. 
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C.) X and s_ correlated 

This situation corresponds to the problem of interest here, 

that of a noise corrupted all-pole sequence. This can be seen 

by calculating 

E = E [(Xf+XM 

Tip-i ... n0 
7*p ““ § i 

i=i 

-E 
• • 

• • • 

V-H-Z • • • nN-p-l. 
TT-N-\~ 2 a<7lN-l-i 

i*l J 

-E 

N-v-l 2 ntfa+p-fl<Hrh+P-i) 
0 i*t 

even with fiy ] white, there is always an nf term in the above 

so that 

ai 

E[SF£ = -(N-p)al . (1.3.5) 

In this case, neither the bias nor the covariance matrix can 

be evaluated via (1.3.3) and (1.3.4). 

The difficulties with evaluation of the bias and covariance are usu¬ 

ally handled by calculation of other statistics called the asymptotic 

or large sample bias and covariance matrix. These statistics are of 

the estimator as the number of equations becomes large. It is 

assumed that they will be representative of the true finite sample 
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bias and covariance matrix. 

1.3.1.2 Asymptotic Bias and Covariance 

The asymptotic bias and variance are defined as follows 

ils = ÿim[(XrX)"121'^] 

= plim[(XI'X)-lXr.££3'X(XI'X)-1] 

(1.3.6) 

(1.3.7) 

The probability limit ( plim ) is defined as follows ( Cramer [9] ) 

Given a sequence of random variables Jt/jy] and a constant v, 

one can say that jvjy] converges to v in probability, written 

= v 

if for every <5>0 

limPr[ | | > <5] = 0 
N-*** 

The plim of a random sequence is not in general equal to the limit 

of the expected values of the sequence. The benefit of dealing with 

plim’s is the plethora of powerful lemmas one can apply. Two 

important properties are embodied in Markoff’s Theorem and 

Slutsky’s Theorem. For proofs and detailed discussions of these 

theorems see for example Loeve [18], Slutsky [30] and 

Papoulis[24]. 

Markoff Limit Theorem: 

Given a sequence of random variables \zn) with F[2rn]=mri 

and defining 
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if var[zn]-»0 then 

Note that the \zn] can be correlated. 

Slutsky’s Theorem: 

If \vnj, \zn),. . . are random sequences with plims of 

v, z,. . . respectively, then for any continuous function of 

these variables E (vn,zn>. . . ) 

provided that R (v ,z,.. . ) is finite. 

Though developed for scalars, the definition and properties of plims 

apply equally well to random vectors and matrices. 

As an application of the above, consider 

K(l,l) . . . K(l.p) 

i/T(p.l) . . . K(p.p) 

(1.3.8) 



13 

The expected value of the summand in (1.3.8) is given by 

E \-xt +p-i%t +p -j 1 = ^ [5f +p —is< +p -j ~^st +p +p -j 

Jr'rH +p —t+p —j +p —i^t +p -j] 

~ st+p-ist+p-j 

The variance of is shown in Appendix A to vanish as iV-*°o 

and so from Markoff’s theorem one has 

5rS?[ = irSf-N Jj, '(s‘*P-<st*P-} + a
&j-«] 

= limjrK,(i,j) + oSSj-, 

The limit of Ks(i,j) as JV-»<» is equal to Rs(i-j), the correlation 

function of [st]. The limit of ~Ks(i,j) as is equal to zero, 

except for infinite energy signals (sine waves). This is due to the 

finite extent of the deterministic signal being considered. As the 

variance of the noise (T% is a constant, the signal-to-noise ratio is 

determined by the energy in the signal and the size of the window. 

The reasonable approach to taking the limits above is clearly to 

keep a constant signal-to-noise ratio. This can be accomplished by 

replacing the J by \Nst]. Then one has 

= Rs(i,j) + = constant 

as it should be. 
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In matrix form then one has 

/?s(0)+<rS *,(i) 

**(D 
*,(p-D 

= Rr 

,*.(p-l) . . RM *.(0)+"5, 

= Rs + ail 

Since a matrix’s inverse is a continuous function of its elements, 

Slutsky’s theorem gives 

From (1.3.7) and similar reasonings applied to (1.3.5) one obtains 

R* is non-negative definite, and so Rg is positive definite. Thus, 

is zero only if cr% is zero. With the addition of observation noise,' 

then, the OLS estimator is always asymptotic ally biased. For 

signal-to-noise ratios greater than 1, the bias is roughly propor¬ 

tional to the noise variance cr^, and, therefore, the signal-to-noise 

ratio itself. An example for a second order estimator is developed 

in appendix D. As the signal-to-noise ratio approaches zero, 

because *0. Note that because the bias is determined by the 

signal dependent factor R^1, all-pole sequences with the same 

(1.3.9) 

The asymptotic bias can now be obtained by evaluating 

bis “ (1.3.10) 
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signal-to-noise ratio but with different laj can have radically 

different asymptotic biases. This effect has been analyzed in detail 

by Sagara [29]. 

%» = ÿ™[(jvxTx)'1]ÿi-[i'xT—Tx]Sr“?[(i'xTx)"1] 

V is a pxp matrix which involves fourth powers of |n* ]. This matrix 

is evaluated in appendix B for |n*j independent and Gaussian dis¬ 

tributed. The elements of V are given by (B.4) 

where a*=0 for Z<1 or l>p. To the author’s knowledge, the matrix 

V has not previously been evaluated before. As was true for the 

asymptotic bias, the data dependent matrix HJ1 plays a major role 

in determining the magnitude of the variances. An example of the 

large differences possible in bias and variance for two second order 

systems with the same signal-to-noise ratio are given in appendix 

D. 

The asymptotic covariance matrix is given by 

%, = IÇ'VIÇ1 (1.3.11) 
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1.3.2 Instrumental Variable Techniques 

The development of the method of instumental variables 

(IV) was motivated by the asymptotic bias present in the OLS esti¬ 

mator when applied to noisy sequences. The principle was 

reported as early as 1941 in the field of econometrics (Reirsol 

[27]), and has found widespread attention in the areas of system 

identification and control problems ( Soderstrom [31] ). The 

method has been most recently resurrected in the field of AR 

parameter estimation by Chan [7],[8] and Friedlander [10] who 

applied the method to ARMA spectral estimation. Friedlander also 

pointed out the asymptotic equivalence of the IV method and the 

Higher Order Yule-Walker Equations, to be discussed in § 1.4.2. The 

most appealing feature of the IV method is that it produces an 

asymptotically unbiased estimate of the \ai j when applied to the 

noise corrupted sequence 

Goldberger [12] develops the method of IV by showing that the OLS 

method is biased because 

The bias in the OLS estimator was given in (1.3.10) 

îis = ÿmi[(xrX)-1]ÿim[Xr£] 

If XT was replaced by another px(N-p) matrix Zr such that 
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]jfiim[ZrX] î* 0 

Then the asymptotic bias would be zero. The resulting estimator is 

given by 

Mrv = (Z7’X)-1ZrY 

The asymptotic covariance matrix is given by 

Chan chose lagged versions of the data sequence \xt} to fill the IV 

matrix as follows 

Zr = 

x_i 

*N-Zp-1 

This gives for ZTsm 

iV-g-1 v 

2 xt-l(7lt-*i>“2 aint+p-i) t*0 

^ (^<+5 ” ^ (H^<+p-4 ) 

ZrjL = 

2 a 
t*0 i»l 

Note that this requires p additional data points ar_p to x_t. If the 

(71^) are independent, then since xt=st+nt, it is clear that no 

squared terms in n* occur and, therefore, plim[Zre]=0. The 
JV-M» 

matrix ZrX has plim 

/r(i+7>,i) . . . ir(i+P,p) 

ÜT(2p,l) . . . K(2p,p) 
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where K{i,j) is given in (1.3.8). Following the development of 

(1.3.9) one obtains 

Rs{p) 

fl.(2p-D 

*.(i) 

Rs(p) 

= S; •IV (1.3.13) 

The matrix EjV is obtained form Rz by shifting to the right p 

places. Note that unlike Rg, it is not symmetric. The matrix Rg 

was determined to be positive definite due to its symmetry and the 

presence of the noise term on the diagonal. The same cannot be 

said of R/v- In general it is not positive definite. Since the asymp¬ 

totic covariance matrix depends on the inverse square of R/y, the 

possibility exists of an infinite parameter variance. Chan [8] and 

others have found that in practice the increased variance of the IV 

estimator limits its application significantly. 

Though it is not desirable as an all-pole parameter param¬ 

eter estimator, the IV concept motivates other estimators which 

show reduced variances, including the one upon which this thesis is 

centered. It also parallels a similar approach in AR estimation of 

seeking a set of unbiased Yule-Walker equations. 

1.4 Stochastic Estimation 

Another approach to the estimation of the {aj from the 

equations (1.3.1) is to consider it a stochastic estimation problem. 

Estimators developed along these lines involve statistics of the 

sequences ( or estimates thereof ) as opposed to the data 

sequences themselves. The estimators which actually result from 
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this approach are quite similar to the OLS and IV methods, and 

encounter the same limitations in bias and variance. This topic is 

introduced because the governing equations and recent 

approaches to ABMA parameter estimation based on stochastic 

derivations motivate the major results of the thesis. 

The Yule-Walker equations will first be developed and the 

Higher Order Yule-Walker equations (HOYWE) introduced. Cadzow’s 

usage of the HOYWE in a bias reducing algorithm will then be 

described and a generalization proposed. 

1.4.1 Yule-Walker Equations 

The developement of the Yule-Walker equations is predi¬ 

cated on the following model for [s* j 

st - + Ut (1.4.1) 
i=i 

where \ut] is a stochastic sequence. The classic approach to esti¬ 

mation of the parameters1 [aj is that first proposed by Yule [33]. 

He utilized a minimization of the mean square prediction error 

= £[(*!- 
i=l 

= E[st] - + J f) âiâjElst-iSt-j] 
1 = 1 1 = lj = 1 

If is wide sense stationary, the autocorrelation function of \st j 

is defined as E(j-i). Minimizing J(a) with respect to 

the j results in the p Yule-Walker equations. 
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Æs(0 = fj ayjr(i)i?s(2-i) 1 = 1, * • * ,p (1.4.2) 
i=l 

In matrix form the resulting estimate of the [a*] is given by 

Jkrw = (1.4.3) 

where 

RAD RAO) - - - Æ»(p-1) 

• Ryw = 
• 

R*(p). R9(P-D . . . RA0) 

The actual implementation of (1.4.3) usually requires an estimate 

of the autocorrelation values in Ry^ andr. A common choice is the 

biased autocorrelation estimate given by 

•^s(0 = T7 2 stst+i (1-4.4) 
JV t=o 

This estimator guarantees a positive definite Ry^ Box [4]. 

Insight into the reasonableness of the estimator (1.4.3) is 

obtained by multiplying the difference equation (1.4.1) by st~L and 

evaluating the expected value. 

Æs(0 = f)aiR5(l-i) + E[st_Lut] (1.4.5) 
<=i 

Note that if and st-t are uncorrelated, and is zero mean, then 

(1.4.5) has the same form as (1.4.2). In this case the Yule-Walker 

equations are satisfied by the actual parameter values {aj. In gen¬ 

eral, this will be the case only if \ut} is a white sequence. For all¬ 

pole sequences \xt \ corrupted with white noise \nt], it has already 

been shown that 
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=^[nt.i(n< - fjotrij-t)] 
i = 1 

= (1.4.6) 
«=1 

^0 for 1 £ Z £ p 

so that the estimator (1.4.3) will not give the true parameter values 

even for exact knowledge of the sequence’s autocorrelation func¬ 

tion. It is biased in the same sense that the OLS estimator (1.3.2) 

was seen to be biased. 

1.4.2 Higher Order Yule-Walker Equations 

It was shown in § 1.4.1 that the standard Yule-Walker 

equations contained a bias term. This is because 0 for 

1 ûlikp. Equation (1.4.4) indicates, however, that the correlation 

function of [s*] obeys the same difference equation for l>p. This 

suggests that there may be a set of equations in the {a*} and Rs(l) 

for which there is no bias term. For application to a sequence \xt], 

which is an all-pole sequence corrupted by white noise j one has 

from (1.4.6) 

RX{1) = iaiRx(l-i) l>p (1.4.7) 
1 = 1 

These are the Higher Order Yule-Walker equations (HOYWE) investi¬ 

gated recently by Chan [8], Ogura [23] and others. 

There are at least two ways in which the HOYWE are util¬ 

ized in an estimator. The first is to choose a set of p equations 

from (1.4.7) to solve for the fa*} directly. Usually the set closest to 
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l =p is chosen so that 

3HO ~ ^HOH (1.4.8) 

■where 

æ*(P+I) R*(p) • . • R*(l) 

_r = • RffO - 
• » 

«.(2p-D • • • i?s(p). 

Kay [17] has given an expression for the asymptotic covariance of 

(1.4.8) in the noiseless case. His analysis indicates that a large 

variance is possible because R#0 is not positive definite. Gingras 

[11] has given the asymptotic covariance matrix for the noise cor¬ 

rupted case. 

The potentially large variance is not surprising consider¬ 

ing the similarity of (1.4.8) to the IV method given in (1.3.12) and 

(1.3.13). In fact, asymptotically the two estimators are identical. 

The problems with (1.4.8) become worse when the autocorrelation 

values are replaced by the estimates Rx. Finite averaging involved 

in the computation of the autocorrelation estimates results in a 

sample bias. The increased variance of the estimator and the 

inconsistencies introduced by the finite averaging led to the 

developement of the second possible utilization of the HOYWE 

described in the next section. 



23 

1.4.3 Cadzow's Method 

Cadzow [5] [6] addressed the problems of the HOYWE esti¬ 

mator (1.4.8) by considering a least squares combination of more 

than the minimal set of p equations given by (1.4.7). The concept 

■was also proposed by Ogura [23]. It was reasoned in [5] that the 

inconsistencies introduced by the finite averaging were appropri¬ 

ately handled by a "best fit" procedure, and that the matrix which 

requires inverting would be symmetric, allowing singular valued 

decomposition to reduce the variance. The estimator is given by 

Head = (KC
TBC)-

IKC
T£. (1.4.9) 

where Rc is an (L-p)xp matrix andj^ is a (L-p)xl vector given by 

Kc = 

£*(?) • • • i?,(D 

Ic “ 

£,(P+I) 

RAL-i) . . . i?s(W) R*(L) 

For a given sequence of length N the maximum lag for an auto¬ 

correlation estimate is N so that L . The biased autocorrelation 

estimate (1.4.4) was recommended by Cadzow for use in Rc. .In 

applications to ARMA spectral estimation and the estimation of the 

frequencies of sinusoids, Cadzow reported that the estimator main¬ 

tained the unbiased characteristics of the HO estimate with much 

reduced variance and sensitivity to noise. No expressions for the 

asymptotic covariance or bias of the estimator have to date been 

given. 
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Comparing (1.4.9) with the OLS method of § 1.3, it is 

apparent that the autocorrelation, estimate is being treated as a 
A 

data sequence ^*(01 obeying the matrix equation 

.Sc=Rcil+.£r (1.4.10) 

whereis the vector of residuals of the equations (1.4.7). The ele¬ 

ments of Kj'Sc and Rjjk are of the form 

<2cTKc)ij =Lf'RAt+p-i)Rx(t+p-j) 
t= 0 

and resemble what could be termed a correlation of the correlation 

function. 

The improved performance of the estimator is attribut¬ 

able to a reduction in the relative magnitudes of the equation error 

between given in (1.3.1) and s# in (1.4.10). An alternative 

interpretation of the success of Cadzow’s method is that the auto¬ 

correlation estimate is a signal-to-noise ratio improving function 

which preserves the all-pole difference equation relationship. 

1.5 Summary 

Application of conventional all-pole parameter estimators 

to noise corrupted all-pole sequences results in biased estimates. 

An expression for the bias was given in (1.3.10). For signal-to-noise 

ratios greater than 1 the magnitude of this bias is inversely propor¬ 

tional to the signal-to-noise ratio. Conventional approaches to 

elimination of the bias such as the Instrumental Variable method 

or the Higher Order Yule-Walker Equations can result in estimates 

with intolerable variances. Cadzow’s method has demonstrated the 
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low-bias properties of the other methods without a concomitant 

increase in estimator variance. An alternative interpretation of 

Cadzow's method, pursued in this thesis, is that of a signal-to-noise 

ratio improving, difference equation preserving operation (auto¬ 

correlation estimate) followed by ah ordinary least squares esti¬ 

mate. This interpretation will allow an understanding of the perfor¬ 

mance of the method in terms of the data dependent signal-to- 

noise ratio improvement and characteristics of the sequence 
***   

(#*(£)). The issue of the optimum autocorrelation estimator to use 

can be addressed as well as the possibility of repeated application 

of the autocorrelation for additional signal-to-noise ratio improve¬ 

ment. 



2.0 Successive Autocorrelation. 

2.1 Introduction 

It was noted in § 1.4.3 that Cadzow’s least squares combi¬ 

nation of the Higher Order Yule-Walker Equations could be inter¬ 

preted as a standard least square error estimator applied to the 

autocorrelation estimate. The algorithm is successful at reducing 

estimator bias while demonstrating lower estimator variance than 

the instrumental variable techniques. The basis of the algorithm is 

(1.4.7), which indicates that an all-pole sequence and its autocorre¬ 

lation function obey the same difference equation. It is then 

assumed that the autocorrelation estimate shares this property. A 

generalization of the Cadzow approach is to view the autocorrela¬ 

tion estimate as a pole-zero data sequence and the autocorrelation 

estimator as a pole-preserving signal-to-noise ratio improving func¬ 

tion. This viewpoint provides a methodology for understanding the 

data dependent performance of such algorithms. Optimization of 

the pole-preserving function can be considered and successive 

application of it for increased signal-to-noise ratio improvement is 

possible. 

The chapter begins with a discussion of pole-preserving 

functions of infinite length all-pole sequences. Pole-preserving 

functions which operate on finite data lengths will be investigated. 

The validity of (1.4.7) for some choices of pole-preserving functions 

is tested, and the signal-to-noise ratio improvement achieved by 

such functions quantified. The data dependent effect of pole¬ 

preserving functions on the modes of all-pole sequences are 

-26- 
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explored and successive application of these functions for greater 

signal-to-noise ratio gain proposed. 

2.2 Pole-Preserving Functions of All-Pole Sequences 

A function of an all-pole sequence is pole-preserving if the 

result of applying the function to an all-pole sequence is a 

sequence with the same poles as the original. For example, the 

autocorrelation of jsj is a pole-preserving function. The z 

transform of a pth order all-pole sequence is given by 

Z\Si]=S(z) = —  
nU-cqz-1) 
i=l 

where 

ft Gbi 
& 1-cqz"1 

(2.2.1) 

*>i = 
-l 

J=I 

The z transform of the autocorrelation of \st J is given by 

=S(z)S’(z-1) 

Gb, _ f, Gbi f Gbi 
i=l l-OiZ-1y=i l—ajs 

= G*i G* t 
i = l 1—cqz"1 j = l 1—CLjZ 

with 

j=l (l-a/cq) 

The terms in z~l represent the sequence $Æs(Z)j for The z■ 
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transform of the right side of the autocorrelation of (s* j is given by 

Z= G2£ ------ (2.2.2) 
i=l 1-0*3 1 

Comparing (2.2.2) with (2.2.1) one notes that |i?s
+(Z)j has the same 

poles as js*j, but the modes have different relative amplitudes. 

Stated another way, has a z-transform containing both 

poles and zeroes; the zeroes are due to the modified values of the 

modes. For lags of p or greater, ÆS
+(Z) obeys the same difference 

equation as the original sequence. 

Rs
+(l) = f) <**/?/(*-i) l=P tf'-l (2.2.3) 

i=i 

2.3 Finite Length. Pole-Preserving Functions 

All practical pole-preserving functions will operate with 

finite data lengths. One function often used to form the Yule- 

Walker equations is the biased autocorrelation estimate given in 

(1.4.4) 

Rs(l) = ^ Il = 0.1....JV-1 (2.3.1) 
t=o 

Application to a noiseless all-pole sequence (1.2.2) results in 

*,(0 “ 2 ^t( £ •i"^^^i+i) 
<=0 i=l 

v N-l-1 
= 2 ai 2 stst+l-i + S

QGÔ1 
x=l «=0 

Rs(l)~ S o*f?s(Z-i) ~ 2^2 'stst+i-i + s0GôL 
i=l i=l t=N-l 

The function has preserved the poles, but the presence of the 
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second term in the above keeps (2.3.1) from satisfying the 

difference equation (1.2.2) for any n. This second term is rightly 

characterized as an equation error. Using the Rs(l) in the Yule- 

Walker equations introduces an error term in the all-pole parame¬ 

ter estimates even for a noiseless all-pole sequence {sfJ. The 

significance of this error increases as the data length decreases or 

the lag n increases. As an example of this error, consider a length 

iV=5 sequence generated from a first order all-pole model with 

a=.5. 

Sf — .5s*-! + <5* 

\st] = $ 1..5..25, .125 , .0625 ] 

The biased autocorrelation estimate sequence is given by 

|Æs(OÎ = I 1-332 , .664 , .328 , .156 , .0625 j 

The elements do not decrease by a factor of .5 as they should if 

Rs(l) obeyed the above difference equation. 

\RS{1)-.5Rs(t-l)\ = \ -.002 , -.004 , -.008 , -.016 j 

Notice that the error increases for increasing lag, becoming 25% 

for the last element. 

Another common choice of correlation estimator is the 

unwindowed autocorrelation estimate given by 

M-1 
Ks(l) = S stst+i l = 0,1 ....AT-iW (2.3.2) 

i=0 

where M is the number of terms in the averaging computation. 

Application to (1.2.2) results in 
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■K»(0 — 2 (S ais<+i-i + 

«=0 i=l £2/— 1 
°t 2 stst+i-i + soG$i 

i=l 4=0 

K,(l) = fjdiifti-i)+ S0C(5, 
i=l 

Equation (2.3.2) is pole-preserving, and the sequence K(l) obeys 

the same difference equation as \st j for p^n^N -M. Using the ele¬ 

ments of jffs(Z)j in the Yule-Walker equations would introduce no 

error in the parameter estimates. 

A number of observations about (2.3.2): 1) The number of 

possible elements in |if(Z)j is less than or equal to N, 2) The pro¬ 

perty of satisfying (1.2.2) for all n relies only on the constant sum¬ 

mation limits, 3)The st in (2.3.2) may be replaced by any length M 

sequence [vt ) which is not orthogonal to \st ] without affecting the 

pole-preserving property. A more general form for covariance like 

pole-preserving functions is 

Kvs(l) = 1 = 0.1. * • • N-M (2-3.3) 
4=0 

2.4 Signal to Noise Ratio Improvement 

Let us analyze the effect of a pole-preserving function on 

the signal-to-noise ratio. For this analysis, the observation noise n* 

will be assumed Gaussian, zero mean, independent and identically 

distributed. The application of (2.3.2) to \xt j gives 

M-1 
KX{1)= 2 xtxi+i 

t =0 
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M-l 
= E (s<+nt)(sf+i+n<+j) 

t=Q 
M-l M-l M-l M-l 

= E stst+i + Es<n<+i+ En*s*+i+ E^^+i 
<=0 «=0 t=0 t =0 

Af^z) = ifs(z)+z(z) z = o,i • • • (2.4.1) 

where |Afs(Z)J is the all-pole sequence resulting from the applica¬ 

tion of (2.4.1) to the signal sequence \st} .and 

Z(l)=Z-n(i)+Zn,(0 + ^rm (0 (2.4.2) 
M-l 

ZMQ(I) - E MtQt+i 
t=o 

The sequence |Afr(Z)j is the sum of an all-pole sequence and a noise 

term Z(l): the same form as the original sequence \xt\. The three 

noise terms in the covariance sequence ^^(Z)^ can be interpreted 

as estimates of the cross-covariance between the signal sequence 

and the noise (Zns(l),Zsn{l)) and estimators of the covariance of 

the noise sequence (Znn{l)). For uncorrelated n*. one would 

expect Znn(l) for Z>0 to be small with respect to Znn(0). The vari¬ 

ance of Znn(l) in fact goes to zero as M-><». The averaging of nt in 

Z(l) for Z>0 provides a mechanism for signal-to-noise ratio 

improvement. In pursuit of understanding about this effect; 

signal-to-noise ratio will be defined, the noise terms in \KX{1)\ will 

be characterized, the energy in Ks(l) will be calculated and an 

expression for signal-to-noise ratio gain will be given. An example 

of signal-to-noise ratio improvement for a 1st order real pole will 

be given at the end of this section. 
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2.4.1 Signal-to-Noise Ratio Definitions 

The signal-to-noise ratio of a noise corrupted sequence 

\xt] is usually defined in terms of the energy in each of the additive 

components as follows 

SNRX = 

1 tf-l o 

t=0  

ÊWÏ 
(2.4.3) 

Actual calculation of the signal-to-noise ratio in correlated 

sequences by separating the signal and noise contributions has 

proven to be unreliable. Correlating a sequence with noise and 

without noise results in a slight difference in the overall amplitude 

of the signal terms. Estimation of the energy in the errors by sub¬ 

traction of this signal term becomes poor as the signal to noise 

ratio increases. 

The relative strengths of the signal and noise components 

can also be defined by using the energy in the equation errors 

instead of the observation noise. 

SNRe = (2.4.4) 
^8 

Here Es is the sum of the squares of the useable signal values, and 

Ee is the total energy in the equation errors. This calculation is 

not sensitive to simple amplitude changes and, given white obser¬ 

vation noise, there is a simple multiplicative relationship between 
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the two types of signal-to-noise ratios (2.4.3) and (2.4.4). From 

(1.2.6) \xt J obeys the following difference equation 

xt ~ f+nt - + Gôt £=0,l,...,iV-l 
t=i <=l 

The equation error is defined from this relation 

et = xt - fj OiXt-i = rtt - fjotTii-i t = p,p+l,...,JV-l 
i=1 t=l 

To actually compute the equation error requires knowledge of the 

true Jdii. In the absence of additive noise, e* =0 for t>0 and et-G 

for £=0. The equation error is a measure of the consistency of the 

equations which will be used to estimate the parameters, and, 

therefore, has a direct bearing on the variance of those estimators. 

The energy in the equation errors for [xt ) is given by 

Eg -E[Nÿet
z] =N'£E[(nt - Jokn^)2] 

t=p t=p i=1 

= - zf, 0*71* n*.* + f) £ 
t =p t = l i=1 j = 1 

E9 = (M-p)(Rn(0) - 2%aiRn(i) + Ë £ a^R^j-i)) (2.4.5) 
i=l t=lj = l 

If the n* are uncorrelated, i.e. Rn(l)=c2ôt, (2.4.5) becomes 

E, = (N-p)aZ(l + £a2) (2.4.6) 
i=l 

Comparing (2.4.4) with (2.4.3) one has that for uncorrelated obser¬ 

vation noise nt, the relation between SNRX and SNRe is given by 

SNRX = SNRe ~E[1+ £ Oi2] 
-tv -- = 1 

(2.4.7) 
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2.4.2 Noise Term Analysis 

To obtain an expression for the signal-to-noise ratio of the 

unwindowed autocorrelation sequence \KX (i ) j. an expression for 

the energy in the equation errors is required. Equation (2.4.5) is 

just such an expression for a general all-pole sequence with an 

additive noise component. The evaluation of (2.4.5) for the \Kx(l)] 

equation errors requires the covariance function of \Z{1)] 

For l >0 each of these terms are zero mean. In order to calculate 

Rz(l—u), the cross-covariances between these three terms must 

be found. The cross-covariance between Z^(L),Zm(l) and Znn(l) is 

zero since an odd powered moment of a zero mean random vari¬ 

able with an even probability density function is zero. The remain¬ 

ing cross-covariance terms are developed below for l >0 

Rz(l-u) =E[Z{l)Z(u)] 

Z(l), as defined in (2.4.2), is given by 

(2.4.8) 

Z{l)=Z„(l) + Zsn(l) + %nn (0 

E \%sn (O^sn 0^0] ”"2 2 
t=0 r=0 

= O*RS(\1-XL I) (2.4.9) 
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M-ll\f-l 
Z L^sn(0^ns (^)] = 2 S 

4=0r=0 
_J/-1-Z 

= 2 s<^4+t+u 
4=0 

= a%Rs(l,u) 

M-lM-l 
Z[Zns(l)Zsn(u)] = 2 E si+Zsr^[n<nr+w] 

4=0 r=0 

= <ri 
Af-l-it 
2 stst+l+u 

4 =0 

= <r^s(u,0 

M-lM-l 

■^[^ns(0^7is(^)] = 2 2 ^t+t^r+ti-^C^^V] 
4 =0 r=0 

M-l 
- 2 st+ist+u 

4=0 

= <J%Ks(l ,u) 

M-lM-l 
Z[Znn{l)Znn{u)] = 2 2 •ff[n«TVn*+J7V+ti] 

4=0r=0 

«=0 

(2.4.10) 

(2.4.11) 

(2.4.12) 

(2.4.13) 

f2s(|Z-u|) in (2.4.9) and Ks(l,u) in (2.4.12) are the biased auto¬ 

correlation estimate and a covariance type autocorrelation esti- 

mate respectively as discussed in the previous section. Rs(L,u) in 

(2.4.10) and (2.4.11) is a hitherto unknown function. The assump¬ 

tion of Gaussian distribution for nt was used only in the derivation 

of (2.4.13). The covariance function of \Z (l)] is obtained from the 

above and (2.4.8). 



36 

Rz(l,u) = (I%[Ma*ôi„u+Rs{\l-u i)+Æs(Z,u) (2.4.14) 

+Æs(u,i)+ifs(Z,u)] 

Note that because the last three terms are not functions of i-u, 

Rz(l,u) is non-stationary. To obtain the energy in the prediction 

error associated with (üfx(Z)l. Eeg, (2.4.14) is substituted into 

(2.4.5) 

Ees = 0^2(1)+ f; f) OidjRzU-i)] 
t=p i = l i = lj=l 

= É [RZ(t,t)-f]aiRz(t,t-i) 
t=p i=1 

-f;ai(Rz(t,t-i)- fj ajRz(t-j 
i=l j=i 

Since there are no terms in Rz, the above can be evaluated by sub¬ 

stituting individually each of the four terms in (2.4.14) for Rz(l,u) 

and adding the results. Now Ka(l,u) has the form of the general 

difference equation preserving function given in (2.3.3), so that one 

may write 

Ks{l,u)= fjajffjfZ.u-i) = £ 0*^(1-i,u) 
i=l i=1 

This indicates that its contribution in (2.4.5) is zero. Similarly for 

Rs(l ,u) and RS{1 ) one may write approximately 

RsU) w S aiRs(l-i) + G2ôt 
1 = 1 

Rs(l,u) « f)aiRs(l,u-i) = f; OiRsil-i.u) 
i=l i=l 

These relations are valid when the averaging length M is larger 

than the duration of the signal. The contribution of Rs(l,u) in 
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(2.4.15) can be seen to be approximately zero; that of Rs (l ) is given 

by 

E.,{R,{1)) = = (M-p)^G2 

*=P 

Compared with this term, the residual errors in the above approxi¬ 

mations are quite small. The final term in (2.4.14) is Mazôl^u 

which when substituted in (2.4.15) gives 

E9r(M<r&i-u) = ^[MaZ+Mo* f) a?] 
t=p i=l 

= (M-p)Ma*l 1+fjcq2] 
i=1 

The total energy in the error sequence is then 

Eex = (M-p )M<T*[ 1+ f) a*2] + (M-p )<JZGZ (2.4.16) 
i=l 

2.4.3 Expressions for Signal to Noise Ratio Improvement 

The SNR9 of a noise corrupted all-pole sequence \xt] 

defined in (1.2.6) is given from (2.4.6) and (2.4.4) as 

SNR. = 

N-1 0 

X) s? 
t=0 

(N-p)o*(l+£a?) 
i=l 

E, 

(N-p)<jl{\+£a?) 
1=1 

The signal-to-noise ratio after application of (2.3.2) to \xt \ is given 

from (2.4.16) as 
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SNRer =  £*.  

(M-p)Ma*(l+ t a?)+{M-p)azGz 

i=i 

- M-pl2 
(i+ £ Oi8) 

i=i EK, 

(M-p)M 
1+ G2 

Ot8) 
i=l 

£s
2 

SWi?, 

where the energy in the correlated signal sequence ( excluding 

Z=0 ) given by 

N-M „ 
SK.= E*?<0 

i=i 

The signal-to-noise ratio improvement is, therefore, given by 

SNRf 
SNRgk _ (JV-p)2 (i+£ot3) 

i= 1 SK. 

SNR,,' ~ (M-p)M 

^>w(l+£] Ot2) 
t=l 

_ (N-p)N 1 
E

K. 
(M-p)M 

1+ ‘V 

1 

Ef 

SNRga (2.4.17) 

SNR, 

E%u is a highly data dependent quantity. Bounds on EK% may be 

obtained by considering two extreme cases: st=ôt and st-L (L a 

constant). For the first case, KS{1) is non-zero only for Z=0; Ega is 

then equal to zero. For the second case, ES-NLZ, Ks(l)=MLz and 

Exa=(N-M)ZML*. The sequence st=L has all-pole parameter ax=lt 

and so the range of signal-to-noise ratio improvement is 
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0 ^ SNR j â (N-V)
2
(N-M)M 2 

(M-p)N2 Q2 

1+ 2ATcrg 

SNR. 

For the reasonable choice M-N /Z 

(N-p)&Nt (M-p )«¥ this becomes 

and setting 

0 £ SNR£ £ —-z-SNRe (2.4.18) 
1+7TT 

These are wide bounds indeed. The upper limit is quite interesting 

in that the improvement is proportional to the initial signal-to- 

noise ratio. This characteristic enhances the improvement when 

SNRBa is greater than one, but also indicates the presence of a 

signal-to-noise ratio limit below which enhancement is not possible. 

This signal-to-noise ratio cutoff is investigated in the example at 

the end of this section and in § 2.5.3. To obtain some feeling for 

the improvement in realistic all-pole sequences, an analytical cal¬ 

culation of EKt for a first order all-pole sequence is given. 

First Order Example 

Assume that \st J is a first order all-pole sequence of length N 

which obeys the difference equation 

Sf — t — 1 

Es is given by 

N-l 

E,= E*3 = 
t= 0 

l-tt2* 

l-a2 

One observes a noise corrupted sequence xt=st+nt where 

E’[nt
2]=o^. The SNRe of \xt] from (2.4.6) and (2.12) is then 
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i_aav 
SNR — 4—g  e* (JV-p)o£(l+a2)(l-a2) 

Application of (2.3.2) to ] gives 

M-I 
-Ks(i) = E s*s*+i 

t=o 
,Jf-l . 1_rr2tf 

= o‘ 2 aa = a‘-±-5_ 
t=o l—a* 

The energy in KS{1) is then given by 

N-M 
EK.= E K}(1) 

l-l 

(1-a2)3 

From (2.4.17) the signal-to-noise ratio improvement is given 

by 

SNR. = (X-p)2 a2 5JfJ; 1 (M-p)M (l-aW)2u 1 1 1-a2 

For the choice M-N/2, this becomes 

M cr4(l+a2) 

SjVfl. - 4(ff.TJP.lf _(1+?.!)(l:a;ff 
(N-2p)N (!_a2W)2 1+ 

Afo^(l+a2) 

----—SNR'' 
(l-a*) 

(2.4.19) 

As |a|->0 or |a|-*l, (2.20) approaches the lower and upper 

limits respectively of (2.4.17). If N is large enough so that 

a/v«l, the SNRf is independent of N and given by 

SNRr « ~P^~P~SNRe (aN« l) 
(l-cr) * 

(2.4.20) 
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= ~^~rSNRx 
(l-a2) 

For | a| = .95, SNRt =37 SNRX. No improvement via correlation will 

be possible if the original signal-to-noise ratio SNRX is less than 

J 
37* 

2.5 Modification of Mode Energy 

In § 2.2 it was shown that the autocorrelation function of 

an all-pole sequence contains the same poles as the original 

sequence. If one considers just the right side of the autocorrela¬ 

tion function ji?s
+(n)j, however, the relative amplitudes of the 

modes (complex pole-pairs) are different from that of the original 

sequence. Since the signal-to-noise ratio improvement as given in 

(2.4.17) is based on the total energy in the correlation sequence, 

some modes will be enhanced more than others. Characterization 

of this effect is crucial to an understanding of the data dependent 

performance of successive autocorrelation algorithms, and the 

tradeoffs involved in gaining higher signal-to-noise ratios. To this 

end, the mode amplitude changes in a sequence containing a single 

mode will be analyzed and the insight gained applied to a more 

complicated model. 

2.5.1 Single Mode Characterization 

The amplitudes of the modes in R^(n) as given in (2.2.2) 

are complicated functions of all the other poles and mode ampli¬ 

tudes. Nevertheless, much insight may be gained by ignoring the 

interactions of the modes and analyzing the amplitude of a single 
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mode as it is moved inside the unit circle. The definition of a mode 

and its one sided autocorrelation will be given. Then a general 

form for the energy in a sequence with one zero and a complex 

pole-pair will be developed and used in determining the signal-to- 

noise ratio improvement as a function of the pole position. 

A mode is defined as the combination of two poles which 

are complex conjugates and which have conjugate amplitudes 

(complex pole-pair). The z-transform of a general real sequence 

with a single mode and arbitrary mode amplitude is given by 

Z[vt] = V(z) = 
(1-az-1) 

a = a + i/8 

(l-a*z_1) 

|a|<l 

6 = br + ibi 

combining the two poles results in 

(2.5.1) 

y, x b +b* -(ba*+bm a)z~l 

KZ) ~ (l-az^j'U-aVV 
26- — 2 crz~1 

= (25-2) 

cr - Re\ba*~\ = a6r+/S64 

With an arbitrary 6, (2.5.1) is in general a sequence with one zero 

and a complex pole-pair. For \vt] an all-pole sequence, 6 must be 

a scalar multiple of 

6 ap ~ 

a 
a-a* 

_a— 

27/3 
(2.5.3) 
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For this choice of 6 one has 

b'=Re^2]=2 

c,=*e[-^] = ° 

The total energy in a right sided sequence with z transform given 

by (2.5.2) is obtained by evaluating its autocorrelation function at 

lag 0. This rather lengthy calculation is performed in appendix C 

with the result 

Rjo) = 

where 

(l-|a| *)P(<p) 
[(6r

2+cr
2)(l+ | a|2)-4a6rcr] (2.5.4) 

P{(p) = 1 - 2 |a|2cos(2<p) + |a|4 

and ÿ?=arg[a]. For \vt] an all-pole sequence, from (2.5.3) and 

(2.5.4) one has 

i?v(0) = 1+ I ai (2.5.5) 
(1- | a\z)P{(p) 

To calculate the energy in Ry{n), the correlation 

sequence from an all-pole sequence jv*], the factors 6r and cr 

must be calculated. From (2.2.2), the form of Z\Ry{n)] is 

Z\Rf{n)\ = 

6=6 

6* 
(l-az"1) (l-a*z_1) 

ba 
ap 

b'ap tap 

1- I a|3 1-a2 

Using 6op from (2.5.3) one obtains for 6 

6 = 
_ __1 la|2-q2- |a|2a*3+ |a|4 

(1- | a) 2)P (y) 
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The real part of b may now be easily calculated 

br = 1+ i°r 
2(1- |a|2)F(,>) 

The real part of c =6a* is given by 

(2.5.6) 

cr = 
a \a\* 
. — (2.5.7) 

(1-|a|2)P(»0 

Using (2.5.6) and (2.5.7) in (2.5.4) the energy ini?„+(n) may now be 

calculated 

E
R. ~ (1- \a\*)P(v) 

i<l+ |a|8)8 

a8 lal4 

(l- |a|8)8P8<?) (1- |a|8)8P8(?) )<1+ W8> 

8a8 lal8fl+ lal8) 
(1- I a| 8)8P8

(SP) 

= 7;-<:{'+-rk?3olvvf(1+4a3) M2+i] (1- |a|2)3P3(?) 

This is the energy in the entire sequence i?v
+(n). The energy of 

interest is this value with the zeroth lag subtracted. 

ER- “ ERV 
ililslf! 2*\2 

(1- | a| 2)2P2(<p) 

= I “16+2 W4+ 
(1- |a|2)3p3(^) 

a| 2( 1—8COS2(ç>)+4COS2(^)] 

(2.5.8) 

Equation (2.5.8) indicates that the energy in a mode after correla¬ 

tion is a function of the pole magnitude | a| and angle from the 

real axis <p. To a close approximation , the behavior of (2.5.8) as a 

function of one of the variables is separable from the other (i.e. the 

trend as a function of <p changes only by a scale factor as |a| is 
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varied). A plot of (2.5.8) as a function of <p for | a\ =.99 is given in 

figure (2.1). The function is symmetric about 9?=90°. The energy in 

a correlated mode decreases monitonically for fixed | a| as ç?-*90°. 

The energy at 9?= 10° is a factor of 1000 greater than that at 90°. 

The dependence on |a| is shown in figure (2.2) for 90=10°. The 

energy increases monotonically as |a|-*l with a factor of 100 

difference between |a|=.99 and |a|=.95. The apparent asymp¬ 

totic approach to » as |a|-»l is tempered by the fact that the 

equation (2.5.8) applies only to correlation of sequences with length 

greater than the signal’s duration. As |a|->l the length N neces¬ 

sary to meet this requirement also goes to infinity. The dramatic 

differences in mode energy are reduced, therefore, when the 

sequence length N is short. 

2.5.2 Single Mode Signal-to-Noise Ratio Improvement 

The position dependent modification of a modes energy 

by correlation was analyzed in the previous subsection. Large 

differences in mode energy were found between modes with poles 

near the real axis and those near the imaginary. The difference in 

signal-to-noise ratio improvement is not as large since the residual 

noise after correlation also differs with pole angle. From (2.4.16), 

(2.5.5) and (2.5.8) one can form an expression for the signal-to- 
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noise ratio improvement of a single mode after correlation 

SNR, = H-1-T-StigLgl 
(U-p)M 

1+ 
G2 

Maz(l+ f] Oi2) 
i=i 

(2.5.9) 

(l ''** (1- |a|2)P(*>)(l+ |a|2) 
The most important factors in the above are the (1- |a\z) and P(<p) 

terms. They are the same terms which control the behavior of the 

correlated mode energy in (2.5.8) ( to the third power ). The same 

behavior as a function of | a\ and <p should be expected from SNRIt 

though to a lesser degree. 

Equation (2.5.9) was tested experimentally using second 

order all-pole sequences with cp ranging from 5° to 90° and 

|a|=.99, .95. Signal-to-noise ratios of 10, 1 and .1 were utilized. 

For each combination of SNRX, <p and |a|, 100 realizations of a 

process Jr*] consisting of 500 samples of js* J and a white Gaussian 

noise process \nt j were formed. The white Gaussian noise 

sequences were formed using the Box-Muller algorithm [22]. Each 

realization was correlated using (2.3.2) and the signal-to-noise ratio 

calculated using (2.4.4). The 100 values of SNRez were averaged, 

and a signal-to-noise ratio improvement calculated. The results 

are plotted versus predictions made via (2.5.9) in figures 2.3 and 

2.4. The experimental curves lie very close to the theoretical with 

some random variations evident. The theoretical equation under¬ 

predicted all the SNRj values by a slight margin. 
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The second order SNRf is proportional to the original 

signal-to-noise ratio SNRV as was the first order case. If (SNRV)~1 

becomes greater than the other multiplicative terms, an actual 

signal-to-noise ratio decrease can take place. A plot of this SNRV 

cutoff as a function of | a\ for ^=90° is shown in figure 2.5. Also 

plotted is twice the normalized bandwidth of a pole with the given 

radius. The two curves agree closely, which provides another 

interpretation of the cutoff SNRV. The signal-to-noise ratio can be 

defined as follows 

BW.PSDs SNRV - ~Btrnpsj)~ 

where BWS is the bandwidth of the signal, BWn is the bandwidth of 

the noise and PSDs and PSDn are the average power spectral den¬ 

sities over the bandwidths. Rearranging the above results in 

PSDs 

PSDn 

BWn 

BWS 
SNRV 

When the power spectrum levels for the noise and the signal are 

equal, this quantity is equal to one. This is the point where the sig¬ 

nal disappears into the noise. The normalized bandwidth of white 

noise is . 5, and so the SNRV at which this happens is given by 

SNRV (cutoff) = 2BWS 

The 3dB bandwidth of a second order system is given in normalized 

frequency units by 

BWS = —In \a\2 

7T 
So one has for the cutoff SNRV 
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SNRV(cutoff) = -^ln \ a\z (2.5.10) 
7T 

2.5.3 Sixth Order All-Pole Model 

Correlation of a sixth order all-pole model will be investi¬ 

gated in this section. The sixth order model consists of three 

modes and has characteristic polynomial given by 

A(z) = 1 - 1.6069Z"1 + 2.0156Z-2 - 2.6416z-3 (2.5.11) 

+ 1.85757Z”5 - 1.3424Z"5 + .8387z-6 

This all-pole model is representative of the transfer function of an 

average vocal tract when the vowel /i/ is vocalized . The modes 

have the following pole angles and radii: 

Table 2.1: Pole Radii and Angles For /i/ 

Mode <P |a| 

1 9.72 .9875 

2 82.4 .9782 

3 108.3 .9488 

The first mode, having the largest radius and being closest to the 

real axis, will dominate the spectrum. The third mode will be the 

weakest. The spectrum of (2.5.11), computed from (1.2.3) is shown 

in figure 3.18. The heights of the peaks are complex functions of all 

the modes. Mode 2 is seen to be approximately 12 db lower than 

mode 1 (1/16) and mode 3 is 22 dB less (1/158). The result of 

correlation of the above will depend on the signal-to-noise ratio. 
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The cutoff signal-to-noise ratio will be different for each mode. If 

the total energy in the signal can be assumed to come from the 

first mode, then the cutoff signal-to-noise ratio for each mode is its 

inherent cutoff SNRX times the factor the peak is below the first 

one. The second peak is 15 times less than the first; the third peak 

is 158 times lower. From figure 2.5, the inherent cutoff signal-to- 

noise ratios are obtained giving: 

Table 2.2: Mode Cutoff Signal-to-Noise Ratios 

Mode 
Inherent 

SNR Cutoff 

Sixth Order 

SNR Cutoff 

1 .01 .01 

2 .03 .45 

3 .07 11.06 

So that at a signal-to-noise ratio of 10, correlation would improve 

the signal-to-noise ratio of only the first two modes. At SNRX <.45, 

only the first mode would be improved by correlation. 

The amount by which each mode will be improved is given 

by (2.5.9). Given SNRX = 10.0, the second mode’s SNRX = ~~-.67. 
1D 

The improvements are as follows: 



50 

Table 2.3: Signal-to-noise 

Ratio Improvements 

Mode SWRj 

1 787 

2 27 

Actual testing of these predictions are not posible in the context of 

equation error. Chapter three will include an analysis of the rela¬ 

tionship between parameter estimation and signal-to-noise ratio. 

The accuracy of the pole estimation will be used to verify the 

above. 

2.6 Successive Autocorrelation 

All the previous analysis has dealt with the properties of a 

noise corrupted sequence after application of a correlation opera¬ 

tor once. Equation (2.4.1) indicates that the sequence resulting 

from one application of (2.3.2) to a noise corrupted all-pole 

sequence \xt } is a noise corrupted sequence with the same poles as 

the original. The similarity of the forms of the input and output 

sequences calls to mind the possibility of successive application of 

(2.3.2) for additional signal-to-noise ratio improvement. The 

analytical results of § 2.5 apply to the case where the observation 

noise is uncorrelated. In § 2.4 it is shown that the additive noise 

component after one correlation is increasingly correlated as the 

signal-to-noise ratio improves. The improvement resulting from 

successive correlations is, therefore, expected to decrease. The 

modification of mode energy discussed in § 2.5 will also increasingly 
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suppress the weaker modes as correlation is successively applied. 

Nevertheless, the idea will be shown to be effective and applicable 

in a wide variety of circumstances, and the relationships developed 

in the previous sections useful in predicting performance. 

As a visual example of the effect of successive autocorre¬ 

lation on a noise corrupted sequence, figure 2.6 shows a noise cor¬ 

rupted sine wave of original length JV=500 with SNRX=. 1 undergo¬ 

ing correlation 3 times. By the third correlation, the signal-to- 

noise ratio has been improved to 150,000 and the sinusoid ( previ¬ 

ously undetectable ) appears noise free. In a more analytical vein, 

the second order sequences of § 2.5.3 with ^=90°, 10° 

SNRX = 10, 1, . 1 and |a|=.99, were correlated three times. The 

resulting SNRj averaged over 100 realizations is given in table 2.4. 

Table 2.4: Signal-to-Noise Ratio Improvements 

Successive Autocorrelation | a| =. 99 

<P 

90 

10 

SNR 

10 

1 

.1 

10 

1 

.1 

x SNRj(l)* 

7.03 X102 

9.66 X101 

9.97X10° 

1.01 X103 

1.04 X102 

1.04 X101 

SNRj(2) 

1.35 X105 

4.83 X104 

3.99 X102 

2.08 XI06 

1.19X105 

5.09 X102 

SNRf(S) 

2.82 X105 

5.03 X105 

3.87 X104 

2.82 X107 

2.37 X107 

1.43 X105 

* - SNR(M) is the signal-to-noise ra io improvement after M correla¬ 

tions 
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For SNRZ = 10 and 1 the greatest increase in signal-to-noise ratio 

actually comes on the second correlation with the third correlation 

having a negligible effect. For SNRX =. 1, the third correlation is 

clearly advantageous, providing almost a thousand times more 

signal-to-noise improvement. 

2.7 Summary 

Pole-preserving functions of all-pole sequences were 

investigated, with the unwindowed autocorrelation estimator 

(2.3.2) found to have the desirable property of preserving the all¬ 

pole difference equation. The signal-to-noise ratio improvement 

obtained by application of (2.3.2) to noise corrupted all-pole 

sequences has seen to be significant. Expressions for the improve¬ 

ment obtained in first and second order models were derived in 

(2.4.20) and (2.5.9). A cutoff signal-to-noise ratio below which no 

improvement could be obtained was defined in (2.5.10) and related 

to the spectral level falling below the noise floor. A sixth order all¬ 

pole model was analyzed from these second order principles and 

predictions of the mode dependent effectiveness of correlation 

made. Successive application of (2.3.2) for improved signal-to- 

noise ratio gain was applied experimentally to a set of second order 

sequences and the second and third correlations were found to be 

profitable in terms of improved signal-to-noise ratio gain. 
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(a) 

Figure 2.'6: Successive Autocorrelation. 

Sine Wave <f> = 10° N = 500 

a.) M=0 b.) M=1 c.) M=2 d.) M=3 
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SNRX= 14.8 

(c) 

(d) 



3.0 All-Pole Parameter Estimation Using Successive 

Autocorrelation 

3.1 Introduction 

It was determined in chapter 2 that a general class of 

correlation-like functions existed which, when applied to noise cor¬ 

rupted all-pole sequences, produced all-pole sequences with 

improved signal-to-noise ratios. An important unanswered question 

is whether the improved signal-to-noise ratios of the correlated 

sequences can be translated into improved all-pole parameter esti¬ 

mation. 

This chapter will first present a structure for utilizing 

successive autocorrelation in an all-pole parameter estimation 

algorithm. The intent is not to present the optimal utilization of 

successive autocorrelation, but rather to evaluate the options for 

each of the major functional parts of a general scheme. Two 

specific realizations are defined, and tested using a noise cor¬ 

rupted, second order model. Sensitivity to pole radius, pole posi¬ 

tion and signal-to-noise ratio are investigated as well as perfor¬ 

mance with colored observation noise. The chapter ends with 

examples of applications to higher order all-pole sequences, and a 

set of conclusions concerning the applicability of the approach. 

3.2 Algorithm Definition 

An algorithm for all-pole parameter estimation which uses 

successive autocorrelation is diagramed in figure 3.1. The three 

major functional parts of the algorithm are: 1.) The all-pole param- 
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eter estimator, 2.) The autocorrelation operator, and 3.) The 

Continue/Stop decision. 

Two autocorrelation operators were investigated in § 2.3. 

When applied to a noise-free all-pole sequence, the unwindowed 

autocorrelation estimator was found to result in a sequence which 

obeys the same difference equation as the original. This autocorre¬ 

lation estimator is given by (2.3.2) 

Kx(n) = £ XtXt+n 
t=0 

(3.2.1) 

N The sequence |jfx(n)J is of length ~. The result of applying (3.2.1) 

N to a length N sequence \xt \ M times will be a length —sequence 
2M 

\x^{t)!• This sequence ( minus xM(0) ) is the input to the parame¬ 

ter estimator which produces a pth order estimate Jaji/(i)J. These 

estimates and the current data sequence are used to make the 

decision to stop or to perform another correlation and estimation. 

At this point, the autocorrelation operator is the only 

functional part of the algorithm which has been specified. In the 

next two sections, two choices of the parameter estimator will be 

defined and a criterion for making a continue/stop decision pro¬ 

posed. 
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3.2.1 Choice of Parameter Estimator 

Two parameter estimators will be considered. They are 

the Ordinary Least Squares method (OLS) discussed in § 1.3.1 and 

Cadzow’s method presented in § 1.4. 

The OLS method is defined in (1.3.2) 

= QFX)-1*rY (3.2.2) 

where 

1 • • • *0 

Y = 
• x = 

* * 

• • 

?N-p. Pa-i • • • 

A statistical characterization of the OLS estimator resulting in an 

expression for the asymptotic bias and covariance matrix was 

given in § 1.3. This characterization was based on its application to 

an all-pole sequence corrupted by a white noise sequence {nt\. 

Under these conditions, the estimator bias and parameter vari¬ 

ances are a function of the signal-to-noise ratio and the parameter 

values. Predictions of the bias and variance of the estimates after 

correlation can be made by modifying just the signal-to-noise ratio 

parameter in these equations. The algorithm consisting of figure 

3.1 with the OLS estimator will be termed OLS(M). 

Cadzow’s method is defined by 1.4.2 

Scad = (RjRor'Rji (3.2.3) 

with 
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-Sc = 

R(p+1) 
• 

• Kc = 

R(p) . . . R( 1) 

• 

R(N-1). R(N-2) . . . R(N-p-1, 
^ 1 N-l-j 
R<j) = -fî S xtxt+j iV t=0 

This method is essentially implementing a correlation of the corre- 
A 

lation estimate An application of Cadzow’s method to 

is in that sense equivalent to application of OLS to the 

recorrelated \ ( 0LS(1) ). The algorithm consisting of figure 3.1 

with (3.2.3) as the parameter estimator will be termed CAD(M). 

3.2.2 A Stopping Criterion 

Any reasonable criterion for deciding to stop or continue 

correlating will be based on the data and/or the current estimate 

of the all-pole parameters. One possibility is to use the following 

estimator of the signal-to-noise ratio 

JL-i 
2* 

S *i(0 
SNR„ =   (3.2.3) 

*2 «£(0 
t=p 

where is the prediction error based on the estimate 

f aM (i ) i. This is given by 

ejsf(i) ~ xm(t) - fjom(*)**(*-*) 
i=i 

The prediction error will approach zero under the following two 

conditions: i da/(i )]-*•$ a* ] and SNR,-»». If one has that 
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SNRji/<5Wi?ji/_1, then the Mth correlation has resulted in a decrease 

in signal-to-noise ratio ( unlikely ) or a degradation in the parame¬ 

ter estimates. In either case, the previous estimates are 

the preferred. At high signal-to-noise ratios, [1+ ^ a^SNRjy is a 
t=i 

good estimator of the true signal-to-noise ratio SNRX as given by 

(2.4.1). The inverse of the square root of SNR^ should be propor¬ 

tional to both the bias and the standard deviation of OLS(M). At low 

signal-to-noise ratios, SNRj/ should be approximately   . 

i+fx2 
i = l 

3.3 Application to Second Order Models 

In this section, the performances of the two all-pole 

parameter estimators introduced in § 3.2 are evaluated. Predic¬ 

tions from the previously developed theory are tested, and the two 

estimators compared. The evaluation is accomplished by applying 

these estimators to noise corrupted all-pole sequences generated 

from second order models. 

Second order models are a natural choice for a baseline 

evaluation. Second order models comprise a single mode; a basic 

unit used in constructing and analyzing many complex systems. 

Insight gained into the data dependent performance of parameter 

estimators within this class of sequences can be extrapolated to 

more complex systems. Perhaps most importantly, dealing analyt¬ 

ically with the theoretical equations for signal-to-noise ratio 

improvement, bias and covariance matrix becomes impracticable 
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for orders higher than 2. 

The pertinent equations developed in previous chapters 

will first be reiterated and evaluated for a second order model. 

The program for the estimator evaluation will then be described, 

and the simulation results presented and analyzed. 

3.3.1 Governing Equations 

The second order all-pole: sequences analyzed will be the 

impulse response of a system with one complex pole-pair (a,a*). 

The system transfer function is given by . 

Here ^=arg[a] is the angle of the pole in the z -plane from the real 

axis. 

The sequence \st} obeys the following difference equation 

s$ — + o>2st~z + (3.3.1) 

The observed sequence far* ] is given by 

xt = st +nt t = 0, 1, • • • ,N-1 

where is zero-mean and Gaussian with variance cr%. The 



signal-to-noise ratio of \xt} is defined as 

67 

SNRs = 
*,(0) 
Ta* 

(3.3.2) 

From § 2.5.2 equation (2.5.9) gives the theoretical 

increase in signal-to-noise ratio from one autocorrelation of a 

second order all-pole sequence corrupted with independent obser¬ 

vation noise. 

SNR' = r-(ÉkfosNRt 
E, 

(3.3.3) 

C( la! a) = 4 1 ql2lJ^L!±g-MltJ-^L\rS£9£(yiI±lgPJ-2-(5gJl 
' (l-|a|2)P(?)(l+|a|2) 

P(<p) = 1-2 |a|2cos(2^) + |a|4 

Plots of this function for a range of <p’s and | a|'s are given in figure 

3.2. 

The asymptotic bias and variances of the parameters for 

a second order OLS estimator are developed in Appendix D. From 

(D.3) one has the asymptotic bias 

atf- 
*,(1) 
Rt(Q) 

*.(D 
R,(o) 

<*z 
(3.3.4) 

where 

f 

C 

= 1 + 
SNR, 

SNR, :2_ *.(D 
Es(0) 
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The variances of the two parameters are obtained from (D.4) 

Varfaj) 91 
N 

I/
Z
-2V2 

*,(D . ^,(1) 
K,(p)+V3[i£(0) 

z 

Var(a2) 
C_2 

JV“ 
V3/

Z
-2V2+ 

*,(D 
*.(0) +Vj 

where 

(3.3.5) 

Vi = 1 — 2a2 + a| + 2af 

v2 = at(a2 - 1) 

vg = 1 + 2a| + af 

The corresponding standard deviations are the square roots of 

these quantities. 

Equations (3.3.4) and (3.3.5) are plotted for SNRj. = 10 as 

a function of the pole angle cp in figures 3.3 and 3.4. The factor C 

for a given signal-to-noise ratio is monotonically increasing as <p 

goes from 90° to 0°. The bias and variances for poles close to the 

real axis are correspondingly higher. 

A first order approximation to the bias and variance of 

the 0LS(1) estimator can be made by assuming that the only 

difference between the original and correlated sequence is the 

signal-to-noise ratio. The signal-to-noise ratio of the correlated 

sequence is given from (3.3.3) as SNRj SNR*. The 0LS(1) bias and 

variance are calculated by using this signal-to noise ratio in (3.3.4) 

and (3.3.5). 
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3.3.2 Evaluation Program 

Data Generation: 

The difference equation (3.3.1) was used to generate six 

all-pole sequences of length iV=500. The six.sequences consisted of 

three pole magnitudes |a|=.95, .99 and 1, with pole angles of 10° 

and 90° for each | a|. 

Observed sequences were formed from the test 

sequences by adding a zero-mean independent Gaussian noise 

sequence [n*] generated from the Box-Muller algorithm [22]. 

Signal-to-noise ratios of 10, 1 and .1 as defined by (3.3.2) were 

implemented. 100 realizations of [xt j were generated for each of 

the six ] at each signal-to-noise ratio. Plots of 1 realization of 

the sequence with |a|=.99 and <p= 10° for signal-to-noise ratios of 

«>, 10, 1 and .1 are given in figure 3.5. The signal-to-noise ratio 

improvement in these sequences after correlation was analyzed in 

§ 2.5. The results are summarized in table 2.4. 

Observed sequences formed with correlated noise \zt] 

were also implemented for the two sequences with |a|=.99. The 

correlated noise was generated from the moving-average difference 

equation 

zt = nt + .9574»! 

The power density spectrum for \zt \ is shown in figure 3.6. 

(3.3.6) 

Analysis: 
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The OLS(M) and CAD(M) algorithms described in § 3.2 were 

used to estimate the 2nd order all-pole parameters from each of 

the sequences \xt j. Estimations were performed at M values of 0, 

1, 2, 3 and 4 ( number of correlations ). For each combination of 

signal-to-noise ratio, M and sequence type, the asymptotic bias and 

standard deviation were estimated by averaging over the parame¬ 

ter estimates from the 100 realizations. The signal-to-noise ratio 

estimate (3.2.3) was also calculated and averaged over the 100 

sequences. 

The complex roots of the polynomial A (z ) were calculated 

from each estimate. If |a|>l, then the root was reflected back 

into the unit circle by dividing by |a|. Plots of the z-plane posi¬ 

tions of the resulting poles for each of the (|s4], SNR, M) combina¬ 

tions were made to provide a visual interpretation of the results. 

An RMS deviation of the estimated poles from the true pole position 

was also calculated as an indicator of the effect on the spectrum of 

the variance in the pole positions. 



3.3.3 Analysis of Results 

General: 
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The results of the experimental program described in § 

3.3.2 "will be discussed in terms of : performance of the successive 

autocorrelation concept, prediction of bias and standard deviation, 

comparitive performance of CAD(M) and OLS(M) and the impact of 

colored noise on the performance of the OLS(M) estimator. 

Successive Autocorrelation: 

Figure 3.7 shows a series of pole plots for the 

( |a|=.99, 90°,SNRr=l) sequences analyzed by OLS(M). The circle 

represents the true pole position. With no correlations (M=0), the 

bias in the estimate is evidenced by the concentration of the 

estimated poles away from the true pole position. A single correla¬ 

tion reduces the bias and the RMS deviation cf the pole positions 

significantly. A second correlation produces an essentially 

unbiased estimate. The third and fourth correlations result in a 

slight increase in the RMS deviation. A similar series for SNRI=. 1 

is shown in figure 3.8. After four correlations, most of the bias has 

been removed and the deviation of the poles reduced considerably. 

In these examples, the successive autocorrelation is apparently 

capable of reducing estimator bias without demonstrating a 

corresponding increase in variance. To quantify this statement 

and determine the limits of its applicability, an analysis of the 

estimated parameter bias and standard deviation is necessary. 
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Figures 3.9 and 3.10 show the parameter bias and stan¬ 

dard deviation as a function of the number of correlations for the 

( \a\=.99, <p=90°) and ( |a| =.99, ^=10°) cases. The dotted line 

represents the average of the standard deviations of âj and a2. 

The bias in for ^=90° is a monotonically decreasing 

function of the number of correlations. The az bias ( theoretically 

0 ) remains well below the standard deviation. For <p-10°, the bias 

in both parameters decreases monotonically until the fourth corre¬ 

lation. Both the SNRX = 10 and SNRX=. 1 plots show a slight upturn 

at this-point. The SNRx=.l case drops monotonically. In all but the 

SNRX=. 1 plots, the steepest drop in bias occurs on the second 

correlation. For the SNRX=. 1 cases, it is the third correlation. 

This is in agreement with the results in table 2.4 where the second 

correlation resulted in the greatest signal-to-noise ratio improve¬ 

ment for SNRX = 10 and 1. 

The standard deviation in all cases but SNRX=. 1 finds a 

constant level after three correlations. The biases have all become 

less than the deviations at this point also. This level is identical for 

the 0?=1O° and <p-90° cases and is at least a factor of 10 less than 

the standard deviation with no correlations. The level for SNRX = 1 

is very close to -v/ÏÔ times that for SNRX = 10. The standard devia¬ 

tion for SNRX=1 is still decreasing at four correlations, and is much 

more than vTÔ times the 3NRX = 1 case. This suggests that another 

correlation could be beneficial. Figure 3.11 is a plot of the SNRX = 1 

cases with five correlations. The standard deviations and biases 

have risen on the 5th correlation; for the cp=lQ° case precipitously. 
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The square root of the inverse of the signal-to-noise ratio 

estimate SNR^/ (3.2.3) is plotted against the biases for 

( |a|=.99, <p= 10°) in figure 3.12. The trend of the bias seems to be 

predicted well by this parameter. Note especially that the sharp 

upturn in bias for SNRX =. 1 noted previously is clearly indicated as 

a drop in the estimated signal-to-noise ratio. Since SNRj/ is calcu¬ 

lated wholly from the data, it is a good candidate for an indicator 

of when to stop correlating. The characteristics of the bias and 

standard deviation described above were shared by the |a|=1.0 

cases and the ( |a|=.95, ^=90°) case. 

The limit of the beneficial effect cf recorrelation is the 

point at which the standard deviation levels off and the bias is less 

than the standard deviation. Using this criterion, the maximum 

reduction in bias for each of the sequences and signal-to-noise 

ratios was calculated. The result is given in tabla 3.1. 
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Table 3.1: Reduction in Bias By Successive Autocorrelation 

Sequence 
Re 

SNRI = 10 

iduction Facto 

SNR* = 1 • 

r 

SNRI=.l 

| a\ =1.0 (p-90 2200 10600 120 

|a| =1.0 93=10 158000 66000 21 

| a| =.99 <p-90 800 700 124 

| a| =.99 93=10 47000 21800 37 

|a| =.95 93=90 100 100 3 

| a| =.95 93=10 3500 395 2 

Several trends are noticeable: 1) the reduction for the y»=10° 

sequences is larger at the intermediate signal-to-noise ratios, 2.) 

the reduction increases with increasing pole magnitude, 3.) the 

reduction at SNR^l is sometimes greater than that at 10. 

Trend 1.) is partly explainable by the fact that the initial 

bias for the 93=10° sequence is greater than that of the tp-90°. For 

(SNR.,. = 10, |a|=1.0) this difference in initial bias is approximately 

a factor of 14. The estimated signal-to-noise ratios SNRJJ/ are also 

different, being 1.71a; 109 for ^=10° and 7.68a; IQ7 for tp-90° after 

three correlations. Since the inverse square root of these quanti¬ 

ties are roughly proportional to the biases, the expected total 
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difference in bias reduction would be 

D = 14 1.71xl09 

7.68x107 

2 

= 66 

This is to be compared with the .actual difference of 72. A similar 

calculation performed for ( |a| =.99, SNRZ = 10) gives a predicted 

difference of 74 as compared with the actual 59. The difference is 

explainable, therefore, in terms of a larger signal-to-noise ratio 

increase per correlation for the ^=10° cases. At low signal-to-noise 

ratios the pole spreading problem mentioned previously eliminates 

this advantage. 

The bias reduction decreases dramatically as the pole 

radius decreases. The sinusoids demonstrate large reductions and 

the |a|=.95 sequences almost none at the lower signal-to-noise 

ratios. This decrease in effectiveness of the successive autocorre¬ 

lation is attributable to the decrease in signal-to-noise ratio 

improvement with pole radius as predicted in (3.3.3). An alterna¬ 

tive interpretation can be made in terms of the correlation length 

of an all-pole sequence as the pole radius decreases. The correla¬ 

tion length for our transient like signals are essentially the dura¬ 

tion over which the signal has significant amplitude. The correla¬ 

tion length of a sinusoid is infinite; that of an impulse ( and white 

noise ) is 0. As a sequences pole radius decreases, so does the 

correlation length, and it looks more and more in the correlation 

domain like the white noise the autocorrelation so effectively elim- 
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inates. Equation (2.5.10) gives an expression based on | a\ for the 

signal-to-noise ratio below which no improvement is possible. For 

the | a|=.99 cases, this signal-to-noise ratio is «.01; for | <x| =.95 it 

is «.1. This indicates that the |<x|=.95 cases have spectral peaks 

at roughly the same height as the noise floor for SNR*=. 1. Power 

spectral density estimated via a 1024 point unwindowed FFT for the 

|a|=.99 and |a|=.95 sequences with SNR3.=.l are shown in figure 

3.13. The | a( =.99 peak sticks out above the noise floor wheras the 

|a|=.95 peak does not confirming (2.5.10). The inability of the 

successive autocorrelation to improve the estimation for the latter 

case confirms the prediction that components of an all-pole spec¬ 

trum which are below the noise floor are not retrievable with the 

successive autocorrelation method. 

Prediction of Bias and Variance: 

The experimented and theoretical biases and standard 

deviations for the <p=90° sequence are given in table 3.2. 
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Table 3.2: Bias and Standard Deviation Predictions 

Second Order Sequence - | a\ = .99, <p=9Q degrees 

Bias Standard Deviation 
SNR* Parameter 

Exp Theo Exp Theo 

10.0 al 2.90X10"4 0.0 7.23x10-3 8.05x10-3 

a2 8.55xl0“2 8.91xl0“2 7.36x10-3 6.95x10-3 

1.0 al l.OlxlO"2 0.0 3.27x10“ 2 4.43xl0-2 

a2 4.84x10"1 4.90x10"1 3.36xl0"2 3.82xl0-2 

.1 al 3.98X10-3 0.0 4.31X10"2 8.05x10-2 

a2 8.93x10"1 8.91xl0_1 4.58xl0“2 6.95xl0-2 

The theoretical values were calculated from the asymptotic equa¬ 

tions (3.3.4) and (3.3.5). The agreement in bias prediction is seen 

to be excellent for all of the signal-to-noise ratios. All of the stan¬ 

dard deviation predictions are high, but the agreement is good 

except for the SNRa.=. 1 case. 

Theoretical and experimental statistics for the same 

sequence after one correlation is shown in table 3.3. 
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Table 3.3: Bias and Standard Deviation Predictions 

Second Order Sequence - | a\ = .99, ^=90 degrees 

One Correlation 

Bias Standard Deviation 
SNR, Parameter 

Exp Theo Exp Theo 

10. al 1.32xl0~a 0.0 6,23x10-* 2.56xl0”s 

a2 2.05xl0"3 2.00x10"* 6.53x10"* 2.21x10-® 

1. al -2.10x10-* 0.0 2.44xl0-3 2.51xl0-3 

a2 3.50xl0-2 1.97x10-2 8.23xl0-3 2.17X10-3 

.1 al 2.79xl0*3 0. 8.01x10-2 8.42xl0“2 

a2 5.96xl0-1 6.59xl0-1 1.21X10"1 7.26x10-2 

The signal-to-noise ratio of the correlated sequence calculated 

from (3.3.3) is «96.6SNRJ. The agreement in bias and standard 

deviation is good for SNR,=1 and SNR,=.l. For the high signal-to- 

noise ratios, the factor of ten underestimation for both the bias 

and standard deviation is explainable due to the small magnitude 

of the quantities. With 100 realizations, it would take just a single 

outlier with a bias of .1 to produce the averaged bias observed. The 

predicted standard deviation of parameter ax is good for the lower 

signal-to-noise ratios. The second parameters standard deviation 

is larger than the first by a significant margin, contrary to the 

prediction. 

Predictions of the bias in the sequences for from the 

estimated SNRjj/ and (3.3.3) fail by orders of magnitude. The 

assumption of white observation noise is clearly not workable for 
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the higher correlated sequences. 

CAD(M) versus OLS(M): 

As indicated in § 3.1, OLS(M+l) and CAD(M) are roughly 

equivalent in terms of computation and, more importantly, in 

terms of the number of actual correlations of the original 

sequence. The two estimators will be compared on this basis. 

For the ( |a|=.95, ^=90°) cases, the 0LS(M+1) outper¬ 

formed the CAD(M) uniformly by a slight margin in both bias and 

standard deviation. A comparison of CAD(M) and 0LS(M+1) for the 

(am 99, <p—10°, SNRZ = 1) case is shown in figure 3.14. The standard 

deviation of CAD(M) is better than that of CAD(M+1), but the bias 

begins to increase on the second correlation. The reason for this is 

made clear in the pole-plot of CAD(3) in figure 3.15. The radius of 

the pole is clearly being underestimated for the higher correla¬ 

tions. This phenomena was evidenced for all of the cases except 

|a| =.95. The explanation comes from the point discussed in § 2.3 

concerning the error in the biased autocorrelation estimate used 

in CAD(M). This error increases as the length of the sequence 

decreases. The effect of the error is to produce an underestimate 

of the radius of the pole. For systems with pole radii close to 1, 

OLS(M) is clearly to be preferred. 

Correlated Noise: 

The biases and standard deviations of the 

( |a|=.99, <p=90°) case corrupted with correlated noise is shown 
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compared with the white noise results in figure 3.16. The corre¬ 

lated noise was generated from (3.3.6) and had power spectral den¬ 

sity given in figure 3.6. A pole-plot series for SNRX=1 is shown in 

figure 3.17. The first obvious effect of the correlation in the noise 

is that the bias in aj has gone from zero to approximately the 

same as a2. The standard deviation of the correlated noise esti¬ 

mates is higher than that of the white noise for all signal-to-noise 

ratios and number of correlations for SNRX=10 and SNRX=1, 

though the difference is less than a factor of 2. The reduction in 

bias per correlation is also less for the correlated noise case, but 

significantly so only in the SNRx=.l case. In the latter case, the 

recorrelation did not reduce the bias or improve the estimates 

significantly. In summary, the recorrelation improves the estimate 

when applied to noise with strong correlation, but less effectively 

than with white noise. The structure of the biases is also changed 

and the variance increased slightly. 

3.4 Application to Multi-Mode Models 

The promising results obtained by application of OLS(M) 

to second order sequences leads naturally into the application to 

more complicated models. The multi-mode models to be used are 

generic types in the areas of speech processing and spectrum esti¬ 

mation. 

The first is a sixth order model which represents the 

transfer function of the average vocal tract when voicing the vowel 

/i/. This model was studied in § 2.5.3 and has all-pole polynomial 
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given by (2.5.11) Power spectral estimators generated from a 1024 

point unwindowed FFT for length TV=500 realizations of the all-pole 

model (2.5.11) at signal-to-noise ratios of »,10 ,1 and .1 are shown 

in figure 3.18. 

The second model provides a classic test of spectrum 

estimators; two closely spaced equal amplitude, sinusoids. The two 

sinusoids are at normalized frequencies of .20 and .21. The fourth 

order characteristic polynomial is given by 

A(z) = 1 - 1.1154Z"1 + 2.3074z-2 - 1.1154z-3 + 1.00z“t3.4.1) 

Power spectral estimators obtained by a 1024 point FFT on a length 

TV=500 realization of the above for signal-to-noise ratios of «> ,10 ,1 

and .1 are shown in figure 3.19. 

The evaluation program for estimation of the parameters 

of these sequences consisted of application of the OLS(M) algorithm 

to 100 realizations of noise corrupted versions of the impulse 

response of the above models. The noise sequence added was again 

white and Gaussian. Signal-to-noise ratios of 10, 1 and .1 were 

used. The resulting estimates were displayed as pole-plots and the 

RMS deviation of the estimated poles from the true pole locations 

was calculated for each mode. M values of 0, 1, 2, 3 and 4 were 

used. The signal-to-noise ratio estimate SNRj/ given by (3.2.3) was 

also calculated for each estimate. 

Vowel /i/: 
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Pole-plot sequences for the three signal-to-noise ratios 

are shown in figures 3.20 to 3.22. The highest frequency pole is not 

detected and estimated in any of the sequences. This is consistent 

with the fact that the influence of this pole on the spectrum is less 

than the noise floor as predicted in table 2.2 and seen in figure 

3.18. The two poles which would have been occupied in the estima¬ 

tion of this pole-pair tend to drop to the real axis as the number of 

autocorrelations increase. Poles of small radius on the real axis 

have a minimal effect on the spectrum, and in this sense the esti¬ 

mator is indicating that after several correlations, the sequence is 

no longer sixth order but fourth. One result of this decrease in the 

order of the system is that though the bias in the pole estimates 

are reduced by successive autocorrelation, the bias in the parame¬ 

ter estimates become larger. Attempts to model the magnitude of 

this phenomena have not been attended by overwhelming success. 

The estimate of mode 2 is not improved by the recorrelation in the 

lowest signal-to-noise ratio case. This was predicted in table 2.2, 

which gave SNKZ=.45 as the cutoff signal-to-noise ratio for this 

mode. 

Table 3.4 gives the RMS deviations of mode 1 and 2 and 

the stopping criterion (SNRj^)-—- for all of the signal-to-noise 

ratios. 
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Table 3.4: RMS Deviations and (SNRji/)--— 

Modes 1 and 2, /i/ 

SNR* M 
RMS De^ 

Mode 1 

dations 

Mode 2 
(SNE 

10 0 5.03xl0~2 7.42X10"3 4.32x10“1 

1 6.8 lxl 0“4 4.18X10-3 3.11x10-2 

2 5.66xl0“4 3.28x10“3 1.43X10-3 

3 7.15xl0“4 2.00xl0“3 l.Olxld-4 

4 4.31x10-2 6.61x10-1 1.02X10"5 

1 0 1.13x10° 9.9x10"1 8.05X10-1 

1 7.66X10-3 7.09x10-2 1.68x10"1 

2 1.72xl0”3 4.34x10-2 1.23x10-2 

3 2.08x10-3 5.73x10”3 8.13xl0“4 

4 7.41xl0“3 2.75X10"1 8.12xl0“5 

.1 0 8.37x10"1 6.86X10-1 9.77x10“1 

1 8.29x10"1 7.64X10"1 6.01xl0_1 

2 3.77x10”1 4.12xl0-1 2.99x10"1 

3 1.32X10"1 3.75x10"1 9.65xl0“2 

4 8.21X10"1 4.06x10”1 3.65x10-2 

Except for the SNR*=.l case, more than 2 correlations were detri¬ 

mental to the estimate. A third correlation was beneficial for 

SNRZ=. 1. Correlating twice improved the RMS deviation of the esti¬ 

mates significantly in all cases. The stopping criterion (SNR^)-—- 

decreases monotonically as a function of the number of correla- 
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tions M for all of the cases. It is not, therefore, indicating the 

decreased performance of the estimate past M-2. 

To illustrate the variability of spectral estimates, the 

spectra from each of the 100 estimations were overlaid on the true 

spectrum. The results for the SNHa.=10 and SNRX = 1 cases with 

M-0,1,2 are shown in figure 3.23. The dotted line represents the 

true spectrum. The standard least squares estimate of the spec¬ 

trum (M=0) is significantly distorted even on the SNRX=10 case. 

This distortion is. seen to be reduced by each recorrelation. The 

variability in the M-2 composite is due in large part to the random 

placement of the third mode estimate. 

The reduction in the effective order of the sequence after 

recorrelation suggests that more stable estimation might result by 

reducing the order of the estimator. The SNRX = 10 case for M=Q—4 

was repeated with four parameters estimated to test this conjec¬ 

ture. The resulting pole-plot and composite spectra for the M- 2 

case are shown in figure 3.24. The resulting spectral estimates are 

seen to be much less variable when compared to figure 3.23c,but 

the second modes pole estimate is biased giving a worse deviation 

from the true spectrum. The results for M=3 were not improved 

over M—2. 

Two Sinusoids: 

Pole-plots for the estimates of the two sinusoids are given 

in figures 3.25-3.27. The standard least squares estimator places 

one pole between the two sinusoids and one pole-pair on the real 
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axis. After one correlation, the presence of two closely spaced 

sinusoids is sensed. For SNRr = 10 and SNR:C = 1I the sinusoids are 

clearly resolved after three correlations. The variability in the 

estimates are also reduced almost to zero. For SNRa.=.l, the vari¬ 

ance in the estimates are still high after 4 correlations and are not 

improved by any further ones. The presence of two modes is, how¬ 

ever, readily distinguishable. 

The effective order of the two sinusoid system is not 

reduced by recorrelation. This is so because the relative mode 

amplitudes remain fixed under the correlation operation as indi¬ 

cated in chapter 2. As a result, the parameter bias and variance is 

reduced concomitant with the reduction in pole position bias. 

3.5 Summary 

In search of an algorithmic application of the results of 

chapter 2, utilization of successive autocorrelation as a signal-to- 

noise ratio improving front end to well known parameter estima¬ 

tors was proposed. Two algorithms were defined ( OLS(M) and 

CAD(M) ) using two estimators introduced in chapter 1: Ordinary 

Least Squares and Cadzow’s method. A signal-to-noise ratio esti¬ 

mate (3.2.3) based on the current parameter estimates was also 

proposed as a criterion for terminating the recorrelation. 

An evaluation of the performance of the successive auto¬ 

correlation estimators was performed using second order noise 

corrupted all-pole sequences. Successive autocorrelation was seen 

to be capable of improving the parameter estimates significantly 
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for both algorithms. Predictions of the bias in the OLS(O) esti¬ 

mates from expressions developed in chapter 1 were shown to be 

quite close to experimental results. The predictions of standard 

deviation were good, but not as close as those for the bias. Predic¬ 

tions of the bias and standard deviations in OLS estimates after one 

correlation were made utilizing the same expressions with the 

signal-to-noise ratio modified by the predicted improvement 

(3.3.3). The predictions agreed with experiment to within a factor 

of 2, with the bias predictions again being closest. The pole- 

position dependent signal-to-noise ratio improvement was seen to 

result in a similar pole-dependent performance of parameter esti¬ 

mation. Table 3.2 indicates that the effective bias reduction 

increased as the pole radius |a| approaches 1, and as the pole 

angle <p approaches zero. The existence of a pole radius dependent 

signal-to-noise ratio cutoff below which autocorrelation would not 

improve the signal-to-noise ratio was verified. The modes in 

sequences which have signal-to-noise ratios less than that given by 

(2.5.10) were not detected or estimated by any of the methods. 

The relationship between this cutoff and the point at which the 

spectral level of the modes peak becomes equal with the noise 

spectral level was confirmed. The signal-to-noise ratio estimator 

SNRJI/ was seen to predict accurately the trend of the parameter 

bias. When another correlation led to an actual increase in the bias 

SNRjj/1 also increased. For second order estimation, SNRj^ is a good 

candidate for the stop/continue criterion. Analysis of the com¬ 

parative performance of CAD(M) and OLS(M) resulted in the follow¬ 

ing observations : 1.) 0LS(M+1) and CAD(M) are roughly equivalent 
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estimator with equivalent computational requirements, 2.) CAD(M) 

demonstrates slightly lower and more constant parameter vari¬ 

ance, 3.) CAD(M) increasingly underestimates the radius of poles as 

M increases. Observation 3 results in an increasing parameter bias 

and becomes more significant as the true pole radius approaches 

1. The effect is attributed to the use of the biased autocorrelation 

estimates in the equations. OLS(M) demonstrates no trend of 

underestimation. The application of OLS(M) to second order 

sequences corrupted with correlated observation noise resulted in 

a slight decrease in the bias reduction achieved. Though not an 

exhaustive evaluation, this result indicates that OLS(M) is not 

overly sensitive to the white nose assumption used to derive many 

of its properties. 

The two algorithms were also applied to a sixth order 

sequence representing the vocalized vowel /i/ and a fourth order 

sequence consisting of two closely spaced sinusoids. For the /i/ 

case, pole-position estimates were improved monotonie ally for up 

to two correlations. For SNRX =. 1 a third correlation was 

bénéficient. The predicted signal-to-noise ratio SNR^ increased 

monotonically as a function of the number of correlations for all of 

the cases. SNRJI/ did not, therefore, provide an indication of the 

correct point at which to stop correlating. Predictions given in 

chapter 2.0 of the behavior of the individual modes based on the 

results for second order systems were seen to be accurate. The 

predictions of the various signal-to-noise ratio cutoffs given in table 

2.2 proved to be correct. The effective order of the correlated 
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sequences was seen to be reduced from six to four. The reduction 

in pole position bias and improvement in spectral estimate was, 

therefore, not attended by a reduction in parameter bias. 

The two sinusoid evaluation indicated that detection and 

resolution of closely spaced sinusoids is dramaticaly improved by 

re correlation. The order of sequences containing sinusoids is not 

reduced by correlation, and so the resulting parameter estimates 

improve with the pole estimates. 



4.0 Summary and Conclusions 

The Higher Order Yule-Walker Equations ( HOYWE ) given 

in (1.4.7) indicate that the autocorrelation function of an all-pole 

sequence can be thought of as a data sequence produced from a 

system with the same poles as the original sequence. Cadzow’s 

least squares combination of the HOYWE (1.4.9) can, therefore, be 

interpreted as an Ordinary Least Squares ( OLS ) estimate of the 

all-pole parameters obtained from the autocorrelation estimate 

sequence. The excellent performance obtained from Cadzow’s 

method when it is applied to noise corrupted all-pole sequences 

can be explained in terms of the signal-to-noise ratio improving 

characteristics of the autocorrelation estimator. This interpreta¬ 

tion allows the performance of the estimate to be analyzed in 

terms of the signal-dependent signal-to-noise ratio improvement. 

It also leads one to consider the beneficial effects of repeated 

application of the autocorrelation estimate. 

It was shown in chapter 2 that when applied to finite 

length all-pole sequences, the biased autocorrelation estimate 

(1.4.4) does not obey the HOYWE, whereas, the unwindowed esti¬ 

mate (2.3.2) does. The unwindowed estimate is, therefore, to be 

preferred for successive autocorrelations, especially for short data 

records. The signal-to-noise ratio improvement was shown to be 

signed dependent, with long correlation length signals (with respect 

to the sampling rate) showing the most pronounced improvement. 

The signal-to-noise ratio improvement was also shown to be 

increased dramatically by successively autocorrelating the 

sequence. If a mode of a sequence has a peak spectral value less 

-89- 
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than that of the noise floor, its signal-to-noise ratio is not improved 

by autocorrelation. 

The results of chapter 3 indicate that the use of a succes¬ 

sive autocorrelation operation as a preprocessor to a conventional 

all-pole parameter estimator can improve the parameter estimates 

significantly. In all cases considered, correlating the sequences 

twice followed by an OLS estimator resulted in better estimates 

than application of Cadzow’s method applied to the original 

sequence. With sinusoids, correlating up to four times proved 

beneficial. Resolution of closely spaced sinusoids (.01 in normal¬ 

ized frequency) was realized with a signal-to-noise ratio of .1 (figure 

3.27). In general, it is the estimate of the pole locations which 

improve with repeated correlations. Since some poles are 

improved more readily than others, and some are not improved at 

all, the parameter estimates themselves do not demonstrate 

reduced bias. If one is interested in parameter estimation for 

determining spectra, this is acceptable. If the parameters them¬ 

selves are of interest, such as for use in hypothesis testing, then 

successive autocorrelation will be of reduced utility. For 

sequences with a single mode or modes with equal spectral energy 

(sinusoids), the improved pole estimate also results in a reduction 

in the parameter bias since the poles are improved uniformly. The 

OLS(M) estimate demonstrated only slightly reduced performance 

when applied to sequences with correlated observation noise as 

shown in figure (3.17). Though the applicability of this result to 

other cases depends on how the noise is correlated, it is an indica- 
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tion that the method is not overly sensitive to the white noise 

assumption. 

The OLS method is an appropriate choice of estimator for 

use in a successive autocorrelation scheme (OLS(M)). It maintains 

good performance as the sequence lengths become short whereas 

estimators utilizing the biased autocorrelation estimate degrade 

rapidly. It has been the authors experience that the window length 

used in the OLS(M) scheme should be less than the duration of the 

transients. The use of (2.3.2) as the correlator and the OLS method 

as the estimator eliminates the necessity of avoiding end or window 

effects. The use of a signal-to-noise ratio estimate based on the 

estimated parameters (3.2.3) for a stopping criterion is of unpro¬ 

ven utility. This estimate could possibly be combined with some 

weight for the total number of correlations as it is known that 

unlimited correlations can be detrimental. The behavior of (3.2.3) 

with different types of sequences and with different signal-to-noise 

ratios should be investigated. The determination of estimator 

model order is also an area for further investigation. The corre¬ 

lated sequences are not strictly all-pole, and so the application of 

conventional methods of order determination such as Akaike’s 

final prediction error criterion would have uncertain results. Cad- 

zow in [5] and [6] has utilized a Singular Valued Decomposition in 

the solution for the parameter estimates for purposes of order 

determination. He has reported good singular value separation in 

closely spaced noise corrupted sinusoids, with the method indicat¬ 

ing that the minimal order of 4 was appropriate. This promising 
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approach could easily be implemented in the structure of the suc¬ 

cessive autocorrelation estimator. One other topic for future 

research is the optimal choice of the averaging length M in the 

recorrelation stage. The theoretical signal-to-noise ratio improve- 

N ment is a function of this parameter. Recent tests with M<~ per- 

formed by the author have shown performance improved over the 

N choice M=—~. Improved estimator performance is possible if the 

data-dependent affect of variations in M can be defined. 

In summary, the interpretation of correlation as a signal- 

to-noise ratio improving operation along with the applicability of 

the Higher Order Yule-Walker equations to all-pole sequences pro¬ 

vides a new approach to constructing estimators. In conditions of 

low signal-to-noise ratio, the flexibility to recorrelate for reduced 

estimate bias and variance should prove a useful addition to the 

options currently available for parameter estimation. 
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(a) 

0-TRUE POLES 

(c) 
Figure 3,7: Pole Plots OLS Estimator 

|a| = .99, ÿ = 90°, SNRx = 1 

a.) M=0 b.) M=1 c.) M=2 
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(b) ' 
Figure 3.9: Bias and average standard 

deviation, |a|=.99, 0=90° 

a.) SNR =10 b.) SNR =1.0 

c.) SNR*=.l 
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Figure 3.10: Experimental OLS(M) Bias and 

average standard deviation 
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(b) 

Figure 3.11: 0LS(M) Experimental Bias and 
average standard deviation 
I a| .99 SNR =.l a.) 0=90° 
b.) 0=10° X 
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(a) 

(b) 

Figure 3.12: OLS(M) Experimental Bias and 

(SNRm)1/2, |a|-.99, 0-10° 

a.) SNR =10 b.) SNR =1 
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Figure 3.17: Pole Plot OLS(m) Estimator 
|a|=.99, 0=90°, SNRX=10 correlated 
noise a.)m=0 b.)m=l c.)m=2 
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Figure 3.18: |i| power spectrum estimate 
1024 point unwindowed FFT 
a.) SNRJJ = » b.) SNR = 10 
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(a) 

O — TRUE POLES 
x — ESTIMATED POLES 

(b) 

Figure 3.20: Pole Plot OLS(M) Estimator 

/i/ SNR^. = 10 
a.) m=0 b.) m=l c.) m=2 d.) m=3 e.) m=4 
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(C) 

Figure 3.21: Pole Plot OLS(M) Estimator 
/i/ SNR^. = 1 

a.) m=0 b.) m=l c.) m=2 d.) m=3 
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o - TRUE POLES 
x - ESTIMATED POLES 
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Figure 3.22: Pole Plot OLS(M) Estimator 
/i/ SNRX - .1. 
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Figure 3.23: |i| composite all-pole spectral estimates 
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Figure 3.24: /i/ fourth order estiamte OLS (2) SNR=10 
a.) Pole Plots b.) Composite Spectra 
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x - ESTIMATED POLES 
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Figure 3.25: Pole Plots OLS(M) Estimate 2 sinusoids 
fn=.20 and .21 

a.)m=0 b.)m=l c.)m=2 d.)m=3 e.)m=4 
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o-TRUE POLES 

x-ESTIMATED POLES 

Figure 3.26: Pole Plots OLS(M) estimate 2 sinusoids 
f n=.20 and .21 SNR=1 * 
a.)m=0 b.)m=l c.)m=2 d.)m=3 e.)m=4 
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o - TRUE POLES 

x - ESTIMATED POLES 

Figure 3.27: Pole Plot OLS(M) estimate 2 sinusoids 
fn=.20 and .21. SNR * .1 
a.)m=0 b.)m=l c.) m=2 d.)m=3 e.)m=4 
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Appendix Â 

Proof That Var[ ^ X(i,j)]=0 

The function K(i,j) is defined in (1.3.8). When applied to 

all-pole sequences \st ] corrupted with white Gaussian noise 

the mean value is given by 

E[-~K(i,j)] =jfE[N f) 1(^+p-i+n<+J,-i)(s<4.J,.i+n<pJ.)] 

1 N-p—l _ 
~ ~7T 2 +p -ist +p-j + Gn^i-j 

iV «=0 

The variance of the above is given by 

Var[jfK(ij)] =-^E[K*(i,i)]-[±N-£~ \ +5 st _,+ afa.j]2 

The subtraction of the square of the mean eliminates all terms in 

st so that one may write 

1 1 ^ -P ~ ^ ~T°. ~ * Vart”üf(i,jf)] — ~~ 2 2 
iV N t=o v =o 

- 

The fourth moment of a Gaussian random variable is given by Van 

Trees [33] as 

i7[nfnsngnr] = cr4[<5(£-stg-r) + ô(s-q ,t-r) (A.l) 

+ ô(t— g,s—r)] 

In A.1 if i—j one obtains out of the double sum which can¬ 

cels the last term. For t +p —j to equal v +p -i and t +p -i to equal 

v+p—j requires i-j and t—v. Similarly for t+p—i to equal 
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v +p —i and t +p -j to equal v +p —j requires t-v. The double sum 

becomes a single sum and one has 

Var[j^IC(,i.i)] = —(iV-pK[ 1 + St.,] 

The limit of this as iV->~ is seen to be zero. 
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Append!: B 

Asymptotic Covariance of the Ordinary Least Squares Estimator 

In § 1.3 , the following expression for the asymptotic 

covariance of the Ordinary Least Squares estimator was given 

(1.3.11) 

%s = 1KJ1 

= (B.l) 

where 

xt = st + nt 

Xp-\ 

X = 

x0 

1 • • • XN-p-1 

e = 

‘np-Lainp-i 
i=i 

r-i-f/ 
i=l 

(sf j is an all-pole sequence as defined by (1.2.2) and \nt \ is a white 

zero-mean Gaussian sequence with variance cr^. The j ,fcth element 
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Xrs£'Xjk = 
N-v-lN-v-l 
2 2 zm +p —j xl +p-k sm sl 

m=0 l =0 

V-P-IAT-B-1 

2 2 (sf+p-fc*^^l’£+p—fc) 
m=0 1=0 

— ±.N~$~l
z - Li 

m =0 

where 

Zm = 
J. V-?—1, 
2 Wm+p— j"^^m+p — j )+p -fc +p—fc ) iV £=0 

The evaluation of the plim of the above will be accomplished by 

application of Markoff’s theorem introduced in § 1.3.1. One 

requirement of the theorem is that the variance of — ^ Zm N m= o 

approaches zero as N-*•*>. That this is actually the case is difficult 

to prove as the variance contains eigth moments of n*. It will, 

therefore, simply be assumed without proof that the variance does 

indeed asymptotically approach zero. Markoff’s theorem indicates 

that the plim of (B.l) is equal to lim-rr Y. i?[zm]. The terms in 
m=0 

ZM which have three n* factors have zero expected value since an 

odd moment of a zero-mean random variable with even pdf is zero. 

The remainder of the terms are given by 

- j - l^L +p - lsl +p - k 

v 

~~ sm+p-jsl^p-h 2 c*'irim+p-l-i'n'l+p-l 
i = l 

— S, 771+p +p 
g = l 

q Hi +p - 1-g Hm +p-1 
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+ sm+p —j SL +p —k ^ ^ aq nl +p - 1-inl +p -1-^ 
i=lg = l 

+p —j +p +1 +p — k 

~ ê (1q'r^m+p —j'rt'm.+p^l+p-q^l +p —k 
gal 

— (^i‘rhn+p-j'r^m+p -i'^'l+p'^'l+p-k 
x=l 

+ ^ aiaq‘nm+p-jnm+p~+p-g^l'l+p — fc] 
i=lg = l 

The second order terms are evaluated according to 

Æ’[nins]=cr^5i_s. The fourth order terms are evaluated according 

to (A.1). Substituting these relations in the above gives 

E [zm] ” +p - j sl+p-k ~ ^ aq +p -j s- 
9 = 1 

m+p+g-fc 

^ ®i^m+p-jsm+p-fc-i 
i=l 

^ ^ aictgsm+p-,/sTO+p+g~i-A:] 
x = lg = 1 

+ an [^fc -j-2a,,*|y^,+aj- aJb + fl ^ (aJ+fc -i + aJfc -i +i)] 
1=1 

where effects for m<p or m>N-2p have been ignored and aL^0 

only for 1 £l^p. The summation is given by 

-^[*0',*) - £a,K(j,lc-q)- £a^KU,K+i) 
iV g=l x=l 

+ è fî ^agif(i,A:+i-g)] 
i= lg = l 

, iV-p ir, o 
+""j\r C7^L1 - 2aj+k - a|y_&[ + a^-a*. 

+ t,ai(aj+k.i+ak.j+i)] 
X=1 



145 

As the limit 7V-»<*> is taken, the function -k) where 

Rs is the correlation function of fs*}, so that 

lim[-77^*2 lE[2m]] = 0%[Rs(j-k) ~ 2 aqRs{j-k+q) 
N~fa> iv m=0 q = l 

- f,Oi(Rs(j-k-i) 
i=l 

<?=i 

+an[<5fc-i - Sa^+jfc - ct|j_fc| + (N‘-p)ajab 

2 ai(aj+Jfc~i"*'afc-<7+i)] 
i=l 

Since \st j is an all-pole sequence, (2.2.3) applies 

Rs( 0= fat*,(l+i) + Czi, = foifl.a-t)+Gz«n 
t=l 1=1 

so that the first two terms of the above give o,2G2[ôj^k-a [;-_fc j]. 

This gives 

plirntX^eS^^fc ] “ an[(l"^ 2")^j— k ~£&j+k — g”)® |j-jfe | ®Jb 
** “+0° 0*-ri (7*». 

+ 2ai(a/+ib-i+aJfc -7 +i ) ] 
i = 1 

This gives for the matrix V 

G2 G2 

Vj7c — 2 ^aj+& 2 alj-fc 
' 7X 

+ 2 at(aj+jfc-i+afc-j+i)] 

i=l 

(B.4) 

a, = 0 for l < 1 or i >p 
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Appendix C 

Calculation of the Energy in a General Mode 

The problem being considered in § 2.5.1 requires an 

expression for the energy in the right sided sequence -with z- 

transform given by (2.5.2) 

V(z) = 
2br - 2crz~1 

ll-~âz-1j(ï-'âTPTj 
a = a + i/3 | a | <1 

(C.l) 

b = br + ibi 

cr = i?e[ba*] = a6r+j86i 

The pole angle is also defined (p = arg[a]. This «-transform 

represents a general second order mode with one complex pole- 

pair (a,a*) and a single zero. The energy is obtained by evaluating 

the autocorrelation function of the sequence at lag 0. The complex 

inversion theorem gives 

£„(0) = -±7$V(z)V"(z-')dZ 

4 j. (bjr+cf-brcTz~l-brcrz)z~1 

= —-<T) dz 
2m"p(i-a«“1)(l--a*z“1)(l--a«)(l-a*z) 

_ 4 j. (b2+c2)z-brcr-bTcrz
2 

{z-a){z -a*){l-az){l-a*z) 

The contour integral is performed around the unit circle. Only the 

first two poles are in the interior of this region, and the integral 
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consists of their residues. 

K(0) = 4- 
bTcr   (b,.2+c2)a*-bTcra

s-brcr 

(a-a*)(l-a2)((l— |a|2)j" (I*-a)((l- |«|â))_Cl^»**) 

The first and second terms are complex conjugates and so 

*„(0) = 
8 _R r *>rCr -, 

(l-|a|2)" eL2j/S(l-a2)J 

■Re[- 
-t 

(l-a")(bTcr)] 
((1- |a|2))0*”L (l-a2)(l—a*8) 

To simplify the above, the following definitions are given 

(1—a2)(l-a*a) = l-2|a |2cos(2p)+|a |4 = P(<p) 

Im[a2] = —Im [a *a] = 2af3 = L 

Re[ a2] = Re[a**] = <x2-/S2 = K 

The above may now be written 

Rv(0) = 
/S((l- |a|2))P((ü) 

>3{(1- |a|2))P(*>) 

Pe[(i+i(/f-l))(bror)] 

[(b2+o2)La-6rcrLJif-6rcrI 

-(br
2+cr

2)(/f-l),9+bTor(jr-l)I] 

P„ (0) = 

m- id2))P(?) 
 4 
(Ü-MT

2
)7P'(?7 

t(4r*+er»)(3a*-.r+l)^+4«^&rer] 

[(b,2+c2)(l+ !a|2)-4abrcr] (C.2) 


