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ABSTRACT 

Stochastic Stress Simulation 

for Fatigue Analysis 

by 

James J. Zimmerman 

The basic goal of this study is to find an alternate, 

more efficient method of simulating stochastic stress his¬ 

tories for fatigue analysis. Stress histories are generated 

from power spectral densities made up of either one or 

two rectangular blocks. The currently popular simulation 

technique produces a normal signal by summing sine waves 

with random phase angles. The fatigue damage predicted 

from stress histories simulated by this method is used 

as the basis of comparison for three other techniques. 

Two techniques which simulate correlated, Rayleigh distri¬ 

buted peaks and valleys are investigated. Another technique 

produces correlated peaks which have S. 0. Rice's peak 

distribution. The rainflow method of cycle counting is 

used to determine the stress ranges from all the stress 

histories and Miner's rule is used to predict fatigue damage. 

It is concluded that fatigue damage from processes 

having single block power spectral densities can be 

efficiently and accurately predicted from a sequence of 



correlated peaks which have the peak distribution. This 

technique is three to four times faster than the currently 

popular technique. Simulation techniques which generate 

Rayleigh distributed peaks are found to be overly conservative 

in their prediction of fatigue damage. None of the three 

techniques investigated can be used for simulation of pro¬ 

cesses with two block power spectral densities. It is also 

concluded that a stress process cannot be sufficiently charac¬ 

terized solely by the spectral width parameter for fatigue 

damage predictions. 
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EXPLANATION OR DEFINITION 
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Spectral parameter (2-12) 

Ratio of center frequencies of two 
block p.s.d. 
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Average fatigue damage per cycle 
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One-sided p.s.d. of frequency w 
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peak moments (4-1) 
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rainflow ranges 



SYMBOL EXPLANATION OR DEFINITION 

R Envelope of the process 
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s Random variable denoting the stress 
ranges 

sx<“> Stress p.s.d of frequency w 

T Period of signal 

V Weighted sum of two independent, uni¬ 
form random variables (3-12) 

Vo Parameter in (2-20) 

X Random variable denoting stress 

Y Correlated Gaussian random variable 
(3-8),(3-9) 

Z Correlated Gaussian random variable 
(3-8),(3-9) 

a Irregularity factor (2-11) 

3 Ratio of areas of blocks of two block p.s.d 

e Spectral width (2-13) 

Y Correlation of Y's and Z's 

r ( - ) Gamma function of the argument 

Xb 
Rainflow correction factor (4-4) 

4> Random phase angle 

P Correlation coefficient 

a Standard deviation 

T Time separation 

0 Parameter in (2-20) 
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I. Introduction 

The engineer generally has two main objectives when 

making design decisions. The first objective is to produce 

a safe design. This implies that the structural engineer 

should try to foresee all imaginable loadings and the modes 

of failure associated with these loadings so that he can 

circumvent failure. The second objective is to produce 

the most efficient design possible. This is not restricted 

to only the economy of the finished product but also applies 

to efficient design and analysis techniques. 

Structural fatigue must be considered in achieving 

the first objective of producing a safe design. Whenever 

an element is subjected to a time varying load, fatigue 

occurs. The effect of fatigue may be negligible or it may 

be the failure mode. Fatigue is considered to be the accumula¬ 

tion of damage due to time varying load application. With 

each load cycle, an incremental amount of damage will occur 

in the element. This damage is cumulative in nature and 

accumulation of damage will continue until "failure" occurs. 

"Failure" is sometimes thought of as occurring when surface 

cracks reach a certain critical dimension. The step from 

observable cracks to fracture is sometimes a rapid step 

and this is why fatigue failures are generally sudden and 

often disastrous. Fatigue cracks have been blamed for several 

serious structural failures that have occurred in the aero- 

(7 13) space and offshore industries. ' 
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Realizing that fatigue is a genuine design considera¬ 

tion, the engineer is left with the task of quantifying 

the effect of the loads that will cause fatigue. These 

loads can be readily predicted in areas like machine vibra¬ 

tion where the vibration is periodic and of known magnitude 

and frequency. In many practical problems, though, the 

loads are not known with certainty. Wind forces, wave forces, 

and earthquake loads are all unpredictable in terms of their 

magnitude, frequency, and duration. A probabilistic approach 

to the problem is a natural way of quantifying these loads 

and the resulting stresses within the structure. 

The analysis of a random stress history can either 

be done in the time or frequency domain. This study deals 

mainly with time domain methods, with only a small concentra¬ 

tion on frequency domain or spectral methods. Time domain 

methods involve the analysis of an ensemble of time histories 

or a single time history from an ergodic process. These 

time histories are generated from a stress power spectral 

density which gives information about the frequency content 

of the structure's response. For simplicity, this study 

is concerned with power spectral densities having rectangular 

(block) shapes. Block power spectral densities are rather 

crude approximations of actual structural response power 

spectral densities. 

Once the stress history has been simulated, it must 

be analyzed to determine the fatigue damage associated with 

this stress variation. Recent research has shown the rainflow 
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method of cycle counting to be a relatively accurate method 

of predicting fatigue damage. ' This method reduces 

a complicated stress history into a set of cycles or half 

cycles and gives the stress range for each of these. Each 

cycle causes a finite amount of damage to the structure, 

and by the use of Miner's Rule, the damage done by individual 

stress ranges can be summed to give an indication of total 

damage done to the structure by this stress history. 

An alternative way of obtaining estimates of fatigue 

damage is by using a spectral method. One such method, 

the Rayleigh approximation, has been used in the past but 

the results gained from it are probably overly conservative. 

Recently, some attention has been focused on other frequency 

1 6 domain methods for fatigue analysis. Wirshing and Light 

have suggested a rainflow correction factor, based on spectral 

parameters. This factor is less than unity and represents 

the ratio of the damage done by a broad-band stress process 

to the damage done by a very narrow-band process (the Rayleigh 

approximation). No time history simulation is required 

to predict the fatigue damage of a broad-band spectrum. 

The calculation of the factor and the very narrow-band damage 

estimates are straightforward and the damage predicted by 

this approximation for this broad-band spectrum is the product 

of these two quantities. 

As mentioned earlier, the second objective of an engineer 

is efficiency in design. Obviously the spectral method 

proposed by Wirsching is very efficient. No time simulation 
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is necessary and no costly rainflow analysis is required. 

This concept is still in its early stages of development 

and evidence presented within this report suggests that 

the calculation of the rainflow correction factor may not 

be as straightforward as initially thought. The results 

of this study were also compared with the rainflow correction 

( 3 ) factor obtained by Corazao. There still appears to be 

a need for more efficient time domain methods in fatigue 

analysis. 

The main concern of this study is to improve the effi¬ 

ciency of stress history simulation. The assumption has 

been made that the stress histories are stationary, ergodic 

( 8 ) and Gaussian. Hu has addressed the additional problems 

of fatigue prediction for non-Gaussian processes. 

The usual method of simulating Gaussian time histories 

is inefficient, particularly for fatigue analysis. A signi¬ 

ficant amount of computation is required for each simulation 

point and the entire history is simulated while only the 

peaks and valleys of the history are required for rainflow 

cycle counting. This study attempts to provide an efficient 

method of simulating a sequence of peaks and valleys that 

will give the same rainflow damage as the simulated Gaussian 

history. The popular algorithm for rainflow cycle counting 

is also inefficient so a more efficient algorithm proposed 

by Lutes was verified and used in this study. 

Chapter 2 provides some initial concepts used in the 

development of more efficient simulation techniques. Four 
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stress history simulation methods are presented in Chapter 

3, and Chapter 4 presents the results of these simulation 

techniques for 32 different power spectral densities. Chapter 

4 also studies the implications these results have with 

respect to Wirsching's spectral method. The last chapter 

summarizes these results and makes recommendations on the 

use of these four methods for stochastic stress history 

simulation for fatigue analysis. 



II. Initial Concepts 

The material presented in this chapter serves as a 

review of the probability theory necessary for this study. 

An exhaustive review of probability and statistics may 

(1 4 9 ) be found in several texts. ' ’ Sections 2.1 and 2.2 

will review the fundamental statistical parameters that 

characterize a random process and its related power spectral 

density (p.s.d.). Particular attention is given to a 

Gaussian process in Section 2.3, while Section 2.4 briefly 

discusses the estimation of fatigue damage from a time 

history. 

The basic assumption that will be used for this study 

is that the stress history is a mean-zero, stationary, 

Gaussian, ergodic process. A random process is considered 

to be stationary if the statistical parameters of interest 

do not change with time. For example, Figure 1-a illustrates 

an ensemble of stress histories. The stress process is 

considered to be stationary if the statistical parameters 

(e.g. mean, variance) determined from ensemble averages 

at time, t .. are the same as those calculated at time, n+i 

t . A further assumption is made in saying that the process 

is ergodic. A stationary process is considered to be ergodic 

if the statistical time-averages from any one history (e.g. 

A or B) are the same as the statistical ensemble averages. 

This is a broad assumption which is frequently used in 

stress history simulation for fatigue analysis. 

6 



Figure 1-a Ensemble of Stress Histories 
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2.1 Statistics of the Stress Process 

Figure 1-b portrays the ergodic stress history to 

be considered. The probability of the stress, X, being 

between u and u+du is px (u) du, where px(u) is the prob¬ 

ability density function (p.d.f.) of the process. Since 

the stress is ergodic, px(u) du is also the fraction of 

the time that the stress, X, spends between u and u+du. 

The expected value of XD (moments of X) can be found by, 

oo 

E[Xb] = J ubpx(u)du (2-1) 

— 00 

The discrete form which is used in time series analysis 

is, 

E[Xb] lim   
N-*oo N 

i=l 

(2-2) 

The use of eqn. 2-2 requires a decision to be made with 

regard to sampling frequency. In other words, the value 

of At in Figure 1-b must be chosen to balance accuracy 

and computational efficiency. 

Some statistical properties may be obtained that des¬ 

cribe the interrelation between values of u^ and Uj. If 

X^ = X(t) and X2 = X(t+x), then the joint probability 

density function, Px x (u^, ^), represents the probability 

that X.j is between u^ and u^ + du^ and that X2 is between 

U2 and U2 + d^. Moments of X^ and X2 may be found by 
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E[X1
bX2

C] = 

00 oo 

J Jalbu2CPx1X2<ulu2> duldu2 
—.00 —oo 

(2-3) 

For a stationary process, this expectation only depends 

on the value of T. For the special case where b = c = 1 , 

this expression is known as the autocorrelation function. 

In the discrete case, the autocorrelation function is defined 

as, 

N 

R(T) = lim   \s XJL X2 (2-4) 

N-*» N —i i 
i=l 

The frequency content of the signal, X, is observed 

by taking the Fourier transform of RV(T), 

sxM = — f VT) ®'iuT K 
2ir J 

(2-5) 

where Sx(w) is the power spectral density (p.s.d.) of the 

. (4) 
stress history, X . 7 The inverse Fourier transform of 

Sx(o>) is 

VT> - 

G 

J Sx(w) e+*WT dw (2-6) 

which possesses the interesting property, 

00 

Rx(0) = E[X
2] - J Sx(w) dw (2-7) 

For this study, it is convenient to define a one-sided 

p.s.d. (positive frequencies only), Gx(w). Since Sx(“) 

is an even function, Gx(&>) = 2 Sx( co) and eqns. 2-5 and 

2-6 may be rewritten as, 
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Gx(w) 
2_ 

IT 
COS(WT) dx 

^(T) = / GX(OJ) cos(wx) da) 

(2-5a) 

(2-6a) 

One final statistical parameter of interest is the 

correlation coefficient of the process, 

JX,X 12 " PX(T) = 

E
CX1X2] 

(2-8) 

X1 x2 

2 2 
where crx = Variance = E[X ] in this mean-zero process. 

By use of the Schwarz Inequality,^1^ it can be shown that, 

-1 £ px(x) £ 1 (2-9) 

where Px(x) = ±1 indicates a linear relationship between 

X^ and X2 

2.2 Important Frequency and Time Domain Parameters 

In order to study p.s.d.'s and their companion time 

domain representations, several parameters have evolved 

to describe the random process. The frequency domain ex¬ 

pressions generally don't convey clear physical interpreta¬ 

tions of these parameters, whereas certain time domain 



expressions offer a more intuitive explanation for what 

these parameters represent. Expressions in both domains 

will be given for a mean-zero, Gaussian process. 

11 

The spectral parameters are all defined in terms of 

(17) 
moments of the p.s.d. about the w= 0 axis. These moments 

are 

00 

/ (2-10) 

o 

By looking at Figures 2-a and 2-b and applying equation 

2-10, it can be seen that, 

m2 = Moment of inertia about w = 0 

Using combinations of these spectral parameters, three 

different bandwidth parameters have been suggested. A 

process is said to be narrow-band if it has the majority 

of its energy at one particular frequency as in Figure 2-a. 

Figure 2-b qualitatively shows a broad-band spectrum with 

its area spread over the frequency axis. The three suggested 

bandwidth parameters are 

2 
nig = area under p.s.d. = E[X ] 

m 
1 

1st moment of area about co = 0 

a 
(2-1 1 ) 

1/2 



12 

Figure 2-a Narrow-band P.S.D. 

Figure 2-b Broad-band P.S.D. 
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(2-12) 

(2-13) 

The irregularity factor, a, approaches 1 for narrow-band 

spectrums. Both the spectral parameter, q, and spectral 

width, e, approach 0 for narrow-band spectrums. By use 

of the Schwarz Inequality, it can be shown that the three 

parameters are bounded by zero and one. 

A time domain interpretation of these bandwidth para¬ 

meters is perhaps more intuitively satisfying. A narrow-band 

spectrum like Figure 2-a would have a time domain represen¬ 

tation such as that shown in Figure 3-a. The stress history 

is nearly sinusoidal. A broad-band spectrum like Figure 2-b 

would be characterized by an irregular time history (Figure 

3-b). The dashed line, R, in Figure 3-a represents an 

envelope (or amplitude) of the process. This concept really 

only has a clear physical meaning for a narrow-band process, 

but mathematical definitions can be given which apply also 

to broad-band processes. For one of these mathematical 

definitions (the Cramer and Leadbetter envelope), it can 

be shown that a normal process has^^ 

E[ S2] 
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Figure 3-a Narrow-band Process 

Figure 3-b Broad-band Process 
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The slope of the envelope process in Figure 3-a is almost 

zero and thus q would be close to zero? representing a 

narrow-band process. 

The time domain interpretation of the irregularity 

factor, a, is related to the number of peaks (local maxima) 

per unit time, N , and the rate of positive-slope zero 
t' 

crossings, N+. For.a Gaussian process, the irregularity 

factor given by eqn. 2-11, may also be expressed as, 

a   (2-15) 
N 
P 

It is clear that a very narrow-band process would have 

an equal number of peaks and positive-slope zero crossings 

and a broad-band process would possess more peaks than 

zero crossings. Thus, a=*1 for a narrow-band process and 

a<< 1 for a broad-band process. 

(17) 
One final relationship, proposed by Vanmarcke; 

will be needed in the following chapters. For the case 

of the vibration of a single-degree-of-freedom system sub¬ 

jected to a white noise excitation, it is clear that the 

response bandwidth is related to the damping in the system. 

In particular, if £ is the percent of critical damping, the 

following expression can be derived, 

  tan”^ 
ir 

2Ç(1-Ç2)1/2 \ 

1-2Ç2 / 
1 (2-16) 
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2.3 Gaussian Processes 

When a linear system is subjected to Gaussian loads, 

the response is Gaussian. The assumption that stress his¬ 

tories are Gaussian is widely used in practice. The stress 

process is then described by the Gaussian p.d.f. for a 

mean-zero process, 

px(u) = 

(2.)1/2 „ 

exp ( -u (2-17) 

X 
2 a 

X 

where av is the mean-square of the stress process (area 

under the p.s.d.). For the sake of convenience, all p.s.d.'s 

2 
in this study have been chosen such that ax is unity. 

For fatigue analysis, it is important to identify 

the local extrema of the process (the peaks and valleys). 

( 9 ) 
S. 0. Rice developed the p.d.f. for the peaks of a 

Gaussian process. It is a function of the irregularity 

factor, a. If the peaks are represented by the random 

variable, A, then 

1/2 
PA(a) - 

l-a‘ -a 
exp 

2ira 
X 

2ax
2 (l-a2)> 

(2-18) 

aa 

20X2 
1 + erf 

aa 

ax(2-2a
2)1/2; 

exp (■ 
-a 

2ox2 
> 

For a very narrow-band process (a = 1), the peak distribution 

reduces to the Rayleigh distribution. 

PAU) - 

°x2 
exp ( 

2 
(2-19) 

2ax2 
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In this study, the term "peak" is sometimes used to represent 

both peaks and valleys since it is obvious that both are 

represented by essentially the same p.d.f. One is just 

the negative of the other. 

An alternate mathematical definition for the envelope 

of the response of an oscillator takes the envelope to 

be proportional to the square root of the energy in the 

(12) system. Roberts has shown that this energy-based enve¬ 

lope (R) of the response of a lightly damped oscillator 

subjected to a normal, white noise excitation is Markov 

when the envelope is only considered at certain equally 

nir 
spaced times. The spacing is nx= —, where n is an integer 

P® 
and p0 is the damped natural frequency of the system. 

To say that the envelope is Markov is to say that given 

a value of the envelope at time t, the value of the envelope 

at time fc+nx is conditionally independent of the values 

. ( 4 ) 
of the envelope at any time previous to t. Crandall 

has shown that a continuous envelope process is approximately 

Markov for all times, not just at discrete intervals. 

If the assumption is made that the peaks of the stress 

history correspond to the envelope of the history at discrete 

intervals, T, then the envelope transition p.d.f. can be 

used as the transition p.d.f. for the peak process. The 

transition p.d.f. can be used to predict the value of a 

peak, A, at t + x given the peak value, a0, at time t. 

Roberts derived the transition p.d.f., 
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pA(t+nif
alA(t)=a*) = T exp (-^e^’Vc -S? a. ] (2-20) 

where I0 = Modified Bessel function of the first 
kind of order zero. 

-ngir V0= a0 exp 
(l-S2)1^ 

0 = [i - **p £ -2mrÇ -) X 

Use of this transition p.d.f. implies several things 

about the peak process generated. First, the peak process 

is Markov. Secondly, the peaks are Rayleigh distributed 

(i.e., a narrow-band process). Also, a peak will be followed 

TT 
by a valley at T = 

2-20 implies that 

P° 
Lastly, it can be shown that eqn. 

P 
A2(t)A2(t+nr) 

exp (- 
-2mrg  
(l-Ç2)1/2 -) 

(2-21 ) 

In effect, eqn. 2-20 describes the peak process as Rayleigh 

distributed with the square of the peaks being correlated 

as in eqn. 2-21. 

2.4. Preliminary Concepts in Fatigue 

It is generally assumed(7*13) tjiat a Speciman is 

subjected to a constant stress range, S, then the number 

of cycles until failure, N, is given by the equation 

N = CS k, where C and b are constants dependent on material 

properties. It can then be said that the average damage 
-1 

per cycle, D by a stress range, Sj, is [N(Sj)] . In a 
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random stress history, each time a stress range, Sj, 

an incremental amount of damage, D(Sj) is produced, 

the damage at time t would be 

_ n n 

D [t ] = y^ D . = y —~— n Z-f 3 N(s.) 
j=l j=l 3 

occurs, 

Thus, 

(2-22) 

where n is the number of cycles up until tn. This is 

commonly referred to as the Palmgren - Miner Hypothesis 

or Miner's Rule. In a continuous form, eqn. 2-22 can be 

written as 

E[D(tn)] = 

oo 

ds (2-23) 

n 

C 

OC 

/ Sb Pc (s) ds - -f - E[Sb] (2-24) 

/ 

or the average damage per cycle is 

—E[D(t )] =— E[Sb] (2-25) 
n C 

A common assumption is that a stress range is simply 

twice the value of a Rayleigh distributed peak. The stress 

range moments can then be calculated by 
OO 

E[Sb] = A2a)b—J exp( —- ) da 
NB J ax2 2ax2 

= \_2yfT ax] T(-^ + 1) (2-26) 
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and the expected value of the damage at time t will be 

This assumption that a stress range is twice a Rayleigh 

distributed peak is widely used in practice due to the 

simplicity of the calculation. It is obviously a simple, 

efficient method of estimating fatigue damage but it is 

only theoretically valid for very narrow-band cases. 

Chapter 4 of this study compares results derived from this 

assumption to the results of other damage estimation 

techniques. 

In a broad-band process, the stress ranges are not 

as easily recognized and the number of cycles is also diffi¬ 

cult to define. The stress range is no longer twice a 

peak value. Therefore, several cycle counting and range 

identification techniques have been suggested to reduce 

a complex stress history to a discrete set of stress ranges 

so that fatigue damage could be predicted using Miner's 

Rule. The counting technique which is thought to give 

(2 5 ) 
the best results is the rainflow counting method ' . 

This technique is attributed to Matsuishi and Endo^1®^. 

E[DNB(tn)] -• T( °x)b r <T + 1 > 
(2-27) 

The number of cycles, n, is assumed to be E[N+] t . For 

a Gaussian process. 

(2-28) 
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In theory, this technique counts closed hysteresis loops 

on a stress-strain diagram. The number of cycles and ranges 

are well defined in this type of analysis. For practical 

implementation of this concept, the stress history is rotated 

so that the time axis points downward as in Figure 4. The 

( 2 ) rainflow paths are then defined as follows ; 

1 ) A rainflow path is started at each peak and valley. 

2) When a rainflow path is started at a valley and 
flows over a peak, the flow stops if the valley 
that follows this peak is more negative than 
the valley at the start of the path under considera¬ 
tion (e.g. path 6-7). On the other hand, when 
a path is started at a peak, it is stopped by 
a peak that is more positive than that at the 
start of the rain path under consideration 
(e.g. path 3-4). 

3) If the flow intercepts the flow of a previous 
path, the present path is stopped (e.g. path 4-4a). 

4) A new path is never started until the path under 
consideration is stopped. 

The stress ranges are then defined as the projection 

of each path onto the stress axis, (e.g. the range of 5-3). 

These ranges only define half cycles on the stress-strain 

curve but if the stress history is sufficiently long, a 

valley originated path can be paired with a peak originated 

path to form a single cycle. From this information, E[S j 

and n can be obtained for use in fatigue damage estimation. 

Several computer algorithms have been developed to 

analyze a time history by the rainflow method. The method 

(16) presented by Dowling' ' is frequently used. Lutes has 

formulated a more efficient algorithm which is described 

in Appendix A. Computational results and efficiencies 

for these two algorithms are compared in Chapter 4. 
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Stress 
Ranges 

1-2 
2- 5 
3- 4 
4- 4a 
5- 8 
6- 7 
7- 7a 
8- 9 

Figure 4 Rainflow Cycle Counting 



III. Stress History Simulation 

In Chapter 2, it was shown that a time history is 

necesary for fatigue damage prediction*, unless a spectral 

method is used. As used herein, a spectral method predicts 

fatigue damage from calculations using only parameters 

derived directly from the p.s.d. rather than by simulation 

time histories. Two examples of spectral methods are the 

Rayleigh method (eqn. 2-27) and the rainflow correction 

factor (Ch. 4). In practice, a stress p.s.d. is either 

assumed or calculated by using the transfer function of 

the structure and a load p.s.d. Once the stress spectrum 

is obtained, it is necessary to generate a time history 

for rainflow analysis. The first simulation technique 

discussed here is a popular technique in industry. The 

other three methods discussed are efforts to generate a 

sequence of peaks and valleys in a computationally efficient 

manner that predicts the same fatigue damage as the popular 

simulation technique. 

3.1 Simulation Cases 

All simulations were done using either single or double 

block p.s.d.'s. Figure 5 shows these block p.s.d.'s and 

the parameters necessary to define them. Since only block 

shapes will be considered, it is possible to simplify some 

of the spectral parameters defined in Chapter 2. For the 

double block p.s.d.,. 

23 
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a2 = 

.2 _ 
= 1 - 

t 3 3 3 3 "1 2 
G^(to2 - oii ) + ” w3 

G1(W25’ Wl5> + G2(W45- W35) 

[G1(O)2
2
- WJ_

2) + G2(a>4
2- W3

2
) ]] 

G1(W25" “l5) + G2(W45- W35) 

(3-1 ) 

(3-2) 

For the single block case, setting G2 = 0 gives the 

proper a and q values. As shown in Figure 5, r is the 

ratio between the center frequencies of the two blocks 

and 8 is the ratio of the areas of the two blocks. As 

mentioned before, the total area of the blocks is unity. 

Tables 1 and 2 list the 32 p.s.d.'s used in this study. 

One further simplification was made with respect to 

the value of b in eqn. 2-24. This represents the slope 

of the S-N curve on log-log paper, and was arbitrarily 

chosen to have values of 3, 5, and 7. These appear to 

be reasonable values for this parameter based on other 

studies.^2' ^ ^ 

3.2 Technique I - Gaussian Simulation 

The central limit theorem^ ^ states that if a large 

number of independent random variables are summed, then 

the distribution of the sum will approach the normal distri 

bution. To insure that the simulated normal stress history 

has the frequency content of the target p.s.d., Technique I 

generates the normal signal by summing up a large number 

of sine waves with random phase angles. The amplitudes 
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Figure 5 Block P.S.D. Characteristics 
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and frequencies of these sine waves are chosen to match 

characteristics of the power spectral density. The power 
+* Vi 

spectrum is divided into h discrete sections with the x 

section having a midpoint frequency, and width Aw. 

The Gaussian stress process, X, for a block p.s.d. can 

then be generated by 

h 

X(t) - ■2A(tiGx{ta±) sin(wit - (JK) (3-3) 

i= 

where Gv(w.) is the ordinate of the p.s.d. at w.. The 

phase angles (<j>) are independent random variables which 

are uniformly distributed over the interval [0,2ir ]. This 

simulation is exactly Gaussian as h-*». As h gets smaller, 

the signal gets "less Gaussian" but in general, h = 20 

was found to be sufficient. The effect of using different h 

values will be discussed in Chapter IV. 

Since the signal is being generated by summing up 

harmonic components, it is periodic, with a period 

This periodicity was avoided by regenerating the random 

phase angles every T seconds. Thus, each T seconds of 

the signal used was one period of a simulation from 

equation 3-3. 

The value of X was calculated at discrete intervals, At, 

and statistics were taken at these time intervals. Also 

involved in this sampling procedure was the identification 
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of peaks and valleys. Generally, At was chosen so as to 

find a peak or valley every 3 to 4 points (e.g., for a 

history of 10,000 points, 3000 extrema would be identified). 

For a pure sinusoid, this would be a sampling interval 

of 1/6 to 1/8 the period of the sine wave. 

The longer the generated sample, the better the assump¬ 

tion of ergodicity will be. For the majority of the cases, 

15,000 points were generated with approximately 4000 extrema 

being recognized. The effect of taking longer time histories 

and smaller sampling intervals is discussed in Chapter 4. 

There is one final note concerning the use of different 

sets of random variables for <j> . If different phase angles 

are used, then obviously the simulated stress history will 

be different. To study the significance of this variation, 

10 time histories were generated from different sets of 

phase angles but exactly the same spectral characteristics 

(i.e. , co^, Am, h, etc.). The statistical information gained 

from these 10 simulations should give some indication of 

the effect of using different sets of random phase angles. 

Once the peaks and valleys of a time history were 

identified, they were analyzed by the rainflow cycle counting 

technique to determine the stress ranges and the number 

of cycles. With IiUtes' algorithm, the rainflow analysis 

was updated after each peak was found. Dowling's algorithm 

requires all the peaks and valleys in the time history 

be found before rainflow analysis. The number of cycles, 

stress ranges, and moments of these ranges were then 
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calculated from the rainflow results. As eqn. 2-24 shows, 
JL. 

the fc> moment of the ranges is the important statistical 

parameter in damage estimation. 

One final parameter calculated was the correlation 

between extrema. Correlation coefficients were found for 

any peak and its six neighboring peaks and valleys. 

The remaining three techniques are aimed at finding 

a more efficient method of simulating a series of peaks 

and valleys that will predict the same range moments as 

Technique I. The summation of sine terms in eqn. 3-3 is 

computationally inefficient and the majority of the points 

calculated are unnecessary since only the peaks are required 

for rainflow analysis. Techniques II-IV use probabilistic 

models of the peak process to generate a series of peaks 

and valleys that are analyzed by rainflow. 

3.3 Technique II - Roberts' Transition P.D.F. 

This method of simulation makes use of the transition 

p.d.f. given by Roberts to generate a set of peaks and 

(12) valleys. As mentioned in Section 2.3, Roberts derived 

a transition p.d.f. for the envelope process at discrete 

points in time. If the assumption is made that the peaks 

of a process coincide with the envelope at these discrete 

points, then eqn. 2-20 represents the transition p.d.f. 

of the peak process. This assumption seems valid for narrow- 

band processes. All points simulated are positive but 

they are alternately given negative signs to produce a 
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sequence of correlated peaks and valleys. The transition 

p.d.f. is shown in Figure 6-a and the transition cumulative 

distribution function (c.d.f.) is shown in Figure 6-b. 

(15) . 

/ 2 ' 00 ^B-V k 

The c.d.f can be written 

FA(t+T> (aiA(t)=ao) = exphfi-Ga2)y]—' y 1 C? k! 31 
(Ga2)ZI

 (3-5) 

where G 

and B 

_1 

20 

) 
and where aQ is the previous peak value and 0 is defined 

in eqn. 2-20. The infinite summation comes about due to 

the modified Bessel function in the p.d.f. In actual calcula¬ 

tions, this summation was truncated at an acceptable limit. 

Starting with a0 = 0, the simulation process moved on by 

generating the c.d.f. for every new peak. Once the c.d.f. 

was calculated, a uniform random number on the interval 

[0,1] was generated which mapped into the c.d.f. to give 

the value of the next peak in the series. This mapping 

is illustrated in Figure 6-b. 

The c.d.f. had to be discretized for simulation purposes 

and it was divided into 20 equal intervals from 0 to 4 o 

Little variation was noticed in the final stress moments 

due to increasing the truncation value beyond 4ax« Also, 

increasing the number of intervals that the c.d.f. was 

divided into produced negligible changes in the simulation 

results. 
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Figure 6-b Roberts' Transition C.D.F. 
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This technique generates a series of correlated peaks 

and valleys that correspond to the peaks and valleys of 

the response of a single-degree-of-freedom oscillator with 

damping K subjected to a white noise excitation. In reality, 

it was desired to simulate the peaks of a stress history 

from a given target p.s.d. By use of eqn. 2-16, the critical 

damping, £, can be related to the spectral parameter, q, 

derived from the target p.s.d. Thus, this concept of a 

single-degree-of-freedom oscillator with damping Ç only 

serves to tie together the target p.s.d. and the simulated 

signal. The signal was then analyzed by the rainflow method 

as in Technique I. 

3.4 Technique III - Alternate Correlated Rayleigh Simulation 

Technique II produces a sequence of Rayleigh distributed 

peaks that are correlated as in eqn. 2-21. This simulation 

is inherently time consuming since the c.d.f. has to be 

regenerated at each point. This fact led to the idea of 

generating a sequence of correlated Rayleigh peaks without 

using the transition c.d.f. 

The first step in simulating a sequence of correlated 

Rayleigh amplitudes was to generate two sequences of zero- 

mean, independent, normal random variables, U and V. This 

can be achieved by 

(3-6) 

(3-7) 
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where the Qn's and Wn's are independent and uniform on 

The next step involves the generation of two sequences 

of correlated, normal random variables, Y and Z. The Y 

and Z sequences are independent of each other but Yn and 

Y are correlated as are Z and Z ... Both the Y's and 
n+i n n+1 

Z's have the same correlation coefficient, Y- To generate 

these sequences, let 

It can be shown that a sequence of Rayleigh distributed 

random variables, A, can be generated by the following 

Therefore, y was chosen to equate eqns. 2-21 and 3-11, 

and the proper sequence of correlated Rayleigh peaks was 

simulated. 

This method is more efficient than Technique II and 

[0,1 ]. 

(3-8) 

(3-9) 

A (3-10) 

2 
and the A 's will be correlated by 
n J 

Y 
2 (3-11 ) 

produces a sequence of Markov random variables related 

to the p.s.d. by the parameter, ?. The peaks are Rayleigh 

distributed and have the same correlation as in 
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Technique II. Also, there is no truncation or discretization 

error introduced into this technique. On the other hand, 

the peaks simulated by Technique III do not have the transi¬ 

tion density function proposed by Roberts. The rainflow 

method was then used to analyze this series of peaks and 

valleys. 

3.5 Technique IV - Peak Distribution Method 

The peaks generated in Techniques II and III are Raleigh 

distributed. As stated in Chapter 2, the Rayleigh assumption 

is only valid for narrow-band processes and S. 0. Rice's 

peak distribution is the true distribution of the peaks 

of a Gaussian process. Inspection of the stress histories 

simulated by Techniques II and III show alternating positive 

peaks and negative valleys. In reality, there will be 

positive valleys and negatives peaks (Figure 3-b). The 

peak distribution allows for these situations. Technique IV 

employs the idea of generating a series of correlated peaks 

which have the peak distribution. 

An overview of this simulation technique is appro¬ 

priate. Once again, as in Technique II, the idea of mapping 

uniform numbers into the c.d.f. to obtain peak values is 

used. In this case, the c.d.f. was obtained by numerical 

integration of the p.d.f., but one needs to calculate this 

only once since it is not a function of time as in 

Technique II. The uniform numbers used for the mapping 

procedure had to be correlated to allow the derived peak 
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values to be correlated. This brings up two problems; 

how to generate a series of correlated, uniformly distributed 

numbers, and secondly, how to relate that correlation to 

the desired correlation of the peaks since the mapping 

process is nonlinear. The first problem was solved analy¬ 

tically and the second empirically. 

The first problem was to generate a set of correlated, 

uniform numbers, W. The procedure used begins with a set 

of independent uniform numbers, U. Then, the V and W se¬ 

quences are defined by 

The weighting constants, d and f, determine the correlation 

dent, uniform random variables. It can be shown that if d 

is greater than f, then 

(3-12) 

where Wj_i = F(Vj_.j) and F is the c.d.f. of V. Therefore 

the Wj's are correlated and uniformly distributed on [0,1]. 

v 2 (3-13a) 

2df 
0 < v < f 

2v-f f < v < d (3-13b) 

2d 

2v(d+f) - v2 (3-13c) 

2df 
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If f is greater than d, then 

0<_ v < d (3-14a) 

d < v < f (3-14b) 

a 2v(d+f ) - v2 - (d2+f2) f< v< d+f (3-14C) 
2df " ~ 

are then used to find Wj. The W's are mapped into S. 0. 

Rice's peak c.d.f. to generate a series of correlated 

peaks. The correlation coefficient for the W's was never 

determined analytically but Figure 7 shows the empirical 

correlation coefficient of wj_-j and W^ versus the ratio 

of the weighting constants, . 

The shape of the peak distribution is a function of 

the irregularity factor, a. Intuitively, it can be seen 

that the peak to adjacent valley correlation for a narrow- 

band process (a “ 1) would be close to -1. For more broad¬ 

band processes, the correlation coefficient will be greater 

than -1. No analytical work was done to find the relation¬ 

ship between peak to valley correlation and the irregularity 

factor due to the complexity of the peak distribution. 

But since the peaks from Technique I have the peak distribu¬ 

tion, an empirical relationship between correlation and 

irregularity factor could be established from the data 

collected from Technique I. 

F(Vj) = 
2df 

2v-d 

2f 
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Unfortunately, the input parameters for Technique IV 

are the irregularity factor, to describe the shape of the 

p.d.f., and the weighting factors, d and f, to describe 

the correlation of the uniform numbers. For a given p.s.d., 

the irregularity factor is known and thus the peak to valley 

correlation is known from the plot derived from Technique I 

data. Thus, it was a trial and error procedure to establish 

what ratio of weighting constants would produce the proper 

peak to adjacent valley correlations at a given a. This 

trial and error procedure was carried out for a variety 
d 

of a values and the end result was a plot of a vs. f, which 

is shown in Chapter 4. 
d 

Once the a vs. f plot was obtained, simulations for 

a variety of a values was easily carried out. The value 
d 

of a was calculated from the p.s.d. and a value of f was 

read directly from the plot and thus the two input parameters 

of Technique IV were known. The simulated peak process 

has the correct peak to valley correlation since this is 
d 

"built-in" to the a vs. f plot. The stress history was 

then analyzed by the rainflow method. 

This technique has the advantage over Techniques II 

and III in that the peaks have the correct distribution 

for more broad-band processes. Since only peaks are being 

generated, it appears to be more efficient than Technique I. 
d 

Once the a vs. f relationship was established, the simula¬ 

tion was computationally simple. 
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The one problem with this method arises from the fact 

that negative peaks and positive valleys are possible. 

Figure 8-a shows a typical, broad-band peak history that 

this technique could simulate. Figure 8-b is also a 

simulated history from this technique, where point c is 

a simulated peak. The next point simulated, d, is a valley 

by virtue of the fact that it follows a peak but in reality 

it is a peak and point c is just an intermediate point 

between a valley and a peak. This occasionally occurs 

since the peak distribution allows one to have positive 

valleys and sometimes a positive valley is higher than 

the previous peak. The points simulated have the correct 

distribution but the sequence is no longer correct since 

a valley (d) will be recognized as a peak and a peak (c) 

will be ignored. There is no obvious way to correct this 

problem without altering the distribution of the points, 

so no correction was made. Chapter 4 will discuss how 

often this problem occurred and what significance it had 

on the fatigue estimation. 
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Peak Simulation Using the Peak Distribution 



IV. Simulation Results 

Using the preliminary concepts discussed in Chapter 2 

and the simulation techniques from Chapter 3, the stress 

histories for 32 single and double block p.s.d.'s were simu¬ 

lated using Technique I. Techniques II-IV were used to 

generate sequences of peaks and valleys for the single block 

p.s.d. cases. The basic information gathered was the computa¬ 

tional efficiency of each technique and the stress range 

averages predicted by each simulation. The results from 

Technique I were also compared to Wirsching'sv 1 and 

f3 ) Corazao's results for a rainflow correction factor. 

Lastly, the relative efficiencies of Lutes' and Dowling's 

rainflow algorithms were investigated. 

4.1 Computation Time Comparisons 

All simulations for this study were done on a PDP11/V03 

minicomputer using FORTRAN. The main program was the same 

for all four techniques. It analyzed the simulated stress 

histories using Lutes' rainflow algorithm and the statistical 

properties of the history and ranges were calculated in 

this program. The stress history was generated in a separate 

subroutine that was switched for each of the four different 

simulation techniques. Therefore, it is felt that the 

computer simulation times shown in Table 3 are indicative 

of the efficiency of each technique and not due to any biased 

programming irregularities or inefficiencies. 

42 
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Table 3 lists representative run times for 3 simulation 

cases. Technique I is the standard for comparison since 

this method is being used in practice. It can be seen that 

Techniques III and IV have similar efficiencies. They are 

a considerable improvement over Technique I. Technique II, 

on the other hand, was very inefficient. Its efficiency 

decreased as bandwidth decreased. This inefficiency stems 

from having to calculate the transition c.d.f. at each point. 

Technique I is relatively inefficient due to the summation 

of the sine waves for signal generation, and the need to 

simulate a complete time history, rather than only peaks 

and valleys. Section 4.3 gives more specific details on 

the cases (number of peaks, etc.) used in this comparison. 

4.2 Statistical Scatter of the Data 

Every technique that was tried involved assumptions 

or restrictions that could reduce the accuracy of the simula¬ 

tion procedure. First of all, in the calculation of the 

statistical moments for an ergodic process, equation 2-2 

is exact as the number of terms approaches infinity. Ob¬ 

viously, the time histories analyzed were of finite length. 

Using Technique I, the number of sine terms in equation 3-3 

must be very large for "exact" Gaussian simulation. Also, 

inaccuracies are introduced since the signal is only sampled 

at discrete intervals. Lastly, each of the four techniques 

made use of a set of random variables which were supposed 
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to be "uniformly" distributed. It can be assumed that the 

discrete set of uniform numbers used was something less 

than uniformly distributed. 

The purpose of this discussion is to illustrate the 

various areas that could introduce error or statistical 

inaccuracies. To see the effect of one source of scatter, 

one p.s.d. was chosen and a stress history simulation was 

performed and the rainflow moments (E[SD]) were calculated. 

This was done ten separate times, using exactly the same 

p.s.d., but changing the set of uniformly distributed vari¬ 

ables used each time. Table 4-a shows the statistical varia¬ 

tion in the value of E[S^]. This variation is also typical 

for other b values. Technique II was not used in this study 

since its computational inefficiency makes it seem an un¬ 

desirable simulation technique. 

Examination of Table 4-a shows a considerable amount 

of scatter in the data due to changing the set of uniform 

numbers used. These moments have no units assigned to them 

since their relative values are the important factors. 

In a perfectly ergodic simulation with an infinite number 

of peaks, this scatter should be negligible. The samples 

in this study contained approximately 4,000 peaks. 

Other statistics calculated in the simulations were 

the averages of the absolute value of the peaks, E[|A| ]. 

Theoretical E[|A|^] values were calculated for the peak 

and Rayleigh distributions and these theoretical values 



Tech.I Tech.III Tech.IV 

Max. Value 11,280 18,240 19,850 

Min. Value 8,453 8,620 13,030 

Mean 9,904 13,402 14,696 

Stnd. Dev. 915.6 2500.0 1963.0 

Coef. of 
Variation 9.2% 18.7% 13.4% 

T< able 4-a Scatter of E{S7} 

Tech.I Tech.Ill Tech.IV 

Max. Value 15,091 16,186 14,324 

Min. Value 14,820 15,730 13,448 

Mean 15,003 16,015 14,005 

Stnd. Dev. 85.5 133.8 266.6 

Coef. of 
Variation 0.57% 0.84% 1.9% 

Table 4-b Scatter of E{R7} 
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were compared with the values calculated in the simulations. 

Comparison between the empirical and theoretical moments 

showed that there was appreciable error in the simulations, 

especially in the higher moments (e.g. b=7). Table 5 illus¬ 

trates this error for four representative cases. The theore¬ 

tical moments for Techniques I and IV are moments of the 

peak distribution and the theoretical moments for 

Techniques II and III are moments of the Rayleigh distribu¬ 

tion. The difference between the theoretical and empirical 

moments may be attributable to the histories not being ergodic 

or to any other of the reasons mentioned earlier. 

Since the rainflow ranges are calculated from peak 

values, simulation errors in the peak distribution obviously 

introduce errors into the rainflow averages. It was felt 

that since the ratio of theoretical E[|A| j to empirical 

E[|A|b] was indicative of the magnitude of the error in 

the simulated peaks, it might also be indicative of the 

error in the rainflow averages. An error reduction factor, 

K, was calculated and applied to the results from rainflow 

analysis, where, 

K = Theoretical E[|A|^] (4-1) 
Empirical E[|A|^] 

Table 5 also shows the values of K for four cases. The 

K values for the other 28 cases in this study were of similar 

magnitude. The adjusted rainflow moments, E[R ], are now 

defined by 
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Case Tech.I Tech.II Tech.Ill Tech.IV 
•7 

Empirical E{|A |} 1 87.2 - 104.8 109.2 

Theoretical E11A*^ | > 1 128.3 131.6 131.6 128.3 

K 1 1.47 - 1.26 1.17 

Empirical E{|A^|} 5 93.0 118.0 120.3 119.1 

Theoretical E{|A^|} 5 120.4 131.6 131.6 120.4 

K 5 1.29 1.12 1.09 1.01 

Empirical E{|A^|} 7 77.3 130.2 116.7 113.9 

Theoretical E{|A^|} 7 114.2 131.6 131.6 114.2 

K 7 1.48 1.01 1.13 1.01 

Empirical E{|A^|} 8 79.9 123.9 116.0 111.5 

Theoretical E{|A^|} 8 111.8 131.6 131.6 111.8 

K 8 1.40 1.06 1.13 1.00 

Table 5 Simulated Moments - the Absolute 
Value of the Peaks to the 7th Power 
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E[Rb] = K E[Sb] (4-2) 

The range moments E[R°] are hopefully more indicative of 

the true range moments from a normal, ergodic process. 

An interesting benefit from using this factor is the 

reduction in scatter. Table 4-b shows the results of the 

same simulations used in Table 4-a, except that the data 

has been adjusted as per equation 4-2. The scatter is drama¬ 

tically reduced. It is felt that this factor reduces the 

effects of simulation imperfections and its use provides 

a more accurate representation of the range moments of an 

infinitely long, ergodic stress history. 

One final advantage of adjusting the data in this manner 

is that parametric studies can be carried out with less 

concern that variations in data are due to statistical scatter 

or inadequate record length. For example, if a study of 

the effect of the irregularity factor on rainflow ranges 

is conducted, then variations in rainflow moments can be 

attributed to the irregularity factor, not to statistical 

scatter. 

The other main statistical quantity of interest in 

these simulations was the peak to valley correlation coef¬ 

ficient. Recall that rainflow ranges for a time history 

depend only on the sequence of peaks and valleys in that 

time history. For each of the simulation techniques con¬ 

sidered here, the distribution of an individual peak or 
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valley is known to be either the Rice peak distribution 

(Techniques I and IV) or the Rayleigh distribution (Techni¬ 

ques II and III). Obviously, statistics related to stress 

ranges actually depend on the joint distribution of the 

peaks and valleys, though, and this is not known. The 

correlation coefficient of peaks and valleys is a simple 

measure that gives considerable information about this 

joint distribution, even though the exact form of the distri¬ 

bution is unknown. The correlation coefficients did not 

exhibit the large amounts of scatter that were found in 

the range moments. Therefore, no attempt was made to apply 

a correction factor to the correlation coefficients. 

4.3 Single Block P.S.D. Results 

Simulation Techniques II through IV produce a Markov 

sequence of peaks and valleys. The correlation coefficients 

for each sequence were calculated and they are represented 

by p^(n), where p^(1) is the peak to neighboring valley 

correlation, pA(2) is the peak to next peak correlation, 

etc. The absolute value of the correlation coefficients 

for sequences simulated by Techniques I, III, and IV for 

the first single block p.s.d. case (Table 1) are shown 

in Figure 9. The data from Technique II was not obtained 

since its inefficiency makes it an undesirable simulation 

technique. Since the empirical data for |p A(n) | for Techni¬ 

ques III and IV approximately fall on a straight line on 

a semi-log scale, the following relationship holds, 
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p
A(n) = [ PA(1) ]n n = 1,2, . . ,,m (4-3) 

The value of m was chosen to be 6 for computational prac¬ 

ticality. From observations of the empirical data for 

all cases, this power law relationship between the correla¬ 

tion coefficients seems to hold true for all sequences 

simulated by Techniques II through IV. It was felt that 

if the correlation coefficients from simulations using 

Technique I also followed this power law, then it would 

seem legitimate to use the other simulation techniques 

to approximate the fatigue damage predicted by Technique I. 

Correlation coefficients for the first p.s.d. case simulated 

by Technique I are also shown on Figure 9. From the plot, 

the correlation coefficients from Technique I also appear 

to follow the power law; although, for n=5 or 6,|pA(n)| 

no longer falls on the line. These points can be disregarded 

as statistical noise since a correlation coefficient below 

0.1 is essentially trivial. For all other single block 

cases, the power law assumption seems to be valid. In 

summary, using techniques that simulate peaks with correla¬ 

tion coefficients related by eqn. 4-3 appears to be valid 

for these single block p.s.d. cases. 

Simulation of the time histories by Technique I was 

carried out and a plot of p
A(1) versus a was developed 

(Figure 10). As mentioned in Chapter 3, this plot is 

necessary for simulation using Technique IV. There seems 
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Figure 10 Technique I Correlation Coefficients 
vs. Bandwidth 



to be a fairly linear relationship between PA(1) and a. 

Figure 11 shows the relationship of a and -g— for use in 

Technique IV. 

Table 6 shows the simulation statistics for the eight 

different single block p.s.d.'s. The simulations were 

carried out until the statistics were stable, i.e., no 

longer changing with time. This is an indication that 

the sample was long enough for the ergodic assumption to 

be valid. It is not important that the number of peaks 

simulated in each technique be the same since it is only 

the stationary moments that are needed for analysis. The 

effects of decreasing the sampling increment, At, and __in¬ 

creasing the length of the history are shown in Table 7 

for two cases. The effect of increasing the number of 

terms in the summation (h in eqn. 3-3) is also shown in 

this table. None of these changes produces consistent 

changes in the expected moments. It appears likely that 

the changes are random statistical variations rather than 

reductions in error. Note that the changes in E[RD] are 

sufficiently small so that they can be neglected. 

In Section 3.5, it was mentioned that Technique IV 

could generate valleys which were larger than peaks. In 

Table 6, the number of times this occurred is seen to be 

the difference between the number of peaks and the total 

number of points for Technique IV. In the worst case, 

case 8, 5% of the simulated valleys were higher than peaks 
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Therefore; this problem is minimal and probably had no 

effect on the range moments. 

Figures 12 and 13 illustrate the effect of the factor K 

from eqn. 4-1 on the range moments for the simulation 

methods. It has a significant effect only on the data 

from Technique I, indicating that only Technique I gave 

an empirical peak distribution which differed significantly 

from the appropriate theoretical distribution. 

The general bases for comparison of the four techniques 

are the stress range moments predicted by each method. 

Since the expected value of the stresses ranges is directly 

related to fatigue damage (eqn. 2-24), this seems to be 

a valid parameter for comparison. 

The variation of stress range moment with bandwidth 

is shown on Figures 14-16. In general, Techniques II and 

III produced similar rainflow moments and for the cases 

shown, the moments (and thus damage) are fairly constant 

over a range of bandwidths. Techniques I and IV show a 

larger decrease in damage with a decrease in irregularity 

factor. 

The data is grouped into two areas. The top two curves 

are for situations where the peaks are Rayleigh distributed 

(Techniques II and III); whereas, the bottom two curves 

are for situations where the peaks have S.O. Rice's peak 

distribution (Techniques I and IV). 

Recall that Technique I is now commonly used in 

practice. It appears though, that Technique IV offers 
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a more efficient simulation method which could be used 

as an alternative to Technique I. It predicts the same 

damage, but the simulation uses approximately one-third 

the computation time. Simulation techniques that produce 

Rayleigh distributed peaks seem to overestimate the damage 

and this could lead to more conservative designs. The 

horizontal line at the top of all three figures represents 

eqn. 2-26, which has been recommended as an estimate of 

stress range moments in the past. This appears to be a 

very conservative estimate, although it is very efficient 

since no simulation is required to get a fatigue damage 

estimate. 

Intuitively, fatigue damage should be bandwidth depen¬ 

dent to some extent, and the use of eqn. 2-26 makes no 

allowance for this dependence. Wirsching has tried to 

make up for this deficiency and retain the efficiency of 

this spectral method by use of a rainflow correction factor. 

Section 4.5 discusses this point further. 

4.4 Two Block P.S.D. Results 

Twenty-four different p.s.d.'s were used to obtain 

estimates of rainflow damage. As mentioned in Chapter 3, 

the p.s.d.'s can be characterized by their relative block 

separation, r, and area ratio, g. Processes with the same 

bandwidth but different p.s.d. shape could be observed. 

Results from these simulations give some guide as to whether 
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fatigue damage is dependent on bandwidth alone or other 

factors such as spectral shape. 

Table 8 gives the statistics of the simulations using 

Technique I. Examination of the data showed that the correla¬ 

tion coefficients of the peaks did not follow the power 

law (eqn. 4-3). Table 9 lists the correlation coefficients 

for a few cases. The correlation coefficients for the 

peaks had no predictable pattern and certainly did not 

conform to equation 4-3. For example, in case 20, peaks 

are more correlated with valleys six extrema away than 

they are with their neighboring valley. In case 32, PA(1) 

is positive indicating that the peak and next valley are 

generally on the same side of the time axis. This makes 

sense for this case since r is large in this case which 

means the signal is basically a large sine wave with a 

series of high frequency oscillations superimposed on it. 

In this case, a correlation coefficient, pA(1), which is 

positive seems reasonable. From observation of this pattern 

of correlation coefficients, it was concluded that simulating 

the peak processes of these double block p.s.d.'s by the 

use of Techniques II-IV is not justified. 

The results from rainflow analysis of these cases 

led to some interesting results concerning the effect of 

bandwidth on range moments. The results from these 24 

cases using Technique I are plotted in Figures 17-19. 

Two interesting observations can be made from these results. 
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Total No. 
of Points Zero Crossings 

No. of 
Peaks 

Empirical 
a 

15,000 3183 3391 0.9387 

15,000 3059 3301 0.9267 

15,000 2927 3195 0.9161 

15,000 2793 3066 0.9110 

15,000 3079 3552 0.8668 

15,000 2772 3505 0.7909 

15,000 2579 3448 0.7480 

15,000 2094 3247 0.6449 

25,000 2536 4287 0.5916 

15,000 3241 3622 0.8948 

15,000 3007 3605 0.8341 

15,000 2658 3595 0.7394 

15,000 1693 3303 0.5126 

25,000 1658 4411 0.3759 

15,000 3386 3643 0.9295 

15,000 3136 3624 0.8653 

15,000 2658 3636 0.7310 

15,000 1321 3418 0.3865 

25,000 1151 4298 0.2678 

15,000 3363 3642 0.9234 

15,000 3095 3630 0.8526 

15,000 2557 3632 0.7040 

15,000 1006 3409 0.2951 

25,000 867 4156 0.2086 

Table 8 Double Block P.S.D. Simulation 
Results - Technique I 
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First, fatigue damage is very dependent on bandwidth. 

Rainflow analysis predicts a decrease in damage with an 

increase in bandwidth. Secondly, damage does not appear 

to be a function of bandwidth alone. In this study, the 

data seems to be aligned with respect to the parameter r. 

The larger the relative separation of the blocks, the less 

damage predicted. No definite conclusions can be drawn 

about the effect of spectral shape on fatigue damage from 

this data but it seems clear that spectral shape is an 

important factor in the prediction of fatigue damage. 

4.5 Rainflow Correction Factor 

There have been attempts to completely circumvent 

the simulation of time histories to determine fatigue damage. 

Equation 2-27 is an example of one of these attempts. It, 

of course, is not a function of bandwidth which is an impor¬ 

tant factor in the estimation of fatigue damage, as this 

study has shown. Wirsching and Light' ' have worked with 

this spectral method, but have incorporated the effect 

of bandwidth into their method. Inherent in their method 

is the assumption that the fatigue damage is only a function 

of spectral width and no modification is necessary for 

different shape p.s.d.'s. 

Wirsching has introduced the rainflow correction 

factor,to represent the ratio of the damage done by 

a process with bandwidth e, to the damage done by a very 

narrow-band process. Fatigue damage in a broad-band process 
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(4-4) 

In terms of the range moments, X^ is given by 

X. E[Rb] (4-5) 
b 

NB 

where E[DNB1 and E[S
D]NB are defined by equations 2-26 

and 2-27. The factor a in eqn. 4-5 occurs because the 

number of cycles is the number of peaks in rainflow analysis, 

while the narrow-band calculation using eqn. 2-26 considers 

the number of cycles to be the number of zero-crossings. 

Wirsching has developed the following empirical relationship 

for the correction factor: 

where h = 0.926 - 0.033b 

and g = 1.587b - 2.323 

Figures 20-22 show eqn. 4-6 for b=3, 5 and 7 along with 

the results obtained from Technique I for all 32 cases. 

X= h + ( 1-h )( 1-e )g 

b 
(4-6) 

( 3 ) 
Corazao did similar simulations for b=1, 2, 3 and 4. 

The average curve he obtained for b=3 is included in 

Figure 20 for comparison. One interesting result from 
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Figure 20-22 is the lack of any obviously significant dif¬ 

ference between X^, X5, and X^. Corazao's X^ results for 

b=2, 3, and 4 showed a similar independence of b. 

There are two main discrepancies in Figures 20-22. 

First, Wirsching's formula gives a rainflow correction 

factor which levels off as bandwidth increases; whereas, 

Corazao's data and the data from this study indicate that 

the rainflow correction factor may decrease for at least 

some very broad-band processes. The other discrepancy 

lies in the fact that the data is so scattered that it 

cannot be adequately represented by a relationship dependent 

only on bandwidth. Inspection of the data that Wirsching 

used to derive equation 4-6 shows that there is quite a 

bit of scatter in his data also. This empirical equation, 

eqn. 4-6, is merely a best fit to his simulation results 

and may not reflect the complexity of the situation. 

One may see that certain patterns were followed in 

choosing the r and g values used in this study. For example, 

for each r value considered there is one case each with g = r, 

-1 -2 g = 1, g = r , and g = r . If one considers only cases 

with either a given r value or a given relationship between 

g and r, then these data do not have significant random 

scatter. This simply emphasizes the fact that the apparent 

scatter in the Figs. 20-22 must be due to a spectral shape 

effect, rather than statistical error. Further study is 

required before any conclusion can be made about this effect. 
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4.6 Rainflow Algorithm Comparison 

Lutes' rainflow algorithm described in Appendix A 

was used to analyze the stress histories in this study. 

Three shorter time histories were analyzed by both the 

currently popular Dowling algorithm and Lutes' algorithm. 

The results from the two algorithms are shown in Table 10. 

The two algorithms calculated almost identical stress 

range moments for the histories but Lutes' algorithm was 

10 to 20 times faster. The largest difference in the results 

was less than 1% for the seventh moment. Lutes' algorithm 

is a tremendous improvement in computational efficiency 

while calculating the same stress range averages. 

Another major advantage of Lutes' algorithm is the 

lack of memory required for its use. In Dowling's algorithm, 

all the points from the time history must be stored in 

a single array before analysis. Lutes' algorithm only 

requires the storage of 10 to 20 points at a time. This 

is a particularly important feature when a small computer 

is being used. 
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V. Summary and Conclusions 

The objective of this study was to find a more efficient 

method of simulating stress histories from a given power 

spectral density. Single and double block power spectral 

densities were chosen for analysis and the rainflow method 

was used to identify the stress ranges in a stress history. 

It was assumed that the time history was from a Gaussian, 

stationary, ergodic process. 

Four different simulation techniques were presented 

in Chapter 3. A popular simulation technique (Technique I) 

generates the time history by summing up sine waves with 

random phase angles to produce a normal signal. This techni¬ 

que is time consuming; one reason being that all points 

of the signal are generated while only the peaks and valleys 

are required for fatigue analysis. 

Techniques II through IV attempted to simulate only 

the peaks and valleys of the process by simple Markov se¬ 

quences. Each of these techniques generates a series of 

peaks and valleys that have a specified peak to valley corre¬ 

lation. Technique II makes use of Robert's Transition P.D.F. 

to simulate a sequence of Rayleigh distributed peaks. The 

third technique also generates a series of correlated, 

Rayleigh distributed peaks such that they are correlated 

in the same manner as prescribed by Technique II. The peaks 

generated by Technique IV have S.O. Rice's peak distribution 

and have the same peak to valley correlation as Technique I. 
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Simulation results in Section 4.3 show that extrema generated 

by Techniques II, III, and IV all have correlation coef¬ 

ficients which follow a power law with respect to their 

time separation. Single block p.s.d. results from Technique I 

also showed such a power law. This was considered to be 

a justification for further study of the other techniques 

as approximations of Technique I. Techniques II and III 

predicted essentially the same fatigue damage and the value 

was found to be fairly constant for several bandwidths. 

On the other hand, Technique IV predicted the same damage 

as Technique I but these damage estimates were lower than 

those predicted by the other two techniques and were bandwidth 

dependent. Techniques III and IV were equally efficient, 

both being substantially more efficient than Technique I. 

Technique II, on the other hand, was very inefficient. 

Overall, it appears that the stress process using the peak 

distribution (Technique IV) seems to be an efficient, ac¬ 

curate alternative to the current method (Technique I) 

for the single block p.s.d.'s considered. 

The simulation of stress histories from double block 

p.s.d.'s by the first technique showed that the correlation 

coefficients of the peaks did not follow the power law. 

The alternative simulation methods proposed were not con¬ 

sidered to be applicable. Therefore, the goal of finding 

a more efficient simulation procedure was achieved for 

cases having single block p.s.d.'s but not for more complicated 

spectral shapes. 
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In Section 4.4, analysis of data from Technique I 

simulations for two block p.s.d.'s gave insight into fatigue 

damage estimates for broad-band processes. It was concluded 

that bandwidth is not the only parameter necessary to predict 

damage (or stress range averages) as Wirsching suggests. 

Spectral shape seems to have a significant effect on fatigue 

damage. The current data was compared with Wirsching's 

rainflow correction factor. In addition to the above obser¬ 

vation that the bandwidth alone is not adequate to describe 

the p.s.d. effects, it was found that Wirsching's result 

may be quite conservative for some broad-band processes. 

Section 4.5 presents the results of a comparison between 

two rainflow counting algorithms. From these results, 

Lutes' algorithm seems to be an order of magnitude faster 

than the traditional algorithm presented by Dowling while 

both methods compute essentially the same stress range 

averages. As an added benefit, Lutes' algorithm requires 

very little storage capacity as opposed to the relatively 

large amount required by Dowling's algorithm. 
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A. Lutes' Rainflow Algorithm 

The purpose of this appendix is to briefly explain 

the rainflow algorithm developed by Lutes that.was used 

in this study. As mentioned in Chapter 2, an algorithm 

(16) presented by Dowling is frequently usedv 1 to determine 

the rainflow ranges of a stress history. That algorithm 

requires that all the peaks of the process must be identified 

and stored before rainflow analysis can take place. Then, 

by a process of sorting, the rainflow ranges are identified. 

The results in Chapter 4 showed this algorithm to be very 

slow in comparison to Lutes' algorithm and it also requires 

quite a bit more storage which is undesirable for small 

computer applications. 

The major reason for the efficiency of Lutes' algorithm 

is the fact that the range statistics are computed basically 

in one pass through the time history. As mentioned above, 

the Dowling algorithm first identifies the ranges by a sorting 

procedure (which involves multiple passes through the sequence 

of extrema), then computation of the statistics of the ranges 

is done in one pass through this sequence of ranges. In 

Lutes' algorithm, ranges are identified and range statistics 

are computed in one pass through the sequence of extrema. 

Recall that in rainflow analysis, each extremum starts a 

new rainflow path. This is the same as each extremum opening 
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a new half cycle on the stress-strain diagram (Figure A-l). 

From looking at Figure A-l, it can be seen that an extremum 

can also close a full cycle (e.g. peak e closes cycle c-d). 

Figure A-2 shows the rainflow ranges corresponding to this 

stress history. It can be seen that once a full cycle is 

formed, then it can be used immediately in computing range 

statistics, and there is no further need to remember the 

points that form this full cycle. 

This idea translates into the following computer algo¬ 

rithm. As each extremum is identified in the time history, 

it is stored in an array which contains certain previous 

extrema sorted by magnitude, and any hysteresis loops closed 

by this extremum are identified for removal from the array. 

For example, since peak e closes loop c-d, the difference 

in magnitudes between c and d is the value of the rainflow 

range to be used in computing range statistics and points 

c and d are then dropped from the array in memory. The 

extremum array is compressed when these two points are removed 

from it. The next extremum is then identified in the time 

history, and this prodecure is repeated. The time histories 

in this study contained approximately 4000 extrema but the 

extrema array never grew beyond a size of 25 or 30 members. 

At the end of the history, all points left in the array are 

then sorted to give half-cycles. The FORTRAN listing for this 

algorithm is shown in Figures A-3 and A-4. 

Thus, the speed of the algorithm can be attributed 

to the "real-time" rainflow analysis of the extrema. Also, 
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Figure A-l Strain History and Corresponding 
Stress-Strain Diagram 
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Figure A-2 Rainflow Analysis of Stress History 
Corresponding to the Strain History 
in Figure A-l 
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MAIN 

C THE MAIN PROGRAM SIMULATES THE TIME HISTORY AND 
C IDENTIFIES THE EXTREMA FROM THE HISTORY. HALF- 
C CYCLE RANGES ARE ALSO COMPUTED HERE FOR CYCLES 
C NOT CLOSED BEFORE THE END OF THE TIME HISTORY. 
C INITIAL CONDITIONS 

K = 1 
IPV = 1 
V(l) = 0 
NC = 0 

C THE FIRST EXTREMUM IS POSITIVE 

10 CONTINUE 
C THE NEXT EXTREMUM IN THE TIME HISTORY IS IDENTIFIED 

CALL RNFLOW(EXT,IPV,V,P,K,NC) 

C GO BACK TO STATEMENT 10 UNTIL ALL EXTREMA HAVE 
C BEEN IDENTIFIED 

C NCH = THE NUMBER OF HALF-CYCLES 
NCH = 0 
Kl = K - 1 + IPV 
DO 100 I = 1,Kl 

C HALF-CYCLE RANGES ARE IDENTIFIED 
RA = P(I) - V(I) 

C HALF-CYCLE STATISTICS ARE COMPUTED HERE 

100 NCH » NCH + 1 
DO 220 I = 2,K 

C HALF-CYCLE RANGES ARE IDENTIFIED 
RA = P(I-l) - V(I) 

C HALF-CYCLE STATISTICS ARE COMPUTED HERE 

220 NCH = NCH + 1 

C COMBINE HALF AND FULL CYCLE STATISTICS TO GET 
C THE RAINFLOW RANGE STATISTICS FOR THE ENTIRE 
C TIME HISTORY 

END 

Figure A-3 
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SUBROUTINE RNFLOW(EXT,IPV,V,P,K,NC) 
C EXT » EXTREMUM FOUND IN MAIN PROGRAM 
C IPV - 1 MEANS EXT = PEAK 
C IPV = 0 MEANS EXT = VALLEY 
C V AND P CONTAIN THE UNPAIRED PEAKS AND VALLEYS 
C K IS A COUNTER FOR THE NUMBER OF UNPAIRED EXTREMA 
C NC IS THE NUMBER OF FULL CYCLES 

DIMENSION V(30),P (30) 
IF (IPV) 100,100,120 

120 PP = EXT 
C EXT IS A PEAK 

IF (K.EQ.l) GO TO 105 
DO 110 I = 2,K 
IF (P(K+l-I).GT.PP) GO TO 115 

C FULL CYCLE RANGE IDENTIFIED 
RA = P(K+l-I) - V(K+2-I) 

C RANGE STATISTICS ARE COMPUTED HERE 

110 NC = NC + 1 
K = 1 

105 P(l) = PP 
GO TO 118 

115 K = K + 2 - I 
P(K) = PP 

118 IPV = 0 
RETURN 

100 W = EXT 
C EXT IS A VALLEY 

DO 160 I » 1,K 
IF (W.GT.V (K+l-I) ) GO TO 170 

C FULL CYCLE RANGE IDENTIFIED 
RA = P(K+l-I) - V(K+l-I) 

C RANGE STATISTICS ARE COMPUTED HERE 

160 NC » NC + 1 
K = 1 
V(l) = W 
GO TO 180 

170 K = K + 2 - I 
V (K) = W 

180 IPV = 1 
RETURN 
END 

Figure A-4 



the amount of memory required for this analysis is minimal 

since points are eliminated as soon as they form a full 

cycle. This algorithm offers an efficient, accurate alter¬ 

native to Dowling's algorithm. 


