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ABSTRACT 

A CLASSICAL APPROACH 

TO THE CRITICAL EQUILIBRIUM 

IN A BINARY SYSTEM 

by 0*Dae Kwon 

Recently extensive investigations have been 

directed toward the critical phenomena occurring in the 

liquid column of binary mixtures in a manner similar to 

the case of a pure component. 

This thesis presents a self-consistent analytic 

theory concerning these phenomena for "simple” binary sys¬ 

tems. In particular, this thesis discusses, 

(1) a detailed derivation of the equation of state 

concerning the gravity-induced inhomogeneity 

(2) power law dependence of the coexistence curve 

(3) geometrical realization of the coexistence curve 

in a miscibility gap 

(4) thermodynamic stabilities in a binary system. 

In addition, the possibility of applying the 

present theory to thermodynamic measurements and the a- 

nalogy between unitary and binary critical equilibria 

are discussed. 
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CHAPTER I 

INTRODUCTION 

In binary as well as one-component systems, the mass 

distributions at equilibrium near the critical point are in 

general represented by sigmoid curves in the height vs, con¬ 

centration diagram. In a vertical container filled with a 

mixture there exists no homogeneous equilibrium in the crit¬ 

ical region. Rather the critical equilibrium is described 

by sigmoid shape inhomogeneity due to the gravity effect. 

The classical equation of state dealing with the 

above phenomenon will be reconsidered by means of the mass 

transport concept. In a mixture under the normal condi¬ 

tion, the ordinary (concentration) diffusion predominantly 

governs the behavior of mass transport in the fluid. In the 

critical region, however, pressure and thermal diffusions 

become significant and comparable so that the balancing ef¬ 

fect of the resultant counteraction appears. The dominance 

of each contribution depends on the specific conditions of 

the experiment concerned. Although the balancing effect is 

very difficult to observe under noncritical condition, this 

generates the sigmoid isotherms implying the inhomogeneity 

of the equilibrium in the critical region. 

Lorentzen and Hansen (1965) observed the sigmoid 

shape of the concentration gradients by measuring the refrac¬ 

tive index change of the mixture. In their curves of the re¬ 

fractive index change they found nearly homogeneous equilib- 
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rium in the lov/er part, but also "a discontinuity or a kink* 

especially near the critical point. They qualitatively attri 

buted this anomalous behavior to the Soret effect (thermal 

diffusion) and the gravitational effect. 

Blagoi ot al (1970) reported further experimental re¬ 

sults, which showed "the hydrostatic effect*' meaning the es¬ 

tablishment of the concentration gradients in the liquid col¬ 

umn at the critical equilibrium. They found that for T>T , 
C 

the concentration gradients can be approximately fitted by 

exponential curves with the maximum values occurring at the 

surface. For T<T , the rradients undergo a drastic change 

from the previous case in the following respect, viz. 

(1) the concentration gradients can be described by 

n *7 A 
a power law of height, x*« hu*' 

(2) very steep gradients with much larger magnitudes 

are observed systematically. 

The measured value of the power, 0.78# they concluded, is 

rather consistent with the "1/3 power law" as theoretically 

predicted by Voronel and Giterman (1965). 

But this "l/3 power law" was criticized by Mistura 

(1971) who pointed out that 1/3 power relation does not in¬ 

corporate the temperature-dependent term in the classical 

equation of state, and hence is not practical since the ex¬ 

periments are usually done near the critical region, not 

necessarily at the critical point. By introducing Schofield' 

parametric representation of scaling lav/s, Mistura derived 
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the linear relation of the density gradients as a function of 

the height with the temperature-dependent coefficient. 

Furthermore, Mistura pointed out that his linear relation 

can he supported by the experimental result obtained by Lo- 

rentzen and Hansen (1965). However, Mistura could not carry 

out the same kind of analysis for the case of concentration 

gradients because of the height-dependent pressure involved, 

as he himself mentioned in his article. 

Fannin and Knobler (197^) simplified the classical 

gradient expression of density or concentration by replacing 

the partial molar volumes with the molar volumes. They chose 

for their analysis the specific classical case of a" simple" 

binary mixture and compared the ensuing theoretical results 

with the existing data. Some striking discrepancy existing 

between theory and experiment, it appears, may perhaps be at¬ 

tributed to the fact that in their analysis the height-de- 

pendent aspect of the chemical potential of each component 

was not correctly treated. 

In Chapter II of this thesis, the height dependence 

of density or concentration is derived by using the transport 

theory coupled with classical thermodynamic relations. Here, 

we adopt the Fannin and Knobler approach by choosing the 

simple mixture model. Hence Guggenheim’s simple relation of 

chemical potential at critical mixing condition may be ap¬ 

plicable (1967). The height-dependent aspect of chemical 
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potential is rigorously incorporated in this analysis by 

introducing Landau-Lifshitz chemical potential as was applied 

by Mistura. A significant departure of our analysis from Mis- 

tura*s mode of description lies in that, whereas Mistura*s 

starting point is based upon the adaptation to the binary sys-' 

terns of parametric scaling law representations for the unitary 

systems (1969)* we start from the fluid equations. The reason is 

from the following facts: 

(1) there does not exist any concrete evidence regard¬ 

ing the validity of Mistura*s adaptation, 

(2) the symmetry and the logarithmic singularity of 

the specific heat and the isothermal compressibility are 

still subject to detailed investigations, especially for the 

binary mixtures, 

(3) we observe the "reverse gradient" in terms of ei¬ 

ther concentration or density, which presumably implies the 

"metastable" states involved under certain thermodynamic sit¬ 

uations. 

In Chapter III, we will examine our expression of van 

der Waals-like equation of state which is derived without 

considering the singularity of the critical point. Various 

scaling laws are employed to clarify the meaning of differ¬ 

ences existing between the classical and modern consequences. 

The existence of gravitation associated with various phase 

transitions may be the main cause of the critical anomalies, 
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which might be answered comprehensively only after a self- 

consistent method of gravity corrections is completed with¬ 

out any approximation or averaging (as long as the gravity 

force is concerned). One may find that our equation of state 

is useful since it includes the gravity influence, although 

it is based on the analyticity and "simple" case of the free 

energy. All the contents in this chapter are categorized as 

1. l/3 Power Law 

2. Equal Area Rule 

3. Miscibility Gap 

k. Critical Data for CH^-CF. 

5. Coexistence Curvet Simple Mixture Model 

6. Pressure-Temperature Relation 

7. Critical Exponents 

8. Distortion of Coexistence Curve 

9. Stability; Reverse Gradient 

10. Comparison; CH^-CF^ System 

11» Concluding Remarks. 
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CHAPTER II 

EQUATION OF STATE 

In binary mixtures near the critical point, the grav¬ 

itationally induced concentration gradient has been consider¬ 

ed by several investigators by means of either the counter¬ 

action between the ordinary and thermal diffusion (Lorentzen 

and Hansen, 1965), or that between the ordinary and pressure 

diffusion (Dickinson et al, 1975» and Greer et al, 1975)» 

Fannin and Knobler (197*0 chose the simple mixture model so 

that the chemical potential, of each component may be giv¬ 

en as 

11 = Mi + RTlnxi+ 2RTC ( l-xi )c ( 1 ) 

in the critical solution (Guggenheim, 1967)» 

In their analysis, the explicit height dependence of chemical 

potential in the critical mixtures was not fully taken into 

account, by keeping the height, h fixed in their expression 

=. 
w(h>g (2) 

'àh '1 (à|,l/ôx1
,T,h 

where W(h)= x2(m2vl"mlv2^^xlvl+x2v2^ * 

One should note that the quantity, (dM^/dx^)^ ^ describes 

only the implicit dependence of on h via x^, not the 

explicit dependence. 

In analyzing the same problem, Mistura (1971) correct¬ 

ly incorporated the total height dependence of by intro- 
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ducing the Landau-Lifshitz chemical potential, defined as 

n — vz^m2 (3) 

As a result, he obtained 

(Wàx)T>pdx~_ _V
ml~V2/lP2 gdh (4) 

v1x/m1+v2 ( 1-x )/m2 

One can easily see that the Landau-Lifshitz chemical potential 

is independent of the height when the thermodynamic equilib¬ 

rium condition under the gravitational field, expressed as 

+ m^gh — constant, for T held constant (5) 

is considered (Gibbs, 1961). 

However, Mistura did not proceed further by adopting some 

specific format for the chemical potential from the classical 

description. Rather his main purpose of analysis was to ob¬ 

tain the parametrical representation ofM near the critical 

point. 

Now, we turn our attention to the fundamental and 

general equations of transport describing the fluid behavior. 

There are three well known fluid equations, concerning 

the conservation of mass, momentum, and energy, respectively. 

The energy conservation, written as 

D(U/P ) 4 pD(l/P ) = (q/p )Dt (6) 

is equivalent to the first law of thermodynamics 

dU + pdV = 3Q (3; inexact differential) (7) 
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In eq.(6) u/p is the internal energy of unit mass, q,the heat 

flux of unit volume, and D standing for 8/8t+v*Vwhich is 

called the substantial derivative or the convective one. But 

we will start from the equation for mass conservation, since 

we are concerned with mass distribution, and express the mass 

continuity in terms of the mass flux, in a generally mul¬ 

ti-component system (Bird et al, i960) 

where the concentration, pressure, forced, and thermal dif¬ 

fusions are respectively denoted by 

(8) 

jT =-D?V(lnT) 

For a binary system, eq.(8) is simplified as 

(9) 
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or equivalently for ideal systems 

J1=-(^/»)n>1m2D12[(|^l)Tjpvxr(m1P2x1/»Rr)(Sl-g2) 

+ (m1x1/RT)(v1/m1-l/p )vp +kTv(lnT)J (9)' 

where P is defined as (m1x1*m2x2)/(v1x1+v2x2). 

Here we are interested in the equilibrium state where the 

net transport, J-^ becomes zero. But due to the existence of 

microscopic inter-diffusion even at. the expense of long dura¬ 

tion for the equilibrium process, the diffusion coefficient 

remains non-zero. Hence we expect the last factor in the 

bracket to be zero for the equilibrium condition. Furthermore 

in this bracket, the second and the fourth terms do not con¬ 

tribute because we are concerned with a small cell under the 

uniform gravitational field, free from any centrifugal effect 

and in the isothermal equilibrium. Thus the final form of 

our equilibrium condition can be apparently simplified as 

(|lïï^)T,p''xi + (VRTHVI-VOWP , o (10) 

Yet since eq.(10) holds only for an ideal case, we make 

a short digression in order to take into account our nonideal 

situation. Now, we will recapitulate a general procedure for 

the derivation of eq.(l), which we will use as our expres¬ 

sion of chemical potential for simple binary components. 
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In general, the equilibrium properties of each com¬ 

ponent is related to the (absolute) activity defined as 

A*i s exp(Pi/RT) (11) 

p^ =• RTlnX-j (ID 

Denoting the for the pure liquid at the same condition 

as A.?, the relative activity is defined as 

ai= XjAi (12) 

Then one may write a.» x^ for a perfect mixture, and in this 

case, 

p*=p? + RT(lnxi) (13) 

Tj* 

But an additional excess term, p? is involved when we are 

concerned with imperfect mixtures» 

with 

I + E 
Pi* Pi + Pi 

p?= RTln(ai/xi) 

(1*) 

(15) 

The proper (denoted by subscript, m) Gibbs function in this 

case is accordingly given» 

Gm= G® + pj(l-x) +p£x +RT(1-x)In(1-x)+RTxlnx (16) 
« 

The partial molar Gibbs function has the form, 

5i'pi* Gm“ 
xj(dGm/dXj)T^p t i.j = 1.2 (17) 
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The excess Gibbs function (proper), Gm of a binary mixture 

may be expressed as a polynomial in x* 

or 

G£ - 2 B®xn m n n 

,E G^ «= x(l-x) 2 A®(l-2x)n 

m n n 

(18) 

(18)* 

The second expression has the advantage of exposing the fact 

E 
that G," becomes zero either when x*xo=0 or when l-x=x,=0. 

In symmetrical mixtures, where Gm-(consequently G-^ 

also) is symmetrical with respect to x^ and x2, = 0, and 

neglecting higher order terms 

G® = x(l-x)[A® + A|(l-2x)2] (19) 

And the excess chemical potentials have their expressions} 

pj= RT ln^/x^ x2 [A®+A|(x2-x1)(x2-5x1)] (20) 

pf= RT ln(a2/x2)= x
2 [A^+A^x^Xg) (x1-5x2 j (20)» 

The simple mixtures are specified when the expansion 

coefficient, A2 for the symmetrical mixtures, i.e., in eq. 

(20) & (20)*, becomes negligible} 

= A®(l-x)x (21) mo' ' ' 

Accordingly the excess chemical potentials become 

l>? * A®x2 (22) 

E A6/-J \2 
P2 * AQ(1-X) (22)* 
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The critical mixing condition, meaning that the second and 

the third derivatives of the proper Gibbs function with re¬ 

spect to the concentration become zero, gives us the value 

of A® as 2RTC at the critical temperature Tc« 

Now we remember that we chose the 'simple' binary 

system as our model, and assume that 2RT for the value of c 

A® is valid within the critical region we are concerned. 

Thus we will use eq.(l) as the expression for the chemical 

potential of each component. Then defining t as1 T/T 
G 

(ôS1/ôX1)t^p= (ôPiA
xi)TfP 

= RT/xx - 4RT (l-Xj^) 

* RT^t/x^U-x^l (23) 

Because of this deviation from the ideal case, eq.(9)* is not 

applicable to the case of simple binary mixtures. Thus re¬ 

turning to eq.(9) and considering the situation of our equi¬ 

librium again, we obtain an alternative expression for eq. 

(10) as 

l/m1(ôp1/ôx1)T^pvx1 +(v1/m1-l/p)vp = 0 (24) 

A 
We are interested in a situation where v^f\à/àh9 and know 

that vp= -pgft, and thus we have for the component '1* 

l/m1(ôp1/ôx1)T^p(dx1/dh)=pg(v1/m1-l/p) (24)' 

Similarly for the other component, 
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l/m2(ôp2/ôx2)T^p(dx2/dh)spg(v2/m2-l/p) (24)" 

But we are not allowed to substitute eq. (23) directly into 

eq. (24) since the former was derived with the assumption of 

uniform pressure (P ) applied extrinsically to the system C A 

while the latter deals with the overall pressure (P)j P= P 
V À 

+ P. , and thus we have 
in 

dP= dPin= -pgdh (25) 

where the extrinsic pressure, P is homogeneous through the 
C A 

sample cell and its local variation, dPgx =0, while the in¬ 

trinsic local variation, dP^n is generated due to the grav¬ 

itation. Keeping this in mind let us subtract eq. (24)' from 

eq. (24)", and then we have 

( l/m1(6p1/ôx1)T^p+l/m2(6p2Ax2)T^p KdXj/dh) 

*pg(v1/n»1-v2/m2) (26) 

Now, we differentiate the Landau-Lifshitz chemical 

potential, eq. (3) with respect to x^} 

ôP/ôX^ l/i^Up-i/^) - l/m2(ôp2/6x1) 

— l/®^(ôp^/ôx^) + l/m2(ôp2/ôX2) (27) 

The height independence of Landau-Lifshitz chemical potential 

means that it is also independent of the intrinsic pressure 

variation, and thus using eq. (23) we obtain 
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(6p/ôx^),jf=l/in^(ôp2/ôxj)fji p ^ ^-/®2 ^ ^ P 2/^^2 ^ T , p 

=RTC 11 ( l/m^^ l/m2x2 )-4 ( x2/m1+x1/m2 )J 

— (RT^/in^ni2 ) ( m^Xj+m2x2) ( t/x^x2—^ ) (28 ) 

Substituting eq. (28) into eq. (26), we have 

(dh/dx±)T= (dp/dx1 )T( 1/Pg) (v^/n^-1vz^m2)”1 

= (RTc/g) (v1m2-v2m1)"
1(v1x1+v2x2) (t/x^-'i) 

(29) 

where the overall mass density,pis replaced by 

(m1x1+m2x2)/(v1x1+v2x2). 

Setting x^=l-x and x2=x as defined before, 

- (dh/dx)T=(RTc/g)(v1m2-v2m1)”
1x 

(v-,-(v,-v?)x) ? 

   ■ (4xZ-4x+t) 
x(l-x) 

(30) 

Since 0< x< 1, the zero-gradient (or an infinity in 

the figure of x vs. h) originates from the last factor of 

quadratic function in eq. (30). Now, we pay our attention 

to two separated points of zero-gradient; 

xl,2 * 
1/Z tCL-W/2 (3D 
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It follows from eq. (31) that there does not exist any zero- 

gradient point along the isotherm for T > T, (i.e. t^l), 

while the critical point appears at the double root, x »l/2 
V 

as expected. In addition, eq. (30) suggests explicitly the 

existence of reverse gradient between two zero-gradient points 

given in eq. (31) when t<l. Dickinson et al (1975) observed 

the " reverse composition gradients" in their discussion of 

time evolution of composition gradients, but doubted the sta¬ 

bility of the "reverse density gradients". 

Now, we will show the existence of the "reverse den- 

sity gradients" at equilibrium. In general, it is true that 

m^/v^ < (m^+n^JA Vj+V£) < m2^vZ< (m2_ml^/(v2”vl) when m^/v^ < 

m^/v^. If we take x as a function ofp, 

x - vi/(v2-
vi) p~ml/vl  (32) 

(m2-m1)/(v2-v1)-P 

Excluding the constant factor from eq. (30) we examine the 

fractional factor; 

vl+(v2-vl)x (v2’viy 

x(l-x) 
((m2-m1)/(v2-v1)-m1/v1 ) x 

(m2-m1)/(v2-v1)-P 

(P“
m
1/v1)(m£/v2-p) (33) 

Since <.^2^2 * the exis-tence zero-gradient 

points must be excavated still from the last quadratic factor 

in eq. (30) as it is intuitively the case. 
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If we express the quadratic function in terms ofp , 

4x2-Yx+t = C2 (C1P
2
-2C2P+C3) (3*0 

with 

CQ= l/(v2-v1) ((m2-m1)/(v2-v1)-pr
1 

C
l= ^V1 +;+vi(v2”vl^ +t(v2“vi)2 

C2= ^vlml+ 2 V1 ( m2~ral ^+2ml ^ v2 ”V1 ^ ^ v2 ”V1 ^ ra2“ml ^ 

Cj= 4-m2 +4m2(m2-m1) •*-t(m2-m1)
2 

Remembering that m-j/v^ < m2^vZ* and t>0» 

we expect all the above coefficients to be positive. It is 

interesting to observe that C0 is a varying quantity associat¬ 

ed with the density, however, without giving rise to any 

zero-gradient point. Hence we should turn our attention to 

the quadratic factor in eq. (3*0» and then we obtain two dis¬ 

tinct solutions in general; 

’ï,2= °I1|C2 Kef-City*) (35) 

Checking the quantity in the square root, 

C2“C1C3= l(mi+m2Hv1+v2)+(t-l)(m2-m1)(v2-v1)) 
2 

- [(v1+v2 ) 2+ ( t-1 ) ( Vg-Vj^ ) ^ [(n^+mg ) 2+ ( t-1 ) ( n^-n^ ) 

= (l-t) [(m2-m1)(v1+v2)-(m1+m2)(v2-v1)]
2 (36) 

Finally, 

pl,2' C11[C2 t2(m2v1-m1v2)(l-t)
i] (37) 
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Here we observe for T<T. that there exist two zero-gradient 

density points which are equivalent to two zero-gradient con¬ 

centration points given by eq. (31)» although the mechanism 

in terms of density is more complicated; the central point in- 

between is now a temperature-dependent function, ^^l* AM 

at t«lf eq. (37) shows p°= (m^+mgîAv.j+Vg) = P
c. However, 

the fact that we have been concerned with the equilibrium si¬ 

tuation from the beginning confirms the stability of the "re¬ 

verse density gradients" only to a mathematical appearance, 

not in physical reality (Chap,III,Sec.9» Stability). 

Since our discussion is limited to the region near 

the critical point and there do not exist enough experimental 

data for detailed comparison, we cannot at present verify 

our results in concrete fashion. But the superiority of van 

der Waals approximation in statistical thermodynamics for the 

case of binary systems (Leland et al, 1967 & 1968) is inter¬ 

esting and this aspect seems indirectly favorable to our 

equilibrium-oriented approach. 

Recalling the intrinsic pressure variation, the h - x 

relationship is basically equivalent to that of p - x(p - p). 

Moreover, one may imagine a tall column of an isothermal liq¬ 

uid mixture producing p - x - T data. Keeping this in mind, 

we integrate eq. (30) with respect to x in order to obtain 

the h - x - T relationship which is one expression of the 

equation of state for our model of "simple" binary systems in 

the critical region; 
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h(x, t)sr(-RTc/g) (
v
1
m2"v2m1 )-1X 

{t [v1lnx-v2ln( 1-x )] +2 ( v1~v2 ) x2-4v1x} +h0( 38 ) 

In terms of pressure, from eq, (25) 

p=pex+pin” ~/p(h)gdh ;t=constant 

= -g/pU-^ (dh/dx1)Tdx1 (39) 

Using eq. (29), this becomes 

p(x.t)»pln+ pex 

* RTc(
vini2-v2n1)"

1J(mixi','m2x2H t/x1x2-i*)dx 09)’ 

Now the integrand is exactly the same as that for eq. (38), 

and this can be seen in eq. (29), except coefficients, m^ & 

m2 instead of & v^. Hence we directly obtain 

p(x,t)= RT^v^-v^)"3* 

w m-j^lnx-mgln ( 1-x )] + 2 ( m1-m2 ) x -Jm^x [+po (40 ) 

Now, we are interested in the behavior of the quantity 

in the braces in eq. (38) and eq. (40), and these become di¬ 

mensionless if divided by v^^ and m^ respectively; 

{t Clnx -f'ln(l-x)]+2(l-f»)x2-4x} (41) 

where f' represents either v2/v^ or m2/m1. 

If we let f'=l, meaning equal molar volumes (or masses) and 

use the series expansion, ln(l+y)= £(-l)n y /n, 
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then ei.(41) can be expressed as, with a substitution of 

x * (l+y)/2, 

2t 5 y*Vn - 2(l+y) jn=odd integers 
n 

« (-2) [l »(l-t)y - ^r3- |y5-.... ] (*2) 

where the values of y range from -1 to +1. 

This expression may be admittable when we have isotopic mix¬ 

tures or some simple mixtures whose molecular sizes and be¬ 

havior are almost the same. The coefficients appearing in 

eq.(42) are temperature-dependent, and when the densities of 

binary components are distinctively different from each other, 

either eq.(38) or (40) should be considered. In particular, we 

note that the series expansion of eq, (42), or that kind of 

eq.(4o) is essentially equivalent to the virial expansion 

associated with the van der Waals equation of state for uni¬ 

tary systems. Hence, they may be proposed as a handy tool 

for analyzing the simple fluids of binary components in the 

critical proximity. In addition, one may see explicitly that 

eqs.(2),(4), and (24) and/or (26) are all correlated, and 

these are able to be derived from the first law of thermo¬ 

dynamics, eq.(7). 
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’CHAPTER III 

DISCUSSIONS 

We will now start examining our equation of state 

in the light of both classical and nonclassical aspects of 

thermodynamics. In particular, various characteristics of 

the phase transition region, more accurately a miscibility 

gap in our case, will be scrutinized by means of the coexist¬ 

ence curve and the phase separation. The critical exponents 

in terms of scaling laws will be deduced and compared with 

their hitherto-known values. As one consequence of the grav¬ 

ity effect, a simple interpretation of the phase transition 

will be suggested. 

1. l/3 Power Law 

The "l/3 power law" proposed by Voronel and Giterman 

(1965) can be described from eq. (38) and (42). Here we neg¬ 

lect y^ and higher order terms and consider the height differ¬ 

ence, H: 

(2/3)y^=(|ÿ),(v1m2-v2m1)H/v1 5 t=l. 
0 

Substituting 

xM 

X = y/2 = x-1/2, 

6g (vira2“v2ml 
■‘L 1 ‘ *    ' 1 

16RT 2V, 
c 1 

we have 

(43) 

Since ^ and the third derivative of M with respect 

to x^, |i^ is 16RTQ at the critical point, the above depend- 
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ence of X upon H is equivalent to the approximation of the 

"l/3 power law”. 

2. Equal Area Rule 

Maxwell's equal area rule is not accurately observed 

in our case. Nontheless, eq.(42) may be considered to a 

certain extent, and then the rule is strictly valid since the 

parity of the equation is odd with respect to y. Furthermore, 

the law of rectilinear diameter is written as 

( y1' ♦ y°)/2 - 0 (44) 

3. Miscibility Gap 

For the situations where two components are completely 

miscible in all three states? S(solid), L(liquid), and V(vapor) 

we may in general assume the liquidus and vaporous surfaces 

in 3-dimensional space of p,x,T (for L-V transition of phase). 

When we consider their isothermal or isobaric sections, we 

usually denote the vaporous curve as the "dew point" curve 

and the. liquidus curve as the "bubble point" curve. They 

meet each other either at mixture critical condition or at 

pure component transition (V.P. or C.P.), so that they con¬ 

stitute a family of loops in either descending or ascending 

direction. The horizontal bars drawn parallel to the x-axis 

are called the "tie-lines", whose end points determine the 

compositions of the coexisting phases. The azeotropic points 

are generated when the "tie-lines" 
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vanish to points. In particular, concerning the critical 

case, all the loops end at a critical line which connects 

the two critical points of pure components. 

When we go through the liquid region away from the 

liquid-vapor coexistance region as described above, we may 

meet a so-called "miscibility gap", where the single phase of 

liquid is split into two mutually saturating, conjugate solu¬ 

tions. It in general forms an ellipsoid in P - x - T space. 

Again if we consider the isothermal or isobaric sections, we 

can point out two consolute points in terms of either an up¬ 

per and a lower critical solution pressures (UCSP & LCSP) or 

an upper and a lower critical solution temperatures (UCST & 

LOST). Again we may think of a family of "tie-lines" in the 

same sense as before. In fact, the "miscibility ellipsoid" 

may have a nonzero eccentricity with respect to p - x - T 

coordinate system, or even a distorted shape involved. Then 

the two consolute points do not coincide with the peak point 

which is residing on a major axis of the gap. However, the 

isothermal ellipse should be located below L - V surface and 

the isobaric one above L - V surface. 

For some binary systems the miscibility ellipsoid and 

the L - V coexistence region can intercept producing a three- 

phase equilibrium, L-^L^Y. Furthermore, they may just come 

into contact each other. But the contact does not occur at 

either a minimum or a maximum of a phase transition loop, 

since this requires L-^LgV equilibrium with two restrictions; 

critical identity of two solutions and identity of composi- 
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tion of two phases in different states. In other words, 

using the Gibbs phase rule, 

F = a -b +2 -r = 2-3+2-2 * -1 

with a-components, b-phases, and r-restrictions. Hence, 

the case is improbable.(Ricci, 1951)#(Fig» D* 

The discontinuity gaps which were first observed by Lo- 

rentzen and Hansen (1965) during the course of the experiment 

to investigate the gravity-induced density profiles, may be 

in connection with the discontinuity region within a misci¬ 

bility gap. This will be considered more in detail in sec¬ 

tion 9» 

4. Critical Data for CH^-CF^ 

The behaviors near the critical solution point have 

been known to be analogous to the critical phenomena of unit¬ 

ary systems, so that there is no thermodynamic distinction 

between liquid-liquid and gas-liquid critical behaviors. The 

system CH^-CF^ is, in practice, classified as a complex mix¬ 

ture having a UCST at 94.5°K (Rowlinson, 1969). Nevertheless 

it was taken as a simple mixture by Fannin and Knobler (1974) 

as mentioned earlier. Critical excess free energy given by 

eq. (2l) is 394 Joules/mole, while an equimolar excess free 

energy is 360 Joules/mole at 110 K (Rowlinson,1969). The 

critical data used in the literature are tabulated in Table 1, 

which shows some discrepancies. 
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5. Coexistence Curve; Simple Mixture Model 

To simplify the argument we will consider the simplest 

type of eq. (42) as our equation of state. Then we have 

p(y.t) »2Kp[l+(l-t)y y3 - | y5 - ...] + pQ (45) 

where -Kp=RTc/(v1m2-v2m1). 

For the critical isopleth, i.e., y=0, 

should be set to zero in order to obtain the coexistence 

curve. We then have 

p(0,t) = 2Kp + pQ 

so that at t 

n 
;n=odd integers (47) 

or 

* ' y/lnti^]1/2 (47)' 

or 

exp(2y/t)= ( refer to App.I ) 
**■ *y 

(47) 

If we neglect y^ and higher order terms in eq. (47)» then 

this crude assumption gives 

(48) 

; Fig.2 

l-t =(i/3)y2 (48)* 

Here we observe qualitatively one similarity in critical 
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behaviors between unitary and binary systems in classical 

sense. 

6. Pressure-Temperature Relation 

For the critical isopleth section (xs-l/2) we take 

eq. (40) as our equation of state* 

p ( 1/2, t ) =KP [( ln2 ) t (m1-m2 ) - ( -m2 ) /2+ 2m J + pQ ( 49 ) 

Subtracting pc= p(l/2,l) from eq. (49)» we have 

Fig. 3 shows the linear dependence near the critical point. 

Nonlinear aspect (dotted extension) far away from the criti¬ 

cal point will be discussed in section 8. In particular, 

the p - T dependence may provide an interpretation to the 

unexpected increase of the apparent T observed by Hildebrand 

et al (1954), since the centrifugal field will affect the 

data in a similar manner to the gravitation, except the non¬ 

uniformity of the former. 

The modern scaling lav/s for unitary systems describe 

the critical properties in terms of pov/er laws; (Fisher, 1964) 

p-pc=Kp(ln2)(m1-m2)(t-1) (50) 

7. Critical Exponents 

; coexistence curve (5D 

(52) Gv~|T- Tl 
; specific heat along the 

critical isochore 
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kT~|T - Tc| ”v ; compressibility along the (53) 

critical isotherm 

IP - P°| ^ | P - P°|ô 5 critical isotherm (54) 

Remembering that we are concerned with "simple" binary sys¬ 

tems, we can find some thermodynamic consequences (Rowlinson 

1969); , a measure for binary liquids corresponding to 

eq. (52), is finite through the critical solution temperature 

( this is not the case when the liquids are not "simple" ), 

and the coexistence curve is of even order in the critical 

region ( this is true also for some cases other than "simple" 

one ). We v/ill discuss the discrepancies between these and 

experimental consequences later in other sections. 

Let us first consider classical aspects by using ap¬ 

propriate simplifications. Eq. (48)', which was obtained 

after crude assumptions, gives us the value of the exponent 

in eq. (51) as 1/2 with a proportion constant, 1/3» which is 

comparable with experimentally determined constants for ei¬ 

ther unitary or binary systems. Here the coexisting concen¬ 

trations are involved instead of such densities in eq. (51)» 

Concerning the specific heat, C , if we take advan- 

tage of Landau-I.ifshitz chemical potential as mentioned be¬ 

fore, we may examine a modified thermodynamic relation, 

Bp.x- 
5p,,- /W»>T '55) 

O O 

where the first term is defined as -T04>2/a
rr ),j and use is 

made of an empirical formula (Scott, 1972 and Guggenheim, 19<>7) 
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m2 * Z1 ”Z2T -Z3T(lnT) 
+ f(p.v2) 

(56) 

The critical value of <3 „ turns out to be finite so that by 
pt x 

using a logarithmic definition 

= lim £ln C X(T) / ln|T
c-T|] 

Xr 9 

(57) 
T-+T 

we obtain a equal to zero for eq. (52). This agrees with 

the classical evaluation. 

For the compressibility, its corresponding measure 

is the inverse of the susceptibility; 

kT " ' ax 'T 

= [zRd/m^l/mgJtT0-!)]"1 (58) 

where v/e set x=l/2. 

Here we again obtain the classical value of the exponent for 

eq» (53) as 1. 

The critical isotherm is realized by observing eq. 

(40) and (42). If we put t =1 in eq. (42) and neglect y^ 

and higher order terms, then we get 3, the classical exponent 

for eq. (54). All the critical exponents derived above con¬ 

form to the Griffiths equality; 

a + p(ô+l) = 0 +(l/2)(3+l) = 2 (59) 

and also to the Rushbrooke equality; 

a +2P+Y = 0 +2(1/2) +1=2 (60) 

( Fig.4 and Tab.2 for a detailed comparison) 

* l/3 may be compared with 2/7. (Kohler & Rice,1957) 
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The result of eq. (57), the finiteness of is un¬ 

certain, although it agrees with Rowlinson's deduction. The 

origin of uncertainty is our initial deviation from the real¬ 

ity by choosing a "simple" case as our model, while the actu¬ 

al systems do not exactly satisfy this ideal expectation. In 

fact, the difficulties in experimental procedures have always 

been involved hitherto, and it is not possible to distinguish 

between 

1) a weak divergence with 0<a<0.1 

2) a logarithmic singularity, a = 0 

3) a sharp but finite cusp 

in 5 when we cross from the two-phase to the one-phase 
p f X 

region. The situation is the same for k,p, too. 

8. Distortion of Coexistence Curve 

It was suggested that the critical phenomena are in¬ 

sensitive to the specific nature of the intermolecular forces 

(Fisher, 1964). On the other hand, the experimental results 

show no independence of the systems concerned (Table 3), 

and this was interpreted as the broad features of the inter¬ 

molecular forces by Rowlinson (1972). If we doubt the accu¬ 

racy and uniformity of gravity corrections done by different 

investigators under different conditions, then we may have 

an opportunity to reconsider the above discrepancies. 

We now turn our attention to the "miscibility gap" 

and associate it with a uniform gravitation. This inter- 
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relation may perhaps is holding the key to the critical 

anomalies     ? 

In the literature, the miscibility region has been recognized 

only qualitatively, except some limited data near the critical 

solution point (Schneider, 1972), to our observations. Hence 

we are strictly restricted to a qualitative discussion. Now 

we choose an ellipsoidal type of the miscibility gap as a 

typical geometry. (Figure 5) 

Although some systems may not have a LOST, there is 

no difference concerned with our interpretation, because the 

actual gap can be considered as a portion of an ellipsoid 

having a very large major axis. However, as described in 

Section 3, UCST does not have to coincide with a zenith of 

the miscibility ellipsoid (ME). Apparently we may imagine 

an elliptic coexistence cut by assuming a linear dependence 

between p and T. But we know that this is not the case 

throughout the whole thermodynamic space, p-x-T. In fact, 

considering the entire ME, we must imagine a curvilinear cut 

of the coexistence, because the density of each component, 

coupled with p and T, changes its value as we walk away from 

UCST through the coexistence surface. This may be a small 

change, but nevertheless we can no longer discard this small 

amount by the following reason. (Figure 6) 

A family of distorted elliptic cuts chosen arbitrarily 

is imagined to intercept that of undistorted ellipses also 

chosen arbitrarily at two certain points within the outline 

of ME. Keeping this "interception" in mind, we compare the 



III-ll 

elliptic loci with the quadratic and cubic ones by means of 

their locus equations* (Figure 7) 

For the locus of an ellipse, 

< y -rvy 

1 (61) 

x 

or 
V y * ry(1 'x /rx > 

2,1/2 

And approximately near UCST, we have a coexistence curve, 

y -(ry/2rx
2) x2 (62) 

so that it becomes comparable to a quadratic curve of class¬ 

ical coexistence, eq. (48)*. Hence the "true" distorted 

curve of coexistence (dotted one of distorted shape), should 

be represented near UCST as a general approximation, 

1 -t ~ y11 ? n > 2 (63) 

As a matter of fact, recalling eq. (47), we better 

trace the "true" coexistence curve in terms of a series ex¬ 

pansion (see Appendix I ). If we have a frustrum(or hyper¬ 

bola) case, it will result in the same as above. 

Now the Rowlinson interpretation of molecular concept 

seems more likely due to the change of densities, while the 

Fisher interpretation of insensitivity has some reality 

from the view-point of the uniform gravitation. If we refer 

to the critical exponent data hitherto reported, we find one 

interesting fact that the mixtures of liquid metal behave 

in a similar way to our model as long as the coexistence 

curves are concerned. But these are not enough to provide 
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any reasonable argument. This aspect will be pointed out in 

Section 11. 

9. Stability ; Reverse Gradient 

We proved earlier in Chapter II that the reverse con¬ 

centration gradients correspond directly to the reverse den¬ 

sity ones. Now we try to figure out what is meant in the 

reverse gradients and to what extent it is meaningful. 

There are three conditions of stability for a system? thermal, 

mechanical, and material stabilities, for a multi-component 

system. Since a binary system is the simplest one of multi- 

component mixtures, we are especially interested in the third 

condition; the Gibbs free energy should be concave upward, 

so that (Fig. 8) 

( —2 )_ T>0 (6<0 
8x^ P’T 

where g^ = (l-x)p^ + xp2* 

Substituting eq. (1) into eq. (64), we find 

4x^ -4x -*-t^>0 (65) 

We notice that eq. (65) is exactly equivalent to the import¬ 

ant factor in eq. (30). Indeed, the condition, eq. (65) de¬ 

fines the stable region to be outside the locus traced by 

employing eq. (31)» while the region inside this locus is 

seen to be a forbidden region (Landau & Lifshitz,1969)» or 

may correspond to the observed "discontinuity gap" (Lorentzen 

& Hansen,1965). At any point on this locus, (9p/9v)T ,namely, 

the inverse of compressibility becomes equal to zero, which 
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is the limit of mechanical stability condition. In particular 

the critical solution point is the maximum point of this 

locus and corresponds to the limit of thermal stability con¬ 

dition if the specific heat diverges at this point. In addi¬ 

tion, we may state that the left and right hand sides of the 

"stability" locus correspond to "metastable", "super-heated" 

and "super-cooled" regions respectively. The realizations of 
* 

those states seems yet to come for binary systems. Also we 

might expect to observe a "negative" pressure in a "super¬ 

heated" region. We may or may not expect the region within 

the "stability" curve to be converted to a "metastable" state 

when a situation of inhomogeneous equilibrium is concerned. 

( or a heterogeneous mixture). 

10. Comparison; CH^-CF^ System 

There has been mentioned much about this system in 

Chapter I and Chapter HL, Section although we need more 

experimental data of various kinds in order to carry out a 

thoroughly consistent check. Nontheless, we present a few 

basic comparisons done with both experimental and theoreti¬ 

cal data available in the literature. 

For the values of the height dependence of con¬ 

centration gradients measured by Blagoi et al (1970), we can 

provide only a few kinds of argument: There seems a large 

discrepancy in the order of magnitude. They analyzed their 

data by means of "hydrostatic effect" (Voronel and Giterman 
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1965) which is found to he a crude assumption in Section 1 

from our point of view. There is a good evidence of linear 

dependence between the height and gradient-maximum tempera¬ 

ture transitions, except the apparently inconsistent point 

at T-Tc= -0.046 K. One may note that for T>TC their tem¬ 

peratures are too far above Tc. The steeper gradients in the 

region below T are very interesting; the explanation for these 

may be found in our results, on the basis of our "stability" 

curve described in Section 9. 

It appears that our own estimations are very much 

consistent with the results obtained by Fannin and Knobler 

(1974) now at least in two aspects; first, our height expres¬ 

sion, eq.(38) gives us Ah= 0.98 cm for a AX of 0.01 devia¬ 

tion from the critical concentration, which shows a good 

quantitative agreement, second, if we choose y » x-xc=.055 

at T=- 94.2 K and put these into our expression of the coexist¬ 

ence curve, eq. (47)", then LHS=1.24637 and RHS=1.24719 

are obtained as an excellent evidence of the superiority in 

expressing the coexistence curve in terms of power series 

expansion. In particular, the systematic deviations shown 

in their log-log plot may possibly be removed if our expres¬ 

sion is used, within a tolerance limit due to modelling. 

In addition, eq.(40) makes it easy to calculate any 

pressure deviation occurring in the sample due to gravity. 

At the critical point, for example, AX®.01 from xc provides 

ap=.67 Torr, which seems very likely. 



11. Concluding Remarks 
III-15 

The gravitationally induced critical anomalies have 

been considered so far by treating the gravity as an external 

field applied to a binary system; spatial gradients of con¬ 

centration were related to the equation of state in the 

critical region. The reverse gradients were discussed in 

terms of thermodynamic stabilities. The liquid-liquid coexist¬ 

ence curve was shown to be power law dependent. 

Recalling the coexistence curve expressions (App.I), we 

would like to choose Rowlinson's conception, the system de¬ 

pendence of critical anomalies in the critical region exclud¬ 

ing the critical point itself, while we prefer Fisher's con¬ 

ception, the system independence of critical anomalies at the 

critical point. 

At present there is no comprehensive justification of 

the observed congruence of critical phenomena between unitary 

and binary systems. The theoretical formation discussed in 

this thesis does not give any direct relevance to a pure 

component case: If we regard m^(gas state) » m2 (liquid 

state) for a pure component, then the Landau-Lifshitz chemical 

potential loses its meaning and becomes a trivial form with 

the assumption, n^/m^sf'sl (see eq.(41) for a comparison). 

Nevertheless, our description may be applicable if v/e can 

introduce such an excess chemical potential conceptually 

occurring for a mixture of two distinct states of one component. 
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In nature simple mixtures are very few. Thus the excess 

chemical potential for a real binary system may have to be 

expanded in power series and higher order terms are to be 

considered additionally (App.II). Nevertheless, this kind of 

departures from the "simple" model would not affect the 

classical feature of the power law dependent coexistence 

curve. 

In practice, even for an ideally ellipsoidal ME the 

coexistence cut is nonlinear, i.e., a curvilinear cross- 

section of the ME due to changing molar volumes as discussed 

in Sec. 8. More significant changes may result from apparent 

T variations. This can be understood by considering 
C 

Iressure-temperature relation (Sec. 6) which may give rise 

to much more contribution to the nonlinearity of the coexist¬ 

ence cut. during the course of T adjustments. Note that T c c 

adjustment is employed conventionally in order to get the 

critical data. 

It appears that our analysis presented in this thesis 

may be adopted to experiments proposed by Sengers(1968)t By 

virtue of the gravitationally induced density gradients, one 

may reconsider the critical anomalies more conveniently since 

one can define and measure "localized" critical thermodynamic 

quantities. In other words, one may get the critical data 

collectively by taking the advantage of so called gravity 

blurring, rather than making conventional gravity corrections. 



AI-1 
APPENDIX I. COEXISTENCE CURVE 

The coexistence curve is constructed by taking the 

intercepts of isotherms with associated tie-lines. Based 

on the original equation of state, eq.(^-O), in terms of yj 

p(y,t) m -Kpjt(m2-m1)ln2 +m1[-3/2-y+y2/2 +tln(l+y)] 

-m2 jl/2+y+y
2/2+tln(l-y)]J-»-p0 

we can get more general expression of the coexistence curve 

from the condition, p(y,t)-p(0,t)»0, v/ith the aid of 

p(0,t) e -Kp ^(m2-m-^)ln2 - m2/2 -3m^/2j + pQ. 

We then obtain 

(m1/m2) [t In (1+y) -y + y2/s] = [t In (1-y) +y +y2/2}# 
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ArPZNDIX II. GENERALIZED EQUATION OF STATS 

The excess chemical potential for a real binary system 

is expanded in power series (Rowlinson, 1969). Defining the 

non-ideal(N.I.) part of the chemical potential as a function 

of x, f(x), we have the height profile expression as 

h(x,t) =(Kp/g) jt jv-j^lnx - v2ln(l-x)] + (N.I.)hJ'+hQ 

where (N.I.)^ Jip"^ [™2P'(xl^ + ralf' (x2^3 dx 

For the pressure 

p(x,t) = -Kp |’t [m^lnx - m2ln(l-x)J + (N.I.)pj + pQ 

where (N.I.) =■ jjmgf^x^) + m^f'(x2)J dx. 
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Tab.l Critical Data for CH^-CF^ 

V K) xc 
Pc(Tr) Reference 

94.3 0.43 127 Simon,Fannin,Knobler 

(1972) 

94.72 0.435 -- Blagoi,Sokhan 

Pavlichenko (1970) 

94.5 — — Rowlinson (1969) 

* Properties of each component 

(Thorp,Scott,1956) 

M.P.( K) B.P.( K) Molal Yol.(cc) 

CF^ 89.5 145.1 54.2 

CH4 91.7 111.7 38.0 

** Molar masses 

CH^; 16.04 

CF^j 88.01 
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