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ABSTRACT 

Combined Gradient-Restoration Algorithm 

for Optimal Control Problems 

by 

Venkatesh K. Basapur 

The problem of minimizing a functional I subject to differential constraints, 

nondifferential constraints, and general boundary conditions is considered in 

this thesis. It consists of finding the state x(t), the control u(t), and 

the parameter-rr so that the functional I is minimized, while the constraints 

and the boundary conditions are satisfied to a predetermined accuracy. 

A combined gradient-restoration algorithm is developed. This is an 

iterative algorithm characterized by variations Ax(t), Au(t), Air leading toward 

satisfaction of the optimality conditions, while simultaneously leading toward 

constraint satisfaction. 

The variations Ax(t), Au(t), Air are generated by requiring the first 

variations of the augmented functional J and the constraint error P to be 

negative. The procedure leads to a linear, two-point boundary-value problem, 

which is solved via the method of particular solutions. The descent properties 

of the algorithm are studied, and schemes to determine the optimum stepsize 

are discussed. 

In order to improve the convergence characteristics, the inclusion of a 

restoration phase is studied. In this connection, three versions of the algorithm 

are studied: the combined gradient-restoration algorithm (CGRA); the combined 
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gradient-restoration algorithm with alternate restoration (CGRA-AR); and 

the combined gradient-restoration algorithm with complete restoration (CGRA-CR). 

A comparison of these versions with the sequential gradient-restoration algorithm 

(SGRA) is also made. Three numerical examples are presented to illustrate the 

different approaches. 

Key Words. Numerical methods, optimal control, gradient methods, combined 

gradient-restoration algorithm, differential constraints, nondifferential 

constraints, general boundary conditions. 
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1. Introduction 

In recent years, considerable research has been done on numerical methods 

for solving optimal control problems involving differential and terminal 

constraints. Miele and his associates at Rice University have developed a 

family of first-order algorithms, called gradient-restoration algorithms 

(Refs. 1-5), for the solution of different classes of optimal control problems. 

They include sequential gradient-restoration algorithms (Refs. 1-3) and combined 

gradient-restoration algorithms (Refs. 4-5). 

Sequential gradient-restoration algorithms involve a sequence of two- 

phase cycles, the gradient phase and the restoration phase; in the gradient 

phase, the value of the functional is decreased, while avoiding excessive 

constraint violation; in the restoration phase, the constraint error is 

decreased, while avoiding excessive change in the value of the functional. On 

the other hand, combined gradient-restoration algorithms involve a sequence of 

single-phase cycles, the combined gradient-restoration phase; here, the value 

of the augmented functional is decreased simultaneously with the constraint 

error. 

In the combined gradient-restoration algorithm, the variations Ax(t), 

Au(t), Air are generated by requiring the first variations of the augmented 

functional J and the constraint error P to be negative. The procedure leads 

to a linear, two-point boundary-value problem, which is solved via the method 

of particular solutions (Refs. 6-8). 

The combined gradient-restoration algorithm discussed in Refs. 4-5 does not include 

nondifferential constraints and general boundary conditions; hence, it has a 

restrictive usage. In order to cover a more general class of problems,this 
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thesis considers optimization problems with nondifferential constraints and 

general boundary conditions. As a result, optimization problems arising 

directly in the form considered here can be solved. In addition, problems involving 

equality and/or inequality constraints on the control, the state, and the time 

derivative of the state can be reduced to the present scheme through suitable 

transformations (Refs. 9-10). Furthermore, Chebyshev minimax problems can be 

reduced to the present scheme through suitable transformations (Refs. 11-13). 

To improve the convergence characteristics, a study of variations of the 

main algorithm, including restorative phases,is made. In this connection, three 

versions of the new algorithm are studied: the combined gradient-restoration 

algorithm (CGRA); the combined gradient-restoration algorithm with alternate 

restoration (CGRA-AR); and the combined gradient-restoration algorithm with 

complete restoration (CGRA-CR). These versions are then compared with the 

sequential gradient-restoration algorithm (SGRA). 

1.1. Notation. In this paper, vector-matrix notation is used. A vector, 

such as x, is defined to be a column vector. The symbol T denotes transposition 

of vector or matrix. 

If A is a scalar function of the arguments x,u,7r,t, the symbol A denotes 
A 

the column vector whose components are the first partial derivatives of A with 

respect to the components of the vector x; therefore, dim(x) is the number of 

components of the vector A . 
A 

If B is a vector function of the arguments x,u,ir,t, the symbol B denotes 
A 

the matrix whose components are the first partial derivatives of the components 

of B with respect to the components of the vector x; this matrix is defined 

in such a way that dim(x) is the number of rows and dim (B) is the number of 

columns. 
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If t is the time (a scalar), the dot denotes total derivative with 

respect to t (that is, x = dx/dt). The subscript 0 denotes the initial point, 

and the subscript 1 denotes the final point. 
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2. Statement of the Problem 

The optimal control problem can be stated as follows: minimize the 

functional 

I = 
rl 

f(xju,IT ,t)dt + [h(x,7r )]n + 
Jo u 

[g(x,Tr )] 3 (1) 

with respect to the state x(t), the control u(t), and the parameterir which 

satisfy the differential constraints 

x = <j>(x,U,TT,t), 0 < t < 1, (2) 

the nondifferential constraints 

S(X,U,TT ,t) = 0, 0 <_ t <_ 1, (3) 

and the boundary conditions 

[W(XüT )]0 = 0, (4) 

(x)] -j = 0. (5) 

In the above equations, the independent variable is the time t (a scalar), 

and the dependent variables X,U,TT are vectors of appropriate dimensions. 

Specifically, x is an n-vector, u is an m-vector, and ir is a p-vector. 

Also in the above equations, the functions f,h,g are scalar, and the 

functions <j>,w,ij>,S are vectors of appropriate dimensions. Specifically, <j> 

is an n-vector, w is an a-vector, \p is a b-vector, and S is a c-vector, with 

a < n, b < n, c < m. (6) 
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We assume that the first and second partial derivatives of the functions 

f,h,g and <|>,w,iJ>,S with respect to the components of the vectors x,u,ir exist 

and are continuous. We also assume that the matrix oyo is nonsingular 
A A 

T 
at the initial point, that the matrix JJ is nonsingular at the final point, 

A A 

and that the matrix S^SU is nonsingular everywhere along the interval of 

integration; that is, 

rank(wx)0 = a, (7a) 

rank(^x)1 = b, (7b) 

rank (Su) = c, 0 £ t £ 1. (7c) 

We note that, for the above problem, the interval of integration has 

been normalized to unity. Problems where the final time is other than unity 

can be reduced to the above format by normalizing the time with respect to the 

final time and by regarding the final time, if it is free, as one of the 

components of the parameter IT. 

In the terminology of the calculus of variations, the above problem is 

called the Bolza problem and includes as particular cases the Lagrange problem 

and the Mayer problem. The former occurs when h = 0, g H 0, and the latter 

occurs when f E 0. For the above Bolza problem, the necessary condition for 

an extremum can be found, for example, in Refs. 14-16. 
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3. First-Order Conditions 

From calculus of variations, it is known that problem represented by 

Eqs. (l)-(5) is of the Bolza type. It can be recast as that of minimizing 

the augmented functional 

J = x + H)dt + (F)0 
+ (G)-j > (8) 

subject to (2)-(5), where 

H = f - XT«J> + pTS, F = h + 
T o w, 6 = g 

T. 
U (9) 

In (8)-(9), the n-vector X(t) is a variable Lagrange multiplier, the 

c-vector p(t) is a variable Lagrange multiplier, the a-vector a is a constant 

Lagrange multiplier, and the b-vector y is a constant Lagrange multiplier. 

Upon integrating by parts the term XTx, we see that the augmented functional 

(8) can be written as 

J = f (-XTx + H)dt + (-XTx + F)n + (XTx + 6), 
JQ u 1 (10) 

The functions x(t), u(t), TT and the multipliers X(t), p(t), a, y solving 

the previous problem must satisfy the feasibility equations (2)-(5) and 

the following first-order optimality conditions: 

X - 
Hx = 0, 0 £ t _< 1 , (ID 

% - o, 0 £ t £ 1 , (12) 

rl 
H dt + (F )n + (G )-. - 0, J Q TT IT U Mr 1 

(13) 

o
 

II 0
 

X
 

U_ 

+
 1 (14) 

(X + Gx)1 = 0. (15) 
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4. Approximation Methods 

In general, the differential system (2)-(5) and (11)-(l5) is nonlinear, 

and approximation methods must be used to seek a solution iteratively. In 

this connection, let the norm squared of a vector v be defined by 

Z(v) = vTv. (16) 

Then, the constraint error P can be written as 

P = 
1 1 
Z(x - cf>)dt + Z(S)dt + Z(w)n + Z(ÿ),, 

J n u 1 
0 JO 

and the error in the optimality conditions Q is given by 

f1 • f1 

Q = j Z(X - Hx)dt + J Z(Hu)dt + Z 

+ Z(-X + FX)Q + Z(X + 6X)^ 

1 
H dt + (F )n + (G ), . ir ' IT '0 v ir '1 

(17) 

(18) 

For the exact optimal solution, one must have 

P = 0, Q = 0. (19) 

For an approximation to the optimal solution, the following relations are 

to be satisfied: 

P <_ £-| , Q < * 

where e-j and are preselected,small, positive numbers. 

(20) 
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5. Combined Gradient-Restoration Algorithm 

The combined gradient-restoration algorithm (CGRA) involves a sequence 

of single phase cycles, the combined gradient-restoration phase; here, the 

value of the augmented functional J [see Eq. (10)] is decreased simultaneously 

with the constraint error P [see Eq. (17)]. The algorithm is characterized 

by variations Ax(t), Au(t), Arr which lead simultaneously toward satisfaction 

of the optimality conditions and satisfaction of constraints. 

5.1. Notation. Let x(t), u(t), ir denote the nominal functions; let 

x(t), u(t),TT denote the varied functions; and let Ax(t), Au(t), Air denote 

the perturbations leading from the nominal functions to the varied functions. 

Assume that the perturbations Ax(t), Au(t), Air are linear in the stepsize a, 

where a > 0; and let A(t), B(t), C denote the perturbations per unit stepsize. 

Then, the following relations hold: 

x(t) = x(t) + Ax(t) = x(t) + aA(t), (21a) 

u(t) = u(t) + Au(t) = u(t) + aB(t), (21b) 

ir =ir + AJT = ir +aC. (21c) 

With regard to the functionals, let I, J, P denote the values associated 

with the nominal functions; let I, J, P denote the values associated with the 

varied functions; and let Al, AJ, AP denote the total variations of these 

functionals caused by the perturbations Ax(t), Au(t), Air. By definition, the 

following relations hold: 

I = I + AI, J = J + AJ, P = P + AP. (22) 
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5.2. First Variations. The passage from the nominal functions to 

the varied functions causes the performance indexes I, J, P to change. To 

first order, we see that 

6J = 

+ 

ÔP = 

1 * T 
(-X + H ) Axdt + 
A A 

,1 

^0 
HuAudt + Hdt + (F )rt + (6 ), ■> rr ir 0 IT I 

Air 

[(-A + FX)TAX]Q +[(X + Gx)
TAx]r 

rl . T f1 

(x - <j>) 6(x - (j>)dt + 2 ! 
0 Jo 

(x - 4>)^6(x - (j>)dt + 2 S^6Sdt + 2(u^6u)n + 2(4>"'"ô4>)1, 
Jn u ‘ 

(24) 

(25) 

where the symbol <$(...) denotes the first variation. Note that, when computing 

the first variation (24), the multipliers A(t), p(t), a, y are held unchanged. 

5.3. Special Variations. We consider the system of variations defined 

by the relations 

6(x - <t>) + e(x - <j>) = 0, 0 <_ t <_ 1, (26) 

6S + $S = 0, 0 £ t <_ 1, (27) 

(Aw + $u))Q = 0, (28) 

(<ty + 3rfr) -j = 0, (29) 

0 < t < 1, (30) 

Au + aH =0, 0 < t < 1, (31) 
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rl 
Air + a 

0 
H dt + (F )n + (G ), 
TT TT 0 TT 1 = 0, 

[Ax + a(-X + FX)]Q = 0, 

(X + Gx)1 = 0. 

Here, a and 3 are positive scaling factors, called the gradient stepsize 

and the restoration stepsize, respectively. 

5.4. Descent Properties. When the variations defined by (26)-(34) are 

employed, the first variations (24)-(25) become 

(32) 

(33) 

(34) 

<5J = -cxQ, <SP = -23P, (35) 

where P and Q denote the constraint error and the error in the optimality 

conditions associated with the nominal functions [see (17)-(18)]. If a, 3, 

P, Q are nonzero, Eqs. (35) show that 

<5J <0, 6P < 0. (36) 

These are the basic descent properties of the combined gradient-restoration 

algorithm. They guarantee that, if a and 3 are sufficiently small, 

J < J, P < P. (37) 

5.5. Derived Descent Property. Let the augmented penalty functional W 

be defined as 

W = J + kP, (38) 

where k > 0 is the penalty constant. The first variation of the functional 

(38) is given by 
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ÔW = 6J + k6P, (39) 

which, in the light of (35), can be written as 

SW = -aQ - 2kgP. (40) 

If a,6,P,Q are nonzero, this equation shows that 

<5W < 0. (41) 

This is the derived descent property of the combined gradient-restoration 

algorithm. It guarantees that, if a and g are sufficiently small, 

W < W. (42) 

5.6. Explicit Form of the Special Variations. On account of (9) 

and the definition of first variation, Eqs. (26)-(34) can be rewritten in the 

following explicit form: 

Ax - (}JAX - (j^Au - <J>"*AIT + e(x - <j>) = 0, 0 £ t £ 1, (43) 

S][AX + SJAU + sj&r + 3S = 0, 0 £ t £ 1, (44) 

(üJAX + üJAJT + gw)n = 0, (45) 
A TT U 

(^Ax + if^Anr + &J>)1 = 0, (46) 

and 

Â - f
x + 4>x* - s

x
p = °» 0 < t < 1, (47) 

Au + ot(fu - <f>uA + Sup) = 0, 0 £ t £ 1, (48) 
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- 0, 

[Ax + a(-X + hx + wxa)]0 = 0, 

(X + gx + i|>xu)-, = 0. 

AIT + a A ' %X + S
7Tp)dt + (hTT + arrcr)0 

+ {% +
 V0! (49) 

(50) 

(51) 

Next, we introduce the variations per unit stepsize A(t), B(t), C 

defined by Eqs. (21). Also, we define the directional coefficient y as 

the ratio of the restoration stepsize to the gradient stepsize, 

y = B/o. (52) 

We note that, in the implementation of the combined gradient-restoration 

algorithm, the directional coefficient y is held constant throughout the 

algorithm. With this understanding, Eqs. (43)-(51) can be rewritten as 

À - <f>JA - 4>JB - * + f(* " 4>) = 0, 

S[A + sÿ + s|c + yS = 0, 

(wx A + OJJC + yw)Q = 0, 

(4>XA + ipjc + yrp) -j = 0, 

0 < t < 1, (53) 

0 < t < 1, (54) 

(55) 

(56) 

X ’ fx + <j)xX " Sxp = 0> 

B + f -d>X + Sp=0, u Tu uK 

0 < t < 1, 

0 < t < 1, 

(57) 

(58) 

C + Sfrt ' KX + S
Trp)dt + (fV + UTTa)0 + + V}1 = °' 

(59) 
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(A - X + hx + WX<J)0 = 0, (60) 

(x + 9X 
+ = o. (61) 

For a given value of the directional coefficient y, the differential system 

(53)-(61) is linear and nonhomogeneous in the perturbations per unit stepsize 

A(t), B(t), C and the multipliers X(t), p(t), cr, y. It can be solved without 

assigning a value to the stepsize a. The technique employed to solve this 

system is the method of particular solutions (Refs. 6-8). Once the system 

has been solved, the stepsize a is selected so as to enforce at least one of 

the descent properties (37) and (42). 

5.7. Linear, Two-Point Boundary-Value Problem. The system (53)-(61) 

constitutes a linear, two-point boundary-value problem (LTP-BVP) in the 

unknowns A(t), B(t), C and X(t), p(t), a, y. In order to solve this system, 

we employ a forward integration scheme (Ref. 17) in combination with the 

method of particular solutions. More precisely, we execute n+p+1 independent 

sweeps of the differential system, each characterized by a different value 

of the (n+p)-vector y, whose components are the n components of the vector 

X(0) and the p components of the vector C. Therefore, 

The generic sweep is started by assigning particular values to the 

components of y, that is, the components of the vectors X(0) and C. Therefore, 

Eqs. (55) and (60) constitute a system of n+a linear relations in which the 

unknowns are the n+a components of the vectors A(0) and a. This system has 

a unique solution, providing condition (7a) is satisfied. 

Once the vectors A(0) and a are known, the functions A(t) and X(t), 

together with B(t) and p(t), are obtained by forward integration of (53) and 

y = [XT(0),CT]T. (62) 
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(57), subject to (54) and (53). Note that, at each time station t, 0 £ t £ 1, 

Eqs.(54) and (58) constitute a system of m+c linear relations in which the 

unknowns are the m+c components of the vectors B(t) and p(t). This system 

has a unique solution, providing condition (7c) is satisfied. As a result 

of the procedure, the sweep is completed. For the arbitrary value assigned 

to y, it leads to the satisfaction of all the equations of the system (53)- 

(61), except Eqs. (56), (59), (61). 

In order to satisfy Eqs. (56), (59), (61), and because the system (53)- 

(61) is nonhomogeneous, n+p+1 independent sweeps must be executed employing 

n+p+1 independent vectors y^, i= 1,2,..., n+p+1. The first n+p sweeps are 

performed by choosing the vectors yn+p to be the columns of the 

identity matrix of order n+p. The last sweep is executed by choosing yn+p+-| 

to be the null vector. As a result, one generates the functions and multipliers 

Ai(t), B.(t), C., X.(t), p.(t), a.j, 1 - 1,2,..., n+p+1. (63) 

Next, introduce the n+p+1 undetermined, scalar constants and form 

the linear combinations 

A(t) - SkiA.(t), B(t) = Zk.B.(t), C = Zk1-Ci, (64) 

A(t) — Zk^X•(t), p(t) = ZkjP|(t), a = Zk^a^, (65) 

where the summations are taken over the index i. The n+p+1 coefficients k.. 

and the b components of the multiplier p are obtained by forcing the linear 

combinations (64)-(65) to satisfy Eqs. (56), (59), (61), together with the 

normalization condition (Refs. 6-8) 

(66) 
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Therefore, the n+p+1 constants and the b components of the multiplier y 

are obtained by solving the following linear algebraic system: 

Zk-t^A. + xpjci)1 + Y(’I')] - 0, 

rl 
Eki Ci + 

Jo 
KXi + Supi)dt + Kai}0 + (Vlp 

„fndt+ (hn}0+ <Ol = 0, 

(X.)-J + ( (o^)-! = 

zki = 1 

(67) 

(68) 

(69) 

(70) 

Once the constants k.. are known, the solution of the LTP-BVP (53)-(61) is 

given by (64)-(65). 

5.8. Alternative Form. The above results can be presented in a more 

compact form if one defines the matrices 

A(t) = [A1(t),A2(t),...,Ae(t)l, (71) 

B(t) = [B1(t),B2(t) Be(t)], (72) 

C - [C-| ,C2, • • • )Cg], (73) 

x(t) = [X-j (t) »X2(t),... >Xg(t)], (74) 

p(t) = [p1(t),p2(t) Pe(t)], (75) 

o ~ [a-| ,a2»... ,cfg] » (76) 

and the vectors 
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k - [k-j j k2 » • • • » kg] i 

U = [1,1,...,!]'. 

Note that, in (71)-(77)» 

e = n+p+1 

With these definitions, Eqs. (64)-(65) become 

A(t) = A(t)k, B(t) = B(t)k, C = Ck, 

X( t) = X(t)k, p(t) = p(t)k, a = 5k, 

and Eqs. (67)-(70) become 

(^A + ^C)-|k + y(ip)-| = 0S 

C + 
1 
(-^X + p)dt + (i^5)0 k + 

Adt + (^r }0 + K>1 = 0, 

(X)-jk + (^x)-jy + (9X)-| = 0, 

U k - 1 = 0. 

(77) 

(78) 

(79) 

(80) 

(81) 

(82) 

(83) 

(84) 

(85) 

5.9. Updating Schemes. From Section 5.8, the functions A(t), B(t), C 

which solve the LTP-BVP (53)-(61) are known. Then, the state, the control, 

and the parameter are updated according to one of the following schemes. 

Scheme (a). In this scheme, we employ the relations 

x(t) = x(t) + aA(t), 0 < t < 1, (86a) 
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u(t) = u(t) + aB(t), 0 < t < 1, (86b) 

ir = ir + aC. (86c) 

Clearly, violations of the differential equation (2) are allowed during 

computation. 

Scheme (b). In this scheme, we employ the relations 

x(0) = x(0) + oA(0), (87a) 

u(t) = u(t) + aB(t), 0 < t < 1, (87b) 

TT = IT + aC. (87c) 

Then, the new state x(t) is obtained by forward integration of Eq. (2), 

subject to Eqs. (87). Clearly, violations of the differential equation (2) 

are not allowed during computation. 

5.10. Stepsize. Regardless of whether Scheme (a) or Scheme (b) is 

employed, Eqs. (86) or (87) define a one-parameter family of varied functions, 

the parameter being the stepsize a. For this one-parameter family, the 

functionals J,P,W become functions of the form 

J = J(a), P = P(a), W = W(a). (88) 

In particular, at a=0, 

J(0) = J, P(0) = P, W(0) = J + kP, (89) 

Ja(0) = Pa(0) = "2yP’ Wa(0) = '(Q + 2kyP)' (90) 
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Rigorously speaking, the stepsize a should be determined in such a 

way that at least one of the following optimality conditions is satisfied: 

Ja(°0 = 0, Pa(a) = 0, Wa(a) = 0. (91) 

In practice, (91) is replaced by 

J (a) a < e3, P (a) av 1 e4» W (a) or ' < e5, (92) 

or by 

J (a) or ' - e6 Ja(0) P (a) or ' - e7 P (0) a' W (a) a' ' 1 % W (0) a . (93) 

where e^, e^, and e^, e^, are preselected, small, positive numbers. 

We note that the determination of a in a way consistent with (92) or (93) 

might take excessive computer time if the preselected tolerances are too small. 

This is why it is preferable to replace the exact search with an approximate 

search leading to the satisfaction of at least one of the following inequalities 

J(a) < 3(0), P(a) < P(0), W(a) < W(0). (94) 

In the following sections, we describe a three-step procedure leading 

to the satisfaction of (94-3). The procedure includes a scanning process, 

followed by a cubic interpolation process, followed by a bisection process 

(Ref. 18). 

Scanning Process. We consider the sequence of stepsizes 

{a} = {0,c,2c,4c,8c,...}, (95) 

where c is a positive constant. For every element of the sequence (95), 

we compute the functions W(a) and Wa(ct). We denote by a-| and a3 the smallest 
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consecutive elements of the sequence (95) such that the following inequalities 

are satisfied: 

Wa(ai) < 0, Wa(a2) 
> °* (96) 

Then, assuming that the derivative W (a) is continuous, a relative minimum ot 
of W(a) occurs for a value aQ such that 

al < ao < a2* (97) 

Cubic Interpolation Process. In order to find the minimum of W(a) 

numerically, we approximate the function W(a) with the cubic form 

W(a) = kg + k-ja + k2a2 + k3a2, (98) 

with the implication that 

Wa(a) = k1 + 2k2a + 3k3a2, Waa(a) = 2k£ + 6k3a. (99) 

The coefficients k.. are computed by forcing the cubic function (98) and 

its first derivative (99-1) to satisfy the exact values of the ordinate W(a) 

and the slope Wa(a) at a-j and a2; that is, the coefficients k. are computed from 

the conditions 

W(a.j) = kg + k-|Cc-| + k2a2 + k3a2, 

W(a2) kQ k-ja2 k2ot2 ^ k3oc2, 

~ 2 
'Aa^al^ = k^ + 2k2a-| + 3k3a-|, 

Wa(ot2) = k-| + 2k2a2 + 3k3a2< 

(100a) 

(100b) 

(101a) 

(101b) 
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With the coefficients known, the optimum value of a can be computed from 

the relation 

Wa(a) = 0, (102) 

which implies that 

aQ = (l/3k3) [-k2 + /(k2 - 3k1k3)]. (103) 

In the limiting case where the solution of Eqs. (100)-(101) is such 

that 

k3 = 0, (104) 

the optimal stepsize aQ cannot be computed with Eq. (103), since the 

numerator and the denominator vanish simultaneously. This difficulty can be 

bypassed by observing that the limiting case (104) means that the cubic 

approximation (98) is being replaced by a quadratic approximation. As a 

consequence, the optimal stepsize of the cubic approximation (103) must be 

replaced by the optimal stepsize of the quadratic approximation, 

aQ = -k]/2k2. (105) 

Bisection Process. Once the reference stepsize aQ is known, we consider 

the sequence of stepsizes 

{a} = {aQ, aQ/2, aQ/4, aQ/8,...}. (106) 

Then, we determine the largest element in the sequence (106), such that the 

following inequality is satisfied: 

W(ct) < W(0). (107) 
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5.11. Summary of the Algorithm. The combined gradient-restoration 

algorithm (CGRA) is an iterative technique of the first-order type which has 

simultaneous descent properties in the performance indexes J and P [see Eqs. 

(10) and (17)];hence, it has a descent property in the performance index 

W [see Eq. (38)]. The algorithm is characterized by variations which lead 

simultaneously toward satisfaction of the optimality conditions and satisfaction 

of the constraints. The description of the algorithm is given below. 

Step 0. Select a constant value for the directional coefficient y appearing 

in (53)-(61). Select the tolerances and appearing in (20). Select the 

constant c appearing in (95). Select the updating scheme, whether Scheme (a) 

or Scheme (b). 

Step 1. If Scheme (a) is employed, assume nominal values for x(t), u(t), 

IT. If Scheme (b) is employed, assume nominal values for x(0), u(t),ir. Then, 

obtain the state x(t) by forward integration of Eq. (2). 

Step 2. For the nominal functions, compute the forcing terms (vectors) 

and the coefficients (matrices) appearing in the linear system (53)-(61). 

Step 3. Solve the LTP-BVP (53)-(61) by employing the method of particular 

solutions; see the procedure of Sections 5.7-5.8. Note that n+p+1 independent 

sweeps of the linear system are needed. In this way, obtain the perturbations 

per unit stepsize A(t), B(t), C and the multipliers X(t), p(t), a, y. 

Step 4. Using the nominal functions of Step 1 and the multipliers obtained 

in Step 3, compute the performance indexes P and Q, given by Eqs. (17)-(18). 

If P and Q satisfy Ineqs. (20), stop; convergence has been achieved. Otherwise, 

continue; go to Step 5. 

Step 5. Using the perturbations per unit stepsize obtained in Step 3, 

consider the one-parameter family of varied functions x(t), u(t),îr generated 
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with the procedure of Section 5.9; see Eqs.(86) for Scheme (a) or Eqs.(87) 

for Scheme (b). For this one-parameter family, compute the stepsize a by 

a one-dimensional search on the function W(a); see the process of Section 5.10, 

consisting of scanning, cubic interpolation, and bisection until Ineq. (107) 

is satisfied. 

Step 6. Once the stepsize a is known, update the state, the control, and 

the parameter with the procedure of Section 5.9. 

Step 7. Return to Step 1. 
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6. Restoration Algorithm 

In this section, we describe two modifications of CGRA, namely , the 

combined gradient-restoration algorithm with alternate restoration (CGRA-AR) 

and the combined gradient-restoration algorithm with complete restoration 

(CGRA-CR). Both CGRA-AR and CGRA-CR require the use of a restoration phase. 

In CGRA-AR, the restoration phase is used alternately with the combined gradient 

restoration phase, providing the nominal functions violate Ineq. (20-1); 

therefore, each restoration phase involves a single restorative iteration. In 

CGRA-CR, the restoration phase is used providing the nominal functions violate 

Ineq. (20-1); therefore, each restoration phase might involve several restorative 

iterations. Note that, in both CGRA-AR and CGRA-CR, the restoration phase is 

bypassed if Ineq. (20-1) is satisfied at the end of a combined gradient-restoration 

phase. 

In the following sections, we describe the restoration algorithm. This 

algorithm is characterized by variations Ax(t), Au(t), Air which lead toward 

constraint satisfaction, while simultaneously minimizing a functional which 

measures the cumulative change of the control vector, the parameter vector, 

and the initial state vector. 

6.1. Notation. Let x(t), u(t), ir denote the nominal functions; let 

x(t), u(t), rr denote the varied functions; and let Ax(t), Au(t), Air denote 

the perturbations leading from the nominal functions to the varied functions. 

Assume that the perturbations Ax(t), Au(t), AIT are linear in the stepsize 6, 

where B > 0; and let A(t), B(t), C denote the perturbations per unit stepsize. 

Then, the following relations hold: 

x(t) = x(t) + Ax(t) = x(t) + BA(t), (108a) 
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u(t) = u(t) + Au(t) = u(t) + 3B(t), (108b) 

it=ir+Air=ir+$C. (108c) 

6.2. Linearized Equations. With the above notations and to first- 

order, the variations Ax(t), Au(t), Arr must satisfy the linearized constraint 

equations. These linearized constraint equations are given implicitly by 

Eqs. (26)-(29) and explicitly by Eqs. (43)-(46). 

6.3. Descent Properties. When the variations described by (26)-(29) 

or (43)-(46) are employed, the first variation of the constraint error P can 

be rewritten in the form given by Eq. (35-2). Therefore, if 3,P are nonzero, 

Ineq. (36-2) holds. It guarantees that, if 3 is sufficiently small, Ineq. 

(37-2) holds. 

6.4. Auxiliary Minimization Problem. Among the infinite number of solutions 

of Eqs. (43)-(46), we seek the one that produces the least-square change of 

the control vector, the parameter vector, and the initial state vector, for 

a given stepsize 3. Therefore, we seek the minimum of the quadratic functional 

K - (1/23 ) 
'1 y T T 

Au Audt + Air Air + (Ax Ax)g (109a) 

subject to (43)-(46). In the light of (108), this is the same as stating 

that we seek the minimum of the quadratic functional 

BTBdt + CTC + (A
T

A)Q , (109b) 

subject to (53)-(56), employed with y. = 1. 

By applying standard techniques of optimal control theory or calculus 

of variations, the following optimality conditions are obtained: 
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A + <0XA ~ Sx p = 0, 0 < t < 1, (110) 

B - <f>u* + Sup = 0, 0 < t < 1, (111) 

rl 
C + ^(-d^X + p)dt + (U^OJQ + (^y)-] = 0, (112) 

(A - A + WXO)Q = 0, (113) 

(A + = 0. (114) 

Summarizing, we seek functions A(t), B(t), C and multipliers A(t), p(t), 

a, y which satisfy the linearized constraints (53)-(56).with y = 1» and the 

optimality conditions (110)-(114). 

6.5. Linear, Two-Point Boundary-Value Problem. The technique used to 

solve the LTP-BVP (53)-(56), with y = 1, and (llO)-(l14) is analogous to the 

one that is described in Sections 5.7-5.8; hence, it is omitted, for the 

sake of brevity. 

6.6. Restoration Stepsize. With the functions A(t), B(t), C known, the 

one-parameter family of varied functions (108) can be formed. For this one- 

parameter family, the constraint error (17) becomes a function of the form 

P=P(B). (115a) 

Then, the stepsize 0 must be selected so that the following relation is satisfied: 

P(0) < P(0). (115b) 

Satisfaction of Ineq. (115b) is possible because of the descent property of 

the restoration phase. 

In order to achieve satisfaction of (115b), a bisection process is employed, 

starting from a reference stepsize 0 =1. This reference stepsize has the property 

of yielding one-step restoration for the case where the constraints (2)-(5) are linear 
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7. Algorithm Versions 

It is possible to describe a generalized algorithm which includes as 

particular cases both the combined gradient-restoration algorithm (CGRA) 

and the sequential gradient-restoration algorithm (SGRA, Ref. 3). The 

two modifications of CGRA [namely, the combined gradient-restoration algorithm 

with alternate restoration (CGRA-AR) and the combined gradient-restoration 

algorithm with complete restoration (CGRA-CR)lcan also be included as particular 

cases. 

7.1. Generalized Algorithm. The generalized algorithm can be described 

by embedding Eqs. (53)-(61) into the following two-parameter family: 

Â - <£A - - 4>jc + y(x - *) « 0 0 < t < 1 (116) 

S^A + SJB + sjc + YS = 0 0 < t < 1, (117) 

(118) 

<* + 4>Jc + Y^)-| = 0 (119) 

and 

x + *xx - sxp - nfx = o 0 < t < 1, (120) 

B - <j>ux + su p + nfu 
s o o < t < l, (121) 

A 
C + (-<J>ffX + p)dt + (\o)0 + (^v)-] + n + (^)o + (g„)1 =0, (122) 

(A - X + ayj + nh^Q = 0 (123) 

(x + ipxu + ngx)1 = o. (124) 
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By assigning different set of values to the nondimensional parameters y 

and n> one can generate the algorithms described below. 

7.2. Combined Gradient-Restoration Algorithm. CGRA involves a sequence 

of combined gradient-restoration phases. 

Each combined gradient-restoration phase consists of a single iteration, 

in which the linear system (116)-(124) is solved for 

n = 1. Y=l. (125) 

The stepsize a is determined by a one-dimensional search on the function 

W(a) until Ineq. (107) is satisfied. 

7.3. .Combined Gradient-Restoration Algorithm with Alternate Restoration. 

CGRA-AR involves the alternate succession of combined gradient-restoration 

phases and restoration phases. 

Each combined gradient-restoration phase consists of a single iteration, 

in which the linear system (116)-(124) is solved for 

n = 1. Y = 1. (126) 

The stepsize a is determined by a one-dimensional search on the function 

W(a) until Ineq. (107) is satisfied. 

Each restoration phase consists of a single iteration, in which the linear 

system (116)-(124) is solved for 

n - 0, Y-l. (127) 

The stepsize 3 is determined by a one-dimensional search on the function P(3) 

until Ineq. (115b)is satisfied. Here, a bisection process is employed, 

starting from 3=1. 
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Note that CGRA-AR always starts with a restoration phase. Also note 

that the restoration phase is bypassed if Ineq. (20-1) is satisfied. 

7.4. Combined Gradient-Restoration Algorithm with Complete Restoration. 

CGRA-CR involves the alternate succession of combined gradient-restoration 

phases and restoration phases. 

Each combined gradient-restoration phase consists of a single iteration, 

in which the linear system (116)-(124) is solved for 

O-l. Y = 1. (128) 

The stepsize a is determined by a one-dimensional search on the function 

W(a) until Ineq. (107) is satisfied. 

Each restoration phase consists of several iterations. In each iteration, 

the linear system (116)-(124) is solved for 

0=0, y = 1. (129) 

In each iteration, the stepsize 8 is determined by a one-dimensional search 

on the function P(8) until Ineq. (115b)is satisfied. Here, a bisection process 

is employed, starting from 8=1. The restoration phase is terminated whenever 

Ineq. (20-1) is satisfied. 

Note that CGRA-CR always starts with a restoration phase. Also note 

that the restoration phase is bypassed if Ineq. (20-1) is satisfied. 

7.5. Sequential Gradient-Restoration Algorithm. SGRA involves the 

alternate succession of gradient phases and restoration phases. 

Each gradient phase consists of a single iteration, in which the linear 

system (116)-(124) is solved for 

n = 1, Y = 0. (130) 



29 

The stepsize a is determined by a one-dimensional search on the function 

W(a) until Ineq. (107) is satisfied. 

Each restoration phase consists of several iterations. In each iteration, 

the linear system (116)-(124) is solved for 

n = 0, y = 1. (131) 

In each iteration, the stepsize 6 is determined by a one-dimensional search 

on the function P($) until Ineq. (115b)is satisfied. Here, a bisection process 

is employed, starting from 3=1. The restoration phase is terminated whenever 

Ineq. (20-1) is satisfied. 

Note that SGRA always starts with a restoration phase. Also note that 

the restoration phase is bypassed if Ineq. (20-1) is satisfied. 
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8. Experimental Conditions 

In order to evalute the theory, three numerical examples were solved. 

All of the algorithms were programmed in FORTRAN IV, and the numerical results 

were obtained in double-precision arithmetic. 

Computations were performed at Rice University using an NAS-AS-9000 computer. 

For all of the examples, the interval of integration was divided into 100 steps. 

The differential systems were integrated using Hamming's modified predictor- 

corrector method with a special Runge-Kutta starting procedure (Ref. 17). The 

definite integrals I, J, P, Q were computed using a modified Simpson's rule. 

8.1. Updating Scheme. For all of the algorithms, the initial state, the 

control, and the parameter were updated according to Scheme (b); namely, 

x(0) = x(0) + oA(0), (132a) 

u(t) = u(t) + aB(t), 0 £ t <_ 1, (132b) 

7T = TT + aC. (132c) 

Then, the new state x(t) was obtained by forward integration of the state 

differential equation, subject to Eqs. (132). 

8.2. Stepsize. For the combined gradient-restoration phase of CGRA, 

CGRA-AR, and CGRA-CR and for gradient phase of SGRA, the stepsize a was 

determined by a one-dimensional search on the function 

W(a) = 0(a) + kP(a). (133) 

This function was computed for a penalty constant k = 1. The search procedure 

consists of a scanning process, followed by a single-step cubic interpolation 

process, followed by a bisection process (see Section 5.10), until Ineq. (107) 
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is satisfied. In the scanning process, the following sequence of stepsizes: 

{a} = {0,1,2,4,8,...} (134) 

was employed. 

For the restoration phase of CGRA-AR, CGRA-CR, and SGRA, the stepsize 

8 was determined by a one-dimensional search on the function P(8). Here, 

a bisection process was employed, starting from 3 = 1» until Ineq. (115b) is 

satisfied. 

8.3. Convergence. The algorithms were terminated whenever a solution 

consistent with the following inequalities was found: 

P £ E - 08, (135a) 

Q £ E - 04. (135b) 

Here, P is the constraint error and Q is the error in the optimality 

conditions. 

8.4. Nonconvergence. The algorithms were programmed to stop whenever 

violation of one of the following inequalities occurred: 

N £ 50, (136a) 

Nb £ 10. (136b) 

Here, N is the iteration number and Nbis the number of bisections of the stepsize 

a or 8 required to satisfy either Ineq. (107) or Ineq. (115b). 

8.5. Termination of the Restoration Phase. The restoration phase of 

CGRA-CR and SGRA was terminated if Ineq. (135a) was satisfied at the end of a 

restorative iteration. 
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8.6. Bypassing Condition. The restoration phase of CGRA-AR, CGRA-CR, 

and SGRA was bypassed if Ineq. (135a) was satisfied at the beginning of a 

restorative iteration. 

3.7. Remark. The derivative Wa(a), required for the computation of 

the stepsize a of Section 8.2, was computed by means of the following forward 

difference scheme: 

Wa(a) = (1/ e) [W(a + e) - W(a)], (136c) 

with e = 0.01. 
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9. Numerical Examples 

In this section, three numerical examples are presented. Scalar notation 

is employed. In particular, the symbols x^(t), i = l,2,...,n, denote the 

components of the state; the symbols u^(t), i = l,2,...,m, denote the components 

of the control; and the symbol s IT , i = l,2,...,p, denote the components of 

the parameter. 

Example 9.1. This example is a minimum time problem and involves (i) 

a linear functional, (ii) nonlinear differential equations, (iii) boundary 

conditions of the fixed-endpoint type, and (iv) free final timet. After 

setting TT-J = t, the problem is as follows: 

I = TT -| , (137a) 

x-| = TT-JUJ, 0 < t < 1, (137b) 

x2 _^'j(^'j “ U-|), 0 £ t <_ 1, (137c) 

x-| (0) = 0, x2(0) = 0, (137d) 

x1(l) = 1, x2(l) = 0. (137e) 

The assumed nominal functions are: 

x-j (0) = 0, x2(0) = 0, (138a) 

u-,(t) = 1, 0 < t < 1, (138b) 

Tr
1 

= K (138c) 

The nominal state x-j(t), x2(t) is obtained by forward integration of (137b), 

(137c), subject to (138). 



34 

Example 9.2. This is a minimum time problem with (i) a linear functional, 

(ii) nonlinear differential equations, (iii) a linear nondifferential equation, 

(iv) components of the initial state partly given and partly free, with the 

free components subject to a nonlinear relation, (v) components of the final 

state partly given and partly free, and (vi) free final time T. After setting 

iT-j = x, the problem is as follows: 

I = tr i, (139a) 

x-j = (7T-J/3)(U-| + 2U2), 0 £ t < 1, (139b) 

*2 = "l^l “ ul/2 " U
2
/2)

* 
0 £ t £ 1, (139c) 

x3 = -|(u-, - x2 + Xl), 0 < t < 1, (139d) 

u1 - u2 = 0, 0 £ t £ 1, (139e) 

x-|(0) = 0, x2(0) + x2(0) - 1, (139f) 

x2(l) » 0, x3(l) = 2. (139g) 

The assumed nominal functions are: 

x1(0)=0, x2(0) = 1//2, x3(0) = 1//2, (140a) 

u-j(t) = 1, u2(t) “1, 0 < t < 1, (140b) 

TT -j = 1 . (140c) 

The nominal state x-|(t), x2(t), x3(t) is obtained by forward integration 

of (139b), (139c), (139d), subject to (140). 
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Example 9.3. This example involves (i) a quadratic functional, (ii) 

linear differential equations, (iii) a nonlinear nondiffereritial equation, 

(iv) components of the initial state subject to two relations, one linear and one 

nonlinear, (v) components of the final state partly given and partly free, 

and (vi) fixed final timer = 1: 

f1 2 I = ufdt, 
J 0 1 

(141a) 

X1 = x2, 0 < t < 1, (141b) 

x2 - ur 0 < t < 1, (141c) 

X
*

 
C

O
 II X

 
■p

* *0
 0 < t < 1, (141d) 

*4 = u2’ 0 < t < 1, ( 141 e ) 

u-j + 2X3U2 + 2xjj * 0, 0 < t < 1, ( 141 f ) 

x-j(O) + x2(0) « 1, x|(0) + 2X3(0)X4(0) = -0.85, (141g) 

Xl(l) = 0, x2(l) - -1. ( 141 h ) 

The assumed nominal functions are: 

x-j (0) = 0, x2(0) = 1, x3(0) = ✓(0.15), x4(0) = -l/2/(0.15), (142a) 

u -j ( t ) = 1, u2(t) = 0, 0 £ t £ 1 . (142b) 

The nominal state x-j(t), X2(t), x3(t), x4(t) is obtained by forward integration 

of (141b), (141c), (141d),(141e), subject to (142). 
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10. Numerical Results 

Three numerical examples were presentéd in Section 9, and the numerical 

results are given in Tables 1-17. For each example,five tables are 

given. The first four tables contain the convergence history for CGRA, 

CGRA-AR, CGRA-CR, SGRA. The fifth table contains the converged solution for 

CGRA. 

The tables concerning the convergence history present the iteration 

number N, the description of the phase\the error in the constraints P, 

the error in the optimality conditions Q, and the value of the functional I. 

The values of Q are supplied only for the phases labeled CGR or G. The values 

of I are supplied only for the phases labeled CGR or G, and providing Ineq. (135a) 

is satisfied. 

The tables concerning the converged solution present the time history 

of the state variables x,(t), x0(t)  x„(t) and the time history of the 

control variables u-|(t), U2(t),..., um(t). They also show the values of the 

parameters Tr-|,  iTp. 

Table 16-17 summarize the results. Table 16 presents the number of 

iterations for convergence N, for each example and each algorithm. Table 17 

presents the value achieved by the functional I at convergence, for each 

example and each algorithm. 

Vhe symbol CGR stands for combined gradient-restoration phase; the symbol R 
stands for restoration phase; and the symbol G stands for gradient phase. 
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11. Discussion and Conclusions 

The problem of minimizing a functional I subject to differential constraints, 

nondifferential constraints, and general boundary conditions is considered in 

this thesis. It consists of finding the state x(t), the control u(t), and 

the parameter ir so that the functional I is minimized, while the constraints 

and the boundary conditions are satisfied to a predetermined accuracy. 

A combined gradient-restoration algorithm is developed. This is an 

iterative algorithm characterized by variations Ax(t), Au(t), Air leading toward 

satisfaction of the optimality conditions, while simultaneously leading toward 

constraint satisfaction. 

The variations Ax(t), Au(t), Air are generated by requiring the first 

variations of the augmented functional J and the constraint error P to be 

negative. The procedure leads to a linear, two-point boundary-value problem, 

which is solved via the method of particular solutions. The descent properties 

of the algorithm are studied, and schemes to determine the optimum stepsize 

are discussed. 

In order to improve the convergence characteristics, the inclusion of a 

restoration phase is studied. In this connection, three versions of the algorithm 

are studied: the combined gradient-restoration algorithm (CGRA); the combined 

gradient-restoration algorithm with alternate restoration (CGRA-AR); and 

the combined gradient-restoration algorithm with complete restoration (CGRA-CR). 

A comparison of these versions with the sequential gradient-restoration algorithm 

(SGRA) is also made. Three numerical examples are presented to illustrate the 

different approaches. The numerical results indicate that CGRA-AR is a 

particularly efficient algorithm among those considered here. 
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Table 1. Convergence history, Example 9.1, CGRA. 

N Phase P Q I 

0 CGR 0.44E+00 0.50E+00 - 

1 CGR 0.66E-01 0.13E+00 - 

2 CGR 0.19E-01 0.11E+00 - 

3 CGR 0.91E-02 0.17E-01 - 

4 CGR 0.13E-02 0.19E-01 - 

5 CGR 0.62E-03 0.15E-02 - 

6 CGR 0.67E-04 0.16E-02 - 

7 CGR 0.28E-04 0.79E-04 - 

8 CGR 0.12E-05 0.91E-04 - 

9 CGR 0.56E-06 0.10E-05 - 

10 CGR 0.30E-07 0.25E-05 - 

11 CGR 0.13E-07 0.20E-07 - 

12 CGR 0.71E-08 0.60E-07 1.57071 
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Table 2. Convergence history, Example 9.1, CGRA-AR. 

N Phase P Q I 

0 R 0.44E+00 - - 

1 CGR 0.48E-01 0.41E-01 - 

2 R . 0.67E+00 - - 

3 CGR 0.38E-01 0.20E+00 - 

4 R 0.34E-02 - - 

5 CGR 0.53E-06 0.74E-01 - 

6 R 0.44E-03 - - 

7 CGR 0.29E-07 0.38E-02 - 

8 R 0.47E-06 - 

9 CGR 0.25E-13 0.82E-05 1.57080 
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Table 3. Convergence history, Example 9.1, CGRA-CR. 

N Phase P Q i 

0 R 0.44E+00 - - 

1 R 0.48E-01 - - 

2 R 0.23E-02 - - 

3 R 0.15E-05 - - 

4 CGR 0.14E-11 0.89E-01 1.58779 

5 R 0.28E-03 - - 

6 R 0.13E-07 - - 

7 CGR 0.13E-16 0.38E-03 1.57087 

8 CGR 0.58E-08 0.43E-05 1.57072 
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Table 4. Convergence history, Example 9.1, S6RA. 

N Phase P Q i 

0 R . 0.44E+00 - - 

1 R 0.48E-01 - - 

2 R 0.23E-02 - - 

3 R 0.15E-05 - - 

4 G 0.14E-11 0.89E-01 1,58779 

5 R 0.28E-03 - - 

6 R 0.13E-07 - - 

7 G 0.13E-16 0.38E-03 1.57087 

8 G 0.58E-08 0.43E-05 1.57072 
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Table 5. Converged solution, Example 9.1, CGRA. 

t X1 x2 U1 

0.0 0.0000 0.0000 0.9999 

0.1 0.1564 -0.1544 0.9876 

0.2 0.3089 -0.2938 0.9510 

0.3 0.4539 -0.4044 0.8910 

0.4 0.5877 -0.4754 0.8090 

0.5 0.7070 -0.4999 0.7071 

0.6 0.8089 -0.4755 0.5878 

0.7 0.8909 -0.4045 0.4540 

0.8 0.9510 -0.2939 0.3089 

0.9 0.9876 -0.1545 0.1564 

1.0 0.9999 0.0000 0.0005 

*1 = 1.57071 
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Convergence history, Example 9.2, CGRA. 

Phase P Q I 

CGR 0.81E-02 0.11E+00 - 

CGR 0.13E-01 0.17E-01 - 

CGR 0.10E-01 0.15E-01 - 

CGR 0.40E-02 0.48E-02 - 

CGR 0.18E-02 0.25E-02 - 

CGR 0.74E-03 0.89E-03 - 

CGR 0.32E-03 0.41E-03 - 

CGR 0.12E-03 0.15E-03 - 

CGR 0.54E-04 0.69E-04 - 

CGR 0.22E-04 0.27E-04 - 

CGR 0.92E-05 0.11E-04 - 

CGR 0.38E-05 0.47E-05 - 

CGR 0.15E-05 0.19E-05 - 

CGR 0.65E-06 0.81E-06 - 

CGR 0.26E-06 0.33E-06 - 

CGR 0.11E-06 0.13E-06 - 

CGR 0.45E-07 0.57E-07 - 

CGR 0.18E-07 0.23E-07 - 

CGR 0.78E-08 0.98E-08 0.86437 
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Table 7. Convergence history, Example 9.2, I CGRA-AR. 

N Phase P Q I 

0 R 0.81E-02 - - 

1 CGR 0.15E-04 0.11E+00 - 

2 R 0.54E-02 - - 

3 CGR 0.34E-04 0.35E-02 - 

4 R 0.34E-04 - - 

5 CGR 0.93E-09 0.12E-03 0.86441 

6 R 0.44E-07 - - 

7 CGR 0.97E-15 0.14E-05 0.86430 
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Table 8. Convergence history, Example 9.2, CGRA-CR. 

N Phase P Q i 

0 R 0.81E-02 - - 

1 R 0.15E-04 - - 

2 CGR 0.14E-09 0.11E+00 0.93767 

3 R 0.53E-02 - - 

4 R 0.33E-04 - - 

5 CGR 0.22E-09 0.34E-02 0.86742 

6 R 0.16E-04 - - 

7 CGR 0.27E-09 0.77E-04 0.86437 
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Table 9. Convergence history, Example 9.2, SGRA. 

N Phase P Q I 

0 

1 

2 

3 

4 

5 

6 

R 

R 

G 

R 

R 

G 

R 

0.81E-02 

0.15E-04 

0.14E-09 

0.53E-02 

0.33E-04 

0.22E-09 

0.16E-04 

0.11E+00 

0.34E-02 

0.93767 

0.86741 

7 G 0.28E-09 0.77E-04 0.86437 
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Table 10. Converged solution, Example 9.2, CGRA. 

t X1 x2 x3 U1 U2 

0.0 0.0000 0.6481 0.7614 1.6334 1.6334 

0.1 0.1312 0.4489 0.8727 1.4196 1.4196 

0.2 0.2472 0.2964 0.9931 1.2709 1.2709 

0.3 0.3519 0.1774 1.1190 1.1551 1.1551 

0.4 0.4474 0.0857 1.2476 1.0564 1.0564 

0.5 0.5348 0.0183 1.3772 0.9656 0.9656 

0.6 0.6144 -0.0264 1.5065 0.8767 0.8767 

0.7 0.6863 -0.0495 1.6345 0.7856 0.7856 

0.8 0.7501 -0.0520 1.7602 0.6393 0.6893 

0.9 0.8052 -0.0348 1.8825 0.5860 0.5860 

1.0 0.8511 0.0000 2.0000 0.4750 0.4750 

ir1 = 0.86437 
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Table 11. Convergence history, Example 9.3, CGRA. 

N Phase P Q I 

0 CGR 0.30E+02 0.82E+01 - 

1 CGR 0.43E+00 0.80E+00 - 

2 CGR 0.24E-01 0.80E-02 - 

3 CGR 0.87E-05 0.34E-02 - 

4 CGR 0.63E-07 0.38E-04 - 

5 CGR 0.57E-08 0.22E-05 3.00000 
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Table 12. Convergence history, Example 9.3, CGRA-AR. 

N Phase P Q I 

0 R 0.30E+02 - - 

1 CGR 0.15E+00 0.36E-01 • 

2 R 0.11E-02 - - 

3 CGR 0.92E-06 0.28E-02 - 

4 R 0.62E-07 - - 

5 CGR 0.48E-15 0.25E-04 3.00002 
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Table 13. Convergence history, Example 9.3, CGRA-CR. 

N Phase P Q I 

0 R 0.30E+02 - - 

1 R 0.15E+00 - - 

2 R 0.21E-02 - - 

3 R 0.11E-05 - - 

4 C6R 0.47E-12 0.32E-01 3.01618 

5 R 0.65E-05 - - 

6 CGR 0.91E-13 0.21E-03 3.00014 

7 C6R 0.54E-09 0.49E-05 3.00000 
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Table 14. Convergence history, Example 9.3, SGRA. 

N Phase P Q i 

0 R 0.30E+02 - - 

1 R 0.15E+00 - - 

2 R 0.21E-02 - - 

3 R 0.11E-05 - - 

4 G 0.47E-12 0.32E-01 3.01618 

5 R 0.65E-05 - - 

6 G 0.91E-13 0.21E-03 3.00014 

7 G 0.53E-09 0.49E-05 3.00000 
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Table 15. Converged solution, Example 9.3, CGRA. 

t X1 x2 X3 x4 U1 u2 

0.0 0.4996 0.5003 0.4760 -1.1307 -2.9994 0.4643 

0.1 0.5351 0.2155 0.3653 -1.0837 -2.6981 0.4780 

0.2 0.5437 -0.0393 0.2593 -1.0349 -2.4004 0.4975 

0.3 0.5232 -0.2645 0.1583 -0.9840 -2.1021 0.5224 

0.4 0.4918 -0.4596 0.0626 -0.9305 -1.8003 0.5466 

0.5 0.4373 -0.6246 -0.0276 -0.8747 -1.4989 0.5693 

0.6 0.3678 -0.7595 -0.1122 -0.8165 -1.1997 0.5958 

0.7 0.2864 -0.8645 -0.1908 -0.7553 -0.9011 0.6286 

0.8 0.1959 -0.9397 -0.2631 -0.6905 -0.6018 0.6685 

0.9 0.0994 -0.9849 -0.3288 -0.6213 -0.3013 0.7161 

1.0 0.0000 -1.0000 -0.3872 -0.5470 -0.0006 0.7723 
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Table 16. Number of iterations N for convergence. 

Example CGRA CGRA-AR CGRA-CR SGRA 

9.1 12 9 8 8 

9.2 18 7 7 7 

9.3 5 5 7 7 

Table 17. Value achieved by functional I at convergence. 

Example CGRA CGRA-AR CGRA-CR SGRA 

9.1 1.57071 1.57080 1.57072 1.57072 

9.2 0.86437 0.86430 0.86437 0.86437 

9.3 3.00000 3.00002 3.00000 3.00000 
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