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ABSTRACT 

First Passage Probability for Two-Mode Systems 

by 

Yu-Tang Tom Chen 

This study deals with the first-passage time and maximum 

response statistics of linear systems with one and two degrees 

of freedom (SDOF and 2-DOF). Emphasis is placed on empirical 

studies of the first-passage time of 2-DOF systems. The empir¬ 

ical results were obtained from a digital computer simulation, 

with the Gaussian white noise excitation obtained from a random 

number generator subroutine. Maximum response distribution is 

compared with the Gumbel type 1 distribution as well as Poisson 

crossings, Vanraarcke's and Mark's analytical approximate results. 

A simple empirical approximation equation is determined for 

SDOF systems from the study of the probability of first-passage 

time distribution. This equation is shown to be in good agree¬ 

ment in general, with the empirical data and with numerical 

results obtained by Roberts. . 
4 

The Gumbel type 1 distribution is compared with the empir¬ 

ical data. It appears to fit quite well for moderate failure 

levels and diverge for very large failure levels for both SDOF 

and 2-DOF systems. The results of Poisson crossings, Vanmarcke's 

and Mark's analytical theories do not give good approximations 



to the maximum response distribution of 2-DOF systems, part¬ 

icularly for small damping values. 

A considerable amount of empirical data is obtained for 

first-passage probability of 2-DOF systems. Emphasis is placed 

on the limiting decay rate ( a ) of survival probability, since 

this has been shown to be a useful parameter to characterize 

first-passage probability in SDOF systems. In particular, the 

dependence of a on the barrier level (b) is studied, and sim¬ 

ilarities with and differences from SDOF results are considered. 

No general formula is obtained for predicting a from knowledge 

of b, and system parameters. 



ACKNOWLEDGEMENTS 

The author wishes to express his sincere appreciation 

to Professor L. D. Lutes for his guidance, patience and 

encouragement throughout the course of this work. His 

kind concern and advice are helpful and thoughtful in many 

respects. 

Sincere gratitude is extended to his friends Sunnie Liu 

and Marian Hou for their fast and correct typing. 

The author wishes to express his gratitude to his 

fiancee Yuanyuan Yeh, whose patience and assistance in the 

preparation of the original manuscript have been monumental. 

The author humbly dedicates this thesis with deep 

gratitude to his parents who made great sacrifices for his 

education and have always served as a source of inspiration 

and comfort especially in difficult times. 



TABLE OF CONTENTS 

CHAPTER PAGE 

SUMMARY OF NOMENCLATURE 

I INTRODUCTION 1 

1. Background 2 

2. Outline 8 

II STOCHASTIC ANALYSIS AND SIMULATION 11 

1. Stationary Response 16 

2. Spectral Parameters 17 

3. Simulation 20 

III FIRST-PASSAGE OF SDOF SYSTEMS 

1. Introduction 23 

2. Problem Formulation 24 

3. Maximum Response Statistics 

3.1 Gumbel Type 1 Distribution 25 

3.2 Empirical Results 27 

4. First-Passage Time Distribution 28 

4.1 Empirical Results 30 

4.2 Approximation 31 

IV FIRST-PASSAGE OF 2-DOF SYSTEMS 

1. Introduction 33 

2. Power Spectral Density 34 

3. Empirical Results 36 

3.1 2-Story Uniform Structure 38 

3.2 General 2-Mode Systems 39 

V SUMMARY AND CONCLUSIONS 43 

REFERENCES 46 



CHAPTER PAGE 

APPENDIX 48 

FIGURES 



SUMMARY OF NOMENCLATURE 

Symbol Explanation or Definition 

ai modal amplitude 

b barrier level 

C damping matrix 

ci see eq. (4.3) 

^n,i 

G 
0 

G(t) 

see eq. (4.1) 

one-sided power spectral density of excitation 

Gaussian white noise excitation 

G ( OD) one-sided power spectral density function 

h.(t) impulse response function 

H( ) Heaviside unit step function 

K stiffness matrix 

k dimensionless barrier level 

L(T,b) 
* 

L. 
l 
* 

Ls 

probability function of first-passage time 

probability of survival defined by eq. (3.13) 

see eq. (3.17) 

M 

see eq. (3.14) 

diagonal mass matrix 

n see eq. (3.18) 

PCT) see eq. (1.2) 

Pn see eq. (1.2) 

P. 
l 

p(T,b) 

P*(r,tn) 

see eq. (2.5) 

probability density function 

see eq. (1.14) 

q see eq. (1.9) 

RCt) envelope process of X(t) 
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participation factor defined by eq. (2.4) 

see eq. (2.10) 

vector of displacement, velocity and acceleration 
relative to the base 

see eq. (4.4) 

see eq. (4.2) 

undamped natural frequency of SDOF or of 1st mode 
of 2-D0F systems 

undamped natural frequency of the ith mode 

damped natural frequency 

displacement, velocity and acceleration of respons 
process 

maximum absolute response of X(t) 

damping ratio 

see eq. (1.3) 

limiting decay rate of first-passage probability 

zero crossing rate 

crossing rate of X(t) across the barrier level b 

limiting decay rate of Poisson's crossing 

standard deviation of X(t) in stationary response 

mean squared response of displacement and velocity 

standard deviation of Y(t) 

ith moment of power spectral density function 

see eq. (2.29) 

natural mode with frequency 

see eq. (2.8) 

autocorrelation function 

Dirac delta function 



correlation coefficient 

mean of Y(t) 
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I. INTRODUCTION 

The response of structures to random excitation is of 

considerable practical importance. The excitations may be 

generated by such sources as atmospheric turbulence, ocean waves 

in the sea or ground motion due to earthquakes. The energy of 

such excitations is often distributed over a sufficiently broad 

band of frequencies that a representation assuming uniform dis¬ 

tribution over all frequencies (called white noise excitation) 

can be shown to be acceptable. 

Some of the response statistics which may be considered 

include: root-mean-square (rms) values, power spectral density 

(psd), and the distribution of extreme values of response. The » 

rms value commonly serves as an overall measure of the level 

of a stochastic signal, and is very useful for general compari¬ 

sons of levels of two or more different signals. The psd gives 

the frequency content of a stochastic signal. Although psd pro¬ 

bably has less physical significance to most structural engineers 

than do the rms values, it is important both directly and in pre¬ 

dicting other statistics. In earthquake engineering the most 

common measure of response is the maximum (extreme) response of 

the system due to the transient excitation. Curves of these 

maxima for a SDOF system plotted against the natural frequency 

of the system are called response spectra and are available for 

past strong motion earthquakes. One should note that these re¬ 

sponse spectra are basically deterministic measures of past 



earthquakes, rather than statistical measures of earthquakes in 

general. 

Prediction of a probability of failure is often the ulti¬ 

mate goal of probabilistic analysis of structural dynamics. In 

order to evaluate such a probability, though, one must precisely 

specify the conditions which imply failure. Two of the more 

commonly considered modes of failure are fatique failure (due to 

a gradual accumulation of damage) and first passage failure wherein 

structural failure is considered to occur as soon as the response 

exceeds some limiting value for the first time. Obviously the 

occurrence (or non-occurrence) of first passage failure is de¬ 

termined by the magnitude of the extreme value of the response. 

This study relates to this latter type of failure, since it deals 

with first passage probabilities, or the equivalent extreme value 

probabilities. 

1. Background 

Considering a single-degree-of-freedom (SDOF) linear os¬ 

cillator with light viscous damping, subject to normal white noise 

excitation G(t), the equation of motion is 

X(t) +2 r w X(t) + M*X(t)= G(t) 
l l 

(1.1) 
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where Ç is the damping ratio and is the undamped natural 

frequency, X(t) is the displacement response process, and dots 

denote time derivatives. Let P(T) be the probability that X(t) 

crosses some critical level at least once, in a given time in¬ 

terval 0-T. It can be shown that (11) 

P(T) = 

00 

2 
n+1 ,T T 

(-1) / / 
n=l t t 

/ pit ,t ,***t ) dt dt 
t 1 2 n 12 

dt (1.2) 
n 

1 2 n 

where Pn(tj_,t2j tR) dt^dt2 dtn is the probability that 

a barrier crossing (from inside to outside) occurs in each of the 

intervals dt^, dt2, dtg ...... dtn. Equation (1.2) is known as 

the "in and exclusion" series. The terms in the series can be 

computed if sufficient joint probabilities of displacement and 

velocity are known. However, the degree of computational effort 

increases very rapidly with increasing n. This intractability 

of the exact solution has motivated the development of various 

approximate solutions. 

The probability of first-passage failure can conveniently 

be described by a function L(T,b), defined as the probability 

that the maximum absolute value of the response X(t) remains 

smaller than a certain barrier level b at all times during the 

time interval 0-T. Even though an exact closed-form solution 

for this probability has not been found, the general nature of 

the solution has been obtained from simulation studies and nu¬ 

merical approximations. (2,10,8) 

The best analytical approximation to the solutions have 
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been found to have the form(3) 

__ d L(T,b) _ p(T,b) = 
dT * 

l A a exp( - a T) 
i=l 11 i 

(1.3) 

where p(T,b) is the probability density function of first-passage 

time. For large time, equation (1.3) can be approximated as 

p(T,b) = A ctexp( - aT) 

or L(T,b) = A exp( - a T) (1.4) 

where a is called the limiting decay rate of the first-passage 

probability. For very high barrier levels the coefficient A in 

equation (1.4) approaches unity. 

The simplest analytical method for first-passage assumes 

that crossings of the barrier level are so rare that they can be 

considered as statistically independent events, so that the num¬ 

ber of crossings as a function of time is a Poisson process. In 

this case the corresponding probability function is 

L(T,b) = exp( - 2 v T) (1.5) 
b 

where v is the crossing rate of the response X(t) across the 
b 

barrier level b from below. When the response X(t) is a Gaussian 
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process v can be evaluated as 
b 

v = v exp ( - b2/2a2 ) (1.6) 
b 0 X 

in which v is the zero crossing rate, and equation (1.5) can be 
0 

rewritten as 

L(T,b) = exp( - 2 v T exp( - b2/ 2 cr2 )) (1.7) 
0 X ' 

An alternate approximate approach is to assume that the am¬ 

plitude of X(t) passes randomly back and forth between one state 

below the level b and another state above the level b. Vanmarcke 

(14) assumed that the times spent in these two states are inde¬ 

pendent exponentially distributed random variables and derived 

the limiting decay rate for a Gaussian process as 

.1 - exp ( - / IT / 2 b q / cry 
a = 2 v {    } (1.8) 

0 exp (; h ( b /a )*J - 1 
X 

where 

q = / 1 - WX X (1.9) 
10 2 

a» i 

X = / m G(w) d ü> (1.10) 
i 9 

in which G( m ) is the one-sided power spectral density function 

of response X(t) and 
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X 
o X 

(1.11) 

X 
l ( 1 

.. -1 
_i— tan ( 

ir 

2 Ç / 1 - S2 

1 - 2 Ç2 
(1.12) 

X = w2 a2 (1.13) 
2 i X 

The parameter q can be interpreted as a measure of the narrowness 

of the spectral density of a random process. If G( w ) consists 

of a single spike then q=0, whereas for a broad band process q 

takes a value in the range 0.35-1.0. Also q can be shown to be 

the rms value of the rate of change of the amplitude of the ran¬ 

dom process XCt), normalized by a, (the rms rate of change of 

By looking at the particular times tn=n * » where 

- OJ ( i - Ç2)^ » Roberts (12) concluded that the discrete 

time, continuous state, envelope process R(tn), where R(t)= (x^t)+ 

X^(t) / u2 )£ , is a one-dimensional Markov process. Since 

the Markov property assures that the probability of crossings at 

time depends only on that at the previous time tn, it follows 

that one can write 

P t 
n+l 

b 
) * J o 

p (r o > t ) p (r 
n 

r 
o 

At ) d r (1.14) 
o 
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where p*(r,tn) dr is the probability that R(t) is in the diffe¬ 

rential element centered at r at time tn, without having exceeded 

the barrier at any of the previous discrete times, tj. The term 

p(r |rQ; At) is the transition probability density function for 

the amplitude, given by 

-Ça» t 
r -2£o)t rr1 

p(r|r ; t) s — exp (- ( r2+ r2 e 1 )/ 23) In( 2 ) 
o 3 0 u 3 

(1.15) 
where 

3 = a2( 1 - exp(-2 Ç a t ) ) 
A 1 

(1.16) 

I =the modified Bessel function of the 1st kind, order zero 
o 

The probability.^of survival for the interval 0-tn is then 

approximately 

Instead of presenting an analytical solution to equation (1.17), 

Roberts performed numerical calculations and gave his results as 

the limiting decay rate a normalized by the Poisson crossing 

limiting decay rater v = 2v0 expC-b^/2 a
2 ). Fig. 1.1 repro- 
X 

duces Roberts’ comparison of his numerical results with empirical 

data from various sources. 

Mark went through approximately the same procedure as Roberts 

and derived an approximation of the limiting decay rate as 
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TtÇ \ 
a = 2v exp ( - b2/ 2 a2) erf{ ( b2/ 2a2 tanh - ) } (1.18) 

0 X X 2 

where erf is the error function given by 

erf(z) 
2 z 

d /if o 

-t 
2 

e dt (1.19) 

Crandall (3) judged equation (1.18) to be the best analyti¬ 

cal approximation available up to 1970. Lutes and Chokshi (9) 

considered both the T and b dependence of L(T,b), as approximated 

by various theories. Based on limited empirical data they con¬ 

cluded that Vanmarcke's approximation was better than Mark's, and 

also was better than other available approximations with roughly 

the same ease of computation. 

The limiting decay rates of Vanmarcke's and Mark's approxi¬ 

mations are included in Fig. 1.1 for comparison with Roberts' nu¬ 

merical values and empirical data. One can observe that the form 

of the dependence on b is considerably better for Vanmarcke's ap¬ 

proximation than it is for Mark's result, but Mark's numerical 

values are sometimes better. 

2. Outline 

This study is primarily concerned with the first-passage 

probabilities of two-degree-of-freedom (2-DOF) linear systems. 

It is not to be anticipated that an exact analytical solution 
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will be obtained, since such a solution has not yet been found for 

even the much simpler SDOF system. Thus it will be necessary to 

use empirical data. 

As is well known, the response of a multi-degree-of-freedom 

(MDOF) linear system can usually be written as the sum of a set of 

modal responses, with each mode behaving as a SDOF system. 

This approach is used in the present study, so that new em¬ 

pirical data are obtained for both SDOF (the structural modes) and 

2-DOF systems. Chapter II describes the stochastic analysis and 

numerical simulation used to obtain the empirical data. 

Chapter III concentrates on analysis of the data obtained for. 

the SDOF systems. The numerical results obtained by Roberts (12) 

appear to give the best nonempirical method of estimating first- 

-passage probabilities for the SDOF system. Thus it is desired 

to extend these results to situations other than those numerically 

studied by Roberts. This has been done by fitting a relatively 

simple equation to the numerical results. The new empirical data 

are then compared with this extension of Roberts' results. 

The empirical data for first-passage of 2-DOF systems are 

analyzed in Chapter IV. Emphasis is placed on the limiting decay 

rate a , since this has been shown to be a useful parameter for 

characterizing first-passage probability in SDOF systems. In par¬ 

ticular, the dependence of a on the barrier level b is studied, 

and similarities with and differences from SDOF results are con- 
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sidered. No general formula is obtained for predicting a 

from knowledge of b and system parameters. 

« 
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II. STOCHASTIC ANALYSIS AND SIMULATION 

The équation of motion of an N-DOF system with base accele 

ration excitation can be written as 

MU + CU + KU = -Mg G(t) (2.1) 

where dots represent differentiation with respect to time, M is 
•* •¥ 

the diagonal mass matrix; C the damping matrix; K the stiffness 

matrix; U the vector of displacement relative to the base,g is 

a column vector with &n as the cosine of the angle between the 

direction of the uniaxial base motion and the direction of coor¬ 

dinate n ; and G(t) is the white noise excitation. 

In this study, the modal analysis technique is used, wherein 

each mode behaves as a SDOF system. The contribution of each 

mode can be calculated and the response of the N-DOF system is 

the summation of the n modal contributions. Thus, the response 

component Un can be written as 

N 
U = Z a.<j> 
n i=l 1 (2.2) 

where 

n: position of mass 

i: index for modes 
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d> : natural mode with frequency w 
i i 

a^: modal amplitude 

Instead of using a given damping matrix c> the procedure will be 

to assign to each mode a given damping ratio. Substituting equa 

tion (2.2) into equation (2.1) gives 

a + 2 £ <D a. + w? a. = - S.G 
i i 1 1 1 1 

(2.3) 

•+TT, 

where “‘‘K^ = Q<J> M(j) gives the precise definition of <j>£ and 
•f 

; in which <f>^ is the ith column of <t> , fl is diagonal 

with Si£is » and 4> C4> s T 4» M <J> gives the C matrix im¬ 

plied by a particular choice of Ç , where r is diagonal with 

r. . = 2 ( iii . The modal participation factor S* is given by 
HI 1 

S 
» 
1 

<j>T M 3/ M 4>. 
i i 1 

(2.4) 

The solution of equation (2.3) is 

,T 
a = - S / G(x) h.(t-x) dt (2.5) 
i i o 1 

where h- = exp ( - Ç m . t) sin(p-t)/p- which is called the im- 
X XXX 

pulse response function. The damped circular frequency of the 
h 

ith mode is p^ = (1 -£2 ) . 

When-the excitation considered is white noise, its autocor 

relation is 
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$ = E ( G(t)G(s) ) = IT G 6(t-s) HCt) (2.6) 
G(t)GCs) ° 

where 

E( ) : statistical expected value 

<$( ) : the Dirac delta function 

H( ) : the Heaviside unit step function 

GQ : one-sided power spectral density 

Let Xn denote the intermass displacement of deformation ad¬ 

jacent to the nth mass, that is 

X = U - U „ (2.7) 
n n n-1 

also 

<j>' . = <i> . " <t> . (2.8) 
n,i n,i n-l,i 

using the above expressions in equation (2.2, 2.5, 2.6 and 2.7) 

the autocorrelation function of Xflis 

N N 
$ (t,s)= Ef £ 2 a (t) a (s) <j>' <j>' ) 
XnXn 1=1 2-1 1 1 n,i n,D 

N N 
= E r s s 4>T d> ' ss 

i=l]=l n,i n,] x 3 

t s 
f / G(t )G(t ) h (t-t ) 
o o 1 2 i 1 

h.(s-t )dt dt ) 
j 2 X 2J 
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N N 

i = j. J = J. n,i n,j i j i,j 
(2.9) 

where 

T 
t s 

= / / $ ( t-t , s-t ) h (t ) h (t ) dt dt 
i, j ooGG 1 2 il j 2 12 

(2.10) 

and the autocorrelation function of Xn is 

XX 

N N 
(t,s) = Z Z <j>’ 

i=l j=l n,i 
A* S S 
n,j i j 3s 3t 

2 T 
(2.11) 

An explicit expression for T£,j is included in Appendix A. 

An alternate approach is to use Fourier analysis and power 

spectral density function to determine the response process of 

a N-DOF system. It can be shown (15) that the psd function G(co ) 

of the response at location n in a damped linear N-DOF system to 

Gaussian white noise excitation can be written as 

N N 
G (o>) - G Z Z 
n °i=l j=l 

D D F ((D) F (CD) 

n»i n,j i j 
(2.12) 

where 

(2.13) 

Fi (W ) S ( <I>*- CD2 +2iZU'U) (2.14 

is the Fourier transform of the impulse response function 

in eq.(2„5) 

(2.14) 
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F* ( w the complex conjugate of F^( <o ) 

The real part of the product F*( to 
* 

) F. ( : 0) ) is 

to , to* - f <o?+to2 -4 Ç.Ç./w.w.l (o2+(o** 
Re ( F (to) F”(o0) =  ,.JL-3  1 3 ■ X. 1.  

i j ( (<o?-<o?)2 + 4 5?w?(o2 ) ((<o2-<o^)2+4£j<o2to?) 

(2.15) 

and the imaginary parts of the products cancel out in the sum¬ 

mation of eq. (2.12) 
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1. Stationary Response 

Considering first a SDOF system, the mean squared response 

is found by taking s=t in equation (2.9): 

TT Gn -2Çwt 1 1 ,   . „ . i”?* 
a
2-  ° { e f  + — (Ç cos 2pt -/l-£ sin2pt))+ ) 
x 2 p* 2S- 2“ (2i|? 

As t 00 , the oscillatory terms diminish and the response 

becomes a stationary process: 

stationary °z s 1+5C,)3 

X 

Similarly» stationary mean squared velocity is 

(2.17) 

stationary <*£ = *G /45« (2‘18 
X o 

The mean squared response of equation (2.9) for an N-DOF system 

can also be written in a somewhat more convenient form. Let 

) . = d> » s 3 . 
n,i *n i si X,i 

(2.19) 

where a2 . is the modal mean squared response given by eq. 
X, l 

(2.16) or (2.17) (using the frequency and damping parameters of 

mode i). Then eq. (2.9) for t=s can be written as 

N N 
a2 - Z l 0 9 p 
xn i=l j=l n,i n,j i,j 

(2.20) 
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where p. .is the correlation coefficient between the response 
i»3 

in modes i and j, and equals unity for i=j. This correlation coef¬ 

ficient can be found from eq. (2.12), and for the special case of 

stationary response it is given by 

\ 
p = 8£2(W W ) /{( (w -w )2 + 4Ç2ü) U) )(OJ +W )} (2.21) 

i,j i j i 3 i j i 3 

The stationary mean squared velocity is given in a similar form 

by 

of = 2 2 eu w 0 9 p (2.22) 
xn i = l 3=1 i j n,i n,j i,j 

Note that when w. and are well separated, the correlation 

coefficient is of order £2 . If one ignores these small terms 

then eqs. (2.20) and (2.22) reduce to single summations of modal 

contributions. 

2. Spectral Parameters 

The frequency domain approach using the power spectral den¬ 

sity function to describe excitation and response has been proved 

to be very useful. It is interesting to note that there is a 

similarity between the reduced spectral density function (i.e. 

the one-sided spectral density normalized w.r.t. the mean square) 

and the probability density function of some random variable. 

Hence, one may anticipate that it is important to study some 

spectral parameters having to do with the 1st and 2nd moments of 

the reduced power spectral density function of response (corres- 
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ponding to the mean and mean squared values of a random variable 

in the probability density analogy). 

Consider a SDOF system, n= 1 in equation (2.1), and let the 

excitation be a Gaussian white noise with spectral density GQ, 

w ^ o • After an initial transient lasting several correlation 

intervals, the response becomes a stationary Gaussian process 

with zero mean. The response spectral density is 

G(OJ) = G / ( («J-«*)*+ 4 Ç2w2w2) (2.23) 

where is the natural frequency of the SDOF system. The mo 

ments X of the spectral density are defined to be 
n 

X 
n 

(2.24) 

Note that these moments are the parameters used in Vanmarcke*s 

approximate theory presented in Chapter I (see equations 1.8 to 

1.13). The mean squared values of X and X are given in terms of 

the moments by 

a2 s X (2.25) 
X o 

(2.26) 
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In additionmean squared values related to the amplitude of the 

response are also determined by the moments. The amplitude cor¬ 

responds, at least roughly, to the envelope process R(t) defined 

by Cramer and Leadbetter (4), which is essentially equivalent to 

that defined by Rice (11). The mean squared value of the envelope 

is given by 

E(R 2 (t)) = 2 (2.27) 

Furthermore, this envelope possesses a derivative in the mean 

square sense and the mean squared value of the envelope deriva¬ 

tive R(t) is (15) 

E( R2 (t)) = q2<*2. (2.28) 
X 

where equation (1.9) gives the relationship between q and the 

X values, 
n 

The mean squared values of X, X, R and ft are, thus, all 

simply related to the spectral moments, and they all seem to be 

relevant to first-passage problems. When one considers a lightly 

damped multi-DOF system, the spectral moments can be obtained by 

substituting equation (2.12) into equation (2.24). When the 

modal frequencies are well separated, the mean squared response 

can be expressed in terms of the moments of SDOF systems as 

N 2 
X s Z s. * ' X 

• • — -t « • • 
3=1 3 n,3 n,i,3 n,i 

(2.29) 
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where S4 and (j)’ . are as in eqs. (2.4) and (2.8), and X . . 
3 n,j n,i,3 

is the ith moment of the jth mode response at location n. When 

the modal frequencies are not well separated, the expression is 

less simple since the terms with i»*j in eq. (2.12) cannot be ig¬ 

nored ( corresponding to the correlation terms of eq. (2.21) ). 

3. Simulation 

A Monte Carlo simulation method has been used to obtain 

"empirical" data. In this procedure, a pseudo-random number 

generator subroutine of an IBM 370 digital computer has been 

used to generate independent random numbers r* with uniform dis¬ 

tribution in the interval (0,1). Then, through the transformation 

G = v-2 In r cos 2iTr 
i 

* 

1 i + 1 

G = S -2 In r sin 2irr 
i+1 i i+1 

a series of Gaussian random numbers with zero mean and unit va¬ 

riance has been obtained. A white noise excitation was generated 

by taking G(t)=G^ for (i) AT $ t < (i+1) AT. This process can 

be shown to be essentially equivalent to a stationary process 

with autocorrelation function 

E ( G(t ) G(t ) ) 
1 2 

tl“t2 
1 

AT 
for |t2-t1|^ AT (2.31) 



-21- 

For AT 0, this becomes 

E ( GCt ) G(t ) ) AT <S (t -t ) 
12 12 

(2.32) 

Since the theoretical autocorrelation of the Gaussian white noise 

process is 

E ( G(t ) G(t ) ) = TTG 5(t -t ) 
1 1 2 0 12 

(2.33) 

the relationship between AT and GQ can be determined as 

GQ = AT/TT (2.34) 

The response of a multi-DOF linear system can be calculated 

numerically by using both modal analysis and stepwise integration 

with the following equations 

a (t ) = a (t )K(At)+a(t )h(At)+SG (2.35) 
i j i 5-1 i 5-1 i 5 

a (t ) = a (t )K’(At) + a (t )h'(At) + S G h(At) (2.36) 
i 5 i 3-1 i 3-1 M 

where 

= (e 
-£wt 

h(t) sin pt)/p 
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-Çwt K 
K(t) = e (cos pt + — sin pt ) 

/TT* 

dh(t) -Çut C 
h’(t) =   = e ( cos pt   sin pt) 

dt /TT7 

(2.37) 

d K(t) 
K» (t) =   = - tü2h(t) 

dt 

This gives a method for finding the contribution of the ith mode, 

and by substituting into equation (2.2) the total response can 

then be determined. 
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III. FIRST-PASSAGE OF SDOF SYSTEMS 

1. INTRODUCTION 

Maximum response is often used as a measure of damage to non¬ 

linear and linear structures. There are two separate but related 

probability distributions that can be used in studies related to 

this topic. One approach uses the distribution of the random time 

until the response (or absolute value of response) first reaches 

some specified level. The other approach uses the distribution of 

the random maximum response (or maximum absolute response) prior 

to some specified time. For the first approach the random quantity 

can be taken as 

T (b) = time when X(t) first reaches level b (single barrier) 
1 

(3.1) 

or 

T (b) = time when |X(t)| first reaches level b (double barrier) 
2 

(3.2) 

and for the second approach one can use 

Y (t) = max X(T) (single barrier) (3.3) 
1 0<T$t 

or 

Y (t) = max ( X(T )| 
2 0$t$t 

(double barrier) (3.4) 
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The relationship between these quantities is very simple. Pro¬ 

vided that X(t) < b for t=0 one can see that 

Prob. ( T (b) < t ) = Prob. ( Y (t> £ b ) for i = l,2 (3.5) 
i i 

In this study, only linear systems and double-barrier cases 

are considered. New empirical data has been generated by digital 

simulation, as discussed in Chapter II. For each situation studied 

an ensemble of 1000 time histories of response has been generated. 

The value of Y2 (peak response) has been observed for each time 

history and ensemble averages have been used as estimates of the 

mean and variance of Y2. In addition, the number of time histo¬ 

ries for which the peak response exceeds the barrier level b has 

been counted. This latter number divided by the ensemble size has . 

been used as the estimate of the probability of failure. 

2. PROBLEM FORMULATION 

The problem considered in this chapter involves the response 

of a linear single-degree-of-freedom oscillator to a "burst" of 

stationary white noise. The response will be designated X(t), and 

the parameters of the oscillator are w ^natural circular frequency 

and C=fraction of critical viscous damping. 

Two types of initial conditions have been studied. The first 

is zero initial conditions. The second situation considered has 

random initial values of both displacement and velocity such that 

the random response studied is the same as a segment from a sta- 

tioanry response process. The standard deviation of X(t) in the 
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stationary response situation will be denoted by a .- 
s 

The extreme values used here, defined by equation (3.4), re¬ 

present the largest values achieved during the interval of the 

excitation by the absolute value of X(t). The value Y(t) is essen¬ 

tially the same as the quantity typically used in plotting earth¬ 

quake response spectra. The quantity used to present the results 

is 

LCk,n) = Prob. ( Y(2irn/<o ) < ka^ (3.6) 

where n is the number of cycles of response, and L(k,n) is the pro¬ 

bability of survival of an excitation which persists for n response 

cycles. 

3. MAXIMUM RESPONSE STATISTICS 

3♦1 GUMBEL TYPE 1 DISTRIBUTION 

The statistical theory of extreme values has been found to be 

very useful in the study of maximum response statistics. The class¬ 

ical statistics problem studied by Gumbel (1,6) gave the following 

expression 

Fy( Y) = Prob. ( Y s y ) = exp {- exp (-(y-y)/q)} (3.7) 

where Y is the largest of a large number of independent random 

variables. This distribution is called the asymptotic distri¬ 

bution of the largest values. It can be shown that the mean and 
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standard deviation of Y corresponding to equation (3.7) are given 

by 

U =E(Y)=u+yq (3.8) 
Y 

a 
Y 

(3.9) 

where 

y = 0.577213... (Euler's constant) 

Thus equation (3.7) can be rewritten as 

7r 
F (y) = exp { - exp { -Y - — ( (y-U )/<J ) } } (3.10) 
Y /6 Y Y 

Various studies have found correspondence between the dis¬ 

tribution of the peak of a continuous response time history and 

Gumbel’s result for independent random variables. For example, 

Hou (7) has shown that the distribution function for the square of 

the peak response to a nonstationary excitation can be approxi¬ 

mated by the Gumbel type 1 distribution. Also Chokshi's empi¬ 

rical results for the peak response of linear systems have been 

compared with the Gumbel distribution. In general the Gumbel 

distribution was found to be in good agreement with observed data. 



3-2 EMPIRICAL RESULTS 

Fig. 3.1 to 3.4, present plots of L(k,n) versus k, plotted 

on Gumbel paper. The ordinate of this paper is such that any dis¬ 

tribution of the form defined by equation (3.7), will plot as a 

straight line. The slope and intercept of the straight lines 

shown in Fig. 3.1 to 3.4, were obtained by using the empirical 

values of an<^ ay anc* using equations (3.8) to (3.10). 

It is important to note that when k > 3, there is a clear ten¬ 

dency for the empirical survival probability to be higher than 

that predicted by the Gumbel straight lines. 

Fig. 3.5 to 3.16, show comparisons of selected empirical 

results with Gumbel straight lines and several other analytical 

approximate solutions. Among these, Vanmarcke’s method generally 

gives a better approximation for low barrier levels, whereas, 

Mark’s method yields good agreement with the empirical result 

for high barrier levels. Although the Poisson crossings approxi¬ 

mation underestimates the probability of survival for almost all 

the cases, it does show the same trend as the empirical data 

for high barrier levels. 
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4. FIRST -PASSAGE TIME DISTRIBUTIONS 

4 
Let LQ denote the probability that the system has survived 

until time t=tg, that is 

LQ = Prob. ( Y(tg) < b ) (3.11) 

For some later time t=tq, the conditional probability of survi¬ 

val given survival until tg, can be written as 

LÎ = Prob.( Y(t ) < b 
x 1 

Y(t ) < b ) 
o 

(3.12) 

Similarly, let 

L? = Prob. ( Y(t ) < b | YCt ) < b ) i > 1 (3.13) 3 3 3-1 

Then, the unconditional probability of survival until time tj is 

Lj = Prob. ( Y(tQ) < b, Y(t1) < b, Y(t )• < b ) (3.14) 

or 

LA = n L* 
i = 0 1 

(3.15) 

Taking the natural logrithm of both sides of equation (3.15) gives 

In L. = 

« 

l In L 
* 

(3.16) 
i = 0 
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Since the excitation is stationary, it is reasonable to presume 

that the response reaches a stationary state after the transient 

effect of the initial conditions has vanished. In this station- 

& A 
ary state > can be replaced by a constant value Ls (provi¬ 

ded that the t^ values are evenly spaced). This gives 

In Lj 
m * * 
S In L| + (j-m) In L_ 

i = 0 1 s 
(3.17) 

where tm is a time after which the response is stationary. It is 

obvious that the first term on the right side of equation (3.17) 

is dependent on the initial conditions of the system, while the 

second is not. Thus, when In Lj is plotted versus time, for times 

larger than tm, both zero-start and stationary-start results 

should give straight lines of the same slope since tj is propor¬ 

tional to j. The value of the slope is In Lg /(tj -tj.]_). This 

ratio is the limiting decay rate previously denoted by a . 
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4.1 EMPIRICAL RESULTS 

Fig. 3.17 to 3.26, show the empirical first passage time 

distributions for SDOF systems (on semi-log paper). The varia¬ 

ble n is time normalized by the natural period of the system 

n= œ t/ 2 * (3.18) 

For large times these distributions do tend to straight lines, 

as predicted in the previous section. 

Fig. 3.17 to 3.22, show the time dependence of L for sta¬ 

tionary-start response processes. During the first few cycles 

of response, the probability of survival is smaller than would 

be predicted by the straight lines, due to the effect of the 

ft ft 
initial conditions (L^ < Ls). Fig. 3.23 to 3.26, show the same 

distributions for zero-start response processes. Now, for small 

time, the probability of survival is larger than would be pre¬ 

dicted by the straight lines. This is because the response has 

not reached the stationary level during the first few cycles 

(LI£ > Ls ). 

Note that for a particular system, the stationary-start and zero- 

start results do give the same value of slope for large values 

of time, as predicted. 



4.2 APPROXIMATION 

The ratio of the limiting decay rate to the corresponding 

rate based on the assumption of independent crossings (i.e. 

Poisson crossings) is displayed in Pig. 3.2?. Curves 1,2,3 and 

4 correspond to a SDOP system with 1$, 2$, 4$6 and 5% of critical 

damping, respectively. When a/v is known, one obtains the pro¬ 

bability of survival, in the form of equation (3.6) as 

2 TT 
L(k,n) = A exp [ - n — (a/v) exp(- k2/2) ) (3.19) 

u 
l 

where the coefficient A depends on the initial conditions. 

Various analytical forms have been considered as approxi¬ 

mations of the empirical values of a/v. The following equation 

has been found to be an acceptable approximation to the empiri¬ 

cal data 

a/v = 1 - 1.075 ( k e“k/2) °*2364 + 28.14 q2 (3.20) 

where q is Vanmarcke's parameter (see equation 1.9) and can be 

approximated for small ç by (15) 

q2» - ç(l- 1.1 ç ) (3.21) 
IT 

• * 

This equation also agrees quite well with the numerical data 

obtained by Roberts (12) from his approximate analysis of the 

problem (see Fig. 1.1). It can be shown that equation (3.20) 

has the proper type of behavior in the limiting situation of k 
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becoming very large (beyond the range of the empirical data). 

When k becomes very small, though, equation (3.20) approaches 

one, while it can be shown that a/v should tend to infinity. 

This discrepancy does not seem to be significant for k£ 1, which 

usually includes the range of practical interest. 

Fig. 3.28 to 3.31, show comparisons of equation (3.20) with 

the empirical results and Vanmarcke and Mark's analytical appro¬ 

ximations. One should note that for damping value of 1%, 2% and 

4%, the results presented in Fig. 3.28 to 3.30, are essentially 

the same as those given be Roberts, which were reproduced in Fig. 

1.1. Based on the results considered here, it appears that equa¬ 

tions (3.19) and (3.20) do give an adequate approximate method 

for predicting the probability of survival of a SDOF system. 

Note that the approximation has been formulated completely in 

terms of the spectral moments discussed above. 
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IV. FIRST-PASSAGE OF 2-DOF SYSTEMS 

1. Introduction 

As noted in the previous chapter, there remain some unans¬ 

wered questions regarding extreme value distributions or first 

passage distributions even for SDOF systems. However, there do 

exist various approximate results which can be applied with some 

degree of confidence. In particular, equation (3.20) seems to 

be an adequate approximation to existing empirical data and to 

be appropriate to other possible situations, except for very low 

barrier levels. On the other hand, very little is known about 

the corresponding response statistics for multi-DOF systems. 

Some approximate analytical techniques exist (3,8,10,14) but 

their accuracy has not been verified empirically. 

This chapter presents a considerable amount of new empiri¬ 

cal data related to extreme values and first passage times of the 

response of 2-DOF linear systems. These results are compared 

with the predictions of existing approximate analytical techni¬ 

ques, but no existing prediction method is found to be adequate 

in general. The 2-DOF results are also compared with SDOF re¬ 

sults, emphasizing both qualitative and quantitative similarities 

and difference. No simple, universally adequate prediction for¬ 

mula is found, but the data and comparisons presented should con¬ 

tribute to the eventual solution of this problem. 
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2. Power Spectral Density 

Frequency domain analysis, using psd functions to describe 

excitations and responses, has generally proved to be a very 

useful technique in the study of the statistics of random proces¬ 

ses. In particular, recall that the rms values of displacement, 

velocity, envelope amplitude, and rate of change of envelope am¬ 

plitude are all related to the first few moments of the psd func-: 

tion (equations (2.25) to (2.28) ). The statistics of extreme 

values and first passage times are certainly related to these rms 

values, although other measures of response may also be needed 

for an adequate description of the problem. There is no diffi¬ 

culty in obtaining the response psd of multi-DOF linear systems, 

but the nature of the relationship between these psd curves and 

the statistics of interest here must be determined. 

First, consider some general similarities and differences 

between the psd functions of SDOF and 2-DOF systems. Fig. 4.1 

shows a typical psd function for the response of a SDOF system 

with natural frequency . Fig. 4.2 shows psd functions for the 

response of several 2-DOF systems, with different ratios of modal 

natural frequencies. Note that in the first 2 cases presented, 

when either modal frequencies are very close or the contribution 

of the higher mode is small, the response spectrum of the 2-DOF 

system is similar to that of a SDOF system. However, when the ~ 

modal frequencies are close (Fig. 4.2.A) the presence of the se¬ 

cond mode increases the width of the peak of the psd function, 

somewhat like the effect of increased damping in a SDOF system. 
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Fig. 4.2.C and 4.2.D show the psd functions for 2 systems 

with well separated modal frequencies and significant contribu¬ 

tions from the higher mode. Obviously, in this situation the 

amplitudes of modal contributions begin to play an important 

role in characterizing the nature of the psd function. Thus, it 

seems to be reasonable to use measures of the separation of modal 

frequencies and of modal contributions to response as parameters 

to describe the psd curves. 

The following parameters will be used to describe the 2-DOF 

system: 

= the modal frequency of the ith mode. 

r = to /(*) =ratio of modal frequencies. 
Z l 

C = s|<f>JL2 - X„ n -? /X„ n the modal contribution of the 
n»j 3 n»3 n>°»3 n»° 

jth mode to displacement at location n. (4.1) 

V s S2<j>'2* X 0 . /X _ the modal contribution of the 
n,j j n>3 n,2,] n,2 

jth mode to velocity at location n. (4.2) 

Where the terms are the same as in eq. (2.29). The modal damping 

values Ç would also be important parameters, in general, but in 
i 

this study they are limited to a fixed value of 5%. 

The results of Chapter II can be used to evaluate the para¬ 

meters of equations (4.1), (4.2), for a particular 2-DOF physi¬ 

cal system. This is obviously the approach to be used when one 

wishes to analyze a particular physical model (given masses and 

springs), and this is done in Section 3.2 for the planar trans- 
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lational modes of a uniform two-story structure. Much of the 

following discussion, though, uses the modal parameters as the 

basic means of describing the system, rather than relating each 

situation studied to a particular physical model. 

It should be noted that some of the parameter choices stu¬ 

died (e.g. r=s 1) may not be appropriate to the particular phy¬ 

sical model of the planar translational modes of a two-story 

structure. They may be appropriate, however, to other physical 

situations, such as when the response is due to one translational 

and one torsional mode. 

3. Empirical Results 

This portion of the study begins with an investigation of 

the absolute maximum interfloor response of a linear 2-story 

structure. The structural model has two equal masses and two 

fequal springs to model the planar translational motion of a uni¬ 

form 2-story shear beam type structure. The excitation is a 

burst of stationary white noise ground acceleration. Section 3.1 

presents the probability of survival L(k,n) results versus k, 

i.e., as plots of the distribution of maxmum response, for va¬ 

rious values of time (n) and structural damping. The maximum 

response distribution is compared with the predictions obtained 

from assuming Poisson crossings, from Vanmarcke's and Mark's 

theories, and with Gumbel's asymptotic distribution. 

Section 3.2 presents results for 2-mode systems which 
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are more general than the 2-story structure. The basic random 

process under consideration is simply the sum of 2 SDOF modal 

responses to a burst of stationary white noise excitation. Thus 

the results apply to any response in a 2-mode structure. Note 

that and r are, in fact, adequate parameters to describe the 

2 mode process appropriate to a given response, without further 

reference to mode shapes, participation factors, etc.. Solving 

eqs. (2.20 and 2.22) for and gives 

0 2 

C = i (4.3) 
i e2 + e2 +2p Ô 9" 

1 2 12 

i-1 
(r2) 02 

V = Î  (4.4) 
i e2 +r2e2 + 2 pr0 0 

1 2 12 

Where unnecessary subscripts have been dropped. Eq. 2.21 shows 

that p is a function only of r ( and £ ). Thus knowing and 

r also determines C2, and V2. 

Results are presented here for over 50 systems, grouped into 

four categories on the basis of the contribution to displacement 

of the fundamental mode (C^). These four categories are desig¬ 

nated A,B,C and D for =0.6, 0.8, 0.9 and 0.976, respectively. 

Three of these values are smaller than the values for planar 

interfloor displacements of a uniform 2-story structure. In fact 

they are probably smaller than would be appropriate for most real 

structures when the two modes considered involve translation in 

the same plane. In some other situations, though, such as the 
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combination of a translational and a torsional mode, the response 

may be less dominated by the fundamental mode so that smaller 

values may be appropriate. The values used here were chosen to 

indicate the effect of C^, rather than on the basis of analysis 

of particular structures. 

In this more general study in Section 3.2 emphasis is placed 

on the limiting decay rate a of first-passage probability. This 

is because this form was found to be most useful in the study of 

SDOF systems in Chapter III, and comparison between 2-DOF and SDOF 

results is thus expedited. 

3.1 2-Story Uniform Structure 

The frequency ratio r of the uniform 2-story shear beam type 

structure is equal to 2.618. Several damping values were consi¬ 

dered in this study (II, 2%, 4% and 5%). Since the modal frequen¬ 

cies are well separated, the values of the parameters and 

are the same for all four cases, namely 0.992 and 0.947 for story 

1, and 0.947 and 0.724 for story 2, respectively. Fig. 4.3 to 

4.10, show plots of L(k,n) versus k for 2-DOF systems. Note that 

the accuracy of the Gumbel asymptotic distribution lines based on 

empirical values of 4 y and a y is approximately the same for 

2-DOF systems as for the SDOF systems considered earlier. For 

k < 3 the fit is quite good, but for k > 3 there is a general ten¬ 

dency for the Gumbel straight lines to underpredict the L values. 
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Fig. 4.11 to 4.34 show comparisons of selected empirical 

results with the Gumbel straight lines, Poisson crossings, and 

Vanmarcke’s and Mark's analytical approximate solutions for 2-DOF 

systems. It appears that for damping values of 1% and 2%, Van- 

marcke's, Mark's and Poisson crossings solutions do not give ac¬ 

ceptable approximations. For dampings of 4% and 5%, the discre¬ 

pancies are somewhat smaller, and are roughly the same magnitude 

as in the approximation of SDOF systems. 

Fig. 4.35 to 4.38 present plots of L(k,n) versus n (on semi- 

-log paper) for 2-DOF systems with damping values of 1% and 5%. 

Note that in the large time region the probabilities of survival 

of 2-DOF systems also tend to straight lines as did SDOF systems 

in the previous chapter. Fig. 4.39 shows curves of a/v for 

2-DOF systems with 1% and 5% damping. Although, the positions of 

these curves are different from those of SDOF systems with the 

same damping value, the general shape of the a/v curves is 

roughly the same for 2-DOF and SDOF systems. 

3.2 General 2-Mode Systems 

Fig. 4.40 to 4.46 show the time dependence of L for the sys¬ 

tems with = 0.976. Note that for r> 5, the slope a of the 

straight lines in the stationary response region (large time) de¬ 

pends little on r. However, this dependence does increase as the 

quantity decreases (see Fig. 4.51). 

Recall that the ratio <V v was found to be very useful for 
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describing the behavior of SDOF systems. This ratio is a direct 

measure of the difference between the empirical results and the 

predictions obtained by assuming Poisson crossings. Fig. 4.47 

shows curves of a/v versus k. Note that for a fixed value of 

C^, the curves are approximately parallel to each other. For r 

varying from 1.0 to approximately 1.5 (this value changes with 

the variation of C^), the curves shift upward from the position 

for the SDOF system with 5% damping (given by Fig. 3.31). Be¬ 

yond this critical value of r, the a/v curves start to descend. 

Note also that the lowest point of the a/v curves always oc¬ 

curs at k= 2 (as for SDOF systems). Since the shape of the a/v 

curves is relatively constant, it is convenient to use the minimum 

value of the low point of the curve as a single parameter to cha¬ 

racterize any curve. The variation of these minimum values is 

displayed in Fig. 4.48 for all four values, together with the 

curves obtained from equation (3.20) by using the spectral para¬ 

meters of 2-DOF systems. Unfortunately, there seems to be no 

simple relationship between the variations of the minimum a/v 

value and the modal contribution to displacement C^, and the ap¬ 

proximation from eq. (3.20) is not valid for 2-DOF systems. 

Note that both a and v are increased by the presence of a 

second mode (r> 1). The curves of Fig. 4.48 show that for small 

separation of modal frequencies (small r) a is increased more 

than v , whereas for well separated frequencies (large r) v is 

increased more than a . Recall that a = v corresponds to inde¬ 

pendence of times of crossing the level b (Poisson crossing pro¬ 

cess), so that increased a/v may be interpreted as an in- 
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creased ”randomness” of the response process. The qualitative 

nature of the a/v results can be related to time histroy 

plots of two mode response. Figs. 4.49 and 4.50 show sample plots 

for two slowly varying modal responses with small and large r, res¬ 

pectively. For small r, Fig. 4.49 shows an apparent increased 

"randomness” due to the presence of second mode, corresponding to 

the increased a/v noted above. For large r, though, Fig. 4.50 

shows that the major effect of the second mode is an increase in 

v (which is proportional to the rate of zero crossings). In 

this latter situation, crossings tend to be in "clumps" in the 

neighborhood of crossings by the fundamental mode, so that there 

is a decrease in the independence of the crossing times. 

As mentioned above, when r is large the contribution of the 

2nd mode seems to have little affect on the value of the limiting 

decay rate a (i.e. the slope in Fig. 4.40 to 4.46) for the systems 

studied here. This observation led to a revised form of the plots 

where the 2-DOF a values for k = 2 are normalized by the v value 

for the SDOF system corresponding to only the fundamental mode. 

(Recall that k = 2 gave the minimum <*/v values in the previous 

form of the plots, and these values were used to characterize the 

entire a/v curves). Curves of this ratio of the limiting 

decay rate to the corresponding Poisson crossing rate of the fun¬ 

damental mode are displayed in Fig. 4.51. These curves rise ra¬ 

pidly, pass through an abrupt slope-change region, rise smoothly 

in the region of r = 5 to r = 10, then slowly descend for very 

large r values. Note that the deviations of the curves in Fig. 

4.51 away from the line for a SDOF system, give a direct measure 
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of the effect of the second mode on probability of survival. 

Since the v value used in Fig. 4.SI does not depend on r, the 

decrease in a/v for very large r values indicates a decrease 

in a in this range. Note, though, that a/v still exceeds 

one, indicating that the presence of the second mode does indeed 

increase a (as mentioned previously). Apparently a is increased 

the greatest amount by adding a second mode with r~ 10. 
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V. SUMMARY AND CONCLUSIONS 

A digital computer was used to empirically investigate the 

first-passage statistics of both SDOF and 2-DOF linear systems. 

These oscillators were excited by an approximately Gaussian white 

noise random process which was obtained from a random number ge¬ 

nerator subroutine. 

The primary statistics which were determined in this study 

were probability distributions of first passage time and proba¬ 

bility distributions of the peak responses of deformations of 

both systems. The empirical probability distributions of maxi¬ 

mum response were compared with Gumbel's asymptotic distribution 

and analytical results from Poisson crossing, Vanmarcke's and 

Mark's approximations. The empirical results of the time depen¬ 

dence of the first-passage probability were studied in the way 

that was thought to be most likely to yield a simple and accurate 

empirical approximation. Although, no generally appropriate ap¬ 

proximate equation was produced for 2-DOF systems, the data and 

comparisons presented should contribute to the eventual solution 

of this problem. 

The following paragraphs summarize the results of the above 

studies : 

1. The distribution of peak response was found to agree 

quite well with the Gumbel type 1 distribution out to about three 

standard deviations, but diverged for higher values. The diver- 
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gence means that the Gumbel distribution would significantly un¬ 

derpredict the probability of survival for high failure levels. 

This conclusion applies to both SDOF and 2-DOF systems. 

2. The data confirmed the previously known fact that as¬ 

suming Poisson crossings underpredicts the probability of survi¬ 

val for moderate failure levels. For 2-DOF systems, as well as 

SDOF systems, the discrepancy was greatest when the failure level 

was about two standard deviations (k = 2). It is known that the 

Poisson crossings assumption does become valid for very high fai¬ 

lure levels. 

3. The analytical approximate solutions of Mark and Vanmar- 

cke are generally better than the results of assuming Poisson 

crossings. The empirical results show that for 2-DOF system with 

1% and 2% damping, Vanmarcke’s and Mark’s theories give very poor 

approximations. For SDOF and 2-DOF systems with 4% and 5% damping, 

these approximations are generally better, but still not very ac¬ 

curate . 

4. The limiting decay rate a was used to characterize the 

time dependence of first-passage probability L. This parameter 

normalized by the value v (limiting decay rate based on Poisson 

crossings), was plotted versus the barrier level k. It was noted 

that although Vanmarcke's <V v curves do not give accurate re¬ 

sults, they do generally have the same shape as the empirical <*/v 

curves 
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5. For SDOF systems, an approximation for a/v formu¬ 

lated entirely in terms of Vanmarcke's spectral moments (eq. 

(3.20)) has been shown to agree quite well with the empirical 

data as well as with fairly extensive numerical results obtained 

by Roberts from another approximate method. 

6. For 2-DOF systems, both a and v are increased by the 

presence of a second mode. For small separation of modal fre¬ 

quencies, a is increased more than v . Thus, in this situation 

the probability of first passage is similar to that of a SDOF sys¬ 

tem with some larger damping value. 

7. For 2-DOF systems with well separated modal frequencies 

v is increased more than a , so that the value of a/v de¬ 

creases even below that for SDOF systems with the same mean squared 

responses. It was noted that the value of a is increased the 

greatest amount by adding a second mode with frequency approxima¬ 

tely ten times larger than the fundamental frequency. 
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APPENDIX 

For lightly damped N-DOF linear systems, the autocorrelation 

function of response is given by eq. (2.9) as 

N N 
$ (t,s) = Z l <J>' <J>' S S T (A. 1 ) 
XX i=l j=l n,i n,j i j i,j 

where 

T = / / $ (t-x ,s-T )h (T )h (T ) dx dx (A.2) 
i,j 0 0 GG 1 2 i 1 j 2 22 

When the excitation GCt) is Gaussian white noise and let 0 < s < t, 

eq. (A.2) becomes 

s 
T = / irG h (x +t-s)h (x ) dx (A.3) 
i,j 0 ° i 2 j 2 2 

Substituting the expression of h^(t) in eq. (2.5) into eq. (A.3), 

then 

TTG, 

=  / sin p (x +t-s) e i 2 

i,j 2p p 0 i 2 

• « 

1 3 

■iïG -Çu>#(t-S) S -Ç(üJ +Ü) )x 

-Çw (x +t-s)-Çw x 
j * dx 

2p p • • 
i 3 

/ e i j 2 { cos ( ( P,-P )T^+ 
i '3 2 

(t-s)p - cos ( ( p +p )x + (t-s)p ) } dx (A.4) 
• • • 5 • 7 9 

1 3 

After performing integration, eq. (A.4) becomes 
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irG -Ç(o) t+w .s) 
T =  {e i 3 [ - A cos(p.t-p.s) 

1,3 2p p 1 
• * 

i 3 

+A2sin(p^t+PjS) + A^os (p^t+p_.s )- A^sinCp^t+p^s)) 

-Çü).(t-s) 
+ e ( A^cosCt-sJp^ + A6sin^t-s^Pi ) } (A.5) 

where 

A, sÇ (M. + Iü.)/ ( + 45
2
«.“.) 

1 1 3 1 3 1 3 

A- = / 1-Ç2( ( <w.-u.f + 4 5*W. <*>.) 2 i j 1 3 13 

A, = Ç / C ai. + a). ) 
3 i 3 

A. = /TT2”/ ( o). + ù). ) 
4 i 3 

Ac = 4 ÇCl-Ê* )u . *a/ { ( P».-“.)*+ 4ç2
u.w.) (w.+w .)} 

5 i 3 i 3 1313 

Ag = 2ca^-2w ^ j+4Ç2w^w j )/{ ^ )2 + 

4Ç2u> .aj 4) (ùI.+W.)} 
1 3' 13 

Similarly 

T2 

3 i »3 irG -Ç (ü) . t+w .s) 
  =   {e 1 3 f-A’cos(p.t-p-s) +AAsin(p.t-p-s) 
3t 3s 2p.Pj ^ 1 13 13 
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. -Çw.(t-s) f 
+A’cos(p.t+p .s) + A'sin(p.t+p.s))+ e 1 [ A’cos(t-s)p. d i 3 4 1 ;] 5 i 

-A’sinCt-s)p.) } (A.6) 
6 x 

where 

A’ = w.u. A k = 1,2,3,4,5 
k î 3 K 

A' = 2(0,0). /l-Ç*(co2-(o.<u. + . )/{f(w.-a) )2 

6 13 i 13 1 3 1 j 

+4Ç2co.(o, ) (a).+Cü.)> 
13 1 3 
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