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ABSTRACT 

Approximate Flexural-Extensional Relations 

For Steel Structural Members 

by Serkis Nazar 

The object of this investigation is to propose approx¬ 

imate moment-curvature-axial load-mean strain relations for 

steel members loaded beyond the yield point by combined bend¬ 

ing and axial load, accounting for initial residual stresses . . 

induced in the members during their formative hot-rolling or 

welding processes. 

Since no exact relations can be found, except for residual 

stress-free members, with rectangular cross sectional, numeri¬ 

cal procedure has been developed for integrating stresses at 

certain points obtained by dividing the cross-section into 

small elements. 

A Newton-Raphson type iterative procedure has been deve¬ 

loped for obtaining curvatures and mean strains, given moments 

and axial loads. Moment-curvature and axial load -mean strain 

relations, with axial load and moment, respectively held constant. 

A least-squares procedure has been developed to approxi¬ 

mate the curves by simple mathematical functions A hyperbo¬ 

la was found to be the most valuable approximation. 
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I. INTRODUCTION 

A. Object and Scope 

The object of this investigation is to develop approxi¬ 

mate moment-curvature-axial load-mean strain (M-0-P-ë) rela¬ 

tions for steel members loaded beyond the yield limit by ben¬ 

ding about the major principal axis. These members are assumed 

to have cross-sections made up of three rectangles and to be 

symmetric with respect to the principal axes. Hot-rolled 

structural shapes, such as wide-flange beams, and welded box 

beams are the main members investigated. 

The effects of the residual stresses induced in these 

members during their formative hot-rolling or welding proces¬ 

ses have been taken into account by assuming these to be dis¬ 

tributed across the section in a piecewise linear manner, as 

illustrated in Figure 1. The effects of cold-rolling and 

cambering residual stresses have not been considered. 

This investigation aims to present separate moment-curva- 

ture-axial load and axial load-mean strain-moment relations. 

The former give the curvature corresponding to a given combi¬ 

nation of moment and axial load, and are plotted for clarity 

as a family of moment-curvature curves for various values of 

constant axial load. The latter give the mean strain (or the 

axial strain of the centerline fiber) as a function of the 

applied moment and axial load, and are plotted as axial 
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load versus mean strain for constant bending moment. 

Past research on this topic has been mainly'.oh the gene¬ 

ration of moment-curvature-axial load relationships, since it 

has been connected with straight beam-column bending, where 

the deflections can be computed by integrating the local cur¬ 

vatures and neglecting axial strains. 

However, the present investigation is connected with re¬ 

search on the buckling of arches, currently carried on at Rice 

by Dr. Walter J. Austin. The approximate formulas developed 

will allow the study of the effect of plastic deformations on 

the buckling load. 

Since axial deformations gain importance in curved arches 

under combined bending and thrust, due to their contribution 

to the geometry of the deformed member, P-ë-M relations 

have been made an integral part of this investigation. 

Two basic numerical procedures fcr obtaining moment and 

axial load for given curvature and mean strain,by integration 

of stresses across the section, have been developed. 

An iterative procedure, based on the Newton-Raphson method 

has been developed to obtain curvature and mean strain as 

functions of M and P. 

The approximate formulas have been obtained by curve-fit¬ 

ting the obtained results with Ramberg-Osgood power functions, 

hyperbolas, and fifth-degree polynomials by the least-squares 

procedure. 
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For the sake of simplicity, the number of parameters 

involved in the formulas has been kept at an absolute minimum, 

and the M-0 and P-ë curves have been approximated by single 

formulas along their entire range, rather than sub-dividing 

them into regions and fitting different formulas to each 

region, as has been previously done in the literature. 

B, Previous work on Flexural relationships 

Moment-curvature relationships in the inelastic range 

grew out of Von Karman’s (22) work in 1908 on the behavior 

of compression members eccentrically loaded into the inelastic 

range. Chwalla (8) and Westergaard & Osgood (23), both in 

1928, obtained numerical results for the deflections of beam- 

columns, basing these last on nonlinear stress-stress relation 

ships. 

Karl Jezek (14) used an elasto-plastic stress-strain dia¬ 

gram in 193^ and simplified Chwalla’s procedure. However, he, 

like his predecessors, was only able to consider rectangular 

cross-sections, although, like Chwalla, he tried to extend 

his results to structural shapes by introducing empirical 

correction factors. 

In the 1950’s, experimental and analytical work conducted 

at the Fritz Engineering Labs at Lehigh University, and at 

Cornell Univ., resulted in the derivation of moment-curvature- 

axial load relations for structural shapes. 
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Ketter* Kamisky* and Beedle (16) in 1953 used the linea¬ 

rized rolled wide-flange residual stress distribution (see 

Figure 1) to derive piecewise formulas relating M* 0* and P 

over certain portions of the moment-curvature diagram. These 

formulas correspond to specific cases of stress distribution 

across the section* producing distinct yielding patterns* as 

illustrated by Figure 2, which is taken from the above refe¬ 

rence. 

The yielding-pattern approach to the moment-curvature 

relation results in accurate formulas; however* the method is 

cumbersome to use* since in order to make the formulas more 

accurate* many more patterns than those illustrated must be 

singled out* corresponding to different yielding conditions 

across the web and flanges and through the thickness of the 

flanges. Yet* numerous moment-curvature curves for strong- 

and weak-axis bending of wide-flange shapes* with and without 

residual stresses* were drawn from these formulas and used in 

research at Lehigh University. 

In order to simplify the numerical procedure of obtaining 

M-0-P curves for structural sections* several attempts were 

made to idealize these as modified rectangular sections* in 

order to use adapted versions of the exact relations for 

rectangles* as Jezek and Chwalla had done. 

Hauck and Lee (12) at Northwestern University assumed 

flanges to be negligibly thick and of "concentrated" area 

in 1963 and obtained formulas for the elastic* primary plas- 
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tic (top fiber yielded), and secondary plastic (both extreme 

fibers yielded) cases, illustrated in Figure 3* in terms of 

the ratio A~= Area of flanges. 
•75— Area of web 
w 

W.F. Chen (6) at Lehigh used the same idealization in 1969 

in generalizing the exact expressions for the rectangular 

section, which are derived in detail in Appendix 1, and obtai¬ 

ned M-0-P curves closely approximating the ones generated nu¬ 

merically. 

Chen and Santathadaporn (5) had earlier given the moment- 

curvature relations in the three regions for the rectangular 

cross-section. In the elastic region (0^0^1-P): 

M = 0 (1-1) 

In the primary plastic region (1-P^0^1/(1-P)) 

M = 3(1-P) 2(1-P 

0 
1 3/2 72~ 

In the secondary plastic region (0> 1 ): TTF 

M = 3(l-p2) - 
2 

(1-2) 

(1-3) 

Chen's procedure was to retain the basic form of these 

relations, but to generalize the coefficients, which, except 

for the elastic region, are functions of the axial load, as 

shown below for each region: 

M = a0 

M = b - 

(1-4) 

(1-5) 
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M = - f/02 (1-6) 

For the idealized wide-flange section, these coefficients 

are functions of the axial load and of the ratio A^/A^. 

Chen (7) used the same approach in obtaining numerical 

values for the coefficients a,b,c, and f, and also for Mu 

by curve-fitting moment-curvature relations obtained at 

Lehigh for strong and weak-axis bending of wide-flange shapes 

with and without residual stresses. 

In obtaining these coefficients, Chen assumed them to be 

functions of P only, and expressed them as second degree 

polynomials in P. The location of 0 and M boundaries for 

each region are also given as functions of P; in the case of 

the initial yield point, which corresponds to the end of the 

elastic region, Chen claims that a linear function of P is 

sufficient. The fully-plastic moment is independent of 

any residual stresses, and is also given as a second degree 

function of P. 

The exact value of the ultimate, or fully-plastic, moment 

as a function of P is given by the yield function or envelope, 

a curve in M-P space passing through those combinations of M 

and P which correspond to a completely yielded section, or 

yield hinge. The yield function for a cross-section of the 

type considered in this research has been derived in Appendix 

2, to which the reader is referred. 

Chen's formulas, and others of the same type, reduce the 
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amount of work necessary and provide a satisfactory degree 

of accuracy* although they are not able to deal with compli¬ 

cations like nonlinear stress-strain curves* strain reversal 

or unloading effects, etc. 

A somewhat similar procedure was developed far the ana¬ 

lysis of arches by Kuranishi and Lu (17) in 1972* based on 

the idealization of a wide-flange shape as a sandwich beam 

with infinitesimally thin flanges and no web. This elimi¬ 

nates the need for considering different yielding conditions 

through the thickness of the flange* and also through the 

web. The simplification enabled the above researchers to 

reduce the yielding patterns to twelve* even though they 

included the effects of a highly hypotheticàl strain harden¬ 

ing starting at twice the value of the yield strain. 

Thus* Kuranishi and Lu were able to get relatively easy- 

to-use formulas and simple criteria for determining which 

pattern is applicable for a given state of bending moment 

and axial load. 

The formulas developed were used by Kuranishi and Lu to 

compute certain "stiffness coefficients"* reducing the stiff¬ 

ness of the arch in bending and compression* depending on the 

advance of the yielding* and thus obtain the changes in cur¬ 

vature and mean strain to be used in a numerical procedure 

for obtaining the deflection of the arch. 

In addition to the approximations described above* numer¬ 

ical iterative procedures have been used for the generation 
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of M-0 relations, generally coupled with a scheme for divi¬ 

ding the cross-section into small elements and integrating 

stresses. 

Dividing the cross-section into small elements is espe¬ 

cially useful if residual stresses and/or strain hardening 

are to be considered, since the stress distributions are then 

very complicated. One of the early iterative procedures, 

however, developed by Miranda and Ojalvo (19) in 1965 for the 

solution of lateral-torsional buckling problems with a line¬ 

arly strain-hardening material, did not use the small element 

technique. 

Miranda and Ojalvo used a trial-and-error procedure, by 

which they first assigned a value to e^, the maximum compres¬ 

sive strain, and obtained the strain at the opposite fi¬ 

ber, by trial-and-error such that the stress distribution 

gave rise to an axial load P; they then obtained <J> by geom¬ 

etry and M by further integration. 

Incremental "small element" methods were used in 1969 by 

Alvarez and Birnstiel (2). in New York and Kato and Akiyama 

(15) in Tokyo. These methods are based on dividing the cross- 

section into small elements parallel to the bending axis. 

As both groups were interested in lateral-torsional buckling, 

they neglected the effects of residual stresses. 

Alvarez and Birnstiel use the curvature and the strain 

at the bottom fiber to specify the complete state of strain. 

The loads are incremented and the current cross-sectional 
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properties of the unyielded part of the section are used to 

calculate the change in strain at the top and bottom fibers. 

Next, the properties of the new unyielded portion are 

used to calculate the internal load increments which caused 

the changes in strain. The difference between these two load 

increments are applied again to the new unyielded area, and 

the process repeated until converged, thus giving rise to 

M-0-P relations starting from an unloaded state. 

Kato and Akiyama's method is based on incrementing the 

curvature, rather than the loads, and assumes a very general 

cross-sectional shape symmetric with respect to the vertical 

axis and a trilinear stress-strain relationship. For a con¬ 

stant axial load, they increase the curvature and calculate 

the changes in effective area and moment of inertia for a 

fictitious wholly elastic bar which has the same rigidity as 

the bar under consideration. They thus obtain the moment 

increment corresponding to the given curvature increment. 

A very refined small element approach was used by Yu and 

Tall (24) in 1971 in connection with A54l steel with a nonli¬ 

near stress-strain relationship and various residual stress 

distributions. They also included the effects of strain re¬ 

versal, or elastic unloading. 

Yu and Tall used a two-dimensional grid at every point 

of which they knew er, the residual strain. They then calcu¬ 

lated the bending strain, - z . 0 for all the grid points. 

By assuming a mean strain %» constant over the cross-section, 
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they obtained the total strain at every grid point: 

e ~ er + + I (1-7) 

They next obtained the stresses at every point from the 

stress-strain curve, and integrated these stresses to obtain 

P. This P was made to equal a constant value by varying eQ, 

and then the moment was obtained by further integration. 

Thus, an M-0 curve could be obtained for a desired constant 

value of P. 

Along these lines, G. Abdul Sayed and A. Aglan (1) com¬ 

bined the iterative approach with the various strain distri¬ 

bution patterns in 1973* and thus avoided dividing the section 

up into little elements. Otherwise, their iterative scheme 

was the same as the one above. 

C. Residual Stresses in Welded and Hot Rolled Shapes 

The effect of residual stresses induced as a result of 

extreme local heating in arc-welded steel members was first 

investigated in the late 20*s and 30's of this century, 

presumably because at that time only was welding starting to 

replace the older practice of riveting. 

The earliest efforts made at measuring strains induced 

by temperature assumed that the weld metal and the area imme¬ 

diately adjacent to it behaved elastically. However, star¬ 

ting with the work of Jamieson (13) in 193^- and of Boulton 

and Lance-Martin (4) in 1936, investigators started taking 

account of the fact that the weld metal and surrounding 



11 

area was subjected to plastic strains. They used the technique 

of slicing the welded plates longitudinally and measuring the 

strains that occured due to the removal of restraining 

effect of the adjacent metal. 

The results of these experiments, as well as numerous ones 

that followed them, indicated that a localized region near 

the weld was yielded in tension, while away from the weld, 

the residual strains were compressive. 

Most of the experimental work in this context has been 

done on relatively thin and narrow plates. As the residual 

stress patterns are a function of the temperature distribu¬ 

tion in the section during welding, the widths and thicknesses 

of the welded plates are of importance, and not much experi¬ 

mental work exists on plates large enough to be used in box 

beams for arches. 

In 19^6, however, Meriam, De Garma and Jonassen (18) con¬ 

ducted a study of residual stresses in welded ship plates of 

12'x 3'x 1" dimensions. 

More recently, the problem of welding stresses, as well 

as stresses in hot rolled beams has been extensively investi¬ 

gated at the Fritz Laboratories at' Lehigh University. Rao and 

Tall (21) presented a large number of experimental data on 

welded plates in I96I; Beedle and Tall (3) listed residual 

stress distributions in ten widely used wide-flange sections. 

Their results show that most of these can be approximated by 

a compressive stress of the order of 0.3 cy at the flange 
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tips, linearly decreasing until it reaches a tensile value 

constant over the web. 

Other research providing a large number of data is by 

Estuar and Tall (10) in 1963, Dwight and Moxham (9) in the 
United Kingdom in 1969. An attempt has been made to present 

a synopsis of these results in tabular form in Table I, to 

which the reader is referred, 

D, Symbols 

A 

Af 

■\r 

b 

b0 

d 

d0 

^mid 

E 

Est 

F 

Flim 

h 

I 

Total cross-sectional area of member 

Area of flanges 

Area of web or of web plates 

Width of flanges 

Length of flange over which linearly decreasing 

tensile residual stress distribution exists 

Depth of web or of web plates, (l-2t) 

Length of web over which linearly decreasing 

tensile residual stress distribution exists 

Portion of web under constant compressive 

residual stress, (d-2d0) 

Normalized Young’s modulus 

Strain hardening modulus 

Generalized force 

Limit value of generalized force 

Length of segments dividing the cross-section 

Moment of inertia about major principal axis 
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y 

M 

“P 

■p 

«u 
M 

y 
p 

p 

r 

R 

t 

w 

x 

x3 

y3 

yc 

z 

Z 

or 

P 

Y 

6 

A 

e 

ë 

e. 

lst 

Bending moment, non-dim. with respect to M 
y 

Bending moment, non-dim. with respect to My 

Ratio of ultimate moment to yield moment 

Ultimate plastic moment 

Yield moment 

Axial load 

Yield load 

Radius of gyration, non-dimensionalized 

Error residual in least-squares method 

Flange thickness 

Web thickness, or total thickness of web plates 

Flange coordinate, with origin at left tip 

Given x-coordinate in least-squares method 

Given y-coordinate in least-squares method 

Calculated y-coordinate in least squares method 

Web coordinate, with origin at center of section 

Web coordinate, with origin at top fiber 

Portion of depth yielded in compression 

Unyielded depth 

Portion of depth yielded in tension 

Arbitrarily small number 

Generalized displacement 

Axial strain 

Mean axial strain, or axial strain at mid-section 

Residual s,train 

Yield-hardening strain 

Yield strain, normalized 
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Curvature 

Curvature producing yielding at top and bottom 

extreme fibers 

Axial stress 

Residual stress 

Yield stress 

In addition to the symbols above, the following notation 

is used: 

1 denotes the most recently computed value 

" denotes the value computed before the last 

* denotes a guessed value 

~ denotes a varied value 

0 

0, 

(T 

a. 
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II. NUMERICAL INTEGRATION PROCEDURES 

A. Assumptions and Nondimensionalization: 

The assumptions made with respect to the properties of 

the sections considered were stated in the object and scope 

section. Additional assumptions made in deriving the algo¬ 

rithm are as follows : 

(a) The material considered, steel, is assumed to be homoge¬ 

neous, isotropic, non-viscous, linearly elastic-perfect- 

ly plastic. Some of the subroutines have the added capa 

ity of handling a trilinear linearly hardening stress- 

strain curve, as illustrated in Figure 4. 

(b) The procedure is based on the behavior during monotoni- 

cally increasing loading from the virgin state. Unloa 

ing is assumed to proceed along the initial loading 

path. 

(c) The influence of shearing stresses and deformations on 

bending behavior is neglected. 

(d) The bending moments are assumed to act only around the 

horizontal principal axis. No lateral deflections are 

considered. 

(e) The curvatures incurred by the member are assumed to be 

small enough that they cause linear axial strain distri¬ 

butions across the section. This also implies that no 
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warping of the cross-section occurs during bending. 

For convenience, compression is taken as positive. Posi¬ 

tive moment and curvature correspond to compression in the 

top fiber. 

An effort has been made to non-dimensionalize all the 

quantities dealt with in the numerical procedure. The non¬ 

dimens ionalization policy is outlined below: 

(a) All cross-sectional dimensions are non-dimensionalized 

(non-dim. ) with respect to the total depth of the section,. 

(b) All strains arenormalizedwith respect to the yield strain. 

(c) All curvatures are normalized with respect to the yield 

curvature, that is, the curvature at which the strains 

at the top and bottom fibers are equal to the yield 

strain. 

(d) The yield hardening modulus is non-dim. with respect to 

the elastic modulus, which is taken as unity. 

(e) All stresses are non-dim. with respect to the yield stress, 

which is numerically equal to the yield strain because of 

(d). 

(f ) All. axial'-^oads are non-dim. with respect to the yield 

load. 

(g) All moments are non-dimensionalized with respect to the 

yield moment. However, in some applications, moments 

are non-rdim. with respect to the ultimate plastic moment. 

These moments are distinguishable from the former by the 
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subscript p attached to them. Note that a lower-case nip 

is defined as the ratio of ultimate to yield moment. 

B. Algorithms for integrating stresses 

The approximate algorithm is based on the "small element" 

principle of dividing the cross-section into a certain num¬ 

ber of linear elements, as illustrated in Figure 5, and numer¬ 

ically integrating the stresses at the node points. 

The exact algorithm, on the other hand, finds out where 

the stress distribution has discontinuities in slope along 

the cross-section, and takes these points as node points. 

This insures that the piecewise linear stress distribution 

is broken up into elements with constant slope, for which the 

simple integration formulae used in the program give exact 

results, 

The Simpson's rule coefficients used in the approximate 

procedure do not give exact results, but convergence to this 

result can be obtained by taking larger numbers of divisions. 

The approximate procedure was developed before the exact 

one and has the advantage of flexibility over this latter 

procedure: once the desired residual strain distribution is 

established by assigning each node point its appropriate 

initial strain, the same integration procedure is used for 

all types of residual strain distributions. 

The exact procedure, however, is much less general, since 

the location of discontinuities is very much dependent on the 
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Initial strain distribution and its discontinuities, and 

hence a different procedure is needed for each kind of resi¬ 

dual strain pattern considered. 

Due to the complicated nature of the exact procedure, 

only an elastic-perfectly plastic stress-strain relation was 

allowed in it, since this eliminated the discontinuities in 

stress distribution slope at the yield hardening strain. 

Both the approximate and the exact procedure perform 

their computations in a two-stage process that involves two 

computer subroutines. The first one of these subroutines 

performs initializations, sets up the arrays that the compu¬ 

tation subroutine will use, and also computes the various 

non-dimensionalization quantities. Therefore, it is only 

called once during the derivation of flexural or extensional 

relations. 

The computation subroutine performs the actual integration 

by computing the total strains, converting them into stresses, 

and integrating them. Thus, it is called as many times as 

needed. 

In the approximate procedure, the initialization subrou¬ 

tine is called SETUP; in addition to calculating the non-di- 

mensionalization quantities, it sets up the strain arrays 

which determine the strain at every node point, and initiali¬ 

zes these strains with the residual strain value at that point. 

The computation subroutine SLAVE then adds the appropriate 

bending strain and mean strain at every node point to get the 
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total strain. 

On the other hand, the Initialization subroutine in the 

exact procedure, NONDIM, only calculates non-dimensionaliza- 

tion quantities, since the number and position of nodes will 

vary for every different state of strain considered. 

Three exact computation subroutines have been developed; 

HARDEN assumes a residual-stress free cross-section and uses 

a strain-hardening curve; WFROLL assumes a rolled-section 

type of residual stress distribution, and BXWELD a welded 

box-beam type. 

In the following section, these subroutines will be presen 

ted with some detail; first, NONDIM will be discussed, and 

then the extra work performed by SETUP will be summarized; 

second, the computation subroutines will be discussed, in the 

order SLAVE, HARDEN, BXWELD, and WFROLL. 

C. Initialization subroutines 

The subroutine NONDIM receives information about a) the 

type of section is question, b) the dimensions of the section 

and c) the magnitudes of the maximum residual strains, if any 

The type of the section can be either: a) welded box beam, 

b) rolled wide-flange, or c) residual-stress free section. 

This information is fed into the MAIN program, the function 

of which is to handle input/output and to regulate the acti¬ 

vities of the subroutines. The organization chart, showing 



the way the MAIN program coordinates the task, is presented 

in Appendix III. 
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The dimensions of the section are fed into the computer 

in non-dimensionalized form, as explained above. This also 

eliminates the need of entering the total section depth, 

which is unity. The reader is again referred to Figure 1, 

where it must be noted that w for box beams is the thickness 

of the two web plates combined. A useful quantity, d, the 

depth of the web or web plates, given by: 

d = 1 - 2t (2-1) 

is computed by NONDIM for later usage. 

Next, NONDIM computes the following quantitites, which 

are functions of the cross-sectional dimensions only: 

A = 2bt + wd (2-2) 

I = T|( b + (w-b) a3) (2-3) 

r = (I/A)^ (2-4) 

The limit loads for the section, which involve the 

yield stress a . are given in terms of dimensions quantities 
*y 

only, since stresses are non-dimensionalized. P , M , and 
«y «y 

Mu are computed according to formulas : 

P = A 

M = 21 
y 

My — —*q* ( bt (1—t) + wd ) 

(2-5) 

(2-6) 

(2-7) 

In addition, 

”p = v\ (2-8) 
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is computed. 

The next step is the computation of residual-stress-rela¬ 

ted quantities. In rolled sections, the value of the uniform 

tensile residual stress in the web is given by equilibrium 

requirements of zero load and moment as : 

CTrt ~ “ °rc ( bt + wd ) (2-9) 

which means that only the value of crrc need be specified 

in input. 

Actually, in this prcedure, we are interested in the 

strains corresponding to these stresses. Thus, although the 

term "residual stress" is used in this discussion interchan¬ 

geably with "residual strain", these two quantities are nu¬ 

merically equal only as long as the residual stress is below 

the yield stress. Equations (2-9) and (2-10) are based on 

this assumption, which is valid for hot-rolled sections: 

®rt = “ ®rc ( bt' + wd ' (2“10) 

Welded box-beams require four parameters to specify their 

residual stress distributions. These are the maximum tensile 

and compressive strains in both flange and web plates (symmet¬ 

ry is assumed in the two flange and two web plates). In this 

case, the residual strains can and often are larger than the 

yield strain. For e ^ below yield level, the value of bQ, 

the length of the portion of the flange plate over which a 

linearly varying strain distribution exists, is given by 

equilibrium considerations to be: 
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b° b ( erc^erc”ert^ ^ 

When the maximum tensile strain exceeds 

b0 = b(- 
erc -ercert 

'rc ey -^ercert-^eyerb 

= b (■ 
erc -ercert 

G_ _ — 1—2 e _ 2e 
rc rc rt rt 

(2-11) 

the yield value, 

) 

(S-12) 

The same formulae with d's substituted for b's give the 

corresponding values for web plates. A useful quantity, dmi^ 

the length of the web plate over which a compressive residual 

strain exists, is also computed by: 

‘W = a - 2a0 (2-13) 

Subroutine SETUP does all of the above and then goes on 

to set up the various arrays. It needs two additional para¬ 

meters for this purpose, and the number of divisions 

in the half of the flange and of the web, respectively. 

The number of node points in each flange is (2N^+1), 

and in the web (2N^w+l). However, since the problem posses¬ 

ses complete symmetry with respect to the vertical axis, only 

(Nhf+1) elements need to be considered in the flanges, with 

the results obtained here later multiplied by two. The redu¬ 

ced number of nodes in the flanges, and full number in the 

web, are given by N*, and N , respectively. 
X W 

In order to obtain better accuracy in computing moments, 
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it was seen fit to consider the stresses at the outside and 

inside edges of the flanges. This necessitates two strain 

arrays per flange, plus one array for the web, which makes a 

total of five arrays. However, since the residual strains 

are the same for all four flange arrays, only one need be 

generated. 

The residual strain in the nth node of the flange of the 

rolled beam, with the flange tip as origin, is given by the 

expression: 

•r<n> = «rc ' t11'1' 

and in the web as : 

er(n) = «rt (2-15) 

In the welded box-beam, 

er<n> " «rt + 

the expressions 

, b erc-e 
(n_1) 2N ET 

are: 

rt (2-16) 

for n ^ (2N^b0)/b + 1, and 

er(n) = erc (2-17) 

for n greater than the above value, for the flnage, and 

the corresponding expressions in d*s and 's for the web. 

The two arrays of residual strains, one for the flange 

and the other for the web, are called Rj, and R2, respecti¬ 

vely. If a residual-stress free section is considered, these 

two arrays are initialized with all zero values. 



For the purpose of computing moments, it was found useful 

to produce an array which stores the the moment arms of the 

node points in the web. This array is called RWEB and has 

elements. The elements of RWEB are given by the following 

expression: 

z(n) = RWEB (n) = d (Hhw+1_n) (2-18) 
2Nhw 

where the nodes above the centerline have positive moment 

arms, the rest negative. 

Finally, SETUP sets up Simpson's rule coefficients, which 

are used by SLAVE in the numerical integration process. A 

pattern of 1/3 <1 4 1 ) for the three nodes of two adja¬ 

cent elements is repeated, so that the final arrays SCF and 

SCW are 1/3 (1 4 2 4 2 ...2 4 1 >, of length Nf and 

N , respectively.-. It should be noted that, because of the w 
double element which is at the basis of these coefficients, 

Nhf has to be an even number; although does not need to 

be an even number, the use of such is highly recommended so 

that the node*at the centerline will not lie in the middle of 

one of the double elements, causing lack of accuracy at that 

point when computing moments. 

Actually, the coefficient 1/3 is omitted from the actual 

arrays for simplicity's sake, the total axial load and moment 

being divided by 3 later on instead. 
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D. The Approximate computation subroutine 

Subroutine SLAVE is called upon repeatedly to furnish 

values of axial load and moment corresponding to given cur¬ 

vature and mean strain, 0* and i*, the stars indicating 

guessed quantities.. Hence, the moment and axial load compu¬ 

ted from these values is symbolized by M* and P*. 

SLAVE makes use of five arrays for storing strains: El 

and EE1 have the strains at the outer and inner edges of the 

top flange, E3 and EE3 those of the bottom flange, and E2 

the strains in the web. 

Initially, SLAVE sets the total values of the strains due 

to 0* and i*, according to formulas : 

Once all the strains have been computed, they are conver¬ 

ted into stresses by application of the trilinear stress-strain 

relationship. For savings in computer storage space, the 

values of the stresses are stored in the same arrays the strains 

were stored in. The stresses are assigned according to the 

following relations : 

El(n) = Rl(n) + s* + 0* 

EEl(n) « Rl(n) + ë* + 0*.d 

E3(n) =3 Rl(n) + ■g* - 0* 

EE3(n) » Rl(n) + - 0*.d 

E2(n) = R2(n) + %* + 20*.RWEB(n) 

(2-19) 

(2-20) 

(2-21) 

(2-22) 

(2-23) 

a(n) = e(n), /e(n)/kl (2-24) 
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a(n) « Signum<e(n)>, l</e(n)/<:est} (2-25) 

cx(n)=Sign\jm<«(n) >. <l+(/e(n)-estj.Eat)>en<est (2-26) 

where e , is the yield-hardening strain, and the signum func- 
S Ti 

tion one which has value +1 for positive argument, -1 for ne¬ 

gative argument, and 0 for zero. 

The contribution of the top and bottom flanges to the total 

axial load is obtained by taking the average of the stresses 

at the outer and inner edges, multiplying by the appropriate 

Simpson's rule coefficient, summing over the half-length of 

the flange, dividing by the number of nodes to get an average 

value per node, and multiplying this value by the flange area. 

For the web, the procedure just involves multiplying each 

stress by its Simpson's rule coefficient, averaging, and mul¬ 

tiplying by web area. 

Moment due to stresses in the flanges is computed as the 

sum of the moments produced by reactions at the inner and outer 

edges due to the stresses across the flange, given by the 

following formulas by N. Newmark: 

(2-27) 

(2-28) 

û/2. t 

o 
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The moment is then given by: 

Mflange= <(Vi)+(Fi’a/2>>(2-29) 

The moment in the web is obtained more directly by mul¬ 

tiplying the stress at every node by its moment arm and Simp¬ 

son’s coefficient, averaging, and multiplying by web area. 

The resulting formulas for the moment and axial load, 

nondimensionalized with respect to M and P , are: 
«y «y 

M £ )^ISCFO)]M 
UI J 

r 
+ [ £ [ £ZG) . scuJ CO. ftwe-ô(t) ] ^ 

u> 
2 K liu 

r -s . 

+ [ £ ~[(2.£3(C)^ + (s:z(i) + 2.E£â6)) i] SCFO)]-^? j/3M 
V7’ ^ 

(2-30) 

c=:i 

i scvJCO 1 
2.^ 

£30)+ E£3fl), . SCFO)] t(r 
•2. 

(2-31) 



28 

B. Exact computation subroutines 

Subroutine HARDEN, like all the other ''exact" subroutines, 

obtains and uses the information that nondim has computed. 

Since HARDEN is employed in connection with residual stress- 

free sections, the distribution of stresses is uniform along 

the horizontal direction and varies along the vertical direc¬ 

tion. 

Thus, only the variation of stress along the web and 

through the thickness of the flanges need be considered; the 

Junction of flange and web is a point of discontinuity in the 

formulas for integrating stresses to both sides of it. 

In order to locate the stress discontinuities, the exact 

locations of strains equal to the yield and hardening strains 

have to be determined. This is relatively easy to do, since 

the equation for the linear strain distribution is given by: 

e = i* + 0* (1-22) (2-32a) 

where z=(z-|r) is a linear coordinate centered at the upper 

fiber of the section and running along the vertical axis, as 

illustrated in Figure 6. 

Hence, to find the z-coordinates of the points where the 

strain is equal to egt* 1, -l* and -«st respectively, the 

value of e is set equal to each of the above values in the 

equation below: 

z = DS(n) = i - (2-32b) 
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After the four discontinuity coordinates are obtained, 

the fictitious ones, i.e, the ones which lie outside the sec¬ 

tion (z<0 and Z>1) are discarded. The above procedure is 

skipped if 0*=O, since no discontinuities would exist if 

strains were constant throughout section. 

The remaining discontinuities are added to the two geo¬ 

metric discontinuities at the flange-web junctions, z=t and 

z=l-t. However, before this is done, they are screened to 

determine if they coincide with one of the geometric discon¬ 

tinuities; if this is the case, the discontinuity in question 

is discarded to avoid redundance. 

A standard looping routine is used to put the merged 

discontinuity point coordinates in ascending order and store 

them in an array called DSN, which can have at most eight 

elements, including the boundary discontinuities z=0 and 

z=l. 

With the actual locations of the discontinuity nodes es¬ 

tablished, the magnitudes of the elements that the cross-sec¬ 

tion is divided into can be obtained by: 

hn » DSC(n+l) - DSC(n) (2-33) 

The moment arms of these nodes are given by: 

z 
n 

= J(l-2.DSC(n)) (2-36) 

and the strain at each node by: 

e. 
'n 

= e* + 20*. z 
n (2-35) 
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at the points where the linear strain distribution changes 

to a constant compression* at distances b0 and d0 from the 

ends* respectively. 

Additional strains will only shift the strain distribu¬ 

tion up or down in the flanges* as illustrated by Figure 6. 

However* the rotational strains due to change in curvature 

will also rotate this distribution in the web* further comp¬ 

licating the location of discontinuities there. 

An additional complication in the flanges is due to the 

fact that the strains at the outer and inner edges of the 

flanges are not equal* and hence discontinuities do not occur 

at the same points* as illustrated by Figure 7* 

To obtain information about the stress distribution* the 

strains are first computed at twelve points: the tips and 

initial discontinuity points of the outer and inner edges of 

the top and bottom flanges* the two flange-web junctions and 

the two initial discontinuities in the web* as illustrated in 

Figure 8. Only half of the flanges are considered because of 

symmetry. As is apparent from Figure 8* the strain* and hence 

the stress* at the midpoint of the flange is always the same 

as that at the first discontinuity point (points 6*8*10 and 

12) and hence need not be kept track of separately. 

The following procedure was developed to locate the dis¬ 

continuities in the web and flanges. An integer was assigned 

to each node location according to the state of stress at 

that point- 2 if yielded in compression* 1 if elastic* and 
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The stresses corresponding to each strain are now obtained 

by the same procedure used in SLAVE. After identifying the 

indices of the elements in DSC corresponding to the two geo¬ 

metric discontinuities as j and k, we get the following re¬ 

lations, similar to those in SLAVE, for the moment and axial 

load: 

M « { b [ Z i( 2;C2 (ai♦. - 
i*i 

+ W [ 1 ’ " ] 
<*J+* 

+ b[ z * ' li/M* 

(2-36) 

P - Ï bl Z ( . k] * w[£ CSdiifL). ] 
i* 7~ J 'Z. 

+ k[ Z " * ] }/ £ (2-37) 
lc+i 

Subroutine BXWELD considers a welded box-beam residual 

strain distribution and hence is more complicated than HARDEN, 

even though the basic procedure is the same. 

The difficulty in BXWELD lies in locating the position 

of the discontinuities. Since the flanges and the web are 

initially strained, they must both be checked for discontinui¬ 

ties. Even in the completely unloaded state, and assuming the 

maximum tensile strain not to exceed the yield strain, there 

are two discontinuities apiece in the flanges and in the web, 
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0 if yielded in tension- and stored in arrays KP and KW for 

flanges and web, respectively. Then, subtracting the values 

in these arrays gives the number of discontinuities in the 

regions between the twelve initial nodes. 

For example, if the strain at the flange-web junction is 

above yield, but that at the next node is still elastic, the 

array LW which counts discontinuities will be assigned for 

that region: LW=l-2=-l, indicating that a discontinuity oc¬ 

curs. Since one of the nodes was yielded in compression 

(KW=2), it is obvious that the value of the stress at the dis¬ 

continuity is +1, the yield stress in compression. 

An additional factor that has to be considered in the web 

is that, if the strain at one of the initial discontinuity 

points is in range 0 or 2, and the strains at both the neigh¬ 

boring discontinuities are in different ranges, then that 

point is no longer a discontinuity and can be discarded, as 

illustrated in Figure 9* 

The difficulty with unmatched discontinuities in the outer 

and inner edges of the flanges is overcome by taking both of 

them as discontinuities, and taking stresses as constant in 

the region between them. This involves "adjusting" the line¬ 

arly varying stress at the edge, which is still elastic bet¬ 

ween the two nodes by taking its average value over the region, 

as illustrated in Figure 7. This ensures that the stresses 

in the outer and inner edge of each flange are always parallel 

to each other, a fact that much simplifies the integration. 



After all the discontinuities have been determined, they 

are stored in arrays called DSP and DSW in the flanges and 

the web; the corresponding stresses, and, in the web, the 

moment arms of the nodes, are stored in SF, SW, and WEBR, 

respectively. Now, by subtracting neighboring values of 

DSP and DSW, the length of the elements defined by the dis¬ 

continuity nodes are obtained and stored in HP and HW. The 

moment and axial load are now given by: 

Subroutine WFROLL is almost identical to BXWELD, except 

for the simpler stress distribution, which does not require 

checking strains at any points where the stress distribution 

has discontinuities in slope» The flange tips and centers, 

and the flange-web joints are the initial node points, as 

illustrated in Figure 1G. 

(2-38) 

(2-39) 
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III. ITERATIVE GUESSING PROCEDURES 

A. Iterative algorithms for generating M-0-P-ë relations 

Two algorithms have been developed to generate curvatures 

and mean strains as functions of bending moments and axial 

loads. The first of these, MASTER, produces curvatures and 

mean strains corresponding to given values of moment and 

axial load. This involves a double iteration process, that 

is, the simultaneous reduction of dM, the difference between 

the given moment and that computed from guessed curvature and 

mean strain, and of dP, the difference between the given and 

computed axial loads, to values below a certain tolerated 

level. 

It was found that an early procedure based on reducing 

these two quantities independently of .each other, based on the 

implicit assumption that the moment-curvature and axial load- 

mean strain relations are independent, gave rise to instabili¬ 

ty in the iteration procedure. In order to take this depen¬ 

dence into account, the algorithm was revised according to 

the Newton-Raphson procedure, which will be discussed in the 

next section. 

Although MASTER is very useful for obtaining curvatures 

and axial strains for specific values of moment and axial 

load, the genration of M-0-P and P-ë-M curves may be accomp¬ 

lished more simply by holding one of the two variables M and 

o 
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P constant. 

In other words, when generating a M-0-P curve, only P 

need be kept at a constant valuej the procedure then involves 

a single iteration procedure aimed at reducing dP, the diffe¬ 

rence between the desired constant axial load and the currently 

computed value for it, below a certain tolerance. Then, the 

values of M corresponding to a given set of 0 can be computed 

in a procedure very similar to, for instance, that used by 

Yu and Tall. 

Subroutine FIXAXL has been developed for the above pur¬ 

pose. A sister subroutine FIXMOM computes P-ë curves for 

constant values of M. 

and P(0,ë), a first-order 

as an approximation for 

+ ... (3-1) 

+ ... (3-2) 

of 0' and ë* for which 

M' and P' are obtained by integration, the correct values of 

A0 and As which must be added to 0* and ë* respectively, to 

obtain specified values M and P of the moment and axial load, 

are given by the equations: 

B. The Newton-Raphson Procedure 

Given the two quantities M(0,ë) 

Taylor series expansion can be used 

M(0+A0, e+Ae) and P(0+A0j e+Ae) : 

5 = M + |ïïM+|Si; 

p = p + § M + || if 

Thus, given some initial values 
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M * M» + |^'A0 + (3-3) 

P = Pf+||
,
A0 (3-4) 

The values of 9M'/90, 9Mf/^5, 9P*/d0, and 9P'/9f in the 

above equations can be approximated by the following proce¬ 

dure: By taking 80 and 8e arbitrarily small, one can compute 

values for MM(0+90,ê), PM(0+ô0*ê), NL^t+Se), and P-(0,ê+8ê). 

Then, the following first-order approximations can be used: 

9M 
90 

9M 
de 

9P 

9P 
9 e 

M, - M 
0 
80 

M - M 

fie 

(3-50 

(3-6) 

(3-7) 

(3-8) 

These values can now be substituted into equations (3-1) 

and (3-2), which can be solved simultaneously to obtain the 

approximations for A0 and Ae. With this knowledge, one can 

now obtain M*(0+A0ji+AS) and P*(0+A0*S+A?). If these values 

conform to: 

M - M*/ £ 8X (3-9) 

/P - p*/ <; S2 (3-10) 

where 6^, 8g are arbitrarily set tolerance levels, the 

process is terminated; otherwise, the most recently obtained 

values of M, P, 0, and e are used as the new primed quanti¬ 

ties and the entire process is repeated until convergence 
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occurs 

fl. Double-guessing subroutine for generating points: MASTER 

Subroutine MASTER is designed to provide sequential M-0- 

P-e points for smoothly varying M and P, that is, after it 

computes 0 and e values corresponding to some initial values 

of M and P, it stores this information in order to facilitate 

the procedure for computing the 0+A0 and li+AS corresponding 

to new values of M, P, which lie within the immediate neigh¬ 

borhood of M and P, respectively. 

The input to MASTER consists of values of M and P for 

which 0 and e are sought. MASTER has the capacity of calling 

the computation subroutines, either SLAVE or one of HARDEN, 

BXWELD or WFROLL, at the user’s convenience. 

The last two values of M,P, 0, and 5, primed and double- 

primed in Figure 11, are stored by MASTER, which makes a 

first guess at the desired 0 and 1 by a linear extrapolation 

from these values according to formula below, as illustrated 

in Figure 11: 

The M* and P* corresponding to these values are next cal¬ 

culated. If these satisfy inequalities (3-9) and (3-10), 

which they would only in the linear elastic region, the pro¬ 

0* = 0' + (3-11) 

(3-12) 

cedure is terminated. 



38 

Generally* though* this is not the case* and the following 

procedure is employed: the quantities M^(0+60*t)* P^(0+ô0* 

®)* M»(0*e+ôë)* P-(0*'ê+8'ê) are computed. The values of SM/S0* 

àM/dë*dP/B0 and BP/3ë are now obtained from equations (3-5) 

through (3-8)* and A0 and Ae are obtained by solving (3-3) 

and (3-^) by Cramer's rule: 

A0 

M-M* ôM/ôé 

P-P* ÔP/Ô3 
(3-13) 

A 

AT = 

BM/S0 M-M* 

ÔP/30 P-P* 

A 

(3-1^) 

where A = dM/90 ôM/ôë 
3P/d0 BP/d? (3-15) 

If the new M* and P* obtained from the incremented 0* 

and e* do not satisfy relations (3-9) and (3-10)* the process 

is repeated. 

For the first few iterations* for which prime and double- 

prime quantities do not exist* an initialization procedure 

has been built in* triggered by calling subroutine INITIA 

from the main program. This sets up values that give an 

elastic slope extrapolation. 

In MASTER* as well as in FIXAXL and FIXMOM* it was found 

that increments of curvature and mean strain arbitrarily 

taken as : 
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60 = 0*/lOO 

6ê = éVioo 

(3-16) 

(3-17) 

gave good convergence. This choice is reasonable, since 

as the M-0 and P-e- curves get flatter as 0 and e get larger, 

it is necessary to take larger increments for larger values 

of these quantities than those used at the onset of yielding, 

where the slopes are still quite close to 1, the elastic 

slope. 

A safeguard has been built in both MASTER and in the two 

curve-generating subroutines to halt the procedure, print a 

message and return the last computed values if convergence 

is not obtained within a pre-determined number of iterations 

of the user's choice. 

C, Single-guessing subroutines for generating curves • 

FIXAXL and FIXMOM are simpler than MASTER, as they are 

meant to follow a single M-0 or P-T curve, rather than roam 

over the entire range of M and P, as MASTER is designed to 

do. 

The only values that are stored by FIXAXL and FIXMOM are 

the last values of ê* and 0*, respectively. The input to 

FIXAXL is a certain number of 0-values for which M is desired, 

and a constant value of P which defines the particular M-0 

curve to be followed. As many values of P as desired can be 

read in and moment-curvature relationships generated. In the 
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actual usage of FIXAXL in generating data, values of P from 

0 to 0.9 at 0.1 intervals were standardly used. 

Using the last value of e*, and 0*=:0(i), where i is the 

index of the data point currently used, FIXAXL computes M* 

and P* and checks inequality (3-10). If this is not satis¬ 

fied, e* gets assigned a new value e*+6e, where ôe is picked 

in the same way as in MASTER. 9P/9e is now obtained from 

the P calculated, and e 

- wil (3-18) 

Using this increment, a new guess for the mean strain is 

obtained, and the M* and P* corresponding to it are computed. 

If relation (3-10) is now satisfied, the procedure is termi¬ 

nated; otherwise, it is repeated until the prescribed number 

of iterations is reached. 

FIXMOM is identical to FIXAXL except that P and M, e and 

0 have to be interchanged, and relation (3-9) is the one 

checked. In the actual usage of FIXMOM, M =0 through 0.9 
ir 

by 0.1 increments was used for the constant value of M. 

This was done because, by analogy to the M-0 process, ten 

curves were desired, and if M was taken in 0.1 increments, 

there would have been a different number of curves for diffe¬ 

rent sections, according to their m. 
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IV. LEAST-SQUARES PROCEDURES 

A. Curve fitting algorithms for obtaining approximate formulas: 

Since the ultimate goal of this research is to provide guidelines about the 

types and coefficients for simple functions to be used as approximations to the 

bending and extensional relations developed, three types of approximating func¬ 

tions have been chosen, because of their similarity to the basic shape of the re¬ 

lations developed. The effectiveness of the approximations, together with the 

possible relationship between the coefficients of the approximating function and 

the cross-sectional and residual stress distribution parameters, was investigated. 

The three types of functions considered are: a) a Ramberg-Osgood power function; 

b) a fifth-degree polynomial, and c) a hyperbola. All three of these give the dis¬ 

placement A(«j> or F ) as a function of the force F (M or p), which is the most ef¬ 

ficient form for the purpose they are intended for. 

In all three cases, a "displacement-deviation" term is used as the actual 

ordinate of the function. This term is A= A- F/E, where E is a generalized 

initial elastic stiffness. In the hyperbolic approximation, this displacement- 

deviation term is expressed as a function of the force F, whereas in the Ramberg- 

Osgood and polynomial approximations it is a function of the normalized force 

F/E, according to the original Ramberg-Osgood formula discussed in a later section. 

The term F/E has to be added to the displacements obtained from the ap¬ 

proximating function in order to obtain values of the actual displacement, and not 

of its deviation. 

Figure 12 illustrates the three types of functions used, and also shows the 

final form of the force-displacement relation with the linear F/E term added. 
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The Ramberg-Osgood functions were chosen because of several reasons, the 

most important of these being that: a) these functions are extremely flexible, and 

can be used successfully to approximate smoothly varying curves of monotonically 

varying slope, b) they have been used in the past as approximations for force-dis¬ 

placement relationships, and c) as can be ascertained from the relations for 

rectangular sections, the actual curves are modified power functions themselves. 

The polynomial functions were used because of their simplicity and generality. 

Since stress-strain relations symmetric with respect to the origin were to be ap¬ 

proximated, only odd powers were considered. Since the linear term is missing 

from the displacement variation, which is itself a variation from a linear relation, 

powers of 3 and 5 were considered. 

The hyperbolic approximation was used because the displacements become 

asymptotic to the elastic slope for small values of displacement, and to the maxi¬ 

mum value of the force F for large values. 

B. The Least-Squares procedure 

The least-squares procedure minimizes the error residual due to fitting an 

arbitrary function through a set of given points. For every point (xj, y^), a 

value yc is calculated from the approximating curve, and the "errors" occurring 

at each point are squared and totaled to obtain the error residual 

If yc is taken as a function of xj and an arbitrary number of parameters 

ai, i = 1,..., n, then, in order to minimize the error residual, its derivative with 

respect to each parameter must be set equal to zero. 

n 
(4-1) 

i= 1 
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9 Re 
9 aj 

n 
ml2- fri 'ycK-8^> = 0 

i=l 
(4-2) 

This procedure will give rise to a set of simultaneous equations of the same 

number as that of parameters considered. By solving these equations simul¬ 

taneously, values for each parameter are obtained. 

In order to keep the approximation procedure as simple as possible a maxi¬ 

mum number of two parameters has been considered in this study. This makes 

the solution of the simultaneous equations a one-step procedure, using Cramer’s 

rule. 

C. Approximations and their least-squares derivations 

Ramberg and Osgood (20) proposed the following 3-parameter approximation 

for non-linear stress-strain relationships in 1943: 

e = | + K(|)n (4-2a) 

or (e - | ) = K(^ )n (4-2b) 

By taking logarithms of both sides, this relation can be converted to 

log(e - | ) = log K + n • log ( j ) (4-2c) 

This last relation is of the type Y=aX+b if X= log F and Y = log A. By 

using the least squares procedure, we obtain 

SXjYj - g SXj » SYt 

a = (SXf ) - ^ EXf SXi 

SY, a 
b = n n ^i (4-4) 



The third and fifth degree polynomial approximation gives the following 

values for the coefficients of the cubic and fifth order terms, a and b, respectively 

EXj Yj • EXt - EXf EYj • EXj° 
(EXj)3 - EX}° EXi 

SXqYi - a • EX® 
E5q 

(4-5) 

(4-6) 

The limit value of the force to which the approximating hyperbola becomes 

asymptotic is given by the value of the force corresponding to the value of the 

interacting force on the yield function. Thus, if a limit value of M in the presence 

of axial load p is desired, the value of M corresponding to the given p on the yield 

function must be utilized. 

Since a procedure evaluating this limit has been developed, the hyperbolic 

approximation has only one unknown parameter, c, in the equation 

(A - F/E) =   S— (4-7) 
(Flimit F 

The reason why F, and not the normalized force F/E is used in the approxi¬ 

mation is now apparent. If F/E were used, the limiting value would be 

(Flimit * E), and thus a function of the initial slope E. To avoid this and have 

uniformity in limit value for all E, the above course of action was followed. 

The determination of c is now accomplished by differentiating the error 

residual with respect to it, to give 

_ ^ (Elimit" Xj)3 

Yi 
c (4-7) 
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V. RESULTS 

A. Scope of investigations conducted 

The procedure developed in this investigation was tried 

on six different cross-sections, representative of a wide 

range of flange-to-web proportions, with non-dimensionalized 

radii of gyration varying between 0.4819 and O.2887 (rectangu¬ 

lar cross-section). The rectangular cross-section is included 

as a basis for comparison. The reader is referred to Table II 

for details of the sections considered. 

Of these sections, numbers 1, 3» and 5> illustrated in 

Figure 13* were further used to gauge the effect of residual 

strains. Three different values of the maximum compressive 

strain, ranging from 0.2 to 0.4, were used for the hot-rolled 

sections. The maximum tensile strain was assumed to be at 

yield for all welded sections considered; three different 

values of the compressive residual strain, from 0.1 to 0.2, 

were taken. This information, together with the names used to 

designate each strain distribution, is given in Table III. 

The effect of strain hardening was neglected in the studies 

conducted, since the moment-curvature and axial load-mean st¬ 

rain relations were not carried out to strains much above ten 

times the yield strain, at which level strain hardening effects 

for most steels would barely have made themselves felt. How¬ 

ever, if larger strains were taken into consideration, the 
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effect of strain hardening would need to be included. 

The standard force-deformation diagrams were drawn with 

the deformation as abscissa, ranging from 0 to 5. It was 

found by experience that a large number of the curves were 

flat enough at this point to render the iteration procedure 

extremely tedious, at times requiring over one hundred itera¬ 

tions until convergence, as the derivatives of the moment 

and axial load with respect to the curvature and mean strain 

were small enough to make the determination of A0 and Aë 

inaccurate (refer to equations 3-13 through 3-15)> since the 

denominator of the expression for these quantities approached 

zero. 

The standard format for plotting M-0-P curves was ten 

moment-curvature plots corresponding to constant values of 

P ranging from 0 to 0.9» for plotting P-i-M diagrams, ten 

axial load-mean strain plots with Mp ranging from 0 to 0.9 

were drawn. 

1 

The six residual stress-free sections, three rolled, and 

three welded sections were each approximated by each of the 

three approximating functions. The coefficients obtained from 

these approximations were plotted as functions of the constant 

axial load, if an M-0 curve, or of the constant moment, if a' 

P-e curve, and also as functions of the cross-sectional and 

residual stress properties. These results are presented and 

discussed below 
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B. Discussion of curves obtained 

Moment-curvature and axial load-mean strain relations 

for sections 1, 3* and 5 are plotted in Figures 14 through 

19- The same relations are plotted for sections 1-R2 and 

1-W2, or section 1 with hot-rolling residual stresses having 

a maximum compressive value of 0.3* and with welding residual 

stresses of maximum compressive value of 0.15, in Figures 20 

through 23* 

These plots exhibit general trends in accordance with ex¬ 

pected results. Section 1, with relatively thick flanges and 

a thin web, does not have a lot of extra strength in bending 

after the yield moment is reached, as demonstrated by its low 

nip ratio of 1.034. Section 5* on the other hand, with its 

relatively thin flanges and thick web, has a lot of extra 

strength, with an mp ratio of 1.347» 

Also, the effect of the axial load on the moment-curvature 

relation, and conversely, the effect of the moment on the 

axial load- mean strain relation, is greater for the sections 

with the thinner webs, since these do not possess the extra 

web area for carrying axial load and moment. This effect is 

observable from the even spacing of force-deformation curves 

for these sections, whereas these curves tend to run together 

for the thicker webbed sections. 

As can be observed from Figures 20 through 23, the effect 

of the typical welding residual stresses on the flexural and 
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extensional relationships is much more pronounced than that 

of the typical hot-rolling stresses. For both types* the 

effect is localized in the"knee" region of the curves* that 

is* in the area adjoining the initial yield. The hot-rolling 

type causes an earlier* but slighter* departure from the elas¬ 

tic slope* and its effects are not felt as long as the welding 

type past the initial yield region. 

C. Effectiveness of approximations used 

The polynomial, Ramberg-Osgood* and hyperbolic approxima¬ 

tions are illustrated in Figures 24 through 26* respectively. 

As can be observed from Figure 24* the polynomial appro¬ 

ximation does not give satisfactory results with only two 

coefficients. In order to obtain better results* the number 

of polynomial curves would have to be increasedj this is not 

a good idea* since the number of constants required to spe¬ 

cify the curves would then increase. 

The Ramberg-Osgood approximation* as can be seen from 

Figure 25* gives much better results* especially for the 

smoother curves. Problems were encountered with the more 

linear curves with sharp bends* since these correspond to 

extremely large values of the exponent and the coefficient 

multiplying the power term. 

However* a serious shortcoming of the Ramberg-Osgood 

method was that the exponents and coefficients obtained from 

it did not seem to follow a simple and easily recognizable 
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pattern. Also, since this is a power function, it does not 

reach an upper limit of the force for which the deformations 

grow without bounds, a fact which is true for a material 

idealized by an elastic-perfectly plastic stress-strain re¬ 

lationship. 

The hyperbolic approximation, as illustrated in Figure 

26, does not give satisfactory results in the elastic region, 

since it does not follow the elastic slope but is only asymp¬ 

totic to it. However, since the hyperbola is also asymptotic 

to the upper limit of the force, it gives good results for 

large deformations. 

The hyperbolic approximation seems to be a good alter¬ 

native, since it depends on only one arbitrarily determined 

curve-fitting constant, the eccentricity coefficient c, the 

force limits being determined by formulas developed in Appen¬ 

dix II, Moreover, these formulas are simple and independent 

of residual stresses. 

It was found that the eccentricity constants of the hyper¬ 

bolas do follow patterns, even though these patterns are not 

simple and very easily distinguishable in all cases. 

Figure 27 illustrates the eccentricity coefficient c for 

the M-0 relationship of five different sections, plotted as a 

function of the axial load. The same tri-linear pattern, with 

C’. .constant for small values of the axial load, then increasing 

up to a peak value, from which it drops to zero for the full 

value of the axial load. 
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In Figure 28, c versus axial load is plotted for the re¬ 

sidual stress-free section 2, as well as for the same section 

with the three hot-rolling and the three welding residual 

stress distributions. It is seen from this figure that the 

basic shape is maintained, with the peak at P=0.5* only with 

the peak shifted up or down, according to the various residual 

stress distributions. 

D. Conclusions 

The main conclusion that can be drawn from the studies 

made is that no simple relations exist between the properties 

of the sections that are considered and the coefficients of 

the approximating functions. In all cases, tables must be 

used to obtain these coefficients. 

The hyperbolic approximation is the easiest to use overall; 

however, it must be modified in order to follow the elastic 

curve. 

The following modification to the approximation is sugges¬ 

ted in order to overcome the above difficulty: since the 

point of initial yielding can be determined for an arbitrary 

M-0 or P-'S curve from the initial residual strains and the 

level of axial load, or moment, as the case may be, present, 

the elastic slope can be followed up to that point, i.e., a 

straight line of slope 1 can be used. 

From the yield point on, the hyperbolic curve can be used; 
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however, in order to avoid a discontinuity at the yield point, 

it would be desirable to shift the curve over so that it 

becomes continuous with the linear portion, simply by subt¬ 

racting from every deformation past the yielding value the 

difference between the values given by the hyperbolic approxi¬ 

mation and by the straight line, as illustrated in Figure 29- 

The following tables give useful information on the hyper¬ 

bolic approximation: Table IV gives the limiting values of 

M (and Mp) for P=0 through 0.9 for sections 1 through 6, and 

also the limiting values of P for M^O through 0.9; Table V 

gives the values of the eccentricity coefficient c for residual 

stress-free sections 1 through 6; Table VI gives the same 

coefficients for sections 1, 3* and 5 with hot-rolling and 

welding residual stress patterns considered in this work. 
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Section b t w £ Af/\ 

1 0.8 0.03 0.001 0.4819 1.0340 51.06 

2 0.6 0,02 0.01 0.4398 1.0818 2.50 

3 0.5 0.02 0,02 0.4002 1.1476 1.0417 

4 0.8 
Ln
 

o
 

o
 • 

o
 0.02 0.3597 1.2344 0.4040 

5 0.8 0.005 0.05 0.3236 1.3474 0.2694 

6 Rectangular 0.2887 1.5000 0 

Table II: Sections studied 

Hot-rolled Sections Welded Sections 

Section erc Section e rc ert e rcw ertw 

Rl 0.2 W1 0.1 -1.0 0.1 -1.0 

R2 0.3 W2 0.15 -1.0 0.15 -1.0 

R3 0.4 W3 0.2 -1.0 0.2 -1.0 

Table III: Residual strain patterns 
considered 
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Table IV 

Values of P for M^O to 0.9, and of M (and for P=0 to .Q 

P M 

Section I 

D# 9 03 676562 ?69rl 0 
n.6067767517347»'5 
0.70^20616647^^7»^ 
O.oll 21 60 9oOu-'57,8 
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T r2 r2T72-4 6 6^ S3tT6ir?"S~“ 
0. 1 11 49627521 1 87’ 3 « 

1,^ 34^ 4 1513 6 66 160 9 
0.9423^80548536322 
C.6 40^6 0467 3768454 

.7 3 754 C2196 «61"?7 
34 15 3 31*1 -7-86*390*5 

0.5501 0 774^6777 58 
* .4 ?b4 ^ 35 1 5 360 1 117 
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 ". 0l3^^76453rJ2^946^3^ 
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0.3 09 5,462104643 2 
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— 0^1 03^X518357 8 07-99- 

Section 2 
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Table TV (Continued) 

P M 

Section 5 
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Eccentricity coefficients C 
initial residual 

for sections 
stresses 

without 

Section M-0 relation P-ë relation 

1 _C^.-C- 00-6 5 6c: 7 7 5448-9t>-9 
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Table V (Continued) 

Section M-0 relation P-ë relation 
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Table VI 

Eccentricity coefficients for sections with residual stresses 

Section M-0 relation P-e relation 
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Table VI (Continued) 

Section M-0 relationship P-'g relationship 
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Table VI (Continued) 

Section M-0 relationship P-i relationship 
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Table VI (Continued) 

Section M-0 relationship P-e relationship. 
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Table VI (Continued) 

Section M-0 relation P-S relation 
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Figure 1: Cross-sections and residual stress 
distributions considered. 
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Cross-section Strain Stress 

i. 1 Elastic 
Figure 3* Elastic* Primary Plastic and Secondary 

Plastic Stress Distributions 

Hi'S- 
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Figure 4: Stress-strain curve considered 

1 

Figure 5î Elements and nodes of 
approximate procedure 



69 

Figure 6(a): Strain distribution in HARDEN 

+ 
Bend. 
+ —« — 

Compr. 

Total 

Resid. 

Compr. 

Bending 

Total 

Figure 6b:'Stress distributions in flanges 
and web considered by BXWELD 



70 

Disc. 
inner 
Disc. 
outer 

discontinuities at inner and outer flange 
edges. 

Figure 8: Original discontinuity nodes 
considered in BXWELD. 
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Figure 9: Elimination of initial discontinuity 
in stress diagram slope in web of BXWELD 

Figure 10: Original discontinuity nodes 
considered in WFROLL 
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Figure 11: Extrapolation procedure used 

in MASTER. 
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(A-F/E)= K.(F/E)n 

Polynomial: (A-F/E) = A.(F/E)3 + B.(F/E)! 

Hyperbola: (A-F/E) = ^ £ -riy 
^lim 

Figure 12: Functions used in approximating 
Force-deformation relations. 
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i   ■ 

(a) Section 1: b=0.8, t=0.03> w=0.001 

(b) Section 3: b=0.5, t=0.02, w=0.02 

(c) Section 5: b=0.8, t=0,005, w=0.05 

Figure 13: Sections studied in detail 
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Figure 14: Moment-curvature relation for Section 1 
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Figure 15: Moment-curvature relation for Section 3* 
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P*0 
P* 0.1 
P*0.2 

Pa0.3 

P*0„4 

Pa. 05 

Pa 0.6 

Pa 0.7 

P a O.d 

P-0.9 

<D 
Figure 16: Moment-curvature relation for Section 5* 
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4 

Figure 17: Axial-Load-Mean Strain relation for Section 1. 
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4 

5 

Figure l8: Axial Load-Mean Strain relation for Section 3. 
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£ 
Figure 19: Axial Load-Mean Strain relation for Section 5. 
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Figure 20: Moment-curvature relation for Section 1-R2 
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Figure 21: Axial load-mean strain relation for Section 1-R2 



Figure 22: Moment-curvature relation for Section 1-W2- 
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Figure 23: Axial load-mean strain relation for Section 1-W2 
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Figure 24:' Polynomial approx, to M-0 curve for Section 5* 
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Figure 25: Ramberg-Osgood. approx, to M-0 curve for Section 5* 
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Figure 26: Hyperbolic approx, to M-0 curve for Section 1. 
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P 
Figure 27: Variation of c vs. P for different sections. 
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Figure 28: Variation of c with residual stress 
distribution for section 2. 



F 

Figure 29: Modified hyperbolic approximation 
procedure with linear elastic 
and hyperbolic elastic-plastic 
regions. 
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APPENDIX I 

Exact Moment-curvature and Axial Load-Mean strain relations 

for Rectangular Cross-section 

Analytical M-0 and P-ë relations for rectangular, residu¬ 

al stress-free cross-sections based on an elastic-perfectly 

plastic stress-strain diagram had first been obtained by Karl 

Jezek in 193^ (14). These relations are derived below, based 

on similar derivations by H. Harries (11), who also derives 

corresponding relations for circular cross-sections, and by 

Chen and Santathadaporn (5). 

In the elastic case, the stress distribution causing the 

curvature 0 and the mean strain i can be separated into a uni¬ 

form axial, and a symmetric pure bending components, caused 

by the axial load and bending moment, respectively: 

M-0 

(AI-l) 

(AI-2) 
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over the ranges O<s0isl-F and O^gîsl-M, which define the 

elastic state. 

However, when the yield strain is exceeded at one of the 

extreme fibers (primary plastic state), the stress distribu¬ 

tion is no longer a sum of axial and bending components, as 

can be seen from Figure AI-1. 

For a ratio of unyielded depth/total depth of p, integra¬ 

tion of the primary plastic stress distribution, which corres¬ 

ponds to summing up areas and first moments of stress component 

diagrams (la) through (Ic) in the above figure, will give, in 

non-dimensionalized form, 

By substituting p =((l-P)/0)2 from (AI-3) into (AI-4), 

one obtains: 

P = 1 - p20 

M = 0 (3Ps-2p3) 

(AI-3) 

(AI-4) 

1 

M = 3(1-P) - 2.(.1.-.^2 

0 ' 
(AI-5) 

or (AI-6) 

Using the geometric relationship 

e = 1+0-2P0 = 1 + 0 - 2(0(1-P)> 
1 
2 (AI-7) 

one obtains: 

(AI-8) 

1 1 
over the ranges 1-P<0^-^ and l-lVKë^j-^, which define the 
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primary plastic state. 

In the secondary plastic state, where both top and bottom 

fibers have yielded, the lower yield block depth/total depth 

ratio being y, integration of stresses according to stress 

component diagrams (lia) through (lid) in Figure AI-1 gives: 

P = 1 - 2y - 1/0 (AI-9à) 

or Y = !( 1 - p - 1/0 ) (AI-9b) 

and M = 3/2( 1 - P3 ) - (AI-10) 

or 0 =  1 — i 
< 3(1-PS) - 2M >2 

(AI-11) 

By using the geometric relationship 

1 = 0-1- 2y0 = P0 (AI-12) 

one obtains 
P 

6 < 3(1-P2) - 2M. 
(AI-13) 

over the ranges 0>1/(1-P) and s>l/(l-M), which define the 

secondary plastic state. 
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APPENDIX II 

The Yield Function for combined Bending and Axial Thrust in 

Linear Members 

The yield function for combined bending and axial load in 

linear members is plotted on a two-dimensional bending moment 

axial thrust space, as shown in Figure AII-l, and connects 

those points which correspond to ultimate failure of the mem¬ 

ber, i.e. to the yielding of the entire cross-section of the 

member, 

The function is plotted as vs P. Points (a) on the 

curve, corresponding to Figure AII-2a, represents total yiel¬ 

ding of the section in compression, point (b), corresponding 

to Figure All-2b, to yield hinge formation by pure bending, 

and point (d) is an intermediate point. The yield function 

also extends into the second, third, and fourth quadrants of 

the Mp vs. P space, the curves in each quadrant being symmet¬ 

ric to that in the first through the origin. 

The shaded portions in Figure AII-2 correspond to areas 

contributing to the axial load, and the unshaded portions to 

areas contributing to the bending moment. 

For a rectangular cross-section, the yield function is 

given by the simple relation 

Mp + P2 = 1 (AII-l) 
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However, for more complicated shapes, the function is 

more involved and piecewise continuous. The discontinuity 

occurs at point (c) in Figure AII-1, where the shaded portion 

occupies the whole web. When this portion moves out into the 

flanges, different formulas apply, since the width is no longer 

constant over the whole portion. This corresponds to or=l-t, 

where or is the depth of the portion yielded in compression. 

For or^l-t, integration of stresses gives: 

P = w (2a - 1) (AII-2) 

M « bt( 1 - t ) + w( 1 - t - or).(a-t) (AII-3) 

For or>l-t, 

P = wd + 2b (or + t - 1) (AII-4) 

M « ab ( 1 - a ) (AII-5) 

Thus, at the discontinuity point, a=l-t, 

■n - _ Wd 
cusp 2‘bt+wcL' 

(AII-6) 

M - ^Ul-t) , 
cusp 4bt(l-t)+wd‘* (AII-7) 

P+2w 
For PsPcusp* cv= (AII-8± 

and the corresponding value of Mp can be obtained by substi¬ 

tuting this value of or into Equation AII-3* Similarly, for 

P>Pcusp! 

P - wd + 2b(l-t) 

2b 
(AII-9) 

and the value of Mp corresponding to P can be obtained by subs¬ 

tituting this a into equation (AII-5)*' 
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For M<MCUSp* of is given by: 

« - £( 1 + (l-4(t-t2+ i(M-bt(l-t)))2) (AII-10) 

and the corresponding value of P can be obtained by substitu¬ 

ting this a into Equation (AII-2). Similarly* for M>Mcusp: 

a * £( 1 + (1 - (AII-11) 

and P can be obtained by replacing the a in Eqn. (AII-4) by 

that in Eqn (AII-11). 
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Figure AII-2: Stress distributions corresponding 
to various points on yield curve 
(Figure AII-1). 



N
O
N
D
I
M
 
M
A
I
N
 
 

I
N
I
T
I
A
 

APPENDIX III 
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