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ABSTRACT
INVESTIGATION INTO THE PROPERTIES OF EVAPORATED GD-CO FILMS
Robert Zwingman
Dual source evaporated gadolinium-cobalt thin films have been
prepared with compositions between 70 and 90 atomic percent cobalt.
The magnetization and coercivity versus composition characteristics
of these films indicate that the cobalt magnetic moments are antiferromagnetically coupled to the gadolinium moments. The anisotropy
mechanisms are found to be shape anisotropy due to columar growths
and anisotropy due to directional ordering. A prefered anisotropy
direction can be formed in some of these films during fabrication
or by annealing. The magnetization structure in some of these films
is of a radial nature. A discussion of radially magnetized films 1s
presented. The films are found to be amorphous and non-magnetostr1cti
Oxidation effects are also studied.

ACKNOWLEDGEMENTS

I would like to thank Dr. Henry C. Bourne, Jr., rny advisor, for
his many helpful discussions and guidence. I would also like to thank
Drs. W. L. Wilson, Jr. and M. L. Rudee for not only being on my thesis
committee but also for their many contributions to this work.
I would like to thank Gary Roberts for h1s collaboration on this
work and for preparing the films. Dr. M. L. Rudee did the electron
microscopy work.
A special thanks to Dr. Pamela Sperry for her help in preparing
this work on a crash basis.
I would also like to express my gratitude to Mr. and Mrs. Clarence
Zwingman, my parents, for their understanding and support.

TABLE OF CONTENTS
INTRODUCTION
ORIGINS OF MAGNETIC ANISOTROPY
Magnetocrystal 11 ne
Shape
Magnetostrictive
Directional Ordering
AMORPHOUS MAGNETIC MATERIALS
Gd-Fe and Tb-Feg
Gd-Co
EXPERIMENTAL TECHNIQUE
Evaporation
Torque Magnetometer and M-H Loop Tracer
Kerr Effect
Annealing
Electron Microscopy
Straining the Substrate
RESULTS AND DISCUSSION
A) Properties of As-deposited Films
Magnetization
Coercive Force
Domain Structure
Crystalline Structure
Magnetostriction

B) Properties of Annealed Films
Anisotropy Axis Rotation
Magnetization
Oxidation
Coercive Force
Magnetostriction
Crystalline Structure
CONCLUSION
APPENDIX
BIBLIOGRAPHY

INTRODUCTION:

In 1967 A. H. Bobeck(l) announced a new type of memory device.
For it he used magnetically soft platelets.

These platelets had the

material property that the magnetization preferred to align itself
normal to the platelet surface.

Without an applied magnetic field the

state of these platelets consisted of serpentine-11ke domains.
domains were separated from each other by domain walls.

The

As shown in

figure 1(a), the serpentine domains are alternately magnetized parallel
and antiparailei to the platelet's normal.

With a normally applied

bias field, the serpentine domains in which the magnetization is
aligned parallel to the applied field will grow by domain wall movement.
The other domains, the antiparailei ones, will become narrower until
they eventually are no longer serpentine.
domains as shown In figure 1(b).

They then become cylindrical

Although materials with this property

had been previously reported(2), Bobeck's usage was unique.

After

applying the bias field to form cylindrical domains, localized magnetic
fields were used to move the domains from one position to another.
Memory and logic devices are now made which operate by manipu¬
lating these cylindrical bubble domains.

At present, bubble memories

are projected to supply the computer memory needs of a market that
requires medium speed and large storage capacity memories(3).

However,

to be competitive, bubble memories should be more economical than the
high speed low capacity memories and faster than the very large capacity
low cost memories.
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The materials presently used for bubble memories are epitaxially
grown rare-earth magnetic garnet films. These films are grown on
non-magnet1c rare-earth garnet substrates. Such films have the
necessary anisotropy, the property that the magnetization prefers to
align normal to the film, induced by a lattice mismatch between the
film and the substrate and induced by the growth process. A mismatch
causes the film to be strained which, 1n turn, gives the film its normal
easy axis.
These crystals, however, are expensive to grow. A more economical
means of making bubble materials was discovered by Chaudhari et al(4).
They found that by a proper fabrication(1. e., rf sputtering with a
dc bias) technique(4,5) certain amorphous metallic films could possess
the needed anisotropy to support bubbles.

Further investigations Into

the cause of the anisotropy(5,6,7) and Into other material properties(8)
have uncovered much Information about these films. However, these
investigations have been neither conclusive nor exhaustive.
In an effort to understand better amorphous magnetic materials
which may eventually be used for magnetic bubble materials, 1n this
research evaporated gadolinium-cobalt thin films have been prepared
and studied. The film compositions used were between 70 and 90
atomic percent cobalt. 79.5 atomic percent cobalt 1s the room tempera¬
ture magnetization compensation composition for this system. By
studying films with compositions near the compensation composition, a
variety of magnetization values and coercivities were found. Composi¬
tion dependence of the magnetization and coercive force were studied.
These films were found to be anisotropic. The anisotropy mechanism was
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Investigated by observing the domain structure, strain sensivlty, and
crystalline structure of the films.

Changes in these characteristics

due to annealing were also used 1n studying the anisotropy mechanism.
Oxidation effects due to heat treating the films were also studied by
observing the coercitlvity changes, the apparent magnetization changes,
and the domain structure changes.

Conclusions were drawn about the

magnetization and coerdtivity dependence on composition, the anisotropy
mechanism, and oxidation effects for gadolinium-cobalt films.
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ORIGINS OF MAGNETIC ANISOTROPY:
Magnetic anisotropy mechanisms can be categorized into
magnetocrystal 11ne, shape, magnetostrictive, and ordering.
Magnetocrystal11ne anisotropy is an Intrinsic property of a
magnetic crystal. Crystalline anisotropy possesses the crystal symmetry
of the lattice.

For example, a hexagonal lattice can have a uniaxial

anisotropy with the c-ax1s as either the easy or the hard direction.
The anisotropy possesses the same symmetry as the crystal because the
orbital motion of the electrons 1s affected by the atomic arrangement
of the crystal and the spins "see" this arrangement through the spinorbit coup11ng(9).
Shape anisotropy(10) 1s the anisotropy that causes the magneti¬
zation to prefer to align 1n a given direction due to the shape of a
magnetic particle. An elongated precipitate or growth formed in alloys
by heat treatment can cause shape anisotropy.

If a magnetic field 1s

applied such that the magnetization 1s aligned with the field then
there may be preferential crystalline growth of the precipitate along
the magnetization direction.

If there 1s a difference 1n the magneti¬

zation of the precipitate and the surrounding alloy, a surface charge
density due to free poles will exist on the surface of the precipitate.
Such a surface charge density will cause demagnetizing fields within
the precipitate and an anisotropy will be Induced.

If the magnetizations

Inside and outside of the precipitate are considered parallel because of
the exchange Interaction, then the anisotropy constant due to the
magnetostatic energy per unit volume Is
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K,a = —(NJ.-N,,) ZMS2B(I_3)

2y o

where Nj. and N„

are the perpendicular and parallel demagnetizing

factors of the precipitate particles, &M

is the magnetization differs
ence of the precipitate and the surroundings, and $ 1s the volume
fraction of the precipitates.
If the composition of the precipitates is purely of one element(A)
while the rest of the solid Is the other element(B) then at the surface
of the precipitate there are more A-B type bonds with directions
perpendicular to the elongation axis of the precipitate than there are
parallel to the axis.

If the direction of an A-B bond is a hard

direction then there is added uniaxial anisotropy energy with an easy
axis parallel to the elongated axis of the precipitate; if the A-B bond
direction is an easy direction there is a hard axis parallel to the
elongated axis.
During the deposition of a thin film the angle of incidence of the
atoms upon the substrate surface can cause a magnetic anisotropy.
Due to the formation of small crystallites in the initial stages of
deposition and the subsequent shadows cast by these crystallites, the
film growth is characterized by an amalgomatlon of these crystallites
Into chains with the long axis perpendicular to the plane of incidence
and in the plane of the substrate.

Electron microscopy was used by

D, 0. Sm1th(ll, 12) 1n thin evaporated permalloy films to observe the
initial crystalline formations and the chain growths.

He also observed

that the anisotropy due to the angle of incidence effect was not
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magnetization Induced but was just "chain" induced shape anisotropy.
Magnetostriction is the phenomena of a magnetic sample's
dimensions changing due to Its magnetization being varied. Magneto¬
strictive^ induced anisotropy in a sample is caused by a combination
of strain and magnetostriction. The strain can be caused by any stress.
However, magnetostriction is an intrinsic property of the material.
For example, in an epitaxial layer, anisotropy can be due to a lattice
mismatch between a crystalline substrate and a magnetostrictive epitaxial
layer.
For isotropic materials such as polycrystalline samples the
magnetostrictive anisotropy energy is given by
Eo = x

where
and <f>

Xacos2<(>

(1)

is the magnetostrictive strain coefficient, o is the tension,
is the angle between the magnetization direction and the

tension.
According to J. C. $lonczewski(13) the most widely applicable
mechanism proposed to account for the anisotropy induced by a magnetic
treatment is the mechanism of preferred orientations, directional
orderings, of the atoms or pairs of atoms. The forms of magnetic
treatment commonly used are heat treatment in a magnetic field or by
cold rolling or working. These effects are called the magnetic
annealing effect and the magnetic roll effect, respectively. The
physical mechanism of directional ordering 1s the placing of atoms in
an atomic arrangement which gives the magnetization a. preferred
direction.
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A discussion of Neel's ordering theory for diatomic magnetic
materials will be given here as presented by Chikazumi(14).
Let the concentrations Ca and Cb denote the atom types A and B
respectively of a solid solution annealed in a magnetic field at
temperature T*.

T* must be below the Curie temperature but high enough

to allow atoms to migrate to preferred sites.

It is assumed that the

duration of the annealing at T* is sufficiently long such that
equilibrium is established.

The temperature T, at which the anisotropy

is measured* is low enough that atomic migrations are sufficiently
inhibited.

Temperature T is usually room temperature.

conditions are met, uniaxial anisotropy may be induced.

If these
Although the

anisotropy per atom.will be less than kT, it can be observable.
By Neel's theory the anisotropy for an isotropic material is
K

U

=

“bb’o’o'/15"'

where Nbb is the number of B-B bonds per unit volume, 1^ 1s the
coefficient of pseudo-dipole interaction and equals 1 ■ laa + lbb - 21ab,
where laa, lbb, and l&b are the interactions of AA, BB, and AB pairs
respectively.

I

10 is 1

I

at T the annealing temperature, and k is

Boltzmann's constant.
For dilute solid solutions Nbb should be replaced by
N_ = Nn C ^ C. ^ / 2 where N 1s the total number of atoms per unit
P a b
volume and n 1s the number of possible orientations. This equation for
Np holds if there is no nearest neighbor non-magnetic interacting
potential.
The anisotropy constant, Ku, becomes
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Ku = Nm0l0‘VCb2/15kT'
K

U-

Nn

Vo V^a*2^5^

Although Neel's theory has been applied to permalloy compositions
through the estimation of the pseudo-dipole interaction terms from the
magnetostrictive constants, an estimation of these interactions in
amorphous Gd-Co films must be based on other phenomena since these films
appear to be non-magnetostrlctive(4).
Even though Neel's theory was derived for the magnetic annealing
effect, it has been extended to account for the roll magnetic effect
in bulk permalloy(15).
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AMORPHOUS MAGNETIC MATERIALS;
Since this work Is concernecl with amorphous Gd-Co thin films, a
discussion of both evaporated and sputtered rare-earth transitionmetal amorphous films will be presented. From this discussion, Insight
Into some rare-earth-trans1t1on metal film preparation techniques and
their accompanying film characteristics can be seen and contrasted
with evaporated Gd-Co film properties. First, work on gadol1n1um-1ron
(Gd-Fe) and terb1um-1ron(Tb^Fe) films will be covered. Then gadollnlurncobalt films will be reviewed.
Magnetization, crystal structure, and anisotropy of FexGdlf.x
(0S_XJ<1)

thin films were investigated by J. Orehotsky and K. Schroeder

(16). These films were deposited from dual e-gun sources onto substrates
held at 77?K. The Iron and the gadolinium magnetic moments 1n the
films proved to be antlferromagnetlcally coupled(see figure 2) with
exchange fields characteristic of the crystalline phases with the same
compositions as the films(figure 3). The amorphous structure of these
films was confirmed by transmission electron diffraction and was
found to be thermally stable when cycled between liquid nitrogen and
0

room temperatures. The estimated coherently diffracting size was 15A.
Low magnetization compositions of x=,15 to .34 and around .80 were
difficult to saturate. An 1n-plane isotropic stress due to substrate
constraints causing a magnetostrictive^ Induced easy anisotropy axis
normal to the film was proposed as the mechanism for preventing
saturation. Using the magnetostrictive anisotropy energy equatlon(l)
an anisotropy field normal to the film of

Figure 2. Magnetization versus composition 1n Gd-Fe thin films.

From reference 16.
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Figure 3. Magnetization versus composition of Gd-Fe alloys.

From references 17 and 18,
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can be calculated.

As M decreases I H. I Increases,
$

I

KJ

Thus for low

Ms materials large anisotropy fie1ds(-20koe) had to be overcome to pull
the magnetization Into the plane of the film.

Although no values of

stress or magnetostrictive stain coefficients were given by Orehotsky
and Schroeder to quantatlvely support their hypothesis, magnetostrictive
strain coefficients have been reported for amorphous Tb-Fe2 films(19).
Coefficients larger than 4x10^ were observed(see figure 4); these are
about an order of magnitude larger than some of the transition-metal
elements(20).

The Tb-Fe films were prepared by sputtering and proved

to be both structurally and magnetically amorphous by neutron diffraction
(21),

However* there was a lower Curie temperature than with the

polycrystalllne phase.

These films also had lower magnetization values

(see figures 5 and 6) for temperatures greater than 4.2°K 1n the
amorphous structure than 1n the polycrystalllne structure(19, 21).
These characteristics are indicative of a smaller exchange field in
the amorphous state than in the polycrystalllne state.

Amorphous

sputtered Tb-Fe2 and Dy-Fe2 thin films also show a slow decrease in
the remanent magnetization with time(19); this decrease characterizes
superparamagnetic partiel es(22).
Although the purpose for research Into the properties of Tb-Fe and
Dy-Fe polycrystalline and amorphous films has been to find better
permanent magnetic and magnetostrictive materials(19), research into

Figure 4. Magnetostrictive strain versus applied field for Tb-Fe films.
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Figure 5. Magnetization versus temperature for a Tb-Fe film.
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Figure 6.

Magnetization versus applied field for Tb-Fe films.

From reference 19.
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Gd-Co and Gd-Fe films has been not only oriented to permanent magnetic
materials(23) but also to cylindrical domain computer memory materials
(4) and to magnetooptic computer memory applications(8, 24).

Further

research has been undertaken(5, 6, 7) Into the structure and magnetic
properties of sputtered Gd-Co amorphous films because these films
have considerable promise as memory materials.
De triode sputtering from separate cobalt and gadolinium targets
by S. Bendson and J. H. Judy(23) onto hot substrates(greater than 600°C)
resulted in amorphous materials for films of gadolinium contents greater
than 13 atomic percent.

However* for films with less than 13% gadoli¬

nium, crystallites could be seen in the electron microscope.

The film

magnetization characteristics were those of an antiferromagnetically
coupled material and similar to the bulk material characteristics as
shown in figures 7(a) and (b).

Lower coercivitles than bulk Gd-Co

were observed 1n these films and attributed to the small grain sizes
of the cobalt rich compositions and to the amorphous nature of the
compositions with greater than 13% gadolinium.

There was no coercivity

peak observed at the compensation composition(see figure 7a).

This was

accounted for by the fact that the reversal mechanism was not coherent
rotation.

The incoherent rotation was deduced from electron

mlcroscroscopy observations of extensive ripple and of no well defined
domain walls.

It was also consistent with torque magnetometry results,

Chaudhari et al(4, 5, 8) prepared Gd-Co and Gd-Fe films of 65% to
90% cobalt by dc and rf sputtering from arc-melted targets onto watercooled substrates.

A negative bias voltage applied to the substrate

during the deposition varied the composition.

Magnetic characteristics

COERCIVITY

(KOE)
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ATOMIC PERCENT GADOLINIUM
Figure 7(a).

Magnetization versus composition of Gd-Co films
and coercivity versus composition.

From ref. 23.

<c
PQ

O
C->

<_>
cel
LU

ÛC_>

o
I—

<c

(ssnvoonDi)

dl ntt

N0I1VZI13N9VW HOUVUniVS

Figure 7(b): Magnetization versus composition of bulk Gd-Co. From references 17 and 18.

19

20

were found to be Independent of the substrate type(i.e., amorphous,
polycrystalllne, crystalline, or heat stable polymers).

Film structure

was Investigated by transmission electron m1croscopy(6) and by
reflection electron diffraction.

The coherent scattering regions for

o

the films were less than 25A for the as-deposited films; however,
at 400°C small face-centered cubic cobalt crystals formed In an
amorphous matr1x(6).

Fluctuations 1n the composition were found to be

Independent of the spatial position 1n the film to within the resolu¬
tion limits of the microprobe and a-part1cle backscatterlng.

The

magnetization versus composition and temperature(as shown 1n figure
8(a) and (b) respectively) was found to follow that of an antlferromagnetlcally coupled composition.

The Gd-Co films had a room tempera¬

ture compensation composition of about 79 atomic percent cobalt.

Many

of these films were found to possess a uniaxial anisotropy with an easy
axis normal to the plane of the film.

The anisotropy was found to

depend upon the negative bias voltage applied during sputtering, the
composition, and the thickness.
Due to the amorphous nature of these films, magnetocrystalline
anisotropy was not considered as the anisotropy mechanism.

Magneto¬

strictive effects also were not considered to be significant because
stripe domains could be observed 1n unsupported films by using the
polar Kerr effect.

Also, because the films were deposited at room

temperature, they were subject to very little stress resulting from
substrate constraint.
Investigations by R. J. Gambino et al_(7) Into the anisotropy
mechanism using 1-2 Mev argon 1on bombardment have shown that there 1s

Figure 8(a) Magnetization versus composition of Gd-Co films. After reference 5.
21

Figure 8(b)
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a "low" level radiation threshold(from Table I) which will alter or
destroy the anisotropy.

The energy necessary for a film ion to be

displaced was given as 10 ev which appears to be quite high compared to
the cohesive energies of Co and Gd which are 4.4 ev and 4.1 ev
respectively(25).
order of 10

For a 1300Â thick film, the atom density is of the

atoms/cm .

The low level radiation threshold corresponds

to the calculations of Gambino et aU7) to a displacement of about 20%
of the atoms in the sample.

A low radiation threshold of the percentage

of atoms displaced supports the pair ordering anisotropy mechanism more
than it supports the shape anisotropy mechanism.

Although no

correspondence was given between the atoms displaced and the loss of
anisotropy due to shape anisotropy or pair ordering, the qualitative
argument was given that pair ordering anisotropy could be broken up
more easily than shape anisotropy because it would require the displace»
ment of fewer atoms.
8.97 and 3.02 x 10

Using the Co and Gd atomic concentrations of
atoms/cc(26) respectively, and the cohesive

energies quoted above, a displacement of 40 to 50 percent of the atoms
1n the sample can be calculated at the threshold radiation level,
Gambino et. aVs statement that the anisotropy destruction level
threshold is low is questioned here.

Thus their conclusion by this

statement, that pair ordering is more strongly supported than shape as
the anisotropy mechanism, 1s questioned.

But, other considerations by

the authors lend support to the pair ordering mechanism.

The fact that

perpendicular anisotropy can be formed using an applied magnetic field
during bombardment with the threshold level of radiation and not formed
without the field is strong evidence of pair-ordering.

This is because

TABLE I.

Domain structure of a 1300A Gd-Co film subjected to
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tt 1s unlikely that voids or particle growths preferential to aniso¬
tropy Induction would be caused by radiation with a field any more than
they would be caused without a field.
In summary, the magnetization characteristics of Tb-Fe and Gd-Co
sputtered films and Gd-Fe evaporated films are given and contrasted
with the respective bulk magnetizations.
shown to be amorphous.

All three types of films were

Tb-Fe,, films proved to be highly magnetostric¬

tive while Gd-Co films were non-magnetostrlctlve.
results were given for Gd-Fe films.

No magnetostrictive

Inspite of being amorphous, Gd-Fe

and Gd-Co films were magnetically anisotropic,

A discussion of the

anisotropy mechanism of these films was presented.

Magnetostriction

Is proposed as the mechanism of the Gd-Fe films while pair ordering
Is suspected as the mechanism for the Gd-Co films.
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EXPERIMENTAL TECHNIQUE;
Gadolinium-cobalt thin films are made by co-evaporating from dual
e-gun sources onto glass substrates. The substrates are Corning Cover
Glass #0211 squares of dimensions .625 inches square and of thickness
.018-.024 inches. The substrate cleaning procedure consists of
a) ultrasonic cleaning 1n acetone,
b) ultrasonic cleaning in trichloroethylene,
c) again ultrasonic cleaning in acetone,
d) then rinsing in de-1on1zed water
e) and immediately vapor degreasing 1n alcohol.
The substrates are then placed in the substrate holder which contains
a copper mask to allow films of 1 cm diameter to be made. The holder
is subsequently attached to the cooling block. The cooling block
contains permanent magnets for the purpose of applying a normal magnet
bias field of 900 oersteds to the film as the films are deposited.
However* the magnets from the cooling also produce large fields
parallel to the substrate surface. As shown 1n figure 9 there are
points at the film locations where there is no in-plane field; the
magnetic fields parallel to the substrate surface point radially outward
from these points for all five magnets in the block. In-plane fields as
high as 200 oersteds can be measured at the film edges with a Hall
probe centered 3mm above the block and of area 2 x 3mm2. The films
are deposited about 3mm above the cooling block. A diagram of the
evaporating system and the associated equipment is given in figure 10.
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o designates zero
in-plane field points
— designates magnet edge

Figure 9(a).

Schematic of cooling block

IN PLANE FIELD
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used during the evaporations.
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figure 9(b).
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In-plane field measured by Hall Probe

with an Area of 2x3 mm and centered 3mm from surface
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Figure 10.

Evaporation system and associated equipment.
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The thickness of the gadolinium and the cobalt are separately
monitored on Sloan Deposit Thickness Monitors(DTM-3 and DTM-4) and on
x-y plotters. The rates are manually adjusted to follow prescribed
deposition rates. The vacuum system used is pumped by a Varian Vac
Ion 250 1/s pump to eliminate oil contaminants in the samples. Pure
gadolinium 1s evaporated to getter the bell jar before the Gd-Co
deposition. The pressure 1n the vacuum system during the evaporation
is less than 10’$ torr and less than 10"? torr both before and after
the evaporation.
Film composition and thickness are measured by x-ray florescence,
The calculation technique used to analyze the films 1s 1) find the
number of counts caused by cobalt and gadolinium atoms and 2) compare
these with the counts per atom of pure Gd and Co; from the total number
of atoms of each of the atomic constituents the composition and the
thickness of the films can be found.
Due to the small amount of switched flux and the high coercive
force of the thin magnetic films with compositions near the compensa¬
tion composition, the M-H loop tracer tends to give Inaccurate hysteresis
loop traces if any at all. Thus the torque magnetometer which can
detect smaller magnet moments inspite of a sample's high coercive
force is Ideally suited for obtaining accurately the magnetization of
the sample.
All samples tested are first magnetized in-plane by a field of
about lOkoe and then inserted into the torque magnetometer. An
in-plane rotating field is applied and the resulting torque normal to
the sample is measured. The torque is

30

and the Integral 1s taken over the sample volume»

For small fields

(i.e., below the coervlce force and much smaller than the anisotropy
field) with H

constant and in-plane
I

is the in-plane magnetic moment.

Thus Tz, the torque normal to the

film, can be measured and 1s given by

^z=HrotMpr^

®

A diagram of the torque magnetometer and the associated equipment is
shown in figure 11.

The x-y plotter plots the torque versus the

rotating field angle.
The rotating field is gradually increased until the film starts to
switch so long as switching occurs for fields less than about fifty
oersteds.
amplifiers.
is drawn.

Fifty oersteds corresponds to the limitations of the driver
A plot of peak torque versus the rotating field magnitude
The initial slope of this curve is used to determine the

magnetization Mpf by the equation

Mpr

initial
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By this method the estimated error is U in the sample moment(M_ V)
C

or ±4xlQ

^

weber-meters, whichever is larger,

<• (•

A moment of ±4xlO'i0

weber-meters corresponds to an error of +6 gauss in the magnetization
(4irM

) of a film 1 cm in diameter and 1000A thick.
pr
Stray static fields are cancelled at the sample location in all

directions to less than 5 mlllioersteds.
Magnetizations of the films determined by the above torque
magnetometry technique and by the M-H loop plotter are compared.

There

is good agreement between the magnetizations for all films except those
with too high of a coercive force(greater than 55 oe) or too low of a
momentCless than about 1013 wb-m).
The longitudinal Kerr effect 1s used to determine the local
magnetization directions in the film plane.
A high pressure mercury vapor lamp is used as the intense
illuminating source.
focused.

The mercury green line, 5461&, 1s filtered and

The polarizer and analyzer are glan laser prisms with clear

aperatures of 10mm and extinction ratios of better than 10~3.
It is found for gadolinium-cobalt films that a quarter wave plate
must be Inserted between the sample and the analyzer to obtain adequate
domain contrast for both visual and photographic observations.

This

indicates that the reflected light is highly eliptically polarized.
Helmholz colls with a calibration constant of 111 oe/amp at the
sample location are used to apply magnetic fields 1n the plane of the
film and In the plane of incidence of the light.

A diagram of the

Kerr apparatus is shown 1n figure 12.
In order to investigate the anisotropy mechanisms of Gd-Co films,

Figure 12: Longitudonal Kerr apparatus; note that the quarter-wave plate is used.
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the films ere annealed in a magnetic field that must be strong enough
to align the magnetization with this field.

For many of the films

observed, however, fields of much greater than 30 oe were needed to
reverse the magnetization of the films alone much less rotate it parallel
to the field.

Thus large fields had to be used during the heat treatments.

For this purpose the varian VE 61 vacuum system, which has an oil
diffusion pump for its high vacuum pump, 1s equipped with a permanent
magnet bias field of 5.6 koe(at room temperature) and a sample holder
which is attachable to a heat sink.

The sample holder 1s suspended

between the pole pieces of the magnet, a cleaned magnetron magnet.
Diagrams of this system are shown in figure 13.

The sample holder is

made out of aluminum stock and copper sheet metal.

The substrate and

the film are held in good thermal contact with the aluminum of the
holder by the copper.

Special efforts are made to hold the substrate

securely but not to confine its expansion or contraction and to leave
the film itself untouched.

With this system the sample holder can be

heated or cooled at about 3°C per minute and can be heated to 250°C,
No effort Is made to determine the film temperature during heating and
cooling.

All annealing tests are 24 hours long thus enabling thermal

equilibrium to be reached.

The bell jar pressure during the annealing

g

is maintained at all times below 10 torr and with a usual pressure
-7
of 2-3 x IQ torr. These precautions were taken to prevent oxidation
of the sample.

After annealing, magnetization values and Kerr pictures

are compared with those taken of the films before the annealing.
The electron microscope 1s used to prove that the films are
amorphous both before and after the annealing.

The samples used are

35

<u
+■*

U)

>>
i/%

o>

c

36

first deposited onto salt-coated parlodlon substrates.

The films are

then removed by dissolving the salt and Inserted Into the electron
microscope.
The magnetostrictive effects of evaporated Gd-Co films are
Investigated by straining the substrate In the M-H loop tracer and
watching for any changes 1n the loop traced.
by bending 1t across a small teflon tube.
a fulcrum on the substrate.

The substrate 1s strained

The teflon tube acts like

One end of the film 1s held rigidly while

the other end Is forced downward(see figure 14).

The film, which 1s

opposite of the fulcrum side of the substrate, 1s thus strained.

The

magnetization component parallel to the strain 1s traced by the loop
tracer.
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RESULTS AND DISCUSSION:
A)

Properties of the as-deposited films:

The 1n-plane magnetizations of the evaporated Gd-Co films are
found from M-H loop tracer data and torque magnetomètry data.

The

remanent magnetization versus the composition of the as-deposited films
Is given 1n figures 15(a) and 15(b).

For films with high coerclvitles

M-H loop data 1s not presented because the loop tracer 1s limited to
about 50 oersteds drive field.

The solid curves 1n figures 15(a) and

15(b) are the predicted approximate curves given by R. J. Gamb1no(27)
for the magnetization versus composition of Gd-Co.

Agreement between

the magnetization values found by the loop tracer and the torque
magnetometer methods depend upon the film composition.

For films about

8 atomic percent from the compensation composition, the values agree
to about 11,

As the compensation composition 1s approached, the

magnetization values found by the two techniques are less consistent.
For films about 3 atomic percent from the compensation composition, the
agreement is within 15%.

These inconsistencies are due to the loop

tracer's Inability to switch the whole film for these compositions.
The magnetization data by both torque magnetometry and M-H loop
techniques agree well with the predicted. All magnetization values
2

2

He within .15 wb/m and are usually within ,05 wb/m of the predicted.
The magnetization value differences are comparable to those of
Chaudharl et al_(4) and Cronemeyer(5) (see figure 8a 1n the amorphous
materials section) but better than those of Bendson and Judy(23)
(see figure 7a 1n the amorphous materials section).

Thus the as-deposited

(2W/9M)

N0I1VZI13N9VW
measured by the M-H loop tracer.

Figure 15(a): Remanent magnetization of the as-deposited films
39

films measured by torque magnetometer.
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(2W/9M)

N0I1VZI13N9VW
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Gd-Co evaporated films follow closely the predicted magnetization for
antiferromagnetically coupled moments.

This also indicates that the

exchange fields are close to those observed in films and bulk.
The coercivlties of the as-deposited films are found from the
M-H loop tracer; coercivlties of each film are taken for a set of
frequencies.

From the zero frequency extrapolation, the static

coerclvities are found.

Typical plots of coerclvlty versus frequency

are given 1n figure 16(a).

The onset of a magnetic film's flux

reversal Is found from torque magnetometry data by finding the rotating
field magnitude for which the film starts to switch.

If the film

switches quickly, such as by domain wall motion, then the onset of
switching 1s also a good approximation of the coercivity,

Coercivities

of the films found by both methods are given 1n figure 16(b),

Data

for films with coercive forces greater than 50 oe. are not given 1n
figure 16(b) because the torque magnetometer and the loop tracer drive
fields are limited to about 50 oe.

Frequency effects need not be

considered by the torque magnetometry method because the frequency of
the rotating field 1s 2 Hertz.

It should also be remembered that the

rotating field used by this method may cause a different type of
switching than the M-H loop tracer.

Most films with compositions

between 77 and 82 atomic percent cobalt cannot be switched by the
loop tracer or the torque magnetometer.

Although there Is considerable

scatter 1n the coercivlties of the films shown 1n figure 16(b), there
can be seen an Increase In the coercive force for films near the
compensation composition.

The room temperature compensation composition

is 79,5 atomic percent cobalt for Gd-Co moments.

y
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Figure 16(a): Coercivity versus frequency for Gd-Co films.
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The domain structure and switching mechanism are determined by
longitudinal Kerr contrast observations.

For all of the films observed,

the static flux reversal mechanism 1s by domain wall motion and not
by magnetization rotation.
no rotation can be seen.
greater than 200 oe.

Even 1n applied fields of 200 oersteds
Thus the films must have anisotropy fields

For some of the films examined, the in-plane

magnetization diverges radially from a point In the film.
these points are at the film centers.

None of

The radial or near radial

magnetization configuration is deduced by rotating the film in the
longitudinal Kerr apparatus.

Kerr contrast along a vertical line in

the film is observed regardless of the angular position.

Thus the

longitudinal component of the magnetization must be zero along the
vertical Une.

Therefore, the films must be radially magnetized.

There can be a divergence 1n the magnetization at the center point.
Such a divergence will generate stray fields at this point.

This can

be seen by considering the local environment of the magnetization
center point.

The divergence of the magnetization generates a volume

charge density by

If the magnetization at the center point is simplified to

as shown in figure 17; then the charge density is

observed film.

(b) Drawing of the domain pattern at the center point of an
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PmU)* -Il_ [rMU)l

-JL_ a (rM_ ) -e«f><e
r 3r
-ia_(-rM 5 )
r dr

f

-Ms/r
+Ms/r

e<<p<2ir-e

-0<<f><e
0<(jx2ir-e

Note that the charge density decreases with distance from the center
point but the total amount of charge(m) very near the center point
1s critically dependent upon e

m= t Ms r'(2t-4e)
where t 1s the film thickness.
at the center point.

Only if 0 = ir/2 1s there no charge

This says that the amount of film surface

Inwardly magnetized must equal the amount outwardly magnetized surface
for there to be no free charges at the center point.

If this condition

1s not met there will be local stray fields produced by the charges.
Thus at this point the films must have anisotropy fields larger than
the stray fields to sustain the radial magnetization state.
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The 1n-p1ane fields of the cooling block appear to be the cause
of the radial anisotropy.

These cooling block fields must affect the

films during the deposition.

Two reasons are given for these fields

causing the radial anisotropy.

First, the in-plane fields of the

cooling block are radial 1n nature(see figure 9) and reach 200 oe at
the film edges.

The fields at the film edges can be even higher If

the substrate Is misaligned even a few millimeters.

Second, films

deposited with the cooling block magnets demagnetized give completely
different domain patterns during the static reversal process.

These

films appear to have a much more uniform easy axis in the film plane
than the films made with the magnets magnetized.

Figure 18 shows

photographs and drawings of a radially magnetized film.
In an effort to determine what effect the radial magnetization has
upon the In-plane magnetization readings, remanent magnetization
calculations for films with radial magnetization from a point in the
film are presented.

Stray field effects are neglected. Assume that

the film 1s 1n Its remanent state after being switched in a high
applied field.

Also assume that the film has an anisotropy H much

larger than the applied field H.

The in-plane remanent magnetization

Mp is measured parallel to the line joining the magnetization center
and the film center for a film that has been saturated along the same
direction.

For a saturation magnetization

the measured remanent

magnetization Mp 1s found by
(2)

where <(> is the angle between the local magnetization vector M U) and
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the measurement direction.
surface.

The integral is taken over the sample

For a film in the remanent state M (*) is given by
kM

for -ir/2<*<ir/2

Ms(*) =

for ir/2<<|><3ir/2

where +M and -M designate outwardly and Inwardly magnetized sections
s
^
respectively. This is shown 1n figure 19(a) along with coordinate
definitions.

Equation (2) becomes

r*i.

r»*>

r*h

irr 2M = ( (+Ms)cos<j> j r(4>) dr d«j> + / (-Ms) cosij> / r(<(>) drd^
rr^M,

irr 2M = / (+Ms)cos<|>

r^(<(>) d<f>/2+ i

|

(-M$) cos*

r 2(<f>) d*/2

where r*(4») 1s the distance between the film edge and the magnetization
center point.

Since the Integrands are even functions

r

1

irr 0 2M p = 4/ (+Mjcos*
r'2(4>) d* + / (-M 5 ) cos*
s

r 2(*) d*

(3)

To evaluate r'\*) the law of cosines is applied to the triangle in
figure 19(b) giving
r 2
0

= r'2(<f>)

+

®2

-2ar'($)

cos |

i

Inserting r'2(*)into equation (3) and integrating gives
Mp = 2MS (a2/3 + r02) /irrQ2

(4)

Figure 19.

and
n

r

the film radius.

x designates the film center, m the magnetization center,

Radial magnetization model with coordinate definitions.

HAM!
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(see appendix for development),

M /M from equation (4) Is shown
p s
In figure 20 along with the values of M /M for actual films, A
P s
discussion of Mg will be given 1n the annealed films section. The
parameter a/rQ

Indicates the normalized radial position of the

magnetization center.

It 1s determined by Kerr contrast observations.

The difference between the predicted and the observed values of M /M
P s
can be explained by the facts that the stray fields are not considered,
that the magnetization is not perfectly radial from the magnetization
centerfthls can be seen 1n figure 18b) and that oxidat1on(to be
discussed 1n the annealed films section) occurs.
The crystalline structure of the films is studied by using the
electron microscope.

For this purpose Gd-Co films are deposited on

salt and parlodlon coated substrates, removed by dissolving the salt
and Inserted Into the electron microscope.

The films are amorphous,

that 1s, they are free of any crystallite growths.
transmission electron diffraction.

This 1s found by

Since crystalline formations are

needed for magnetocrystalline anisotropy, the anisotropy mechanism of
these films 1s not magnetocrystal Une anisotropy.

Large precipitate

formations caused by columnar, growths and chain structures formed by
angle of Incidence effects are the causes of shape anisotropy.
However, preliminary indications are that there are no angle of
Incidence growths but there are normal columnar growths throughout the
0

examined films.

The film thicknesses used are about 500A while the

observed column diameters are about 100 to 150 X with the non-magnet1c
growths between the columns of about

3oX.

Iwata et.al_(26) predicted

oxidation occurs,

a/r

is the normalized radial position
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for these velues a normal anisotropy f1eld(from their figure 1)
Hk« .4 M$/y0
I, B, puchalska(27) gave the equation

where S is the column diameter and d is the distance between columns*
Using the observed values given
V .5 Ms/y0
in good agreement with Iwata et al(26), No stripe domains are observed
in these Gd-Co films while stripes were observed by Puchalska(27)
1n permalloy films with columnar growths. The columns appear not to
be elongated in any of the directions in the film plane* Shape aniso¬
tropy due to normal columnar growths is considered to be significant
1n these films, but, at present, this 1s subject to further Investiga¬
tion by electron microscopy studies. These growths are the only
indications of any normal anisotropy.
In order to determine 1f the as-deposited films are magneto¬
strictive, strain tests are conducted 1n the M-H loop tracer*
Straining a film of 84.8 atomic percent cobalt shows no change in Its
M-H loop traces for the directions parallel to the substrate edges.
No change 1n the M-H loop traces tends to indicate that the film is
non-magnetostrictive. Non-magnetostrictlve films are to be expected
because the films made by Chaudhari et al(4) were deduced to be
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non-magnetostrictive.

Microscopic observations of the film both

before and after straining shows no cracks.

This Indicates that the

as-deposited film was not strained beyond its fracture point even
after being strained 1n the M-H loop tracer.
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B)

Properties of Annealed Films;

Heat, treatment of magnetic alloys can Induce anisotropy; however,
the only types of anisotropy that can be formed 1n non-magnetostrlctlve
amorphous materials are ordering and shape anisotropy.

Shape aniso¬

tropy can be formed 1f elongated growths are formed during annealing,
while ordering anisotropy requires no such growths.

Thus the

annealed properties of these films give the vital Information needed
to determine the anisotropy mechanism.
For some of the films annealed, the easy anisotropy axis can be
rotated toward and eventually parallel to the annealing field.
Although most of the anisotropy 1s Induced during the first 24 hour
anneal, further 24 hour annealings are needed to form a uniform
uniaxial anisotropy.

This can be seen in Table II.

For these films

the magnetization found after the final anneal is taken as the
saturation magnetization.
Mp/Ms 1n figure 20.

These values are used for determining

Domain contrast can be observed 1n all of these

films before annealing but 1n two of these 1t cannot be observed
after annealing.
percent cobalt.

The film compositions of these two are 76.7 and 88,2
Loss of contrast suggests a non-magnetic material

growth due to the annealing.

Probably GdH2 and Gd203 are the

predominant types of growth since Gd tends to be a very good getterfng
material.

These compounds may be formed during momentary pressure

rises during the annealing.

These compounds are suspected because

they can be formed from Intrapped diffusion pump oil vapors.

When the

pressure 1s maintained below 5 x 10 ^ torr during the annealing,
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TABLE II.

Annealing effects upon the magnetization and anisotropy of Gd-Co films
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TABLE II, continued. Annealing effects upon the magnetization and anisotropy of Gd-Co films
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domains can be observed after the heat treatment*

GdH2 and Gd2Q3

growths and CoO have been reported by Chaudharl et a]_(6) at film
temperatures of 650°C 1n an electron microscope which has an oil
diffusion pump for its high vacuum pump.
At this point a discussion of the effects of partially oxidizing
Gd-Co thin films will be given.

As the composition of Gd-Co films

nears the compensation composition, the coercive force increases
sharply*

From figure 16(b) 1t can be seen that the coerdvlty almost

doubles for every 5 atomic percent change 1n the composition.

Thus by

measuring the change 1n the coerdvlty the change 1n the composition
of the magnetic material 1n the film can be approximated.

Associated

with the change In composition 1s the change in magnetization for
these films.

From R. J. Gamb1no's(29) predicted curve, this depen*

dency 1s about ±.046 wb/m^ per atomic percent change 1n Gd-Co films
near the compensation composition.

The.magnetization increases for

films with, greater than 79.5% cobalt and decreases for films with less
than 79.5% cobalt.

If the change In the actual magnetization is

approximately known then the change In the measured magnetization can
give Information about the oxide thickness or the films domain
structure.

If the magnetization structure 1s unchanged during

annealing(such as a film having radial magnetization both before and
after annealing) then only oxidation effects need be considered.
If the gadolinium atoms In the film oxidize more readily than the
cobalt atoms then there will be a composition change 1n the magnetic
material.
(dNco/N

For small changes in the fraction of cobalt atoms oxidized
) and of gadolinium atoms oxidized (dNgc(/Ngd), the change in
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the cobelt concentration (dCCQ) 1s found by differentiating

Cc0=„ ,^co
N

co+Ngd

This gives for the cobalt concentration change;

Denoting

-dN

co

/N

co

by

f

and -dN ./N ,
co gd gd

by

f .
gd

gives

^co^Cgd^co ( f gd'^co )
Note that

f

and f
must be between 0 and 1 and for this case
co gd
must be much less than 1. Based on the linear magnetization versus
composition equation of Gambino(29), this gives a change In the true
magnetization of

dM^M/dCc0)dCc0=H.6 Cco(l-Cco)(fgd-fco)

wb/m2

The true magnetization is found by adding the above change to the
original magnetization curve.

In this case the variational approxima¬

tion to the magnetization curve will be taken as the original
magnetization.

The magnetization change versus the cobalt concentra¬

tion for the whole sample(this includes the oxide) is giyen in
figure 21 for various f ,-f
values. This concentration is the
gd co
concentration measured by x-ray florescence. Figure 22 is the true
magnetization of the film versus the cobalt concentration of the
whole sample for various fgj-f^ values.
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Figure 22: True magnetization versus the cobalt concentration of the whole sample.
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The.measured magnetization of an oxidized film will give Incorrect
values.because the volume used 1n the calculations 1s not the volume
of the magnetic material but the volume of an equivalent amount of
magnetic material of which there 1s no oxidation at all.

To look Into

this problem! consider the case that equal atomic fractions of cobalt
and gadolinium are oxidized. This 1s the case of a uniform oxide
growth on the film's surface.

It corresponds to the case f^ = f

- f.

Then there 1s no change 1n the true magnetization or the composition
of the magnetic material but there Is a reduction 1n the volume of the
magnetic material.

The measured magnetization will be

VM(1‘ VW ■M (i-o
and the thickness of the magnetic material is now

t = t0 (1-f)
where tQ 1s the unoxidized film thickness.
The magnetization of the 76.7% cobalt film decreased from .12 to
.10 wb/m^ while that of the 88.2% cobalt film increased from .46 to
2

.57 wb/m .

The 76,7% cobalt film did not change Its easy axis

direction during annealing.

This Indicates that the radial magnetiza¬

tion structure probably remained Inspite of the heat treatment.

It

should also be noted that the change in the magnetization for the
88.2%.cobalt film 1s further complicated.

This complication arises

from the changing of the easy axis direction during annealing.
Indicates a change in the magnetization structure.

This

Thus for this film
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oxidation 1$ not the only effect which reflects a change in the
measured magnetization.
In order to find the change in the composition of the annealed
films, the coercive force of each annealed film 1s compared with its
coercive force before annealing.

Essentially no changes ($2 oe.) in

the coercivities are observed in any of the annealed films; thus there
is little change in the composition of the magnetic material.
Consider the film with 76.7% cobalt where only oxidation affects the
measured magnetization.

Taking the composition change of the magnetic

material as insignificantly small, the change 1n the measured
magnetization is due to oxidation of equal atomic fractions of cobalt
and gadolinium.

Then the reduction in the measured magnetization

is proportional to the reduction in the film's magnetic material.
X-ray florescence data showed that it was 1680Â thick originally.
Thus the final thickness of the magnetic material 1s 1400Â for this
film.

Since Kerr contrast could no longer be seen the oxide grew on

the exposed surface of the film.
Magnetostrictive results for an as-deposited film have been given;
for an annealed 84.5% cobalt film, comparison of the M-H loop traces
of the film strained and unstrained show no differences.

Also

microscopic observations made before and after straining show no
cracks or breaks in the annealed film's surface.

Thus the film is non-

magnetostrictive and free from cracks caused by annealing and other
strains.
Electron microscopy observations on half of a 76.7 atomic percent
cobalt as-deposited film show no crystalline formations.

The other

half, after being annealed at 200°C for 24 hours, still shows no
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change in the transmission electron diffraction pattern.

This

Indicates that the films are amorphous even after being annealed.
However, the columnar shapes are still there and appear to be unaltered
by annealing in a high magnetic field.

Thus magnetocrystalline

anisotropy is not the cause of anisotropy in these films but columnar
growths, while they may be contributing to the anisotropy, are probably
not contributing to the change during annealing of the in-plane easy
axis direction.

There are no other Indications of normal magnetic

anisotropy in any of the annealed films; thus only the observations of
the columnar growths are used in determining normal anisotropic
properties of these films. Figures 23(A) and 23(B) show the transmission
electron diffraction patterns of a film before and after annealing
respectively. Figures 24(A) and 24(B) are electron microscopy photo¬
graphs of the same film's surface before and after annealing respectively.
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CONCLUSIONS;
In studying the magnetization and coerdvity characteristics,
anisotropy fields and their mechanism, and oxidation effects of
gadolinium-cobalt thin films, the following conclusions are reached.
The composition dependence of the magnetization for evaporated
gadolinium-cobalt films Indicates that the gadolinium moments are
antlferromagnetlcally coupled to the cobalt moments.

Associated with

this coupling 1s a magnetization compensation point.

At room tempera¬

ture the compensation composition 1s found at 79.5 atomic perceint
cobalt.

The magnetization characteristics also Indicate that the

exchange fields are close to those found 1n sputtered films and 1n
bulk.
The coerclvlty dependence on composition for these films gives a
coerdvity peak at the compensation composition.

On both sides of the

compensation point the coerdvity Is highly composition dependent.
From a change 1n a film's coerdvity due to annealing, an approximate
change 1n the magnetic materials composition and magnetization can be
found.

However, no change Is observed; thus the composition and

magnetization of the magnetic material are unchanged by annealing.
In studying the anisotropy field strengths of these films, the
static domain patterns and the flux reversal mechanisms are considered.
Some of the films have radial magnetization patterns.

Such a pattern

is caused by the bias fields on the film as the film 1s deposited.
Such magnetization structures Indicate that the anisotropy fields
must be strong enough to align the magnetization radially.

The static
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flux reversal of these films is by domain wall motion.

No rotation

is observed in any as-deposited or annealed films even in applied
fields of 200 oersteds.
The anisotropy mechanism is investigated by straining the films,
annealing the films in the presence of a magnetic field, and by
observing the films 1n the electron microscope and 1n the Kerr
apparatus.
tive.

Strain tests Indicate that the films are non-magnetostric-

Kerr observations show that the anisotropy easy axis direction

1n some of these films can be rotated toward the annealing field
during heat treatments.

Transmission electron diffraction patterns

indicate that the films are amorphous both before and after annealing.
Also crystallites are not observed; thus magnetocrystal 11ne anisotropy
is not the anisotropy mechanism.

The columnar growths appear to be

of the same dimensional forms before and after annealing.

That is,

they are normal columnar growths with no predominant in-plane elonga¬
tions.

The columnar growths contribute to the normal easy axis

anisotropy of the film but apparently are not the predominant
contribution to 1n-plane anisotropy both before and after annealing.
Thus there is shape anisotropy present but 1t is essentially unaltered
by annealing.

Directional ordering must be the predominant anisotropy

mechanism of the in-plane anisotropy since the easy axis direction
can be altered by annealing.

The 1n-plane anisotropy fields that can be

altered are much greater than 200 oersteds.
Analysis of the oxidation effects of gadolinium-cobalt evaporated
films indicates that the oxide grows on the film's outer surface.
The remaining magnetic material's magnetization and composition 1s left
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unchanged by oxidation.

It Is located between the substrate and the

oxide layer which prohibits the use of the Kerr effect on oxidized
films.
In summary, gadolinium-cobalt evaporated thin films are
antiferromagnetically coupled and have a room temperature magnetization
compensation composition of 79.5 atomic percent cobalt.

Even though

they are amorphous, anisotropy can be formed in these films by
applying a bias field during fabrication or annealing.

The anisotropy

mechanisms are shape due to columnar growths and directional ordering,
Columnar shapes apparently affect the normal anisotropy while the
ordering predominantly affects the 1n-plane anIsotropy(for in-plane
bias fields).

The directional ordering is strong enough to cause

anisotropy fields much greater than 200 oersteds to be formed in the
films.

Oxidation affects the surface layer of the films; 1t is

probably formed by heating at too high of a pressure.

Oxidation does

not alter the composition or magnetization of the remaining material.
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APPENDIX:
Mathematical development for the Discussion and Results section.

r02=r'(*)2+a2-ar'(*) cos *
solving for r'(*) and remembering that r0>a and r'*0
r' (4>)= a cos <j> +/a2 cos2* +r02-a2
r'^*)=2a2 cos2* +r02- a2 + 2a cos* /r02-a2 sin2*'
letting *'=ir+*
r,2(*')= r,2(w+* )« 2a2 cos2*' + rQ2 - a2 - 2a cos *VrQ2- a2 sin2 4»'’
defining

r'2(*)= r^2 ( 4» )
and
r,2(*')= r^2(*'}
2

then substituting *'=ir+* Into the second term for trr_ M_ gives
°

2

(+MS) cos* r|.(*) d* +1 (-Ms)(-cos *') rl(*')

2

P

d*'

letting *"=-*' and exchanging the limits in the second term gives
o
rVx
o
r*4
+M
cos
+
^ro VJ ( s>
* »•+(♦) <4 J (+MS) cos *" r'^*") d*"
or
irr02Mp* fi+Ms) cos * [rj2(*)+r^2(*)J d*
but
f\J.2(*)+rl2(*)a! 4a2 cos2 * +2rQ2 - 2a2
then
rr 2

r\

T o Mp= |MS

COS*

(4a2 cos2* +2r02 - 2a2) d*

irr02Mp= 2M$(a2/3+r02)
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