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ABSTRACT
A TWO-STAGE IDENTIFICATION SCHEME FOR THE
DETERMINATION OF THE PARAMETERS OF A
LUMPED PARAMETER MODEL OF THE LEFT
HEART AND SYSTEMIC CIRCULATION
by Robert Y. S. Ling

In this Study, a clinically-oriented, lumped parame¬
ter model of the human systemic circulatory system and the
left ventricle is presented and identification of the model
parameters is achieved by using a two-stage parameter esti¬
mation scheme that utilizes averaged pressure data (ob¬
tained from a single solid-state transducer) at three
anatomical sites (proximal brachial artery, ascending aorta
and left ventricle).

The model parameters obtained using

the estimation scheme are reasonable in a physical sense
and provide a good fit to aortic and brachial pressures.
The flow waveform at the aortic root can be computed during
the systolic portion of the cycle, and from this waveform,
instantaneous left ventricular volume (LW) changes can be
predicted.

As a check on the method, instantaneous LW is

measured on the same patient via single plane cineangiog¬
raphy and compared with model generaged curves that employ
the measured cineangiographic value of end-diastolic volume.

In addition, the modulus and phase angle of the ascending
aorta impedance, computed from the parameter values of the
model, compare favorably with those obtained from more com¬
plex simulations as well as with clinical measurements.
The method is simple, utilizes only pressure data (which is
usually recorded with very little measurement error), and
uses measurement techniques that are currently routinely
employed in cardiac catheterization laboratories.

The iden¬

tification scheme provides an estimate of lumped proximal
and distal arterial load parameters, aortic valve resistance,
ascending aortic flow, ventricular volume changes, stroke
volume and ejection fraction, for an individual patient.
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CHAPTER 1
INTRODUCTION

1.1

Thesis Objectives
The purpose of this thesis is to develop a time do¬

main identification scheme that is able to acurately iden¬
tify the parameters of an "adequate" model of the systemic
load.

The parameter values of this "patient adapted"

model are helpful to diagnose.
The proposed identification scheme utilizes input
that is currently available from routine cardiac catheteri¬
zation procedures.

The data consist of three pressures

(left ventricular, aortic root, and proximal brachial
artery pressures) and left ventricular volume as determined
by single plane cineangiography.
The identified model can also be used to calculate
stroke volume and instantaneous left ventricular volume
during systole by integrating the "flow" through aortic
valve of the model.

The stroke volume and left ventricular

volume calculated agree quite well with that of single
plane cineangiography.
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1.2

Background
The complexity of the systemic model varies con¬

siderably from elaborate distributed parameter models of
the systemic tree to the simple lumped parallel resistivecompliant Windkessel model.

Snyder (Reference 1) used an

equal volume principle to describe a model of the arterial
tree.

In this way the aorta and larger arteries are rep¬

resented in more detail than the small arteries.

The model

parameters was obtained from expressing by Rideout and
Dick (Reference 2) on fluid flow in distensible tubes, with
numerical values based on measurements reported in the
medical literature.

The concept of parameter identifica¬

tion by means of models is the basis for development of
patient-adapted models for automatic diagnosis.

Sims

(Reference 3) successfully applied Marquardt's parameter
identification method (a nonlinear least-squares method)
to the identification of thirteen parameters in a systemic
circulatory model.

This model was formed by combing sec¬

tions and branches of Snyder’s model to reduce complexity.
The required data for Sims’ identification scheme consisted
of three pressures and two flows obtained from an anesthe¬
tized dog.

This number of simultaneous measurements is

prohibitively large for the human system and generally
violates the nontraumic constraints imposed during cardiac
catheterization.
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Watt and Goldwyn (Reference 4) interpreted the time
course of diastolic portion of peripheral arterial pres¬
sure curve in terms of a linear third-order modified Windkessel model as shown in Figure 1.1.

It is a four-

component network consisting of two elastic chambers con¬
nected by an inertance and terminated by a resistance
representing the peripheral resistance.

Watt and Burrus

(Reference 5) presented a linear least squares method
(Prony's method) to find the numerical values of the
components and the end systolic upstream pressure and flow
(initial conditions) using a single peripheral arterial
pressure measurement.

Since only distal pressure, P2, is

used, no information on the impedance level of this model
can be extracted.

It is unlikely that a unique solution

for the parameter values will be found (Reference 6).

The

linear third-order modified Windkessel model presented in
Figure 1.2 is the one that appears most suitable.

The

parameters of this chosen model are determined by using
both proximal and distal pressures.

This model differs

from Goldwyn and Watt's model in that a transmural resis¬
tance RT is added in series with the proximal compliance
CL.

The chosen model (Figure 1.2) is superior to that of

Goldwyn and Watt because the upstream pressure, PI, in
Goldwyn and Watt's model tends to be quite oscillatory for
bad choices of parameter values, while the resistance RT
of the chosen model provides a dissipative influence tending
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to damp such oscillation.

The chosen model also has a

better high frequency response in its input impedance
modulus |Z^n| due to the addition of, in particular, re¬
sistor RT.

(The |Z^n| characteristic of Goldwyn and Watt

model decreases to zero at higher frequencies.)

1.3

Foreword
Theoretical development of the circulatory model is

discussed in Chapter 2.

A system of equations to mathe¬

matically describe the model is then specified.

The data

acquisition and processing scheme is also presented in
Chapter 2.

Chapter 3 presents an identification scheme

which determines the parameter values of the model using
the entire ascending aorta pressure and proximal brachisl
artery pressure.

This scheme is based on the Marquardt

method (Reference 7) .
In order to start this identification scheme, ini¬
tial values of the systemic load must be chosen.

These

initial parameter values of the systemic load of the model
are determined by time domain analysis of the diastolic
ascending aorta pressure and proximal brachial artery pres¬
sure.

Chapter 4 presents the results of Chapter 3 and

compares the predicted left ventricular volume (L.V.V.)
with the measured L.V.V. during systole.

Finally, in

Chapter 5, the results of Chapter 4 are summarized and
their implications considered.
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Pig. 1.1 modified Windkessel model of
Goldwyn and Watt

Fig. 1.2 modified Windkessel model selected

CHAPTER 2
MODEL STRUCTURE AND DATA ACQUISITION

In this chapter the structure of a lumped equivalent
model of the left ventricle and systemic arterial load is
developed.

The model consists of two parts: an active

part, the heart; and a passive part, the arterial system.
The system differential equations for the complete model
are derived in Appendix A.

The data acquisition and

processing scheme is also presented.

The data consists of

three pressures (proximal brachial artery, ascending aorta,
and left ventricular pressures) measured in a sequential
fashion using a single catheter-tipped pressure transducer
and left ventricular volume determined by single plane
cine angiog raphy.

2.1

The Arterial Model
The arterial system is a many-branched elastic con¬

duit for distribution of blood from the heart to all body
tissues.

Such a system exhibits three physical fundamental

properties: resistance, inertance, and compliance.
terms are defined below.
6

These
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Resistance (R):

Blood flowing through an artery is

subject to resistance arising from internal shearing among
the lamina of different velocity.

This fluid resistance is

analogous to electric resistance, and is defined as the
pressure drop across the segment divided by the flow through
the segment.
R = APR/FR

where AP^ is the pressure difference across the resistance,
and

is the flow through the resistance.
Compliance (C) : The ability of the arterial wall to

store energy by stretching and then to later restore this
energy to the arterial system by accelerating the blood is
termed compliance.

Compliance is calculated as the blood

volume within an arterial segment divided by the transmural pressure (pressure difference across the arterial
wall).

Compliance is analogous to electric capacitance

where blood volume is analogous to charge
C = V/APC

and where APC is the pressure difference across the vascu¬
lar wall; V is the blood volume in the segment.
Inertance (L):

The property of inertance is charac¬

teristic of the acceleration of blood by virtue of its
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having mass.

The inertance, which is analogous to elec¬

trical inductance is the tendency of the blood to resist
•

changes in velocity.

It is calculated as the pressure drop

across the segment divided by the time derivative of blood
flow (F]0 through the segment.
L = PL/(dFL/dt)

where P^ is the pressure difference across the segment.
Physical model: The model of the circulatory sys¬
tem assumed here consists of two compliances representing
the proximal and distal distensible vascular chambers
jointed by an inertance representing the inertance of long
columns of blood between the proximal and distal lumping
of the systemic arterial system.

Finally, the peripheral

resistance is largely contributed by the systemic arteri¬
olar resistance.

2.2

The Left Ventricular Model
The cardiovascular model used here is assumed to be

an open loop model.

That is, the ventricle pumps from an

extensive "atrial" reservoir to the systemic arterial sys¬
tem which is in turn connected to an extensive venous
reservoir.

To a first approximation, the left ventricular

can be represented as a pressure source that produces a
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time-dependent pressure that is congruent with the actual
shape of the left ventricular pressure waveform obtained
from a patient.

In Figure 2.1 a switch representing the

pressure-operated nature of the valve is placed in series
with a hydraulic resistance representing the aortic valve.
Thus, the pressure drop (AP) across the aortic valve is
AP = PLV - PI
where PLV is left ventricular pressure and PI is ascending
aorta pressure.

The switch is obviously closed when AP is

positive and open when AP is negative.

2.3

Formulation of the Equations
The physical model of the circulatory system as used

here is shown in Figure 2.2.
follows.

The system equations are as

(See Appendix A for details of the derivation and

explanation of the notions.)
dPl/dt = ( CPI * (-rt/M-SA/(ra*kl)))/(l+((SA*rt)/ra))
+ (rt*P2)/(M*(l+(SA*rt)/ra)) - f/(kl*(1+ (SA-rt)/
ra)) + (SA* PLV)/(ra*kl) + ((SA*rt*(dPLV/dt))/
(ra*(1+(SA*rt)/ra))

(2.1)

dP2/dt = -P2/(r-k2) + f/k2

(2.2)
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df/dt = P1/M - P2/M

(2.3)

In writing the system equations, the switch function
SA is used as a multiplier with the following convention:

1
SA =
0

if AP > 0
(2.4)
if AP < 0

It is frequently more convenient to consider the electrical
analog of the physical system and equations.

In the ana¬

logue each hemodynamical quantity has been represented by
an electrical one (see Table 2.1).

Physical System

Electrical Analogue

Blood flow (f) Current (F)
Pressure (plv,pl,p2) Voltage (PLV,P1,P2)
Compliance (K1,K2) Capacitance (CL,CR)
Mass equivalent (M) Inductance (L)
Peripherial resistance (r) Peripherial resistance (R)
Transmural resistance (rt) Transmural resistance (RT)
Aortic valve resistance(ra) Aortic valve resistance (RA)
Table 2.1

Equivalent Quantities

In terms of these correspondences, equations (2.1),
(2.2) and (2.3) become
dPl/dt = ((PI*(-RT/L-SA/(RA-CL)))/(1+((SA - RT) RA))
+ (RT•P2)/(L*(1+(SA* RT)/RA))
- f/(CL*(1+(SA*RT)/RA)) + (SA-PLV)/(RA-CL)
+ ((SA* RT•(dPLV/dt))/(RA*(1+(SA* RT)/RA))

(2.5)
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dP2/dt = -P2/CR-CR) + f/CR

(2.6)

df/dt = Pl/L - P2/L

(2.7)

The electrical equivalent model is shown in Figure 2.1.

2.4

Assumptions
Some assumptions are made during the construction of

the model.

They are summarized as follows:

1. The arterial system is modeled as a lumped passive
network.

Actually the elements in the model may

be influenced by the nervous system, endocrine
system, metabolic process in the wall.
2. The systemic arterial system is, to a first ap¬
proximation, linear.

There have been some at¬

tempts to determine the existence and effects of
nonlinearities in this system (Reference 8) but
these effects are quite small.
3. The aortic valve is modeled as a small resistance
in series with a switch.

This is equivalent to

assuming the aortic valve operates with no leak¬
age, and that its opening and closing is instan¬
taneous .
4. The heart operates in a periodic "steady state"
situation.

The value of proximal pressure, distal

12
pressure and flow through the inductor at the end
of the filling phase are the same as those at the
start of the isovolumic contraction phase for that
cycle.

2.5

Data Acquisition
The pressure waveforms (proximal brachial artery,

ascending aorta, left ventricular), left ventricular volume
and cardiac output data were obtained from patients under¬
going cardiac catheterization.*
tem is illustrated in Figure 2.3.

The data acquisition sys¬
The pressure sensing

system (Millar microtip pressure transducer) utilizes a
cather containing a solid-state electronic transducer within
its tip and is inserted after cut-down in the right brachial
artery approximately at the level of the elbow.

Pressure

waveforms were sequentially recorded on an F.M. recorder
(Hewlett Packard 3960 instrumentation recorder).

The de¬

rivative of the ECG was simultaneously recorded in order to
determine the beginning of each cardiac cycle.

While the

catheter was in the left ventricle, a radiopaque dye was in¬
jected through a hollow catheter and an enhanced x-ray
fluoroscope image of the heart was filmed for at least three
cardiac cycles.
*The data for this study were kindly supplied by
Dr. James Cole, Department of Medicine, Baylor College of
Medicine and The Methodist Hospital, Houston, Texas.

13
The left ventricle was filmed in the right anterior
oblique (RAO) position (in which the long axis of the
ventricle was perpendicular to the X-ray beam) using a
standard source, image intensifier, and a 35-mm camera run
at a speed of 64 frames per sec (FPS).

The resulting

single-plane cineangiograms were analyzed using a servo¬
plotting table adapted for projection of cinefilms onto the
plotting surface.

The plotting table was connected di¬

rectly to a small computer programmed to calculate actual
dimensions from the cinefilms.

The ventricular outline

was projected onto the plotting surface, and a grid was
placed over the projected image at an angle so that it was
aligned with the long axis of the ventricle.

An operator

then scanned the ventricular outline with an electromag¬
netic cursor which transferred to the computer the point
coordinates of the ventricular outline.

Calculations por-

ceeded automatically as points on the ventricular outline
were transferred.

The formula used for volume calculation

ft

is :
VLV = (0.848-A2-C3/L)-0.787 + 7.8 ml

(2.8)

where A is calculated area of the planar projection, L
is length from aortic valve to apex, and C is a correction
factor which accounts for the distortion and magnification
*This formula was adapted from Kasser and Kennedy
(Reference 9).
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errors resulting from nonparallel X-ray beams and from the
projection system.

Ventricular stroke volume is obtained

from the difference between end-diastolic and end-systolic
volumes and cardiac output is determined by multiplying
stroke volume by heart rate.

2.6

Smoothing Pressure Data with
Spline Functions
Although the A.A. and P.B.A. pressure curves are

averaged over many cycles, some extraneous wiggles still
exist in the A.A. P.B.A. and left ventricular pressure
curves.

W. M. Thomasson has applied both the Prony method

and the Marquardt method to the analysis of multicomponent
exponential decay curves.

He concluded that the Prony

method is very sensitive to noise and the Marquardt method
gives good results at low noise and only reasonable re¬
sults at high noise levels (Reference 10).

Moreover, the

derivative of left ventricular pressure is used in system
equation (2.5).

This means the differentiation operator

is needed to perform on the left ventricular pressure
curve.

Hence, there is a demand to smooth the original

patient's data.

The spline functions are readily adapted

because of their smoothness properties.

Among all order

of spline functions, a cubic spline function is most suit¬
able in our study since it is not only continuous as a
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function but has both a continuous first derivative and a
continuous second derivative.

Moreover, cubic splines

are easily evaluated and give in general satisfaction re¬
sults .
The smoothing function f(x) is defined as follows
(Reference 11): Given a strictly increasing sequence of
real numbers, t^,t2,•••,tn, and corresponding pressure
curve values, p^>P2» • • • »Pn» the smoothing function f(t)
to be constructed shall minimize

g"(t)2dt

(2.9)

among all functions g(t) such that

(

(& ) “P-; ) 2
L Z
^
) iS,

2
g e CZ(t1,tn)

(2.10)

Here, 6p^ > 0, i=l,...,n, and S ^ 0 are given numbers.
Recommended values for S depend on the relative weights
_2
6p^ .
If available, one should use for 6p^ and estimate
of the standard deviation of the ordinate p^.

In this case,

natural values of S lies within the confidence interval:
N - (2N)0'5 < S < N + (2N)0 *5,

N=n+1

(2.11)

The computer program used in obtaining cubin splines
is taken from IBM: System/360 Scientific Subroutine
Package.
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Pig. 2.1 electrical analog of the circulatory system

left
ventricle

}

.
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No. 1
No. 2
column of b±ooc

aortic
valve
Pig. 2.2 physical model

to vascular
bed and
venous
reservoir
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Fig. 2*3 General Datai Acquisition and Processing
Scheme»

CHAPTER 3
PARAMETER IDENTIFICATION OF THE SYSTEM

In this chapter a parameter identification algorithm
is used in conjunction with the electrical equivalent model
presented in Figure 2.1 to curve-fit the ascending aorta
(A.A.)

and proximal brachial artery (P.B.A) pressure

curves measured from the patient.

The measured left ven¬

tricular, A.A. and P.B.A. pressure curves plus cardiac
output (stroke volume x heart rate)

are used as the input

to the algorithm, and the algorithm varies the values of
RT, CL, L, and CL until computed A.A.

and P.B.A. pressure
I

curves are found that best fit (in a least-squares sense)
the A.A.
tient.

and P.B.A. pressure curves recorded from the paA general configuration of the parameter identifi¬

cation algorithm is shown in Figure 3.1.
This chapter is divided into two parts.

Part I

which is essentially an iterative Prony Method is presented
for the determination of arterial load parameters.
A.A.

Given

and P.B.A. pressure data as input, Part I achieves a

best-fit to the diastolic portion of both pressure curves.
The parameters identified by Part I are CL (proximal com¬
pliance) , CR (distal compliance), L (inertance), RT (viscous
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wall resistance of first chamber) , and FLOW (0) (flow
through inertance at the beginning of diastole).

The

peripheral resistance (R) and aortic valve resistance are
determined independently of this algorithm with a measure¬
ment of cardiac output.

The purpose of Part I is to pro¬

duce a set of parameters which in turn are used as initial
guesses for an iterative nonlinear least-square method.
Part II which is essentially an iterative nonlinear leastsquare method (the Marquardt method) is applied to an
analysis of the entire cycle of A.A. and P.B.A. pressure
curves for an accurate determination of load parameters.

Part I.

Iterative Prony Method

During diastole, the arterial system is unforced
and therefore the system is a nondegenerate third-order
system.

Any response of the system can be given as a

linear combination of three distinct normal modes
s,t
S t
Sjt
(c^e
, C ©
, c^e
). The P.B.A. pressure curve during
2

2

diastole, Y(t), can then be represented as

Y(t) = a^c^e

-

s,ta cs
st
2t
+ 2 2e + a3c3e

3 skt
I
A, e K
k=l *

The Z-transform of Y(t) is defined as

(3.1)

(3.2)

20
Yz - Z{YCt)} =

Ca0+a1z"1+a2z"2)/

Cl+b1z“1+b2z"2+b3z'3)

The Laplace transform of Y(t)

Ys = L{Y(t)} =

3

(3.3)

is defined as

(NlS2+N2s+N3)/

2

(S +DIS

+D2S+D3)

(3.4)

First, the coefficients of Yz (ag, a^, a2 ,b^,b2 ,b3)
are obtained from Y(t) using the Prony method.
coefficients of Yg
ag,a^,a2,b^,b2,
(Reference 13).
tions

(2.5),

(N^,N2,N3,D^,D2,D3)

Then,

the

are obtained from

and b3 using Impulse Invariant method
On the other hand, solving system equa¬

(2.6)

and (2.7) with SA=0 for Y(t)

using

Laplace transformation (for details see section 3.3), each
coefficient of Yg is represented as a function of model
parameters

(RT,CL,L,CR,RR)

inertance (FLOW(O)).
of Yg,

and initial flow through the

Equating the corresponding coefficients

a set of nonlinear algebraic equations is obtained,

i.e. ,

N2

R,FL0W(0)

(3.5)

= D1(RT,CL,L,CR, R ,FL0W(0)

(3.6)

=

N2(RT,CL,L,CR,
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= D2(RT,CL,L,CR, R,FL0W(0)

(3.7)

= D3(RT,CL,L,CR,R ,FL0W(0)

(3.8)

As mentioned before, the value of R is determined indepen¬
dently by cardiac output.

Therefore, this set of nonlinear

algebraic equations can be solved for CL, L, CR and FLOW(O)
as functions of RT, i.e.,
CL = f^(RT)

(3.9)

CR = f2(RT)

(3.10)

L

(3.11)

= fg(RT)

FLOW(0) = f4(RT)

(3.12)

Once RT is fixed, all the parameters can be determined by
functions f^,f2,f3 and f^.

The optimal RT is then obtained

from Fibonacci search method by minimizing a specific
criterion function; the criterion function is defined as
the Siam of the squares of the differences between model
output and the patient data for all points belonging to
the diastolic portions of both A.A. and P.B.A. pressures.
A configuration of the iterative Prony method is shown in
Figure 3.2.
In summary, using the Prony method, the Impulse
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Invariant method, and Laplace Transform method, one ob¬
tains a set of nonlinear equations where CL, CR, L, and
FLOW(O)

can be expressed as functions of RT.

These parame¬

ters are determined by one dimensional search (Fibonacci
search method) of the optimal RT.

3.1

The Prony Method
The Prony method is used here to determine the Z-

transform coefficients of the digitized P.B.A. pressure
waveform during diastole.

The particular version of the

Prony method used here is that of Burrus and Parks

(Ref¬

erence 12) .
Consider equation (3.2) which is a sum of exponen¬
tial functions

s t
r
k
I A,e K
k=l K

Y(t) =

If Y(t)

(3.2)

is sampled at regular intervals, T, beginning at

t = 0, the sampled function is
3
S (iT)
Y. = Y(iT) = 7 A, e k i-0,1,2...
1
k-1 K

Let Rk = e

SkT
K

3

Y.

l

(3.13)

I
k=l

w

1

i=0,l,2...

(3.14)
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Take Z-transform of equation (3.14)

Y +Y z 1+Y Z 2+

0

i "

2 "

••• = A1/(1-R1Z'1)

+ A2/(1-R2Z_1) + Aj/(1-R3Z_ X)

(3.15)

Combine terms of the right side of (3.15)

1+
W" V2+

=

*•*

Ca0+a1Z_1+a2Z"2)/

(l+b2Z"1+b2Z“2+b3Z'3)

(3.16)

Equation (3.16) can be written in terms of convolutions,
with bg = 1, as
i=0,l,2

ai

Y

J b n=0 n 1-11

(3.17)
i >- 3

or in matrix form
V,

\

0

a

Y

Y

Y

Y

i

l
=

a

2

2

o

0
0

Y

1

o

1

o

0
0

0

a

\

0
(3.18)

•
/

•

^ * i

Y

k-1

~

• ••

\
This is partitioned to give

V4,
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(

>

\

a

YQ

a

Yi

0

l

^a2>
'o'

'Y3

1

000

Y„

0

Y

1

Y

Y

2

Y

2
2

0

\

b

l

0

;

b

0

’

b

2
3

(3.19)

0
0

Y

k-1

Y

k-4

;
If k > 6, then in general there is no exact solution to
(3.19) so an error vector is defined such that (3.19)
becomes

a

0

a

l
(3.20)

a

e

4

Y

e

k-1

k-4
/

or
f \
a
«

•

«1
•

•

e

#

•

•

H

i

2

and b are partitioned defining h as the first column of
H2, Hj, the remaining (k-3) x 3 matrix, and b* the lower
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three components of b.
(

/

\

>

a

H

i

• • •

e

This gives

1
(3.21)

=

J

h

H_
1

b*
^ J

or in uncoupled form
e = h + H^b*

(3.22)

a = H^b

(3.23)

b* is chosen in such a way that e1e is minimized.

Since e

is linear in b*, only one step is required for the solution,
T
The minimum value of e e can be found according to mini¬
mization theory.

From (3.22)

e = h + H3b*
eTe - (h+H3b*)T(h+H3b*) = hTh+b*TH3TH3b*+2b*TH3Th

3(eTe)/ab* = 2H3TH3b* + 2H3Th = 0

H3TH3b* - -H3Th
b* = -(H3TH3)-1- H3Th

(3.24)

The a^ coefficients are then found by direct multiplication

26
indicated in (3.23).

3.2

The Impulse Invariant Method
The coefficients of the Laplace trandformation of

the P.B.A. pressure waveform during diastole are found
from the coefficients of the Z-transform of the P.B.A.
pressure waveform during diastole by the impulse invariant
method (Reference 13).

This method requires that the im¬

pulse response of the digital network be equal to the
sampled impulse response of a given continuous network.
The procedure followed is divided into three steps
(for details see Appendix B):
Step 1:

Let

(ag+a^z ^+a2z ^)/(l+b^z ^+b2z

2

+b3z~^)

= k^y (l+dz_1)+(k2+k3z~1)/(l+c1z’1+c2z

2

)
(3.25)

here ag, a^, a2, b-^, b2, b3 are obtained from the Prony
method described in section 3.2.

The values of k^, k2, k3,

c^, c2, d are found via partial fraction expansion.
Step 2:

From the correspondence

k1/(l+dz'1) + (k2+k3z"1)/(l+c1z"1+c2z'2)^q1e ^
q

+

e"

q

3

4t cos(q5t+q6)

(3.26)
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The value of q^, q2, q3, q^, q^, q^ can be found by the
Impulse Invariant method.
Step 3:

Let
-n

2

3

2

(N1S +N2S+N3)/(S +D1S +D2S+D3) = L{q1e

2

-qAt
+ q3e

cos(q5t+q6)>

(3.27)

The value of N^, N2, Nj, D^, D2, D3 can be found by taking
-q2t
the Laplace transform of the continuous signal, q-.e
+ q3e

"q4t
cos(q3t+q^), which is a representation of the

P.B.A. pressure waveform during diastole.

3.3

Application of the Prony Method to
Arterial Load Model
The matrix form of system equations during diastole,

equation (2.5),

(2.6),

(2.7) with SA = 0, is shown below:
>

\
-RT/L

Pl'(t)
=

Y'(t)
FLOW’(t)

)

■

RT/L

\

-1/CL

PI(t)

0

-1/(R* CR)

1/CR

1/L

-1/L

0

Y(t)
FLOW(t)

/

^

/

(3.28)
From system theory, Y , the Laplace transformation of
Y(t), is given by (Reference 14):
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YS=(0,1,0)

P2(0)s+(

s+(RT/L)

-RT/L

1/CL)'

_
P1(0)

0

s+1/(R* CR)

- 1/CR

P2 (0)

-1/L

s

FLOW(0)
^
/
(3.29)

M

t

HMoi

)s+(

/

\

P^O! )t( MO! Jt(

J

" s+(RT/L+1/(R- CR) )s+(RT/(LR- CR)+1/(L•CL)+1/(L•CR))s+1/(L-CL-CR-R)
(3.30)
= (N^s + N2S + Ng) / (s + D^s + D2S + D3)

= RT/L + 1/(R-CR)

(3.31)

D2 = RT/(L-R-CR) + 1/(L*CL)

+ 1/(L•CR)

(3.32)

D3 = 1/(L*CL*CR*R)

(3.33)

N2 = (RT*P2(0)) /L+FLOW(0)/CR

(3.34)

where D^, D2, D^, N2 are known values from section 3.2.

3.4

Solving Nonlinear Algebraic Equations
Eliminating L and CR from equations (3.31),

(3.32),

(3.33) will result in a third order algebraic equation of
CL which can be solved for CL directly.

The coefficients

of this algebraic equation are functions of RT,
D2, D3.

R, Dl,
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Eliminating L from (3.32) and (3.33) yields:
CR = D2/(D3-R) - (RT/R+1) • CL
Define
A = 1/(D3-R),

B = RT/R + 1

(3.35)

CR = A-N - B-CL

(3.36)

Eliminating L from (3.31), (3.33) yields:
(D1 • CR) / (D3 • R) = RT-CR2-CL
+ 1/(D3•R2)

(3.37)

Substituting (3.36) into (3.37) to eliminate CR yields:
CL3 - ((2A-D2)/B)•CL2 + ( (D1 • A) / (B • RT)
+ (D2 2-A2)/B2)*CL + (A/R-Dl*D2•A2)/
(B2.RT) =

0

(3.38)

From (3.36)
CR = A-N - B*CL

(3.39)

Equation (3.33) can be rearranged to give
L = 1/(D3-CL-CR-R) (3.40)
From (3.34)
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FLOW(0) = CR-N2 - (CR-RT-P2(0))/L

(3.41)

In general, for a specific RT, the solutions of
(3.38) can be either one real root and a pair of complex
conjugate roots or three real roots.

In the first case,

the real value of CL and corresponding values of CR (de¬
termined by (3.39)), L (determined by (3.40)) and
FLOW(O)

(determined by (3.41)) are used in the Fibonacci

search method.

In the second case, among the three real

values of CL, the value of CL and corresponding values of
CR (determined by (3.39)), L (determined by (3.40)) and
FLOW(O)

(determined by (3.41)) which yield the least value

of a specific criterion function are used in the Fibonacci
search method.

As explained before, the criterion func¬

tion is defined as the sum of the square of the differences
between model output and the patient data for all points
belonging to the diastolic portions of both A.A. and P.B.A.
pressures.

3.5

Fibonacci Search Method
The purpose of this method is to find the minimum

of a single variable nonlinear function, f(RT), subject to
constraints, a <_ RT <. b, where upper and lower bounds, b
and a, are constants.

The procedure is an interval

elimination search method.

Thus, starting with the origi¬

nal constraints on the independent variable, the interval
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in which the optimum value of the function occurs is re¬
duced to some final value, the magnitude of which depends
on the desired accuracy.

A specification of the desired

accuracy will determine the number of function evaluations.
The function f(RT) is assumed to be unimodal.

In general,

the Fibonacci search method has the great advantage of
fewer number of iterations to achieve given accuracy than
other search methods (Reference 15).

Besides, no deriva¬

tives are required in Fibonacci search method.
This method is illustrated in three steps:
Step 1:

This method uses two numbers termed

Fibonacci numbers, FI = 0.38 and F2 = 0.62, to compute two
points
RT1 = a + FI- (b-a)

(3.42)

RT2 = a + F2 • (b-a)

(3.43)

Step 2:

f(RT) is then evaluated at RT1 and RT2

to obtain f(RTl) and f(RT2).
Step 3:

Two possibilities exist:

Case 1:

If f(RTl) <_ f(RT2) , then the minimum is
in the reduced interval a < RT < RT2.
b

Case 2:

RT2 and a

■*-

Set

a; and go back to step 1.

If f(RTl) > f(RT2), then the minimum is in
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the reduced interval RT1 <_ RT < b.
a

RT1, b

Set

b; and go back to step 1.

The reduction of the interval can be done in an iterative
fashion until a prescribed interval length is obtained.

At

the end of N iterations, the original interval will be
reduced to (0.62)^ * of the size.

The viscous wall resis¬

tance (RT) is assumed to be in the range of 0 mmHg*min/
Liter to 10 mmHg*min/Liter.

This means a = 0 and b = 10

during the Fibonacci search.
The procedure to obtain f(RT) from RT is explained
below.

Given a specific RT, the value of CL, CR, L,

FLOW(O) can be calculated from (3.38), (3.39), (3.40),
(3.41).

The initial values of the A.A. pressure and P.B.A.

pressure at the beginning of diastole are taken from pa¬
tient's data.

With all the parameters and initial condi¬

tions specified the system equations during diastole,
equations (2.5), (2.6), (2.7) with SA = 0, can be solved
using Runge-Kutta method for the numerical integration of
differential equations.

The function to be minimized in

Fibonicci search, f(RT), is defined as

f(RT) - eAe = (

l

i=l

et1 + £
et )
i-N+1 1

where error, e, is defined as

(3.44)
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f

\

.
>
PjCt^)

e

i

e =

f

f

•

•

•

•

•

•

•

*

•

=

e

-

N

e

N+l

pjcti)

PI^N)

p2Cti)

•

•

•

«

*

•

•

•

•

e

P2^

2N

\

/

y

p2(V
/

where PI* is patient's A.A. pressure
P2' is patient's P.B.A. pressure
PI

is model's A.A. pressure

P2

is model's P.B.A. pressure

N

is number of points of diastolic portion of
pressures

The function, f(RT), is the sum of the square of the
errors at all the diastolic points of both A.A. and P.B.A.
pressures.

The iteration stops when the Fibonacci search

has reduced the original RT interval to 1/1000 of its
size.

This means the iteration stops when (b-a) < 0.01.

Part II.

Iterative Nonlinear Least-Square Method

In Part II, the values of model parameters are
identified by an iterative nonlinear least-square method.
In this method the model receives input signals from the
real system.

The input signals include left ventricular

pressure and values o£ A.A. and P.B.A. pressures at the
beginning of diastole.

With initial choice of parameter

values, the proximal (i.e., PI) and distal (i.e., P2)
pressure obtained from the model are compared with corres¬
ponding system pressures.

The differences between them is

then minimized by adjusting the model parameters.

The

criterion function is a scalar measure of the "goodness
of fit" of the model responses to the actual system re¬
sponses and is chosen as the sum of the squared errors.
The parameter adjustment algorithm used is the Marquardt
method and Figure 3.3 represents the iterative nonlinear
least-square method schematically.

system

A.A

and P.B.A

pressure

input signals
initial
choice of
parameter^,
51
values

PI and P

parameter
adjustment ^
algorithm

Figure 3.3.

<b

criterion
function

._ .

Schematic representation of the iterative
nonlinear least-square method of Part II
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3.6

Initial Conditions and Initial Choice
ôf Parameter Values for the Iterative
Nonlinear Least-Square Method
Total peripheral resistance, R, is estimated from

the relation R = P/Q, where P is mean blood pressure in the
proximal brachial artery amd Q is cardiac output.

The

value of R is held constant during parameter adjustment
(i.e., its value is independent of the parameter adjustment
algorithm).

The value of aortic valve resistance is calcu¬

lated as RA = P^/Fs, where P^ is mean pressure difference
between left ventricular and ascending aorta during systole
and Fg is the mean flow through aortic valve during systole
Here, Fg is obtained from Fg = SV/Ts, where SV is stroke
volume (stroke volume is equal to the cardiac output di¬
vided by heart rate) and Tg is the time interval of systole
The value of RA is also held constant during parameter ad¬
justment.

The initial value of RT, CL, CR, L are taken

from the results of the application of the iterative Prony
method discussed previously.
The initial conditions of three state variables
PI, P2, FLOW must be specified in order to solve the sys¬
tem equations of the model.

The initial conditions of PI,

P2, are taken from patient's pressure data at the beginning
of diastole.

The initial condition of FLOW is as follows:

FLOW(0) = P2(0)/R + CR-(dP2(0)/dt)

(3.45)

This equation means at the beginning of diastole the flow
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through the lumped inertance (L) is equal to the sum of
flow through R and flow through CR.
tive of equation (3.45)

Expressing the deriva¬

(i.e., dP2(0)/dt) in terms of for¬

ward differences results in the finite difference equation:
FLOW(0) = P2(0)/R + (CR/2T)*(-3-P2(0)
+ 4-P2(l) - P2(2))

(3.46)

where T is the sampling interval.
The values of CL, RT, L, CR are subject to adjust¬
ment by the Marquardt method which will be described in
section 3.7.

3.7

Solving System Equations
In this study, the heart cycle is chosen to begin

with isovolumic relaxation.

The progression of heart

phases in a complete cycle is thus isovolumic relaxation,
filling, isovolumic contraction and ejection (i.e., di¬
astole is considered first and followed by systole).
With the initial conditions and parameters values specified
in section 3.5, system equations of model during diastole
(equation (2.5), (2.6), (2.7) with SA = 0) are solved using
a fourth-order Runge-Kutta method.

At each sampled point,

the calculated A.A. pressure is compared with the left
ventricular pressure data.
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The model is considered in diastole until at some
point the left ventricular pressure is greater than the
A.A. pressure.

From this point on, system equation in

systole (equations (2.5),

(2.6),

(2.7) with SA = 1) are

solved using the same fourth order Runge-Kutta method.
Again, three initial conditions are needed to solve three
first order differential equations.

The A.A. pressure

value (i.e., PI), P.B.A. pressure value (i.e., P2) and
flow through inertance (i.e., FLOW) at the beginning of
systole are the values predicted by the model in diastole.
It can be seen from equation (2.5),

(2.6),

(2.7) with

SA = 1 that the derivative of PLV(t) is required to solve
the system equations during systole.

The derivative of

PLV(t), dPLV(t)/dt, is obtained numerically from left
ventricular pressure data using Lagrangian differentiation
formulas (Reference 20).
The formulas are as follows:

dPLV(tQ)/dt = (-3-PLV(tQ) = 4-PLV(t1)

- PLV(t2))/(2-T)

(3.47)

dPLV(ti)/dt = (-PLV(ti_1) + PLV(ti+1))/

(2-T) i=2,...,m-l

(3.48)

dPLV(tm)/dt = CPLV(tm_2) - 4*PLV(tm_1)
+ 3-PLV(tm))/(2-T)

(3.49)
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where T is sampling interval.
The initial point of dPLV(t)/dt is calculated by
equation (3.47), the end point by equation (3.49), and all
the middle points by equation (3.48).

3.8

Parameter Adjustment Algorithm
The scheme used here is a modification of the Gauss-

Newton method (Reference 15) and the derivation and theory
presented is after Marquardt (Reference 7).

For a non¬

linear function P of time t and the parameters X^,
i=l,...,4, it is the best fit in a least-squares sense to
a set of time and ordinate sample pairs t^, Pl^, k=l,...,
f

t

m, and t^PZ^, k=l,...,m where Plj, is sampled value of
patient’s A.A. pressure at t^ and P2^ is that of P.B.A.
pressure at t^.
First, define an error vector
\
e

l
e2
e

Pl(X,t1)>

pi-(t2)

Pl(X,t2)
PKX.V

e

pi'(V

e

P2’(t1)

PZfx.t^

P2’(t)
^ m'

P2(X,tm)

m
m+l

e

2m

where

pi'ttp

-

(3.50)
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>
CL

X

1

X

RT

X

L

2
3

CR
v /

X

\

4

\

)

Here (Pl(X,t^), i=l,...,m,} and (P2(X,ti), i=l,...,m,} are
values of the proximal and distal pressures respectively
produced by the model using parameter X.
Since only the vector X will be changed and neither
the times t^ nor the ordinate values Pl£, P2^ will change,
equation (4.3.1) can be written in vector form as
ë = P - P(X)

(3.51)

The total error is defined as the sum of the squares of
the error at each point.
2m

T

E = e

ë =

I

i=l

e.

(3.52)

1

The strategy of the method is to minimize E by
systematically varying X.
Consider an arbitrary change in X, ÂX.

The Taylor

series expansion of the function P(X) evaluated at X
is

+ ÂX
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_

_

P(XQ+AX)

_ _
= P(X0)

+

3P(X0) _
AX
3X

(3.53)

I£ AX is small enough P(XQ + AX) can be approximated by
the linear function of ÂX
A

3F(J )

P(X0,AX) = P(X0) +

ÂX
3X

(3.54)

Assuming P(XQ,AX) is a reasonable approximation to the
function P(XQ+ÂX), a specific value of ÂX which will mini¬
mize the total error E will be computed according to theory
of maxima and minima.

E = ëTë = (P’-p)T (P’-P)
(P..p)T (p._ p)

(3.55)
The 3E/3ÂX must equal zero at the minimum of E.

Therefore,

the next step is to take the required partial derivatives,
equate them to zero, and solve the resulting equations for
X.

Since P' is not a function of ÂX

From (3.55)
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3 AX

= -2C ^ ) P ' +2 ^4= P - 0
3ÂX
3 AX

Eliminating P from (3.54) and the equation above yields

3P(X0) __T1
3(P(X ) +
ÂX)
U
3X
3 AX
3P(Xn) _
U
AX)1
3X

3(P(Xq) +

3 AX

(P(x0) +

Since P(Xg)

3P(Xn) _
— AX ) = 0
3X

and 3P(Xg)/3X are not functions of AX

T

3P (X ) _

Z"2- P(X0) +
3X

+

T

3P (XQ)

zr2- ‘
3X

CP(x0)

3P(X0) __
AX ) = 0
3X

3PT(XQ) 3P(X0) _
3PT(X ) _
2
Z - AX =
z-2- (P'(X0)-P(XQ))
3X
3X
3X
U
U
Define

(3.56)
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3PÇX0)

3P(X0)
(3.57)

3X

3X

6 = AX

(3.58)

(3.59)

3X

g = JT(P'-P(X))
Then equation (4.3.7)

(3.60)

can be written as

M = g

(3.61)

When equation (3.61)

is solved for

the T thus determined

is often too large for the approximation of equation (3.54)
to be valid.

In this case, the chosen step

an increase in E rather than a decrease.

s'

may lead to

Levenberg sug¬

gested that a Levenberg multiplier X be introduced in equa¬
tion

(3.61)

as shown in equation

(3.62)

to limit the size

of the step.

(A+XT)<5

= g

(3.62)

It is interesting to note that as X varies from zero to
large values,

the step 6 shift continuously from the Gauss

step to that for the gradient method (<5=X ^g) .

In order

to improve the numerical aspects of computing procedures,
a scaled matrix A* and a scaled vector g* are defined as
follows :
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a. .

P=)

A* = (a*ij) - (
/a

(3.63)

ii ^jj

(3.64)

g* = Cg*i) = C -= )
/a
ii
Equation ( 3.62) can be transformed to

(A*+Al) 6* = g*

(3.65)

6

(3.66)

and

i

In summary, the algorithm is:
1. At the nth iteration the equation

♦ Anri ?*Cn) . 5*00
is solved for
2. Equation (3.66) is used to obtain

.

3. The new parameter values will be X^n+^

= TCn) + T™.
4. A new criterion function value E„.,
n+1 is obtained.
It is essential to select A„n
suchn+1
that E^, < E n .
The Marquardt's method uses the following selection
criteria for X.
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Define S as a number > 1.

Let X n-1, denote the value of

X at n-1 th iteration and E„n-1, denote the value of E at
the end of n-1 th iteration.
1.

If E.(Xn_ 1/S)

2.

If
X

n -

3.

*

E

>

B

n-1>
n-1

let

x

n *

X

n-1/S-

and ECin_P = En.!, let

X

n-r

If

^, increase
n-1 and E(An-1) >
X by multiplying it by S until E(Xn_1Sm) < En_^.
>

Let Xn =

E

where m is the smallest integer

possible.
Iteration is stopped and considered to be converged when
the relative change in all the parameter values is less
than some given small number E^ and the relative change
in the sum of squares, E, is less than a second small
positive number E
Stating qualitatively, the method starts from a
sufficiently large X which weighs the gradient method
heavily so that the function E will always decrease.

But

the value of X must be such that the region over which
the minimization occurs is approximately the largest
region in which the linear approximation is reasonable.
Accordingly, the method to choose X must seek to use a
small value of X whenever the Gauss-Newton method would
converge nicely.

If the step is so large that the linear
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approximation to the function is bad, then the Levenberg
adjustment X is increased which weighs the gradient method
more heavily.

As values approach those of the solution,

the calculated step size becomes more compatible with the
linear approximation, hence X can be decreased and the
Gauss-Newton step receives more weight.

The method has the

good starting characteristics of the gradient method and
the rapid near-minimum convergence of Gauss-Newton method.
The sensitivity matrix J defined in equation (3.59) is
repeated here for convenience.
-r(2mx4) _/pCti) ^
J
—(
J

y'aPCtjî

j

i™!*»2 m >

sPCtp

aPCtp^

aX, 5X7“

aXT”

ap t

t 2m>
aXi

3X

4

J

The computer program implementing the parameter identifi¬
cation scheme requires that the matrix J of time samples
of the partial derivatives of the output function P with
respect to the parameter X be formed.

The partial deriva¬

tives which compose J cannot be computed analytically due
to

the nonlinearity of system equations.

Therefore, they

were computed numerically using finite difference.

Finite
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difference is accomplished by changing one parameter value
by some percentage, say 2%, operating the model and sampling
the output function of the model at specified times.

Each

column of the sensitivity matrix can be approximated by
finding the difference between the output function with
the initial parameter values and with the changed parameter
values and scaling by the amount of change in the parameter.
The partial derivatives are approximated by the following
equation.
J±j = (P(X+AXj,ti) - P(X,ti))/AXj
where
2m

1

4

0.02 • x.
3
/

\

0

jth row
/

(3.67)
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CHAPTER 4
RESULTS

The results of the applications of the parametric
identification scheme to experimental data from three
patients is presented here.
four

parts.

This chapter is divided into

The first part describes the results for

diastolic identification.

The second part shows results

for the entire cardiac cycle.

The third part shows the

comparisons of the left ventricular volume predicted by
the model to that measured by the single-plane cineangiog¬
raphy.

The fourth part gives the moduli and phase angles

of the ascending aorta input impedance predicted by the
model.

4.1

Results of Diastolic Identification
Table 4.1 presents results for three patients using

the iterative Prony method (i.e., Part 1 of chapter 3).
The first row of Table 4.1 gives the identified values of
parameters

RT»

CL, L, CR, and R.

The second row shows the

RMS errors between measured and predicted values of both
the ascending aorta (A.A.) pressure curve and the proximal
49
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brachial artery (P.B.A.) pressure curve during diastole.
The numbers of iterations required by the Fibonacci search
method is presented in the third row.

An estimate of the

quality of match between predicted and measured pressure
curves may be seen from the data presented in Figure (4.1)
to Figure (4.6).

Figures(4.1),

(4.3) and (4.5) are compar¬

isons of the model output with the measured diastolic A.A.
pressure curve for three patients respectively.
(4.2),

Figures

(4.4) and (4.6) are comparisons of the model output

with the measured diastolic P.B.A. pressure curve for three
patients respectively.

4.2

Results for the Entire Cardiac Cycle
The parameter values listed in Table 4.1 are used

as initial choices of parameter values for the Marquardt
method (i.e., Part II of Chapter 3).

The identified values

of parameter RA, R-T, CL, L, CR and R using the Marquardt
method are tabulated in the first row of Table 4.2.

The

second column of Table 4.2 shows the RMS errors of A.A.
pressure, P.B.A. pressure and both pressures.

The number

of iterations in the Marquardt method is presented in the
third row of Table 4.2 and the stopping conditions of the
Marquardt method are presented in the fourth row.

The

measured A.A. pressure curve--the predicted A.A. pressure
curve and the measured P.B.A. pressure curve--the predicted
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P.B.A. pressure curve plots are constructed for each
patient.

The model output compared to the measured A.A.

pressure curves are shown in Figures
(4.11) respectively.

(4.7),

(4.9), and

The model outputs compared to the

measured P.B.A. pressure curves for three patients are
shown in Figures (4.8),

(4.10) and (4.12) respectively.

An important phenomenon is the increase of the systolic
pressure towards the periphery, an increase that is ob¬
served clinically and exists in our data as well.

One will

note that this phenomenon can also be achieved with our
passive model.

4.3

Comparison of Predicted and Measured
Left Ventricular Volume
The flow through the aortic valve of the model

during systole is calculated as follows:

FLOWRy(ti) = (PLV(ti)-Pl(ti))/RV

(4.1)

Hence, the left ventricular volume (LVV) of the model at

t.
(4.2)

where t
(i-l)*T.

is the time at which systole begins and t^ =
Ve(j is the end diastole volume obtained from
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patient data by means of cineangiograms.
Thus the stroke volume predicted by the model is:

FLOWRy(t) dt

SV =

(4.3)

where t£ is the time at which systole terminated.
The integrations in (4.2) and (4.3) are performed by
Simpson's rule.
Define
t.
out = L1

V

z

FL0W

RVM

s

v

(

0ut

V

=

(1.25.FLOWRV(ts) + 2-FLOWRVCt1)

- 0.25-FLOWRYCt2))-CT/3)

(4.4)

WV " (1.25.FLOWRV(Tl)+2.FLOWRV
- 0.25-FLOWRV(t3))-(T/3)

(4.5)

WV = Vout^i-Z^CFLOW^t^^)
+ 4*FL0WRV(ti_1) +FLOWRV(ti))•(T/3)

(4.6)

In order to compare the LVY with that of the model the LW
of patient corresponding to the sampled points of the model
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are interpolated by cubic spline functions (Reference 11)
using LW obtained from cine angiograms .
Comparisons of left ventricular volumes of the
patient during systole are shown in Figures (4.13), (4.14)
and (4.15) for three patients respectively.
The comparisons between measured and computed left
ventricular volume during systole and stroke volume are
summarized in Table 4.3.

The RMS error in Table 4.3

represents the root mean square of differences between
measured and computed left ventricular volume during sys¬
tole .

4.4

The Ascending Aorta Input Impedance
Predicted by the Model
As a check on the model, the impenances at the

ascending aorta are calculated.

Generally speaking, the

ascending aorta input impedance has the following charac¬
teristic when plotted as a function of frequency (Ref¬
erence 21).

The absolute value (|Z^ |) is high for steady

flow and is equal essentially to the peripheral resistance.
For low frequencies up to 2 to 3 Hz, |Z^n| decreases sub¬
stantially to a low value and then stays approximately
constant for higher frequencies.

The phase of the input

impedance ($) is by definition zero at d.c., quite strongly
negative at low frequencies, and about zero or positive
for higher frequencies.

Appropriate models of the load to
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the left ventricle must mimic the ascending aorta impedance.
The moduli and phase angles, computed from the identified
parameter values of the model for three patients, are shown
in (4.16), (4.17), (4.18),
spectively.

(4.19), (4.20), and (4.21) re¬

The results are in general agreement with

reported measurements in man (Reference 21).

55

Patient's Name

Parameter
Values

G.M.

G.S.

S.B.

RT=0.285

RT=0.330

RT=2.173

L=0.00385

L=0.00336

RT=0.00197

CL=0.00136
CR=0.0000438
FLOW(0)=7.751
R=14.164

CL=0.00136

CL=0.00073
CR=0.0000567
FLOW(0)=4.949
R=18.02

CR=0.0000595
FLOW(0)=8.765
R=10.65

RMS Error
= 3.423

RMS Error

RMS Error

= 4.467

RMS Error
= 1.221

Number of
Iterations

15

15

15

Table 4.1

Resistance:

inmHg'min/liter

Inductance: mmHg‘min-min/liter
Capacitance: liter/mmHg
RMS error is the root mean square error of both curves
during diastole.
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patient1 s name

parameter values

RMS errors

G.M.

G.S.

RV = 0,64.10

RV = 0.4202

RV = 0.4574

RT =2.339

RT =2.127

RT = 5.501

L = 0.003755

L = 0.0034.74.

CL ==■ 0.001257

CL = 0.001201

CL =0.0005372

CR = 0.00007573

CR = 0.000084-57

CR = 0.00007075

RR = lli..l6

RR = 10.6Ç

RMS error of
A.A. pressure
= 2.522

RMS error of
A.A. pressure
= 3.137

RMS error of
A.A. pressure
= 5.505

RMS error of
P.B.A. pressure
= 2.796

RMS error of
P.B.A. pressure
= 3.76Ï

RMS error of
P.B.A. pressure
= 5.732

RMS error of
both pressures

RMS error of
both pressures
= 3.486

RMS error of
both pressures
= 5.432

No. of ■

L = 0.001726

—RR =18.02

Ik

20
iterations
stopping

Ex= 0.034.27

EX = 0.04469

criterion

E2 = 0.001987

E2

Table 4*2

S.B.

= 0.01988

15

Ex =0.01453
E2

=0.006402

Resistance: mmHg*min/L
Inductance: mmHg.min»rain/L
Capacitance: L/mmHg
Ej_; the maximum relative change of parameter value
Eg* the relative change of total error(defined as the
sum of the squares of the error at each point of
both A.A. and P.B.A. pressure)
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RMS Error
of L.V.V.

Stroke Volume
Measured

G.M.

8.90 c.c.

G.S.

S..B

Patient
Name

Table 4.3

Stroke Volume
Predicted

% Error of
Stroke Volume

97.6 c.c.

84.5 c.c.

-13.4

5.27 c.c.

91.4 c.c.

81.5 c.c.

-10.7

4.47 c.c.

68.5 c.c.

62.3

-9.05

Comparisons between measured and computed L.V.V. and stroke
volume.

ASCENDING AORTA PRESSURE
DURING DIASTOLE - mmHg
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TIME-MSEC
Pig, Comparison of the ascending aorta pressure
obtained from the model and that measured
in the patient during diastole.

PROXIMAL BRACHIAL ARTERY PRESSURE
DURING DIASTOLE - mmHg
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TIME-MSEC
Fig. 1^,2

Comparison of the proximal brachial
artery pressure obtained from the
1

!

model and that measured in the patient
during diastole*

ASCENDING AORTA PRESSURE
DURING DIASTOLE - mmHg
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TIME-MSEC
Fig. if.3 Comparison of the ascending aorta pressure
obtained from the model and that measured in the
patient during diastole.

PROXIMAL BRACHIAL ARTERY PRESSURE
DURING DIASTOLE - mmHg
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TIME- MSEC
Pig. 4*4

Comparison of the proximal brachial
artery pressure obtained from the
model and that measured in the patient
during diastole.
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Comparison of the ascending aorta
pressure obtained from the model and
that measured in the patient during
diastole.

PROXIMAL BRACHIAL ARTERY
DURING DIASTOLE - mmHg

PRESSURE
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TIME-MSEC
Fig* 4-. 6

Comparison of the proximal brachial arterypressure obtained from the model and that
measured in the patient during kiastole*
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WD

obtained from the model and that measured
*

in the patient.
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0

ProxiAial Brachial Artery Pressure -

1

Time - «««
Fig. I4..3

Comparison of the proximal brachial artery

pressure obtained from the model and that measured

In the patient*

Ascending Aorta Pressure -

115

PATIENT G.S.
DATA o-o—o
MODEL-*-*-#*

Time .- msec
Pig. 4.9 Comparison of the ascending aorta pressure
(
obtained from the model and that measured in the
patient.

CO

Ü7

Tina.©. - MSEC
Pig. 4.10-

Comparison of the proximal brachial artery-

pressure obtained from the model and that measured in
the patient
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Ascending Aorta Pressure-

150

800

Time
Pig. 4.11

-MSEC

Comparison of the ascending aorta

pressure obtained from the model and that
measured In the patient
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Comparison of the left ventricular1

volume obtained from single plane cineangiogram and that obtained from the
model during systole.

LEFT__VENTRICULAR_.VOLUP/iE
DURING SYSTOLE - C.C.,
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•TIME-MSEC
Fig» I4..14.
\

•

Comparison of the left ventricular

volume obt ained from single plane cineangiogram and that obtained from the
model during oyntole.

LEFT. VENTRICULAR VOLUME
DURING SYSTOLE - C.C. .
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TIME- MSEC
Pig. 4.1$

Comparison of the left ventricular -volume

obtained from single plane cinoanglogram and that
obtained from the model during systole*

MODULUS - MMHG SEC/L
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Pig. 4#l6

Modulus Predicted by the Model*
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Fig. 4.17

Phase Angle Predicted by the Model*
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Fig. 1^.18

Modulus Predicted by the Model
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FREQUENCY- CPS
Fig. 4.19

Phase Angle Predicted by the Model
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FREQUENCY
Fig. 4.20

-

CPS

Modulus Predicted by the Model.

RADIANS
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.FREQUENCY - CPS

Fig. ij.,21

Phase Angle Predicted by the Model

CHAPTER 5
CONCLUSIONS AND DISCUSSIONS

In this thesis, a clinically oriented physical
model of the human vascular system has been presented,
whose parameters are obtained from three pressures (left
ventricular pressure, ascending aorta pressure, proximal
artery pressure) and cardiac output.

These data is cur¬

rently available from routine cardiac catheterization pro¬
cedures that attempt to access ventricular function.

The

purpose of this study is the identification of diagnostically significant systemic circulatory parameters of a
patient undergoing cardiac catheterization.

In thic chap¬

ter, the results of this thesis are summarized and some
implications are considered.

5.1

Goodness of Fits
The results of the iterative Prony method (Part I

of Chapter 3) are presented in Table 4.1.

The RMS error

which is the root mean square of differences between
measured and calculated A.A. and P.B.A. pressures during
diastole is less than 5 mmHg for each of the three patients.
Since only diastole portions of A.A. pressure and P.B.A.
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pressure have been used in the iterative Prony method, the
real significance of the iterative Prony method is to pro¬
vide a good set of parameter values subject to change in
the Marquardt method.

Thus the initial guesses of parame¬

ter values in the Marquardt method is replaced by the
iterative Prony method.

The results of the Marquardt method

is presented in Table 4.2.

The RMS error which is the root

mean square of differences between measured and calculated
A.A. and P.B.A. pressures is less than 5.5 mmHg for each
of the three patients.

Since the mean A.A. pressures are

about 100 mmHg, the percentage errors are less than 6% for
all patients.

5.2

Steady State Solutions
In section 2.4, the heart is assumed to operate in

a periodic steady state situation.

Hence, the steady state

solutions of the model output (Ascending aorta pressure
and proximal brachial artery pressure) are necessary in
this identification scheme.
Steady state solutions of the model output are con¬
sidered achieved when each of the model output has its
end systolic pressure differed by less than 1 mmHg between
two consecutive cardiac cycles.
When solving the system equations, the end systolic
pressures and flow through the inductance predicted at the
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end of first cycle are used as initial conditions of the
next cycle.

This procedure continues until the steady

state criterion mentioned above are satisfied.
To obtain a steady state solution of the model re¬
quires operation for only 2-3 cardiac cycles for all itera¬
tions and all patients.

The computer time needed for each

patient using the Fortran version of the identification
scheme is approximately 90 seconds (including 30 seconds
for compilation).

Hence, the identification scheme is

both inexpensive and practical.

5.3

Implications of Parameter Values
Wieting and Ripperger (Reference 16) measured the

steady flow pressure drop across five different types of
prosthetic valves and the natural human (hemograft) aortic
valve iji vitro at seven different steady flow rates be¬
tween zero and 35 liter/min.

The human aortic valve has

the lowest pressure drop of 10.4 mmHg. at 35 liter/min which
is equivalent to a resistance of 0.297 mmHg•min/liter
whereas the flexible cusp aortic valve has the highest pres¬
sure drop of 86.5 mmHg. at 35 liters/min which is equivalent
to a resistance of 2.47 mmHg*min/liter.

The aortic valve

identified in this study are 0.641, 0.420, 0.457 mmHg*min/
liter for three patients.

It can be seen that these values

fall within the range reported by Wieting and Ripperger.
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Defares and Van der Wall (Reference 17) presented
a method to determine systemic arterial, compliance and
peripheral

resistance in man.

simple Windkessel model.

The model used is the

The mean compliance determined

by Defares in the young group (mean age 22) is 0.0025 liter/
mmHg. while that of the aged group (mean age 77) is 0.0005
liter/mmHg.

The mean peripheral resistance in the young

group is 16 mmHg«min/liter while that of the aged group is
43.3 mmHg-min/liter.

Since the arterial compliance under¬

goes profound changes with aging they suggest the arterial
compliance may be used as a sensitive index of the biologi¬
cal age of the cardiovascular system.

The values of proxi¬

mal compliance and peripheral resistance of patient G.M.
(CL = 0.00125, R = 14.164) and patient G.S. (CL = 0.00120,
R = 10.65) fall in the young group of Defares and that of
patient S.B.

(CL = 0.000537, R = 18.027) fall in the aged

group of Defares.

Since more input data have been used

in our method and more parameters have been identified,
the method in this thesis should offer a more useful tool
for clinical and physiological studies in man.
The value of proximal capacitance (CL) is approxi¬
mately fifteen times as large as that of distal capacitance
(CR) for all three patients.

Realization that values of

proximal capacitance are much larger than corresponding
values of distal capacitance lends a plausible explanation
for proximal masking of normal oscillatory effects which
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can easily be seen at more distal sites.

Since the model

used in this study is highly lumped, one certainly cannot
expect correlation of model parameters with precise anatomi¬
cal sites; yet some comparisons can still be made approxi¬
mately.

For example, the compliance of ascending aorta

used by Snyder (Reference 1) is 89.7 ((10~ ml)/(dyn/cm j)
while the compliance of the left subclavian is 8.6
((10 °ml) / (dyn/cm )) .

The compliance of ascending aorta

is approximately ten times as large as the compliance of
left subclavian in Synder's study.

This ratio is of the

same order as the ratio of the proximal capacitance to
the distal capacitance in our study.
Donald A. Gall and Frank W. Paul (Reference 18)
tested pulse pressure contour methods via hybrid computer
simulation. . The model and the nominal values for all
model parameters were obtained from the work of Sims (Ref¬
erence 2).

The lumped inductance value of innominate, left
subclavian and left carotid arteries is 6.1 dyne-sec 2/cm5

which is equivalent to 0.00127 mmHg-min /L.

It can be seen

that this value is of the same order as the inductance
identified in our study (0.00375, 0.00347, 0.00172 mmHgmin^/L).

5.4

Discussion
The problem of model-based parameter identification
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in the systemic arterial part of the cardiovascular system
was treated in this study.

Some aspects of the procedure

need to be given extra attention.

These aspects include

the following.
1. Experimental data acquisition.
2. Determination of model form.
3. Choice of a minimization algorithm.
4. Possibilities for applications of this identifi¬
cation scheme.
Since our purpose is to develop a patient oriented
model, the availability and reliability of the experimental
data are quite important.

In our study, the input data

(left ventricular pressure, A.A. pressure, P.B.A. pressure
and cardiac output) are available from routine cardiac
catherization procedure.

Much of the advantage of this

identification scheme lies in the easiness and nontraumatic
nature of experimental data acquisition.

Pressure measure¬

ment is an accurate measurement in nature (+1%).

In our

study, pressure curves are further averaged and smoothed.
Hence, this identification scheme is insensitive to measure
ment noixe.
Our model cannot be too complicated because the
number of parameters of our model is limited by distinguish
able pressure measurements and the ability of our minimiza¬
tion algorithm.

Yet, the model must have enough parameters

85
to produce realistic A.A. and P.B.A. pressure waveforms.
Our model is constructed under the above restrictions.
Our minimization algorithm is a combination and
modification of the Prony method and the Marquardt method.
By doing so, we preserve the merits of the Marquardt method
and avoid the difficulty associated with initial guesses
in the Marquardt method.

Because the model is highly

lumped, the initial values of model parameters can hardly
be obtained directly from the physical system.

The modi¬

fied Prony method is therefore used to provide these ini¬
tial values of model parameters.
Possible applications include application of this
method to patients of different ages to investigate effects
of aging and patients having hypertension.

This study is

also helpful in discerning the specific nature of the
changes in the load as vaso-constrictor or vaso-dilator
drugs are administered.

Since the input data to the identi¬

fication scheme are easy to obtain, this identification
scheme can be further applied to subjects under the assis¬
tance of balloon pumping (Reference 19) or experimental
animals subjected to total heart replacement.

Specifically

one would wish to detect changes in the cardiovascular sys¬
tem in the course of the pumping episode, by making several
determinations with the identification scheme over time, and
noting changes in the identified model parameter values.

APPENDIX A
DERIVATION OF SYSTEM EQUATIONS

In this appendix, the system equations (2.1), (2.2),
(2.3) are derived from the physical model as shown in
Figure (A.l).
Definitions of variables used in this appendix are
listed below:
flow out of the first reservoir or flow into
the second reservoir.
f

in
out
rl

■r2

flow into the first reservoir.
flow out of the second reservoir.
radial flow of the first reservoir.
radial flow of the second reservoir.
compliance of the first reservoir.
compliance of the second reservoir.

M

the effective inertance of the column of
blood.

Pi

internal pressure of the first reservoir,

p2

internal pressure of the second reservoir,

Pe

pressure surrounding the first reservoir,

Po

pressure surrounding the second reservoir,

plv

left ventricular pressure.
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4

Pkl

- pressure difference across the compliance
of the first reservoir.

4

Pk2

- pressure difference across the compliance
of the second reservoir.

4

Prt

- pressure difference across the viscous wall
resistance of the first reservoir.

r

- total effective peripheral resistance.

rt

- viscous wall resistance of first reservoir.

The following equations apply to the first reservoir:

f^n =

(plv-pl)/ra in systole

(A.l)

in diastole

(A. 2)

pi - pe =Apkl +Aprt = 1/kl | frldt + rt •

frl

assuming there is no active vascular compression (i.e., p
v

is assumed to be constant)

kl •

and differentiating,

(dpi/dt) = frl + kl

•

rt •

frl

(A.3)

The following equations applied to the column of blood:

pi - p2 = M •

(df/dt)

Rearranging the above equation,

results
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df/dt = p1/M - p2/M

(A. 4)

For the second reservoir, the equations are:

£

’

f

out

£

=

(A.5)

£

out ”

r2

(A. 6)

P2/r

P2 - Po * P]c2

=

•

f

dt

f
r2

Assuming pg is constant and differentiating

k2 •

Eliminating

k2 •

(dp2/dt) = fr2

f

r2 from (A. 7)

(A. 7)

and (A. 5)

(dp2/dt) = f - fout

Eliminating f

t

from (A.8) and (A.6)

dp2/dt = p2/(k2«r) - f/k2

Eliminating f ^ from (A.2)

kl •

(A. 8)

(A. 9)

and (A.3)

(dpl/dt) = f^n - f + kl • rt

•

(dfin/dt - df/dt)

Eliminating df/dt from (A.10) and (A.4)

(A.10)

89
kl • (dpi/dt) = fin - f + kl • rt • (d^ /dt)

- kl • rt • (pl/M) + kl • rt • (p2/M) (A. 11)
Eliminating

from (A.l) and (A.11)

dpl/dt = C(pl * (-rt/M-SA/(ra*kl) )) /(1+ ((SA*rt)/ra))
+ (rt • p2)/(M • (1+(SA*rt)/ra))
- f/(kl*(1+SA*rt)/ra)) + (SA*plv)/(ra*kl)
+ ( (SA* rt • (dplv/dt) ) / (ra* (1+(SA* rt)/ra) )
(A. 12)
Equations (A.4), (A.9) and (A.12) are the desired system
equations.
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APPENDIX B
DETAILS OF THE IMPULSE INVARIANT METHOD

Details of the three steps in section 3.2 are given
in this Appendix.

The purpose of these steps is to deter¬

mine the coefficients of the Laplace transform of the
P.B.A. pressure waveform during diastole for the coeffi¬
cients of the Z transform of the P.B.A. pressure waveform
during diastole obtained from the Prony method.
The procedure followed is divided into three steps:
Step 1.

Let

(a0+ajz"1+a2z"2)/Cl+b1z"1+b2z"2+b3z"3)

= kj/Cl+dz'1) + Ck2+k3z"1)/(l+c1z_1

+ c z-2)
2
here aQ, a^, a2, b^, b2, b

(B.l)

3

are known values obtained from

the Prony method described in section 3.2.

The values of

k^, k2, k3, c^, c2 d are determined via partial fraction
expansion in this step.
First let
91
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(a0+a1z"1+a2z"2)/(l+b1z"1+b2z"2+b3z"3

= (a0+a1z'1+a2z’2)/CCl+dz‘1)

• (l+c1z'1+c2z"2))

(B.2)

Then

à = -S1
where

(B.3)

is the real root of x

3
2
+ b^x + b2x + b3 = 0.

Now

1 + b^z ^ + b2z

2

+ b^z

3

= (1+dz •Cl+c^z"^+c2z"2)

= l+(c^+d)z *d+c2)z~2

+ c2.dz-3

c

1

(B.4)

2

CB.S)

and
c

Let
Ca0+a1z‘1+a2z'2)/(Cl+dz“1)* Cl+c1z"1+c2z'2))

= k1/(l+dz'1)+(k2+k3z"1)/(l+c1z"1+c2z'2)

(B.6)
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then multiply both sides of (B.6) by
(l+dz~l)•(l+c^z-^)

aQ+a^z *+a2z ^ ~ ^*(l+c^z ^c^z-^

Ck2+k3z“1)•(1+dz'1)

+

(B.7)

Set z = -d in (B.7)
k

l

=

Ca0d-a1d+a2)/Cd-c1d+c2)

(B.8)

Set z ■+ «> in (B.7)
a
0

k

- Vk2

2 *

a -k

o

l

(^*9)

Set z = 0 in (B.7)
a

2

= k c +k d

l 2

3

k3 = (a2-k1c2)/d

CB.10)

Hnece, the values of kj, k2, k3, c^, c2, d can be found
from equations (B.8), (B.9),

(B.10), (B.4),

respectively.
Step 2.

From the correspondence

(B.5), (B.3)
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kx/(1+dz-1) + (k2+k3z"1)/(l+c1z'1+c2z'2)

(B.ll)

q1e'q2t+q3e'q4tcos(q5t+q6)

The value of q1? q2> q3, q4, q5, q6 can be found by the
impulse invariant method in this step.
The diastolic portion of P.B.A. pressure is assumed
to be represented by an exponential decay curve superimposed
on a damped sinusoidal curve as:

-q2t

Y(t) = q^e

+ q3e

(B.12)

Cos(q5t+q6)

sampled at a time interval T

-q?kT
Y(kT) = q^

-q4kT
+q3e

(B.13)

Cos(q5kT+q6)

Requiring the Z-transform of the impulse response of
the digital network (i.e., the right side of equation (B.l))
be equal to the Z-transform of the sampled impulse response
of the continuous network (i.e., Z-transform of equation
(B.13)), results

1+dz

+

-1
+

_][ - 2q^T
l-(2e

Cosq3T)z

+e

~2
)z

(B.14)
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Compare the coefficients on both sides of equation (B.14)

=

(B.15)

q

l
-q2T

= -e

ko

=

(B.16)

q3Cosq6

(B.17)

_q T
4
= -q3e Cos(q5T-q6)

(B.18)

-q4T

= 2e Cosq^T

(B.19)

- e'q4T

(B.20)

Equations (B.15), (B.16), (B.17), (B.18),

(B.l),

(B.20)

can be used to solve for q^, q2, q3, ^4» q^, q^From (B.15)

*1

■

k

i

From (B.16)
q2 = -(loge(-d))/T

(B.21)

From (B.20)
q4 = -(logec2)/(2T)

Eliminate q4 from (B.19) and (B.20)

(B. 22)
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= 2c2Cosq3T
and
q5 = CCos"1(c1/(2/c^ )))/T

(B.23)

From (B.18)

_q T

-k3 = q3e

= q3e

4 Cos(q T-q )
5
6

* Cosq5TCosq6+q3e

4

Sin(q5T)Sin(q6)

= -(k2ci^/2 + Cq3Sinq6)Cc2Sin(q5T))
divided by k2

-k3/k2 ■ -c1 + (Tanq6)*J
where

J

=

ST2

• Sin(qsT)

Tan(q6) = (^-2^/^)/(2J)

= Tan -1

q

6

Since

C

1^2~^^3
c-yj-i)

(B.24)
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qj = qj • Cos2(q6) + q2 • Sin2(q6)
T
2e

- *2

+

,4

;SinCq5T)-q3-SinCq6)

C

5

^

2e

2

* -SinCq5T)

-q T

2qe

2

4 -Cos(q T-q )-2q e -<UT *Cos(q T)-Cos(q )
5
6
3
5
6

k. + (
c

2c2-Sin(q5T)

— 21c 7
k

2

„

2

)

+

f

- n.2 ^ ,
3 " (k2 + (

o

>

k C

q

2 l"2k2 ,2^0.5
2J
> >

(B.25)

Hence, the value of q^ q2> q3, q4, q5> and q6 can be found
from (B.15), (B.ll), (B.25), (B.22), (B.23) and (B.24)
respectively.
Step 3.

Let

(N1S2+N2S+N3)/(S3+D1S2+D2S+D3)
-q2t
L^q^e

+

-q.t
q3e Cos(q5t+q6) }

The value of N^, N2> Nj, D^, D2, and D3 can be found by
taking the Laplace transform of the continuous signal,
-q2t
-q4t
q^e
+ q^e
CosCq^t+q^) which is a representation of
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of the P.B.A. pressure waveform during diastole.

Here

q^, q » q3, q4, q^» q6 are known values determined in
2

Step 2.
The Laplace Transform of the P.B.A. pressure curve
during diastole, Y , is defined in equation (3.4).

The

coefficients of Yg can be expressed as functions of q^, q »
2

q3, q4, qg» qg by taking the Laplace transform of (B.12)
i.e.,
-q t
Ys = L{q1e

-q.t
+ q3e
• Cos(q5+q6) }

2

=

(NS

=

q

=

q q

+N2S+N3)/(S3+D1S2+D2S+D3)

where
N

1

n

2

l

+

q

Cos q

3

^ 6^

Cos (

2 3

C ig)

+

(B.26)

q3q4

c

°s(q6)

- q3q5 Sin(q6) + 2q1q4

N

3

=

q (q +q )

l

4

5

+

q q q

2 3 4

- q2q3(l5
D-^ = q2

+

D

3

=

+

4

^ 6^

(B.29)

q4

q Cq +q )

2

Cos q

CB.28)

2q4

D2 = 2q2q4

(B.27)

5

+

qg

(B.30)

(B.31)
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APPENDIX C

CALCULATION OF INPUT IMPEDANCE

The ascending aortic impedance as a function of
frequency can be calculated as follows:

L

mrv
z

Z

Z2 = jw-L + (R/ (jw*CR))/ (R+l. 0/ (jw*CR)))

= jw-L + (R- (jwCR’R'R)/ (1.0+wwCR'CR‘R‘R))
= A + j-B

where
A is the real part of Z2
B is the imaginary part of Z2
and
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A = R/ (1.0+wwCR* CR* R* R)
B = w*L - (wCR'R’R)/(1. 0+w*wCR*R*R)

Zx = RT + (l.O/Cjw-CL))
= C + j *D
where
C = RT
D = “1.0/Cw-CL)
Hence, ascending aortic impedance, Z, is equal to

z = cz1*z2)/(z1+z2)
= ((A+jB)(C+jD))/((A+C)+j(B+D))
=

Z

3

+

j *Z4

where
Z3 = C(AC-BD)(A+C)+(AD+BC)(B+D))/CCA+C)2+(B+D)2)

Z4 = C(A+C)(AD+BD)-(AC-BD)(B+D))/(A+C)2+B+D)2)
and

|z| ■ CZj+z4)1/2
0 = arc Tan(Z4/Z3)
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where
|Z| is the modulus of ascending aortic impedance
and
0

is the phase angle of ascending aortic impedance
in radians.
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