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AB SIS ACT 

TRAJECTORY PLANNING FOR ROBOT ARM POSITIONING 

by 

Subroto Datta 

This thesis deals with the sub-optimal control of robots. Keeping 

in mind the current applications of robots in industry we propose a con¬ 

trol scheme which minimizes a time-energy cost criterion. The control 

problem is solved for a piecewise linear model which is sufficiently 

close in a norm sense to the highly non-linear robot. A solution is 

obtained by splitting the control problem into two sub-problems. 

i) A trajectory planning problem which is solved off-line and is termed 

the NODES problem. The nodes problem primarily obtains the average force 

history. 

ii) A feedback controller problem which moves the robot between the suc¬ 

cessive nodes in real time and is termed the LOCAL problem. 

The nodes problem is solved using monotonicity ideas arising from 

dynamic programming and an iterative algorithm is presented for its 

solution. Numerical issues in the implementation of the algorithm are 

discussed. The local problem is solved by a modification of a recent 

paper on minimum time-fuel control. 
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CHAPTER 1 

INTRODUCTION 

1.1 INTRODUCTION 

In this thesis the word Robot refers to industrial manipulators 

which are computer controlled mechanical devices and are the primary 

components in contemporary automation systems. During the last 

several years, robotics has attracted growing interest in the 

engineering community, mainly due to concerns about productivity, 

worker shortage and hostile environments and because of its potential 

for improving both manufacturing productivity and working environ¬ 

ment. As robots have begun to proliferate in industry, so have the 

demands increased on the level of sophistication of their perfor¬ 

mance. These demands include greater ease of use and broader 

requirements on abilities. It is therefore essential to design 

optimal manipulator systems with a suitable performance criterion 

which is consistent with the foregoing goal. 

Robotics is a huge interdisciplinary field comprised of such 

diverse topics as manipulator design, actuation, motion planning and 

control, vision, force and tactile sensing, parts presentation and 

locomotion. Improvements in the performance of manipulators requires 

advances in all the topics mentioned. Our immediate concern is in 

the betterment of manipulator performance through improvements in 

motion planning and control. 
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Although manipulator control problems can in general be classi¬ 

fied into four different types depending on if they have to follow a 

prespecified path and/or they have to operate in a collision free 

workspace [1] there are many applications which do not require 

robotic manipulators to follow a specified path. Consequently, in 

such a case the manipulator control system can be converted to a more 

general form in which the manipulator is given freedom to move along 

aiy path between two intermediate or end points. 

In view of the preceding fact, for most cases manipulators are 

desired to move from one point to another as fast as possible and 

hopefully with less energy, thus pushing the manipulators to be 

operated at near maximum capacity. This consideration naturally 

leads to an optimal control problem of robotic manipulators with a 

minimum time energy criterion. However, it is in general very diffi¬ 

cult to obtain an exact closed-form optimal solution to the problem 

since the dynamics of manipulators are highly non-linear, coupled 

functons of their positions and velocities, and also of their pay- 

loads. There are two alternative approaches conceivable for this 

problem : 

i) Off-line minimum time path planning followed by on-line path 

tracking , and 

ii) Derivation of a suboptimal controller with realistic approxima¬ 

tions of the manipulator dynamics. 
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For the first approach* it is assumed that there are known 

optimal path planners which minimize the total traveling time for a 

given sequence of specified positions ( describing the desired path ) 

in joint co-ordinates [2] or in Cartesian co-ordinates [3] and then 

one can use one of many well known path tracking algorithms [4][5] * 

which force the manipulator to follow the path with prescheduled 

velocities. There are path tracking algorithms which take the mani¬ 

pulator dynamics into account but there are no known methods for path 

planning which include the manipulator dynamics. This implies that 

path planning has to be made with a global least upper bound for 

manipulator capabilities. Note that the capability of a manipulator 

changes with its position* payload etc. For example* an optimal path 

for a manipulator has to be generated on the basis of the maximum 

speed allowed under the worst (global) condition* since it may other¬ 

wise not be able to follow the prespecified path with the 

prescheduled velocities. It means that the full capacity of the 

manipulator cannot be utilized if this approach is used. 

The second approach can be adopted to nearly fully utilize the 

capacity of the individual manipulators. Only a few attempts have 

been made in this context due mainly to the difficulty in obtaining 

amenable solutions. Kahn and Roth [6] linearized the manipulator 

dynamics at the final target point and used the decoupled dynamic 

model to derive the minimum time controller. This method suffers 

from the fact that the linearized dynamic equations would not be 

valid if the manipulator is not located in the vicinity of the final 



target. Bence this method is applicable only when manipulator motion 

is confined to a small region in the neighborhood of the target 

point. 

Some results were derived on the basis of minimum energy control 

with a fixed terminal time [7] in which they used over simplified 

dynamic models without considering manipulators operating speed. The 

second approach with a suitable suboptimal controller, if possible, 

is highly desirable due to its capability of almost full utilization 

of the manipulator capacity. 

In this thesis an off-line trajectory planning algorithm incor¬ 

porating the manipulator dynamics is derived. This algorithm gen¬ 

erates a sequence of points on a minimum time energy trajectory, the 

successive points being separated by fixed time intervals. Travel 

between the points generated by the trajectory planner is accom¬ 

plished by a SUB OPT I MAL CONTROLLER IN FEEEBACK FORM with a weighted 

minimum time energy criterion. The choice of this criterion is jus¬ 

tified by its direct link to the goal of improving productivity and 

saving energy. The near minimum time energy (NMTE) controller is 

devised in feedback form by an approximation in the calculation of 

the manipulator dynamics based on observations of the manipulator 

dynamics and verified by numerical simulation. Although the optimal 

controller is developed for continuous time domain, the manipulator 

dynamics are updated at some multiple of discrete sampling instants. 

The approximation is based on the fact that any manipulator control 

system has to be implemented on a digital computer in discrete form. 
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1.2 THESIS ORGANIZATION 

In section 2 the equations of notion (EOM) for a three degree of 

freedom robot with one translational and two rotational joints are 

presented. The concept of piecewise linearization which is central 

to the subsequent development is discussed. 

Section 3 presents the main results of this thesis. A general 

overview of the optimal trajectory planning problem, its breakdown 

into the nodes problem and the local problem is described. A theorem 

which simplifies the derivation of the discretized EOM and cost cri¬ 

terion is presented. The fundamental theorem which gives us the 

solution of the nodes optimization problem is stated. A set of 

recursive relations which permit us to utilize the results of the 

fundamental theorem are derived. An iterative algorithm which per¬ 

mits us to solve for the recursion coefficients is presented in the 

form of a flowchart. 

In section 4 an algorithm for the solution of the local problem 

is presented. A set of switching relationships which constitute the 

feedback controller are stated. 

Section 5 describes some of the computational issues involved in 

the iterative algorithm presented in chapter 3 and describes poten¬ 

tial bottlenecks. The last section describes the merits of this 

method, its drawbacks and directions for future research. 



CHAPTER 2 

EQUATIONS OF MOTION 

2.1 SYSTEM DESCRIPTION 

In this thesis we will deal with a 3DOF manipulator. Ve note 

that three is the minimum degrees of freedom required so as to place 

the end effector anywhere in the workspace of the manipulator. 

The joints are numbered 1-3 as shown in figure (la). The base 

coordinate system is referred to as the 0 coordinate system with axes 

(xo,yo* V*- 
The link 1 coordinate system is situated at the tip of link 1 and is 

referred to as the 1 coordinate system with axes (x^,y^, z^) and simi¬ 

larly for links 2 and 3 . 

For our particular configuration joint 1 is translational and 

joints 2 and 3 are rotational. The displacement of link 1 is meas¬ 

ured along the z^ axis of the 0 coordinate system, and the angular 

displacements of links 2 and 3 are measured along the z^ and Z2 axis 

of the 1 and 2 coordinate systems respectively. 

The x^ axes is chosen so as to point along the direction of the 

common normal joining the Zj_^ and z^ axes. The y^ axes is given by 

the direction of the cross product z^ x x^ and completes the right 

* The terms 0 coordinate system and base coordinate system will be 
used interchangeably during the rest of the discussion . 

6 
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handed coordinate system. 

The procedure followed in the derivation of the equations of 

motion for the manipulator is based on the Newton Euler recursive 

computation of velocities and accelerations from the base joint to 

the distal joint and the computation of generalized forces (forces 

and torques) from the most distal joint to the base. This procedure 

was first proposed by Paul et al. [5]. 

Ve conclude this section with some remarks about notation : 

Let *Vj be a vector from coordinate system i to a point fixed in 

link j expressed in link i coordinates. If i is not mentioned the 

base coordinate system is implied. 

Jj is the inertia tensor with respect to the distal joint of link j 

expressed in j * s body coordinates, 

nij is the mass of link j. 

fSj is the coordinate of the center of mass of link j expressed in 

link j's body coordinates, 

lj is the length of link j. 

q^ is the generalized coordinate variable for link j and may be 

either a displacement or a rotation 

2.2 DERIVATION OF THE EQUATIONS OF MOTION 

A) TRANSFORMATION MATRICES : The coordinate transformation matrices 

RJJ also called rotation matrices are given by : (see figure (la)). 
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9 

h.i 

• 0 0 1 ■—
"
—

1 

0
 

0
 

*
1
 

0
 

*inq2 

-1 

• 0 

0 

-1 

0 

0 « 

II c
*
 

d
P
 

* sinq2 0 

0 1 

-cosq2 

0 

cosq3 -sinq3 0 ' 

sinq^ cosq3 0 

0 0 1- 

For ariy non consecutive i, k with i < k, we define 

-i, k -i, i+l-i+1, i+2* * * *^k-l, k 

For example. 

(2.1) 

(2.2) 

^0,2 = ^0,1%,2 “ 

-co sq3 1 0 

-sinqj 0 -sinq^ 

0 0 cosq^ 

and 

(2.3) 

h,3 " ^D.1%,2^.3 

Also since the basis R 

-i, j " -j.i 

-sinq3 cosq^ 0 

-cosqjcosqj co sq2 sinq^ -sinq2 

-sinq2cosq3 -sinqjSinq^ cosq2 

^ form an orthonormal system : 

(2.4) 

(2.5) 

For a better understanding of the vectors to follow see figure (lb). 

B) Position vector of the origin of each coordinate system The 

position vector for each coordinate system p^, p^, £2» £3 are 
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defined in terns of the generalized coordinate variables by 

0 ‘ 

% “ 0 

L 0 

For link 1, 

% ■ *0 + *1 

For link 2, 

0 

0 

1 * 
*2 

■ l2cosq2 ■ 
♦ ^ 1 * 

0 
s l2*inq2 • *2 ‘ *0.1 *2 ‘ _12cos<*2 

0 -l2*inq2 

% “ *1 + H 

For link 3, 

-l2
cosq2 

*1 -l2sinq2 

2 * 

‘ 13cos«3 ] 
* 2 * 

l3sinq3 

* l2sinq3 ' % “ \l *3 “ -l3cosq2cosq3 

0 -l3sinq2cosq3 ' 

% " % + *3 

13sinq3 

-( l2+l3co sq3 ) co sq2 

q2“(l2+l3co sq3)sinq2 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

(2.11) 
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C) Angular velocity vectors : The angular acceleration vectors 

<*2* ^3 are defined in terms of the generalized coordinates, 

their derivatives and other physical constants of the system. 

For link 1, 

0 

0 

0 

For link 2, 

For link 3, 

2 
% 

0 

0 

«2 

-q3sinq2 

q3cosq2 

(2.12) 

(2.13) 

(2.14) 

D) Angular acceleration vectors : The angular acceleration vectors 

• • • 

<*2» “3 are obtained in terms of the accelerations and velocities 

of the generalized coordinate variables : 

For link 1, 

2i 
°I A 1 

(2.15) 

as joint 1 is a translational joint. 

For link 2 
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*» = % + *0.1 *1 + % Xfii2 

«2 

0 

0 

For link 3» 

% “ % * %,2 <h * «2 1 % 
-q3sinq2 -q2q3cosq2 

q3,inq2 _^2^3sinq2 

(2.16) 

(2.17) 

E) Linear velocity of each coordinates system origin : The velocity 

vectors v^ v^, v^ are given in terms of the generalized coordinate 

variables and their rates : 

For coordinate system 1, 

*1 = £1 = 

0 

0 

For coordinate system 2, 

Ï2 = £2 = “2 i +iA «2128inq2 

*l-<l2l2eos*2 

(2.18) 

(2.19) 

For coordinate system 3 
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z3 - Ê3 - % x a3* + Ï2 

*3*3 80 *3 

$2* 12
+1

3 
CO S<13 * sinl2+9213 C0 sq2 silul3 

V«2( *2+13 C° Sq3) °° s VVs Sinq2 #inq3 

(2.20) 

F) Acceleration of each of the coordinate system*s origin : The angu¬ 

lar acceleration vectors a^, a^> a^ are obtained in terms of the 

generalized coordinate variables, their rates and accelerations. 

For coordinate system 1, 

0 

For coordinate system 2, 

(2.21) 

*2 - Ï2 = J»2 x + Wj x (u^x^ ) + ^ 
• • s ^ 

l2(q2
8in^2+qL2 cos^2^ 

< V2
C0 8 V* 22 sinq2) 

(2.22) 

For coordinate system 3 
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• » 

% = *3 = % 1 % + % 1 ( % x % ) + ^2 

where 

*4 3x 

a* 
3y 

*4 3z 

(2.23) 

a3x " «313cosq3"q3 hsin,l3 (2.24) 

*3y * *2^2 + + ^313c08
^2sinq3+q2 **2 + ^j®08^)®08^ 

• 2 . • • 
+ q3 ljcosqjcosqj^qjqgljsinqjsinqj 

(2.25) 

• • • • . . 
*3z = qj “ q2(*2 + 13c08q3)

c0sq2 + q3l3sinq2sinq3 

• 2. . *2 • • 
+ q2 (12 

+ l3COsq3)sinq2 + q3 l3#inq2cosq3 + 2q2q3l3cosq2sinq3 

(2.26) 

G) Position vector of each link* 8 center of mass ; Dio position vec¬ 

tor of link 2 and 3's center of mass S^, j>3 are derived in terms of 

the coordinates of the center of mass w.r.t their local coordinate 

system situated at the respective link's tip. 

For link 2, 
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2 

% 

2x 

*2y 

2z 

(2.27) 

2 I 

*2y *2x 

h - \l \ - 
-2*2xcosq2-

2s2zsinq2 = 
*2y 

• “2s2x*inq2+2#2xCOSq2 ■ . *2z . 

For link 3» 

T 3 

3 
~3 

3x 

3z J 

(2.28) 

(2.29) 

-3 = ^0,3 -3 “ 

3s3x8inq3+3s3yC°8q3 

3 3 3 
- s^cosq^osq^* SjyCO sqj*!“9.3" $3 ^sin^ 

•3 *3x*ia*2 c0 Sq3+3 s3ySinq2 sinq3+3 s
3 z

c0 **2 

*3x 

*3y 

*3z 

(2.30) 

H) Linear velocity of links center of mass : The vectors V., V., V, 

are derived making use of the relations obtained for the velocities 

of the coordinates systems origin (2.18)-(2.20). 

For link 1. 
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0 

0 

ql 

For link 2, 

(2.31) 

Ï2 - Sj - Sj x % ♦ H 

For link 3, 

0 

^2<_#2z+12sinq2) 

ql+q2(#2y"12cosq2) 

(2.32) 

^=^3=%xS3+I3 = 

■q3<S3z,inq2 + 83yCOSq2 " 13co,q3) 

_q2*83z”*12+13c08q3*8inq2^ + q3*s3x+13sinq3*c08q2 

• ql + q2Is3y"(12+13C08q3)c08q21 + q3t83x+13,inq31#i,,q2 

(2.33) 

I) Linear acceleration of links center of mass : The vectors 

, are obtained making use of previously defined quantities • 

: The coordinate system’s acceleration (2.21)-(2.23), position vec¬ 

tors of the link's center of mass (2.27)-(2.29), and the angular 

velocity vectors (2.12)-(2.14). 

-r h 

For link 1 
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0 

Ai " *1 " ° 
• • 

ql 

For link 2, 

V V V-2^1 (ë2xV + h. 

0 

* ~q2(s2z " 12sinq2) " q22(82y"12COSq2) 

*1 + VjUjy-^cosqj) - ^(sj^ljSinqj) 

For link 3, 

(2.34) 

(2.35) 

A3 = V3 = «3 x S3 + (ojg x S3) + v3 - 

*3X “ V3(l3cosq3 - *3ycosq2 - *3z*inq2) - ^(lj *inq3+*3x) 

^3y “ q2t(12 + l3COiq3)si,,q2 ~ #3x3 + *q3(13sinq3 + s3x
)cosq2 

• 2 
+ qj Klj + l3CO*q3)cosq2 - 

s3y3 

+ qj^djCOsqj - *3ycosq2 - s^sinq^ cosq2 - 2q2q3(l3*inq3 + 

(2.36) 

(2.37) 

*3x)#inq2 

(2.38) 
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• • • • i • 
+ ^2**3y " ^2 + ^«os^cosqj] + ^3^13*ilul3 + s^einqj 

• 2 
+ ^ [(12 + ljCOsq^) sinq2 - s^] 

• % • • 
+ q3 (l3cosq3 - s3ycosq2 - 

s
3z

sinq2>sinq2 - 2q2q3(l38inq3+$3x)cosq2 

(2.39) 

J) Hinge forces : A notation is defined for generalized forces: 

f. represents the force on link i due to link j. 
** J 

^x f3,4x 

*2,3 " “3 V" 8 + 
*3,4y 

. A3Z . . f3.4z . 

(2.40) 

*1,2 = “2(^2 + + *3.4 = 

V'q2(12*inq2 “ ®2z> + 

mjlqj^ - q0(l,cosq 2'*2' 

‘3.4x 

f3,4y 

. f3.4z . 

m3*3x 

^2(12C08<*2 " 82y}1 + m3A3y‘(ml + V* 

V + ^22<128i,Ml2 " 82Z)] + m3a3z 

(2.41) 
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*0.1 = “l^l + + *1,2 

m3hx 

m2l*2{12sin<l2 ~ *2z> + ^22(12cosq2 " ^y11 + “S^y " <®i + “>2 + ®3)g 

(ml + ”2)V1 - V08q2 - *2y) - ^2(l2sinq2 

^3,4x 

f3,4y 

. ^3,4z . 

S2z)] " “3*3* 

(2.42) 

Let Uj. i = 1*2*3 be tbe generalized force in the direction of motion 

of link i. Then after some algebra the equations of motion for link 1 

of the manipulator are obtained : 

K) Equations of motion for Joint 1 : 

(“x + V^l ' m2Iq2(12c08q2 " 'ij ' ^22(128in<12 “ 828)1 

+ “l^z + f3,4z " *1 

(2.43) 

where is given in equation (2.39). 

For future reference the following quantities are defined : 
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*11 = 

*12 = 

A13 = 

Bll = 

B12 " 

B 
13 

+ m2 + m3 

■m2(12C08q2 " •2y)"Ii3Ia2 + 13)cosq2 ~ S3y] 

m3(13silU13 + *3x)sinq2 

0 

m2(128lnq2 ” s2z} + m3t(12 + 13C0843>,ln42 " s3zJ 

“3(13C08^3 ” 83yCOsq2 " 83zSinq2)8il“12 

(2.44) 

11 

C12 = 

'13 

11 

F11 

Tll = 

2m3(l3sinq3 + s^cosq^ 

0 

G12 " G13 " ° 

F12 " ° * F13 " 1 

T12 “ T13 " ° 

L) Moments of Inertia of the links : As links 2 and 3 are rotational 

links their moments of inertia which are tensors are determined : 

J2xx ^2xy - J2xz 

2
T 2T 2T 
J2xy 2yy 2yz 

2, 2, 2, 
J2xz " 2yz 2zz 

J2xx "J2xy -J2xz 

—T J -j 
2xy 2yy 2yz 

— T -j j 
J2xz J2yz J2zz J 

^2 = A), 2 ^2^2,0 

(2.45) 

(2.46) 

(2.47) 

Therefore 
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J. = J„ 
2xz 2yy 

"J2xy = 2j2xyCOSq2 + 2j2yz
sln^2 

~J2xz = 2j2xy8inq2 ” 2j2yZ
COS*2 

J2yy = 2j2xxCO#\ “ Sinq2COSq2 + 2j2zz8in2q2 

_J2yz “ 2j2xxSinq2COsq2 + 2j2xz(c0#2<12 " ~ 2j2zz8in<1: 

J2zz = 2j2xx8in2q2 + 22j2xz8inq2C08q2 + 2j2zzCO*2q2 

J3xx ’ J3xy 
3T 3, 
' 3xy 3yy -\z 

-3J -3j 3J 
3xz 3yz 3zz 

' J3xx "J3xy -J3,z 1 

I- = -T J -J 
H 3xy 3yy 3yz 

^3xz 33yz 3
3ZZ . 

^3 “ A), 3 “3^3, 0 

J3xx " 3j3xx8in2q3 " 23j3xy8inq3c°8<13 + 3j
3yyCO*2q3 

"J3xy “ (3j3yy “ 3j3xx)c08q2sinq3c08,13 + 3J3xy<co»2q3 - sin2q 

+ 3J3xz*inq2$inq3 + 3J3yzslnq2cosq3 

"J3xz = <3j3yy " 3j
3xx) *i“L2

silul3C08q3 + 3j3xy<cos2q3 “ 

" 3j3xz
c08q28inq3 + 3j3yzCOSq2C08q3 

(2.48) 

cosq2 

(2.49) 

(2.50) 

(2.51) 

3)cosq2 

)sinq2 
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(2.52) 

J3yy " (3j3xxcos2<13 + ^yy*1*2 q3)c0s2q2 + 3j3zzsln2q2 

+ 23j
3xyCO*2«2*inq3cosq3 - *<3*3xi«o*V3j3y*,lnq3)'ii,,q2co#q2 

“J3yz " (3j3xxCOS% + 3j3yysin% ' 3j3zz> Sinq2cosq2 

3 
+ 2 J3xysinq2cosq2sinq3cosq3 

+ (3j3xzCOSq3 " 3j3yz#inq3)(c0s2q2_8l,l2q2) 

J3zz = (3j3xxCO#2q3 + 3j3yysin2q3)sin2q2 + ^xy8* A2*i«l3cotq3 

+ 2(3j3xzCOSq3 ” 3j3yz8inq3)siliq2c08q2 

M) Hinge torqnes : The same convention is followed for denoting the 

hinge torques as for the generalized forces : 

*2.3 = %.4 + H X13,4+(£3 + %> *“3<* + V +*3 (2.53) 

Ng » + % x I3% 

N3X 

*7 

LN3Z 

(2.54) 

N3X ° q2J3xx + q3(J3xy,i,iq2 “ J3xzCOSq2> + q3 [(J3yy “ J3zz) 

2 2 • » sinq2cosq2 + Jj^cos q2 - sin q2)] + 2q2q3(J3xyCOsq2 + J^sinqj) 

(2.55) 
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+ 

■q2J3xy ” q3(J3yy*inq2 + J3yzCO#q2> + q22j3xz 

q32(J3xySinq2 - J3xzCOSq2)cosq3 + q2q3(J3xx “ J3yy ’ J3zz>COSq2 

(2.56) 

N3z ' -V2
J
3lI + + ' ’iSxy 

+ ’32(I3iy,l°’2 ' ,3.I
cos,2,*l"«2 + *2«3U3.z ” J3yy ' W1"^ 

(2.57) 

* 
*3 X ~3,4 

13cosq3(f3.4ysi,lq2 " f3.4zCOsq2) 

”13(f3,4x,inq2cosq3 " f3,4zsinq3) 

13(f3.4y,inq3 + f3.4xCOsq2cosq3) 

(2.58) 

(E.3* + S3) » 

' (-l3cosq2cosq3 + + < 13 sinq2cosq3 - *3^^ - g) 

(-1
3*inq2c0sq3 + *3Z)A3X ' (13sinq3 + *3x)A3z 

(13#inq3 + *3x)(A3y “ 8> " (_13COsq2co*q3 + *3y)A3x 

Therefore 

(2.59) 

“2.3x 

”2.3y 

. n2,3z . 

®2,3 - (2.60) 
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where 

“2,3x " "“3^3co^2cosq3 " 83y)A3z + m3(13#inq2cosq3 ~ s3z)A3y + J3xxq2 

+ (J3xy*inq2 - J3l2COsq2)V3 + [(J3yy - J^) sinq2cosq2 

+ J3yz(c°s2q2 “ sin2q2)lq32 + 2(J3xyCOSq2 + J3xz*inq2)q2q3 

- m3(l3»inq2cosq3-*3z)g + l3*inq2cosq3f3 4y + l3cosq2cosq3f3 ^ ^ ^ 

(2.61) 

“2,3y “ -“3<Vil,q2c08q3 #
3Z

)A
3X " ”3(138i,iq3 + S3X)A

3Z " J3xyq2 

" (J3yySinq2 + J3yzCO#q2)q3 + 'sxz^ + (J3xysinq2 " J3xzC0Sq2)c0sq2q32 

+ (J3xx " J3yy “ J3zz>COSq2q2q3 

' 138inq2cosq3f3.4x + V^Vs^z + 

(2.62) 

"2.3x " ■3<1
3*1“<l3 + *3,)13y * ^J<»3«®*ïï«>»% - •37

)t
3x ~ J3„«2 * 

(J3yz#in<l2 * I3ZXCO*,2,'4’3 * ^x,^ + I3x7‘
1,,q2 " I3xx<’0,'12) “"W 

* <J3xx ‘ J3yy " J3xx’ “‘Ws " * *3x)! 

+ 13cosq2co ^3^3.41 + + “3.4X 

(2.63) 

%,2 " H,3 + ®2 x*2.3 + (*2 +V x m2(i + Vj) (2.64) 
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«2 “ JjiSj + «Üj x 

where 

N, 2 z . 

(2.65) 

N
2X “ q2J2xx 

N2y “ -q2J2xy + q2 J2xz (2.66) 

^3 z q2^2xz q2 ^2xy 

x ^2.3 “ 

■(m3A3z + f3,4z)12cosq2 + [m3(A3y " g) + f3.4ylsinq2 

”^m3^3x + f3.4x)12sinq2 

(n3A3x + f3.4x}12C08q2 

(2.67) 

(j>2 + %) x *2(* + ï2
) “ m2 

pvx 

pvy 

pvz 

(2.68) 

• • • • 
pvx - (-ljCOsqj+s^Hqj + q2(*2y - ljcosq^-qj (*2z - 

+ (-l2sinq2 + »2z) + q*2(s2z - l2*inq2) + 42^(«2y ~ *2y - l2cosq2) + g] 

pvy = + V2(s2y ~ l2cosq2) " 42
2
(S2Z - ljsinqj)] 

• 2, pvz - -S2XU2(S2Z ~ l2»inq2) + % (s» - ljCOSqj) + g] 
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(2.69) 

where 

%.2 

nl,2x 

“l* 2y 

nl»2z 

(2.70) 

nl, 2x " ”2.3x ' (m3A3z + f3.4z)12COsq2 + Im3(A3y ' g) + f3.4yJViafl2 

+ ^(-ljcosqj + + V2(*2y - ^cosqj) - - IjSinq^l 

+ m^-ljsinqj + *2z>lV2(*2z “ + V(s2y " 12COsq2) + gl 

(2.71) 

substituting for 3z we have 

nl,2x " -”3<l3«osq2
COS43 " *3y + 12C08q2>A3z 

+ m3(l3sinq2cosq3 - *3z + + .^(-l^osqj + s^Yj 

+ [J3xx + “2(-12cos«2 + s2y)2 + J2xx]‘q2 + (J3xysi,l<12 " J3xzCOS<12)*q3 

+ I(J3yy - J3zz)sinq2cosq2 + *3yz(cos2% - sin2q^Y,2 

• • 
+ 2(Jj^co$q2 + J3xz

si,1^2^q2q3 ~ [«jdjsinqjcosqj - s^) + nijljsinqj 

- ^(-ljSinqj + s2z)]g + (l3sinq2cosq3 + l2sinq2)f3 4y 

- (l3cosq2cosq3 + ljCOsq^fj 4z + ^ ^ 

(2.72) 

N) Equations of motion for joint 3 : 
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u3 

0 

1 

0 

z component of Rj 3 

-cosq^ -sinq2 

0 0 

sinq2 cosq2 

^2,3 (2.73) 

U3 " ”°2,3y$in<^2 + ”2.3zCOSq2 (2’74) 

where 3y and n2 3x are given in equations (2.62) and (2.63). 

“ m3(l3sinq2cosq3 - + i»3(l3sinq3 + s^sinq^ 

+ J3xySinq2*q2 + (J3yysinq2 + J3yzCOsq2)8inq2q3 ' J3xz8inq2q22 

" (J3xySinq2 " J3xzCO*q2)sinq2cosq243
2 

" (J3xx “ J3yy " J3zz) Sinq2COsq2q2q3 + 13sin2q2c0sq3f3.4x 

- l3*ia42,iaq3£3,4* " n3,4ysinq2 + “3(13siliq3 + *3x)cOSq2A3y 

+ m3(l3cosq2cosq3 - »3y)cosq2A3x - Jg^cosq^ 

+ (J3yzSinq2 + J3zzCOSq2)cosq2q3 

- J
3xy^08q2h2

2 + (J3xysinq2 - 
J
3xz

cos^)sim^cosq^2 

+ (J3xx - J3yy - J3z2)sinq2cosq24243 " + ^Jcosq^ 

+ l3cos2q2cosq3f3 4x + l3cosq2sinq3f3 4y + i^cosqj 

(2.75) 

For future reference the following quantities are defined : 



28 

^1 " m3(13sinq3 + ®3x)sinq2 

*32 “ “3(13*inq3 + ®3x) ts3y*inq2 " s3zCO#q21 + J3xysinq2 

- J3lzcosq2 

A33 " m3(13siliq2COsq3 " s3z)(13COSq3 ' ®3yCOsq2 “ s3zSi”q2)sinq2 

+ m3(l3sinq3 + *3x>2 

+ m3(l3co«i2cosq3 - *3y)(l3cosq3 - *3yCosq2 - *3z*i»l2)c0sq2 

+ (J3yzsinq2 + J3zzcosq2)cosq2 

B31“° 

B32 = m3(13sinq3 + S3x)I(12 + “ 83zlsinq2 " J3xzsinq2 

+ m3(l3sinq3 + *3;z)[(l2 + l3cosq3)cosq2 - s3ylcosq2 - WKj 

B33 = ° 

31 C32 " C33 " ° 

G3I =0 

G32 = m3(13 sinq3 + s
3l

)cos^2 

G33-° 

F31 = l3cosq3 

F32 = *3 co sq2sinq3 

F33 “ _138inq2si,iq3 

T31»° 

T32 " "sin<l2 

T33 - cosq2 

(2.76) 

0) Equations of motion for (oint 2 : 
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Uj = z component of Rj 2 

0-101 

0 0-1 

10 0 J 

nl, 2x 

“l.2y 

nl,2z 

(2.77) 

°2 = n l,2x 
(2.78) 

and is given in equation (2.73). As in the case of the equations for 

u^ note that the equations for n^ 2x involve A^, A3y, A^^ which are 

substituted for from equations (2.37),(2.38) and (2.39). After the 

following quantities are defined the equations of motion can he 

described in matrix form : 

AJI = -m2(l2cosq2 - s2y) - »3<l3cosq2cosq3 + ljCOsqj - *3y) 

*22 = ”2[12+S2y2 + *2z2 " 21282z8inq2 “ 21282yCOSq21 

2 2 2 2 2 
+ m3^2 + ^3C0S £3 + s2y + *2z + 212l3(sinq2 + cosq2)cosq3 

~ 21283yCOSq2 ' 21283z8inq2 ” 213(*3yC08q2 + 83x,inq2>co,q31 

+ J2xx + J3xx 

A23 “ 
m3ll3is3jsiotl2 " *3zc®*92)*inq3 + - *3zcosq2)] 

+ J3lysinq2 - J3xzcosq2 

B21 -° 

B22 " ° 

B23 = “3t(s3z2 ” s3y
2>*i“l2cos<12 + 13<83y8iaq2 ~ 83zC08q2,c08q3 

- s
3y*3z

(sin2^2 " c0*2q2)1 + (J3yy " J3zz) sinq2COsq2 

+ J3yz(c0s2q2 ” ,in2«2) 
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^21 » 0 

C22 “ 

'23 

21 

22 

G23 = 

-2m3(l3sliiq3 + s3x)(l2 + l3cosq3 - s3ycosq2 - s3zsinq2> 

0 

0 

m2(l2sinq2 - s^) + m3(l2sinq2 + l3$inq2cosq3 - *3z) 

0 

F2! "° 

F22“ 

F23 " 

21 

22 “ 

T = 
33 

l3$inq2cosq3 + l2sioq2 

-l2cosq2 - ljcosq2cosq3 

0 

0 

0 

(2.79) 

The equations of motion are now written in matrix form as : 

• 2 

*1 
ql 4I«2 

■ 0 ■ f3,4x 
• • 

*2 
+ B • 2 

*2 + Ç 
’2’3 + G -g + F f3,4y 

■ 0 • £ 

■ *3 . 
• 2 
q3 ] . «3«1 ■ . 3.4z . 

(2.80) 

®3,4x ’ *1 

+ T ®3,4y = "2 

. ®3,4z . . "3 . 

where the first, second and third rows of the matrices are defined in 

equations (2.44). (2.79) and (2.76) respectively. 
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2.3 THE STIFFNESS MATRIX 

Hie equations of motion (2.44) derived in tlie previous section 

were obtained under the assumption that the manipulator is a rigid 

structure. In reality this is not so and most manipulators have a 

resonant frequency of 2-10 Hz. [8]. 

Ve therefore add another term to the left hand side of the model 

given in equation (2.44) and this tern is referred to as the stiff¬ 

ness term. This term is written as a matrix dependent on q times the 

displacement vector i.e. as 

«du ««>12 ««>13 

««>21 ««>22 ««>23 

«*>31 ««>32 ««>33 . 

(2.81) 

The elements of the stiffness matrix K are chosen as follows : 

2 = ( 
K(q.) 

1/2 
ii, 

A(a) 
ii 

(2.82) 

I K(a.)iiK(a)jj I > I K(q.) Aj I (2.83) 

K<a>13 " K(a)31 “ 0 (2.84) 

The matrix X is positive definite and its dependence on q. follows 

from the dependence of the elements of the inertia matrix on q.. 

It should be pointed out that most results obtained in the past 

and in recent years on robot control use a model in which the stiff¬ 

ness term is omitted. This term is important as small variations in 
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the stiffness causes a large variation in the input. Quoting figures 

from the case of the space shuttle arm a variation of one percent in 

causes a change of nine percent in u^ and a variation of one 

percent in i £ j causes a change of eight and a half percent 

in u^ [9]. Incorporating the stiffness term in the model we obtain 

the modified equation of motion which from now onwards will be 

referred to as the EOM. 

A(a)*a + I<a.)a + N(q,â) + G(a)*. + F(a)f + T(a)a - u (2.85) 

which on comparison with (2.44) shows that that the matrix product of 

B Ç with the vectors involving the products of the velocities are 

combined into N which will be referred to from now on as the terms 

involving Coriolis and centripetal forces. 

2 .4 PIECEWISE LINEARIZATION 

The EOM of an articulated chain as shown above are given by a 

vector second order differential equation of the form given in equa¬ 

tion (2.85). It has been shown in [10] that the matrix functions 

A(• )» K(• ) and N(• ) are continuous functions. It has also been shown 

[11] that for a feasible trajectory i.e. a pair of continuous func¬ 

tions <],(*)* &(*)• andg.(*) that satisfy (2.85)» the functions 

A( • ). K(• ) and N(• ) etc are slowly varying functions in the sense of 

I lA(x)~1 11K(x)x - A(v)~1Ky)y|J < ,1 | Iaç — YI i 
11 ^(i)"1!^) il I "A2 ,,il1 

(2.86) 

This means that we can approximate the dynamic behavior of our robot 
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arm by the following family of linear equations : 

A(fl(t)).a(T) + N(ja(t),a(t))fl.(T) + D(<L)<L(T) + G(<i(t))g ^ 

+ K(a.(t))fl,(r) = U(t) 

with t = 0, A, 2A,.... A > 0 , Te[t, t+A) 

and the boundary conditions 

fl.(t+) ® q.(nA) 

jj,(t+) “ fl.(aA) 

Thus choosing a sufficiently small A the approximation of the EOM 

by (2.87) can be made arbitrarily close in a norm sense. The chief 

advantage of this approximation is that in each interval [t, t+A) 

the dynamics of the arm is described by a LINEAR, TIME-INVARIANT 

second order vector differential equation and therefore the tech¬ 

niques of optimal control for linear systems can be applied. The 

system dynamics given by equation (2.87) will be used for designing a 

trajectory planning algorithm in the next chapter. 

Ve conclude this section with a computational verification of 

the appropriate A sample time parameter (see TABLE 1). 

The procedure to obtain the A is as follows : 

i) Fix an initial condition x. 

ii) Compute the A and K matrices for x. 

iii) Apply a step input for a period of 1 sec and obtain the state at 

the end of this period. Let this state be £. 

iv) Compute the A and E matrices for x* 

v) Substitute these values in (2.86) and obtain an upper bound on A. 
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The piecewise linear model was validated by comparing the 

response of the non-linear system to a step input with the response 

of the piecewise linear model for the same input» the A being varied 

in steps of 0.2 msec from 0.2 — 1.6 sec. It is seen that the piece- 

wise linear model gives an error of less than 3% for a A of 1.4 sec. 
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TABLE I 

j No. «2<°> 1j<0> 

 , 
A I 

j 1 0 0 0 
1 

1.6258 j 

2 2 0 0 2.3381 

3 5 0 0 1.7474 

4 0 90 90 2.1278 j 

j 5 2 90 90 1.9965 

6 5 90 90 1.8430 

7 0 45 45 2.8795 

8 2 45 45 2.0217 

! 9 5 45 45 1.6344 

1° 0 45 90 2.1056 

11 2 45 90 1.7951 

12 5 45 90 1.5820 

13 0 90 45 2.4919 

14 2 90 45 2.1756 

i 15 
5 90 45 1.8619 j 

2.5 KINEMATICS 

In this thesis the control of the manipulator is done entirely 

in the joint space. Therefore if the final position of the manipula¬ 

tor is given in the end-effector coordinates or Cartesian coordinates 

as (pz»Py»Pz) the final position of the joints is determined hy means 
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of the inverse kinematics. The inverse kinematic relatons are 

obtained from the geometry of the manipulator and the application of 

simple trigonometry. Unlike manipulators with higher degrees of 

freedom the problem of solving for a non-unique set of final joint 

positions for a given final end-effector position does not occur. 

The method for handling such cases is given in [12]. 

The inverse kinematic relations are 

r/r i
2 2 J. « \2 2 i2 . 

H " I(t *3 “ px 1 + 12) ~ py 1 + Vz 

tan 
-1I(I 13 

1 
2 .2 . . .i 

». 1 * V 
2 ,2 

N 1 

q, = cos 

1 
, .2 2 .2 

-l1 *3 - ». 1 

2.6 NUMERICAL VALUES OF LINK PARAMETERS 

(2.88) 

(2.89) 

(2.90) 

These values were obtained by direct measurement and referral 

to the manufacturers charts. The mass moments of inertia, the mass 

products of inertia and the center of gravity of each link are 

obtained by routine calculations as shown in [13]. The values are 

listed in TABLE II. 



TABLE II 

Link 1 Link 2 Link 3 

j Hass (lb) 4.0 1.6 0.0667 j 

! Length (ft) - 2.4 0.8 ! 

I 1*ix(I‘> 
0 —0 m6 -0.4 

I 1**<W> 
0 0 0 | 

âs. (ft) 
1 iZ 

0 0 0 | 

| *J. (lb-ft2) 
1 ixx 

- 0.288 0.010667 | 

1 h. db-ft2) 
j iyy 

- 0 0 1 

I iJ. (lb-ft2) 
I izz 

- 0.788 0.010667 1 

 1 



CHAPTER 3 

OPTIMAL CONTROL PROBLEM 

3.1 INTRODUCTION 

The task of controlling the dynamic behavior of the end effector 

of a manipulator system is commonly referred to in the robotics 

literature as trajectory planning [25]. 

The usual formulation of the end effector trajectory planner is 

established for a given manipulator in terms of the following items: 

i) An inertial frame, called the work space in which the transla¬ 

tional dynamics of the end effector relative to the manipulated 

object(s) is defined. 

ii) A body frame with origin at the OS of the end effector in which 

the rotational dynamics of the end effector is defined. 

iii) A set of positions (obstacles), velocity, acceleration and/or 

force constraints that determine the set of admissible end effector 

traj ectories. 

iv) An origin and a destination point in the work space and associ¬ 

ated Euler angles in the body frame. 

In terms of these items, trajectory planning consists in defin¬ 

ing an admissible curve in the work space and an associated curve in 

the body frame between the origin and destination points with some 

specification for the final velocity at the destination point (usu- 

38 
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ally zero). 

In this thesis ve will formulate a trajectory planning strategy 

in joint space as a constrained optimization problem. The trajectory 

in joint space between two given points and is to be chosen 

implicitly by determining a generalized force vector U*(T) and a 

terminal time t^ which is the solution of the following optimization 

problem : 

M-l (n+l)A1>T . T . T 

min / J rg. (o)A(g.(nA))g.(o) + g, G(g,(nA) + T!L (<*)£(g.(nA))g.(o) 
M n=0 nA 2 

+ lg.T(o)Ngü(o)|d0 + (l^ - - if) 

tj ~ MA 

(3.1) 

subject to (2.85) and 

a(0) » SQ » a(tf) » Ej 

a(0) = o , a(tf) - o 

u . . < u.(T) < U . mini i maxi 

(3.2) 

where u^^ and u ^ are parameters possibly dependent on the con¬ 

figuration (g,g.) of the am and end effector load L. x is the state 

vector of joint positions and velocities and Ng is the diagonal 

matrix of gear ratios. In (3.1) the first three terns are the 

kinetic energy, potential energy due to displacement above a da ton 

and the potential energy due to the structure not being an ideal 

rigid body. The last tern in the integrand represents the net work 
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done by the motors on the arm or by the arm on the motors. It should 

be noted that if the arm does work on the motors it is a waste of 

energy as this energy does not contribute to the motion. The aim is 

to obtain a solution of the optimization problem in feedback form 

i. e« 

Ü (o) ■ y.(g.(o)»a(o)) (3.3) 

* 
It can be shown using Pontxyagin's minim un principle that V (<j) is 

for the non singular segments of the trajectory a bang-bang function 

of the form: 

u^o) 

Umaxi if *i(***«> < 0 

"mini if > 0 

(3.4) 

where g^ is a function of the state (&><].) and the costate (j>»]>) 

associated with the optimization problem. 

Ve will approximate the optimal solution by a suboptimal control 

law of the form 

u*(o) 
"maxi ** ^i^^ "maxi^ i8 minimum 

u , . if h.(g,a»u . .) is minimum 
. mini i mini 

(3.5) 

where h^ is a suitably defined function. 

Ve will show with a simulation study (chapter 5) how accurate 

this suboptimal solution to the optimization is. The method for 

determining the h^ is outlined next. Ve first describe a control 

scheme whose performance as measured by a functional of the form of 
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(3.1) approaches the optimal control strategy D (9) . This scheme is 

based on the decompositon of the optimization problem formulated pre¬ 

viously into two problems : 

a) The nodes problem 

b) The local problem 

Ve discuss these briefly next . 

Suppose ve are given an optimal solution U (0) to the problem 

described earlier for 0 = [t, t+A) , t = nA , n <. M . Each entry in 

U (0) has the form of the signal depicted in figure (2). 

&v 
Define the average force PwA associated with the interval 

[ nA,(n+l)A) to be : 

■UA" ' JA*il<tl - ”*> + (,1 - V ♦ <*3 - *2> + (t4 • V 
- <t5 - t4) - («„ - t5)l 

(3.6) 

* 
Therefore if ve are given U (0) for any interval [nA, (n+l)A) ve can 

gy 
construct PwA by computing for each entry i, (i = 1,2,3) the frac¬ 

tion of A it spends in the upper limit u , and the fraction it nazi 

spends in the lover limit u^^ and vrite the corresponding entry 

as : 

* “m.ii1 Â1 1 * “.ini' ~A 1 -Ai + AI 
(3.7) 

Ve propose to solve the converse of the problem outlined above 

namely ve determine first the average force history UA
>T, n = 
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/Ts 

U maxi 

nA 

’umaxi 

*3 t. ( n+1) A 

\k 
Figure (2) 
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0,1,...» M which is termed the NODES PROBLEM and then approximate this 

history by bang-bang solutions as shown in the figure (4) - this is 

the LOCAL PROBLEM. 

3.2 THE NODES PROBLEM 

A) DISCRETIZATION OF THE EQUATIONS OF MOTION 

Write equation (2.8S) as a set of first order differential equa¬ 

tions in the standard form : 

X(T) = AX(T) + BU(T) (3.8) 

where 

A Ü., J,] B 

dim x = 6 

Ü - A_1Gg 

(3.9) 

In equation (3.9) & %, N etc. are defined in chapter 2. and 
w M MW 

A, B, K, N, G are constant over each interval [nA. (n+l)A) . For the 

purposes of simplifying computations we want to find an impulsive 

function D* : 

D*(r) = ft A6(T - nA) (3.10) 
“M 

such that the solutions of : 

• mtâ ‘MM 

g ■ Ax + BP (3.11) 
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i = Ax + BU1 (3.12) 

A 

coincide at points 0,A,2A...,. The ü is going to be found as a 
QA 

snboptimal solution of the optimization problem formulated in (3.1). 

Let U is of the form of figure (3). Assming that x(nA) ■ x(nA) , 

let ns consider the solutions of (3.11) and (3.12) at time 

x - (n+l)A : 

** (n+l)A ^ 
*((n+l)A) = e^x(nA) + T e~( (n+1)A_o)BD(o)d<r (3.13) 

nA 

I((n+1)A) » e^I(nA) + (J 1>Ae~((n+1)A"o)BUI(o)do (3.14) 
nA 

and we want 

x((n+1)A-) = x((n+1)A~) (3.15) 

So 

nA nA 

Given U(o) of the form of figure (3) ft ^ can be determined. Ve 

note that A is invertible .( For proof see appendix B.) With the 

construction above, we write 



Figure (3) 

Figure (4) 
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r - 
• • 

a(n+l)A Sn/^nA'^n+DA* -12(anA* a(n+l)A) •^nA 
+ 

• 

- a(n+l)A ■ 

• • 

. S21(anA,a(n+l)A) S22(ilnA*a(n+l)A) . 

• 

» • 

£i(a„A-a(„+i)4> 

?2(fliiA’a(ii+l)A) . 

“nA 

where z(nA) = 
a(nA) 

<l(nA) J 

Û . = Ô 2 - & 2 
—nA -nA -nA 

where 

* 1 
KA 

&A
2 

~nA 

impulsive input equivalent due to the motors 

impulsive input equivalent due to gravity 

*0 *0 
• 

8S 

0 

In (3.17) H is a matrix valued function of the form 

£(5nA’\A)A 

(3.17) 

(3.18) 

(3.19) 

(3.20) 
—(anA’ atiA) “ * 

The P matrix function is found to he from the impulsive relations 

(3.16): 



(3.21) - , 4<a«i-a»A,A
S, - , 

We will refer to equation (3.17) as the FORWARD EQUATION. In addi¬ 

tion to the forward equation we will have another equation known as 

the BACKWARDS EQUATION. The backwards equation is used to approxi¬ 

mate the backward dynamics which represents the motion from point 1 

to point 0. In the computation of the backward dynamics we nse the 

following approximations fox the matrix functions H and P . The 

approximations will be denoted as H and P and are constant 

throughout the computation of the backward dynamics. They are 

obtained as follows : 

H * + (l-a)H(j^) 

P = aPt^) + (l-cOPCxj) 

(3.22) 

where 0 <, a <, 1 and is a parameter to be chosen by simulation. The 

backwards approximation is constructed i.e. the a parameter is 

chosen so that the robot will satisfy the end point conditions 

without regards to the dynamics between these two points [26], 

B) STATEMENT OF THE NOIES PROBLEM 

The nodes problem is now stated : Find as a suboptimal 

approximation to the solution of the optimization problem : 
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— A ~T — A T~T ^ A T A A T~T * 

min J » > [x Sx + 2U AB
A
SX + U A B

ASBÜ A + x T6 + U A
A
B
aTS 

*-A —n—n ~nA n ~nA nA “"n— ““nA  

6 1 K 

l-T* A 1 
+ Mg^nA 11 + (%A " V £(2MA " *f> 

subject to 

(3.23) 

q(tf) %A 

*f= 0 * XMA " • 

. %A ■ 

(3.24) 

and the constraints on the input given by 

* 1 . * 1 . » 1 
UinA min “ UinA “ UinA max 

(3.25) 

and equation (3.17). The functional in equation (3.23) is obtained 

by discretization of the continuous cost criterion given in equation 

(3.1). A detailed derivation of this discretization is given in 

« A J 

appendix C. For future reference we define a quantity L(^ 0nA ) 

given by : 

L(x, Ü /) = ^Sx + 2Ô B
T
SX + Ü 

T
B
T
SBP + ^TG + & ^TG 

-* “nA —n—n ~nA n —nA nA —a— —nA  

♦ W’ 

(3.26) 
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3.3 DÎNA MIC PROGRAMMING FORMULATION OF THE NODES OPTIMIZATION PROB¬ 

LEM: 

Let V(x, k) = be defined by : 

M;l _ a — T 
V(x.k) = min [ J L(x,.r) + (x. - xHrF(£, - xJ] 

ifk i i f -M - -f -M' (3.27) 

|£.M 

where “ i . 

*i *1 
Let u^ be the ith component of . Then from Bellman's Principle 

of Optimality : 

V(i, k) = min [L(ÏÊ.) + V(fc + P&,k+1)] 
k — k (3.28) 

*1 y *i y Ai u. . < u. < u. 
xmin k bn ax 

k - 0,1,....M 

i - 1,2,3 

x * arbitrary 

V(i, M) * (ij - ïM>TKif - V 

This problem has no known analytical solution. Moreover any direct 

nmnerical technique has tremendous storage requirements [14]. 

In the next section we discuss particular properties of the cost 

to go function V(£,k) for our problem which alleviates the storage 

problems mentioned above. 

3.4 MONOTONICITY PROPERTIES OF NOUES OPTIMIZATION PROBLEM : 

From [16], we know that the function : V(^,k) described in equa¬ 

tion (3.27) has the following properties . 
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i) V is a monotone function of the components of jr . Also from a 

simulation based analysis of the Lagrangian of the system, [16] ve 

know that the Lagrangian is either a monotone increasing or monotone 

decreasing or a concave function of the state as shown in figure (5), 

In the next section we review some results from Gluss [14] that 

are used to simplify the complexity of the problem (3.28). 

3.5 MCNOTQNI CITY THEOREM 

The optimal input is chosen by studying the behavior of the run¬ 

ning cost and the cost to go as a function of the input. In this 

section the following definitions are needed : 

H» total number of stages 

L(X^) = the running cost i.e. the cost to go from the kth stage to 

the k+lth stage starting at state x and using control 6^ . 

V(x, k) = the minimum cost to go from the kth stage to the final 

stage H. 

V(i,k) = min [L(£f£) + V<li + P&k.k+1)] 

|£,M 
(3.29) 

for a fixed x . over decisions 

strained by u^d) 

and is the ith component of 

x) 

*1 
,Mj{_i that are con- 

with the state equation (3.30) 
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Monotone Increasing Function 

Monotone Decreasing Function 

Figure (5) 
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Ik+1 = £(xk,£k) » Hxj. + PUk (3.30) 

The following theorem is used to choose the optimal input. 

Theorem 3.5.1 : (Glass [14]) 

Let hkd,l£) - L(I,f£) + V(gi + Pl^.k+l) . 

(3.31) 

If for each x , h^x, fi^) is 

*i i) monotonically increasing as nk increases or 

ii) monotonically decreasing as n^ increases or 

iii) a concave function of u »i 

*i t t Ai* } . t nk } are given for cases i). we Lave that the optimum ( u 

ii). iii) hy : 

• v *i* Ai / . 
l> “k - 

ii) ii * - i* (i) k km ax 

.... *i* *i *i* *i t~x 
Ui> uk = ukmin<~) 0r \ = ukmax(i> 

Ve will use the results of theorem (3.5.1) to simplify the computa¬ 

tional requirements for solving equation (3.28). In the next section 

we find explicit expressions for uf_. (i) , u* (x) , i ■ 1.2,3 and 

in section (3.7) we describe a suboptimal algorithm which makes 

explicit use of the properties of the cost to go function given in 

theorem 3.5.1 to find a recursive suboptimal solution of the dynamic 

programming problem. 
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3.6 PIECEWISE LINEARIZATION OF THE HINGE FORCES 

In this section ve show that the hinge forces can be written in 

the foxm : 

61 - 0(1) (I + 6^ 

dim 0 » 6x6 , dim 8^ *= 6x1 
(3.32) 

A) The joint torques overcome gravity and move with a maxim un allow¬ 

able acceleration : 

We refer to equations (2.44).(2.76) and (2.79) which describe the 

joint torques in terms of the joint displacements, velocities and 

accelerations. As the joint acceleration is a function of the joint 

displacements and velocities it is now easy to see that the joint 

torques are a function of the joint displacements and velocities 

alone. We write this functional dependence in the foxm of equation 

(3.32). 

We will refer to this Q as fimaz . As we deal with a piecewise 

linear model tf®*1 is a constant matrix over the inteirval 

[nA.(n+l)A). 

B) The joint generalized forces overcome gravity and/or friction : 

In this case we refer to the gravity torque terns in equations 

(2.44), (2.76) and (2.79). These are a function of the joint dis¬ 

placements alone. We can write this functional dependence as in equa¬ 

tion (3.32) and notice that the elements in the Û matrix (from 

columns 4-6) which multiply the velocities in the state vector are 

all zero. We will refer to this fi as . As we deal with a 
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piecewise linear model of0*11 is a constant matrix over the interval 

[nA, (n+l)A). For computational purposes we decide on the worst case 

values of these two matrices fimaz and . What we mean is that 

the 0 matrices will be computed and stored for these worst case dis¬ 

placements. velocities and accelerations and will not be recomputed 

as the trajectory changes. A heuristic algorithm for determining 

these worst case matrices is given in appendix D. 

The 0^ matrices are constructed as follows : For each row of 

0^ take one of the corresponding rows from fl041 or n"in . Since 

there are only three rows it follows that i = 1,...8. 

3.7 SDBOPTIMAL ALGORITHM FOR SOLVING OPTIMIZATION PROBLEM (3.28) 

In this section we combine the results of sections (3.5) and 

(3.6) : 

A) RESTATEMENT OF THE PROBLEM : 

Let V(2.k) * be defined by as in (3.27) and u^ be the ith component 

of . Then from the discussion in the previous section on the 

representation of the input as a matrix multiplied by the state and 

from Bellman's Principle of Optimality we have : 

V(*k) = min CL(x,t£) + V(& + P&k. k+1)] 

ftimin~ , Ai , nimax~ Q * i ufc £ Û x 
(3.33) 
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k = 0,1....,H 

i = 1...3 

ï = arbitrary 

gimax ^ 8 row 0£ Qmax 

0imin is the ith row of rf"in 

V(x, M) * (xf - XJJ)
1^^ - ijj) 

(3.34) 

B) APPRO XI MAT ION IN FUNCTION SPACE 

An educated guess regarding the function representing the total cost 

at the nth step is made. Ve say that since we are dealing with a 

quadratic cost criterion the total cost to go at the nth step can be 

reasonably approximated by a 'quadratic function of the form' 

lute value of each of the elements of the vector or matrix it 

enclose s. 

A possible justification of using a quadratic function is that 

we need at least a polynomial of degree two to determine the shape of 

a curve which may be a straight line or concave. 

Vhere the 1*1 operator represents the operation of taking the abso- 

(3.36) 

Using the value of f(x^,U A) from equation (3.30) in (3.35) we get 
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v(f(x .6 ),n+i) = (3L
T + + £2 .) + a*, (I* + £& A) 

n M Hn ^aA *-n+l —n nA Ti+1 n nA 

♦ i<?aT ♦ ^AV)iieniis^1 ♦ £^A
T

I + », n+1 

(3.37) 

Now ft. * ft.* - ft where the quantities ft * and Ô * have been 
TA TA TA TlA TiA 

described in equation (3.18). It is shown in section (3.6) that 

ft * is a function of z and that we can write T»A n 

0 * =* û.x -nA —m 

Substituting (3.38) in (3.37) we get 

(3.38) 

v(f(x .6 ), n+i) i ?(H
T
 + Q 

T
P
t)5 ^(H + PQ )x + S

T.(I + |0.)x n nA  n i *-n+l —i n n+1 —i n 

♦ I^IIH
T
 + ajYmf^iis ♦ EjiiïJ + vi 

(3.39) 

The <. sign follows because of the 1*1 operator. Substituting 

(3.38) in (3.26) we get 

LÛ.JU1) i liS, * 

—T T~T ~ — -T T~T ~ * 2 A Z ~T 2 —T A 
+ xIP.T80.x - 2x 0. B^U + ft , B^SBU / + x TG -u—i i*n n-i “ ‘—nA -nA nA —n— 

2 -T 2 . —T_ (3.40) 

+ xTa.TBTTÔ - ft 2 BTTG + l?llN flL IIJI “ — “nA " TI g x Ti 

Since the total cost at the nth step is equal to the running cost 
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plus the the total cost from the n+lth step : 

V(x fn) = min L(j,& 2) + V(f(jç ,Ù ),n+l) 
n iiA n nA (3.41) 

After taking the equality sign in the two inequalities derived in 

equations (3.39) and (3.40) .equation (3.30) and equating the coeffi- 

nn M B M 

cients of ^[la^ ,xft , li^J 11 Ix^l in (3.40) the following set of 

backward recursions are obtained : 

5 = (HT + Û.TPT)J (H + P0 ) + S + 20 ^BTS + 0 TBTSBQ 
*-n — —i — *-n+l ~ —i ~ ~i ~i i 

T T 

m = mT
Ai(H + PO.) - 2Ô 2 BTS - 2Ô 2 iFs^O. + 0TTT + 5TTTB0. -n —n+1 - —i -uA -- -nA i “   i(3#42) 

1^1 = IH
T + oi

TPT||£nflllH + POj + IN^I 

T T 

Ô 2 BTSBU 2 - Û A
2 BTTÔ + w , 

“nA nA -nA n+1 

The values of m^, w^ are known at n equal M and are obtained 

ty equating V(i# M) to the terminal cost as follows : 

V(I.M) - iM
TS#H ‘VI* '*i' '^.1 ♦ ** 

Teminalcost *» (x^ -rM>^F(xf - xM) * x^Fxf - 2x^FxM + xJ^Fx^ 

(3.43) 

Equating the coefficients of x^ on both sides we get the desired 

values : 
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e*-° 

f 

3.8 SUMMARY OF SDBOFTIMAL ALGORITHM 

Given : 

x(0) 
c[( 0) 

0 and 2.(M) 

;<tf> ] 

. 0 J 

(3.44) 

STEP 1 : Set M = 1 (where M is the number of stages) 

STEP 2 : Guess of, k = 0 M-l 
~k 

STEP 3 : Backward loop 

Compute / , m , £ , w backwards n = 
n n n 

STEP 4 : Forward loop 

For each n. n = 0, ...,M-1 compute 

+ ‘ ■ 1 8 

STEP 5 : For each n choose that i which minimizes 

l1<VV + vl<Li’Vi-^r* n+l*~i># 1#. • ..8. 

Store optimal 0^ 

STEP 6 :If 117(0) - 7(M)|| < a given 5 STOP 

ELSE 

STEP 7 : F = FnO 

If 11F|I i LIMIT return STEP 3 

ELSE M = M + 1 return STEP 1 

It can be shown that the algorithm proposed here has quadratic 
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convergence in the cost to go approximations (3.42)-(3.44). 

The terminal penalty, which determines the convergence of the 

backward recursions is detexmined as a function of the teiminal cost. 

In this sense this is equivalent to the external penalty algorithm 

proposed by Polak [15], which has quadratic convergence. 

3.9 CONCLUSION 

Ve conclude this chapter with a short review. 

An attempt has been made to exploit the monotonicity properties 

of the true cost to go function and the Lagrangian so as to derive a 

function which captures the monotonicity of the true cost function at 

the end of each step. 

The end result is a set of recurrence relations for the coeffi¬ 

cients of the approximated cost to go which constitutes the approxi¬ 

mated cost function at each stage n. These relations are completely 

specified at the tezminal point. The discerning reader will have 

noticed that we have to deal with a two point boundary value problem 

to solve for these coefficients. 

Notice that because of the monotonicitv of the cost to go function the 

search for an optimum at each stage over the entire state space 

implicit in the dynamic programming algorithm has been reduced to 

examining EIGHT POSSIBILITIES at each state. 

At each stage k the function h^ defined by (3.31) is a monotone 

increasing or monotone decreasing function of each of the controls as 

shown in case (i),(ii) of figure (5). 



CHAPTER 4 

THE LOCAL PROBLEM 

4.1 SOLUTION OF THE LOCAL PROBLEM 

The local problem is formulated by modifying the minimum time- 

fuel problem presented in [17]. In this chapter an algorithm for the 

suboptimal local control of the manipulator with the minimum energy 

criterion is derived . 

Ve know from equation (2.8S) that the joints are coupled by 

inertia terms, direct use of which complicates the control system 

design. As a first step to simplify the problem we rearrange equa¬ 

tion (2.85) into 

qj = + Pj (fl.. £L>£) j = 1,2,3 (4.1) 

The second term of equation (4.1) represents the coupling effects 

from the other joints on the j**1 joint as well as Coriolis, cen¬ 

tripetal and gravitational forces which are major hindrances in 

obtaining amenable solutions to the manipulator control problem. 

Equation (4.1) can be regarded as an uncoupled subsystem model for 

the j joint of the manipulator if the value of P^(a»<L*U) is cal¬ 

culated or approximated. Let u^ be the jth component of U and 

u~ <_ uj <_ u* . In this case the problem : 

Find a control U (t) » tp i t < t^ such that the system given by 

equation (4.1) is steered to a given target point : 

50 
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(4.2) 

W = «jf 
frcm a given initial point 

^j(t0) = % 

«j<V " q0 
(4.3) 

while minimizing the performance index: 

(4.4) 

can be aolved. 

We first relate this criterion to our cost criterion and next 

The cost criterion given in equation (4.4) is rewritten on a joint by 

joint basis as 

The assumptions made in writing down this cost criterion are : 

i) The contributions of the off-diagonal terms of the A and K 

matrices to the cost criterion are negligible. 

ii) The contribution of the gravity term to the cost criterion is 

negligible. 

iii) The net work done on or by the system is equal to the absolute 

value of the net work done at each joint. 

If (t^ - t^) is equal to the duration taken for five samples i.e 50 

show how this problem may be solved for a fixed terminal time t^. 

(4.5) 
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msec simulation studies show that the quantities A^, K^, q^ and q^ 

do not change by more than 20%. Therefore if we replace 

~jj* ~j j ' an<* <1 j by their vaines at tg and treat them as con¬ 

stant over the interval tg <. t <. t^ then the minimization problem is 

the same as 

+ lujIdt , tf free 

where 

(4.6) 

(4.7) 

The solution of this minimization problem can be synthesized in feed¬ 

back form as switching relationships if the quantities a, and 0. in 
«I J 

equation (4.1) are time invariant. 

Consequently we 

i) Assmne both and Pj to be constant over m sampling intervals (m 

depends on calculation speed) 

ii) Modify them at each update time (i.e every m**1 sampling inter- 

val) to include the preceding non-linear dependence on q. , g, , u as 

shown below. 

The method of approximating the vector : 

Pj(t) = laj(t).pj(t)lT (4.8) 

that represents the average behavior of the manipulator dynamics from 

the current state to the final target state and continuously updating 
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those values to cope with the variation in the manipulator dynamics 

due to their non-linear dependence on fl, a and u is called the aver¬ 

age dynamics method. This method takes advantage of the fact that 

the optimal control is dependent on the accumulation of non-linear 

dynamics from the current state to the final state, and we know the 

coefficients of the manipulator dynamics for the current state and 

the final state. The modeling error in the averaged dynamics is also 

implicitly compensated at the time of the next update through posi¬ 

tion and velocity feedbacks which are used in the averaging process. 

At time using the current position and the current 

velocity and the previous input ^(r^-AT) we calculate an 
— — — x 

approximate value of P^(T^) = [a^(x^). where AT represents 

the sampling interval. Observe that pj(tf) = I°j(t^), Pj(tf)]^ can 

be detemined apriori by using the final given target position and 

velocity. Then the arithmetic average of these values at time 

- J~ *'~2—' -1- <«•»> 

is used to determine the optimal control input at time u . ; 

using the switching curves shown in Figures (6)-(8) and are given 

after the switching relatioships . 

The switching relationships obtained under the above assumptions 

are given below : for derivation see [17]. The solution is obtained 

by extending the known optimal solution of the minimum time-fuel con- 
e e 

trol problem with dynamics 3 u^ as in [18]» but three cases 

should be considered separately according to the magnitudes of 
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Xj and pj. Note that this system is controllable and the solution 

has no singularity region. 

4.2 THE SWITCHING RELATIONSHIPS 

Def ine 

qj " qjf 

*J =qj-V 
(4.10) 

Tj
+ « Vj

+ + Pj 

Tj" “ Vi’ + 

(4.11) 

4k a n 
57 = 1 +  

1 1
 -1 , 

<xj * V 

•J -1 + . “fi'i UJ - <v: 

(4.12) 

A. When Xj > lPj| 

(i) When z* > 0 
(4.13) 

•î<*> 

v « ■/ i /2,r 
o if 

*V 11 ‘j’ 1 <I
J
,)2/2ï

J’ 

(ii) When z^ < 0 (4.14) 
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•j(*> ■ 

V “ */1 uj',,î 'V 
0 if (./A*,/ < ./ < s/V>2/V 

■•j- “ >/> Vlljv,2/2V 
B. When Pj > > 0 

(i) When ijT>. 0 
(4.15) 

y*> 
0 if Zjp < (* v)2/2y * 

“j’if */1 <IjT,2/2’rj‘ 

(ii) When < 0 (4.16) 

n^(t) « 

Uj+ i£ ôj"(2jV)2 i 

'j 
0 if z4

p/2T,~ < 6j"(zj
v)2/2Yi" or z. 

<-J
V

»
2
/
2

PJ 

v.2, V iC 2

jp 1 

C. When -p > X. > 0 
•I «I 

(i) When ZjV> 0 
(4.17) 

*I“> 
Vif ZJ" 1 <IJt>2 /2|ij 

0 if z* < (z]'
,)2/2fJ or ijP > 6j*(rJ

v)2/2T * 

if <./>*/*, < ./ < ./I./»*/2»/ 

(ii) When z,v < 0 (4.18) 
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0 if > <./>*«„/ 

4.3 CONVERSION TO FIXED TIME PROBLEM 

The problem is converted to a fixed time problem as follows : As 

we have different values of A^'s an^ Pj's the final times T^, j = 

1,2,..., 3 may not be the same for all joints. Hence the synchroni¬ 

zation of all joints with the same final time T is achieved by 

adjusting for each joint j as follows. 

First, using the switching curves in state space for each joint, 

we can obtain the final time T for each joint j as a function of 
J 

the initial position and velocity as well as tha parameters for the 

j**1 joint of the manipulator. A closed form solution exists for 

this final time. E.g. if the initial state (q^(0), q^ (0) ) is in the 

region u^ * u^+ in figure (6) then the control input sequence will 

be Uj+ -> 0 -> Uj and the final time T^ is computed to be (deriva¬ 

tion shown in [17]): 

V 
•«,C0> 

I 
I 

p.) + 2] I- 
J |- 

4j(0)/r/ - 2q4(0) 

a4U4 - pj)2 + (4 - 4pj/Yj“)Xj \lY*j 

(4.19) 

‘j 
1 

+ 
Tj 

1 

r 
j 

(4.20) 
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. Switching curves when X > |/J|. 
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Figure (7) 

Switching curves when fi > X. 
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Figure (8) 

Switching curves when — fi > X. 
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V * W * ?j 
(4.21) 

Tj = Vj +Pj 

If the initial state is in the region u^ = Uj in figure (6) 

-q/Q) 

— + 
YJ 

I 

+ [aj(Xj - Pj) +2] J- 
(2<1J(0)-4J(0))

2
/YJ~ 

\i*jaj ' f/ + <4 ' 4VVUJ 

(4.22) 

Similarly we can compute * s for the remaining two switching curves. 

Then choose which is the longest and check if it is greater 

than the remaining time T where T = 0.5 - time elapsed in 
rem rem 

sec . 

i) If T is greater than T choose a greater X. for the j's which 
J rem j 

violate the condition. 

ii) If it is less than T find out the X, which will make T= T 
rem j j rem 

hy the solving the quadratics in equation (4.19 or (4.22). 

iii) If all T 's are equal to T proceed as usual, 
j rem 

Once the X.'s have been calculated the switching relationships 
J 

(4.13)-(4.18) are implemented. 



CHAPTER 5 

IMPLEMENTATION OF THE NODES ALGORITHM 

5.1 INTRODUCTION 

In this chapter we describe an implementation of the algorithm 

which solves for the coefficients described by the recursions in 

equation (3.42) and their boundary condition given by equation 

(3.43). The algorithm is given in flowchart form in section (5.2) 

and is followed by a brief description of each block. 

The algorithm was implemented to approximate the minimum time 

energy trajectories for a specified end point. Simulation results 

are presented for a sample run in section (5.3). The results 

presented include the suboptimal trajectory, the input torques his¬ 

tory and plots of the approximated total cost for a particular time 

slice. 

Ve also discuss some numerical issues associated with the imple¬ 

mentation of this algorithm in section (5.4). The implemented Nodes 

algorithm can be easily generalized to ary number of joints. 

71 
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5.2 FLOWCHART FOR COMPUTING RECURSION COEFFICIENTS 
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GO TO 1 

GO TO 2 
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GO TO 3 

GO TO 4 

The flowchart is divided into two sections : The first section 

which terminates before the k « 0 step constitutes the backward loop,: 

the second section which begins right after the first section and 

terminates at the check for the end point being in the vicinity of 

the desired terminal point constitutes the forward problem. Ve con¬ 

clude this section with a brief description of sane of the important 

blocks in the flowchart. 

i) The matrices H and P are computed according to equation (3.22). 

Alpha was taken to be 0.5. 

ii) The matrices H and P are computed according to equations (3.20) 

and (3.21). This block requires the bulk of the computing power. 

iii) The method for determining the optimal i is described in STEP 5 

of section (3.8). Note that although the computation of the next 

state resulting from the optimal input is shown as a separate block 

this is not necessary since it was computed to determine the optimal 

i. 

iv) The choosing of the 5 to determine the termination of the 
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algorithm was chosen as .05 for each of the components in the state. 

5.3 SIMULATION RESULTS 

The algorithm as shown in section (5.2) was implemented for the 

robot model derived in chapter 2 and represented by the equations of 

motion (2.85). 

The test run was for the following desired terminal conditions : 

q^(t^) * 2.0 ft, q^(tj) * 20 deg = (0.3491 rad), q^(t^) = 40 deg = (0.6982 rad) 
• • • 

qj(tf) ■ qj(tf) = 9j(tf) « 0.0 in appropriate units. 

The vaine of F was chosen as 

F - diag[ 1000 ] 

where diag represents a diagonal matrix. A was taken at .2 sec from 

numerical considerations. 

For the run the algorithm converged in only two iterations. The 

travelling time is 1.8 sec i.e M « 9. The trajectories are shown in 

figures (9)-(14). The trajectories are smooth as compared to the tra¬ 

jectory for the minimum time problem [23]. There is a maximum 

overshoot of about 17% in the position of the second joint indicating 

that it is preferable to switch on the local controller in the vicin¬ 

ity of the end point. In our sample case it would be at t = 1.6 sec 

The average joint torques are shown in figures (15)-(17). The 

decrease in the force for joint 1 is noticeable as the joint reaches 

its terminal point. However the torques for joints 2 and joint 3 do 

not reduce as they approach their terminal points. In fact for joint 
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Figure (9) 

Position q (ft) vs Time (sec) 
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TIME 

Figure (10) 

Position q2 (rad) vs Time (sec) 
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Figure (11) 

Position (rad) vs Time (sec) 
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TIME 

Figure (12) 

Velocity q, (ft/sec) vs Time (sec) 
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TIME 

Figure (13) 

Velocity q0 (rad/sec) vs Time (sec) 
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Figure (14) 

' Velocity cu (rad/sec) vs Time (sec) w 3 
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TIME 

Figure (15) 

Force U t (ID) vs Time (sec) 



R
V

E
. 

IN
P

U
T
 

T
O

R
Q

U
E

 
.0

0
 

5
.0

0
 

1
0

.0
0
 

1
5

.0
0
 

2
0
.0

0
 

2
5
.0

0
 

83 

TIME 

Figure (16) 

Torque U9 (Ib-ft) vs Time (sec) 
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TIME 

Figure (17) 

Torque U3 Ob-ft) vs Time (sec) 
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Figure (18) 

Total cost at stage 1 vs q j (ft) 
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Figure (19) 

Total cost at stage 1 vs (rad) 
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Q3 
Figure (20) 

Total cost at stage 1 vs (rad) 
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Figure (21) 

Total cost at stage 1 vs (ft/sec) 
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Figure (22) 

Total cost at stage 1 vs (rad/sec) 
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Figure (23) 

Total cost at staqe t vs (rad/sec.) w Ù 
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three it contributes to the overshoot. The terminal velocities while 

close to zero are not exactly zero as desired. Ve may force it as 

close to zero by changing the diagonal elements in the F matrix 

accordingly. 

The conjecture that the total cost at a given instant is a mono¬ 

tone function of the state £ was verified by taking the vaines of 

the recursion coefficients at t = 0.2 sec. the state it t » 0.2 sec. 

and plotting V(x, 1) versus the ith component of x as the other com¬ 

ponents were held constant. Although the monotonicity is given as a 

function of the inputs u^ we note from equation (3.31) that u^ is a 

function of £ . These plots are given in figures (18)-(23) 

5.4 NUMERICAL ISSUES INVOLVED 

The implementation of the algorithm described in the form of a 

flowchart in section (5.2) involves a large amount of matrix manipu¬ 

lations. Most manipulations involve matrix multiplications and 

matrix inversion. Stable algorithms are available for these purposes 

[20]. The main sources of computational difficulty are : 

i) Computing e^ for evaluation of both the forward and backward 

dynamics and the matrix integral T given in equation (D.14). 

ii) Computing the matrix integral S described in equation (D.14). 

The computation of the exponential of a matrix is a tricky 

nnnerical problem. It has attracted the attention of several numeri¬ 

cal analysts and a large literature exists on this topic. One of the 

excellent references on this topic [24] lists out nmnerous ways to go 
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about this computation. The method chosen in the implementation of 

the algorithm is described below: 

Let x - Ax 

The solution of this differential equation is : 

X(T) = eAri<0) 

Therefore if we succesively take 

2.(0) = 6i a 1. ...n 

where e^'s are the column vectors of the identity matrix of size n 

mm 

Ac * then for each i, X(T) gives the ith column of e~ . 

This method is computationally intensive but numerically stable. 

Several good computer routines [21] are available for solving systems 

of linear differential equations (although most of them do not make 

use of the fact that A is constant matrix). From the programmer's 

point of view this method involves minimal programming. 

We now address the second problem. The computation of the 

matrix integral S is straightforward once we realize that A is a 

stability matrix. It is well known in the control theory literature 

that if A is a stability matrix and A -> • then S has a symmetric 

positive definite steady state solution and the steady state solution 

satisfies the Lyapunov equation : 

ATS + SA + £ = 0 

There are several computer routines to solve this equation and one of 
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them is described in [22]. However , we are primarily interested in 

the value of the integral at T = A . The method nsed to solve the 

problem is described below : 

We solve the matrix differential equation : 

S = ATS + SA + £ 

and use the value of S at t = A . The trick is in noting that the 

value of £ at T = A is largely independent of the initial condi¬ 

tions (provided the initial condition is symmetric) and A is a sta¬ 

bility matrix. Simulations were run to verify this fact. 



CHAPTER 6 

CONCLUSION 

In this thesis we have formed a realistic model of the physical 

system representing a 3 degree of freedom robot by modelling the 

stiffness associated with the robot. This was done by modelling the 

stiffness potential energy as being stored in springs at the joints. 

A suboptimal solution for the minimum time energy control of the 

arm has been presented. The solution utilizes monotonicity ideas 

arising out of dynamic programming. These monotonicity ideas are 

exploited to provide a FTTF.D NUMBER OF FEEDBACK LAWS (8.) for each 

stage of the problem. This overcomes one of the principal drawbacks 

of dynamic programming namely 'The Curse of Dimensionality'. 

While the derivations for the feedback laws were made under the 

assumptions of monotonicity of the cost to go as a function of the 

input and it turns out to be true further analytical work needs to be 

done to verify this assumption. The method of determining the 

matrices which represent the dependence of the inputs on the state 

needs to be refined. From the computational point of view it is to 

our advantage if we can approximate the total cost by a simpler func¬ 

tion instead of a quadratic type as used in this thesis. 

The nodes problem is sufficiently robust in the sense that we 

can control the robot to the neighborhood of the desired point with 

the local controller off. Once we are within a prespecified & of 

94 
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the desired point the local controller should be turned on. 

The nodes algorithm as implemented consentes a large amount of 

CPU time. Most of this time is utilized in computing a matrix 

exponential of order six. It will be worthwhile to look at more 

efficient methods to perform this computation without sacrificing 

accuracy. 



APPENDIX A 

GENERAL TECHNIQUE FOR OBTAINING THE EQUATIONS OF MOTION 

Kinematics of the links : 

Using the coordinate systems as described in section (2.1), 

coordinates (xj.y^.z^) and *£+i^ are attached to links i 

and i+1 respectively . The axes (xj,yj,Zj) are also defined as unit 

vectors. 

Let and be the angular velocity of coordinate system 

*xi+l*yi+l'Zi+l^ with resPect to the 0 and *th coordinate systems. 

Let be the linear velocity of link i with respect to the base 

coordinates. Since by definition an angular motion of link i+1 is 

about the axis then 

<o 
“S 

[ . 
Zi^i+1 ** 1ink i+1 is rotational 

0 if link i+1 is translational 
(A.l) 

where is the velocity of joint i+1 , or in other words the mag¬ 

nitude of angular velocity of link i+1 with respect to the ith coor¬ 

dinate system. Thus 

Zjq^j if link i+1 is rotational 

to = 
~s 0 if link i+1 is translational 

(A.2) 
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fii+l 

Wj + ZJ9J+J if link i+1 is rotational 

ai 
if link i+1 is translational 

(A. 3) 

*i+l 

x —i+1 ** 1 ink i+1 is rotatonal 

(A.4) 

H if link i+1 is translational 

Ike linear velocity and acceleration can be obtained as follows : Let 

be the position of coordinates (x^+j,y^+j»z^+j) which is 

attached to link i+1 relative to the base coordinate system as shown 

in figure (lb). Let be the position of the origin of the i+lth 

coordinate system which is attached to link i+1 relative to the ori¬ 

gin of the ith coordinate system. 

If link i+1 is translational in coordinates (x^.y^.z^) it trav- 

els in the direction Zj with a joint velocity q^+1 relative to link 

i. If it is rotational in the i+lth coordinate system it has an 

angular velocity ü>s given by (A.2). Thus 

1+1 

^s x £i+l 

*iqi+l 

if link i+1 is rotational 

if link i+1 is translational 

(A. 5) 

1+1 

u x ©..,*+ « x(w x )if link i+1 is rotational 
s i+1 s s i+1 

(A.6) 

L*iqi+1 
if link i+1 is translational 
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<âj+j x 
+ if link i+1 is rotational 

^i+1 m • * 
Zjq^+j + if link i+1 is translational 

in which if link i+1 is translational. 

By differentiating (A.7) we obtain : 

(A.7) 

ai+i x fii+i* + ai+l x (ai+l x ^i+l^ + *i 

if link i+1 is rotational 

zi’q’i+l + ai+l x £i+i* 
+ 2ai+l 

x <ziqi+l
) 

if link i+1 is translational 

(A. 8) 

Again in (A.8) for translational link i+1 note tht o>j+j « Equa¬ 

tions (A.5),(A.6),(A.7), (A.8) give the recursive relations of veloci¬ 

ties and accelerations between links i and i+1. 

D'Alemberts principle will be applied to each link of the mani¬ 

pulator . Let 

m^ » total mass of link i, a scalar 

= the position of the center of mass of link i with respect to 

base coordinates 

** the linear velocity of the center of mass of link i with 

respect to the base coordinates 

= the total external vector force exerted on link i 

= the total external vector moment exerted on link i 

J\ « the inertia matrix of link i about its center of mass in the 

base coordinate system Then when the viscous damping terms are omit¬ 

ted 
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£i “ mi(Yi + A> 

-i " Ji~i + -i x 

(A.9) 

For convenience the viscous damping terms will be considered later 

and added to the equation for input force/torqe u^. Now and 

can be derived from the relations : 

ïi - Si X Si + 2-i 

-i = “i 1 “i + ~i 1 ^®i X ~i^ + —i 

(A.10) 

The total external force and moment are those exerted on link i 

by links i-1 and link i+1. Let f. , . denote the force denoted on 

link i by link i-1 . Then : 

-i " -i-1, i - i, i+1 

■ ai-l.i - ai.i*l + <Ei-l - Si> 1 £i - ai' 1 

Therefore one obtains the recursive relations : 

(A.11) 

f s f + F 
—i-1, i ^i.i+l £i 

(A.12) 

* ai. l+i *ai 1 h.i+i+ <ai * si>1 Ei * 

By convention if joint i (and hence link i) is rotational then it 

actually rotates q^ radians about the axs in the i-1 coordinate 

system. Therefore the input torque u^ at the joint is the sum of the 

projection of j onto 1* however joint i (and hence link i 

) is translational then its actual displacement is q^ relative to the 

i-1 coordinate system along the axis. Then the input force u^ 

at that joint is the sum of the projection of i. , . onto z. . and 

the viscous damping force in those coordinates. Thus 
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T • n, z., , + b.q. if link i is rotational 
i i-1 îi 

T 
f.i_i j -Z-i-i + ^i^i ** link i is translational 

(A.13) 

where is the input torque for link i if it is rotational or the 

input force for link i if it is translational and b^ is the appropri¬ 

ate viscous damping coefficient. 
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APPENDIX B 

A IS AN INVERTIBLE MATRIX. 

Proof : 

1 (B.l) 

AT = 

T -T 
0 -KAA 1 

~T -T 
I -N A 

(B.2) 

Since determinant of a matrix is eqnal to the determinant of its 

transpose we have using the formula for the determinant of block 

matrices and the fact that the absolute value of the determinant 

remains unaffected by row permutations : 

IdetAl « ldet(I)det(-KTA"T)l <B.3) 

which is not equal to zero due to the positive definiteness of the 

identity A and K matrices. 
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APPENDIX C 

DISCRETIZATION OF EDM 

Write the piecewise linearized EOM in the standard form: 

• M MM 

x = Ax + BÜ 

where 

r a(o) I _ r o IT 
i(«) = . * A = . 

L a(<r) -1 L -A I -A N J 

I - [ ^ j • S - [ Ü ] - [ A_1Gg ] » U1 - O2 

(C.l) 

(C.2) 

where A, K, N are constant matrices G is a constant vector and 

U (C.3) 

Using the techniques developed in section 3.1 the discrete version of 

the state equation (C.l) is : 

z ^ “ Hz + PU . 
—n+1 —n —nA 

where Û= U^a*
VA for sufficiently small A 

(C.4) 

U (a) * Û . S (<r—nA) 
nA 

M M 

and U ** average value of D~the n interval 
HA 

x = x(nA) , H = e^ . P = e^B 

(C.5) 
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DISCRETIZATION OF COST CRITERION 

x * 2 J ôTâ. + 79- (<*)5a(®) + a (<T)G 
n=0 nA 

1-T, 
¥ ' ' 

l-i Vn+l^Ajl 

4. J. ? nA 

+ - nA)lda + 

Using equation (3.18) we have 

M-l (n+l)A. T [I Ol T f G ] 
J “ _L I. ?(<r)L0 A Ji(o) + * (a)[ 0 J n=0 nA 

+ Iq^o) 

N 

^6(0 - nA)ldo + <xMA-if)
TE(xMA-if) 

(C.6) 

For notational simplicity let 

(C.7) 

(C.8) 

Therefore equation (C.7) can he rewritten as : 

M-l (n+l)A . f. T A » * 1 

J » 5 T (o)Si(ff) + i (o)ô ]d(o) + li (o)N Û | 
n=0 nA 2 n g nA 

2 

+ *xMA_if* —^ XMA~“f ^ 

From (C.5) we have 

(C.9) 

i \ A(o - nA)r x(o) = e lx BU ) (C.10) 
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Substituting (C.10) into (C.9) we get 

* sni
TiT/<'>-»A,Q]t.À<“-',A)

iii 
n=0 nA 

f «xi \ A e»T #*T 

♦ ,*<°-»A>g6 + t f 
““nA J. n “nA “ -* 

nA 

+ IxTftÔ /| n grnA 

(C.ll) 

Let 

A(o-nA) _ 
e = R 

AT(o-nA) dT e = R 

(C.12) 

W% 

As x , U . is constant over the interval a s [nA,(n+l)A) equation n BA 

(C.ll) simplifies to : 

BM. (n+l)A T . 

11 J * S' 
n=0 nA n 

^ :
T

0RIU + 2®ni
TITRTS^1 + 0^TBT8TQRBTd^ 

* £TS ♦ iJiVà » * 

Let 

(C.13) 

(n+l)A T 

I R OR dtf s S 
nA 

(n+l)A . 

L * nA 

T a. - T - rTi.iTi - I, 

(C.14) 

Then 
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M-l 
J = J [*Si + 2Ô B

T
SI + # 

T
B
T
SBU + + Û 

T
B
T
TG n n nA n nA nA n— —nA  

* 

(C.15) 
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APPENDIX D 

DETERMINATION OP Qnax and o“in 

The two main considerations in the determination of the 

worstcase 0 matrices are : 

i) Ve require that the manipulator do not crash into the floor, ii) 

As the booms are made of aluminium they can be subjected to a maximum 

acceleration of 3g's where g is the magnitude of the acceleration due 

to gravity. 

A) DETERMINATION OF Qmax : 

Ve assume that all three limbs can move with maximum acceleration. 

(For the rotational limbs the components of their acceleration in the 

base y coordinates are used. Let accn^ be the maximum acceleration 

permissible for link i. If the time elapsed are known the velocities 

and positions at the time of interest can be obtained as shown : 

“ accn^ 

- .«»,(• - y (D.i, 
<t - y* 

qi " accni 2 

The input torques must be equal to : 

A(<L.<L)<L + + N(q.)q. 

The torques are evaluated for a range of values of maximum accelera¬ 

tions so that we may obtain a solvable system of equations for each 

row of the fimax matrix. The permissible range is chosen as follows 
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: e.g. If we are interested in the first row of Q®*1 

• • 

i) Set to accn^ • 

• • • • 
ii) Vary over the range (0.01-0.06) <Ijmax steps of .01. and 

j = 2,3 Denote the ith set of positions and velocities 

i i *i • i 
» • • • * q j » q^ # • • • » q^ 

iv) For each set of positions velocities and accelerations evaluate 

Uj . For the ith set call this value u^ . 

If a^,...,a^ denote the first row of Qmaz we obtain a set of 6 

simultaneous equations of the form : 

al 

‘6 J 

(D.2) 

The procedure is repeated for the other two rows by first keeping 

q£ fixed at accnj and varying q^ and q^ to obtain the second 

• • 

row i by keeping q^ fixed at 

obtain the second row t by keeping 

acciu and varying q. and q. to 

B) Determination of : 

min 
The Q matrix is determined purely from gravity and / or 

friction considerations. The procedure is the same as case A) except 

that the value of accn^ is given by ^ jg where g is the accelera¬ 

tion due to gravity. Let b^ , bj » b^ denote the non-zero elements 

of the first row of the D®*11 matrix as Q®*n depends only on the 

position. The problem to be solved for obtaining the bj 's is : 
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1 1 1 « A A 
ql q2 q3 0 0 0 

ql q2 q3 0 0 0 

3 3 3 
ql q2 q3 0 0 0 

0 0 OOOO 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 

0 

0 

(D.3) 
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