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ABSTRACT 

Sequential Gradient-Restoration Algorithm 

For Mathematical Programming Problems 

with Inequality Constraints 

by 

Edward Michael Sims 

The problem of minimizing a function f(x) of an n-vector x, subject to q 

equality constraints <{>(x) = 0 and ninequality constraints w(x) _> 0, is 

considered. An algorithm of the sequential gradient-restoration type is 

developed. It involves the alternate succession of gradient phases and 

restoration phases. 

For general inequalities, each iteration of the gradient phase and the 

restoration phase requires the solution of a linear system of order q + n, 

where q denotes the number of equality constraints and n the number of inequality 

constraints. The unknowns of the linear systems are the q components of the 

multiplier X associated with the equality constraints and the n components of 

the multiplier p associated with the inequality constraints. 

Considerable simplifications are possible if the inequalities w(x) >_ 0 

have a special form. In this connection, the following cases are studied: (PI) 

lower bounds on x; and (P2) upper and lower bounds on x. 

If one exploits the special structure of Problems (PI) and (P2) and the 

properties of diagonal matrices, the algorithmic work per iteration can be 

reduced considerably. This is due to the fact that the multipliers X and 
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p need not be computed simultaneously, but can be computed sequentially. 

Specifically, the multiplier X is determined by a linear equation of order q; 

then, the multiplier pis determined through subsequent multiplications. This 

means that, for Problems (PI) and (P2), the algorithmic work per iteration 

is about the same as the algorithmic work per iteration occurring in Problem (P): 

minimize a function f(x) of an n-vector x, subject to equality constraints <f>(x) = 0. 

Key Words. Numerical methods, computing methods, mathematical programming, 

minimization of functions, equality constraints, inequality constraints, 

gradient algorithms, restoration algorithms, gradient-restoration algorithms, 

sequential gradient-restoration algorithms. 
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1. Introduction 

Over the past twenty years, considerable research has been done on the 

problem of minimizing a function f(x) of an n-vector x, subject to q equality 

constraints <J>(x) =0 and n inequality constraints w(x) >_ 0. A large number 

of methods have been developed. These include: feasible direction methods, 

reduced gradient methods, gradient projection methods, sequential gradient- 

restoration methods, combined gradient-restoration methods, quasilinearization 

methods, penalty function methods, and multiplier methods. See Refs. 1-34; 

in particular, see Refs. 26 and 34, where an extensive bibliography can be 

found. 

Sequential gradient-restoration methods were developed in Refs. 5,6,10,16 

for mathematical programming problems involving equality constraints and in 

Refs. 9,17,30,31 for mathematical programming problems involving both equality 

constraints and inequality constraints. On the other hand, combined gradient- 

restoration methods were developed in Ref. 10 for mathematical programming 

problems involving equality constraints. 

Sequential gradient-restoration algorithms involve a sequence of two- 

phase cycles, the gradient phase and the restoration phase; in the gradient 

phase, the value of the function is decreased, while avoiding excessive 

constraint violation; in the restoration phase, the constraint error is 

decreased, while avoiding excessive change in the value of the function. On 

the other hand, combined gradient-restoration algorithms involve a sequence 

of single-phase cycles, the combined gradient-restoration phase; here, the 

value of the augmented function is decreased simultaneously with the constraint 

error. 
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In this thesis, sequential gradient-restoration algorithms are considered 

in connection with mathematical programming problems involving both equality 

constraints and inequality constraints. The intent is to generalize and 

extend the approach presented by Heideman in Ref. 31. 

If the inequalities w(x) _> 0 have a general form, each iteration of the 

gradient phase and the restoration phase requires the solution of a linear 

system of order q + n, where q denotes the number of equality constraints and n 

the number of inequality constraints. The unknowns of the linear systems are 

the q components of the multiplier A associated with the equality constraints 

and the n components of the multipier p associated with the inequality constraints. 

On the other hand, if the inequalities OJ(X) _> 0 have a special form, 

considerable simplifications are possible. In this connection, the following 

cases are studied: (PI) lower bounds on x; and (P2) upper and lower bounds on x. 

If one exploits the special structure of Problems (PI) and (P2) and 

the properties of diagonal matrices, the algorithmic work per iteration can be 

reduced considerably. This is due to the fact that the multipliers A and 

p need not be computed simultaneously, but can be computed sequentially. 

Specifically, the multiplier A is determined by a linear equation of order q; 

then, the multiplier p is determined through subsequent multiplications. This 

means that, for Problems (PI) and (P2), the algorithmic work per iteration 

is about the same as the algorithmic work per iteration occurring in Problem (P): 

minimize a function f(x) of an n-vector x, subject to equality constraints 4>(x) = 0. 

Four numerical examples are presented. 

1.1. Notation. In this thesis, vector-matrix notation is used. Let x 

and y denote n-vectors. Both x and y are defined to be column vectors. Therefore, 

if x-pXg xn are the components of x and y-j»)^ yn are the components of y, 
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x = [x-j,x^,..., x^] , y = [y-jy^l • 0) 

Let A(x,y) denote a scalar function of the arguments x and y. The symbol 

A denotes the n-vector function whose components are the first partial 
A 

derivatives of A with respect to the components of the vector x. An analogous 

definition holds for the symbol A^. 

Let B(x,y) denote an r-vector function of the arguments x and y. The symbol 

B denotes the nxr matrix function whose components are the first partial 
A 

derivatives of the components of B with respect to the components of the vector 

x. An analogous definition holds for the symbol By. 

Let D denote a diagonal matrix. The symbol D(y^) denotes the nxn diagonal 

matrix whose elements along the principal diagonal are y,,y5,..., y . Therefore, 

D(y1) = 

y-j 0 0  0 

0 y2 0  0 

0 0 y0   0 . (2) 

0 0 0  yn 

In particular, if 

yl =y2 = ••• =*n ' ’• 

we have 

D^) = I, 

(3) 

(4) 

where I denotes the identity matrix of order n. 
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Let g(y^) denote a scalar function of the scalar argument y. 

D(g(y.)) denotes the nxn diagonal matrix whose elements along the 

diagonal are g(y1), g(y29(yn)- Therefore, 

D(gCy1)) - 

g(y-|) o o   o 

o g(y2) o   o 

0 0 g(y3)  0 

0 0 0  g(yn) 

The symbol T denotes transposition of vector or matrix. 

The symbol 

principal 

(5) 
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2. Statement of the Problems 

We study two types of mathematical programming problems, called Problem 

(PI) and Problem (P2) for easy identification. These problems are modifications 

of the following basic problem. 

Problem (P). Minimize the function 

f = f(x), (6) 

subject to the equality constraints 

<f>(x) = 0. (7) 

In the above equations, x is an n-vector, f is a scalar function, and <f> is 

a q-vector function, with q < n. 

We assume that the first and second partial derivatives of the functions 

f, <(> with respect to the components of the vector x exist and are continuous. 

We also assume that the matrix <f> is nonsingular, that is, 
A 

rank (<jyj>x) = q. (8) 

Further, we assume that the constrained minimum exists. 

Problem (PI). This is Problem (P), complicated by the presence of the lower 

bound inequality constraints 

x ^ a. (9) 

Here, a is a vector whose components are prescribed lower bounds for the 

components of x. 

If the Valentine transformation is employed, the inequality constraints (9) 

can be converted into the equality constraints 
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x - a - D(yj)y = 0, > (10) 

where y denotes an n-vector of slack variables. 

Problem (P2). This is Problem (P), complicated by the presence of two-sided, 

linear inequality constraints 

a < x < g, (11 ) 

which are consolidated into one-sided, quadratic inequality constraints 

D(ei - xi)(x - a) > 0. (12) 

If the Valentine transformation is employed, the inequality constraints 

(12) can be converted into the equality constraints 

D(a.. + 3i - x^x - 0(^)3 - Dfy^y = 0, (13) 

where y denotes an n-vector of slack variables. 
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3. Transformation of the Problems 

From the previous discussion, it is clear that inequality constrained 

problems [Problems (PI) and (P2)] can be converted into equality constrained 

problems [Problems (Ql) and (Q2)], if the Valentine transformation is employed. 

Problems (Ql) and (Q2) are particular cases of the following general problem. 

Problem (Q). Minimize the function 

f-f(x), (14) 

subject to the equality constraints 

<J>(x) = 0, (15a) 

ÿ(x,y) = 0. (15b) 

In the above equations,y denotes an n-vector of slack variables and denotes 

the n-vector function arising from the transformation. 

The particular forms taken by the function ÿ(x,y) are given below. 

Problem (Ql). This problem arises from the transformation of Problem (PI). 

The function ÿ(x,y) has the form 

4>(x,y) = x - a - D^Jy. (16) 

Problem (Q2). This problem arises from the transformation of Problem 

(P2). The function if>(x,y) has the form 

ÿ(x,y) - + 31 - x^x - D(ai )3 - Dty^y. 07) 
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4. Problem (Q) 

In Sections 2-3, inequality constrained problems [Problems (PI) and (P2)] 

were reformulated as equality constrained problems [Problems (Ql) and (Q2)]. 

In turn, Problems (Ql) and (Q2) are particular cases of Problem (Q), represented 

by Eqs. (14)-(15). 

4.1. First-Order Conditions. From theory of maxima and minima, it 

is known that the problem of minimizing the function (14), subject to the 

constraints (15), can be recast as that of minimizing the augmented function 

F = f + \T<J> + (18) 

subject to the constraints (15). Here, X denotes a q-vector Lagrange 

multiplier and p denotes an n-vector Lagrange multiplier. 

The vectors x,y and the multipliers X,p solving the previous problem 

must satisfy the feasibility equations (15) and the following first-order 

optimality conditions: 

(19a) 

(19b) 

whose explicit form is 

fx 
+ 4>x* + ^XP = 0» (20a) 

(20b) 

4.2. Approximation Methods. In general, the system (15) and (20) 

is nonlinear, and approximation methods must be employed to seek a solution 
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iteratively. In this connection, let the constraint error be written 

as 

P = <j)T(j) + (21) 

and let the error in the optimality conditions be written as 

Q = (fx + 4>x* + V)T(fx 
+ V + ^xp) + ^yP)T^yP)- (22) 

For the exact optimal solution, one must have 

P = 0, Q » 0. (23) 

For an approximation to the optimal solution, the following relations are 

to be satisfied: 

P <. e-j. Q < e2* (24) 

where and are preselected, small, positive numbers. 
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5. Sequential Gradient-Restoration Algorithm 

The sequential gradient-restoration algorithm (SGRA) is an iterative 

technique which includes a sequence of two-phase cycles, each composed of a 

gradient phase and a restoration phase. This technique is designed to achieve 

the decrease in the function f and/or the augmented function F between the 

endpoints of each cycle, while the constraints are satisfied to a pre¬ 

determined accuracy. The two phases of a cycle are called the gradient 

phase and the restoration phase. 

The gradient phase is started only when Ineq. (24-1) is satisfied; it 

involves one iteration and is designed to decrease the value of the function 

f or the augmented function F, while the constraints are satisfied to first 

order. 

The restoration phase is started only when Ineq. (24-1) is violated; 

it involves one or more iterations, each designed to decrease the constraint 

error P, while the constraints are satisfied to first order and the norm 

squared of the variations of the vectors x,y is minimized. The restoration 

phase is terminated whenever Ineq. (24-1) is satisfied. 

The algorithm as a whole is terminated whenever Ineqs. (24) are both 

satisfied. 

5.1. Notation. Let x,y denote the nominal point; let x,y denote the 

varied point; and let Ax, Ay denote the perturbations of x,y about the 

nominal values. Assume that the perturbations Ax, Ay are linear in the 

stepsize a, where a > 0; and let A, B denote the perturbations per unit 

stepsize. Then, the following relations hold: 

x=x+Ax=x+ aA, (25a) 
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y - y + Ay = y + aB. (25b) 

With regard to the functions, let f,F,P denote the values associated 

with the nominal point; let f,F,P denote the values associated with the 

varied point; and let Af, AF, AP denote the total variations of these 

functions caused by the perturbations Ax, Ay, By definition, the following 

relations hold: 

f = f + Af, F = F + AF, P = P + AP. (26) 

5.2. First Variations. The passage from the nominal point to the varied 

point causes the functions f, F, P to change. To first order, we see that 

(27a) 

6F = (fx + <DxX + I^XP)TAX + (ÿyp)TAy 

6P = 24>T(cfJAx) + 2/(^Ax + t|>yAy). (27c) 

(27b) 

These equations must be completed by the relation 

(28) 

which measures the overall change of the vectors x,y. 
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6. Gradient Phase 

As stated in Section 5, each gradient phase consists of a single 

iteration. The governing equations are derived through the formulation of the 

following auxiliary minimization problem: Minimize the first variations of 

the function f,given by Eq. (27a), with respect to the vectors Ax, Ay which 

satisfy the linearized form of the constraints (15), 

and the quadratic isoperimetric constraint (28). 

6.1. First-Order Conditions. From theory of maxima and minima, it is 

knwon that the problem of minimizing the function (27a), subject to the 

constraints (28)-(29), can be recast as that of minimizing the augmented function 

subject to the constraints (28)-(29). Here, X denotes a q-vector Lagrange 

multiplier, p an n-vector Lagrange multiplier, and l/2a a scalar Lagrange 

multiplier. 

The vectors Ax, Ay and the multipliers X, p, l/2a solving the previous 

problem must satisfy the feasibility equations (28)-(29) and the following 

first-order optimality conditions: 

(29a) 

(29b) 

G = f^Ax + XT(^AX) + PT(*][AX + ^Ay) + (l/2ot)(AXTAX + AyTAy - K), (30) 

(31a) 

(31b) 
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whose explicit form is 

Ax = -a(fx + <t>xX + if>xp), (32a) 

Ay = -a(ÿyp). (32b) 

6.2. Descent Properties. When the variations defined by (29) and 

(32) are employed, the first variations (27) become 

6f « -aQ, 6F = -aQ, <5P = 0, (33) 

where Q denotes the error in the optimality conditions at the nominal point 

[see (22)]. If a, Q are nonzero, Eqs. (33-1) and (33-2) show that 

6f <0, 6F < 0. (34) 

These are the descent properties of the gradient phase. They guarantee 

that, if a is sufficiently small, 

f < f, F < F. (35) 

6.3. Derived Descent Property. Let the augmented penalty function 

W be defined as 

W » F + kP, (36) 

where k > 0 is the penalty constant. The first variation of the function 

(36) is given by 

<5W = <5F + k<$P, (37) 

which, in the light of (33), can be written as 
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6W = -ocQ. (38) 

If a, Q are nonzero, this equation shows that 

6W < 0. (39) 

This is the derived descent property of the gradient phase. It guarantees 

that, if a is sufficiently small, 

W < W. (40) 

6.4. Linear System. Next, we introduce the variations per unit stepsize 

A, B defined by Eqs. (25). With this understanding, Eqs. (29) and (32) can 

be rewritten as 

4>JA = 0, (41a) 

* + ^yB = 0> (41b) 

and 

A = "(fx + V + V>’ (42a) 

B = -foyp). (42b) 

This is a system of q+3n linear equations, in which the unknowns are the q+3n 

components of the vectors A, B, X, p . 

6.5. Lagrange Multipliers. Upon combining (41)-(42) and eliminating 

the vectors A, B, we obtain the relations 

+ ♦Iv+= °> (43a) 
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*W + (+x*x * ^y)p + ^xfx ■ °- (43b) 

This is a system of q+n linear equations, in which the unknowns are the q+n 

components of the multipliers X, p. Once X, p are known, the vectors A, B 

are computed with (42). 

6.6. Alternative Procedure. Let M-j, M2, M^, M^, denote the nxn matrices 

M, = + 

M2 - H,"1, 

M3 * WÏ* 

m
4 - 1 - Mj, 

M5 - 

(44a) 

(44b) 

(44c) 

(44d) 

(44e) 

With this understanding, the linear system (43) can be rewritten in the form 

^V’x* + ^x^4^x = (45a) 

p - -M5(fx + <0xX). (45b) 

Therefore, the multiplier X is computed by solving the system of q linear 

equations (45a). Then, the multiplier p is computed a posteriori via (45b). 

Generally speaking, the replacement of (43) with (44)-(45) does not offer 

any computational advantage, since one must invert the nxn matrix M^. However, 

for particular forms of the function tp(x,y), the matrix inversion can be performed 

analytically. Whenever this situation arises, the algorithmic work per iteration 

is about the same as that occurring in Problem (P), defined by Eqs. (6)-(7). 

This is precisely the case for Problems (Ql) and (Q2), as shown in Section 8. 
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6.7. Stepsize. Equations (25) define a one-parameter family of varied 

points, the parameter being the stepsize a. For this one-parameter family, 

the functions F, P, W have the form 

F = F (ex), P = P(a), U = W(ct). (46) 

In particular, at a=0, 

F(0) = f, P(0) = 0, W(0) - f, (47a) 

Fo(0) = -Q, Po(0) = 0, Wa(0) = -Q. (47b) 

Rigorously speaking, the stepsize a must be determined in such a way 

that at least one of the following optimality conditions is satisfied: 

Fa(a) = 0, Wa(a) = 0. (48) 

In practice, (48) are replaced by 

Fa(°0| 1 ^a(0>|. |“a(o)|- e4|lV0)|» (49) 

where Cj, are preselected, small, positive numbers. 

We note that the determination of a in a way consistent with at least one 

of (49) might take excessive computer time if the preselected tolerance is 

too small. This is why it is preferable to replace the exact search with an 

approximate search leading to the satisfaction of at least one of the following 

inequalities: 

F (a) < F(0), W(a) < W(0). (50) 

In the following sections, we describe a three-step procedure leading 

to the satisfaction of (50-2). The procedure includes a scanning process, 
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followed by a cubic interpolation process, followed by a bisection process 

(Ref. 11). 

Scanning Process. We consider the sequence of stepsizes 

{a} = {0,c,2c,4c,8c,...}, (51) 

where c is a positive constant. For every element of the sequence (51), 

we compute the functions W(ct) and Wa(a). We denote by a-j and a2 the smallest 

consecutive elements of the sequence (51) such that the following inequalities 

are satisfied: 

Wa(a!)<0. Wa(a2) > 0. (52) 

Then, assuming that the derivative W (a) is continuous, a relative minimum 
06 

«■v 

of W(a) occurs for a value aQ such that 

al < ao < a2’ (53) 

Cubic Interpolation Process. In order to find the minimum of W(a) 
A/ 

numerically, we approximate the function W(a) with the cubic form 

W(a) = kQ + k-jOt + k2a2 + k3a3, (54) 

with the implication that 

Wa(a) = k-j + 2k2a + 3k3a
2, = 2k2 + 6k3a. (55) 

The coefficients k.. are computed by forcing the cubic function (54) and its 

first derivative (55-1) to satisfy the exact values of the ordinate W(a) and 

the slope Wa(a) at a-j and a2; that is, the coefficients k^ are computed from 

the conditions 
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W(a-|) = kQ + k-ja-j + k2a^ + k^a^, (56a) 

W(a2) = kg + k-ja2 + k2a2 + k^o^, (56b) 

Wa(ai) = k1 + 2k2a1 + 3k3a^, (56c) 

Wa(a2) = ki + 2k2a2 + 3k3a2. (56d) 

With the coefficients known, the optimum value of a can be computed from 

the relation 

Wa(a) = 0, (57) 

which implies that 

aQ = (l/3k3)[-k2 + /(k2 - 3^)]. (58) 

Bisection Process. Once the reference stepsize aQ is known, we consider 

the sequence of stepsizes 

{a} = {aQ, aQ/2, aQ/4, aQ/8,...}. (59) 

Then, we determine the largest element in the sequence (59), such that the 

following inequality is satisfied: 

W(a) < W(0). (60) 

This completes the determination of the stepsize. 

6.8. Summary. The gradient phase consists of a single iteration, 

characterized by simultaneous descent properties in the functions f, F, W. 

The iteration is characterized by variations which lead toward satisfaction 

of the optimality conditions. Constraint satisfaction is enforced to first order. 
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Excessive constraint violation is prevented by determining the stepsize 

a via a one-dimensional search on the augmented penalty function W. 

Step 1. Assume a nominal point x,y consistent with Ineq. (24-1). 

Step 2. Compute the vector fw and the matrices x x x y 

Step 3. Determine the multipliers A, p via Eqs. (44)-(45). 

Step 4. Determine the perturbations per unit stepsize A, B via Eqs. (42). 

Step 5. Compute the performance index Q, given by Eq. (22). If Q satisfies 

Ineq. (24-2), stop; convergence has been achieved. Otherwise, continue; go to 

Step 6. 

Step 6. Using the perturbations per unit stepsize obtained in Step 4, 

consider the one-parameter family of varied points x,y given by Eqs. (25). 

For this one-parameter family, compute the stepsize a by a one-dimensional 

search on the function W(a); see the process of Section 6.7, consisting of 

scanning, cubic interpolation, and bisection until Ineq. (60) is satisfied. 

Step 7. Once the stepsize a is known, obtain the varied point x,y 

with Eqs. (25). 
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7. Restoration Phase 

As stated in Section 5, each restoration phase consists of one or more 

iterations. The governing equations of each iteration are derived through 

the formulation of the following auxiliary minimization problem: Minimize 

the overall change of the vectors x,y,given by Eq. (28), with respect to 

the vectors Ax, Ay which satisfy the linearized form of the constraints (15), 

/AX + a<p = 0, (61a) 
X 

/Ax + /Ay + on(> B 0. (61b) 
A y 

The minimization is performed for a given value of the scaling factor a. 

7.1. First-Order Conditions. From theory of maxima and minima, it is 

known that the problem of minimizing the function (28), subject to the constraints 

(61), can be recast as that of minimizing the augmented function 

G = (l/2a)(Ax^Ax + Ay^Ay) + A^(/AX + a<j>) + P^(/AX + /Ay + on|>), (62) x x y 

subject to the constraints (61). Here, A denotes a q-vector Lagrange multiplier 

and p denotes an n-vector Lagrange multiplier. 

The vectors Ax, Ay and the multipliers A, p solving the previous problem 

must satisfy the feasibility equations (61) and the following first-order 

optimality conditions: 

'Ax * °» (63a) 

* 
O

 

II 5
 

(63b) 

whose explicit form is 
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Ax = -a(<|>xX + ^XP)» (64a) 

Ay « -a(ÿyP). (64b) 

7.2. Descent Property. When the variations defined by (61) and (64) 

are employed, the first variation (27c) becomes 

6P = -2oP, (65) 

where P denotes the constraint error at the nominal point [see (21)]. If 

a, P are nonzero, Eq. (65) shows that 

6P < 0. (66) 

This is the descent property of the restoration phase. It guarantees that, 

if a is sufficiently small, 

P < P. (67) 

7.3. Linear System. Next, we introduce the variations per unit stepsize 

A, B defined by Eqs. (25). With this understanding, Eqs. (61) and (64) can 

be rewritten as 

4>ZA + 4> = 0, (68a) 
A 

+ A + ÿ * °» (68b) 
A y 

and 

A * -(<|>xX + ^XP)» (69a) 

B = -(4>y p). (69b) 



This is a system of q+3n linear equations, in which the unknowns are the q+3n 

components of the vectors A, B, X, p. 

7.4. Lagrange Multipliers. Upon combining (68)-(69) and eliminating 

the vectors A, B, we obtain the relations 

This is a system of q+n linear equations, in which the unknowns are the q+n 

components of the multipliers X, p. Once X, p are known, the vectors A, B 

are computed with (69). 

7.5. Alternative Procedure. Let Mj, Mg, Mg, M^, Mg, Mg denote the nxn 

matrices 

(70a) 

+ (^x 
+ ^y)P " ^ = 0. (70b) 

M, = 1 Vx VyVy 
(71a) 

-1 (71b) 

(71c) 

M4 = I - Mg, (71 d ) 

(71e) 

(71 f ) 

With this understanding, the linear system (70) can be rewritten in the form 
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p = M2ÿ - M54>XA. (72b) 

Therefore, the multiplier A is computed by solving the system of q linear 

equations (72a). Then, the multiplier pis computed a posteriori via (72b). 

Generally speaking, the replacement of (70) with (71 )-(72) does not 

offer any computational advantage, since one must invert the nxn matrix M^. 

However, for particular forms of the function ÿ(x,y), the matrix inversion 

can be performed analytically. Whenever this situation arises, the algorithmic 

work per iteration is about the same as that occurring in Problem (P), defined 

by Eqs. (6)-(7). This is precisely the case forProblems (Ql) and (Q2), as 

shown in Section 8. 

7.6. Stepsize. Equations (25) define a one-parameter family of varied 

points, the parameter being the stepsize a. For this one-parameter family, 

the constraint error P has the form 

P = P(a). (73) 

In particular, at a=0 

P(0) = P (74a) 

Pa(0) = -2P. (74b) 

We consider the sequence of stepsizes 

{a} = {ar, ar/2, ar/4, ar/8,...} » • • • (75) 

and determine the largest element of the sequence (75), such that the following 

inequality is satisfied: 



24 

P(o) < P(0). (76) 

The obvious choice of the reference stepsize is 

(77) 

This choice has the property of yielding one-step satisfaction of the 

feasibility equations (15) in the special case where the constraining functions 

<j>(x) and ÿ(x,y) are linear. 

7.7. Summary. The restoration phase consists of one or more iterations. 

Each iteration is characterized by a descent property in the constraint error P. 

Constraint satisfaction is enforced to first order. Variations leading toward 

constraint satisfaction are generated, while minimizing the norm squared of 

the variations of the vectors x,y. 

Step 1. Assume a nominal point x,y violating Ineq. (24-1). 

Step 2. Compute the vectors <J>, and the matrices d> » ÿ , ^ . 
X X Jr 

Step 3. Determine the multipliers X, p via Eqs.(71)-(72). 

Step 4. Determine the perturbations per unit stepsize A, B via Eqs. (69). 

Step 5. Using the perturbations per unit stepsize obtained in Step 4, 

consider the one-parameter family of varied points x,y given by Eqs. (25). For 

this one-parameter family, compute the stepsize a by a one-dimensional search 

on the function P(a); see the bisection process of Section 7.6, leading to the 

satisfaction of Ineq. (76). 

Step 6. Once the stepsize a is known, obtain the varied point x, y 

with Eqs. (25). 

Step 7. At the varied point x, y» compute the performance index P, given 

by Eq. (21). If P satisfies Ineq. (24-1), stop; constraint restoration has been 

achieved. Otherwise, continue; return to Step 1. 
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8. Special Cases 

In this section, we supply the expressions of the matrices through 

Mg appearing in Eqs. (44)-(45) and (71)-(72). In particular, we show that 

the inversion of the matrix M-j can be performed analytically, if one exploits 

the particular forms of the function i|/(x,y) arising in Problems (Ql) and (Q2). 

Problem (Ql). The function ÿ(x,y) has the form 

ÿ(x,y) = x - a -Dfy^y, (78) 

with the implication that 

ÿx =1, ipy = -D(2y. ). (79) 

The nxn matrices M^ through Mg are given by 

M-j = D(h;), (80a) 

M2=D(l/h.), (80b) 

M3=D(l/h.), (80c) 

M4 = D^y^), (80d) 

Mg = DO/h^, (80e) 

Mg = D(l/h.), (80f) 

where 

h^ = 1 + 4y?. (81) 
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For the gradient phase, the multipliers X, p are given by 

4»^D(4y|/hi )4>xX + 4>^D (4y?/hi )fx = 0, (82a) 

P= -Dd/h^d^ + 4»xX). (82b) 

For the restoration phase, the multipliers X, pare given by 

cf*jD(4y^/hi)<f»xX + 4»^D(l/hi)ip - <J> = 0, (83a) 

p= D(l/h^)(tp - <1>XX). (83b) 

Problem (Q2). The function \p(x,y) has the form 

4>(*,y) = D(a-j + 6j - x.j)x - D(a^)6 - D(y..)y, (84) 

with the implication that 

ÿx = Dfy + ^ - 2xi), ipy = -D(2y.). (85) 

The nxn matrices M-j through Mg are given by 

M-j = D^), (86a) 

M2 = D(l/hi), (86b) 

M3 = D(z?/h.), (86c) 

M4 = D(4y?/h.), (86d) 

M5 = Dtz./h^, (86e) 

M6 = DU-/^), (86f) 
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where 

hi = + B1 - 2x.)2 + 4y2, (87a) 

zi = + ‘fy - 2x.j, (87b) 

For the gradient phase, the multipliers X, p are given by 

<f>jD(4y2/h.)<f>xX + ^D(4yi/hi)fx 
= °* (88a) 

p--D(z1/h1)(-fx + (88b) 

For the restoration phase, the multipliers X, p are given by 

d>x°(4yf/hi)<PxX + <f>^D(z./h.)i{> - <t> = 0, (89a) 

P= D(l/h.)ÿ - D(zi/hiHxX. (89b) 
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9. Gradient-Restoration Cycle 

As stated in Section 5, a complete gradient-restoration cycle includes 

a gradient phase and a restoration phase. A descent property holds for a 

complete gradient-restoration cycle under the assumption of small stepsizes 

(Ref. 5). Let aG denote the gradient stepsize and aR the restoration stepsize. 

Simple manipulations, omitted for the sake of brevity, show that the gradient 
p 

corrections are of 0(aG), while the restoration corrections are of 0(aRaG ). 

Hence, for aG sufficiently small, the restoration corrections are negligible 

with respect to the gradient corrections. Therefore, the restoration phase 

preserves the descent property of the gradient phase. 
~ /v 

More specifically, let f, f, f denote the values of the function (6) 

at the beginning of the gradient phase, at the end of the gradient phase, 

and at the end of the subsequent restoration phase. Note that f and f are 

not comparable, since the constraints are not satisfied to the same accuracy. 

On the other hand, f and f are comparable, and the gradient stepsize aG 

can be selected so that 

f < f. (90) 

This inequality constitutes the descent property of a complete gradient- 

restoration cycle. In order to enforce it, one proceeds as follows. At the 

end of the restoration phase, one must verify Ineq. (90). It it is satisfied, 

the next gradient phase is started; otherwise, the previous gradient stepsize 

OIQ is bisected as many times as needed until, after restoration, Ineq. (90) 

is satisfied. 
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10. Prerestorative Step 

In Ref. 17, a modification of the sequential gradient-restoration 

algorithm, designed to improve the convergence characteristics, was 

introduced. This modification consists of inserting a prerestorative step 

prior to any iteration of the algorithm. The aim of the prerestorative step 

is to reduce the constraint violation. 

Let x,y denote vectors evaluated at the beginning of the prerestorative 

step, and let x, y denote vectors evaluated at the end of the prerestorative 

step. In the prerestorative step, the vector x is held unchanged, 

x = x, (91) 

so that 

f(x) = f(x). (92) 

On the other hand, the vector y is changed in such a way that 

P(x,y) < P(x,y). (93) 

Hence, the prerestorative step reduces the constraint error P(x,y), while 

leaving unchanged the value of the function f(x). 

For Problems (Ql) and (Q2), the specific prerestorative rules ensuring 

satisfaction of Ineq. (93) are given below. 

Problem (Ql). For i=l,2,..., n, reset 

y. = /(xi - o^), xi > ai, (94a) 

yn- =yr 
(94b) 
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Problem (Q2). For i=l,2  n, reset 

y.j = /[(xi - ai)($i - x..)], oi^ < x • < > (95a) 

Yi = yr 
xi < a.j, (95b) 

îi =yr 
Xi > Br (95c) 
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11. Experimental Conditions 

In order to substantiate the theory, four numerical examples were solved, 

two of Type (PI) and two of Type (P2). The numerical results were obtained 

in double-precision arithmetic. Computations were performed at Rice University 

using an NAS-AS-9000 computer. 

11.1. Gradient Stepsize. The stepsize a was determined by a one¬ 

dimensional search on the function 

W(a) = F(a) + kP(a). (96) 

This function was computed for a penalty constant k=l. The search procedure 

consists of a scanning process, followed by a multi step cubic interpolation 

process, followed by a bisection process. 

In the scanning process, the following sequence of stepsizes is employed: 

{a} = {0,1,2,4,8,...}. (97) 

The scanning process terminates whenever two consecutive elements of the 

sequence (97) are found such that Ineqs. (52) are satisfied. 

In the multistep cubic interpolation process, the procedure of Section 

6.7 is employed iteratively (see Ref. 11), until the following stopping 

condition is satisfied: 

Wa(a)/Wa(0) < E - 03. (98) 

The number of Hermitian search steps required to satisfy Ineq. (98) is subject 

to the upper bound 

Ns < 10. (99) 
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Therefore, the optimal gradient stepsize aQ is determined by either satisfaction 

of (98) or violation of (99), whichever occurs first. 

In the bisection process, the sequence of stepsizes (59) is employed. 

Then, one determines the largest element in the sequence (59) such that 

Ineq. (60) is satisfied. 

11.2 Remark. The derivative Wa(a), required for the determination of 

the stepsize a, was computed by means of the following central difference scheme: 

Wa(a) = (1/2 e) [W(a + e) - W(a - e)], (100) 

wi th 

e = E - 03. (101) 

11.3. Restoration Stepsize. The stepsize a was determined by a one¬ 

dimensional search on the function P(a). The search process considers the 

sequence of stepsizes 

{a} = {1,1/2, 1/4, 1/8,...} (102) 

and determines the largest element in the sequence (102) such that Ineq. (76) 

is satisfied. 

11.4. Convergence. The sequential gradient-restoration algorithm (SGRA) 

was terminated whenever a solution consistent with the following inequalities 

was found: 

P < E - 08, Q < E - 04. (103) 

11.5. Termination of the Restoration Phase. The restoration phase of 

SGRA is terminated if Ineq. (103-1) is satisfied at the end of a restorative 

iteration. 
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11.6. Bypassing Condition. The restoration phase of SGRA is bypassed 

if Ineq. (103-1) is satisfied at the beginning of a restorative iteration. 

11.7. Nonconverqence. The sequential gradient-restoration algorithm 

was programmed to stop whenever violation of any of the following inequalities 

occurred: 

< 50, (104a) 

'c < 2°- (104b) 

lr < 20, (104c) 

'bg i 10> (104d) 

W i10- (104e) 

'be i 10- (104f) 

Here, N is the total number of iterations; N is the total number of cycles; 

and Nr is the number of restorative iterations per cycle. Also, with reference 

to the gradient phase, is the number of bisections of the gradient stepsize 

required to satisfy Ineq. (60); with reference to the restoration phase, Nbr 

is the number of bisections of the restoration stepsize required to satisfy 

Ineq. (76); and with reference to a complete gradient-restoration cycle, Nbc 

is the number of bisections of the gradient stepsize required to satisfy 

Ineq. (90). 
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12. Numerical Examples, Problem (PI) 

In this section, we describe two numerical examples of Type (PI). 

Scalar notation is employed. In particular, the symbols x.t i=l,2  n, 

denote the components of the vector x and the symbols y., i=l,2,..., n, denote 

the components of the vector y. 

Example 12.1. Minimize the function 

f = (x, - l)2 + (x2 - 2)2, (105) 

subject to the equality constraints 

5 ■ x i x 0 0, 

5 ■ x2 “ - 0, 

(106a) 

(106b) 

and the inequality constraints 

x-j > -5, 

x2 1 ~5* 

x3 - °» 

x4 > 0. 

(107a) 

(107b) 

(107c) 

(107d) 

Upon employing the transformation of Section 3, the inequality constraints 

(107) are replaced by the equality constraints 

x1 + 5 - y2 = 0, (108a) 

x2 5 - y2 
= 0, (108b) 
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x3 ‘ y3 = (108c) 

2 = n (108d) 

The function (105) admits the relative minimum f=0 at the point defined by 

x4 “ ^4 = 0* 

X| *1, y! = (109a) 

x2 = 2, y2 = (109b) 

x3 “ 

A
 

C
SJ 

II C
O

 
>> (109c) 

C
O

 

II 

X
 

II >> (109d) 

The following starting coordinates are employed: 

x1 * 1, y-] = (110a) 

x2 = 1, y2 = /6, (110b) 

X
 

u
>

 II y3 - 1. (110c) 

A
 

11 X
 y4 = i- (nod) 

Example 12.2. Minimize the function 

f = (X] - x2)
2 + (x2 + x3 - 2)2 + (x4 - l)2 + (x5 - l)

2, (111) 

subject to the equality constraints 

X1 + 2x2 = (H2a) 

x3 + x4 - 2x5 " °* (112b) 
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x2 " x5 = °* 012c) 

and the inequality constraints 

x1 + 1 > 0, (113a) 

x
2 

+ 1 Ü 0, (113b) 

x3 + 1 _> °» (113c) 

x4 + 1 > 0, (113d) 

x5 + 1 0. (113e) 

Upon employing the transformation of Section 3, the inequality constraints 

(113) are replaced by the equality constraints 

X1 + 1 " 
yl = o, (114a) 

x2 + 1 - y2 = 0, (114b) 

x3 + 1 ' 
y3 = °, (114c) 

x4 + 1 - yl = °» (114d) 

x5 + l - yf = o. (114e) 

The function (111) admits the relative minimum f=4.09302 at the point 

defined by 

X-, = -0.7674, y1 = 0.4322, (115a) 

x2 - 0.2558, y2 = 1.1206, (115b) 
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x3 = 0.6279, y3= 1.2758, (115c) 

x4 = -0.1162, y4 = 0.9400, (115d) 

x5 = 0.2558, y5 = 1.1206. (115e) 

The following starting coordinates are employed: 

x-j = 2, y-j = (116a) 

x2 =2, y2 = /3, (116b) 

x3 = 2, y3 = /3, 016c) 

x4 = 2, y4 ■ (H6d) 

x5 =2, y5 = /3. (116e) 
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13. Numerical Examples» Problem (P2) 

In this section, we describe two numerical examples of Type (P2). 

Scalar notation is employed. In particular, the symbols , i=l,2,..., n, 

denote the components of the vector x and the symbols y.., i=l,2,..., n, denote 

the components of the vector y. 

13.1. Examples 13.1. Minimize the function 

f = - (2x-| + Xg), (117) 

subject to the equality constraint 

1 * 2X-|X2 ~ x3 - 0, (118) 

and the inequality constraints 

0 £ x-j £ 1 » (119a) 

0 £ Xg £ 1, (119b) 

0 < x3 £ 1. (119c) 

Upon employing the transformation of Section 3, the inequality constraints 

(119) are replaced by the equality constraints 

x-j ( 1 - x-j ) - y^ = 0, (120a) 

x20 - x2) - = 0, (120b) 

x3(1 - x3) - y3 = 0. (120c) 
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The function (117) admits the relative minimum f=-2.5 at the point 

defined by 

x-j =1, y-j = 0, (121a) 

x2 = 0.5, y2 = 0.5, (121b) 

x3 = 0, y3 = 0. (121c) 

The following starting coordinates are employed: 

= 0.5, y1 = 0.5, (122a) 

x2 = 0.5, y2 = 0.5, (122b) 

x3 = 0.5, y3 = 0.5. (122c) 

13.2. Example 13.2. Minimize the function 

f = (x-j - l)2 + (x-j - x2)2 + (x2 - X3)
2 + (X3 - x4)4 + (x4 - x5)

4, (123) 

subject to the equality constraints 

x! + xl + x3 - 
2 - 3/2 = 0, (124a) 

x2 - x2 + x4 + 2 - 2/2 = 0, (124b) 

X-JXJJ -2 = 0, (124c) 

and the inequality constraints 

0 £ x-j £ 2.5, (125a) 

0 £ x2 £ 2.5, (125b) 
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0 < x3 < 2.5, (125c) 

0 < x
4 < 2.5, (125d) 

0 < x
5 < 2.5. (125e) 

Upon employing the transformation of Section 3, the inequality constraints 

(125) are replaced by the equality constraints 

x-j (2.5 - Xj) - y* * 0, (126a) 

X2(2.5 - X2) ■" y2 = 0» (126b) 

x3(2.5 - x3) - y3 " 0j (126c) 

™ *4) " ^4 ~ (126d) 

Xg(2.5 - Xg) - y^ = 0. (126e) 

The function (123) admits the relative minimum f=0.07877 at the point 

defined by 

x1 = 1.1910, y1 = 1.2486, (127a) 

x2 = 1.3626, y2 = 1.2449, (127b) 

x
3 = 1.4728, y3 = 1.2299, (127c) 

= 1•6350, y4 - 1.1892, (127d) 

x5 = 1.6791, y5 = 1.1740. (127e) 
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The following starting coordinates are employed: 

= 2, *1 = (128a) 

= 2, y z 
= 1» (128b) 

= 2, y3 = l, (128c) 

= 2, y4 ■ i* (128d) 

= 2, *5 = u (128e) 
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14. Numerical Results 

Four numerical examples were presented in Sections 12-13, and the numerical 

results are given in Tables 1-14. For each example, three tables are given. 

The first two tables contain the convergence history for SGRA without the 

prerestorative step and with the prerestorative step. The third table contains 

the converged solutions. 

1 2 
The tables concerning the convergence history ' present the iteration 

number N, the description of the phase, the error in the constraints P, the 

error in the optimality conditions Q, and the value of the function f. The 

values of Q are supplied only for the phases labeled G. The values of f 

are supplied only for the phases labeled G and providing Ineq. (103-1) is 

satisfied. 

The tables concerning the converged solution present the components of 

the vector x and the components of the vector y. 

Tables 13-14 summarize the results. Table 13 presents the number of 

iterations for convergence N,and Table 14 presents the value achieved by 

the function f at convergence. 

‘The symbol G stands for gradient phase, and the symbol R stands for restoration 
phase. 

^The symbol P(-) denotes the constraint error before the prerestorative step, 
and the symbol P(+) denotes the constraint error after the prerestorative step. 
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15. Discussion and Conclusions 

The problem of minimizing a function f(x) of an n-vector x, subject 

to q equality constraints <j>(x) = 0 and n inequality constraints w(x) _> 0, is 

considered. An algorithm of the sequential gradient-restoration type is 

developed. It involves the alternate succession of gradient phases and restoration 

phases. 

For general inequalities, each iteration of the gradient phase and the 

restoration phase requires the solution of a linear system of order q + n, 

where q denotes the number of equality constraints and n the number of inequality 

constraints. The unknowns of the linear systems are the q components of the 

multiplier X associated with the equality constraints and the n components of 

the multiplier p associated with the inequality constraints. 

Considerable simplifications are possible if the inequalities w(x) _> 0 

have a special form. In this connection, the following cases are studied: (PI) 

lower bounds on x; and (P2) upper and lower bounds on x. 

If one exploits the special structure of Problems (PI) and (P2) and 

the properties of diagonal matrices, the algorithmic work per iteration can 

be reduced considerably. This is due to the fact that the multipliers X and 

p need not be computed simultaneously, but can be computed sequentially. 

Specifically, the multiplier X is determined by a linear equation of order q; 

then, the multiplier pis determined through subsequent multiplications. This 

means that, for Problems (PI) and (P2), the algorithmic work per iteration 

is about the same as the algorithmic work per iteration occurring in Problem (P): 

minimize a function f(x) of an n-vector x, subject to equality constraints <J>(x) * 0. 

Four numerical examples are presented. 
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Table 1. Convergence history, Example 12.1, 

SGRA without prerestorative step. 

N Phase P Q f 

0 R 0.18E+02 - - 

1 R 0.45E+00 - - 

2 R 0.62E-03 - - 

3 G 0.17E-08 0.56E+01 2.99909 

4 R 0.72E-01 - - 

5 R 0.13E-04 - - 

6 G 0.67E-12 0.62E-02 0.00328 

7 R 0.48E-07 - - 

8 G 0.42E-17 0.36E-07 0.00000 
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Table 2. Convergence history, Example 12.1, 

SGRA with prerestorative step. 

N Phase P(-) P(+) Q f 

0 R 0.18E+02 0.18E+02 

1 G 0.45E+00 0.19E-30 0.57E+01 3.08264 

2 G 0.77E-01 0.69E-30 0.82E-02 0.00437 

3 G 0.85E-07 0.54E-30 0.46E-07 0.00000 
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Table 3. Converged solution, Example 12.1. 

Quantity Exact 
solution 

SGRA without 
prerestorative step 

SGRA with 
prerestorative step 

X1 1.0000 0.9999 0.9999 

x2 2.0000 2.0001 2.0001 

x3 4.0000 4.0000 4.0000 

x4 3.0000 2.9998 2.9998 

*i 
2.4494 2.4494 2.4494 

2.6457 2.6457 2.6457 

2.0000 2.0000 2.0000 

H 1.7320 1.7320 1.7320 

f 0.00000 0.00000 0.00000 



N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 
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Convergence history, Example 12.2, 

SGRA without prerestorative step. 

Phase P Q f 

R 0.64E+02 - - 

R 0.57E+00 - - 

R 0.37E-02 - - 

R 0.67E-06 - - 

G 0.31E-13 0.31E+01 4.74886 

R 0.52E-02 - - 

R 0.24E-05 - - 

G 0.80E-12 0.59E-01 4.11121 

R 0.68E-05 - - 

G 0.13E-11 0.17E-02 4.09335 

R 0.55E-07 - - 

G 0.42E-15 0.50E-04 4.09303 
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Table 5. Convergence history, Example 12.2, 

SGRA with prerestorative step. 

N Phase P(-) P(+) Q f 

0 R 0.64E+02 0.64E+02 - - 

1 G 0.57E+00 0.36E-28 0.26E+01 4.67455 

2 G 0.43E-02 0.48E-28 0.57E-01 4.11239 

3 G 0.11E-04 0.10E-27 0.97E-03 4.09327 

4 G 0.90E-08 0.12E-27 0.74E-05 4.09302 
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Table 6. Converged solution, Example 12.2. 

Quantity Exact 
solution 

SGRA without 
prerestorative step 

SGRA with 
prerestorative step 

X1 -0.7674 -0.7674 -0.7678 

x2 0.2558 0.2558 0.2559 

x3 0.6278 0.6251 0.6269 

x4 -0.1162 -0.1135 -0.1150 

x5 
0.2558 0.2558 0.2559 

yl 0.4822 0.4822 0.4818 

H 1.1206 1.1206 1.1206 

y3 1.2758 1.2748 1.2755 

y4 0.9400 0.9415 0.9407 

y5 1.1206 1.1206 1.1206 

f 4.09302 4.09303 4.09302 



N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 
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Convergence history, Example 13.1, 

SGRA without prerestorative step. 

Phase P Q f 

G 0.00E+00 0.20E+01 -1 -50000 

R 0.31E+00 - - 

R 0.74E-02 - - 

R 0.17E-04 - - 

G 0.15E-09 0.89E+00 -2.28328 

R 0.25E-01 - - 

R 0.32E-03 - - 

R 0.14E-06 - - 

G 0.15E-13 0.25E-01 -2.48639 

R 0.60E-03 - - 

R 0.32E-06 - - 

G 0.10E-12 0.96E-03 -2.49977 

R 0.13E-07 - - 

G 0.27E-15 0.84E-04 -2.49996 



N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 
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Table 8. Convergence history, Example 13.1, 

SGRA with prerestorative step. 

Phase P(-) P(+) Q f 

G 0.00E+00 0.00E+00 0.20E+01 -1.50000 

R 0.31E+00 0.31E+00 - - 

G 0.74E-02 0.17E-32 0.56E+00 -2.37343 

R 0.75E-02 0.73E-02 - - 

R 0.59E-04 0.57E-04 - - 

G 0.46E-08 0.30E-08 0.43E-02 -2.49768 

R 0.96E-05 0.96E-05 - - 

G 0.93E-10 0.77E-12 0.11E-02 -2.49976 

R 0.18E-07 0.18E-07 - - 

G 0.72E-15 0.34E-15 0.37E-04 -2.49998 
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Table 9. Converged solution, Example 13.1. 

Quantity Exact 
solution 

S6RA without 
prerestorative step 

SGRA with 
prerestorative step 

X1 1.0000 0.9999 0.9999 

x2 0.5000 0.4999 0.4999 

x3 0.0000 0.0000 0.0000 

*1 
0.0000 0.0013 0.0007 

*2 0.5000 0.5000 0.5000 

0.0000 0.0083 0.0057 

f -2.50000 -2.49996 -2.49998 



N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 
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Convergence history, Example 13.2, 

SGRA without prerestorative step. 

Phase P Q f 

R 0.64E+02 - - 

R 0.23E+01 - - 

R 0.85E-02 - - 

R 0.26E-06 - - 

G 0.73E-15 0.64E+00 0.18774 

R 0.18E-02 - - 

R 0.58E-07 - - 

G 0.40E-16 0.11E-01 0.08179 

R 0.37E-05 « - 

G 0.25E-12 0.21E-04 0.07878 
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Table 11. Convergence history, Example 13.2, 

SGRA with prerestorative step. 

N Phase P(-) P(+) Q f 

0 R 0.64E+02 0.64E+02 - - 

1 R 0.23E+01 0.16E+01 - - 

2 R 0.52E-02 0.46E-02 - - 

3 R 0.73E-07 0.68E-07 - - 

4 G 0.18E-16 0.17E-16 0.62E+00 0.18553 

5 R 0.17E-02 0.51E-03 - - 

6 G 0.10E-07 0.31E-08 0.10E-01 0.08148 

7 R 0.28E-05 0.61E-06 - - 

8 G 0.12E-13 0.36E-14 0.14E-04 0.07878 
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Table 12. Converged solution, Example 13.2. 

Quantity Exact 
solution 

SGRA without 
prerestorative step 

SGRA with 
prerestorative step 

X1 
1.1910 1.1931 1.1909 

x2 1.3626 1.3627 1.3612 

x3 
1.4728 1.4724 1.4734 

X4 
1.6350 1.6337 1.6380 

X5 
1.6791 1.6762 1.6793 

yl 
1.2486 1.2487 1.2486 

>2 
1.2449 1.2449 1.2450 

y3 
1.2299 1.2300 1.2298 

*4 
1.1892 1.1896 1.1882 

y5 
1.1740 1.1750 1.1739 

f 0.07877 0.07878 0.07878 
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Table 13. Number of iterations N for convergence. 

Example SGRA without 
prerestorative step 

SGRA with 
prerestorative step 

12.1 8 3 

12.2 11 4 

13.1 13 9 

13.2 9 8 
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Table 14. Value achieved by the function f at convergence. 

Example SGRA without 
prerestorative step 

SGRA with 
prerestorative step 

12.1 0.00000 0.00000 

12.2 4.09303 4.09302 

13.1 -2.49996 -2.49998 

13.2 0.07878 0.07878 
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