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ABSTRACT 

AN ANALYSIS OF A MODEL OF EXTRAOCULAR MUSCLE COOPERATION 

by THOMAS JUDE BRZUSTOWICZ 

A model of the mechanics of human eye positioning has 

been evaluated for accuracy by comparison with clinical data 

of typical oculomotor diseases. By extending the existing 

monocular characterization to include interaction between a 

pair of eyes. a new binocular model is implemented. 

Furthermore. the improved iterative scheme developed for 

obtaining eye position from innervation of extraocular 

muscles insures convergence to a solution in only a few 

iterations. Computer programs implemented to solve this 

problem and its inverse are now coupled in such a way that 

the resulting model describes the innervational control and 

mechanics of positioning two eyes when one is fixating and 

the other is following under cover. 

Using this binocular model. an atlas of plots of 

hypothetical oculomotor defects and surgeries is compiled. 

Each plot simulates the prism-cover test and shows the 

normal left eye fixing at nine diagnostic positions and the 

corresponding locations of the following right eye. 

Abnormalities implemented for the covered eye include: a 

muscle palsy, a 50V. weakened muscle, and a 50’/. strengthened 

muscle. In addition. surgical corrections such as 

myectomies, recessions, resections, and various combinations 

thereof are also simulated. 



Clinical data of 7 actual cases of oculomotor pathology 

are plotted in the same format as the hypothetical cases. 

The patient data are simulated in two different stages: 

First» the patient's condition both before and after surgery 

is simulated in accordance with a simple diagnosis. 

Recognizing that isolated defects rarely exist clinically» 

additional complications are then suggested. On the basis 

of hypothetical simulations in the atlas» changes in model 

parameters are made which yield prism—cover results more 

closely corresponding to the patient's pre-surgery data. 

Using this refined model» the simulations of surgical 

corrections are also improved. 

The results are treated in two separate cases: 1) the 

hypothetical cases* and 2) the clinical cases. The 

hypothetical results dealing with the four recti are in 

excellent agreement with accepted ideas. Although different 

from traditional views in some ways* the plots of the 

obliques appear reasonable. Similarly» the clinical cases 

show good agreement for the rectus muscles* while the 

obliques are not as well represented. 

An analysis of the results suggests that the model 

represents the general properties of the static extraocular 

system well and is a good starting place from which to 

develop a more accurate and sophisticated model. It is 

hoped that this thesis will benefit further work in this 

area. 
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1 INTRODUCTION 

This thesis presents the development and analysis of a 

mathematical model of the coordinated innervational control 

and mechanics of positioning a pair of human eyes. This 

work is based upon a model developed by David A. Robinson 

£13» which describes the mechanics involved in positioning a 

single eye. 

An introductory discussion concerning the most 

important characteristics of this new model is given in the 

first section of this chapter. It is followed by a concise 

review of the research leading up to the model '3 

development. The chapter concludes with a statement of the 

objectives of this study. 

1. 1 Important Characteristics of the Model 

The positioning process is q,uite complex and makes use 

of a good deal of the body's nervous system: several areas 

of the brain and many nerve pathways are called upon during 

the process. The complexity of this system can be seen in 

Fig. 1. 1» which contains a simplified block diagram of the 

positioning system £21. 

The model studied here does not attempt to describe 

this entire system» but concerns only the part of it that is 

enclosed within the large dashed box on the right side of 

the figure. This smaller system» inside the box» includes 

the mechanical part of the positioning system: the 
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eyeballs/ the extraocular muscles/ and suspensory tissues. 

It is assumed that the brain has already determined in which 

direction to point the eyes; accordingly/ the input to this 

system is innervation/ which causes the eye muscles to 

contract and generate forces. These forces rotate the 

eyeball into a particular position/ the system's output. 

In the mechanical system just described/ the 

extraocular muscles can produce any of a variety of eye 

movements depending upon the type of innervational commands 

they receive. During the present investigation# however/ 

the innervation to each muscle is kept at a constant value 

and the model is used to describe the resultant position of 

the eye/ but not the movement that brought it there. 

Undoubtedly the most significant characteristic of this 

model is the fact that it is based upon a physiological 

representation of the positioning system/ it is a 

physiological model. This type of representation describes 

every pertinent physiological variable of the system under 

consideration; in contrast/ a functional model merely states 

the input-output relationship of a system but does not 

describe any of its internal characteristics. To develop a 

physiological model/ a great deal must be known about the 

inner workings of the system. It is the embodiment of this 

knowledge in the physiological model which gives it two 

important qualities/ flexibility and descriptiveness. 

Perhaps these qualities are best explained by examples: The 

addition of new features or modification of existing ones 
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can usually be accomplished by adding or revising only a feu) 

of the model's equations. Parameters can be changed to 

perform hypothetical experiments or simulate pathological 

conditions. Further manipulations of parameters might then 

represent the surgical remedy to the pathological problem. 

Furthermore» the intermediate physiological variables can be 

checked at any time to see what is happening internally. A 

disadvantage of this approach is that very many calculations 

must be performed whenever the model is used. 

Because this model is physiological and describes eye 

position» it is ideally suited for use in the study of 

certain types of oculomotor d iseases. Many of these 

disorders are manifested by an improper positioning of one 

or both eyes» which often varies with the direction of gaze. 

Most clinical tests used in identifying oculomotor problems 

measure these deviations of eye position: Using this 

information» a skilled ophthalmologist can often determine 

what is wrong and how to surgically correct it. However» 

even with the aid of a large amount of clinical data» the 

surgeon must rely heavily upon his judgment and general 

rules of thumb when determining the specifics of a 

particular case. The lack of exactness inherent in this 

type of decision-making process is evidenced by the fact 

that a patient frequently requires two or more separate 

operations to resolve his particular problem. It is hoped 

that in the future this model will be found useful in 

determining the particulars of surgery more accurately, and 
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it is utith this application in mind that the model is 

studied here. 

Finally/ a few words are needed about the mathematical 

construction and implementation of the model. Because of 

the many nonlinear functions involved/ a simple analytic 

solution to the system of equations is not possible. 

Instead/ an iterative scheme of successive approximations is 

used to obtain a solution. Furthermore/ the complexity of 

the calculations necessitates the use of a digital computer. 

The computer language chosen was APL because of its ability 

to easily describe arithmetic matrix operations. All of the 

programs were written in APL and executed on an IBM 370/155/ 

except for those which do the plotting. These programs were 

written in FOCAL and executed on a PDP-12. 

1. 2 Historical Account of the Development of the Model 

The first quantitative anatomical and physiological 

studies of the human eye were conducted in the middle 

nineteenth century. At this time/ the first eye model was 

devised and called an ophthalmotrope C33. It was a simple 

mechanical device. The eyeballs were represented by spheres 

which were supported and pivoted at their centers. Silk 

strings most commonly represented the eye muscles. They 

were attached to the eyeball and passed through the 

supporting frame in anatomically accurate locations. Each 

silk thread was kept taut by a suspended weight. By pulling 

on one or more strings at a time# either eye/ or both of 
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them* could be rotated into any desired position. The 

ophthalmotrope was used to study some of the actions of the 

eye muscles. It was easy to use and provided good 

visualization of these muscles* but left a lot to be desired 

in terms of accuracy and detail. 

The extraocular muscles continued to be the topic of 

frequent investigations. In the early part of this century* 

some of these studies focused on how the six muscles worked 

together and on how each muscle would rotate the eye if it 

alone were contracting. Yet it wasn't until 1950 that a 

mathematical model was developed to describe the action of 

each muscle. Krewson C41 used analytic geometry and vector 

analysis to obtain a mathematical representation of the 

eyeball and eye muscles. He then calculated* for several 

positions of the eye* the eye's axis of rotation determined 

by the contraction of each individual' muscle. Another 

aspect of the modelling problem was addressed by Boeder C5I 

in 1962. Wanting to better understand each muscle's action 

when rotating the eye and knowing that a muscle's developed 

force is proportional to its change in length* Boeder 

calculated this change for every muscle in each of many 

different eye positions. Unfortunately* both of these 

mod el1ing efforts employed what appeared to be a 

straightforward simplifying assumption that there is no 

slack in any of the muscles. However* because this 

assumption is unrealistic* some of the results are 

inaccurate. This topic is discussed further in Chapter 3 of 
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this thesis. 

Robinson, et al. C63. empirically determined one of the 

final pieces of information needed for the model: an 

equation which described the length—tension-innervation 

relationship for the eye muscles. Robinson Cll later 

combined this new equation with the appropriate previous 

knowledge. eliminated the aforementioned unrealistic 

assumption, and developed a fairly complete mathematical 

model to describe eye position. 

1.3 Research Objectives 

The original goal of this study was to test the 

validity and accuracy of Robinson's model, particularly with 

regard to eye muscle surgery. This objective was 

accomplished by simulating a number of ideal hypothetical 

disorders and surgical procedures. and comparing these 

results to clinical data gathered from the records of 

patients who had undergone surgery. During some of the 

simulations. however, it was observed that Robinson's model 

failed to converge to a solution. Furthermore, before some 

of the comparisons with clinical data could be made. 

Robinson's monocular model had to be developed into a 

binocular one. The objectives of this study were extended 

to include the correction of these deficiencies of 

Robinson's model and thereby evolved into the following: 

1) modify the iterative procedures so that convergence to a 

solution is guaranteed. 3) develop a suitable model 
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describing both eyes* 3) simulate a number of ideal 

disorders and surgeries* and 4) compare these simulations 

with clinical data. After some general background 

information is presented in Chapter 2* the development of 

the new model is described in Chapter 3. The procedure 

followed when comparing the model's simulations with 

clinical cases is discussed in Chapter 4. The results of 

these comparisons are explained in Chapter 5* and 

conclusions are drawn from them in Chapter 6. 



2 BACKGROUND INFORMATION 

This chapter provides background information essential 

for an understanding of the model and its clinical 

applications. The first two sections deal with certain 

aspects of the anatomy and physiology of the eye/ and normal 

binocular vision. An understanding of the information 

contained within these two sections is vital to the 

comprehension of how the model works. The latter sections 

deal with some simple oculomotor disorders and the 

diagnostic tests and surgical techniques used to detect/ 

identify# and correct them. These sections should help to 

explain why this particular course of investigation was 

followed and how to interpret the results. 

2. 1 Anatomy and Physiology of the Eye 

This section provides some basic background information 

about several specific topics of the eye's anatomy and 

physiology. More information can be found in an atlas of 

the eye or textbook of ophthalmology C7-133. 

The eye consists of an eyeball and six muscles# which 

are partially enclosed within a tendinous sheath# and some 

nerves# blood vessels# connective tissue# and fatty padding# 

all of which reside within the bony eye socket. This 

socket# or orbit# is conical in shape# with its apex at the 

nasal posterior extreme. 

The. eyeball is an almost perfect sphere C7# pp. 10-13. 
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There are only two areas where the deviations from this 

ideal shape are noticeable. However* they are too small to 

warrant further consideration. When the eyeball achieves its 

adult proportions* by six years of age* its average diameter 

is about 24 mm and it has a mass of about 7 grams E7* pp. 7- 

103. 

The eyeball is maneuvered into various positions by the 

six extraocular muscles. They are naturally paired to move 

the eye in specific directions. The lateral rectus* on the 

eye's temporal side* and the medial rectus* on the nasal 

side* are responsible for horizontal eye movements. The 

lateral rectus abducts the eye* or rotates it temporally* 

while the medial rectus adducts it* rotates it nasally. The 

superior and inferior recti* located above and below the 

eye* move the eye vertically and also rotate the eye 

slightly about its visual axis. The superior oblique* above 

and medial to the eye* and the inferior oblique* 

predominantly below* primarily rotate the eye about its 

visual axis* but also influence its vertical positioning. 

All of the extraocular muscles* except for the inferior 

oblique* originate in the annulus of Zinn at the apex of the 

orbit. The inferior oblique originates from the orbital 

floor. 

The lateral rectus is innervated by the Vlth cranial 

nerve* the abducens. The superior oblique is innervated by 

the trochlear* or IVth cranial* nerve. The four remaining 

muscles are innervated by the Illrd cranial nerve* the 
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oculomotor; the superior rectus by the superior division» 

and the others by the inferior division. 

The eye is in the primary position when it is "looking 

straight ahead". More accurately» it is the position from 

which either a purely vertical or a purely horizontal 

rotation can be made. After making such a rotation» the eye 

is in a secondary position. Any other position that the eye 

can assume is called a tertiary position. 

Whenever the eye is in the primary position or any 

secondary position» it is perfectly vertical. On the other 

hand» when it is in any tertiary position» the eye possesses 

a small rotation about its visual axis» called either a 

cyclorotation or a torsional rotation; the amount of which 

is determined by Listing's law. 

2.2 Normal Binocular Vision 

Whenever a person with normal vision fixates on a 

particular object» his visual axes intersect at. or very 

near to. the location of the object. When the person then 

fixates upon a new object» two types of eye movements occur. 

Initially both eyes rotate together as a pair from the old 

position to the new. This is called a version movement and 

its distinguishing characteristic is that the angle between 

the visual axes remains constant throughout its execution. 

During the second motion» both eyes rotate either nasally or 

temporally. This is called a vergence movement. The angle 

between the visual axes obviously changes during such a 
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rotation. 

As an interesting demonstration of these eye movements» 

consider what happens when a weak prism is placed base—out 

before the right eye of a subject fixating on an object C8» 

pp. 106—73: The prism causes the image of the object to 

fall oh a peripheral area of the retina of that eye» say 2A 

degrees from the fovea. A nasal rotation of the right eye 

alone would bring the image back onto its fovea. However» 

this does not happen! Instead» both eyes first rotate A 

degrees to the left» placing each retinal image A degrees 

away from its fovea. A vergence movement of A degrees then 

follows» which once again centers each retinal image on each 

fovea. In the end» the right eye has rotated a total of 2A 

degrees» while the left eye has made no net rotation. The 

vergence movement actually begins only slightly before the 

version movement and takes longer to execute» so that it is 

finished after the version movement has been completed. 

Both version and vergence movements are explained by 

Hering's law of equal innervation. This law states that 

every muscle of one eye receives the same innervation as its 

corresponding muscle in the other eye. The paired muscles 

are said to be yoked together. They are paired differently 

during versional and vergence rotations. During versional 

movements» the muscles act together as follows: Each 

medial rectus is linked to the other eye's lateral rectus» 

each superior oblique is yoked to the other eye's inferior 

oblique, while both superior recti act together as do both 
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inferior recti. On the other hand* during vergence 

movements every muscle in one eye is yoked to the muscle of 

the same name in the other eye. 

Vergence movements are classified either by the 

direction in which they occur or by the stimuli which evoke 

them C8* pp. 111-23. In the former classification scheme 

these movements are called horizontal vergence* vertical 

vergence* and cyclovergence. The most common type of 

vergence movements in the latter classification scheme are 

called fusional movements. This type of movement occurs 

whenever there is a small disparity between the two retinal 

images and results in a better alignment of these images. 

Of particular interest is the horizontal vergence 

movement where the eyes rotate toward each other* called 

convergence. There are three types of convergence: tonic* 

accommodative* and fusional C8* pp. 112-63. Whenever the 

extraocular muscles are completely devoid of innervation (as 

in deep anesthesia* complete ophthalmoplegia* or death)* 

each eye is not in the primary position* but abducted by 2.5 

degrees C8* p. 112* 1* p. 8373. Roughly speaking* normal 

tonic convergence brings the visual axes of the eyes from 

this slightly divergent position to very nearly parallel. 

Accommodative convergence is related to the amount of change 

in the focal length of the lens which is caused by the 

ciliary muscle in an effort to bring the object of regard 

into proper focus. It has been clearly demonstrated that 

the amount of accommodative convergence is directly 
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proportional to the amount of accommodation CS* pp. 141-31. 

Fixation upon a closer object requires both a greater amount 

of accommodation and a greater amount of convergence. It 

should be noted that this response occurs automatically 

without conscious effort. When both tonic and accommodative 

convergences are working properly» the two retinal images 

will be aligned rather closely. Fusional convergence and 

the other fusional vergences will then further refine the 

alignment. 

2. 3 Strabismus - An Oculomotor Disease 

Strabismus is the general name given to oculomotor 

problems affecting eye position» which are the type of 

disorders of interest in this study CS. pp. 203-141. More 

specifically. strabismus» also called squint» is the 

condition where the visual axes do not intersect at the 

object of regard because of the -improper positioning of one 

or both eyes. Strabismus can be classified in at least 

three ways: by severity» direction» or cause. The 

nomenclature of the various forms of this disease are 

briefly discussed below. 

A very mild case of strabismus» in which the visual 

axes are only slightly misaligned» is called a phoria. With 

this condition* normal vision is maintained under normal 

circumstances because the retinal images match each other 

closely enough so that the fusional system can correct the 

positional error. Whenever the fusional mechanism is 
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disrupted^ however/ an abnormally large eye movement takes 

place. When the squint is so severe that the retinal images 

are too different from each other for the fusional system to 

improve the alignment of the visual axesz the condition is 

called a tropia/ and results in diplopia/ or double vision. 

The reaison for correcting diplopia as soon as possible in 

children is that it often leads to amblyopia/ a condition of 

total/ irreversible blindness in one eye. 

Prefixes are used to describe the directionality of the 

strabismus. The horizontal deviations are referred to as 

esotropia (esophoria) for crossed eyes and exotropia 

(exophoria) for abnormally divergent eyes. A vertical 

deviation where the visual axis of the right eye is above 

that of the left is called either a right hypertropia 

(hyperphoria) or a left hypotropia (hypophoria). The 

opposite type of vertical deviation/ where the visual axis 

of the left eye is above that of* the right/ is called either 

a left hypertropia or a right hypotropia. The hyper— form 

of the name is generally preferred. Finally/ incyclotropia 

and exocyclotropia (-phoria) are the deviations where the 

eyes are abnormally rotated about their respective visual 

axes. Incyclotropia occurs when the top parts of the eyes 

are excessively rotated toward each other/ while 

excyclotropia describes the opposite abnormality. 

The third way to classify strabismus is according to 

cause. Comitant strabismus is a disorder of the vergence 

system/ believed to be caused by a neurological defect at a 
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level higher than the final common pathway to the eye 

muscles. On the other hand» incomitant strabismus is 

essentially a problem of the version system/ which usually 

results from a defect either within the final common nerve 

pathway or of one or more of the extraocular muscles. One 

of the symptoms of a newly-acquired incomitant strabismus is 

that the degree of misalignment of the visual axes is 

dependent upon eye position. With time/ however/ the 

aberrant muscle's antagonist becomes affected because of a 

prolonged lack of forceful opposition. As the muscle 

becomes permanently over-contracted/ the diplopia becomes 

more uniform over the field of vision. This phenomenon is 

called spread of comitance. 

Whenever the paralysis of a muscle is the cause of 

strabismus/ the deviation is the greatest in that muscle's 

field of action. The field of action of a muscle is that 

part of the visual field where that muscle is a major 

contributor of the force required to maintain the proper 

positioning of the eye. For example/ the field of action of 

the lateral rectus is the entire lateral half of the field 

of vision. 

2.4 Diagnostic Tests 

It is not an easy task to identify a patient's disorder 

based on a study of the symptoms. As discussed earlier/ an 

ailment can change its characteristics over a period of 

time. Furthermore# unrelated problems often exhibit similar 
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symptoms. The most useful diagnostic tests discriminate 

between the various possible causes of the observed 

symptoms. Two such quantitative tests are the prism-cover 

test and the Maddox double rod test. 

The main reason that the prism—cover test is 

quantitative and repeatable is derived from the fact that 

the measurements are taken with the eye in known* 

standardized positions. These are the nine diagnostic 

positions of gaze. They include the primary position/ four 

secondary positions* and four tertiary positions. The 

secondary ones are located at the 12/ 3/ 6* and 9 o'clock 

positions/ while the tertiary ones are at the 1:30/ 4:30/ 

7:30/ and 10:30 clock positions. From the primary position 

a rotation of about 26 degrees in any of these eight 

directions brings the eye to another diagnostic location. 

The prism-cover test is used to determine the 

horizontal and vertical deviations at each of the diagnostic 

positions. The testing procedure is described as follows: 

The patient is asked to fixate on an object located at one 

of the nine diagnostic positions. If the patient has 

diplopia in this position* a few extra steps are required: 

the horizontal and/or vertical deviations must be reduced to 

the point where the diplopia is corrected by placing one or 

two prisms in front of the eye. A prism is placed before 

the eye base-in to correct for exotropia or base-out to 

correct for esotropia. Another prism is placed in front of 

the eye base-down to correct for a hypertropia of that eye 
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or base-up to correct for a hypotropia of that eye. The 

proper strength of each prism is found by trial and error. 

A cooperative patient can speed up the process by reporting 

whether he or she sees one or two images. On the other 

handi with uncooperative patients such as young children, 

the examiner must watch the eyes carefully to see which 

prismi or combination thereof* brings about the small 

fusional movement indicating that single binocular vision 

has been restored. After this has been accomplished and 

while the patient is still perceiving the object with both 

eyes* a cover is placed directly in front of one eye. A 

fraction of a second later* this eye makes a small movement 

as the fusional component of innervation is removed. The 

eye can be covered and uncovered several times in rapid 

succession so that the magnitude and direction of the 

fusional movement can be determined more accurately. The 

horizontal and/or vertical prisms are replaced by prisms of 

more appropriate strengths based on the observed motions. 

With these new prisms in place* the eye is again rapidly 

covered and uncovered and the fusional displacements again 

observed. After several different prisms or combinations of 

prisms have been tried* one can be found which aligns the 

visual axes perfectly so that no fusional movements occur 

when the eye is covered and uncovered. The strengths of the 

prisms are a direct measure of the patient's horizontal and 

vertical deviations. 

Both eyes should be tested in this manner at all nine 
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diagnostic positions, except in cases where the defective 

eye cannot be manuevered into any of the diagnostic 

positions. Furthermore, the entire prism—cover test should 

be performed with the fixation objects located both near to 

and distant from the patient, so that the role of 

accommodative convergence can be determined. However, if 

the patient requires corrective lenses, the test should be 

performed four times: with and without correction, at both 

distances. 

There are several problems with the prism—cover test. 

Because it is a rather lengthy, boring procedure which soon 

tires the patient, particularly a child, the later 

measurements are often less accurate than the initial ones. 

Furthermore, the head is not usually fixed rigidly in place 

so that head movements, both rotational and positional, 

become another source of error. Finally, in practice the 

prism-cover test is only performed with an accuracy of a few 

degrees. 

The data from the prism-cover test can be plotted as a 

set of symbols which represent the eye's horizontal and 

vertical positions in a more comprehensible format. One 

such type of plot is called a Hess chart. 

The Maddox double rod test is used to detect and 

quantitate cyclorotational tropias. As the name implies, 

this test utilizes two colored rods, one red and the other 

green. The patient wears a pair of colored glasses having a 

green lens and a red lens. Consequently, each eye can see 
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only the rod of color opposite that of the lens through 

which it is looking. For example# the eye with the red lens 

will see the green rod (as brown)# but will not see the red 

rod. 

When the test is performed# both rods are initially 

parallel and oriented vertically. If the two rods are not 

perceived as being parallel# or possibly coincident# then 

they are rotated until both appear to be vertical. The 

final positions of the rods directly reflect the amount and 

direction of eyelorotational deviation present in each eye. 

This procedure can be performed in the diagnostic positions 

to provide deeper insight into the nature of the disorder. 

Unlike the prism-cover test# however, this test does not 

take accommodâtive convergence into account# consequently# 

it is only performed once# at a distance and with corrective 

lenses. 

In practice# the Maddox double rod test is used only 

when a severe cyclotropia is present or when it is the 

dominant disorder. This test is further limited in use 

because it requires a cooperative subject. 

A simple test actually performed during surgery is the 

forced-duction test. While the sclera is retracted from the 

eyeball and the underlying tissues are exposed# the surgeon 

grips a muscle or tendon with forceps and attempts to rotate 

the eye in both vertical and both horizontal directions. If 

resistance to rotation in any of the directions is felt# the 

problem is usually due to physical restriction of movement 
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and further exploratory surgery may be performed. On the 

other hand* if the eye rotates freely in all directions* the 

problem is most likely innervational in nature and the 

appropriate surgery follows. 

2. 5 Corrective Surgery 

Using the information obtained from the various 

clinical tests* the skilled ophthalmologist can identify a 

patient's disorder and decide what type of treatment is 

required. When surgery is indicated* the ophthalmologist 

must choose from the very large number of available 

procedures. Three of these are briefly described below. 

A common surgical procedure used to correct various 

tropias is the recession-resection. Recession refers to the 

process of cutting a muscle free from the eyeball at its 

tendonous insertion* and sewing it back to the eye at a 

location several millimeters posterior to its original site 

of insertion. Resection. on the other hand. is the 

shortening of a muscle by means of removal of a piece of it. 

The muscle is cut free from the eyeball at its insertion* a 

predetermined length of it is excised* and the remainder is 

sewn back at its original insertion point. 

A resection effectively strengthens a muscle while a 

recession weakens it. Both of these effects are achieved by 

changing the muscle's length in the primary position* which 

shifts the muscle's normal operating point of its length- 

tension function. A resection permits the muscle to work at 
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its maximum strength outside of its normal field of action. 

A recession works in the opposite way. 

To better understand how the recession—resection is 

applied< consider the following examples: To eliminate an 

esotropia! a part of the lateral rectus is resected while 

the insertion of the medial rectus is recessed. Conversely! 

to correct an exotropiai a portion of the medial rectus is 

resected and the insertion of the lateral rectus is 

recessed. A vertical tropia can also be corrected with a 

recession-resection. In either case/ horizontal or 

vertical! a simple rule of thumb is to recess and resect one 

millimeter for every 4.5 degrees of tropia C7# pp. 7-83. 

Thé myectomy is another common surgical operation. It 

is accomplished simply by cutting the muscle at its 

insertion and leaving it unattached to the eyeball! the 

muscle rarely grows back of its own accord. Myectomies are 

usually performed on the obliques to correct for excessive 

or insufficient torsional rotations. 

The Jensen procedure is a typical example of the more 

complicated types of eye muscle surgery. During the 

operation# the lateral rectus is bisected along its length. 

The upper portion of it and the superior rectus muscle are 

tied together at a single point slightly behind their 

insertions. Both muscles become distorted in shape# they 

are bowed toward each other near the point at which they are 

joined. The inferior rectus and the lower part of the 

lateral rectus are likewise tied together. 
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The recession-resection and the myectomy are the 

two surgical operations that have been simulated by 

model. Simulation of the Jensen procedure has not 

attempted for reasons more properly explained in 

following chapter. 

only 

the 

been 

the 



3 MODEL 

This chapter discusses the concepts and mathematics 

involved in both the monocular and binocular models. The 

first section presents a review of Robinson's model C13? 

which is considered in more detail in the Appendix. The 

next section describes the extensions of Robinson's work and 

the development of the binocular model. The final section 

provides the details of the simulations of various disorders 

and surgical procedures. 

3. 1 Review of Robinson's Model 

It has been demonstrated that for a normal eye every 

position of gaze has a unique corresponding set of 

innervations of the six extraocular muscles Cl61. 

Innervation is the physiological activity due to the number 

of active motor units and their discharge rates. While it 

is difficult to determine innervation directly? a good 

indirect method is via the length-tension relationship : the 

isometric force developed by a muscle is proportional to its 

innervation for any fixed muscle length. (Note that the 

total force of a muscle is developed force plus passive 

force.) Therefore? innervation will be defined here as the 

isometrically developed force of a muscle normalized to its 

primary position length. With an accurate model? it should 

be possible to calculate the innervations for any given eye 

position. Conversely? given any set of innervations? the 
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corresponding eye position should be calculable. Working 

along these lines* Robinson implemented his model as a pair 

of computer programs. One program finds innervations from 

position (the inverse problem) and the other determines 

position from innervations (the forward problem). Although 

large sections of both programs are identical* the methods 

of solution differ. Brief overviews of these programs are 

presented below* preceding more detailed descriptions of 

them. 

In both programs* the eyeball is considered to be a 

sphere which rotates about its center. The extraocular 

muscles are attached to it and the orbital wall at specific 

points. Each muscle lies across the surface of the eyeball 

in a particular path which depends upon the position of the 

eye. Each muscle exerts a force on the eyeball which tends 

to rotate it. The direction in which the force acts depends 

upon the muscle's path* while the magnitude of the force is 

a function of the muscle's length and innervation. All of 

the other tissues exert a force on the eyeball which is 

dependent solely upon position and which acts to rotate the 

eye toward the primary position. Since the eye is being 

maintained in a fixed position* the vector sum of all the 

torques acting on it must equal zero. The innervations 

which result in a total torque of zero must be found when 

the position of the eye is given. On the other hand* when 

the innervations to the eye muscles are specified* the 
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position must be found which gives no net torque. 

The forward part of the model calculates the eye's 

position from the innervations of all of the extraocular 

muscles. A simplified flowchart of the program is provided 

in Fig. 3.1. An initial approximate eye position is 

calculated based on the given innervations. The muscle 

paths and lengths and the magnitudes and directions of the 

muscular and passive forces are all computed from the 

estimated position. The vector sum of all of these forces 

is found. If the total torque is non-zero, the position is 

changed as though the force were actually rotating the eye. 

All of these calculations are continually repeated, based 

upon the refined estimates of eye position, until the 

correct position is obtained. 

The inverse part of the model calculates the 

innervations of the muscles from the given eye position. A 

simplified flowchart of this program is given in Fig. 3.2. 

Based upon the given position, the paths and lengths of the 

muscles and the directions of their forces are calculated. 

An approximate value for each innervation is also calculated 

from the position. The magnitudes of the forces are 

computed from the innervations. The force directions and 

magnitudes are combined and the total torque is then found. 

If this torque is too large, a small-signal linearization of 

3(force)/3(innervation), taken at the approximate 

innervation, is used to obtain a better estimate of 

innervation. Repeated application of the 1inearization 



g. 3. 1. Position from Innervation. 
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process provides accurate values for the innervations. 

When the eye is at rest in any position! the sum of all 

the torques acting on it must be zero. Each extraocular 

muscle exerts a force on the eyeball as does the combination 

of all the other tissues surrounding the eyeball. Since 

force is a vector quantity* it has a magnitude and a 

direction in which it acts. To determine these quantities 

for each muscle force* it is necessary to consider the path 

of each muscle. The path of a muscle starts at its point of 

insertion and follows the eyeball's surface to the point 

where it looses contact with the surface of the sphere 

(called the contact path)> and continues back to its origin. 

The entire path is a function of eye position. 

Unfortunately* few details are known about any of the actual 

muscle paths* and consequently a lot has to be assumed. 

In similar studies done -in the past C4* 51* other 

researchers have assumed that each muscle takes the shortest 

path from its insertion to its origin. This is equivalent 

to assuming that the contact path is always an arc of a 

great circle. Robinson presents a good argument why this is 

impossible and makes a much more reasonable assumption. 

Using an arc of a great circle to represent the muscle's 

path produces very unrealistic actions of the muscle. For 

example* when the eye is near the antipodal position for a 

particular muscle (i.e. whenever the muscle's origin* the 

center of the eyeball* and the muscle's insertion are nearly 
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collinear)» a small change in eye position (from one side of 

the antipodal position to the other) would require the 

muscle to slide halfway around the surface of the eyeball! 

Clearly» this does not happen# there are physical restraints 

imposed upon the movements of each muscle by the other 

surrounding tissues (e.g. Tenon's capsule and the check 

ligaments). Because no quantitative data exists describing 

how the muscle movements are restrained# the nature of these 

restraints must be assumed. The most logical way to proceed 

is to investigate the nature of the forces acting on the 

muscle. 

Consider a typical muscle (the medial rectus of the 

right eye)# with the eye in the primary position# as in Fig. 

3.3a. In this position# it is assumed that the contact path 

is indeed an arc of a great circle (i.e. the muscle takes 

the shortest path in the primary position) and that the line 

of insertion of the tendon is perpendicular to the muscle 

path. Whenever the eye moves to any other position that 

keeps the insertion point on this same great circle (i.e. in 

this case a purely horizontal rotation)# the muscle's 

contact path remains an arc of that great circle and the 

line of insertion remains perpendicular to it. In all of 

these positions the muscle exerts an inward radial force on 

the eyeball# and consequently# there is no tangential 

component of this force to cause sliding of the muscle. 

Note that all six insertion points are on their respective 

great circles only when the eye is in the primary position. 
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Whenever the eye moves to a position where the point of 

insertion is not on the same great circle» as shown in Fig. 

3. 3b/ the whole situation changes. The contact path is no 

longer an arc of any great circle» nor is it perpendicular 

to the line of insertion (i.e. the tendon is twisted)» and 

there is a tangential force acting on the muscle. The 

following sequence of events is plausible. As the eye first 

begins moving» the tangential force gradually increases. 

Initially» when this force is small» static friction 

probably keeps the muscle along the original contact path 

and consequently a small kink exists in the muscle path at 

its point of tangency. When the tangential force at thi3 

point exceeds that of static friction and the other 

restraining forces» the muscle begins to slide. The 

greatest amount of sliding occurs at the tangency point 

while the least occurs near the insertion where the muscle 

is anchored. When the eye stops moving and the muscle 

finally stops sliding» the system is in equilibrium. There 

probably is a small residual tangential force acting on the 

muscle which is exactly balanced by the restraining forces 

of the other tissues and the force of friction. The actual 

muscle path is therefore somewhere in between the shortest 

path and the rotated—primary-position path. Although the 

exact path is still unknown» a plausible approximation of it 

can be determined by making several reasonable assumptions. 

One assumption is that the final muscle path is smooth and 

continuous. Another is that only a fraction of the 
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shortest-path tendon-twist angle is realized. A large 

number of possible paths satisfy the above conditions and 

further specifying the muscle path requires additional 

assumptions. For simplicity/ the contact muscle path is 

assumed to be an arc of a non—great circle because this 

curve can be treated mathematically without undue difficulty 

and satisfies the previous assumption of smoothness. 

Furthermore# at the point of tangency/ the contact muscle 

path must have the same direction as the straight part of 

the path. The second assumption is that only cos £ of the 

shortest path twist angle is realized. Angle « is the 

inclination of the plane of the rotated-primary-position 

contact path with respect to the primary-position contact 

path. It follows that cos £ is a measure of the amount of 

muscle force that goes to cause sliding of the muscle. It 

seems natural to assume that cos £ also indicates the amount 

of twist that is present at the 'insertion. 

The force exerted by an eye muscle is a function of the 

percentage change in length of that muscle relative to its 

primary position length) Lp. The length of the muscle path 

from its origin to the point of tangency never changes) so 

the change in total length can be found from the change in 

length of the contact path. 

The only difficulty that arises with this mathematical 

treatment occurs when the eye is adducted more than 34 

degrees. In this special case, the path of the medial 

rectus lies entirely off of the surface of the eye. Some of 
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the values calculated for this muscle no longer apply since 

the underlying assumptions have been violated. Fortunately» 

the problem can be easily detected and corrected. 

The magnitude of the force exerted by the lateral 

rectus has been determined experimentally C63 to be a 

function of its innervation and its relative change in 

length (the percent change in length from its primary 

position length). Since this function was determined for 

the lateral rectus alone» a factor of X» the strength of a 

muscle relative to the lateral rectus» must be used in the 

equation for it to represent the strengths of the other five 

muscles. 

The force of all the other passive tissues always acts 

to rotate the eye towards the primary position. This 

rotation would take place about an axis in Listing's plane» 

the frontal plane. The orientation of this axis is 

described by <x> the angle that 'it makes with the horizontal 

plane. The amount of rotation about this axis is described 

by 0. These angles can be found from the coordinate angles 

by using spherical geometry. With <x and £ determined» it is 

a simple matter to calculate the torque of the passive 

tissues. 

Now the complete state of the eye is known except for 

the innervations. They obey Sherrington's law of reciprocal 

innervation which states that as the innervation of one 

muscle of an antagonistic pair increases» the innervation of 

the other decreases. Using this relationship» the 
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innervation of one muscle of a pair can be determined from 

that of the other muscle. Thus* only three innervations 

remain to be determined. Because the force balance 

equation* which accounts for all the torques acting on the 

eye* is a vector equation* it can be rewritten as three 

scalar equations and solved for the three unknown 

innervations. However* because the equations are nonlinear 

and very complicated* they cannot be solved analytically« 

but can be solved by using an iterative process of 

successive approximation. A better estimate of each 

innervation is obtained after each iteration. The process 

is stopped when the error is as small as desired. 

For this method to work satisfactorily <i.e. to 

converge to the desired answer) a "good" initial estimate of 

each innervation is required. The first step in obtaining 

such an estimate is to decide which muscle is the agonist of 

each pair. In abduction* the lateral rectus is the agonist* 

while in adduction* the medial rectus is the agonist. In 

elevation* the superior rectus and the inferior oblique are 

agonists* in depression* the inferior rectus and superior 

oblique are agonists. 

With the three agonists determined* the next step is to 

approximate their innervations* based on the position of the 

eye. Then* using the given position and the estimate of 

innervation* the force acting on the eyeball is calculated. 

If it is larger than some acceptably small value* a 

linearization of 3<force)/3(innervation) is taken at the 
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current values of innervations# and these are modified SO 

that the torque would be zero. The whole process is 

repeated as many times as necessary until the magnitude of 

the total force acting on the eyeball is less than the small 

arbitrary value of 0. 1 gram. When the process is thus 

completed# the values of all the variables accurately 

describe the state of the eye in the desired position. 

In the forward part of the model# the six innervations 

are known and the corresponding position of the eye must be 

found. The position is obtained at the end of an iterative 

procedure. As in the previous case# this iterative 

procedure requires an initial estimate of the position. A 

good initial approximation is not required and the primary 

position can always be used as the first estimate. However# 

to save computation time# a better initial estimate is used 

since it can be easily obtained from the innervations. 

The calculations are performed for this position just 

as in the previous computer program. All of the muscle 

paths are calculated as are the relative changes in length 

of the muscles. The magnitude and direction of the torque 

that each muscle exerts on the eyeball are calculated. 

Similarly# the magnitude and direction of the torque of the 

passive tissues are calculated. Finally# the vector sum of 

all the torques acting on the eyeball is computed. If in 

this position# the magnitude of the total moment# IMI» is 

smaller than some acceptable error# the iterative process is 
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concluded and the resulting position is the desired answer. 

On the other hand* if the error is still too large* the 

total moment is allowed to rotate the eyeball. The amount 

of rotation equals IMI/K. where K is an effective overall 

spring constant of about 2 gram/degree. All of the 

calculations are repeated for this new position* and the 

error is re-evaluated. The entire process is repeated until 

the error becomes sufficiently small. 

3. 2 Binocular Model Development 

This section describes the various improvements and 

extensions made during this study to Robinson's original 

model. As mentioned in the Introduction* the model was 

translated from FORTRAN to APL for two reasons: 1> APL is 

better suited to perform the various matrix calculations 

involved* and 2) it is interactive so that immediate results 

can be obtained. The APL programs were then modified so 

that all of the parameter changes relating to a specific 

clinical condition are automatically calculated by the 

program whenever that condition is requested. For example* 

when simulating a recession* the muscle's name and the 

amount of recession are entered and the program calculates 

the coordinates of the new insertion point and adjusts the 

length—tension equation. The APL monocular model was then 

improved in two significant ways: 1) the iterative 

procedure of the position program was modified so that 

convergence to a solution is guaranteed* and 2) the inverse 
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and forward programs were combined and arranged so that a 

complete prism-cover test was automatically simulated after 

changing parameters for either or both eyes. These major 

modifications are discussed below. 

The iterative portion of the forward program was 

changed so that convergence to a solution is assured and 

fewer iterations are required. As already described* the 

program uses the given innervations and an estimate of eye 

position to calculate the forces acting on the eyeball. If 

the total force is greater than an acceptably small value* 

the torque acting on the eyeball rotates it into a new 

position. The amount of rotation is computed as the torque 

divided by an effective spring constant. Rob inson 

experimentally determined the value of the spring constant 

which produced fairly rapid convergence to the final 

solution without much oscillation about it. There are 

occasions* however* when this- scheme never converges. 

Furthermore* the occurance of oscillations indicates that 

the steps are too large. This situation usually occurs near 

the end of the convergence procedure* when the estimated 

position is close to the desired final answer. These facts 

suggest that a variable step size is preferable* which is 

implemented in the following way. Robinson's value of the 

spring constant is used for the first eight iterations* 

while the model gets close to the right position. Then 

after every iteration* the direction in which the eye will 

be moved by the current torque is compared to the last 
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direction in which the eye moved. If the angle between 

these directions is less than 90 degrees» it is assumed that 

the final position is being approached. On the other hand» 

if this angle is larger than 90 degrees» it is assumed that 

the model has overstepped the correct solution and the step 

size is cut in half by doubling the spring constant. This 

scheme has never failed. 

The second major improvement made to the model was the 

development of a binocular model to simulate prism-cover 

tests. In this new model» as in the prism—cover test» one 

eye fixates on the diagnostic positions and the other eye 

follows under cover. The parameters of either or both eyes 

can be modified to represent any of the pathological or 

surgical conditions that are implemented on the monocular 

model. Figure 3. 4 shows how the inverse and forward 

programs are joined in the new model. All of the blocks in 

this figure are self-exp lanatory. except for the center one. 

This conversion can be accomplished quite easily whenever 

the fixating eye is normal. because then the reciprocal 

innervation received by the following eye for any given 

position is the same numerically as the innervation of the 

fixing eye when it is in the mirror-image position. For 

example» when the left eye is in the primary position» the 

innervation to each muscle of the right eye should be the 

same as the innervation to the corresponding muscle of the 

left eye» as dictated by Hering's law. However» when the 

left eye is fixating in any other position» the two eyes 
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should not receive the numerically identical innervations. 

Assume* for example* that the left eye is fixating nasally 

upwards. In this case* a healthy right eye would be 

positioned temporally upwards* and would receive the 

necessary innervations to cause it to do so. The 

innervations required to position a normal right eye 

temporally upwards are numerically equal to the innervations 

required to cause a healthy left eye to fixate temporally 

upwards. Therefore* when the normal left eye is fixating 

nasally upwards* the innervations sent to the right eye are 

those which would cause an eye* be it right or left* to 

fixate temporally upwards. To determine what innervations to 

send to the right eye* the inverse program calculates them 

for the left eye in the mirror-image position. If the right 

eye has an innervational problem* the value of innervation 

of the affected muscle is approprlately modified prior to 

being used as input to the posit-ion program. 

Whenever the fixating eye is not normal* regardless of 

cause* a different approach must be used to determine the 

innervations sent to the following eye. The innervations of 

the muscles of the abnormal left eye are determined by the 

inverse program. These innervations are looked-up in a 

table which supplies the innervations for the mirror-image 

position. If the exact value of innervation is not in the 

table* it is linearly interpolated from the neighboring 

entries. The interpolations are performed for the agonists 

because their innervations are nearly linear functions of 
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eye position. The mirror-image position of the interpolated 

one is then used to determine the innervations for the right 

eye. Again* if this mirror—image position is not in the 

table# linear interpolation is used to find the innervations 

for it. This procedure produces a binocular model where one 

eye is moving under cover. 

3. 3 Simulation of Disorders and Surgeries 

Both the monocular and binocular models just described 

can be used to simulate a variety of oculomotor diseases 

and/or surgical interventions. This section describes the 

mathematical manipulations that are required to model the 

disorders and surgeries considered in this thesis. The 

simulated diseases are isolated palsies and changes in 

muscle strengths. The modelled surgical operations are 

myectomies* recessions* and resections. 

The dominant characteristics of a complete isolated 

palsy of an extraocular muscle are that: 1) it is 

completely palsied or devoid of innervation* and 2) it is 

the only affected muscle. The palsied muscle does not 

develop any contractive force* but does retain its passive 

tension. These characteristics are implemented in the model 

by setting that muscle's innervation to zero. To simulate 

an incomplete palsy* or paresis* the innervation is not set 

to zero but s weighted by a factor less than one. 

Changes in muscle strength are made by modifying the 

parameter X. The active and passive tensions can be scaled 
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independently of each other. 

A myectomy results in the disconnection of a muscle 

from the eyeball so that it no longer influences the 

position of the eye. The simulation of this operation is 

easily accomplished by simply not adding the muscle force 

into the total torque acting on the eye. 

The recession and resection are somewhat more involved 

procedures to perform surgically and simulate 

mathematically. As discussed in Chapter 2, a resection 

effectively strengthens a muscle by changing its primary- 

position length and thereby shifting its resting-length 

operating point of its length-tension relationship. To 

simulate this condition in the modeli the length of the 

resected portion of the muscle is subtracted from the length 

normally calculated in a given position. In a recession, 

the opposite situation occurs with the length-tension 

function, which is implemented by adding the recession 

distance to the current length of the muscle. Furthermore, 

a recession changes the point of insertion of the muscle. 

In the model, the linear measure of the recession distance 

is corrected for the curvature of the eyeball and the 

insertion point's coordinates are updated to the appropriate 

values. 

The Jensen procedure and other complex operations 

produce such significant changes in the eye that the 

assumptions upon which this model is based are violated; 

consequently, the model cannot represent these surgical 
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techniques. 

In this chapter the underlying theory of 

the associated mathematics have been describ 

fashion. More details of the model can be 

Append i x. 

the model and 

d in a general 

found in the 



4 PROCEDURE 

After the improved model had been developed» it was 

tested in tuio different ways. First» a large number of 

hypothetical cases were simulated. These included various 

types of diseases» surgeries» and combinations of both. 

Second» several selected clinical cases were simulated both 

before and after surgery. When all of these simulations 

were analyzed» it became apparent where the model needed 

further improvement. 

4. 1 Simu lation of Hypo theti cal Cas es 

A large number of hypothetical simulations were 

ob ta ined and compile d in to an atlas. The cond itions 

sele cted for study incl uded: a completely normal pa ir of 

eyes » c omplete isol ated palsie s of each muscle » 507. 

deer eases and increases in s tr enyth of ea ch muscle» 3 mm 

rece ssion s and resect ions for the rec tus muscles » and 

my ec tomie s of each of the mu scies. The si mulation of each 

of thes e conditions was based upon a straightf orward 

imp 1 ementation of the metho ds described in Section 3. 3. 

Alth ough pareses are frequently seen in the clini c» the 

phys iolog ical mechanisms of such partial or non—is dated 

pals ies are still unclear » and it is not possi b le to 

accurately model these disorders. Furthermore» there is no 

quantitative way to determine the severity of a palsy or the 

degree of involvement of other muscles. For these reasons» 
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complete isolated palsies are simulated. Myectomies of the 

obliques are often used to correct palsies of their 

antagonists. In addition! a comparison of a palsy and 

myectomy of the same muscle shows the effects of the 

muscle's passive tension. Changes of muscle strengths are 

included primarily to simulate a condition under which to 

test the efficacy of the recession-resection. However/ 

certain degenerative diseases of the muscles# such as 

myasthenia gravis# might also be appropriately modelled by 

changing the muscle's strength C18I. Finally# recession- 

resections are simulated because they are one of the most 

common operative procedures. 

4.2 Clinical Data Collection 

The patient cases to be studied were selected and their 

data collected# organized# and plotted in accordance with 

the following procedure: The office orthoptist# the highly 

trained technician who usually administers the prism-cover 

test# made the preliminary selection of patient cases 

because she was most familiar with their various conditions. 

Most of the selected patients had been diagnosed as having 

simple disorders# usually isolated palsies. After careful 

consideration of the data in each patient's chart# a 

decision was made whether to further consider that case. Of 

the 18 cases initially selected# 7 were retained for further 

study# the rest were rejected for any of the following 

reasons: The patient may have been referred after having 
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had surgery* so that prism—cover test data prior to his 

first operation was not readily available; The patient may 

have had a type of operation not readily simulated by the 

model; Or* the case may have involved "unnecessary" 

comp 1 icat ions. 

Having selected a group of patients for consideration* 

all relevant data were transcribed from hospital charts. As 

stated before* the prism-cover test results were of 

particular interest. Because these data are recorded as 

sets of numbers which require familiarity to be meaningfully 

interpreted* they were plotted in a format like that of a 

Hess chart or Lancaster projection* so that their meaning in 

terms of positional error could be better visualized and 

understood. 

The data from the Maddox double rod test were not used 

in this study for two reasons. First* since this test is 

used only occasionally* few of the selected patients had 

these data available. Second* the horizontal and vertical 

deviations proved to be sufficiently challenging without 

considering the cyclorotationai ones. 

4.3 Clinical Data Simulation 

After the clinical data had been plotted* each 

patient's diagnosed condition was simulated along with his 

postoperative results. Obtaining these simulations was a 

fairly simple task. However* the results were often poor 

and a way was needed to improve the match between the pre- 
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surgery clinical and simulated plots* so that the simulation 

of the surgery could be evaluated separately. A trial and 

error procedure was used to obtain improvements. Parameters 

were changed in any manner consistent with the diagnosis 

that gave a better match with the clinical data. 

The empirical procedure followed was actually rather 

simple: First* the patient's plot was visually compared to 

each of those in the atlas. Two or three charts from the 

atlas that had the most similarity to the patient's plot 

were then compared. The name(s) and value(s) of the changed 

variable(s) in these simulations thus indicated the 

parameters which were most likely involved and identified 

the direction in which they should be changed. A rough 

estimate was made of the changes in each model parameter* 

which was tested by running another simulation with these 

new parameter values. After the model's results were 

obtained* plotted* and compared to the plots from the atlas* 

the parameter values were sometimes readjusted slightly and 

then retested. This procedure provided an improved 

representation of the pre-surgery condition* called the 

"best" simulation* yet kept within reasonable bounds of the 

diagnosis. This condition was further modified to 

represent the surgical correction. The simulation was 

plotted and compared to the "best" pre-surgery chart and the 

surgical procedure was evaluated. 



5 RESULTS 

This chapter describes and explains the results 

obtained from the model. As mentioned in the previous 

chapter< the results are considered in two separate groups. 

The first group contains a total of 49 hypothetical 

simulations; the second group consists of 7 clinical case 

studies. The hypothetical cases are collectively presented 

in Section 5. 1 as an atlas of ideal prism—cover test 

simulations» and are described in the section following it. 

The clinical case studies are explained in the chapter's 

final section. 

The prism-cover test simulations are all plotted in a 

standard format. In each figure* the "C's represent the 

nine diagnostic positions and also the fixation directions 

of the left eye. The "X" 's represent the fixation 

directions of the right eye. Usually the left eye is normal 

and only the parameters of the right eye are manipulated to 

reflect pathological or surgical conditions. Note that a 

reversal of the roles of the eyes would result in a mirror 

image figure. 

The "X’^s and "O” 's are graphed in a manner similar to 

that of a Hess chart or Lancaster projection. The figures 

in this thesis show each symbol located at the point where 

the eye's visual axis intersects the plane of the figure. 

In other words* the visual axis is projected onto the figure 

plane and the appropriate symbol is placed at the location 
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of the projected axis. The advantage of using this 

projection is that the locations of the symbols are 

independent of the coordinate system used to measure eye 

position; even if a different coordinate system had been 

used» so that a given eye position mas represented by a 

different pair of coordinates» the eye's visual axis in this 

position would still be projected onto the same spot in the 

p lane. 

The coordinate system used in this thesis to represent 

the eye's position is a slightly modified version of the 

system devised by Fick. The position of the eye in this 

system is denoted by (6» $» *). The amount of horizontal 

rotation from the primary position (i.e. rotation about the 

vertical axis) is represented by ©; temporal rotations or 

abductions are positive» while nasal rotations or adductions 

are negative. The amount of vertical rotation from any 

horizontal secondary position • (i.e. rotation about any 

horizontal axis) is represented by $» elevations are 

positive» while depressions are negative. These two 

coordinates» 6 and 4» specify the position of the visual 

axis. The final degree of freedom» rotation about this 

axis» is represented by positive when the upper part of 

the eye rotates temporally and negative when it rotates 

nasally. Figure 5. 1 shows the projection of Fick's 

coordinate system. Note that the horizontal position in the 

figure plane is solely a function of 0» and that a fixed 

angular rotation is represented by a smaller linear distance 
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near the primary position than it is near the extremes. 

Furthermore* note that this projection is viewed from the 

front as the patient would see it/ so that symbols on the 

right side of the figure represent eye rotations toward the 

patient's right. In many instances/ charts of this type 

represent eye positions as the examiner would see them/ so 

that rotations to the patient's left would be indicated by 

symbols on the right side of the chart. This latter system 

is decidedly preferable for clinical use/ but both systems 

are successfully employed in research/ and the former was 

chosen for use here for reasons of personal preference. 

The table located below each plot gives the position 

coordinates of each "X" in that plot/ as measured in 

degrees. The first entry in that table gives the position 

of the right eye when the left eye is fixating in the 

primary position/ at the center "O". The remaining eight 

table entries describe the right eye's position when the 

left eye fixates at the outer diagnostic positions/ first at 

the rightmost one and then proceeding counterclockwise (see 

Fig 5. 2). An easy way to remember the order of the table 

entries is to recall that the symbols are plotted in the 

same way that a lower-case letter "e" is printed: start at 

the center/ move to the right/ then move circularly counter¬ 

clockwise. 

It is easy to tell which “X" corresponds to a given “O" 

when the positional deviations are small because then the 

two symbols are closest to each other. However/ when these 
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1 0. 00 0. 00 0. 00 
2 26. 57 0. 00 0. 00 
3 19. 14 18. 78 3. 19 
4 0. 00 26. 57 0. 00 
5 -19. 14 18. 78 - 3. 19 
6 -26. 57 0. 00 0. 00 
7 -19. 14 -18. 78 3. 19 
8 0. 00 -26. 57 0. 00 
9 19. 14 -18. 78 - 3. 19 

O = Left eye 
X * Right eye 

Fia. 5. 2. The Nine Diagnostic Positions. 
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deviations are large* it is harder to identify an MX" with 

its associated "0H. A simple method that can help with this 

problem requires observing all of the "X"'s at one time. 

They form a distorted version of the pattern formed by the 

nine diagnostic positions. With this total pattern in mind* 

each "X" can be properly associated with an ”0". 

Alternatively* one can follow this slightly more elaborate 

procedure: first* determine which diagnostic position the 

"0" represents* then* look up the coordinates of the 

corresponding “X" in the table* and finally* locate the "X" 

by its coordinates. 
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5. 1 An Atlas of Ideal Prism—Cover Test Simulations 

This atlas contains 49 ideal simulations of the prism- 

cover test which are grouped into four different categories. 

The first category represents a pair of normal eyes» shown 

in Chart 1. No parameters were changed for this case. The 

second category contains the representations of various 

disorders: complete isolated palsies» and muscle 

underactions and overactions caused by 50% weakenings and 

50% strengthenings» respectively. Each of these conditions 

is simulated for each of the muscles and depicted in Charts 

2 through 19. Charts 20 through 25 show the combination of 

an underaction and an overaction imposed upon a pair of 

antagonistic muscles. The third category contains 

simulations of surgery: myectomies» recessions» and 

resections. Myectomies of each of the six muscles are shown 

in Charts 26 through 31. Charts 32 through 35 show 3 mm 

recessions for each of the recti. Resections of 3 mm for 

each of the recti are presented in Charts 36 through 39. 

Recession—resections for the rectus pairs are shown in 

Charts 40 through 43. The fourth and final category shows 

the results of surgery performed on a diseased eye. Charts 

44 and 45 represent palsied and myectomized oblique pairs. 

Charts 46 through 49 show combinations of overactions and 

underactions corrected by recession—resections. In all of 

these simulations» the left eye is normal and is fixating» 

while the right eye is following under cover and has the 

condition described in the caption. 
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1 0. 00 0. 00 0. 00 
2 26. 57 0. 00 0. 00 
3 19. 14 18. 78 3. 19 
4 0. 00 26. 57 0. 00 
5 -19. 14 18. 78 - 3. 19 
6 -26. 57 0. 00 0. 00 
7 -19. 14 -18. 78 3. 19 
8 0. 00 -26. 57 0. 00 
9 19. 14 -18. 78 - 3. 19 

0 = Left eye 
X » Right eye 

CHART 1. NORMAL EYES 
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X} X o 
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# e * * 

1 - 6. 95 - 0. 55 - 0. 44 
2 - 2. 19 - 1. 12 - 1. 23 
3 - 5. 41 17. 40 - 1. 41 
4 - 9.74 24. 84 - 2. 69 
5 -21.18 17. 96 - 3. 21 
6 -27. 46 - 0. 15 0. 01 
7 -20. 77 -18. 50 3. 06 
8 -10. 90 -26. 79 1. 71 
9 - 5. 87 -20. 12 - 0. 43 

O = Left eye 
X ■ Right eye 

CHART 5. LATERAL RECTUS PALSY 
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5. 85 0. 12 0. 46 
27. 58 - 0.02 - 0. 01 
21. 20 18. 22 3. 66 
5. 20 26. 04 2. 16 
0. 60 19. 53 3. 15 
1. 48 1. 98 2. 28 
3. 12 -16. 79 0. 48 
4. 05 -25. 65 - 1. 22 

21. 18 -18. 27 - 3. 55 
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0 » Left eye 
X * Right eye 

CHART 3. MEDIAL RECTUS PALSY 



O 

O O 

X X 

O 
X 

X 
O 

X 
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1 1. 08 - 4. 76 2. 93 
2 26. 93 - 6. 65 2. 07 
3 21. 11 2. 84 10. 13 
4 5. 14 9. 60 12. 11 
5 -15. 63 8. 91 7. 79 
6 -26. 05 - 2. 38 2. 78 
7 -18. 92 -19. 83 4. 14 
8 0. 23 -27. 38 0. 45 
? 19. 44 -20. 57 - 2. 65 

0 * Left eye 
X => Right eye 

SUPERIOR RECTUS PALSY CHART 4. 
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CHART 5. 

0 

X 
X 
o x o 
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2 
3 
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1. 28 
26. 79 
19. 35 
0. 35 

-18. 87 
-26. 11 
-15. 70 

6. 71 
21. 07 

4. 99 
7. 61 

20. 80 
27. 28 
19. 57 
1. 77 
9. 06 
6. 39 
0. 20 

- 2. 84 
- 2. 51 

2. 25 
- 0. 34 
- 3. 83 
- 1. 92 
- 5. 76 
-11. 58 
- 9. 66 

0 » Left eye 
X = Right eye 

INFERIOR RECTUS PALSY 
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1 - O. 15 1. 81 2. 93 
2 26. 29 - 0. 12 2. 35 
3 19. 15 19. 04 4. 15 
4 0. 04 26. 94 0. 42 
5 -18. 93 19. 53 - 2. 72 
6 -26. 38 2. 71 1. 11 
7 -20. 62 -11. 36 9. 92 
8 - 6. 34 -21. 50 14. 27 
9 14. 67 -18. 63 8. 35 

0 * Left eye 
X = Right eye 

CHART 6. SUPERIOR OBLIQUE PALSY 
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CHART 7. 

O X 

X 

X 
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o 
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St 

# Q * * O = Left eye 
X = Right eye 

0. 08 - 1. 86 - 2. 60 
26. 30 - 0.42 - 1. 87 
15. 03 16. 64 - 6. 72 

- 8. 29 19. 55 -15. 08 
-21. 18 10. 63 -12. 49 
-25. 99 - 2.79 - 1. 95 
-18. 75 -19. 41 2. 62 

0. 34 -26. 99 - 0. 59 
19. 25 -19. 19 - 3. 95 

INFERIOR OBLIQUE PALSY 
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# e * * 

1 - 3.90 - 0. 28 - 0.24 
2 16. 95 - 0. 16 - 0. 10 
3 11. 00 18. 68 2. 05 
4 - 4. 86 25. 79 - 1. 31 
5 -22. 10 17. 57 - 3. 20 
6 -29. 88 - 0. 60 0. 05 
7 -21.71 -18. 30 2. 97 
8 - 5. 56 -26. 71 0. 91 
9 10. 64 -19. 18 - 2. 33 

0 — Left eye 
X =* Right eye 

CHART 8. LATERAL RECTUS AT 50% STRENGTH 
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3. 49 
32. 08 
23. 48 
3. 36 

-12. 89 
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-13. 60 

2. 88 
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0. 09 0. 27 
- 0. 09 - 0. 09 
17. 60 4. 13 
26.25 1.42 
19. 29 - 1. 00 
0. 92 0. 49 

-18. 07 2. 09 
-25. 91 - 0. 88 
-17. 66 - 3. 96 
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0 = Left eye 
X *= Right eye 

CHART 9. MEDIAL RECTUS AT 50% STRENGTH 
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X * Right eye 

0. 70 - 2.68 1. 68 
26. 89 - 3.95 1. 20 
20. 71 12. 16 6. 43 
3. 74 20. 24 5. 62 

— 16. 87 15. 17 1. 45 
-26. 22 - 1.35 1. 61 
-18. 93 -20. 03 4. 32 

0. 54 -28. 73 1. 24 
19. 65 -22. 18 - 2. 14 

SUPERIOR RECTUS AT 50*/. STRENGTH 
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ô ♦ ♦ 0 » Left eye 
X * Right eye 

0. 86 3. 05 — 1. 73 
26. 83 4. 92 — 1. 56 
19. 45 23. 69 0. 76 
1. 42 29. 45 - 1. 48 

-18. 65 20. 03 - 4. 26 
-26. 21 1. 33 — 1. 44 
-17. 26 -15. 06 - 0. 42 

4. 36 -19. 19 — 4. 99 
20. 68 -11. 25 — 5. 85 

INFERIOR RECTUS AT 50% STRENGTH 
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- 0. 10 
26. 40 
19. 19 
0. 44 

-13. 31 
-26. 43 
-19. 80 
- 2. 61 
17. 46 
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1. 07 
- O. 06 
19. 15 
23. 62 
21. 95 
2. 06 

-16. 11 
-25. 03 
-13. 84 

* 

1. 72 
1. 35 
4. 67 
2. 60 

- 1. 14 
0. 87 
5. 82 
5. 47 
1. 10 

0 « Left eye 
X =* Right eye 

SUPERIOR OBLIQUE AT 50% STRENGTH 
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X = Right eye 

0. 03 - 1. 12 — 1. 54 
26. 38 - 0.30 - 1. 24 
17. 34 17. 96 - 0. 91 

- 4. 03 23. 86 - 6. 64 
-20. 33 15. 43 - 7. 36 
-26. 28 - 1.40 — 1. 03 
-18. 63 -19. 58 2. 48 

1. 08 -27. 72 - 1. 75 
19. 38 -19. 51 - 4. 57 

INFERIOR OBLIQUE AT 50‘/. STRENGTH 
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24. 28 
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24. 57 
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0. 16 
0. 13 

18. 80 
27. 01 
19. 67 
0. 51 

19. 13 
26. 53 
18. 54 

0. 17 
0. 15 
3. 55 
0. 77 
3. 07 
0. 01 
3. 32 
0. 58 
3. 73 

0 ■ Left eye 
X = Right eye 

LATERAL RECTUS AT 150% STRENGTH 
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22. 74 
16. 18 
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-31. 25 
“22. 70 
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16. 13 
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- 0. 08 
0. 09 

19. 55 
26. 76 
18. 36 

- 0. 63 
-19. 20 
-27. 07 
-19. 52 

4 

- 0. 16 
- 0. 05 

2. 42 
- 1. 07 
- 4. 54 
- 0. 14 

4. 07 
0. 67 

- 2. 66 
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Left eye 
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— ART 15-- MEDIAL RECTUS AT 1503É STRENGTH 
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1 - 0. 61 1. 90 — 1. 22 
2 26. 20 2. 76 — 0. 86 
3 17. 30 23. 19 0. 56 
4 - 4.73 30. 38 - 5. 14 
5 -21. 35 20. 79 - 6. 50 
6 -26. 90 1. 04 — 1. 28 
7 -19. 36 -17. 75 2. 26 
8 - 0. 51 -24. 80 — 1. 01 
9 18. 66 -16. 18 — 4. 00 

0 ** Left eye 
X « Right eye 

CHART 16. SUPERIOR RECTUS AT 150% STRENGTH 
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1 - 0. 71 
2 26. 22 
3- 18.63 
4 - 1.00 
5 -19. 54 
6 -26. 91 
7 -20. 72 
8 - 4. 70 
9 17. 55 

4 4 

- 2. 10 1. 21 
- 3. 15 O. 97 
15. 43 4. 66 
24. 45 1. 07 
17.74 - 2.28 

- 1. 02 1. 11 
-20. 98 5. 57 
-30. 98 4. 05 
-23.35 - 1.33 

0 = Left eye 
X * Right eye 

CHART 17. INFERIOR RECTUS AT 150% STRENGTH 
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0. 10 
26. 71 
19. 12 

- 0. 27 
-19. 64 
-26. 64 
-18. 66 

1. 77 
20. 21 
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- 0. 74 
0. 04 

15. 49 
25. 10 
16. 63 

- 1.35 
-20. 33 
-27. 34 
-18. 69 

* 

— 1. 16 
- 1. 03 

2. 12 
- 1. 78 
- 4. 51 
- 0. 63 

1. 55 
- 3. 48 
- 5. 82 

0 = Left eye 
X =* Right eye 

SUPERIOR OBLIQUE AT 150*/. STRENGTH 
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- 0. 02 
26. 74 
20. 4? 
3. 24 

-17. 88 
-26. 81 
-19. 56 
- 0. 82 
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0. 86 
0. 27 

19. 32 
28. 32 
21.27 
1. 07 

-18. 13 
-25. 63 
-18. 17 
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1. 13 
0. 98 
6. 07 
4. 95 
0. 11 
0. 83 
3. 78 
1. 36 
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CHART 19. INFERIOR OBLIQUE AT 1507. STRENGTH 
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1 - 6. 20 - 0. 43 - 0. 42 
2 13. 91 - 0. 16 - 0.27 
3 8. 54 19. 00 1. 35 
4 - 7.34 25. 73 - 2. 35 
5 -25. 63 16. 86 - 4. 11 
6 -34. 40 - 1.24 0. 06 
7 -24. 97 -18. 41 3. 57 
8 - 7.47 -27. 06 1. 47 
9 8. 24 -19. 61 - 1. 90 

CHART 50. LATERAL RECTUS AT 50V. STRENGTH AND MEDIAL RECTUS 
AT 150% STRENGTH 
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1 6. 36 0. 19 0. 47 
2 38. 34 0. 11 - 0. 40 
3 28. 95 17. 23 4. 31 
4 6. 66 26. 47 2. 31 
5 -10. 34 19. 86 - 0. 50 
6 -16. 33 1. 23 0. 63 
7 -11. 33 -18. 13 2. 00 
8 6. 75 -25. 68 - 1. 62 
9 29. 34 -17. 12 - 4. 53 

0 a Left eye 
X » Right eye 

CHART 21. MEDIAL RECTUS AT 507. STRENGTH AND LATERAL RECTUS 
AT 1507. STRENGTH 
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9 4 4 0 = Left eye 
X * Right eye 

0. 06 - 4.83 2. 91 
26. 50 - 7. 19 2. 24 
20. 19 9. 11 7. 61 
2. 93 18. 18 6. 65 

-17. 23 14. 02 2. 43 
-26.58 - 2.57 2. 92 
-20. 43 -22. 15 6. 63 
- 3. 84 -32. 82 5. 18 
18. 15 -26. 49 - 0. 29 

SUPERIOR RECTUS AT 50% STRENGTH AND INFERIOR 
150% STRENGTH 



# 

1 
2 
3 
4 
5 
6 
7 
8 
9 

3. 

X 

X 
o o 

X 
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© 4 4 O * Left eye 
X » Right eye 

0. 31 4. 99 - 3. 01 
26. 40 7. 81 — 2. 59 
17. 51 27. 83 - 2. 08 

- 2. 56 33. 11 - 6. 30 
—20. 75 21.95 - 7. 48 
-26. 57 2. 48 — 2. 85 
-17. 45 -13. 94 - 1. 41 

3. 93 -17. 42 - 5. 88 
20. 31 - 8.83 - 6. 61 

INFERIOR RECTUS AT 507. STRENGTH AND SUPERIOR 
1507. STRENGTH 



X 

X 

O 

O 

X 
O 

X 
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# e * * 

1 - 0. 08 1. 97 2. 99 
2 26. 54 0. 14 2. 51 
3 20. 54 19. 67 7. 79 
4 3. 77 30. 39 7. 88 
5 -16. 66 24. 79 2. 50 
6 -26. 54 3. 37 1. 68 
7 -20. 12 -15. 40 6. 40 
8 - 3.35 -24. 18 6. 74 
9 17. 20 -18. 30 2. 28 

0 = Left eye 
X = Right eye 

CHART 24. SUPERIOR OBLIQUE AT 507. STRENGTH AND INFERIOR 
OBLIQUE AT 1507. STRENGTH 
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# e * * 

1 0. 14 - 1. 82 — 2. 64 
2 26. 49 - 0. 26 — 2. 31 
3 17. 25 17. 69 — 1. 85 
4 - 4.24 22. 62 — 7. 99 
5 -20. 58 13. 77 — 8. 34 
6 -26. 29 - 2. 71 - 1. 63 
7 -18. 05 -21. 10 0. 84 
8 2. 91 -28. 51 — 5. 19 
9 20. 38 -19. 47 — 7. 10 

CHART 25. INFERIOR OBLIQUE AT 507. 
OBLIQUE AT 1507. STRENGTH 

0 = Left eye 
X * Right eye 

STRENGTH AND SUPERIOR 
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-il. 25 
- 7.04 
-il. 40 
-15. 59 
-26. 57 
-34. 16 
-25. 22 
-15. 29 
-11. 05 

* 

- 1. 03 
- 1. 61 

16. 38 
23. 39 
15. 55 

- 1. 36 
-17. 53 
-26. 69 
-20. 38 

* 

- 0.69 
- 1. 50 
- 2. 71 
- 4. 22 
- 2. 95 

0. 23 
2. 55 
2. 22 
0. 09 

O 

O 

O 

0 * Left eye 
X = Right eye 

LATERAL RECTUS MYECTOMY 
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O X 

O x O X 

O a* x o x 

O 
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O 
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O X 

ô 4 4 0 = Left eye 
X * Right eye 

10. 47 0. 11 0. 82 
40. 37 - 0.06 - 0. 48 
31. 08 15. 57 5. 00 

9. 14 25. 50 3. 67 
3. 53 19.33 4. 42 
2. 59 1. 95 2. 73 
0. 19 -16. 45 0. 05 
7. 78 -24. 83 - 2. 28 

31. 46 -15. 76 - 5. 09 

MEDIAL RECTUS MYECTOMY 
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9 4 4 0 =* Left eye 
K 38 Right eye 

1. 33 - 7.27 4. 42 
26. 77 -11. 53 3. 60 
20. 91 0. 45 11. 00 

5. 03 8. 08 12. 90 
-15. 64 7. 71 8. 89 
-25. 95 - 3. 78 4. 33 
-18. 71 -21. 61 5. 74 

1. 17 -31. 43 2. 83 
20. 06 -26. 73 - 0. 63 

SUPERIOR RECTUS MYECTOMY 
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X X 
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X 
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o o 
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© 4 * 0 * Left eye 
X = Right eye 

1. 79 8. 71 - 5. 02 
25. 57 17. 73 - 6. 59 
18. 69 31. 29 - 4. 06 
3. 47 33. 70 - 3. 81 

-18. 08 21. 69 - 5. 58 
-25. 87 3. 34 - 3. 64 
-15. 48 - 7.36 - 7. 25 

6. 71 - 3.59 -12. 94 
20. 53 5. 38 -11. 53 

INFERIOR RECTUS MYECTOMY 
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# 0 ♦ ♦ 0 = Left eye 
X * Right eye 

1 - 0. 16 3. 04 4. 97 
2 26. 16 - 0.20 3. 55 
3 19. 38 19. 65 7. 00 
4 1. 54 31. 72 7. 02 
5 -16. 46 27. 31 2. 84 
a -26. 07 6. 30 2. 43 
7 -20. 81 - 9. 48 11. 39 
a - 7.03 -20. 55 16. 11 
9 14. 03 -18. 51 10. 05 

CHART 30. SUPERIOR OBLIQUE MYECTOMY 
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1 0. 16 - 2. 77 - 3. 90 
2 26. 15 - 0. 62 - 3. 09 
3 14. 59 16. 33 - 7. 93 
4 - 8. 69 18. 87 -16. 16 
5 -21. 23 9. 80 -13. 24 
6 -25. 81 - 3. 62 - 2. 43 
7 -17. 98 -20. 57 1. 58 
8 2. 62 -29. 17 - 4. 16 
9 19. 75 -20. 39 - 6. 35 

O = Left eye 
X * Right eye 

CHART 31. INFERIOR OBLIQUE MYECTOMY 
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# e * * o = 

- 4.32 - 0.35 - 0. 25 
21. 86 - 0. 18 0. 01 
14. 38 18. 07 2. 89 

- 4. 36 25. 46 - 0. 89 
-22. 02 17. 19 - 2. 78 
-29. 91 — 0. 66 0. 12 
-21. 73 -17. 94 2. 65 
- 4. 60 -26. 21 0. 47 
14. 14 -18. 46 - 2. 87 

CHART 32. LATERAL RECTUS RECESSION OF 3 MM 

x O 

Left eye 
Right eye 
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2 
3 
4 
5 
6 
7 
8 
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O X O 
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4. 91 
32. 07 
24. 57 
4. 55 

-12. 14 
-20. 90 
-13. 13 

3. 89 
24. 67 

O x 

x 

O X o X 

X o x 

4 4 

0. 10 O. 38 
- 0. 12 - 0. 08 
17. 09 4. 45 
26. 02 1. 98 
19. 15 - O. 56 
0. 66 0. 40 

-17.84 1.84 
-25.61 - 1.23 
-17. 23 - 4. 19 

O * Left eye 
X * Right eye 

MEDIAL RECTUS RECESSION OF 3 MM 
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CHART 34. 
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O 
X 

O 
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O 
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O 
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1. 10 
27. 04 
20. 85 
3. 77 

-16. 58 
~26. 05 
-18. 62 

1. 27 
20. 03 

* 

- 3.29 
- 4.89 
13. 44 
22. 85 
16.22 

- 1.25 
-19. 98 
-28. 71 
-22. 56 

* 

2. 03 
1. 46 
5. 81 
3. 78 
0. 41 
1. 48 
4. 20 
1. 03 

- 2. 09 

0 = Left eye 
X = Right eye 

SUPERIOR RECTUS RECESSION OF 3 MM 
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X 
X 
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0 * * O * Left eye 
X » Right eye 

1. 39 3. 94 — 2. 14 
26. 98 6. 30 - 2. 08 
20. 00 24. 15 0. 63 
2. 46 29. 57 — 1. 11 

-IS. 28 19. 99 - 4. 00 
-26. 07 1. 09 - 1. 10 
-16. 73 -14. 95 - 0. 44 

4. 63 -20. 88 - 3. 94 
21. 01 -11. 88 — 3. 59 

INFERIOR RECTUS RECESSION OF 3 MM 
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1 
2 
3 
4 
5 
6 
7 
8 
9 

6. 
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O X 
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4. 93 
30. 75 
23. 92 
5. 83 

-14. 25 
-21. 95 
-14. 91 

5. 97 
24. 05 

O X 
X 

O X 

X 

o x 

* * 

O. 27 O. 30 
0. 08 - O. 08 

18. 80 3. 54 
27. 37 1. 39 
20. 63 - 2. 83 
0.85 0.01 

-19. 47 3. 41 
-26. 50 - 1. 01 
-18.56 - 3.67 

O X 

O X 

O X 

0 = Left eye 
X * Right eye 

LATERAL RECTUS RESECTION OF 3 MM 
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x o x o x o 

X o X o 

X o 
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1 
2 
3 
4 
5 
6 
7 
8 
9 

e 

- 6.20 
19. 34 
11. 58 

- 7. 59 
-25. 85 
-31. 30 
-24. 91 
- 6. 59 

11. 68 

* 

- 0.29 
0. 15 

20. 68 
26. 95 
17. 98 

- 0. 64 
-19. 44 
-28. 15 
-20. 69 

* 

- 0. 48 
- 0. 14 

0. 96 
- 3. 50 
- 5. 56 
- 0. 16 

4. 71 
2. 17 

- 1. 67 

0 * Left eye 
X * Right eye 

MEDIAL RECTUS RESECTION OF 3 MM CHART 37. 
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# e 4 4 

1 - 1. 45 3. 99 - 2. 68 
2 25. 80 5. 02 - 1. 63 
3 17. 20 23. 35 0. 45 
4 - 3. 50 29. 61 - 3.90 
5 -22. 09 21. 25 - 7. 49 
a -27. 71 3. 00 - 3. 79 
7 -19. 79 -15. 73 0. 42 
8 - 0. 97 -23. 03 - 2. 03 
9 IS. 24 -14. 07 - 4. 68 

O * Left eye 
X * Right eye 

CHART 33. SUPERIOR RECTUS RESECTION OF 3 MM 
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# e 4 4 o a 
x = 

1 - 1. 92 - 5. 12 3. 04 
2 25. 68 - 6. 57 2. 06 
3 17. 96 12. 30 5. 94 
4 - 2.31 21. 86 2. 42 
5 -20. 33 15. 50 - 0. 30 
6 -27. 66 - 3.04 3. 32 
7 -22. 38 -22. 84 7. 80 
8 - 5.35 -31. 43 4. 55 
9 16. 98 -24. 59 - 0. 75 

CHART 39. INFERIOR RECTUS RESECTION OF 3 MM 
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Left eye 
Right eye 
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X O X o 

x ° X O X O 

X O X O 

X O 

# 0 4 * 0 = Left eye 
X » Right eye 

1 -10. 35 - 0.82 - 0. 69 
2 14. 71 - 0. 12 - 0. 26 
3 7. 38 19. 12 0. 89 
4 -10. 94 25. 18 - 3. 63 
5 -28. 18 15. 75 - 4. 08 
6 -34. 60 - 1.32 0. 14 
7 -27. 15 -17. 89 3. 45 
8 - 9.74 -27. 14 1. 95 
9 7. 30 -19. 75 - 1. 59 

CHART 40. LATERAL RECTUS RECESSION OF 3 MM AND MEDIAL 
RECTUS RESECTION OF 3 MM 
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O X O x 

O X O x O X 

o x o x 

O X 

# 0 4 4 0 * Left eye 
X = Right eye 

1 10. 38 0. 23 0. 72 
2 36. 00 - 0. 01 - 0.25 
3 29. 52 16. 78 4. 51 
4 11.21 26. 18 3. 76 
5 - 7.09 20. 27 0. 39 
6 -16. 29 1. 35 0. 61 
7 - 8. 72 -18. 03 1. 74 
8 11. 22 -25. 01 - 2. 70 
9 29. 73 -16. 76 - 4. 67 

CHART 41. MEDIAL RECTUS RECESSION OF 3 MM AND LATERAL 
RECTUS RESECTION OF 3 MM 
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# e * * 

1 - 0. 76 - 8. 45 5. 08 
2 25. 97 -11. 63 3. 61 
3 19. 49 7. 22 8. 14 
4 1. 54 18. 11 6. 03 
5 -17. 83 13. 04 2. 97 
6 -27. 12 - 4.61 5. 07 
7 -21. 67 -23. 94 8. 66 
8 - 3. 51 -33. 05 5. 23 
9 17. 93 -27. 99 0. 32 

0 * Left eye 
X ■ Right eye 

CHART 42. SUPERIOR RECTUS RECESSION OF 3 MM AND INFERIOR 
RECTUS RESECTION OF 3 MM 
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# e 4 * 

1 0. 01 8. 17 5. 02 
2 25. 97 11. 90 — 4. 07 
3 17. 96 28. 31 — 2. 24 
4 - 0. 17 32. 38 - 4. 46 
5 -20. 95 22. 48 - 8. 13 
6 -27. 21 4. 34 - 5. 16 
7 -17. 50 -12. 02 - 3. 00 
8 3. 55 -17. 27 — 5. 71 
9 20. 10 - 7.31 — 6. 98 

0 = Left eye 
X = Right eye 

CHART 43. INFERIOR RECTUS RECESSION OF 3 MM AND SUPERIOR 
RECTUS RESECTION OF 3 MM 



O 

Ox O x 
x 

9: Q id 

x 
o xo 

x 
O 

# e * * 

1 - 0.06 - 1.21 - 1. 42 
2 26. 00 - 0.66 - 1. 16 
3 14. 65 16. 48 - 7. 48 
4 - 8.72 19. 23 -15. 86 
5 -21. 22 10. 42 -12. 90 
6 -25. 90 - 1.35 - 1. 44 
7 -20. 11 -13. 11 8. 62 
8 - 5. 18 -23. 27 11. 94 
9 15. 43 -19. 82 5. 38 

0 » Left eye 
X * Right eye 

CHART 44. SUPERIOR OBLIQUE PALSY AND INFERIOR OBLIQUE 
MYECTOMY 
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s 
X 

o x X O 
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# e * 

1 - 0.20 0. 91 
2 26. 01 - 0.47 
3 15. 27 17. 28 
4 - 8. 19 22. 34 
5 -21. 00 14.73 
6 -26. 01 2. 39 
7 -20. 70 - 9.99 
8 - 6. 86 -20. 86 
9 14. 24 -18. 83 

CHART 45. INFERIOR OBLIQUE 

9 O * Left eye 
X =.Right eye 

1. 81 
1. 26 

- 4. 77 
—12. 52 
-10. 20 

O. 37 
11. 03 
15. 72 
9. 26 

PÂLSY AND SUPERIOR OBLIQUE 
MYECTOMY 
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# © 4 4 0 » Left eye 
X =» Right eye 

1 1. 35 0. 00 0. 11 
2 22. 14 - 0. 15 0. 06 
3 16. 55 18. 09 3. 30 
4 0. 80 26. 15 0. 60 
5 -16. 91 18. 67 - 2. 10 
6 -26. 98 - 0. 15 0. 10 
7 -17. 41 -18. 27 2. 52 
8 - 0. 36 -26. 22 - 0. 19 
9 16. 25 -18. 38 - 3. 16 

CHART 46. LATERAL RECTUS AT 50% STRENGTH, RESECTED 2. 4 MM, 
AND MEDIAL RECTUS AT 150% STRENGTH, RECESSED 2.4 MM 
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ox >© o x 

>0 

# Ô * * O * Left eye 
X = Right eye 

1 « 1. 66 - 0. 14 - 0. 07 
2 30. 20 - 0. 12 - 0. 04 
3 20. 16 17. 94 3. 59 
4 - 1. 50 26. 03 - 0. 19 
5 -17. 84 18. 24 - 2. 14 
6 -23. 26 0. 27 0. 29 
7 -17. 83 -18. 03 2. 41 
8 - 1.40 -26. 21 0. 02 
9 20. 24 -18. 05 - 3. 46 

CHART 47. MEDIAL RECTUS AT 507. STRENGTH, RESECTED 2. 4 MM, 
AND LATERAL RECTUS AT 150% STRENGTH, RECESSED 2. 4 MM 
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# e ♦ * 0 = Left eye 
X * Right eye 

1 1. 00 1. 27 — 0. 59 
2 27. 05 1. 92 — 0. 54 
3 20. 92 17. 38 4. 17 
4 4. 14 23. 46 3. 73 
5 -17. 31 17. 17 — 0. 67 
6 -26. 38 0. 18 — 0. 13 
7 -18. 02 -17. 46 1. 95 
8 2. 04 -26. 25 — 0. 42 
9 20. 22 -17. 79 3. 58 

CHART 48. SUPERIOR RECTUS AT 507. STRENGTH. RESECTED 2. 
AND INFERIOR RECTUS AT 150% STRENGTH/ RECESSED 2. 4 MM 
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# e * * 

1 0. 74 - 1. 22 0. 74 
2 26. 97 - 1. 25 0. 32 
3 20. 02 19. 21 3. 11 
4 1. 41 27. 78 - 0. 54 
5 -18. 31 18. 40 - 2. 56 
6 -26. 34 - 0. 44 0. 50 
7 -18. 19 -18. 09 2. 38 
8 3. 69 -23. 10 - 2. 76 
9 20. 61 -16. 73 - 4. 09 

49. INFERIOR RECTUS AT 507. S' 

O = Left eye 
X = Right ey« 

AND SUPERIOR RECTUS AT 150*/. STRENGTH, RECESSED 2.4 MM 
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5.2 Ideal Prism-Cover Test Simulations 

There are four different categories of hypothetical 

conditions which have been simulated. These categories 

represent the normal eye/ an eye with defects/ surgery 

performed on a normal eye# and surgery performed on an eye 

with defects. In all of these cases# because the fixating 

eye is normal# the binocular model uses stored values of 

normal innervation; consequently# these ideal simulations 

can be considered as having been produced by the monocular 

model. 

The first case to be considered is that of the normal 

eye. In this simulation# no parameters have been varied 

from their normal values# so that the results shown in Chart 

1 represent the fixation directions of a pair of normal 

eyes. Note that all of the "X"'s coincide exactly with all 

of the '*0H's. This constant agreement of eye positions 

clearly demonstrates the self-consistency and computational 

accuracy of the model. 

The second category illustrates several different types 

of eye problems: 1) a complete isolated palsy* 2) a 50*/. 

weakening of a muscle# and 3) a 50% strengthening of an eye 

muscle. In Charts 2 through 1? only one parameter is 

changed from a normal to an abnormal value. In Charts 20 

through 25 the combinations of weakenings and strengthenings 

are imposed upon the muscle pairs. 

In the complete lateral rectus palsy* Chart 2* it is 

obvious that the right eye cannot move into the field of 
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action of the lateral rectus. In fact* the eye cannot be 

abducted past the vertical midline. There are no 

significant vertical or cyclorotational deviations. This 

representation matches the classical textbook description of 

a complete lateral rectus palsy 111* pp. 4052-31. 

Similarly» with a paralyzed medial rectus» as shown in 

Chart 3» the eye cannot adduct beyond the midline. Again 

there are no large vertical or eyelorotational deviations 

Csee 11» pp. 4054-51. Note that in both of these cases the 

deviations of the fixation directions of the right eye are 

small in the field of action of the affected muscle's 

antagonist. 

In both the superior rectus palsy» Chart 4» and the 

inferior rectus palsy» Chart 5» the right eye can move part 

of the way into the affected muscle's field of action; the 

limitation of movement with a vertical rectus palsy is not 

as severe as with a horizontal rectus palsy. This is 

expected» since the obliques contribute to vertical 

movements. In addition» the vertical recti contribute to 

cyclorotations of the eye» as can be seen by the abnormally 

large values of * in the affected areas of these plots. 

Also note that in both vertical rectus palsies» the three 

most severely affected "X”'s are displaced toward the right 

side of the plot» which means that the right eye is slightly 

deviated in a temporal direction. When it is recalled that 

the origins of all of the recti are on the nasal side of the 

orbit» it is clear that the vertical recti naturally adduct 
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the eye slightly. With the removal of this small adducting 

force* the eye abducts a little* as the figures show. CSee 

11. pp. 4056-9. 1 

In the palsies of the superior and inferior obliques* 

Charts 6 and 7* respectively* the fields of action of each 

of these muscles can be seen by observing uhere the greatest 

deviations occur. It can be seen that the major effect of 

these muscles is a rotation of the eyeball around the visual 

axis* as evidenced by the very large values of *. Contrary 

to past opinion 111* pp. 4060-31* these charts shout that in 

certain positions the obliques have a significant effect on 

the horizontal positioning of the eye. 

Charts 8 through 13 shout each of the eye muscles at 507. 

of their normal strengths. In comparing these six charts to 

the previous six* a feut generalizations can be made. The 

deviations are more evenly distributed throughout the field 

of gaze in these latter charts. 1 Houtever* the deviations are 

still largest in the muscle's field of action. Note that 

the vertical recti cause some horizontal deviations and that 

the obliques cause a great deal of horizontal deviation at 

certain positions. 

In the 50% strengthenings of the muscles* Charts 14 

through 19* it can be seen that the eye moves further into 

the affected muscle's field of action. Again* the 

deviations are largest in these areas. 

Charts 20 through 25 are the most interesting of this 

second category. These charts show how the combination of 
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an underacting muscle and its overacting antagonist 

influence the eye's position. In the horizontal cases# a 

nearly constant deviation is produced over the entire field 

of gaze. The vertical cases shorn somewhat less uniform 

deviations: some positions have significant horizontal 

components and the nasal positions# where the obliques are 

the primary vertical movers# have reduced vertical 

deviations. In the oblique combinations# the 

eyelorotational deviations are the largest. The positional 

deviations are smallest in the temporal positions. 

The third category of simulated conditions contains the 

results of surgery performed on a normal eye. In this 

category are myectomies# recessions# resections# and 

recession-resections. 

Charts 26 through 31 show the results of myectomizing 

each of the extraocular muscles. In general# these plots 

are similar to those of the muscle palsies (Charts 2 through 

7). There is# however# one significant difference: the 

deviation at each position is always greater in the case of 

the myectomy. This phenomenon is expected because a palsied 

muscle exerts its passive tension on the eyeball# whereas a 

myectomized muscle has no influence on the eye at all. A 

comparison of these charts shows that the passive tension of 

a muscle plays an important role in maintaining proper eye 

position outside of that muscle's field of action. In other 

words# the passive force is more important in the 

antagonist's field of action than it is in the agonist's. 
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The recessions and resections were performed on the 

four recti. The recessions (Charts 32 through 35) are quite 

similar to the 50% weakenings (Charts 3 through 11). This 

is expected since the purpose of a recession is to weaken 

the muscle. Similarly! the resections (Charts 36 through 

39) are very much like the 50% strengthenings (Charts 14 

through 17)* as expected. The deviations are slightly more 

uniform over the field of vision in the surgical cases. 

Charts 40 through 43 are particularly interesting! 

because they show the results of recession—resections. 

Recall that the rule of thumb for this type of operation is 

recess and resect one mm for every 4.5 degrees of tropia. 

The value of 4.5 degrees/mm is obtained by dividing 360 

degrees by the circumference of the eyeball. It is the 

theoretical rotation caused by one mm recession—resection; 

in actuality! the rotation per mm of surgery is less because 

the other muscles tend to oppose the rotation and reduce its 

effect. It is therefore not surprising to see the 

horizontal recession-resections! shown in Charts 40 and 41i 

producing rotations of 3.7 and 3.3 degrees/mm# respectively. 

In fact! these values are bounded by the 4. 5 degree/mm rule 

of thumb and the clinical statistical average of 2. 1 

degree/mm C213. The vertical muscle surgeries! represented 

in Charts 42 and 43/ produced rotations of 2. 5 and 2. 4 

degrees/mm» respectively. 

The last category of simulations deals with surgeries 

performed on eyes with defects. With the oblique palsies 
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and myectomies* Charts 44 and 45* the surgeries have not 

improved the conditions* but have made them worse* including 

the cyclorotational deviations. The recessions-resections 

performed to correct combinations of 50% weakenings and 50% 

strengthenings produced excellent results. For the 

horizontal cases* Charts 46 and 47* the average horizontal 

deviations were reduced to 1.3 and -0. 2 degrees* 

respectively. In the vertical cases* Charts 48 and 49* the 

average vertical deviations were both only -O. 1 degrees. 

These last charts provide strong evidence that the rectus 

muscles are well represented. 

5.3 Clinical Case Studies 

In this section the case histories of 7 selected 

patients are discussed on a case-by-case basis. The 

fixating eyes were normal in the first 5 of these cases* so 

that they were effectively obtained from the monocular 

model. Before these cases are considered* the type of plot 

used with clinical data is introduced: The values listed 

under A9 and are the deviations of the right eye from 

each of the diagnostic positions as measured in prism 

diopters during the prism—cover test. As before* 9 and 4 

represent the position of the right eye in degrees* * does 

not appear since cyclodeviations are not routinely measured. 

The clinical cases are represented by the model in four 

different ways: the diagnosis of the patient's condition is 

simulated both before and after surgery* and occasionally 
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when a better simulation of the patient's pre-surgery 

condition is obtained by trial and error* it is simulated 

before and after surgery. Note the distinction made here. 

In the first two simulations the model's parameters are 

changed to represent the diagnosis exactly* while in the 

remaining two the parameters are changed in any manner 

consistent with the diagnosis that gives a better match with 

the clinical data. These latter cases are called the 

model's "best" simulations and are used primarily as a 

further check of the accuracy of the simulation of surgery. 

The first patient* Patient M* had been diagnosed as 

having a superior oblique palsy* which was later corrected 

by an inferior oblique myectomy. M had two preoperative 

prism—cover tests performed seven weeks apart. The outcomes 

of these tests are shown in Figures 5.3a and bi that they 

are very similar demonstrates the accuracy of the test and 

the stability of M's condition. ■ There had been a slight* 

but uniform (over the field of gaze)* improvement in the 

horizontal deviations of about one degree. The average 

vertical deviation remained constant. The last test before 

surgery is repeated in Figure 5. 4a so that it can be easily 

compared to the results of surgery in Figure 5.4b. This 

latter figure shows that the surgical procedure has been 

effective in correcting the problem* there is a maximum 

deviation of 3. 6 degrees. Figures 5. 4c and d* reproduced 

from the Atlas* show the model's simulation of the clinical 

conditions before and after surgery. In the simulation of 
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Fio. 5. 3. Patient M; diagnosis: superior oblique palsy, 
surgery. <b> One day before surgery. 
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Fio. 5. 4. Patient M. (a) One day before surgery; diagnosis: superior oblique 
palsy. (b) Seven weeks after surgery: inferior oblique myectomy. <c) 
Simulation of diagnosis: superior oblique palsy. <d> Simulation of diagnosis 
corrected by surgery: superior oblique palsy and inferior oblique myectomy. 
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the disease* all of the points are an average of 7.4 degrees 

too far to the left. This deviation is particularly 

pronounced in the lower right* where the discrepancy is 14.3 

degrees. The model predicts the upper six positions as too 

low by an average of 14.0 degrees. After surgery* the model 

represents the patient's case somewhat better. The points 

at the top are still too low* but by only about ? degrees. 

The simulated positions are over to the left by an excess of 

only 5. 9 degrees. 

Patient L also had a superior oblique palsy which was 

improved by myectomy of the inferior oblique. Comparing 

this patient's condition* as shown in Fig. 5.5a* to that of 

the previous one* it is seen that patient L has less 

horizontal displacement of the eye positions* which are most 

noticeable in the lower right field of gaze. After surgery 

(Fig 5.5b) the results are good* but not quite as good as 

for the previous patient. Figure 5. 5c repeats the simulated 

superior oblique palsy* which matches this patient's data 

better* but is still too low at the top and too far to the 

left. In Fig. 5. 5d* the simulated myectomy resembles the 

clinical case at the lower positions* but is very different 

at the upper ones. Figures 5. 6a and b again show the 

clinical results* but this time along with the model's 

"best" match of the plotted positions. In Figure 5.6c* the 

lateral rectus was strengthened by 50/C* which increased its 

similarity to the real data. Yet Fig. 5. 6d clearly shows 

the same discrepancies at the upper positions. 
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Fia. 5. 5. Patient L. (a) Four weeks before surgery; diagnosis: superior 
oblique palsy. <b> Six weeks after surgery: inferior oblique myectomy. Cc) 
Simulation of diagnosis: superior oblique palsy. <d) Simulation of diagnosis 
corrected by surgery: superior oblique palsy and inferior oblique myectomy. 
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Fia. 5. 6. Patient L. <a> Four weeks before surgery; diagnosis: superior 
oblique palsy. <b> Six weeks after surgery: inferior oblique myectomy. (c) 
"Best" pre—surgery simulation: superior oblique palsy and lateral rectus at 130% 
strength. (d) “Best" post-surgery simulation: superior ob.lique palsy, lateral 
rectus at 130% strength» and inferior oblique myectomy. 



117 

Both of these patients mere diagnosed as having the 

same condition. get their ege positions were considerably 

different. This might lead one to question the accuracg of 

the diagnoses. On the other hand, neither case is verg 

similar to the model's simulation. and this suggests the 

possibility that the obliques might not be properlg 

represented. 

The third patient case further explored the possibility 

of having modelled the obliques poorly. Patient S was found 

to have an inferior oblique palsy <Fig. 5.7a) which produced 

a nearly constant vertical deviation of roughly 7 degrees 

and a constant horizontal deviation of about 3 degrees. The 

surgery selected was a recession of 3 mm of the superior 

rectus and a resection of 3 mm of the inferior rectus. This 

operation gave good results (Fig 5.7b): the vertical 

deviations were reduced to an average of 2 degrees while the 

horizontal deviations uere reduced to an average of less 

than one. The model's representation of an inferior oblique 

palsy, as shown in Fig. 5.7c. is very different from the 

clinical case. Both the vertical and horizontal deviations 

are in the wrong directions. As expected with such a poor 

pre-surgery match, the post-surgical results (Fig. 5.7d) are 

also poor. Figure 5.8 shows that when the patient's 

condition is matched by the combination of a 50% 

strengthened superior rectus, and 50% weakened inferior and 

medial recti. then after the recession-resection the 

simulation still resembles the clinical results. 
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Fia. 5. 7. Patient 3. (a) Five weeks before surgery; diagnosis: inferior 
oblique palsy. <b) Nine weeks after surgery: superior rectus recession of 3 mm 
and inferior rectus resection of 3 mm. (c) Simulation of diagnosis: inferior 
oblique palsy. (d> Simulation of diagnosis corrected by surgery: inferior 
oblique palsy* superior rectus recession of 3 mm» and inferior rectus resection 
of 3 mm. 
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Fia. 5. 3. Patient S. <a) Five week* before surgery)' diagnosis: inferior 
oblique palsy. (b) Nine weeks after surgery: superior rectus recession of 3 mm 
and inferior rectus resection of 3 mm. <e> "Best" pre-surgery simulation: 
inferior rectus at 30% strength) superior rectus at 150% strength) and medial 
rectus at 50% strength. (d> "Best” post-surgery simulation: inferior rectus at 
50% strength) superior rectus at 150% strength) medial rectus at 50% strength) 
superior rectus recession of 3 mm, and inferior rectus resection of 3 mm. 
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Patient E had an underacting inferior oblique* which 

improved without surgical intervention. Figures 5. 9a and b 

depict the patient's condition and the model's simulation. 

It is evident that the patient has a horizontal deviation 

when the model predicts none. This horizontal displacement 

is largest in the upper positions. That this condition is 

poorly represented by the model lends support to the idea 

that the model does not properly account for the inferior 

oblique. 

Figure 5.10 shows patient C with an inferior rectus 

palsy that was treated with a recession-resection. It 

appears as though the surgery has not helped the patient. 

Neither of the simulations (Fig. 5.10c and d) represent the 

clinical conditions well. When the model's "best” match of 

the pre-surgery condition is considered» as shown in Fig. 

5.11* the reproduction of the post-surgery condition is more 

accurate. 

Patient T is shown in Figs. 5. 12a and b as having 

bilateral underactions of the inferior obliques. The 

simulations are very different from the actual cases. 

However* an interesting phenomenon can be seen in Fig. 5. 12c 

at position 4: here the following eye is deviated by an 

amount significantly larger than anywhere else. In Fig. 

5. 12d the deviation is again larger at this position. 

Figure 5.13a shows Patient K with an inferior rectus palsy; 

the results after surgery (Fig. 5.13b) appear to be worse 

than before surgery. Figure 5. 13d is of particular interest 
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Fia 59, Patient E. (a) Diagnosis: inferior oblique palsy. (b) Simulation of 
diagnosis: inferior oblique palsy. 
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Fia. 3. 10, Patient C. (a) Gne day before surgery; diagnosis: inferior rectus 
palsy. <b) Ten weeks after surgery: superior rectus recession of 3 mm and 
inferior rectus resection of 4 mm. (c) Simulation of diagnosis: inferior rectus 
palsy. <d) Simulation of diagnosis corrected by surgery: inferior rectus palsy, 
superior rectus recession of 3 mini and inferior rectus resection of 4 mm. 
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Fia. 5. 11. Patient C. <a) One day before surgery; diagnosis: inferior rectus 
palsy. <b) Ten weeks after surgery: superior rectus recession of 3 mm and 
inferior rectus resection of 4 mm. (c> "Best11 pre—surgery simulation: inferior 
rectus at 50% strength and medial rectus at 30% strength. (d) "Best" post* 
surgery simulation: inferior rectus at 50% strength# medial rectus at 50% 
strength# superior rectus recession of 3 mm# and inferior rectus resection of 4 
mm. 
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rectus resection of 4 mm. (c) Simulation of diagnosis: bilateral 507. weakenings 
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bilateral 50% weakenings of inferior obliques* left medial rectus recession of 4 
mm* right superior rectus recession of 4 mm* and right inferior rectus resection 
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(c) . . Cd> 
Fia. 5. 13. Patient K. <a) Qna day before surgeryj diagnosis: inferior rectus 
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left lateral rectus resection of 3 mm. (c> Simulation of diagnosis: inferior 
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because it shows a very unsatisfactory representation. The 

strange actions of the model can perhaps be explained in the 

following manner. The scheme used to obtain the covered 

eye's innervation from that of the fixating eye is based on 

the assumption that the innervations to the eye's vertical 

and horizontal muscles are independently controlled by 

separate subsystems! as suggested in E16/ p. 2043. If the 

vertical and horizontal innervations are determined by a 

completely integrated system/ rather than the separate ones 

as assumed/ then the effects of the innervational cross¬ 

coupling would be significant for large positional 

deviations/ but of little consequence for small ones. The 

binocular model represents the eyes well when the fixating 

eye is normal or has a minor abnormality; however# as can be 

seen in the last two figures (5.12 and 5.13)/ large 

positional deviations result in a poor simulation. This 

evidence strongly suggests that ‘the horizontal and vertical 

innervations are controlled by either a single system or 

integrated subsystems. 



6 CONCLUSION 

This chapter is divided into three sections. The first 

of these draws conclusions from the results presented in the 

previous chapter. The next suggest areas for additional 

investigation. The final section summarizes the entire 

work. 

6. 1 Interpretation of Results 

An analysis of the results obtained in the previous 

chapter shows where the strengths and weaknesses of the 

model lie. The model appears to be accurate in certain 

situations. In the hypothetical cases> all of the results 

regarding the four recti are reasonable and it appears that 

these muscles are properly modelled. On the other hand* 

there are some questionable results for the hypothetical 

cases involving the obliques. When the clinical cases are 

considered» the problems and surgical procedures involving 

the recti are well modelled, given room for the individual 

differences in eye anatomy and physiology expected among a 

random group of people. When both the clinical and 

hypothetical cases are considered together, it becomes clear 

that the model does not represent the obliques as well. As 

a result of this discrepency. the model could be further 

refined before using it in a clinical environment. The model 

can be used advantageously in a teaching situation, and of 

course, it is an excellent starting point for further 
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research. 

It is also clear that before the model can be used in a 

clinical environment. the type and accuracy of the data 

routinely collected must be improved both in quality and 

quantity. The diagnoses appeared much less specific than 

the particulars of surgery supposedly based on them. More 

information regarding the individual's particular anatomical 

and physiological characteristics would improve the utility 

of the model. 

6.2 Suggestions for Further Research 

The areas for further research are divided into three 

categories: 1) those that would improve the model's 

accuracy by taking more anatomical or physiological features 

into account; 2) those that would increase the model's 

usefulness by providing additional information about the 

clinical population to which it could be applied; and 3) 

additional applications of the model. 

There are many additional ways to improve the model's 

accuracy. Probably the biggest improvement in accuracy 

could be obtained by determining and incorporating mare 

about the actual muscle paths. Constraints upon the 

movement of the eyeball also need to be included in the 

model; specifically, the restrictions caused by the check 

ligaments. New studies should be done to determine the 

relative strengths of the muscles by direct means. rather 

than relying on cross-sectional ratios. To improve the 
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binocular model» the separation of the eyes and the effect 

of accommodation <the accommodative 

convergence/accommodation ratio) need to be considered. 

Finally» the model could describe eye movements as well as 

eye position» if the movement were considered as a sequence 

of positions» and the innervations were known for each 

instant of time. However» when the dynamic behavior of the 

eye is considered» the situation becomes more complex 

because the sum of the forces acting on the eye is no longer 

zero. 

To improve the model's usefulness or applicability» 

more has to be known about the variability of anatomical and 

physiological features. This information might be gained by 

doing statistical studies on humans or by doing animal 

studies. The physiologic changes caused by many pathologic 

conditions need to be determined. In addition» the tests 

routinely performed in the clinic need to be more 

quantitative and accurate. 

There are several additional ways in which the model 

can be used. By obtaining the innervations for a normal eye 

at many closely-spaced positions» a function or functional 

model could be developed to relate innervation directly to 

eye position. Furthermore» the binocular model could be 

used to find the innervations of yoked muscles» so that an 

equation could be obtained to describe Hering's law. 
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6. 3 Summary 

Robinson's model of the mechanics of human eye 

positioning was evaluated for accuracy by comparison with 

clinical data of typical oculomotor diseases. The iterative 

scheme employed for obtaining a solution was improved so 

that convergence to a solution is guaranteed and that fewer 

iterations are required. The inverse and forward computer 

programs were coupled in such a way that the resulting model 

describes the innervations 1 control and mechanics of 

positioning a pair of eyes when one eye is following under 

cover» as in the prism—cover test. 

Using this binocular model. an atlas of plots of 

hypothetical oculomotor defects was compiled. Each plot is 

similar to a Hess chart and shows the normal left eye fixing 

at nine diagnostic positions and the corresponding locations 

of the following right eye. These cases include: a muscle 

palsy, a 507. weakened muscle, a 507£ strengthened muscle, and 

a myectomized muscle. In addition, recessions. resections, 

and recession-resections are included for the rectus 

muscles. Various combinations are also included. 

Clinical data of 7 patient cases were plotted in the 

same format as the hypothetical cases. Using the atlas, the 

patient data were simulated in two different ways. First, 

the patient's diagnosed condition was simulated both before 

and after surgery. Second, the patient's prism-cover test 

data were simulated as best as possible both before and 
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after surgery. 

The results are treated in two separate cases: 1) the 

hypothetical cases* and 2) the clinical cases. The 

hypothetical results dealing with the four recti are in good 

agreement with accepted ideas. The plots of the obliques 

appear reasonable although different from traditional ideas 

in several ways. The clinical cases shoui reasonable 

agreement for the rectus muscles. The obliques are not 

represented as well in the clinical cases. 

An analysis of the results suggests that the model 

represents the recti well and is a good starting place from 

which to develop a more accurate and sophisticated model. 

It is hoped that this thesis will benefit others doing 

further work in this area. 



APPENDIX 

Before considering the model in detail* it is necessary 

to consider the various coordinate systems used throughout 

this work. There are two distinct situations where a 

coordinate system representation is required. One situation 

arises when describing the position of the eye* or 

equivalentlyi the direction of gaze (i.e. the direction of 

the visual axis). The other situation occurs when 

representing points in space* especially points on the 

surface of the eyeball. The system used to represent eye 

position is described first. 

Historically, several different coordinate systems have 

been employed in describing eye position. The system used 

here is a slightly modified version of the one devised by 

Fick. In this system the position of the eye is denoted by 

(©. *>. Theta represents ' the amount of horizontal 

rotation (i.e. rotation about a vertical axis). Temporal 

rotations are positive* while nasal rotations are negative. 

Starting with the eye in the primary position (Fig. A. 1). 

the eye is first rotated horizontally by 0. From this 

position* the eye is rotated perpendicularly to the 

horizontal plane* along a vertical meridian* until it has 

been rotated by i. Phi is positive in upward rotations and 

negative in downward rotations. The visual axis is then in 

its final position* but there is still ,one degree of freedom 

lefti * is the rotation of the eyeball around the visual 
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axis. Rotations in * are positive if the upper part of the 

eye rotates temporally and negative if the upper part 

rotates nasally. Note that the coordinate system of the 

left eye is a mirror image of the system of the right eye. 

There is an additional fact to consider: with the 

visual axis fixed in a particular direction/ <0» $)/ there 

is only one physiologically normal orientation for the eye. 

In other words/ in a normal eye fis a function of 0 and 

This relationship is known as Listing's law and can be 

expressed as 

* = arcsinf (sin 0)<sin 4) ). 
\l+(cos 0)<cos 4)1 

The second coordinate system is used throughout the 

model for representing points in space/ and is the familiar 

Cartesian coordinate system. It is used because it is 

mathematically the simplest system to work in/ and most of 

the data required for the model are available in this form. 

In Cartesian coordinates/ any point in space can be 

represented as a three component vector/ <X/ Y/ Z>. The 

center of the eyeball is taken as the origin of the 

coordinate system (Fig. A. 2). As in the last system/ the 

reference frame is fixed in the head/ so that any point of 

the eyeball has different coordinates whenever the eye 

moves. The X-axis runs laterally through the head with 

positive values of X being located temporally to the origin 

and negative values of X located nasally to it. The Y-axis 

is perpendicular to the X-axis and lies in the same 
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horizontal plane. Positive and negative values of V are 

located anteriorly and posteriorly to the origin» 

respectively. With the eyes in the primary position» the 

visual axes coincide with the positive Y-axes. Finally» the 

Z-axis runs vertically; up is positive and down is negative. 

Note that this scheme produces a right-handed coordinate 

system for the right eye and a left-handed one for the left 

eye. A right-handed cross product is used in the right- 

handed system* and a left-handed cross product is used in 

the left-handed system* so that both eyes are described 

mathematica1ly in exactly the same manner and the same 

programs can be used for either eye without any changes. 

Employing two different coordinate systems. (9* $» 4-) 

and (X* Y» Z). introduces the problem of converting from one 

system to the other. It is therefore necessary to consider 

how the Cartesian coordinates of a point on the sphere 

change when the eye is rotated by (9» 4» 4). 

Let the point of interest be denoted as <X* Y* Z> (see 

Fig. A. 3). With the eye starting in the primary position, 

the sphere is rotated about the visual axis by *. (Here the 

order in which the rotations are made is reversed to 

simplify the mathematics; the final result is the same 

regardless of the order.) The point of interest moves in a 

circular arc with a fixed value of Y. In this intermediate 

position* the point of interest is 1ocated at 

<Xcos * + Zsin *» Y* Zcos * — Xsin *>, denoted as 

<X'» Y', Z'>. Then* the eye is rotated about the X-axis by 
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$. Again the point of interest moves in a circular arc* 

this time with the X coordinate fixed. The neui intermediate 

position is <X'* Y'cos * - Z'sin *» Z'cos * + Y'sin $>* 

denoted as <X“* Y"* Z">. Finally* the eye is rotated about 

the Z-axis by 9. This time the Z coordinate remains 

constant as the point describes its arc. The point of 

interest is now in its final position* <X"cos 9 + Y"sin 9* 

Y"cos 9 — X"sin 9* Z">. Making all the necessary 

substitutions* the final position is expressed in terms of 

the original coordinates as 

< (Xcos* + Zsin*)cos9 + CYcos+ — <Zcos* - Xsin*)sin43sin9 * 

CYcos* - (Zcos'i' — Xsin*)sin$3cos9 - (Xcos* + Zsin*)sin© » 

(Zcos* - Xsin*)cos* + Ysin+ >. 

A simpler way to express the final position is as the 

matrix equation: 

Xl" All A12 A13~ xo‘ 
Yl = A21 A22 A23 YO 
zi _A31 A32 A33_ zo 

where* All » cos * 
A12 = cos 
A13 = sin * 
A21 * sin * 
A22 = cos # 
A23 = - cos * 
A31 = - sin * 
A32 = sin $ 
A33 = cos * 

cos 9 + sin * sin $ sin 9 
sin 9 
cos 9 - cos <!f sin sin 9 
sin é cos 9 — cos * sin 9 
cos 9 
sin # cos 9 - sin * sin 9 
cos $ 

cos $. 

In this equation, the initial position* <X0» Y0» Z0>* and 

the final position* <X1* Yl. Zl>* are represented as column 

vectors. Hereafter* this matrix will be referred to as the 

A matrix or simply as A. 
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As mentioned earlier» the first approximation made is 

that the eyeball is considered to be a perfect sphere. It 

is known that the eyeball is not really spherical C7» p. 

Ill/ but the deviations from a perfect sphere are small 

(about 27.) and should not result in any significant error. 

It is also known that the center of rotation for eye 

movement is not at the anatomical center of the eyeball» and 

is not even in a fixed location. The center of rotation 

depends on eye position» the direction of rotation, and 

other factors, but under any conditions it is always very 

close to both the anatomical center of the eye and the 

center of the approximating sphere. As previously 

indicated. it is necessary to assume that the center of 

rotation coincides with the sphere's center C8» p. 93. 

The locations of the origins and insertions of the 

extraocular muscles are known accurately for the average 

eye. Table 1 lists the coordinates that are used in the 

model Cl. 173. 

TABLE 1 

Endpoint Coordinates of the Extraocular Muscles (mm) 

MUSCLE ORIGIN INSERTION 
X Y Z X Y z 

Lateral Rectus -13. 0 -34. 0 0. 6 10. 08 6. 5 0. 0 
Medial Rectus -17. 0 -30. 0 0. 6 -9. 65 8. 84 0. 0 
Superior Rectus -16.0 -31.76 3. 6 0. 0 7. 63 10. 48 
Inferior Rectus -16.0 -31.76 -2. 4 0. 0 8. 02 - 10. 24 
Superior Oblique -15.27 S. 24 12. 25 2. 9 -4. 41 11. 05 
Inferior Oblique -11. 1 11. 34 -15. 43 8. 7 -7. IS 0. 0 

Note that the four recti originate from the same 

approximate area. the annulus of Zinn in the apex. Even 
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though the superior obliq.ue also originates from this area# 

the coordinates given for its origin are really those of the 

location of the trochlea. This substitution is made because 

the origin coordinates are used only in calculating the 

direction from which a muscle approaches the eyeball. 

At each insertion# the muscle's tendon is attached to 

the eyeball along a line of approximately .9 to 10 mm in 

length. The insertion point listed in the table for each 

muscle is the midpoint of that muscle's line of insertion. 

Because the insertion points are all on the surface of 

the eyeball# they are located at a distance of one radius 

from the center. Since the insertion points given in the 

table are not at a uniform distance from the center# the 

insertions used in the model are normalized to their average 

value, so that then they are equally distant. In fact# the 

radius of the sphere. Rs. is calculated as the average 

distance of the insertions# 12.43 mm. (Because the center- 

of the eye coincides with the origin of the coordinate 

system# the distance from any point# (X# Y# Z)# to the 

center of the eye can be found as / X2 + Y2 + Z2 . ) 

Note that the insertion coordinates given in Table 1 

are those of the insertion points with the eye in the 

primary position. Whenever the eye moves to a different 

position# the insertion points also move. Therefore# if Ro 

is the normalized point of insertion of one of the muscles 

in the primary position# then in the new position# this 

point would be A(R0)# where A is the A matrix calculated 
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earlier. 

When the eye is at rest in any position, the sum of all 

the torques acting on it must be zero. Each extraocular 

muscle exerts a force on the eyeball as does the combination 

of all the other tissues surrounding the eyeball. Since 

force is a vector quantity. it has a magnitude and a 

direction in which it acts. To find what these are for each 

muscle force# it is necessary to consider the path of each 

muscle. 

The path that a muscle takes as it lies upon the 

surface of the eyeball, from its point of insertion to the 

point where it looses contact with the surface of the sphere 

(called the contact path)# and the rest of the path back to 

its origin# is a function of eye position. Unfortunately# 

not much else is known about the actual muscle paths# and 

consequently a lot is assumed. 

In studies similar to this1 one# other researchers have 

assumed that each muscle takes the shortest path from its 

insertion to its origin. This is equivalent to assuming 

that the contact path is always an arc of a great circle. 

Robinson presents a good argument why this is impossible and 

makes a much more reasonable assumption C13. 

The problem with the shortest path assumption is that 

it requires very unrealistic behavior of the muscles. For 

example# whenever the eye is near an antipodal position for 

a particular muscle (i.e. whenever the muscle's origin# the 

center of the eyeball# and the muscle's insertion are nearly 
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collinear)/ a small change in eye position (from one side of 

the antipodal position to the other) would require the 

muscle to slide halfway around the surface of the eyeball! 

Clearly/ this does not happen. There are physical 

restraints imposed upon the movements of each muscle by the 

other surrounding tissues <e.g. Tenon's capsule and the 

check ligaments). Again/ no data exists describing how the 

muscle movements are restrained/ and consequently the nature 

of these restraints must be assumed. The most logical way 

to proceed is to consider what forces act on the muscle. 

Consider a typical muscle (the medial rectus of the 

right eye)/ with the eye in the primary position/ as in Fig. 

A. 4a. In this position/ it is assumed that the contact path 

is indeed an arc of a great circle (i.e. the muscle takes 

the shortest path in the primary position) and that the line 

of insertion of the tendon is perpendicular to the muscle 

path. Whenever the eye moves to any other position that 

keeps the insertion point on this same great circle/ the 

muscle's contact path remains an arc of that great circle 

and the line of insertion remains perpendicular to it. In 

any of these positions/ there is a force exerted by the 

muscle on the eyeball which is directed radially inward. 

Therefore there is no tangential component of this force to 

cause sliding of the muscle. (Note that only the primary 

position permits all six insertion points to be on their 

respective great circles.) 

Whenever the eye moves to a position where the point of 
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insertion is not on the same great circle» as shown in Fig. 

A. 4b» the whole situation changes. The contact path is no 

longer an arc of any great circle» nor perpendicular to the 

line of insertion (i.e. the tendon is twisted)» and there is 

a tangential force acting on the muscle. 

The following sequence of events is plausible. As the 

eye first begins moving» the tangential force gradually 

increases. Initially» when this force is small» the force 

of static friction probably keeps the muscle along the same 

contact path. A bend in the path then exists at the point 

of tangency. Immediately thereafter» when the tangential 

force at the point of tangency exceeds that of the static 

friction and other restraining forces* the muscle will start 

to slide. The greatest amount of sliding will occur near 

the tangency point while the least will occur near the 

insertion (since the muscle is anchored there). Finally» 

when the eye stops moving and t.he muscle stops sliding» the 

system is in equilibrium. There is probably a small 

tangential force still acting* which is exactly balanced by 

the restraining forces of the other tissues and the force of 

friction. Therefore* the actual muscle path is somewhere 

between the shortest path and the rotated-primary-position 

path. 

The characteristics of this path are still unknown. 

However» with two reasonable assumptions» a unique path can 

be determined. One assumption is that the final muscle path 

is smooth and continuous. Another is that only a fraction 
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of the shortest path twist angle is realized. Further 

specification of the muscle path requires the following 

additional assumptions. For simplicity* the contact muscle 

path is assumed to be an arc of a non-great circle. This 

curve can be treated mathematically without undue difficulty 

and satisfies the previous assumption of smoothness. 

Furthermore* at the point of tangency* the contact muscle 

path must have the same direction as the straight part of 

the path. The second assumption is that only cos c of the 

shortest path twist angle is realized. Angle c is the 

inclination of the plane of the rotated-primary-posit ion 

contact path with respect to the primary-position contact 

path. It follows that cos « is a measure of the amount of 

muscle force that goes into causing the muscle to slide. 

Cos £ indicates the amount of twist present at the 

insertion. 

An outline of the steps' followed in the computer 

programs is presented before proceeding with the details. 

The steps in common in both programs are: 

1. Find the rotated insertion points from the estimated or 
given position. 

2. Find the path of each muscle using 
2. A its direction at its insertion and 
2. B its point of tangency. 

3. Find the direction of the muscle force. 

4. Find the muscle's change in length. 

5. Check if the medial rectus is tangent. 

6. Find the magnitude of the muscle force. 

Find the force of the passive tissues. 7. 
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8. Find the sum of the forces. 

9. Convert between two representations of innervation. 

The inverse program then continues to: 

10. Find reciprocal innervations using Sherrington's law. 

11. Determine the agonists and estimate their innervations. 

12. Iteratively check the total torque and adjust the 
innervations. 

The forward program continues from step 9 to: 

13. Obtain an initial estimate of the position. 

14. Iteratively improve the position. 

When a new topic from this list is discussed# the first 

paragraph is keyed to the list by reference number. 

Consider! again# the typical muscle with the eye in the 

primary position (see Fig. A. 4a>. Point C is the center of 

the- eyeball# 0 is the muscle's origin# and R0 is the 

muscle's insertion. The origin and insertion are also 
É 

expressed as vectors from C as o. and r0# respectively. The 

orientation or direction of the line of insertion is denoted 

as the unit vector m'; the vector m0 is calculated as 

mn = r. x o. The direction of the tendon fibers at the line 

of insertion is denoted as the unit vector t.^. This 

directional vector is perpendicular to the line of insertion 

and tangent to the sphere. (It therefore could be found as 

£o “ Qlo x T-o' but *s no* calculated since it is never 

needed. ) 

§1 When the eye moves to a new position (9# $> $)> the 

insertion point in this position is r = r1 = A(rQ), 
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Similarly» the direction of the line of insertion in this 

new position is m' * A(m£>. The perpendicular tendon fiber 

direction is calculated as iî » m; X r (. 

§2 In the new position» the muscle/s shortest path lies in 

the plane determined by r and o.. The direction of the 

muscle's torque (also called the unit moment vector)» when 

the muscle is taking the shortest path» is denoted as m.g and 

is computed from m$ * 31 x o.. The direction in which the 

tendon fibers leave the insertion line in this case is £.£» 

the vector perpendicular to both m' and r'» and is 

calculated as tg * m,g x r.g. Note that with the muscle 

taking the shortest path» the tendon fiber direction» t|» is 

not perpendicular to the line of insertion» m{. This means 

that the tendon is twisted by an angle of vs» the angle 

between t_' and t.g or between m1
/ and m'. This angle is 

computed as vs = arccos-Cm^ • m.g}. Therefore» as mentioned 

earlier» the twist angle used is1 v => Icos £l. 

§2A The angle v is used to compute the .actual tendon fiber 

direction» t/» as shown in Fig. A. 5b. Since t,( and are 

perpendicular unit vectors and t/ lies in the same plane 

that they lie in (the plane tangent to the sphere at R)» 

t/ » t.' cos v ± m' sin v»» 

where the '+' is used if tg is between t,{ and m' and the *—t 

is used if m' is between t.' and m'. This condition is 

stated mathematically as 
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t/ = tj cos v - sgn(cos(m| • t.j ) ) mj sin v, 

because the cosine of the angle between ml and t' is 

positive if that angle is acute which implies that m| is 

between t.j and mj. 

§2B Let the vectors from Q (the center of this non-great 

circle) to the points O. R* and T be referred to as O* R* 

and T* respectively* as shown in Fig. A. 5c. In addition* 

let the vector from R to Q be denoted as RQ. 

All of the vectors and angles depicted in Fig. A. 5c are 

determined from vectors r. and t/ (which are already known) 

and vector RO (which is calculated as RO = o. - r). The 

angle x between RQ and t/ is found as x = arccos-CRQ,' • t/>. 

Then since Jj/ and R' are perpendicular unit vectors* 

RO' = Jt' cos x — R' sin x* whence R' is found as 

R' = (t/. cos x - RQ')/sin x. The magnitude of R equals the 

radius* Rc. of the non-great circle. 

As shown in Fig. A. 5d* the angle between r. and R is TJ 

so that cos TJ * r'» R'. It then follows that 

Rc * Rs(cos TJ)* and therefore* R = Rc(R'). Note that IRl = 

ITI so that IXI * Rc also. Vector 0 is found simply as 

O = R + RO.. The angle p between R and Q, is calculated as 

p = arccos-CR.' • 0'}. Since paints Q» T* and O form a right 

triangle* the angle y between T and 0 is found using t = 

arccos-C ITI / I Ol > = arccos-CRc/101 >. Then the angle £ between 

R and T is computed as S * p - if. The fact that t.' and R' 

are perpendicular unit vectors is used again when 

calculating T' as T' = R' cos 5 + t.' sin £. 
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§3 The moment arm vector a* shown in Fig. A. 5a. is 

calculated as a — r — R + T. Finally, the direction of the 

muscle's torq.ue. the unit moment vector m'. is obtained from 

m = a x o.. 

§4 The force exerted by an eye muscle is a function of the 

percentage change in length of that muscle relative to its 

primary position length. Lp. The length of the muscle path 

from its origin to the point of tangency never changes. so 

the change in total length can be found from the change in 

length of the contact path. This length is simply. Lc * & 

Rc. In the primary position, when 0 * o. and R, = rQ. pQ * 

arccos-Cn' • o/> and T0 
= arccos-CRs/1 o.l >. so that £0 » Po “ T0 

and Lc0 = £<) Rs- The change in length is then AL = Lc - Lc0 . 

which when expressed as a percentage of the primary position 

length becomes A1 * IOOAL/LP. 

§5 The only difficulty that arises with this mathematical 

treatment occurs when the eye is adducted more than 34 

degrees. In this case, the path of the medial rectus lies 

entirely off of the surface of the eye. Most of the 

calculations performed for this muscle are no longer useful 

since the underlying assumptions have been violated. 

Fortunately, the problem can be detected and corrected as 

follows. First the angle between r and o is calculated as 

p = arccos-Cr' • o/>. Then p is compared to *. the angle 

between o. and the vector from C to the point of tangency. 

If p is less than T. the muscle has no contact arc. Then AL 

is approximated by R(p - y) — Lc0 and the unit moment vector 
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m' equals the shortest-path unit moment vector» m|. 

§6 The magnitude of the force exerted by the lateral 

rectus has been determined experimentally to be a function 

of its innervation and its relative change in length (the 

percent change in 1 ength of the muscle from its primary 

position length ). Since the function of force was 

determined experimentally for the lateral rectus» a factor 

of X (the strength of each muscle relative to the lateral 

rectus > must be used to convert to the other five muscle 

strengths. Table 2 gives the length of each muscle in the 

primary position and the strength of each muscle relative to 

the lateral rectus. 

TABLE 2 

Lengths and Strengths of the Extraocular Muscles 

- Lp (mm) X 

Lateral Rectus 49. 11 1. 00 
Medial Rectus 38. 51 1. 04 
Superior Rectus 41. 96 0. 68 
Inferior Rectus 42. 49 0. 95 
Superior Oblique 22. 28 0. 50 
Inferior Oblique 35. 35 0. 47 

§7 The force of all the other passive tissues always acts 

to rotate the eye back towards the primary position. This 

rotation would take place about an axis in Listing's plane. 

The orientation of this axis is described by ,<x« the angle 

that it makes with the horizontal plane< as shown in Fig. 

A. 6. Spherical geometry is used to find a and £. The two 

formulas used are the elliptic law of cosines» 
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cos c = (cos a)(cos b)‘ + (sin a)(sin b)(cos C)» 

and the elliptic law of sines» 

sin a = sin b = sin c. 
sin A sin B sin C 

Both of these formulas apply to any spherical triangle» a 

triangle on the surface of a sphere» each of whose sides is 

an arc of a great circle. In these formulas» a small letter 

represents the length of a side of a spherical triangle» 

which is measured by the central angle subtended by the side 

(the angle at the center of the sphere» from the center to 

the endpoints of that side). A capital letter represents 

the angular measure of an angle of the triangle. 

Recall that in Fick's coordinate system» the rotation 

of $ is made perpendicular to the horizontal plane. 

Therefore» in the spherical triangle» A0$p» shown in Fig. 

A. 6» the angle opposite side £ is a right angle (TT/2). 

Substitution into the law of cosines gives 

cos p * (cos 0)(cos $> + (sin 0)(sin 4)(cos w/2) which 

simplifies to cos p * (cos @)(cos $) since the cosine of a 

right angle is zero. Therefore» p = arccos((cos 0)(cos $)>. 

With . p known» substitution into the sine law gives 

(sin #>/(sin a) =* (sin p)/(sin TT/2)» which simplifies to 

sin $ = (sin p)(sin a). Solving for « gives 

a * arcsin<(sin $)/(sin p)>. However» careful consideration 

of possible eye positions reveals that for temporal 

rotations (when 0>O) oc = arcsin-C(sin é)/(sin p)>» whereas 

for nasal rotations (when 0<O) 
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<x = IT — arcsin-C(sin 4)/(sin p)>. 

With <x and p now determined* it is a simple matter to 

calculate P* the torque of the passive tissues. The 

magnitude of the torque* P* is calculated as P * kp + k 'e3 

where k and k' have been determined experimentally to be 

0.48 g/deg and 0.000156 g/deg3 * respectively. Then the 

components of P are calculated as 

Px * - P sin <x 
Py * 0 
Pi = - PO + P cos « . 

Whenever the extraocular muscles are completely devoid of 

innervation* each eye is seen to be not in the primary 

position* but abducted by 2. 5 degrees. Without PO added to 

Pz* the model shows a slight adduction of each eye. 

Therefore, the mechanical neutral point of the passive 

tissues has been shifted temporally by the addition of PO* a 

constant abducting torque of 3.6 g. 

§8 So now the force balance equation can be written as 

6 
P + E Xg Fj( Alj » 11 )m[ = 0 

i = l 

Everything in this equation is known except for the 

innervations. Innervation is the physiological activity due 

to the number of active motor units and their discharge 

rates. While it is difficult to measure innervation 

directly* a good indirect method is via the length-tension 

relationship. In fact* the isometric force developed by a 

muscle is proportional to its innervation for any fixed 

muscle length. Therefore* innervation will be defined here 
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as the isometric developed force of a muscle if it were at 

its primary position length. (Note that the total force of 

a muscle is developed force plus passive force.) 

§9 Figure A. 7 shows the length-innervation-tension 

relationship. Each* curve is for a different value of 

innervation# I. A more convenient way of referring to the 

innervations is by the variable "e". This "e" form of 

innervation is used in solving the force balance equation 

since it greatly simplifies the mathematics. If desired/ 

the "I" form of innervation can be obtained from the “e" 

form: 

I = XCke/2 + /(ke/2)2 + a2 3 - XCke0/2 + /<ke0/2>
2 + a2 3. 

The second term above is the passive force of the muscle 

which is subtracted from the “I" innervation/ since this is 

defined as developed force. The value of e is -6.4%; 1=0 

when e=e0. The asymptotic slope of the curves in Fig. A. 7 

is f = 1. 8 g/%. The curvature is determined by a = 6.24 g. 

With this definition of innervation/ the force of a muscle 

is 

F, = XC ( k/2) (A1| + ej ) + /( k/2)2 (AIJ + e-t )2 + a2 3. 

§10 The innervations obey Sherrington's law of reciprocal 

innervation which states that as the innervation of one 

muscle of an antagonistic pair increases/ the innervation of 

the other decreases. From this relationship/ the 

innervation of one muscle in a pair can be used to determine 

the innervation of the other muscle. 

This leaves only three unknowns: three innervations. 



Fig - A. 7. 
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Fortunately» the force balance equation is a vector equation 

and can be rewritten as three scalar equations. With three 

equations in three unknowns» it is possible to solve far the 

unknown innervations. Unfortunately» the equations are non¬ 

linear and very complicated» they cannot be solved 

analytleally. However» the values of the innervations can 

be found by using an iterative process of small-signal 

linearization. After each iteration» a better estimate of 

each innervation is obtained. The process is stopped when 

the error is as small as desired. 

§11 For this iterative method to work satisfactorily (i.e. 

to converge to the desired answer) a "good” initial estimate 

of each innervation is required. The first step in 

obtaining a good initial estimate is to decide which muscle 

is the agonist of each pair. This is easily done by 

checking the signs of 8 and § of the desired position. For 

the horizontal recti» the agonist is the lateral rectus when 

Q is positive» while the medial rectus is the agonist when 9 

is negative. For the vertical recti» postive # means that 

the superior rectus is the agonist» while negative § means 

the inferior rectus is the agonist. The oblique muscles 

also depend on $. For positive or negative $» the agonist 

is the inferior oblique or the superior oblique» 

respectively. 

With the three agonists determined» the next step is to 

calculate their innervations. As discussed earlier» here it 

is more convenient to use the 'e' representation of 
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innervation. Each approximate innervation can be calculated 

by using an exponential function of the position. The three 

functions used are: 

eh0 * 10.5 exp (2. 4 101) -6.4 
ev0 » 10.5 exp(2. 7 t<M) -6.4 
eo0 » 10.7 exp (2. 8 141) - 6.4. 

Here eh* ev* and eo stand for the approximate innervations 

of the agonists of the horizontal recti/ vertical recti/ and 

obliques/ respectively/ and the subscript of zero <Q> 

denotes the first approximation (obtained from these 

exponential functions). 

The innervation of each antagonist muscle/ e"/ is 

determined from the innervation of the corresponding 

agonist/ e'/ by substitution into the equation 

(e'+w>(e"+w) = (h+w)2 . This equation is a quantitive 

restatement of Sherrington's lau» of reciprocal innervation. 

The values of h and ui that best fit the experimental data 

are 4.0 and 9.7/ respectively. 

§12 At this point/ all the values used in the force balance 

equation are known exactly/ except for the innervations/ 

which are only known approximately. But the force balance 

equation can also be viewed as a function of three 

innervations with the total moment/ M/ being non-zero in 

general. When M is evaluated using the approximate 

innervations/ the corresponding total moment is called MQ. 

Hence/ M0 

Usually ü0 

6 
P + 2 F.(eh0/ ev0 / eog ). 

i = l 

does not equal 0/ which means that the 
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approximate innervations need some adjusting. To find the 

values of eh/ ev< and eo that do make M eq.ua 1 0/ a linear 

expansion of M<eh* ev, eo) taken about the point 

<eh0 / ev„ / eo0> gives 

6 3M 
M = M- + E  Ae, where Aej » e0j - e, for i=l* . . . * 6. 

i=l 3e, 

Note that P is not present in the linear expansion above 

since it is independent of all of the e's. Setting M equal 

to 0 and rearranging gives 

“ Bg 

6 3Fj 
E mf Ae, . 
i-1 ' 3e, ' 

Since the direction of each torque depends only on position» 

it is possible to divide each moment into the direction and 

the magnitude as above. Pairing the muscles up into 

antagonistic pairs gives* 

- 

3 
E 

J = 1 

, Fi' , ...... m'I | + m"l II —- J Ae/ 
‘VSe/y 1 Ue'wVdej' 1 

where the subscript (j) indicates the antagonistic muscle 

pair* the single prime (') identifies a value with the 

agonist* and the double prime (") associates a value with 

the antagonist of the pair. Then* 

3F, k 
- + 

<k2/4> (A1| + e , >2 

for j*!» 2* 3 
3ej 2 /< k2 /4 ) ( AIJ + e, )2 + a2 

is derived from the length-innervation-tension relationship 

and holds when all subscripted variables are either singly- 

or doubly-primed. Finally* 
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de:" -(h * u»>2 
    for j * 1, 2* 3 
dej' (e^ + w) 

is obtained from the reciprocal innervation law. Combining 

all the terms inside the brackets in the force balance 

equation* and denoting the combination as D » gives 

3 
- M0 « 2 D(Ae/) 

J = 1 

which can be rewritten in matrix notation as - M„ = P(Ae). 

-1 
Finally* inversion of D yields AS = D With AS 

known* the new estimates of the innervations of the agonists 

can be calculated as eh1 * eh0 + Aeh* ev, * ev0 + ABV* and 

eo1 =* eog + Aeo* where Aeh « Ae.,'* ASV = Ae2'* and ASO » Ae3'. 

The .entire process is repeated as often as necessary 

until the magnitude of the total moment acting on the 

eyeball is less than the acceptable error of 0.1 gram. When 

the process is completed* the values of all the variables 

accurately describe the state of the eye in the desired 

position. 

In the forward part of the model* the six innervations 

are given and the corresponding position must be found. 

Again* it is easier to perform the necessary computations 

using the 'e' form of innervation. If necessary* this form 

can be obtained from the 'I' form by substituting into the 

following equation. 



161 

ei 

I, +■ Ioi _a
2X, 

kX, k < I, + Ioi ) 

The position is obtained at the end of an iterative 

procedure. As in the previous case. this iterative 

procedure requires an initial guess at the position. A good 

initial guess is not required and the primary position can 

always be used as the first estimate. However* to save 

computation time and research funds* a good initial guess is 

used since it can be easily obtained. 

The horizontal and vertical recti are used in computing 

the initial values of © and 4* respectively. First* the 

agonist of each pair is determined; the agonist is the 

muscle with the greater value of innervation. Then the 

values of the innervations of the agonists# eh and ev# are 

substituted into the following equations. 

© - 0. 411n 10. 096(eh + 6.4)1 

4 » 0. 371n 10. 096<ev + 6.4)1 

Finally* if the medial rectus is the agonist of the 

horizontal recti# the sign of © is changed to negative. 

Likewise* if the inferior rectus is the agonist of the 

vertical recti* the sign of 4 is changed to negative. The 

initial value of 4 is obtained from Listing's law. 

§14 Then the calculations are performed for this position 

just as in the previous computer program. All of the muscle 

paths are calculated as is the relative change in length of 

each muscle. The magnitude and direction of the torque that 
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each muscle exerts on the eyeball are calculated. 

Similarlyi the magnitude and direction of the torque of the 

passive tissues are calculated. Finally* the vector sum of 

all the torques acting on the eyeball is computed. If in 

this position* the magnitude of the total moment* 1 MI * is 

smaller than some acceptable error (0.1 g)* the iterative 

process is halted and the corresponding position is the 

desired result. On the other hand* if the error is still 

too large* the total moment is allowed to rotate the 

eyeball. The amount of rotation equals IMI/K where K is an 

effective overall spring constant of about 2 g/deg. This 

rotation modifies the position of the eye as follows: 

A9 = (Mx tan ♦ sin 9 + My tan * cos 9 - Mz)/K 
A# — (Mx cos 9 — My sin 9)/K 
A* * CMx<sin 9)/(cos *> + My(cos 9)/(cos $>3/K* 

9 * 9 + A9 

♦ *•♦ + A+ 
♦ + A* 

where the "■«■" means "is replaced' by". 

All of the calculations are repeated for this new 

position* and the error is re-evaluated. The entire process 

is repeated as often as necessary until the error becomes 

sufficiently small. 
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