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Point Process Models for Discharge Patterns of Single Units in the 
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by 

Darel Allen Linebarger 

ABSTRACT 

Discharge patterns from the Lateral Superior Olive of the cat 

are analyzed using point process methods. An intensity description is 

developed for responses to continuous tone and tone burst stimuli. 

The statistics of each process are described using the intervals 

between events in the response. Ve find that a first order Markovian 

model is sufficient to describe the observed serial dependence of the 

inter-spike intervals. In our model, the duration of the absolute 

dead time of one interval is inversely related to the duration of the 

previous interval. Superposition of renewal processes with a dead 

time implemented is shown to lack the necessary serial dependence 

which would qualify it as a potential model for LSO discharge pat¬ 

terns. Using our model, the early, nonstationary portion of tone 

burst responses is predicted based on the statistics of the later, 

stationary portion. 
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CHAPTER 1 

Introduction 

Our work is concerned with how information about the acoustical 

environment is represented and processed by the auditory system. Hie 

auditory system uses sequences of action potentials (spikes) in indi¬ 

vidual neurons to pass this information. The waveforms of the indivi¬ 

dual action potentials in these discharge patterns are very nearly 

identical. Thus the information bearing aspect of the discharge pat¬ 

tern is presumed to be in the times of occurrence or these spikes. 

The discharge pattern in any single neuron is probabilistic: repeated 

applications of the same stimulus yield different sequences of spike 

occurrences. These discharge patterns also display refractory 

effects: the occurrence of a spike decreases the likelihood of a 

succeeding spike for a brief interval [1], A realistic model of these 

discharge patterns must therefore be stochastic in nature and also be 

capable of exhibiting refractory effects. 

The discharge patterns generated in the neurons innervating the 

cochlea are the only representation of the acoustical environment 

available to the central nervous system. There are several pathways 

through which discharge patterns ascend the central nervous system. 

Each of these pathways include specialized structures (nuclei) in the 

central nervous system. At each nucleus» many neurons from previous 

stages might synapse on one neuron and that neuron might synapse on 

several neurons in the next stage. As a result of this» the actual 
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discharge patterns being transmitted usually* but not always* change 

from one nucleus to the next. In signal theoretic terms* the informa¬ 

tion content may either stay intact or diminish. This raises the 

question as to whether these nuclei act as merely relays in the sys¬ 

tem or whether they do some kind of processing on the signal. Our 

data was recorded from one of these nuclei: the Lateral Superior 

Olive (LSO)• 

Discharge patterns have been described mathematically as point 

processes [2]. A deterministic signal can be transmitted with a point 

process by modulating its intensity. However* a point process does 

not provide a noise free environment for transmission of signals. 

The stochastic nature of the point process implies that the signal 

actually transmitted is a "noisy" version of the desired signal. For 

example* a constant signal would determine the rate at which events 

occur. The receiver for such a transmitter would determine the mes¬ 

sage sent by simply averaging over time. For time varying signals* 

the receiver would have to be more complicated. 

An investigation of the psychos const i cal limitations imposed by 

a Poisson process model of auditory nerve fiber discharges was con¬ 

ducted by Siebert [3]. Swami [4]*[1] studied the use of renewal 

processes to transmit a signal. This model more accurately describes 

auditory nerve discharges than does a Poisson model. However* an 

occurrence in a renewal process influences the time of the next 

occurrence. Swami found that these refractory effects introduced dis¬ 

tortion into the information sent. The discharge patterns of LSO neu- 
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rons bave higher order dependencies than do renewal processes. In the 

following chapters# we attempt to develop point process models of 

these discharge patterns so as to provide some insight into the 

manner that information is conveyed through the auditory system# 

especially through the LSO. 

The model developed in Chapters 3 and 5 is an intensity [5] 

description of LSO discharge patterns. Superposition of renewal 

processes has been suggested as a possible model for neurons in the 

cochlear nucleus by Molnar and Pfeiffer [6]. Under certain condi¬ 

tions# a superposition of point processes can have characteristics 

similar to those seen in LSO discharge patterns. Thus# superposition 

of point processes is considered as a possible model for LSO 

discharge patterns in Chapter 4. 



CHAPTER 2 

Background Information 

2.1. Anatomy of the Cat's Auditory System 

Upon entering the cat's ear* a sound wave is first converted to 

mechanical vibrations by the eardrum and middle ear and is then con¬ 

verted to action potentials in the cochlea. The discharge patterns 

generated in the cochlea are transmitted by the auditory nerve to the 

cochlear nuclei [71. In the cat» there are two cochlear nuclei: the 

dorsal and ventral cochlear nuclei. (In actuality» each of these 

nuclei are further partitioned [7].) The auditory nerve branches in 

an orderly fashion to innervate each of these nuclei. The outputs of 

these two nuclei proceed in different directions. The output of the 

dorsal cochlear nucleus proceeds to the inferior colliculus and to 

the cerebellum. The output of a portion of the ventral cochlear 

nucleus proceeds to the superior olivary complex and is the pathway 

of concern here. 

The superior olivary complex is innervated by the output of both 

the ipsilateral and contralateral ventral cochlear nuclei and is the 

most peripheral region in the auditory system which receives input 

from both ears. Our data was recorded from the lateral superior 

olive (LSO) (also called the S-$haped segment) [8]» [9]» [7]» one of 

the nuclei in the superior olivary complex. As an effort to reduce 

the complexity of the inputs to the LSO» all experiments represented 

4 
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here used either monaural (ipsilateral) stimulation or had no stimu¬ 

lation at all* 

There is also an efferent path [8, chap 8] in the auditory sys¬ 

tem through which higher centers in the system appear to control the 

lower centers* One suggestion as to the purpose of this etferent 

pathway is that it might serve as an automatic gain control for the 

periphery of the system* It i$ capable of inhibiting responses in the 

inner ear [10]* The olivo-cochlear bundle [8] is one of these path¬ 

ways* The uncrossed fibers in each of the olivo-cochlear bundles ori¬ 

ginate near the LSO and the crossed fibers originate near the acces¬ 

sory olive [7], [8], and each bundle terminates in the the cochlear 

nucleus and cochlea* This part of the auditory system was not taken 

into account in these studies because it is thought that the efferent 

pathways are silenced by barbiturate anesthesia* [8, pg 74] 

All experiments were performed on adult cats deeply anesthetized 

with barbiturates and the responses were extracellularly recorded* 

For details on the experimental methods related to preparation of the 

cats and also concerning the stimulation of and recording from the 

auditory system, see [9]. 

2*2* Point Processes 

Point processes are somewhat different from other stochastic 

processes* Most stochastic processes are thought of as a collection 

of waveforms (sample paths) which are functions of time* Associated 

with a waveform process is an amplitude distribution which defines 

probabilities of the amplitudes of tue sample paths. In contrast. 
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point processes are concerned with the repeated occurrence of some 

particnlar event. Each event is assumed to have no waveform, and the 

stochastic aspect of the process is the times of occurrence of the 

events. The probability distribution associated with point processes 

is concerned with these times of occurrence. 

An interesting class of point processes can be described by 

their intensity function. The intensity has been used previously for 

the description of Poisson processes. Snyder IS] extended much of the 

theory related to Poisson processes to more general point processes 

using this description. 

2.2.1* Analysis of Point Processes 

Let { N(t); t2tQ } be the counting function associated with a 

point process (i.e. N(t) = the number of events that occur in 

[tQ,t)). Observation of the process begins at t^t^ and it is assumed 

that N(tQ) = 0. 

W= Cw1,wI.....wN(t)J (t0 < < w2 < ... iwN(t)<t) 

is defined as the vector of event times. The history of a process is 

completely described by w and N(t) or by (N(s); tg<s<tî. 

The intensity function p(t;N(t);w) is related to N(t) and is 

defined by 

M«;N<«>;J> - u. MNU+M) - N(t) - 1 I 
At->0 At 

This limit must exist almost everywhere for the process to have 

an intensity function. Not all point processes have intensity 
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functions [11]» but there is a large and useful class which do. If jx 

exists» then its value is equal to the instantaneous rate of event 

occurrences conditioned on the history (the times of occurrences of 

all previous events) of the process. In general p(t;N(t);w) is depen¬ 

dent upon both N(t) and w and the process is termed ''self exciting": 

its present characteristics are a function of its past [5]. Thus» ji 

is also a stochastic process. 

For small At» the probability of one event in [t,t+At) is 

approximated by 

Pr[ one event in [t»t+At) I N(t)»w] Z p(t;N(t);w)At. (2) 

The processes of concern here are also assumed to be regular: no more 

than one event can occur in a brief time interval. That is» 

Pr[ no events in [t»t+At) I N(t)»w] Z 1 - ji(t;N(t);w)At. (3) 

This is not an example of refractory properties but merely a state¬ 

ment that simultaneous events do not occur. 

Sometimes it is easier to work with the intervals between events 

than the times of occurrence of the events. The sequence of interar¬ 

rival times (intervals) {tj} is defined as « w^ - and 

Tj * Wj - tg and £ is defined as a vector composed of all intervals 

preceding and including the most recent interval. The function 

^rN(t)+l**^*^ is introduced for ease of notation and is simply 

the intensity ji(t;N(t);w) re-expressed in terms of these event inter¬ 

vals instead of the event times. 
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The point process haying perhaps the simplest statistical struc¬ 

ture is the Poisson process [11]. For the Poisson process» the 

expression for the intensity simplifies to 

p(t;N(t) ;w) « fi(t) • 

Thus the intensity of a Poisson process is not a function of its 

past* If the intensity of a Poisson process is a function of time» 

the process is termed inhomogeneous and is nonstationary* If the 

intensity of a Poisson process is a constant» the process is termed 

homogeneous and is a stationary process* 

Another characteristic of Poisson processes is that the number 

of events occurring during any interval of time is statistically 

independent of the number of events occurring during any other dis¬ 

joint interval* Thus» 

Pr[ n events in [s»t) and m events in [u»v) ] 
(4) 

= Pr[ n events in [s»t) ] x Pr[ m events in [u»v) 1 

This property implies that interarrival times in the process will be 

independent of each other* Poisson processes are defined by the pro¬ 

perties expressed in equations (2)» (3)» and (4)* 

The interval density of a process is defined by 

Prtc^ < l N(t)»r] « J^f(o I N(t)»r)do 
al 

The interval density lN(t) »S.) is an alternative to the condi¬ 

tional intensity function for characterization of a process* The 

conditional interval density defines probabilities of the length of 
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an interval in the process in terms of previous intervals in the pro¬ 

cess. 

The relationship between the intensity and the interval density 

for Poisson processes is well known [5], [11]. Generally, the density 

is considered to he a function of interval length and the intensity 

is considered a parameter of the density. For the inhcmogeneons case, 

the density of time of occurrence is more convenient than the inter¬ 

val density. The expression for the density of the (n+l)s* time of 

occurrence is given by 

f (t) = (i(t)exp 
wn+l 

The density of a homogeneous Poisson process is more naturally writ¬ 

ten in terms of intervals. A homogeneous Poisson process with inten¬ 

sity p has an exponential interval density with parameter p. 

f (x) = pexp(-px) x 2. 0 (g) 
n 

Any point process model of auditory system discharge patterns 

must exhibit the refractory effects observed in these discharge pat¬ 

terns. One of the characteristics of a Poisson process is that an 

event cannot influence the time of occurrence another event. This 

characteristic is incompatible with the refractory effects observed 

in discharge patterns. Hie simplest process with this property is the 

renewal process. A stationary renewal process is characterized by 

independent identically distributed (i.i.d.) intervals. A process 

with refractory properties could be modeled by choosing an interval 

-f n(c)d<x t 1 w (5) 
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density for a renewal process which was zero for short intervals. 

Renewal processes or even more complex processes can be used to 

transmit signals but they will introduce distortion due to their 

intrinsic serial dependence [1]. As the characteristics of the pro¬ 

cess are a function of its past, the process is not free to follow 

variations as they occur in the signal to be transmitted. Ve use the 

analogy that the effects of the refractory properties of these more 

complex processes are part of the distortion introduced into a 

transmission by a point process channel. 

Similar relationships as those for Poisson processes exist 

between the intensity and interval density of more complex point 

processes. If we substitute fl(TN(t)+j/N(t);s.) for £ in (6), we have 

an expression for the conditional interval density of the process. 

f (x|N(t),t) = p(x;N(t ) ;t_)exp j-|îr(a;N(t ) ;î.)da| 
TN(t)+l L 0 J 

This relationship can also be inverted to express the intensity in 

c • texms of the density. The survivor function F (*) of a process is 
Q 

defined by F (a) * 1 - F(a) where F(a) is the distribution function 

of the intervals in the process. 

?UN(t)+l;N(t);£) 

din Fc (a|N(t),£) 
TN( t)+l  

da 

din Pr[tjljifj>a!N(t) 
_ 



11 

f (alN(t).î.) 
T
N(t)+l  

F® (olN(t).ï.) 
TN(t)+l 

To conclude this section, here are some examples to illustrate 

the relationship between the intensity function and the interval den¬ 

sity. Each example shown here can either be taken as describing a 

renewal process or a Markovian process (in terms of intervals). In 

the case of a Markovian process, the intensity function and interval 

density must be taken as being conditionals. In the case of a renewal 

process, the conditionals are identical to the marginals for the 

intervals. 

i) If p(-c) - pu(r), where U(T) is the step function, the process 

is Poisson and the intervals are distributed exponentially. See 

Figure 2-1. p is a positive constant in this and the following 

example s. 

f(t) = pexp(-pr) 

ii) If p(t) = pu(r—CQ) , TQ>0, the process is renewal and its 

interval density is a delayed version of the density for the 

previous example. See Figure 2-2. 

f(t) = pexp(-p(r-c0))U(T-Cq) 

iii) If 
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Figure 2-1: The intensity and density for a Poisson process with rate 

p are displayed. The intensity is shown in panel b) and 

the density in panel a). The intensity is in the foxm of 

a step function: p(x) = pu(x) where u(x) is the step 

function. The density is of the form f(x) = pexp(-px). 



a) 

intensity function 
2p I '   1  

b) 

FIGURE 2-1 



14 

Figure 2-2: A renewal process is described in this figure. The inten¬ 

sity is in the form of a delayed step function: p(r) = 

PU(T-?Q). The density is also a uelayed version of inat 

of the previous example: f(r) = pexp(-p(r—CQ);. 



Intensity function 
2P 
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 1   1  !  
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1 t 1 
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b) 

8 

FIGURE 2-2 
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tUx) = 

0 T<T0 

p(t-xn) 

 — rn<T<t1 x±-xQ 0-1 

T>T- 

where T^>TQ>0* the process is renewal and is Rayleigh distributed for 

the first portion of its domain and exponentially distributed for the 

second portion of its domain. See Figure 2-3. 

T<TQ 

f(r) 
P(t~T0) 

•exp 
kl fc0 

p<*-y' 
2(t1-r0

) VtlTl 

pexp L 1 î J exp(-p( ^ 

2.2.2. Generation of Point Processes 

The point processes generated in simulations of tne discharge 

patterns were foxmed using a technique developed by Johnson [12]. He 

has a method for generating the intervals for a fairly general class 

of point processes. The processes are allowed to be Markovian (in 

terms of intervals) and also possibly time-varying. His method is an 

extension of a result from probability theory which relates the pro¬ 

bability density of one random variable to that of another when one 

of the random variables is a function of the other [11« pg. 12]. 

As the intervals in a process can be treated as a time series* 

we look upon the process generation problem as a discrete one. 

Johnson’s method takes a sequence of i.i.d. exponentially distributed 

(Poisson) numbers and redistributes them according to the desired 



17 

Figure 2-3 

Jî(T) 

f(tr) 

: Another renewal process is described in this figure. The 

intensity function is in the form of a clipped ramp func¬ 

tion: 

p(t-Trt) 

T1‘T0 

T<T, 

r0<r^rl 

T>T4 

The process is Rayleigh distributed for the first portion 

of its domain and exponentially distributed for the 

second portion of its domain: 

p(t-t0) 

‘1^0 
~exp 

2 ^ *!”*<>* 

r<r0 

r0<rlxl 

pexp 
P(Tl~t0)1 , , 
- 2 jexp(-p( i}) x>xi 



Interval dens Ity 

Intensity function 

FIGURE 2-3 
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output probability distribution. Ve have a sequence from a known 

input density (or intensity) and we desire a sequence from a Known 

output intensity. Hie fonction mapping tbe one sequence to the other 

must be determined. The problem is formulated using a nonlinear 

filter as shown in Fig. 2-4. The filter reshapes the intensity (or 

interval density) and introduces the desired serial dependence. Thus 

the output of this filter is 

T n+l - •<,a+l;*) 

The function g(*;T.) is shown to be defined by [12] 

*n+1 * i = | p(a;N(t);s.)da 

This relationship must be inverted to yield g(x . ;x), the 
n+l 

input-output relationship of the filter [12]. When no serial depen¬ 

dence is desired in the output. g() is a xunction of the input (x } n 

only. If serial dependence is desired» g() will also be a function of 

prior outputs (intervals). Tbe number of previous intervals used in 

g() will be equal in number to tbe order of tbe desired serial depen¬ 

dence. In other words» if a second order Markovian dependence is 

desired (i.e. tbe statistics of tbe current interval are to depend on 

tbe previous two intervals)» g() will be a function of tbe current 

input x ...» and tbe previous two intervals» x and x n+l n n—l 
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Figure 2-4: The nonlinear filter for intensity shaping and serial 

dependence introduction is represented by tais figure, 

Poisson data serves as the input and Markov data with the 

desired conditional intensity function as tne output. 
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Xn+1 *ÎIn+1 m 

FIGURE 2-4 



CHAPTER 3 

The Analysis of Continuous Tone Data 

In this section» data gathered from the lateral superior supe¬ 

rior olive (LSO) are presented and characteristics of the data 

relevant to mathematical modeling are discussed* Ve discuss the 

assumptions made about the statistics of the discharge patterns of 

neurons in the LSO and develop a model for the generation of point 

processes to simulate LSO discharge patterns. Our model is a 

mathematical one and does not attempt to simulate the workings of a 

neuron* We attempt only to match the statistics of the discharge pat¬ 

terns* 

Three types of stimuli were used in the experiments: 

1) no stimulus - to measure spontaneous activity 

2) continuous tone 

3) tone-burst 

For case 2)» the stimulus was a single tone» constant throughout the 

experiment* In case 3)» a tone was turned on and off at regular 

intervals (typically on *1 seconds and off 5 seconds). Each presenta¬ 

tion of the tone had the same signal strength* All stimuli were at 

the characteristic frequency (the frequency at which a unit is most 

sensitive [8]) of the particular unit under study* The data for the 

continuous tone and spontaneous activity experiments are described in 

this chapter and the data for the tone-burst experiments are 

described in Chapter 5* 

22 
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Our analysis of the continuons tone (or spontaneous activity) 

data occurs in three steps. The first of these is determining por¬ 

tions of the data which can he considered stationary. In the second 

step, we attempt to determine what serial dependence is present in 

the responses. We use a Markovian model for the data, and thus we 

must determine the appropriate order of the model to be used. (This 

is somewhat analogous to detexmining how many states are necessary to 

completely describe a system.) The third step is description of the 

foim of the Markovian model. 

3.1. The Stationarity Problem 

Neurons in the auditory system tend to fire (i.e. produce action 

potentials) rapidly at the onset of a single tone stimulus and to 

fire less rapidly as the tone is sustained. This phenomenon is known 

as adantation. It represents a problem for statistical analysis of 

the data in that if adaptation occurs, the data is obviously nonsta¬ 

tionary as the rate of the process is a function of time. We deal 

with this problem by looking for portions of the response where adap¬ 

tation is slight enough that the rate is fairly constant and the data 

can be considered to be stationary. See Figure 3-1 for an illustra¬ 

tion of adaptation in an actual unit. 

In the analysis of continuous tone and spontaneous activity, the 

first step is to make an attempt to locate sizable contiguous por¬ 

tions of stationary data. As we are allowing for the possibility of 

serial dependence in the response, the data cannot be arbitrarily cut 

and spliced. A criterion was established to determine when the mean 
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Figure 3-1: Figure 3-la) is a plot of a moving average of the inter¬ 

vals in tne process. This data was taken from unit t!08- 

lc.r2. The moving average is calculated from adjacent# 

non-overlapping blocks of 64 intervals. Intervals near 

the beginning of the response tend to be shorter than 

those later in the response due to adaptation. The vert¬ 

ical axis is seconds and the horizontal axis is time (in 

seconds) elapsed since tne beginning oi me experiment. 

The data between the x’s on the horizontal axis is the 

portion qualified as being stationary. Figure 3-lb) is a 

plot of the reciprocal of the moving average. It yields 

some idea of the variation in me rate of me process. As 

this is an estimate of the instantaneous rate of the pro¬ 

cess# it is also an estimate of me marginal intensity of 

the process 
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interval is near enough to a constant to consider the data to be sta¬ 

tionary. A moving average was calculated and used as an indication of 

how the mean of the process varies with time. (An example moving 

average is shown in Figure 3-1.) Bounds are then determined within 

which the moving average can vary and not disqualify the data as 

nonstationary. Each point in the moving average is the mean of a sam¬ 

ple of size N (64 in our case). 

of intervals. If these intervals are stationary and uncorrelated with 

each other» the variance of tne sample mean is equal to the indivi¬ 

dual variance scaled down by N. 

The mean and standard deviation for an individual interval are 

estimated from a sample of 4 blocks of 64 intervals near the begin¬ 

ning of the response. 4 blocks instead of 1 are used to increase the 

accuracy of the estimates. The mean of the sample is then used as 

the mean of the process and bounds are placed at ±2 standard devia¬ 

tions from this mean. The standard deviation used in the bounds is 

th ma(i) is the i point in the moving average and {x^} is the sequence 

2 
a is the variance of the individual intervals. 

the standard deviation of an individual interval scaled down by 8 as 

each point in the moving average results from 64 intervals. If the 

intervals are independent of each other» each point in the moving 
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average is very nearly Ganssian distributed (by tbe Central Limit 

Theorem). Tbe occurrence of 3 points within 50 or less adjacent 

points in tbe moving average lying outside tbe bounds disqualifies 

tbe outliers and all data following as nonstationary. (95% of a 

Gaussian density is witbin two standard deviations of tbe mean.) Tbe 

data between tbe sample from wbicb tbe mean and standard deviation 

were estimated and tbe outlying points is deemed stationary. 

This procedure is repeated many times witb each starting point 

being later in tbe response than tbe previous starting point. Tbe 

first starting point is 5120 intervals into tbe response to bypass 

transient behavior wbicb is often present in tbe beginning of con¬ 

tinuous tone responses. Each following pass uses a mean and standard 

deviation computed from tbe block of intervals immediately following 

tbe block of intervals used for the previous pass. Our reason for 

moving tbe sample from which tbe criterion is computed is that there 

might be large portions of stationary data towards tbe end of tne 

response. If this is tbe case, it is unreasonable to use as criteria 

for that portion of the response a mean and standard deviation which 

is calculated from tbe beginning of tbe response. The largest por¬ 

tion of tbe data that is considered stationary by tbe same criterion 

is tbe data that is analyzed. 

This algorithm for locating stationary data is summarized as 

follows: 

(1) Ignore the first 5120 intervals. 
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(2) Calculate the mean and standard deviation of the first 256 

remaining intervals. 

(3) Scale the standard deviation; divide it by the square root of 

the number of intervals to be used in each point in the moving 

average. 

(4) Monitor the moving average. The moving average is computed from 

non-overlapping, adjacent blocks of 64 intervals. Stop monitor* 

ing the moving average when 3 within 50 or less points in the 

moving average are greater than 2 normalized standard deviations 

away from the mean. All data between the beginning of the sample 

from which the mean and standard deviation were computed and the 

first of the 3 outlying points qualify as stationary. 

(5) Record the number and location of the intervals qualifying as 

stationary. 

(6) Shift the starting point by 64 intervals and repeat the process 

starting with (2). 

(7) Stop the process when there are less intervals remaining than 

the largest number of intervals that have already qualified as 

stationary. 

The estimated standard deviation in this method is somewhat 

inaccurate because the intervals are not uncorrelated. The estimate 

of the standard deviation is a little larger than the actual standard 

deviation due to negative correlation between adjacent intervals in 

the data. This effect allows more data to be considered stationary 



29 

than is intended. We determined that the estimate was sufficiently 

close that the data was still relatively stationary. The data between 

the xfs on the horizontal axis in Figure 3-la is the portion qualify*- 

ing as stationary. 

3.2. Serial Dependence in the Data 

Once stationary data has been located, analysis ot the data can 

begin and the pertinent statistical functions are computed. However, 

one must have knowledge of the process under consideration to know 

what the pertinent statistical functions are. At this point, our 

approach is to check for serial dependence in the data to determine 

what kind of histogram (marginal or conditional) to calculate to com¬ 

pletely describe the data. For example, if there is no serial depen¬ 

dence, i.e. p(r lx) = |T(t ), the marginal intensity (computed from 
n n 

the interval histogram) completely describes the data. However, if 

there is a first order Markovian dependence in the data, the condi¬ 

tional intensity p(x IT - ) (computed from the conditional interval 

histogram) characterizes the data. In this case, 

P(T Is.) * ?(t It t ). 
n n n—x 

It is easily seen that there is at least a first order depen¬ 

dence in the data. Figure 3-2 is the conditional mean E[T IT ,of 
n n—x 

the unit shown in Figure 3-1 (tl08-lc.r2). Before we can safely con¬ 

clude that E[T IT -] is probably not a constant (and hence that 
n n— x 

there is serial dependence in the sequence), we must determine that 

this estimate of E[T IT , ] is statistically significant. If the n n-x 

intervals were independent of each other, the conditional mean should 
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Figure 3-2: The conditional mean was computed for the unit 

tl08-lc.r2 and drawn as a solid line. The dotted lines 

represent hounds within wuich 9a% of tne points in me 

conditional mean should lie if all of the intervals were 

statistically independent of each other. As there appears 

to he a significant trend in the conditional mean rela¬ 

tive to the hounds, we conclude that there is probably at 

least a first order serial dependence in the data. 
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stay within certain hounds around the mean. The dotted lines in Fig¬ 

ure 3-2 represent the mean of the intervals from the entire response 

plus and minus 2 times the standard deviation of the entire response. 

The standard deviation used for each bin of the conditional mean is 

the overall standard deviation divided by the square root of the 

number of points in that bin. The trend in the conditional mean 

appears to be statistically significant. 

Ve must now determine whether the serial dependence in also 

extends to However* it is difficult to check the dependence of 

x on x * as large amounts of data are required to construct an 

instructive histogram. The natural histograms to compute to detect 

this dependence would be E[T IT - #T *] and |I(T IT - #T How*- 

ever, for the amount of stationary data we were able to obtain# it 

was impossible to obtain any information from P(T IT - #T 
n n-i n~z 

Some of the units yielded enough stationary data to allow meaningful 

computation of EIT^IT^^PT^JI • Order n intervals are necessary to 

construct histograms for functions of a single variable* This applies 

to functions such as the marginal intensity £(T) or the conditional 

2 
mean E[T IT .,]• Order n intervals are necessary to construct histo- n n-1 * 

grams for functions of two variables* Functions of two variables 

which are of interest to us are the conditional intensity 

and the conditional mean E[v IT * »T -]* Larger numbers of intervals n n—z 

would be necessary to observe histograms in high*? dimensions* Occa¬ 

sionally we had enough data to construct histograms in two dimensions 

but we almost never had enough data to construct histograms in more 
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than two dimensions* 

We can examine E[T IT „ ,T -] for tl08-lc.r2 as it yielded 
n n-1 n-2 

12160 stationary intervals. Even with this many stationary inter¬ 

vals, it is difficult to tell if there are trends in this plot due to 

the statistical variations. (E[r IT „ ,T A for tl08-lc.r2 is shown 

in Figure 3-3.) In an effort to reduce the effects of these varia¬ 

tions, we formed cross-sections of EIT^IT^J^T^JJ this unit. 

These are shown in Figure 3-4. The cross-sections were formed by 

calculating E[T IT - Z a,T for all T for which T - was within 
• n n-1 n-2 n n-1 

a certain range of a. Each plot shown is E(T IT - Z a,T A for a 
n n-i n-z 

different value of a. It appears that E[T IT -,T -] = E[T IT A 
n n-1 n-2 n n-1 

and thus the serial dependence extends no further back than T^J lor 

this unit. The dotted lines again show the bounds within which the 

conditional means can vary without showing dependence. As the condi¬ 

tional mean E[T IT -,T -] is relatively constant with respect to 
n n-l n-z 

T -, we concluded that a first order Markov model was probably suf- 
n—z 

ficient to model these responses. 

3.3. The Shifting Function 

We have seen that a first order Markovian model is sufficient to 

describe the data and must now attempt to describe this serial depen¬ 

dence. The obvious functions which might be used to describe a iirst 

order Markovian process are the conditional interval density 

f(T IT -) or the conditional intensity yi(x IT <,)• We made an n nr-i n n-i 

important observation from plots of (Figure 3-5) for tbe 

unit tl08-lc.r2. The functional foxm of the conditional intensity 
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Figure 3-3: The conditional mean E[r It , ,t .] was computed for the 
ii n-*i n—z 

unit tl08-lc.r2. This unit yielded 12160 stationary 

spikes. The plot was formed by requiring that T ^ be 

within a certain range, and then calculating 

E[T IT Z a, t A? • In this case, T . was required 

to be within a range of «9 msec, centered around the 

desired Ta_^. (The binwidth for this histogram was 300 

jisec. There are 100 bins in each direction. It was 

th 
required that be in the a bin or in the adjacent 

bin on either side.) These slices are then plotted one 

behind the other. Hidden lines are not displayed. There 

does not appear to be significant variation in the condi¬ 

tional mean in the T * direction. The conditional mean n-z 

does appear to he larger for smaller values of than 

for larger values. 
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Figure 3-4: Individual slices from the previous figure are displayed 

here. E[v IT . Z a, x is calculated and shown n n-i n-*j 

separately for each value of a. r
n-i was àg&tn required 

to be vithin a range of .9 msec centered around the 

desired x -.In tnis case, T - is the horizontal direc- n-1 n-2 

tion and a (T^^) is a parameter wnich is aifferent for 

each plot, a takes on values of 7.5 msec.» 9.0 msec.» 

10.5 msec.» and 12.0 msec, in a)» b)» c)» and d) respec¬ 

tively. 
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Figure 3-5: The conditional intensity function jKt IT , ) for tl08- 
n n-1 

lc.r2 is displayed for in four different ranges. In 

a), x - is within .4 msec. of 7.5 msec. The allowed 
n-i 

range for has tne same width. in each ot tne plots 

(.8 msec.). In b), c), and a), the conditioning intervals 

are 10.0, 12.5, and 15.0 msec., respectively. The number 

of intervals falling within tne desired range of the con¬ 

ditioning interval is usually quite small and thus our 

estimates of ihe conditional intensity are rather noisy. 

The amount of data used in the computation decreases with 

increasing r^. Thus* the intensities were artificially 

set to zero wnen less than 100 intervals were available 

for the estimate. In this example» the intensities are 

increasing functions; the dramatic drop to zero for 

intervals larger tnan Z 12 msec, is an artifact. The 

intensity should be considered to be unknown in tnis 

region rather than equal to zero. Roughly speaking, the 

conditional intensities have tne same functional form, 

except for variations in the absolute dead time. 

NOTE: All following estimates of intensities (conditional 

or marginal) are computed in the manner explained above 

and thus should be considered to be unknown for large x 
n 

even though they are shown as being equal to zero. 
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remains roughly the same except for being shifted by an amount 

inversely related to the length of the penultimate interval rn_^. 

This is illustrated by Figure 3-6 which is a perspective view of the 

individual plots shown in Figure 3-5. It seems that the absolute dead 

time is a function of T If T ^ is very large, the absolute dead 

time for x is as small as possible and if t .is very small, the 
xi 

dead time for Tft is relatively large. 

If this is an accurate description of the effect of t , then 

the conditional mean can be shown to be related to this shifting 

function through the following result [13, pg. 139]. 

We must hnow the functional fona of )T(T IT , ) to calculate this n 

mean. Ihere are three portions of the intensity function for most LSO 

units. (The intensity for tl08-lc.r2 is shown in Figure 3-7a. A 

piecewise linear function which might be used as an estimate of the 

intensity for tl08-lc.r2 is shown in Figure 3-7b.) The intensity 

function for any neural response is always characterized by a short 

period near the origin during which the intensity is zero. This 

period of time is called the absolute dead time. After firing, all 

neurons must rest for a short period before they can fire again (from 

1 to 10 ms for the LSO). After the absolute dead time, there is usu¬ 

ally a period of time during which the instantaneous rate is monoton- 

(1) 
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Figure 3-6: The estimates of the conditional intensity P(T IT^^) for 

tl08-lc.r2 (shown in Figure 3-5) are redisplayed in per¬ 

spective. Note tne similarity of form and tne variation 

in the absolute dead time of the intensities. 
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Figure 3-7: The marginal intensity was computed for tl08-lc.r2 and 

displayed in Figure 3-7a). The intensity has three main 

regions. The first is the absolute dead time; the inten¬ 

sity is zero for intervals less than or equal to the 

absolute dead time. After the absolute dead time, there 

is a relative dead time. In this region, the intensity 

increases monotonically. After the relative dead time, 

the intensity remains relatively constant. The form of an 

example conditional intensity function which might be 

used to model a unit such as this is shown in Figure 3- 

7b). Again, we are unable to observe the intensity for 

large intervals because there are simply not enough 

intervals of sufficient size on which to base our esti¬ 

mate 



T (sec.) n 

a) 

T (sec.) n 
b) 

FIGURE 3-7 
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ically increasing. This period of time is called the relative dead 

time. During this time, the probability of a spike increases as the 

neuron goes longer without firing. The absolute and relative dead 

times are assumed to be caused by the physiological properties of the 

neuron and are called the refractory properties or property. The 

intensity is relatively constant for intervals greater than the 

length of the refractory effects. 

For intensities such as those mentioned above, the survivor 

function has value one for the duration of the dead time, after which 

it is a decreasing function dependent on the form of the nourzero 

portion of the intensity. The integral in Eq. (1) then reduces to a 

sum of two terms. The first is the dead time. The second is a con¬ 

stant dependent on the non-zero portion of the intensity. (See Appen¬ 

dix I for an example calculation of the conditional mean.) In our 

case, the dead time is a constant plus a function of the previous 

interval: the shifting function. 

E[Tnkn-l] = A(x
a-1) + C 

C represents the constant portion of the dead time and the constant 

related to the foun of the intensity past the dead time. 

Ve can now test the viability of this shifting function model on 

some actual data. If each interval has been increased by some portion 

related to the previous interval, we should be able to subtract this 

portion of the interval (if we know the shifting function), resulting 

in a sequence which has no serial dependence. In effect, we can build 

a whitening filter. 
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The first step towards whitening the sequence is to approximate 

the shifting fonction. Ve use two functional forms: 

linear. A(x) = ax + b, and 

exponential. A(x) = a*exp(-bx). 

Hie conditional mean for all of the units we studied is well fit by 

the sum of one of these functions and a constant. Each of these two 

functions has two parameters (a and b) which are approximated empiri¬ 

cally by overlaying the approximating function and the conditional 

mean. See Figure 3-8a for an example. 

Once the shifting function has been approximated, the sequence 

can be whitened. Our model implies that the intervals {T Î are 
n 

described by the formula x * A(T ,) + X where (x } is a sequence & n n 

of i.i.d. random variables. The result in the previous section allows 

us to calculate A(r^_^) a nd thus we can form the sequence 

x = x - A(x , ). If E[x lx , ] = E[x ] after whitening, there is n n n-1 n n—1 n 
no serial dependence and the data is consistent with the model. The 

conditional mean shown in Figure 3-8a (tl08-lc.r2) was approximated 

by the exponential shifting function. After whitening, the condi¬ 

tional mean is quite flat (Figure 3-8b). Thus, this unit is well 

modeled by the shifting function model. 

There are some units for which this model is inadequate. See 

Figure 3-9 for IKT^IT two units in this category. The overall 

form of the conditional intensity for these units varies with 

Our results are based on the form of the conditional hazard function 

remaining the same with respect to ^ (other than a possible shift 
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Figure 3-8: The conditional mean for tl08-lc.r2 is shown in panel a). 

Overlaying tne conditional mean is our tit of it, wnich 

is the sum of a constant and an exponential of the form 

• 005exp(-200Ttt_^) + ,01, The conditional mean ot *108- 

lc.r2 after wnitening was calculated and shown in panel 

b). From each interval in tl08-lc,r2 a portion was sub- 

tacted according to tne formula ,005exp(-200*r -). The 
n-i 

bounds (dotted lines) within which the conditional mean 

can vary and still be considered constant are computed 

and shown as before. The conditional mean of the whitened 

process appears to be a constant. 



T (SCC.) 
n-i 

a) 

X (sec.) 
n-i 
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FIGURE 3-8 
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Figure 3-9: The conditional intensity (Hr IT ,) was computed for 

tl82-lC. r22 for 4 different values of T ^ and displayed 

in a). In each of the plots» T
n_i vas required to be 

within 1.1 msec of the conditioning value. The condition¬ 

ing values were 5, 7.5, 10.0, and 12.5 msec, in i), ii), 

iii), and iv), respectively. The foxm of the conditional 

intensity is obviously varying with x The size ot the 

initial offset (for small x ) in the conditional intensi- 
n 

ties increases with The conditional intensity 

P(T IT , ) was computed for tl86-ll. r2 for 4 different 

values of x^and displayed in o). In each of the plots» 

was required to be within .8 msec of the condition¬ 

ing value. The conditioning values of were 2.5» 5.0» 7.5» 

and 10.0 msec, in i)» ii)» iii)» and iv)» respectively. 

The form of the conditional intensity for this unit also 

varies with tn_^. In this case» the peak in the intensity 

for small intervals increases in size as T - increases. 
n-1 

Also» the decrease following the initial peak in the con¬ 

ditional intensity is less as increases. 
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along the axis)» 

One characteristic of nearly all of the units we are enable to 

model is an abrupt rise or discontinuity in the marginal intensity 

and marginal histogram for intervals just greater than the dead time. 

Many of these units have conditional intensities which are typified 

by an absolute dead time followed by large abrupt offsets followed by 

a short rapidly decreasing portion. (See Figure 3-9b). After this 

decreasing portion* the intensity slowly increases in the manner of 

the relative dead time previously discussed. The implication of an 

intensity such as this is that the unit is very likely to fire 

immediately after the absolute dead time. This type of intensity 

tends to produce interval histograms which are bimodal with a very 

narrow peak for intervals just greater than the absolute dead time 

and a broader peak for larger intervals. 

The second characteristic is a non-flat conditional mean* imply- 

ing serial dependence. Due to the averaging which takes place when a 

marginal is computed from a conditional* the shifting function model 

is incapable of generating discontinuities in the intensity when sig¬ 

nificant serial dependence is present. 

Of the 18 units from which we had data from continuous tone or 

spontaneous activity experiments* 13 appear to be well modeled by 

this shifting function model. Ve had enough data to examine the conr 

ditional intensity from only 5 of these 13 units. However* most of 

the other 8 units did not have the abrupt initial offset in their 

intensities which was characteristic of the units we were unable to 
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simulate. If they did have a sharp rise in their intensity, they did 

not have significant serial dependence. A discharge pattern without 

serial dependence is easily simulated as it is completely described 

by its marginal intensity. 



CHAPTER 4 

Superposition of Renewal Processes 

A process in which a long interval tends to be followed by a 

short one and vice-versa will exhibit a conditional mean E[r It -] n n-1 

which is a decreasing function. Also, the value of the autocorrela¬ 

tion function at the first lag will most likely be less than zero, 

(I.e., the process has negative correlation,) Cox and Lewis in their 

book on time series [2] mention that for some interval densities, the 

superposition of a small number of processes will show a negative 

correlation between consecutive pairs of intervals, (The superposi¬ 

tion of m component point processes is defined as a process with an 

event simultaneous with all events in each of the m component 

processes,) Holnar and Pfeiffer 16] suggested superposition as a pos¬ 

sible modeling technique. Superposition is an attractive idea in that 

it assumes a very uncomplicated neuron. Inputs to a neuron are passed 

directly its output. 

D,R* Cox studied the superposition of point processes in his 

books Point Processes [14] and Renewal Theory [15] but his was a 

macroscopic approach in terms of the properties of point processes. 

He calculated marginal as opposed to conditional densities and looked 

at the superposition of a large number as opposed to a small number 

of point processes. In this chapter, we discuss the superposition of 

renewal processes. Our approach is microscopic; we consider the conr 

ditional properties of the superposition of a small number of renewal 

54 
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processes* In the following section we develop some theory related to 

the superposition of renewal processes* 

4*1» Theory 

The following results are developed for the superposition of two 

renewal processes* The processes are not assumed identical* The 

superposition of only two processes was considered as it was the sim¬ 

plest approach with possibly the most serial dependence* The reason 

that superposition was suggested is that it induces a negative corre¬ 

lation between consecutive intervals in the pooled process* Cox, et* 

al. [15] showed that as the number of component processes increases, 

the superposition becomes increasingly Pois so nrl ike* (The superposi¬ 

tion of large numbers of processes will not have the serial depen¬ 

dence characteristic of LSO discharge patterns.) As the process which 

motivated the superposition is certainly not Poisson-like, i*e. has 

serial dependence, the number of component processes must be kept 

small* Figure 4-1 shows the conditional mean E[T IT -] for increas- 

ing numbers of identical component processes* The conditional mean 

seems increasingly closer to a constant (i*e* consistent with a Pois¬ 

son model) for increasing numbers of components* However, it is dif¬ 

ficult to compare the conditional means of processes with different 

numbers of components as the superpositions of different numbers of 

components each having the same rate will have different rates. 

Figure 4-2 contains another view of the superposition of 

increasing numbers ot components* This time, the superposition is 

rescaled after pooling to maintain a constant average rate for the 
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Figure 4-1 Conditional means were computed from the superposition of 

2 (a), 3 (b), 4 (c), and 5 (d) independent component 

processes* Each component consisted of 50000 intervals 

with intensity function jï(x) « 250u(r-*002) • 
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Figure 4-2 Interval histograms* marginal intensities* and condi¬ 

tional means were calculated for tne superposition ot 

varying numbers of components in this series* Each super¬ 

position contains components with varying numbers or 

intervals* but all of the components have intensity func¬ 

tion p(r) = 250U(T-.002). In each case* the vertical axis 

of the interval histogram is logarithmic to facilitate 

detection of an exponential histogram. Figure 4-2a 

describes the superposition of 2 components with 50000 

intervals each. Figure 4-2b has the superposition of 4 

components with 50000 intervals each. Figures 4-2c* 4-2d, 

and 4-2e describe the superposition of lu* 2o* and 50 

components* respectively. The components in 4-2c contain 

25000 intervals* 4-2d, 10000 intervals* and 4-2e* 5o00 

intervals. In each Figure* panel i) is the interval his¬ 

togram for the pooled process* panel li) is the marginal 

intensity* and panel iii) is the conditional mean. 
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SUPERPOSITION WITH 10 COMPONENTS 

FIGURE 4-2c 
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SUPERPOSITION WITH 25 COMPONENTS 

FIGURE 4-2d 
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SUPERPOSITION WITH 50 COMPONENTS 

FIGURE 4-2e 
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varions superpositions. So, after forming the superposition of m com¬ 

ponent s, the length of each interval is multiplied by m. Notice that 

the interval histogram appears to be exponential much sooner than the 

conditional mean appears to be a constant. Thus, ve suggest that the 

conditional mean is perhaps a more sensitive measure of when a super¬ 

position is essentially Poisson. 

Ve now calculate the conditional interval density of two known, 

independent renewal processes. The two input processes are labeled A 

and B and the superposition of the two is labeled S. A sample reali¬ 

zation of the two processes and their superposition is shown below. 

A | X X X  

j TA1 TA2 TA3 

I 
B | X X  

! rBl TB2 

 X X  
TS1 TS2 

-X X- 
TS3 S4 S5 

If and previous intervals are in the past, Tgg is the present 

interval, and £g refers to all previous intervals in the superposi¬ 

tion ^Ts4S3»Ts2«T11 well as the originating process for each 

point in the superposition, then 

Prltgg > r ! xs] = Prft^ > x and xfi2 > *53 +*54*I> ^S3
+'S41 

Prt*A3] PrIrB2 > TS3+CS44T*tB2 > S41 
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*[*A3 > TlPr[tB2 > ZS3+XS4+X1 

2 > TS3+CS41 

FA(t) F
B

(T
'
H:

S3
4T

S4
) 

F
B
(T

S3
+C

S4
) 

where F®(x) = Pr[x^>x] is defined as the survivor function for the A 

process. (F^ ■ 1 - F^(x) and F^(x) i* the distribution function for 

the A process.) 

Making use of the fact that the density of a point process is 

related to its survivor function by: 

f(x) = [F
C
(X)], 

We have 

~ ~A~ 

d 
dx V'sT'V 

Xg contains more information than is necessary to completely 

define the statistics for the next interval (x^j ). If we assume that 

the most recent event originated frcm the A process, the only other 

information necessary to char act eriz e the statistics for the next 

interval is the location of the most recent B event. As the component 

processes are renewal, the statistics for the next time of occurrence 

are completely described given the previous time of occurrence. If x 

is defined as the period of time between the previous B point and the 

current A point, we have 
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(1) 

If the marginal density is calculated from this equation, it reduces 

to the marginal density for a superposition as defined in [15, pg. 

761 . 

If the two component process are not identically distributed, 

care must be exercised in the use of (1). At any given moment, the A 

process is defined as the process which contributed the most recent 

event to the superposition. Thus the survivor defined as F®(*) is 
A 

liable to interchange with the survivor defined as F®(*) from one 

interval to the next in the superposition. This is simply a charac¬ 

teristic of our notation and does not indicate nonstationarity in the 

superpositio n. 

Some examples: 

1) Superposition of two Poisson processes with rate p. 

F®(T) = F®(x) = esp(-pt) x>. 0 

Fg(xlr ) “ 
FA(t)FB(t+T*> 

F‘U*) 

= exp(-2pr) 

f (xlr ) * "T^F®(TIT ) « 
S Ot a 

2pexp(-2pT)u(t) 
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So the superposition of two Poisson processes with rate p is a 

Poisson process with rate 2p. The intensity of a Poisson process is 

its rate and is a constant if the process is stationary. 

2) Superposition of two renewal processes with absolute 

dead times. 

For this example. 

exp(-p(T-cft)) x^x. 

F‘(x> = Fg(t) = x 

0<_T<TQ 

where > 0. In this case, the density is dependent upon x 

* 
For x >. TQ. 

and 

exp(-p(x+c .)) 

exp(-p(r -cA)) 
exp(-pr) 

exp(-p(r—cQ) )exp(-p(t-Hc —10> ) 

exp(-p(r v)> 

01T<T0 

exp(-p(2t-r0)) T>XQ 

> * -d c • * 
fs(t,t ) “ d?S(t,t } 

pexp(-pt) 0<t<TQ 

2pexp(-p(2t-c0)) T>To 

, for x <xQ, and similarly, 
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and 

exp(-p(x+r -TQ)) 

x<x. 

^ <Tit0 

exp(-p(2r+c “2TQ)> 
T
^

T
0 

f (TIT ) 
$ 

pexp(-p(x+T *)) 

T<T. 

z0~x <x&0 

x)x. 
2pexp(-p(2T+c -2TQ)) ”'*0 

If we express this density in the following manner. 

for x TQ, 

fs(rlt ) * £pu(r) + pn(t-x0)jexp^-ptn(t) - P(X-XQ)U(X-XQ)J 

* 
and for x <x^, 

f^rlx ) * [pu(t+t —CQ) + pn(T-x^)j 

exp[p(T+c*-r0)n(T+c*-c0) - p(x—C0)U(T-T0)] 

it is apparent that the superposition could also be characterized by 

realizing that its intensity is the sum of the two component intensi¬ 

ties. (As tiie intensity of a process is its instantaneous rate, and 

the instantaneous rate of the superposition is obviously the sum of 

the instantaneous rates of the components, the intensity of the 

superposition is equal to the sum of the component intensities.) 

Thus, 

Ps<r I x*) 
* 

+ Pg(t+t ) 

and 
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i * f 
fg(T It) - |ig(t)exp(-|ng(ff)dc) 

Thus at any instant in time, the intensity of the superposition is 

the sim of the component intensities. 

We have been speaking about t as if it were an interval in the 

superposition. In fact, this may or may not be the case. Statisti- 
* * 

cally. t is the important quantity, but in practice, x is usually 
* 

not measurable. For a pooled process» x is unknown unless the com¬ 

ponent processes are known» which is not likely. Thus the conditional 

mean of data is usually calculated based on T * However, we find 

# 
statistically that x in a pooled process is usually the previous 

interval. Another important observation is that an interval is always 
« 

less correlated with the previous interval than with its relevant x » 

or at most» equally correlated. See Fig. 4-3 for an example com- 
* ♦ * 

parison of E[T IT ] and E[T IT «]• (x is the relevant x associated 
nl n n n-1 n 

with T . It is most likely T - .) Within statistical variations» the 
n J n-1 

two conditional means appear to be the same. 

The interesting characteristic of a superposition of point 

processes is the serial dependence induced by pooling. Adjacent 

intervals frcm nearly all discharge patterns in the LSO are nega¬ 

tively correlated with one another. The conditional mean E[T IT -] n n—x 

is a decreasing function of T^_^ and the lengths of adjacent inter¬ 

vals are inversely related to one another. 

In the following theorem» we establish a sufficient condition on 

the intensity of the component processes to insure that the condi- 
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Figure 4 

E[T n 

3 The superposition of two processes with intensity 

P(T) = 333*33U(T-.002) was formed* The conditional mean 
* 

E[T IT -] is shown with the conditional mean E[T IT ] n n-i n n 

overlain. E[t IT ] was computed from n n 

♦ 1 i * * 
x0 " T + p " 2?X*(~PT ) T -^0 

n1 = 1 _1_ , , *. 
p " 2pexp(-pt0> T >T0 

where TQ is the absolute dead time of the component 

processes and p is a parameter related to the rate of the 

component processes* The conditional mean E[T IT ] is the n n 

smoother of the two functions. Vithin statistical varia¬ 

tions, the two conditional means appear to be the same. 
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FIGURE 4-3 
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tional mean EIT^IT^] of a superposition is a decreasing fonction. 

This theorem is applicable only to the case where the component 

processes are identically distributed. 

Theorem: If the intensity of each of two identically distributed 

point process forming a superposition process is a nondecreasing 

function, then the conditional mean EIT^IT^] of the superposition of 

the two processes is a nonincreasing function. 

Proof: FgO is the survivor function for the superposition and F () 

is the survivor for the components. 

If this derivative is non-positive for all x and x , the conditional 

mean will be a non-increasing function for all x . The derivative is 

non-positive if the quantity in the braces is non-positive. Thus, 

E[T IT ] * ; See Eq. (1) in Chapter 
n * l F

C
(T*) 

dx ; See Eq. (1) in Chapter 3. 

and thus# 

* 

E[T IT ] is non-increasing if 

f(T+T )F
C
(T ) 2. F

C
(T+T )f(T ) 

or 
tlx+T ) > ) 

F
C
(T4T*) “ F

C
(T*) 

or 
|I(T+T ) 2 hf* ) for all T>0 
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Thus* the superposition of two renewal processes will have a mo no to n- 

ic&lly decreasing conditional mean ECT^IT^] if the intensity of the 

two components is monotonically increasing. 

The intensity of the components used in both examples in the 

previous section satisfy this requirement. The conditional mean for 

the second example, shown below, is indeed a non-increasing function. 

* i i * * 

* T0 " T + p " 2^eXp(_pT ) T ^0 
E[TIT ^ 

=
 I I • 

p - ^«P<-PV T >ro 

This is the equation that was used to compute E[x IT ] shown in Fig. & n 

4-3. An interesting aspect o£ this equation is that it is constant 
* 

for values of x greater than the absolute dead time of the com¬ 

ponents. (There is no relative dead time in these components.) This 
a 

implies that there is no serial dependence in the process when T is 

greater than the dead time of the component processes. 

4.2» The Dead Time 

Superposition has been seen to induce serial dependence similar 

to that seen in LSO discharge patterns. However# an unmodified super-* 

position has other characteristics which are incompatible with LSO 

discharge patterns. Namely# there is no dead time in the superposi¬ 

tion. 

The absolute dead time can be imposed on the superposition of 

point processes in the manner of Type I counter as defined in [14]. A 

Type 1 counter is blocked for a short time after the arrival of an 

event and any event arriving during the blocking interval (or dead 
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time) has no effect on the counter. All intervals in the input pxo- 

cess to the counter which are greater than the dead time of the 

counter will be passed unchanged. Those intervals in the input which 

are less than or equal to the dead time of the counter will be joined 

with the interval immediately following to form one interval in the 

output. Our assumption is that this is how a neuron might function 

if its output is the superposition of its inputs. 

If we consider the superposition of two identically distributed 

renewal processes with absolute dead times only (i.e. with intensity 

of the form p(t) * puft-A^) where p and A^fl are positive constants), 

we can say two things about the output of the counter. We also assume 

that the output dead time A^ (i.e. the dead time of the Type I 

counter) is less than or equal to the input dead time A^. 

Under these assumptions, we can make two statements about the 

output of the Type I counter. 

(1) The maximum number of events blocked by one output dead time is 

one. 

(2) The originating process of the blocked event must be different 

from that of the blocking event. 

We can make a further statement about the output of the counter 

for the case Ao^t * A^Q = A. It is important to realize that 

there is an absolute dead time only. If an event occurs during a dead 

time, it most certainly will be blocked and if it is not during a 

dead time, it most certainly will be passed. Consider the following 
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case. 

S •X- -X—X X X  
T
S1 

T
S2 

T
S3 

T
S4 

T
S5 

There is only one blocked point. Therefore the only serially depen¬ 

dent intervals are Tj and Xj, but after blocking, x^ and x^ are one 

interval and hence there can be no serial dependence in the output of 

the counter. So A ^ ® Aia removes all serial dependence in the 

process. The simulations following show that in practice, can 

often be considerably smaller than A^ and still effectively remove 

all serial dependence. 

4 .3 • Simulations 

In this section, we perform simulations in order to demonstrate 

the effect of introducing a dead time into a superposition of point 

processes. All demonstrations except the last consist of a superpo¬ 

sition of renewal processes. The components of the superposition 

become increasingly complex with each example and the last example 

actually consists of a superposition of Markov processes. The exam¬ 

ples proceed with components as follows: 

(1) Renewal, absolute dead time only 

(2) Renewal, absolute and relative dead time 

(3) Markov with absolute and relative dead times 
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Hie examples all have the foil owing format. The properties of 

the components are shown first and are followed by the properties of 

the superposition of two component processes. The superposition is 

then passed through counters with increasingly larger dead times and 

the properties of the superposition with this induced dead time are 

displayed. Observe the increasing flatness of the conditional mean as 

the superposition is passed through larger dead times. In each fig¬ 

ure, the interval histogram for the process is shown in panel i), the 

intensity is shown in panel ii), and the conditional mean is shown in 

panel iii). 

The first superposition (Figure 4-4) has components which have 

absolute dead times only. Thus, these units have intensities which 

are delayed step functions and densities which are delayed exponen¬ 

tials. This is similar to the second example at the end of Chapter 2. 

It is the simplest point process model used for neurons and is some¬ 

times used for auditory nerve units. Also, some units in the cochlear 

nucleus are well fit by this model [16]. In this example, the first 

output dead time is .5 msec and each following dead time increases by 

•5 msec. Notice how serial dependence in the conditional mean is 

present only for previous intervals less than or equal to the dead 

time. A dead time on the output equal to half of the dead time on the 

input has effectively removed all dependence (i.e. the conditional 

mean appears constant). 

The second superposition (Figure 4-5) has components which have 

an absolute and a relative dead time. The intensity during the rela- 
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Figure 4-4 The components for this example were created by adding 2 

msec* to each interval ot a Poisson process with mean 

equal to 5 msec* Thus* they have intensity function 

]I(T) » 200u(r-*002). The components have an absolute dead 

time equal to 2/7 of their mean interval* In each figure# 

the interval histogram (panel i)# the marginal intensity 

(panel ii)# and the conditional mean (panel iii) are 

displayed for the relevant process* The component 

processes (of which there are two) are described in Fig¬ 

ure 4-4a* The superposition ot tne two processes is 

described in Figure 4-4b« The superpositions with 

increasingly larger absolute dead times introduced are 

described in Figures 4-4c through 4-4f* The first dead 

time introduced is *5 msec (Fig* 4-4c)* The next dead 

time (1 msec# Fig. 4-4d) has removed effectively all 

serial dependence in the superposition* (The conditional 

mean E[T IT «]# panel ii# appears constant*) There is 

not much change in serial dependence as tne output dead 

time increases to the input dead time (2 msec*)* The dead 

times in Figures 4-4e and 4-4f are equal to 1*5 msec, and 

2 msec*# respectively* 
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COMPONENT PROCESS 

FIGURE 4-4a 
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Figure 4-5 These components have an absolute dead time of 3 msec* 

followed by a relative dead time of 15 msec* , after wnich 

the intensity is a constant 300. The intensity is defined 

by 

0 x <*003 

?(T) = 20000(t - .003) *003 < T <*015 

300 x > .015 

(Thus the mean is between 6*3 and 18*3*) The components 

are described in Figure 4-5a and the superposition of the 

two components in Figure 4-5b. The interval histogram is 

shown in each figure in panel i), the marginal intensity 

in panel ii), and the conditional mean in panel iii). In 

Figure 4-5c, the superposition has had an absolute dead 

time of 1 msec* introduced and in Figure 4-5d it has had 

an absolute and a relative dead time introduced ot 1 

msec* each* Notice how the relative dead time also has 

the effect of removing serial dependence. In Figure 4-5e, 

the superposition has had an absolute dead time of 2 

msec* introduced and in Figure 4-5f, an absolute and a 

relative dead time of 2 msec* each. In Figure 4-5g, the 

superposition has had an absolute dead time of 3 msec, 

introduced and in Figure 4-5h, an absolute and a relative 

dead time of 3 msec* each* The 2 msec* absolute dead time 

removed almost all serial dependence. The combination of 

2 msec* absolute and relative dead times was able to 

remove all serial dependence* 
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COMPONENT PROCESS 

FIGURE 4-5a 
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tive dead time is linear and is constant afterwards. These components 

are similar to the third example at the end of Chapter 2. The induced 

inverse relationship between the durations of adjacent intervals 

extends over the period of time covered by both the absolute and 

relative dead times. However» the effect of the relative dead time on 

serial dependence appears to be less than that of the absolute dead 

time. (The conditional mean is closer to a constant for intervals 

which terminated during the relative dead time of a component than it 

is for those which terminated during the absolute dead time of a com¬ 

ponent. ) 

We implemented a relative and an absolute dead time on this 

superposition to examine their effects on serial dependence in the 

superposition. The simulations introduce absolute dead times of 1*2» 

and 3 msec. Each absolute dead time is introduced alone and then with 

a relative dead time of equal size. The relative dead time was imple¬ 

mented as a period of time following the absolute dead time during 

which events might or might not be passed. The probability of an 

event's passage increased linearly from 0 to 1 over the duration of 

the relative dead time. The combination of absolute and relative dead 

times removed serial dependence more quickly than did the same size 

absolute dead time alone. However» in this example also» the output 

absolute dead time alone removed effectively all serial dependence 

before it was equal in length to the input absolute dead time. 

The third and final example (Figure 4-6) has Markovian com¬ 

ponents. The components are similar to the processes generated as 
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Figure 4-6 Hie se components were formed by first creating a renewal 

process with an absolute dead time of 3 msec, and a rela¬ 

tive dead time of 20 msec, whose intensity leveled off 

at 3 00. To each interval, we then added 

A(T .,) = .01 * erp( -200 *T „). (T „ in seconds.) 
n-1 n-1 n-1 

Thus the conditional intensity for v is defined by 

0 T <.003+A(T ,) 
n- n-1 

?(T IT . ) = 15000(T-.003) .003+A(T .XT <.023+A(T .) n n-i n—i n n*~x 

300 T >.023+A(T .) n n-x 

Tlie components are described in Figure 4-6a and tne 

superposition of the two canponents in Figure 4~6b. The 

interval Histogram is snown in each figure in panel i), 

the marginal intensity in panel ii), and the conditional 

mean in panel iii). In Figures 4-6c» 4-6d, 4-6e» and 4- 

6f, the superposition of the two component processes has 

absolute dead times of 1 msec#» 2 msec.» 3 msec.» and 4 

msec, introduced» respectively. An absolute dead time 3 

msec, was able to remove nearly all serial dependence. 
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simulations of LSO unit discharge patterns in Chapter 3* Ve have no 

theory related to the superposition of Markov processes. However, it 

is possible that the input discharge patterns to the LSO might con¬ 

tain serial dependence. If this were the case, and the output of LbO 

neurons is the superposition of their inputs, their output would be a 

superposition of Markov processes. Therefore, we simulated this 

case. The shifting function from Chapter 3 was the means of introduc¬ 

ing the serial dependence into the data. Ve induced only an absolute 

dead time on this superposition. The first dead time was 1 msec, with 

each following dead time increasing oy 1 msec. Even for a superposi¬ 

tion with components such as these, all serial dependence is effec¬ 

tively removed by the time the output dead time is equal to the input 

absolute dead time. 

In nearly every simulation we have seen, an output dead time 

easily removes the intrinsic serial dependence in a superposition. If 

the absolute and relative dead times of the components are comparable 

in size to those in the auditory system, an absolute dead time equal 

to the input absolute dead time always removes effectively all serial 

dependence (i.e. the conditional mean appears constant) 

regardless of whether the components have a relative dead time. The 

only situation in which this has not been the case is for the output 

dead time to be much less than the input dead time. From our experi¬ 

ence, if the output dead time is larger than one half to two thirds 

of the input dead time, there will be no significant serial depen¬ 

dence remaining in the superposition. 



CHAPTER 5 

Analysis and Simulation of Tone Burst Responses 

5.1* Analysis 

Analysis of tone burst data is somewhat different from that of 

continuous tone data. The stimuli for tone burst experiments are 

periodic and thus the responses are nonstationary. The stimuli had on 

times of .1 to .2 seconds and repetition rates from 1 per second to 1 

per 5 seconds. Ve made the assumption that the statistics of the 

process are the same from one stimulus presentation to the next. 

Thus» the intervals in the responses to different stimulus presenta¬ 

tions can be pooled to use in the formation of histograms. 

The PST for most LSO units is typified by large variations in 

the rate during the initial part of each presentation. These varia¬ 

tions eventually die out for most units and the remaining portion of 

most responses maintains a fairly constant rate. The units shown in 

Figure 5-1 are known as choppers [17]. They are given this name due 

to the size and duration of the oscillations in their PST histograms. 

Nearly all of the LSO units from wnich we nave tone burst responses 

have fallen into this category. From one unit to another» the rate of 

chopping will vary» as does the size and duration» but tnere is 

always chopping. 

Calculation of the PST histograms shown in Fig. 5-1 is the first 

step towards locating stationary data from the units represented 

102 



103 

Figure 5-1: PST histograms were computed for three units. The units 

are t42-lA.r4, t42-2B.rtf, and tl52-2B.r4 and tney are 

shown (in spikes per sec.) in a)# b), and c) respec¬ 

tively. The period in the beginning ot each response dur¬ 

ing which the PST is zero is a result of the delay 

between stimulus on and tne onset of the response in the 

LSO. The PST histograms are computed and displayed from 

stimulus on to stimulus off. The rise in the rate at the 

very end of some of the responses is thought to be an 

artifact present in the switching mechanism. The sta- 

tionarity cutoff points chosen were: 75 msec for t42- 

1A. r4, 75 msec for t42-2B. r6, and 60 msec for tl52-2B.r4. 
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FIGURE 5-1 
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there. Chopping in a PST indicates that that portion of that response 

is nonstationary, Ve mast determine at wüat point tne rate can be 

considered constant and all data occurring after that point is con¬ 

sidered stationary. Histograms (the marginal intensity» the interval 

histogram» and the conditional mean EIT^IT^^]) are then calculated 

for each process from intervals whose origins are after this point. 

The point demarking "stationary" data is chosen subjectively. It is 

marked on the horizontal axes in Fig. 5-1, (For the 100 msec presen¬ 

tations» 40 or 60 msec into tne presentation were tne typical cutoff 

points. For the 200 msec presentations» 75 msec was the typical cut¬ 

off point.) 

Sufficient amounts of stationary intervals are generally not 

available from tone burst responses to check for serial dependence 

other than between adjacent intervals. Tone burst experiments also do 

not yield enough stationary data to calculate conditional intensi¬ 

ties, (5000 stationary intervals are rarely obtained and at least 

8000 are needed to observe conditional intensities or to check for 

higher order serial dependencies,) We calculated only tne conditional 

mean EIT^IT^^]. Tone burst responses contain at least a first order 

serial dependency. See examples of E[T IT - ] in Figure 5-2. We 
n n-i 

made the assumption that serial dependence here was similar to that 

found in the continuous tone data. 

5*2, Simulations 

The PST of the unit is observed to determine how far into each 

stimulus presentation we must wait to obtain stationary data. Once 
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Figure 5-2: Etx^Ir was computed for t42-lA.r4 with intervals 

whose origin was at least 75 msec, after stimulus on and 

shown in panel a). The intervals are measured in seconds. 

The conditional mean is not constant and tnus at least a 

first order Markovian model is required for the data. 

(Bounds were not placed on the conditional mean to check 

statistical significance of the trend in the mean. It was 

assumed that tne trend was significant based on the 

results from continuous tone data.) Also, E[T IT .] for 
n nrl 

t42-2B.r6 is shown in panel b) and for tl52-2B.r4 in 

panel c). 
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FIGURE 5-2 
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this point is determined, the interval histogram and conditional mean 

are computed from all intervals whose origin is at least that far 

into a stimulus presentation. The marginal intensity is then calcu¬ 

lated from the interval histogram. The shifting function is deter¬ 

mined from the conditional mean and the form of the refractory func¬ 

tion is guessed at based on the marginal intensity. 

As we have said, the conditional mean is assumed to be the sum 

of the shifting function A(Tfl_^) and a constant C. 

E[T IT « A(T -) + C 
n n—l n—X 

A(rn_^) is assumed to be Z 0 for extremely long intervals. (If the 

previous interval was very long, the seuron has had a chance to 

"rest" and thus it is able to fire quickly the next time.) Figure 5- 

3a shows a unit being fit by a linear shifting function. The shifting 

function is set to zero for the longest observed intervals. The 

shifting function is shown in Figure 5-3b. 

The intensity is assumed to maintain its functional form for the 

duration of each stimulus presentation and also to take on the same 

form from one presentation to the next. The process is assumed to be 

first order Markovian and thus the intensity for is a xunction of 

T The essence of our model is an estimate of the form of this n—l 

conditional intensity. The intensity is assumed to alternate between 

0 during the off-time and the estimated form of the intensity during 

the on-time. (The intensity of discharge patterns is not generally 

zero during the off-time as some LSO units exhibit spontaneous 

activity, but spontaneous activity is not the item of concern here.) 
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Figure 5-3: Panel a) contains the conditional mean E[T IT .,] of 
n n-i 

t42-lA. r4 and tlie estimate of the form of the conditional 

mean. Both intervals are measured in seconds. The condi¬ 

tional mean was assumed to be of the form 

E[t It J - (.00176 - .22T J + .0044 for t * < .008 
n n-1 n-1 n-1 

and to be a constant .0044 for x * > .008. Thus tae 
n-1 

shifting function (panel b) is described by 

A(T J * .00176 - .22T - . 
n-1 n-1 
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The intensity for the tone burst simulations is a product of two 

functions* The first function, d(t), is representative of the drive 

(or stimulus) and is a square wave alternating between 0 and a con¬ 

stant which is dependent on the desired rate during the on-time. The 

other function, r(tr IT represents the refractory properties of 

the neuron and is thus labeled the refractory function. The intensity 

for the tone burst simulations is expressed by 

Ji(t, x I t J » d(t) * r(x IT -) . 
n n—l n n—l 

The refractory function is assumed to be zero for intervals just 

greater than zero and to increase monotonically to one for larger 

intervals. Thus the statistical nature of the process will reside in 

the refractory function except for the average rate which will be 

determined by the drive. 

The functional form of the refractory function (which is propor¬ 

tional to the conditional intensity) used in the simulations is shown 

in Fig. 5-4. The refractory function is a continuous function conr- 

sisting of 5 parts. It is zero for the duration of the absolute dead 

time. Following the absolute dead time is a 3 part relative dead 

time. The relative dead time consists of a constant offset followed 

by 2 increasing linear segments. After the relative dead time, the 

refractory function maintains a constant value of 1. Tone burst 

experiments do not yield enough stationary data to observe the condi¬ 

tional intensity and thus the duration and relative weights of the 

first four sections of the refractory function are guessed at based 

on the form of the marginal intensity of the unit. The refractory 
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Figure 5-4: An example of the functional fona of the refractory func¬ 

tion is presented. The maximum value of tne refractory is 

one and it is maintained once reached. The scale on the 

horizontal axis (T ) is not shown since it will vary treat 
n 

one unit to another. The refractory function is propor¬ 

tional to the conditional intensity. The refractory func¬ 

tion used in the simulations consists of 5 portions. The 

first of these is the absolute dead time. The absolute 

dead time is possibly a sum of two terms: the shifting 

function and a constant. The shifting function has the 

potential effect of inducing an absolute dead time m the 

process. However* the shifting function alone does not 

usually completely account for tne observed absolute dead 

time. In this case* a constant dead time is incorporated 

into the refractory function. For a specific interval* 

the intensity will have an absolute dead time equal to 

the sum of the shifting function evaluated for the previ¬ 

ous interval and this constant. The next three portions 

of the refractory function comprise tne relative dead 

time. The first portion of the relative dead time is a 

constant offset. The second and third portions of tne 

relative dead time are piecewise linear. The durations of 

all three of these portions are adjustable. The relative 

weights are also adjustable. After the last portion of 

the relative dead time* the refractory function maintains 

a constant value of 1. 
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function and its constant multiplier (the drive) are modified by 

trial and error until the marginal intensity of tne simulation 

matches as closely as possible that of the unit* Figure 5-5 shows an 

example marginal intensity and the refractory function wnich was used 

to in the simulation of that unit* 

The first simulation (Figures 5-7 through Figure 5-13) illus¬ 

trates the effect of the various parameters in the model on the PST 

histogram* All but one of tne parameters are related to either the 

shifting function or the refractory function* The last parameter is 

the assumed level of the drive function during the on-times of the 

stimulus* The characteristics of the simulation become increasingly 

similar to those of the unit being simulated (t42-lA*r4) as each 

parameter is added* The statistics of the unit to be modeled are 

shown in Fig. 5-6. This unit is Known as a "slow chopper" [T/l due 

to the oscillations in the beginning portion of the PST. This unit 

and simulations as well as those following are described in each fig¬ 

ure by 

Panel i) : The PSx histogram 

Panel ii): The conditional mean E[T IT «.] 
n n-1 

Panel iii): The interval histogram 

Panel iv): The marginal intensity 

Each of these simulations have Poisson data (rate 1) input (see 

Chapter 2) and they each output data more similar to that of the unit 

under consideration than did the previous simulation. In the first 

simulation (Fig. 5-7), the drive is the only parameter introduced* 
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Figure 5-5: The marginal intensity (shown in panel a) is calculated 

from all intervals whose origins were at least 60 msec 

after stimulus on for t42-lA. r4. The refractory function 

used in the simulation of this unit is shown in o). The 

refractory function is displayed to demonstrate its func¬ 

tional form only. The actual position of the refractory 

function on the horizontal axis will be dependent on the 

shifting function and T „ . In this case tne form of the 

refractory function is described by: (A(Ta_^) tne 

shifting function and is given by 

A(T J = .00176 - .22T -) 
n-1 n-1 

(1) r(t It -) « 0 for 0<T <.00225 + A(T -) 
n n-1 n n-1 

(2) r(r IT .) « .005 for .00225+A(T .) <T < .00255 + A(T -) 
n n-1 n-1 n *“ n-1 

(3) r(r IT * ) increases linearly from .005 to .0796x5 for .00255 + 
n n-1 

A(T -) < T < .00355 + A(T -) n-1 n n—l 

r(T IT - ) increases linearly from .079625 to 1 for .00355 + n n—l 

A(T -) < t < .00735 + A(r ,). n-1 n n-l 

(4) 
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Figure 5-6: The unit described in this figure, t42-lA.r4, is the sub¬ 

ject of tne following series of simulations. The unit's 

PST (in spikes per sec.) is in panel l, the conditional 

mean is in panel ii (both intervals in seconds)» the 

interval histogram is in panel iii, and the marginal 

intensity is in panel iv. (The simulations described in 

the following figures also have this format.) 
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Figure 5-7: This first simulation has no refractory function and no 

serial dependence and is tnus inhomogeneous Poisson. The 

rate is all that has been adjusted. (The rate has been 

set to 4000 spikes per second during the on-time of the 

stimulus.) Thus the value of the drive function is 

assumed to be 4000 during the on-time of the stimulus. At 

this point* the refractory function is a step function 

starting at the origin. Note how the PSi is similar to 

the intensity. (The intensity appears to go to zero for 

large intervals but this is not the case. There are sim¬ 

ply no intervals this long in the data* thus nothing 

shows there in the histograms.) 
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The value of the drive (during on-time) is assumed to be the maximum 

level of the marginal intensity. This maximum level occurs for the 

largest observed intervals for the units we simulate. For these 

intervals» we assume that the refractory function has reached its 

maximum value of 1 and thus the value of the intensity is equal to 

that of the drive. 

The next simulation (Fig. 5-8) introduces a constant absolute 

dead time. Note the chopping in the PST. The next simulation (Fig. 

5-9) introduces the two parameters associated with the shifting func¬ 

tion. Thus the simulations are henceforth Markov. Side effects of the 

shifting function are a larger absolute dead time and thus increased 

chopping. The relative dead time aspect of the conditional intensity 

is qualified in the next three simulations (Figures 5-10» 5-11» and 

5-12). The relative dead time for the run described in Fig. 5-10 has 

a single linear segment. The next run (Fig. 5-11) has a constant 

offset as well as the single linear segment. The next run (Fig • 5- 

12) has the offset and 2 linear segments. 

The final simulation (Fig. 5-13) for this unit has no new param¬ 

eters. The values of some of the parameters are slightly adjusted for 

fine tuning of the shape of the intensity. This PST is similar to 

that of the unit (Fig. 5-6 panel i) • The simulation has a little less 

chopping in the early part of the response. Also» the increase in 

rate at the end of the response1 is missing. 

^This increase in rate at the end of the response was present for 
a few of the units. We think that it is an artifact induced by the 
switching mechanism used to gate the stimulus during the gathering of 
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Figure 5-8: This run is the same as the last except that a constant 

dead time has been introduced. The absolute dead time is 

2.5 msec. Thus the refractory function is now given by 

u(r-.0025). There is no relative dead time and the data 

is still renewal. Chopping appears in the PST with this 

modif ication. 
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Figure 5-9: This simulation has no relative dead time but serial 

dependence has been added and tnus tne data is now Mar¬ 

kov. Notice how the leading edges of the interval histo¬ 

gram and tne intensity have been smoothed. The condi¬ 

tional intensity of this run has sharp rising edges but 

as tne absolute dead time is a function of previous 

interval» smearing takes place as the marginals are cal¬ 

culated from tne conditionals. The absolute dead time is 

now given by a.d.t. = .0025 + A(T j) and is 

given by * .00176 - .22%^^. Chopping increased 

somewhat with this modification due to the larger abso¬ 

lute dead time induced oy the shifting function. (Since 

the shifting function increases the length of each inter¬ 

val» it effectively increases tne dead time.) Unless 

stated as being otherwise» the absolute dead time of the 

following simulations in this series will be of this same 

form. 
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Figure 5-10: 

Here, the relative dead time is introduced into the simu¬ 

lation* The refractory function increases linearly from 

0 to 1 over the 5 msec immediately following the absolute 

dead time* Chopping diminishes somewhat with this intro¬ 

duction because the relative dead time increases tne 

variance (and the width of the interval histogram) and 

allows the firing pattern from each stimulus presentation 

to fall out of sync with other responses earlier in each 

stimulus presentation. In the rest of «he simulations in 

this series» we are simply fine tuning the refractory 

function to match the intensity and interval histogram of 

the unit* Things to note are that the PST doesn't really 

change very much and that as it does change» it changes 

in a describable manner. If the interval histogram 

becomes narrower» there is more chopping in the PSi and 

if the interval histogram becomes wider» there is less 

chopping in the PSi. 
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Figure 5-11: 

In this simulation» the refractory function has an offset 

and one linear portion. After the dead time» the refrac¬ 

tory function takes on a value of increases linearly from 

.05 to 1 over the next 5 msec. 
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Figure 5-12: 

This run has an offset and two linear portions in tne 

refractory fonction. After the dead time, the refractory 

function takes on a value of increases linearly from .05 

to .07625 over the next 1 msec. After this linear por¬ 

tion. it increases from .07625 to 1 over tne next 3.8 

msec. 
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Figure 5-13: 

This final run is very similar to the previous one except 

that the rate has been increased* In this simulation, the 

only parameters which have been changed from the previous 

simulation are the constant portion of the absolute dead 

time and the value of the drive function* The constant 

portion of the absolute dead time has been decreased by 

•25 msec* In this simulation, the absolute dead time is 

given by a*d*t* = *00225 + A(T and A(T *) (the 
n-1 nrl 

shifting function) is given by A(x -) « .00176 - 
n—i 

*22tn_^* The value of the drive function during 

stimulus-on is now 4800 instead oi 4o00* The PSx of this 

simulation is quite similar to that of the actual unit, 

shown in Figure 5-6* 
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The rest of the examples will show only the unit to be simulated 

and the final simulation. The first unit to be simulated (t42-2B.r6) 

is described in Fig. 5-14 and its simulation in Fig. 5-15. The 

intensity and conditional mean are matched well but the PSl predicted 

by the simulation is quite different from that of the particular 

unit. There is not enough chopping in the PSl of the simulation. In 

the final example» the model does a better job of predicting the PST. 

(The unit» tl52-2B. r4 »is described in Fig. 5-16 and its simulation in 

Fig. 5-17.) However» there is still less chopping in the PST of the 

simulation than in the PST of the unit. The PST of the unit has two 

or three relatively tall» narrow peaks at the beginning of the 

response while the the PST of the simulation has only one narrow peak 

followed by several smaller» wider peaks. 

Our model often produces responses similar to those of actual 

units. The PST histograms of simulations tend to have less chopping 

than do those of the units being simulated. Chopping in the simula¬ 

tion is directly related to dead times and the standard deviation of 

the intervals. Simulations with large absolute dead times and rela¬ 

tively small standard deviations produce a great deal of chopping 

whereas small absolute dead times and large standard deviations 

result in little or no chopping. The model does not take into 

account any variations in the form of the conditional intensity dur¬ 

ing stimulus-on which might increase chopping. (For instance» if 

adaptation were taken into account with a process whose intensity 

data. Apparently» the switch sometimes produces a small click or some 
other such extraneous stimulus as the stimulus is shut off. 
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Figure 5-14 The PST i), conditional mean ii), interval histogram 

iii)» and marginal intensity iv) of tne unit known as 

t42-2B. 16 are shown. 
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Figure 5-15 The simulation of the unit described in the previous fig¬ 

ure (t42-2B.r6) is described in ihis figure. The inten¬ 

sity and conditional mean of the unit were well suited to 

our model and we were able to match tnem quite closely. 

However, the PST of the simulation is still dissimilar 

from tnat of tae unit. There is larger and more sus¬ 

tained ringing in the PST of the unit than there is in 

that of tne simulation. 
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Figure 5-16 The PST i), conditional mean ii), interval histogram 

iii), and marginal intensity iv) of tne unit known as 

tl52-2B.r4 are shown. 
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Figure 5-17 The simulation of the unit described in the previous fig¬ 

ure (tl52-2B.r4) is described in this figure. This unit 

was also matched very closely in terms of the intensity 

and the conditional mean. This simulation has a good deal 

of ringing in its PST but it still has less than the PST 

of the unit under consideration. 
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decreased such that the rate of the process decreased as time elapsed 

since stimulus-on increased, increased chopping at the beginning of 

the PST might result.) 



CHAPTER 6 

Conclusions 

We developed models of discharge patterns in tne LsO in an 

attempt to gain insight concerning hoir outgoing discharge patterns 

are generated in the LSO. Any complete model must have statistical 

properties identical to those observed for the discharge patterns in 

the LsO. The dominant characteristics of the statistics for LsO 

discharge patterns are the dead times» both absolute and relative» 

and the inverse relationship between the durations of adjacent inter¬ 

spike intervals in the discharge patterns: long intervals tend to be 

followed by short ones and short intervals tend to be followed by 

long ones. 

The inverse relationship which exists between the lengths of 

adjacent intervals in LSO discharge patterns must be quantified if 

one is to describe them with a point process model. Calculation of 

the autocorrelation of such a process would reveal a negative value 

at the first lag. Hence the term used occasionally herein: "negative 

correlation". However» autocorrelation functions (and power spectral 

densities) are analysis tools most relevant to linear systems. The 

intensity description of point processes is essentially a Markovian» 

nonlinear one. Thus» the importance of the autocorrelation fonction 

is somewhat diminished. The conditional mean has been shown to be a 

more appropriate measure of serial dependence in the Markovian set¬ 

ting than is the autocorrelation function. The inverse relationship 

144 
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between the durations of adjacent intervals in LSO discharge patterns 

has been quantified by a conditional mean E[T IT 4] which is a 
n n-l 

decreasing function of Tn_j. 

Under certain conditions, a superposition of renewal processes 

can have a conditional mean E[T IT -] which is a decreasing function 
n n-l 

of T However, a dead time must be induced on a superposition 

model for it to serve as a description of LsO discharge patterns. The 

dead time decreases serial dependence in the superposition process; 

surprisingly small dead times remove all serial dependence. Superpo¬ 

sition is an appealing model for LSO neurons due to its simplicity. 

However» the model is too simplistic to be realistic. All input 

events are simply passed to the output unless they occur during a 

dead time. Any possible inhibitory inputs are neglected. If the dead 

times in the LSO are one half to two thirds the dead times (or less) 

of the units innervating the LSO, superposition might be the means by 

which LSO neurons relay input spike trains. However» if the dead 

times from one level to the next in the auditory system are approxi¬ 

mately the same» superposition with a dead time introduced in the 

manner of a Type I counter is an unlikely candidate for the mechanism 

by which LSO neurons relay information. Superposition here is the 

superposition of spike trains; a completely different model than the 

superposition of ionic potentials at cellular membranes. Ve have not 

addressed this second type of superposition. 

Chapters 3 and S were devoted not so much to modeling as they 

were to a statistical description of LSO discharge patterns. The main 
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component of this description is the estimation of the conditional 

intensity. Many of the units are well-modeled t>y a conditional inten¬ 

sity in which the only variation with respect to is through the 

absolute dead time. In the simulations, we introduced a dead time 

which is inversely related to the previous interval. This results in 

a conditional mean E[T It *] which is a decreasing function of t . 
n n-1 nr~l 

Some LSO units are not well fit by this shifting function model. 

The units not fit by this description possess a less structured conr 

ditional intensity than do those we have modeled. The overall foxm of 

their conditional intensity varies with in a way other than 

through their absolute dead time. 

Ve would divide LSO units into two groups based on their statis¬ 

tics: 

(1) The first group consists of units whose absolute dead time 

appears to be a function of the previous interval. The fonn of 

the conditional intensity of these units appears to be invariant 

with respect to r other than through the absolute dead time 
n-i 

in the described manner. Units in this group have intensities 

which are monotone increasing after the absolute dead time. 

Their interval histograms have a tendency towards unimodal sym¬ 

metry. Ve are capable of modeling units in this category. 

(2) The second group consists of units whose absolute dead times 

appear to be constant with respect to the previous interval. 

These units are typified by offsets in their intensity and 

interval histogram for intervals just larger than the absolute 
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dead time. (i*e. the absolute dead time is well defined*) These 

units might be further divided into two sub-groups based on 

their intensities* One of these sub-groups would be character¬ 

ized by an intensity function with an absolute dead time fol¬ 

lowed by an offset» after which the intensity increases monoton- 

ically. See Figure 3-9a. The second sub-group would be charac¬ 

terized by a slightly more complex intensity* Their intensities 

tend to have snarp peaks for intervals just larger than the 

absolute dead time* This peak is followed by a period of rapid 

decrease in the intensity* See Figure 3-9b. This is sometimes 

called "negative aging" due to the decrease in instantaneous 

rate it represents* After the period of negative aging» the 

intensities of these units are similar to those of the other 

sub-group in that they increase monotonically* The first sub¬ 

group tends to produce skewed histograms* The second sub-group 

tends to produce bimodal histograms* 

The refractory effects of LSO units have a much larger impact on 

the observed PST histogram than do those in the auditory nerve. The 

dynamic range of the fluctuations in rate is typically much larger 

for LSO units than for auditory nerve units* The rate varied between 

0 and 800 spikes/sec* for two of the units considered in Chapter 5 

while the third unit achieved rates of over 1000 spikes/sec. The 

largest range in any of Johnson and Swami1 s simulations was less than 

500 spikes/sec* PST histograms resulting from simulations of the 

auditory nerve done by Johnson and Swami in [1] show little chopping. 
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However, the absolute dead time in the auditory nerve is smaller than 

that observed in the LSO. Dead times of less than 1 msec, are the 

rule in the auditory nerve whereas they tend to be larger than 2 

msec, in the LSO. Also, the standard deviation relative to the mean 

tends to be larger in the auditory nerve than in the LSO. Given these 

facts, it is not surprising tnat there is more chopping in the LbO 

than in the auditory nerve. 

While our model is unable to predict exactly the measured PST 

histograms, it is capable of capturing the major features. The main 

characteristic of the PSl histograms of the data - chopping, is 

present in our simulations. It is usually smaller in amplitude in the 

simulations but it is also usually quite close in frequency to that 

of the chopping seen in the data. Also there may be two or three 

large, narrow peaks at the beginning of the PSl of the data and there 

is rarely more than one such peak at the beginning of the PST of the 

simulations. Failure of our model to predict PSl histograms more 

accurately than it did is possibly related to our assumption that the 

intensity does not change form within each stimulus presentation. 

This assumption does not allow for adaptation. Ours was something of 

a worst case test. As we know that adaptation is extant, it is 

surprising that the simulated PST histograms match the observed his¬ 

tograms as closely as they do in tne early portion of the PST where 

adaptation would be strongest. A possible future research topic could 

be in this area. One could experiment with intensities which 

decreased in amplitude after stimulus-onset. An intensity such as 
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this would yield a process with a rate which decreased after 

st imul us- onse t • 

The more complicated serial dependence in tne responses of some 

of the LSO units raises questions concerning the significance of the 

serial dependence in the responses. If our model is to he a good one, 

is it necessary that it completely match the conditional statistical 

characteristics of the unit? If one's goal is to exactly match the 

statistics of an LSO unit, then the serial dependence must be taken 

into account. However, given the number of intervals necessary to 

construct a reasonable estimate of the conditional mean, it seems 

unlikely that the auditory system uses serial dependence to encode 

information or attempts to extract information from the serial depen¬ 

dence. 

If the PST histogram is a measurement of the information being 

conveyed by an LSO unit, then serial dependence should be discussed 

with respect to its impact on the PST histogram. Chopping and the 

rate which the unit eventually maintains are the dominant charac¬ 

teristics of most tone burst responses. The rate which the unit is 

able to sustain is related to the mean interval of the discharge pat¬ 

tern, but we find chopping to be primarily a dead time effect. If 

the standard deviation of a process is held constant, the absolute 

dead time is the dominant factor in determining the frequency of the 

observed chopping. Both the absolute dead time and the stimulus level 

are directly related to the amplitude and duration of the chopping in 

the simulations. Other factors, such as serial dependence only affect 
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details of the chopping* 

Chopping in the simulations occurs as a result of the alignment 

of the responses with each other from one stimulus presentation to 

the next# relative to stimulus-onset* The first peak in the PSi would 

be at a distance from the beginning of the response equal to the mode 

of the interval density* The second peak would be at the mode for the 

sum of two interval$» and so on* As the number of intervals in the 

sum increases» so does the variance of the density of the sum* After 

a few events» the peaks are sufficiently overlapping that the PST is 

relatively constant* 

The only impact of the stimulus on the observed chopping occurs 

in a straightforward manner. The level of the stimulus is directly 

related to the amplitude and duration of the chopping. A higher level 

stimulus results in a rapidly rising intensity function* A more 

rapidly rising intensity function means that events are more likely 

to occur immediately following the dead time* This affect reduces the 

standard deviation» which increases the regularity of the process and 

thus increases chopping. 

Chopping in the responses of LSO units is presumably a result of 

the same factors as in our simulations. Thus» the aspects of the PST 

histograms which we are unable to predict are due to inaccuracies in 

our assumed font of the intensity* The only characteristic of the 

chopping which is relevant to the incoming stimulus is its amplitude* 

However» the amplitude of the chopping is also related to charac¬ 

teristics of the unit» such as the unit's dead time. Thus» if 
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information is to be extracted from the chopping, the units which are 

to decode this information must take into account the properties of 

the units which produced the discharge patterns* 
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Appendix I 

Ve calculate the conditional mean of a process with intensity 

which has an absolute dead time* followed by a linear relative dead 

time* after which the intensity is constant. The absolute dead time 

will be a function of thereby accomplishing the dependent 

shift of the intensity. 

A(T 1) is the absolute dead time. 

6 is the duration of the relative dead time and the slope 

of the ramp is a* thus the intensity levels off at 

p(TnUn-l) = a5 

In the following equations* A(T _1 ) will be written as A 

1 
OdaI do 1) 

+ 2) 

+ 3) 

1) 

A A 

2) 
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A+6 
= ^ ©xpf-jtff-A) Jdo 

la 
making the substitution x = ^|—(o-A) 

\l 

S I* 
là Y r 
la | eipL" 

21 
x Jdx 

I w .[ la . | 
\|2aetfL \|2 S J 

3) 
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\In 0 
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• r 2 i 
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aô 
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E[T IT 11 = A(T 1) + \ !îr*erl[si I'll + ~Texp[-”"~( 
n n-1 n-1 \|2a L \ 12J a6 L 2 J 
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