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ABSTRACT 

APPLICATION OF DISTRIBUTED ARITHMETIC TO DIGITAL SIGNAL PROCESSING 

SHUNI CHU 

Distributed arithmetic trades memory for logic circuits and speed, 

it is suitable for some fixed computations like the DFT computation and 

the filter calculation with fixed coefficients. 

A prime length N DFT computation can be converted to two length (N- 

l)/2 real convolutions and distributed arithmetic can be applied to these 

convolution computations. Since all the computations of a prime factor 

FFT reside in a few short length DFT computations, we can do all the 

prime factor FFT computations by distributed arithmetic. 

When the input to a DFT is read, we can save half of the computations 

of a prime factor FFT algorithm by computing only half of the output 

without computing the other half and get the other half by the symmetric 

relation. 

Using an input index table and an output index table in a prime 

factor FFT algorithm, we avoid any index calculations for any dimension 

transform. 

The transpose form of filter structures using distributed arithmetic 

have a different arrangement of memory and accumulators from that of 

direct structures. In software implementation, the transpose structure 

has the advantage of less process with the input or output data to get 

the address to address the table in the memory but with the disadvantage 

of more accumulations when compared to the direct structure. Altogether, 

an IIR filter with transpose structure will have a little higher speed 

than that with direct structure when implemented on a microprocessor. 



Distributed arithmetic reduces the DFT and filter computations to 

simple and repeated addressing and accumulating operations which can be 

done by simple logic. A general, external logic can be designed to do 

both the DFT and filter calculations with a microprocessor. 
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CHAPTER 1. INTRODUCTION 

With the advancement of solid state technology, the microprocessor is 

becoming more and more powerful as well as popular and economic. Also be¬ 

cause of new technology,high-density low-cost memory devices continuously 

emerge. This makes the microprocessor a promising component for digital 

signal processing and suggests using memory to replace logic circuits.The 

main goal of this thesis is to show how to efficiently utilize micropro¬ 

cessor and memory devices in digital signal processing. 

1.1 Problem Areas 

Digital filtering and the discrete Fourier transform (DFT) are the 

two most important parts of digital signal, processing. The operations in 

digital filtering and the DFT are multiplications and additions. The 

traditional way to implement these is to minimize the number of multipli¬ 

cations and/or additions in order to increase the speed or reduce the 

hardware. We are now looking at a method using a new way to do the parti¬ 

cular arithmetic operations in digital filtering or DFT calculations. 

Arithmetic operations can be done using either logic circuits or memo¬ 

ry. For example, a 4 bit x 4 bit multiplication can be implemented using a 

multiplier,which is a logic circuit,or using a memory which stores all 

2-256 possible outcomes. Which implementation is better depends on the 

size, cost, speed and power consumption of each implementation and our 

requirements. In a situation where the multiplier is fixed and the only 

variable is the multiplicand,the implementation of the previous example 

using a memory now only needs to store 2 =16 possible outcomes while the 

first implementation is still the same. This is the situation where 

memory implementation is attractive; digital filters with fixed coeffi¬ 

cients and the DFT are exactly in such a situation. 
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Memory implementation of arithmetic can adapt itself to a particular 

arithmetic operation by programming its contents while the logic circuits 

available are not particularly fitted to this arithmetic operation. Most 

microprocessors have limited arithmetic ability. Complicated arithmetic 

operations like multiplication take a lot of time on a microprocessor 

while it has a lot of memory available . Memory implementation of arith¬ 

metic on a microprocessor allows it to do some particular arithmetic like 

that encountered in the digital filter and the DFT efficiently. 

In order to use memory as an arithmetic element, we convert the 

arithmetic we encounter to an address memory and accumulate operation. 

Sometimes we split word operations into bit operations and mix several 

arithmetic operations togethér, hence the name "Distributed arithmetic" 

for this kind of arithmetic [j.]. 

In part I of this thesis we dicuss a new fast Fourier transform (FFT) 

algorithm. Using the Good mapping [[2] we convert a long length DFT compu¬ 

tation into a few short length DFT computations. Unlike the radix-2 FFT, 

there is no twiddle factor;the computation is inside each short length DFT. 

For short length DFT, a length N DFT computation is converted to two real 

convolutions with length (N-l)/2, One convolution is cyclic, the other is 

almost cyclic. Distributed arithmetic is applied to these two convolutions 

to give a prime factor FFT with all computations done by distributed 

arithmetic. Distributed arithmetic also makes a longer prime length DFT 

using convolution possible. 

DFT outputs for real-valued input series have a symmetric relation, 

i.e. X(N-K)=X(K) . If we know any symmetric half of the DFT outputs then 

we know the other half. Using a prime factor FFT we have a simple way to 

calculate only half of the outputs and get the other half by the symmetric 
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relation, thus saving the FFT computation by half for real-valued input. 

One of the problems with the prime factor FFT is that the modulo 

arithmetic involved in index calculation is time consuming and tedious. 

An algorithm using one input index table and one output index table can 

avoid any index calculation for any dimensional prime factor FFT, and the 

algorithm only does computations needed to calculate half of the outputs 

for real-valued input data. The input index table has a length of N and 

its order is in the order we will need the data during the FFT computation. 

The output index table has a length of (N+l)/2 including half of the 

indices and its order is in the order the output will be computed after 

FÎT computation. 

This new algorithm is programmed on a Z-80 microprocessor in assem¬ 

bly language. A comparison shows that this algorithm can reach a sprrd 

twenty times as fast as that of a radix-2 FFT. Table (Table 9) comparison 

also shows that computation speed does depend on the factoring. Both 

small factors and low dimensionality are desirable. A compromise should 

be taken between these two to get the optimal combination of factors. 

Distributed, arithmetic reduces FFT operations to simple, repeated 

address and accumulate operations. A simple external logic could be 

designed with a microprocessor system to do these simple operations. 

With this external logic the DFT computation time is reduced considerably 

because it eliminates a lot of data transfer between memory and CPU. For 

a 16-bit word-length FFT a reduction by a factor over five can be achieved 

depending on the factors used. Now the program takes little time on the 

short length DFT computation regardless of the length. Most of the time is 

spent on fetching and storing data. Thus,in this case, larger factors and 

less dimensionality is expected to give higher speed. 



The second part of this thesis deals with various FIR and HR structures 

using distributed arithmetic. Some structures are implemented by micropro¬ 

cessor programming. Again distributed arithmetic makes the speed higher 

than traditional methods using multiplication and addition. 

Transpose structures of FIR and IIR filters are particularly examined. 

Transpose structures have the property that all operations are on current 

input and current output data. When vising distributed arithmetic only 

these two words are needed to address the memory. The addressing scheme 

for a transpose filter is much simpler and faster. Transpose structures 

need many accumulators to store the intermediate data between the input 

and the output stage and these accumulators slow down the speed of this 

structure because it takes time to transfer accumulator values between 

the CPU and memory every time an accumulation is executed. This makes 

transpose structures have a speed figure a little better than that of 

direct form structure. A table compares the speeds of IIR filters using 

these two structures. 

As before, accumulation can be done using external logic to eliminate 

the data transfer between the CPU and memory. The external logic for filter 

accumulation is similar to that for DFT computation. Thus a more general 

hardware may be developed to do both DFT and filter computations. This is 

a much simpler and faster way than using an external hardware multiplier 

in a microprocessor system. 

1.2 Related Work 

Rader £3] described the idea of converting a prime length DFT to a 

circular convolution by rearranging the data and thus proposed a new way 

to do a DFT. Winograd has shown the minimum number of multiplies 

required for circular convolution. New convolution algorithms which often 
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achieve this minimum were developed by Agarwal and Cooley L5J- 

Good [ Z~\ and Thomas [6] presented a mapping using the Chinese remainder 

theorem which converts a one-dimensional DFT into a multi-dimensional DFT 

without twiddle factors when the length of the DFT is a product of relatively 

prime factors 

Kolba and Parks[S] combined the ideas of the Good mapping and high 

speed short convolution algorithms and developed a fast algorithm for a 

prime factor DFT. They also presented the short length DFT algorithms for 

length up to nine. 

Peled and Liu £9] proposed a hardware FFT realization using distributed 

arithmetic to do the butterfly computation on a radix-2 algorithm. This 

does not seem to be. attractive and cannot be applied to software imple¬ 

mentation. Zohar Ql 0^] used bit convolution to do the DFT by converting 

DFT to convolution using Bluestein's [ll] method or Rader's [3] method. 

This is slow in hardware realization and again not suitable for applying 

to software implementation. 

All previous works on prime factor FFT are for general complex input 

DFT. Bergland Ql2^| showed that radix-2 FFT computation can be cut by half 

on real input data by repacking the input data, this is not applicable to 

prime factor FFT which often has a prime length and the index calculation 

is not suitable for microprocessor implementation. 

The first part of this thesis combines the ideas of distributed 

arithmetic and prime factor FFT, looks particularly at the DFT with real¬ 

valued input data, and considers implementation on microprocessors. 

Croisier et al. [l3l> Peled and Liu proposed a new structure 

for second order HR filter using distributed arithmetic. Glaasen et al. 

extended this approach to more general structures. Zohar used 
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"bit convolution to do word convolution in filter computation "but used 

counting to sum up many one "bit addends. A general and unified description 

about filter structures using distributed arithmetic is described by 

Burrus £l]]. 

The second part of this thesis deals with filter structures using 

distributed arithmetic, develops the transpose form structure with distri¬ 

buted arithmetic and finds the structures suitable for microprocessor 

implementation. 
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CHAPTER 2. PRIME FACTOR FFT WITH REAL INPUT 

The DFT of a real sequence is conjugate symmetric, i.e. The trans- 

form has the property X(N-k)=X (k) when the input x(n), n=0,l ...N-l, are 

all real. This is easily proven. 

This property suggests that only half of the output needed to be 

computed, thus saving the computation by half. The prime factor factor 

FFT is shown to have a very simple way to compute only half of the conju¬ 

gate symmetric outputs without computing the others. 

when the transform length ^M^Mg ... M^ has factors M^, M^, ... M^ 

relatively prime [the Good mapping [2] based on the Chinese remainder 

theorem can convert this one-dimensional. DFT to a multidimensional DFT. 

Here, we describe the case with two factors M^ and M2 which are relati¬ 

vely prime. 

In the DFT 

x(k)= x(n) W^ (1) 
where 

u = e-j2K/N 
WN 6 

We will use a input index mapping which maps the input indes n into 

a pair of indices (n^.ng) 

n^=r^n mod M^ n^-0f X f••• where rlM2 
mod M^=l 

n2=r2n mod M2 iig—O » 1 f » « • jMg-1 where r2Ml 
mod ^2=1 

This is equivalent to 

n=(M2n^-tiling) mod N (2) 
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The output index is similarly mapped. 

II 
1 

mod M^ kx= 0,1, ... , M1-l 

k2= k mod Mg kg= 0,1, • • • > 

The inverse mapping from two-dimensional output index to one-dimensional 

index is 

k= (s^k^ + Sgkg) mod N (3) 

where 

s^ = 1 mod M^ 

s^ = 0 mod Mg 

and Sg = 0 mod M^ 

Sg = 1 mod Mg 

when these mappings are used, we substitute (2) and (3) into (l) 

and the DFT becomes 

M1-l Mg-l 
X(krk2) = ±- 5- x(nrn2) », 

n2k2 njkj 

n^=0 ng=0 M. W, M„ w 

where 

atnd 

WMX 
e 1 

WM = e-W
KZ 

The two-dimensional transform in (4) may be implemented by first 

(5) 

calaulating M. length M_ DFT's 

M -1 * n k 

y(n^ ,kg) = 5rr x(n^ ,n0) Ww 
n2=0 

41*“2' M, 

(6) 

then calculating Mg length M^ DFT's 

M.-l n.k. 

XCkt,k2) = ±- y(ni,k2) V 
n^=0 1 

This is equivalent to first putting the data on a two-dimensional 

array according to the input index mapping, then computing M^ length Mg 

row-DFT's and Mglength M^ column-DFT's by in-place calculation. The two- 

dimensional output array is converted to a one-dimensional output string 
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"by the inverse output index mapping. 

Investigating the symmetric property of the output array we find 

that 
M.-l M -1 n (M -k ) n (M -kJ 

x(Mrk1>M2-k2) = i- i=
x(vn

2> % \ 

M1 1 ^2 1 , \ n2k2 w lkl 
ZZ 2-Z x(n1«V WM WM 
n^O 1 * 112 “l 

= X*(krk2) (7) 

for real input x(n) (so is x(n^,n2)). 

Fig.l shows the symmetric relations. The right half of the output 

array is the complex conjugate of the left half; so is the lower to the 

upper half. These relations can also he seen from the calculation proce- 

Fig.l The symmetric relations of a real-input prime factor two- 

dimensional DFT 

dure. If we do the row-DFT's first, the columns on the rignt will be the 

complex conjugate of the columns on the left after finishing all the com¬ 

putations of row-DFT's, since each row-DFT has a real input. After doing 

all. the column-DFT's, the columns on the right will still be the complex 

conjugate of the columns on the left except that the order is changed. 

Mathmetically, if on the left we have a column x(m), m=0,l, ... 
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with a DFT X(k), k=0,l, ... ,M^-lj on the right we will have a column 

ft 
x (m), 111=0,1, ... ,M^-1, whose DFT is Y(k), k=0,l, ... ,M^-1, and 

Y(k) = ^ x*(m) wjf 

m=0 1 
Mj-1 T m(M1-k) 

m=l 
x(m) W„ 

k nl 

= X (M.-k) (8) 

This symmetric property of the prime factor DFT with real input 

suggests the following algorithm, (we do row-DFT's first then column-DFT) 

(1) Do length-Mg real, input row-DFT's, only the first half of the 

output values needed to be retained in each row-DFT. 

(2) Do a length-M^ real input column-DFT. (column 0) 

(3) Do (Mg-l)/2 (Mg odd) length-M^ complex input column-DFT's. (col¬ 

umn 1 through column (Mg-l)/2) 

For a multidimensional transform, say N=M^Mg ... M , we can use one 

factor along the row and group all the other factors along the column. 

In each column-DFT calculation, this two-dimensional. DFT technique can be 

repeatedly used and the one-dimensional column-DFT is converted to a 

(r-l)-dimensional DFT. In step 2, since the first column consists of 

real numbers after the row-DFT cal.culations, the same technique can be 

applied to save the computation by half on the first column-DFT. 
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CHAPTER 3. CONVERTING A PRIME LENGTH DFT TO REAL CONVOLUTION 

Rader has shown that the computation of a length-N DFT with N 

prime can he changed to a length N-l circular convolution. Here we change 

this length-(N-l) complex circular convolution to one length-((N-l)/2) 

real circular convolution and one length-((N-l)/2) "almost circular" 

convolution. It is these convolutions that we can apply the distributed 

arithmetic on. 

To see how a prime length DFT can be converted to two real convo¬ 

lutions, we use an example for N=ll. At first let us consider the case 

that the input to a DPT is real. In this case,the DFT output consists of 

two conjugate symmetric halves. Only one half of the output needed to be 

computed, we arbitrarily choose to compute the upper half output X(o)— 

X(5). The direct calculation gives 
10 

X(0)=g x(n) 

'x(l)' 'l 2 3 4 5 6 7 8 9 10Ï 'x(l)' ' x(0)' 

X(2) 2 4 6 8 10 1 3 5 7 9 x(2) x(0) 

X(3) = 3 6 9 1 4 7 10 2 5 8 x(3) x(0) 

X(4) 4 8 1 5 9 2 6 10 3 7 x(4) x(0) 

x(5), 5 10 4 9 3 8 2 7 1 6. x(5) lx(0)J 

x(6) 

x(7) 
x(8) 

x(9) 

where a.- integer k in the matrix stands for ¥ . 

Since ] , replacing each ¥^ in the matrix with k 5 by 

we get (10). Investigating the matrix in (10), we see that 

except for the complex conjugate, the right half of the matrix is symme¬ 

tric to the left half. By calculating the real and imaginary parts of the 
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'x(l)' 
✓ 

X(2) 

X(3) = 

X(4) 

M5h 

2 

1 

4 

3 
1 

5 

5 

1 

3 
5 

2 

3 

5 

2 

4 

5 

3 
1 

1 

'x(l) ' rx(o) 

x(2) x(0) 

x(3) x(0) 

x(4) x(0) 

À x(5) x(0) 

x(6) 

x(7) 

x(8) 

x(9) 

Ix(lO). 

output separately, we can combine these two halves. The real part of the 

output vector is got from (10) with the matrix replaced by the real part 

(10) 

of the matrix. Since 

Re [Wk] = Re [(Wk)*] = cos[(2îïk)/ll] (ll) 

the real part of the matrix in (10) has the right half and the left half 

identical. Combine these two halves, we get 

\d)' '1 2 3 4 5' X(1)+X(10)' ”x(0) 

V2> 2 4 5 3 1 x(2)+x(9) x(0) 

V3) = 3 5 2 1 4 x(3)4x(8) = x(0) 

XH(4) 4 3 1 5 2 x(4)+x(7) x(0) 

1^(5)] .5 1 4 2 3, .x(5)+x(6) .x(0). 

where a integer k in the matrix stands for cos[(27vk)/ll]. 

Similarly 

Im [Wk] = -Im [(Wk)*] = -sin[(2ïïk)/ll] (13) 

The imaginary part of the matrix in (10) has the right half equal to the 

negative of the left half. Combining these two halves we get 

'x-j-CiJ '1 2 3 4 5' 'x(l)-xdO)' 

Xj(2) 2 4-5-3 -1 x(2)-x(9) 

Xx(3) - 3-5-2 1 4 x(3)-x(8) 

Xx(4) 4-3 1 5-2 x(4)-x(7) 

v5 -1 4 -2 3, x(5)-x(6) ^ 

(1*0 
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We now modify Rader's method [3] a little bit. Convert (12) and (14) 

into convolutions by permuting the input and output indices. Let o£ be a 

primitive (N-l)st root of unity that generates the group of N-l integers 

1*1,2, ... ,N-lj, i.e. 

o(.k \ 1 for 0 <k <N-1 

(oc1 | m=0,l N-2} = (1,2, ... ,N-l] 

We can order the data in (12) and (14) according to a new index m to 

convert them to convolutions. The new index m and the original index 

n have the relation 

rot
m mod N if oim mod N£(N-l)/2 n=l,2, ... ,(N-l)/2 

n = ■ (15) 
(N-o^1) mod N if OC

B mod N>(N-l)/2 m=0,l, ... ,(N-3)/2 

For N=ll,oC=2, the new index m=0,l,2,3,4 correspond to the original 

index n=l ,2,4,3,5« By arranging the output index in the order of 1,2,4, 

3,5 and the input index in the order of 1,5,3,4,2 in (12) and (14) we 

get for the real part 

s 

V2> 
X

EW = 

V3) 
IV5), k 

1 5 3 

2 15 

4 2 1 

3 4 2 

5 3 4 

4 

3 

5 

1 

2 

2 

4 

3 

5 

1 

,al’ 
rx(0)' 

a5 x(o) 

4 + x(0) 

4 x(0) 

a 
l2. .x«a 

(16) 

where a. integer k in the matrix stands for cos{](23îk)/ll] and 

a^ = x(i) + x(ll-i) 

Similarly for the imaginary part 

i=l,2, ... ,5 

X
 

H
 

XI(2) 

*ï(4) S 

-XI(3) 

-1 5 -3 4 2 ) 

-2 -15-3 4 

-4 -2 -1 5 -3 

3 -4 -2 -1 5 

_5 3 _4 -2 -1 

f-b« 

-b. 

2J 

(17) 



where a integer k in the matrix stands for -sin[(2Âk)/ll3 and 

bi - x(i) - x(ll-i) 1=1,2 5 

The other half of the output is obtained by 

The matrix in (17) is a Toeplitz matrix, the upper triangle is the 

negative of the lower triangle. Except for the sigh, this is a circular 

convolution matrix, and (17) can be computed using distributed arithmetic 

as we will see in the next chapter. 

When the input to a DFT is a complex sequence , the output is obtain¬ 

ed by superposition. First pass the real, part of the input through the 

DFT and then pass the imaginary part. Both outputs are computed according 

to (l6) and (17)- To simplify the representation, let WR denote the matrix 

in (l6); Wjdenote the matrix in (17)» AR be the vector with components 

a^, i=l, ... ,5 in (16), a^ computed from the real part of the input; A^. 

be the same vector but with components computed from the imaginary part 

of the input; BR be the vector in (17) with components ibj_'s, b^ computed 

from the real part of the input; B^ be the same vector but with compo¬ 

nents computed from the imaginary part of the input; X^(0) be the vector 

X(4) = [WRAR - WJBJ + XR(0)] + 3 [WRAJ + WXBR + xI(o)] (19) 
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'X(IO)' 

x(9) 

x(7) = [WRAR + WJBJ + X^O)] + j [WJJAJ. - WJBR + X^O)] (20) 

X(3) 

U(6) , 

The DFT computation with complex input needs four length-(N-l)/2 

convolutions (WRAR, WpBR, WRA-J., They are only two different types 

of convolution involved (convolution matrices WR and W^) which cam be 

done by distributed arithmetic. 

The convolution DFT schemes with other prime lengths are listed in 

Appendix I, Also listed are the computation schemes with length-4 and 

length-8 DFT's. Both are very often used and are important factors in 

prime factor FFT scheme. A length-4 DFT has no multiplications, only 

additions required. A length-8 DFT needs only two multiplications and 

the two multiplications have the saune fixed multipier which can be 

done by a table look-up. 
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CHAPTER 4. COMPUTING CYCLIC CONVOLUTION USING DISTRIBUTED 

ARITHMETIC 

Circular convolution has fixed repeated operations, each output is 

computed from the input by exactly the same operations with the saune 

coefficients, only that the coefficients are a shift of each other for 

computing of different outputs. We can use a ROM to store some sort of 

the results of the fixed operations. Several forms of use of memory are 

passible. 

4.1 Direct Form 

For a circular convolution 

(22) is a summation of many bit-word convolutions. Define functions fn, 

n=0,l, ... ,N-1, with N binary arguments as bit-word convolutions 

N-l 

(21) 

where h where h . = h/ , \ „ 
n-i (n-i) mod N 

using the 2's complement representation for x^ we get 

N-l B-l 

N-l B-l N-l 

(22) 

(23) 

n=0,l, ... ,N-1 

then (23) becomes 

;n'x00,x10’ 

From the property of circular convolution, we have 
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fl(xO,Xl’ •** ,XN-1^ ” f0^XN-l’X0’xl’ *•* ,xN-2^ 

f2(
x
0,
xl, ... = fo(xN_2,xN-l,X0 ^-3^ (25) 

etc. 

Thus actually only one function is needed, all the other functions 

can he generated from this function by circular shift of the arguments. 

According to (2^) and (25), the circular convolution of (16) can be re¬ 

alized as in Fig.2. The function f is 

f(x^,x2»x^,x^,x^) = x^cos u + XgCos 5u + x^cos 3u 
+ x^cos 4u 

+ x^cos 2u (26) 

where u = (2ît)/ll and x^O or 1, i=l, ... ,5 

R, 

R, 

R, 

Fig.2 Calculation of the real part of a real-input length-11 DFT 

At the begining of the computation, R^—R^ are cleared to zero 

and the a^'s are loaded into registers R^ through R^ in the order a^, 

a^, a^, a2- Then all R^ through R^ are shifted right by one bit, the 

last bit of each register is in R^, The ROM output now is fQ which will 

be loaded into ^. Circular shift of R^ produces at the ROM output se¬ 

quentially fQ , f^, ... , f^ which are loaded into R^ through R^. When 
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the first cycle is completed, all R^ through R^ except R^ are shifted 

right by one bit and the second cycle starts. After B such cycles, with 

the last cycle changed the function from addition to subtraction, the 

convolution operation in (24) (or (l6)) is completed. The convolution 

results YQ y^ are now at R^—R^, when added to x(o), these are 

XR(1), XR(2), XR(4) , XR(3), andXR(5). 

Except for the sign difference between the upper triangle and the 

lower triangle of the matrix in (17) , it is a circular convolution ma¬ 

trix. As illustrated in Fig.3 , the use of two ROM's can do this convo¬ 

lution. At the begining of each cycle, R^ is cleared. During each cycle, 

R^ is shifted into R^R instead of circular shifting. The function f is 

R 

R, 

R. 

Fig. 3 Calculation of the imaginary part of a real-input length-11 

DFT 

now 

f^^x^x^jX^.x^) = x^sin u - xRsin 5u + x^sin 3u - x^sin 4u 

-Xj.sin 2u (27) 

The ROM 1 output gives the inner product of the input vector with a row 

vector in the matrix which has components on the left of the diagonal 
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line set to zero. The ROM 2 output gives the same inner product but with 

the components on the right of the diagonal line (included) set to zero. 

The superposition of these two outputs gives the correct inner product 

of the row vector with the input vector. After all the accumulations, 

ROM 1 contributes to the convolution computation due to the upper tri¬ 

angle of the convolution matrix in (17); ROM 2 gives the contribution 

due to the lower triangle (including the diagonal) of the matrix. The 

superposition is a subtraction when ROM 1 and ROM 2 are identical. 

For parallel operation, we can increase the word length of the ROM 

in Fig.3 to include the five functions f Q , f ^, ... ,f^. The word length 

is now five times as long as it was before. As illustrated in Fig.4, 

there are five accumulators to accumulate five outputs simultaneously. 

Fig.4 Parallel computation of the real part or imaginary part 

of a real-input length-11 DFT 

The scheme for the imaginary part calculation is exactly the same except 

that fgjf^, ... ,f^ do not have the relations of (25). When realized in 

hardware, this scheme is five times as fast as the scheme of Fig.2 and 

Fig.3 because of parallel accumulation. 
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4.2 Transpose Form 

Both schemes in Fig.2 and Fig.4 have many hit-shifting operations 

which are not very desirable in software implementation in microproce¬ 

ssor and will slow down the speed. By doing the convolution in (l6) as 

a weighted sum of the column vectors in the matrix, we have a transpose 

form for doing convolution. The scheme is illustrated in Fig.5. The 

accumulators are all set to x(o) before accumulating. On the first run, 

XR(5) 

XK(1) 

XR(2) 

V1*) 
X
R(3) 

fl(ai) = a^cos u 

^2^ai^ = ai00s 

f0(a.) = a.cos 4u 
3 i i 
f(a. ) = a. cos 3u. 
4 l l 

f^(a^) = a^cos 5u 

where 

u = 
27T 
11 

Fig.5 Transpose structure for the calculation of the real or 

imaginary part of a real-input length-11 DFT 

we have a^ times the first column added to Acc 1 through Acc 5; on the 

second run, we have a^ times the second column added to Acc 1 through 

Acc 3• After each accumulation, the content of each accumulator circu¬ 

lar shift upward so that after five accumulations the contents on Acc 1 

to Acc 5 are Xg(5), X^(l), Xg(2), X^(4) and X^(3). (The last accumula¬ 

tion does not need a shift of accumulator contents after) 

If the word length of a^ is long, the size of the ROM in Fig.5 will 

be very large. We can split a^ into a few groups of bits, each group 

address a ROM and have the outputs of these ROM's sum together the final 

output. A example which uses four small ROM's to get f^ f^ is shown 

in Fig.6. Each ROM now has B/4 address lines with size 2' times 



smaller than before. It is desirable to have a word (8 bits) to address 

memory in microprocessor programming. 
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R0M4 R0M2 

R0M3 R0M1 

r 
Fig.6 Use several smaller ROM’s to get the functions in Fig.5 

Fig.7 shows a scheme using just one ROM with (r + l) addressing lines. 

We will shift a^ r bits at a time, also shift all accumulators right by 

r bits after each accumulation. The contents of the accumulators circu¬ 

lar shift upward once only after the accumulation for the last r bits 

Acc 1 

j Acc 2 

■I Acc 3 I 

ACC Ur 

f Acc 5~" 

Fig. 7 Using a smaller ROM in structure of Fig.5 

a^a^a^a^a^» 

ROM 

of each a^. The functions for the last r bits of each word will be di¬ 

fferent because they contain the most significant bit of a^ which has 

a negative weighting. As shown in Fig.7* an additional addressing line k 

is added to the ROM to switch the ROM output from one set of functions 

to another set of functions for the accumulations for the last r bits 

of each input word. 

When r is reduced to one, no ROM is needed in hardware realization; 
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 are determined, by wire connections. 

The calculation for the imaginary part of the output of the DFT is 

exactly the same as for the real part calculation except added control 

on the accumulators to make accumulation an addition or a subtration. 

In this case, f^—f^ are defined according the first column of the ma¬ 

trix in (17). All accumulations are additions at the first cycle. Accu¬ 

mulation in Acc 5 is changed to subtration at the second cycle; at the 

third cycle, accumulations in Acc 4 and Acc 5 are changed to subtrations. 

etc. At the last (fifth) cycle, all accumulations except that in Acc 1 

are changed to subtrations. 
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CHAPTER 5. PROGRAMMING ON A MICROPROCESSOR 

5.1 A Real-Input Prime Factor FFT Algorithm Without Index Calculation. 

One difficulty with the prime factor FFT is that the procedure for 

index calculation is tedious and time consuming, especially when the 

dimension is high and we only want to calculate half of the indices 

that need to be processed for a real input FFT algorithm described in 

chapter 2. Modulo arithmetic is involved in index calculation which can¬ 

not have any rounding. In addition, the indices calculated are in the 

order according to the Good mapping and not in the order we want for a 

short length DFT calculation. 

Here we describe an algorithm to do the real-input prime factor 

FFT. This algorithm uses stored index tables and avoids any index calcu¬ 

lations. The algorithm fetches the input data according to the input 

index table. The input index table is arranged such that the order of 

the indices in the table is the order we want for the data during com¬ 

putation. The output index table is arranged such that the order of the 

indices in the table is the order of the output, i.e. the first output 

computed corresponds to the first index in the table; the second output 

computed corresponds to the second index in the table, etc. There is no 

index calculation even on stages after the first stage. The algorithm 

sequentially fetches data from some data area and orderly puts output 

back on some other data area. 

In order to explain the algorithm we uses an example with dimension 

four which is general enough and large enough for mast cases. For sim¬ 

plicity, we use the smallest factors to make the index tables small. The 

length chosen is N=420=7x5x3x4. 
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Fig.8 shows the algorithm. At the first stage, all length-7 DFT's 

are calculated using one of the convolution algorithms. The indices for 

each seven input data to a length-7 EFT are grouped together. The pro¬ 

gram sequentially fetches seven data according to the input index table. 

We then do a length-7 EFT and fetch the next seven data according to the 

next seven indices in the index table, etc. 

In a 7x60 real-input prime factor FFT, as explained in stage 1 of 

Fig.8, after the calculations of sixty length-7 row-DFT's, only four 

length-60 column-DFT's need to be calculated including the first column- 

DFT which is still real-input. Since the convolution method in chapter 3 

computes the first half outputs of a short length DFT first, with the 

second half outputs the complex conjugate of the first half outputs, we 

choose to compute the first four length-60 column-DFT's, store the first 

four outputs of each length-7 DFT and discard the remaining three. 

As illustrated in Fig.8, the first four outputs from the length-7 

DFT's are stored in the data area 1 which is different from the input 

data area. Each output is stored sixty data storage spaces apart. The 

outputs from the second length-7 row-DFT are stored under the outputs 

from the first row-DFT. etc. After the completion of sixty length-7 row- 

DFT's, in the data area 1, the first sixty data (read.) correspond to 

the first column in the 7x60 two-dimensional DFT. The second sixty data 

(complex) correspond to the second column, etc. 

The second step is to do the length-60 column-DFT's. The first column 

-DFT has real-valued input and the computation can be reduced by half. 

Here we explain how to do the length-6 0 column-DFT with complex input 

which is the case for the 2nd, Jxà. and 4-th column-DFT. The computation 

for the real-input column-DFT is then easily understood. 
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The length-60 DPT is done as a 5x12 two-dimensional DFT with five 

terms in the row which are computed first and twelve terms in the column 

which are computed next. As illustrated in Fig.8, each five inputs for 

a length-5 row-DFT are consecutive in the data area (because the arran¬ 

gement of the input index table). The program sequentially fetches data 

from the data area 1 and calculates a length-5 DFT for each five inputs. 

The outputs are stored in the data area 2 in a similar manner as before. 

Each output from a length-5 DFT is stored twelve storage spaces apart. 

The outputs from the second length-5 row-DFT follow those from the first 

length-5 row-DFT. etc. After the completion of twelve length-5 complex- 

input DFT's, in the data area 2, the first twelve data correspond to the 

first column in the 5x12 two-dimensional DFT} the second twelve data 

correspond to another column, etc. 

The third step is to do the length-12 column-DFT's. As illustrated 

in Fig. 8, the first column is done first. A length-12 DFT is done as a 

3x4 two-dimensional DFT with three columns and four rows. Again, because 

of the arrangement of the input index table, each three inputs to a 

length-3 row-DFT are consecutive in the data area 2. The program sequen¬ 

tially fetches data from the data area 2, performs a length-3 DFT, and 

puts the outputs on the data area 3 in a similar manner as before. Each 

output from a length-3 row-DFT is stored four data storage spaces apart. 

After the completion of four length-3 row-DFT's, we go to the final step 

  the length-4 DFT's. 

Once again because of the arrangement of the input index table and 

previous storage method, each four inputs for a length-4 column-DFT are 

consecutive in the data area 3* The program sequentially fetches data 

from the data area 3 to do the length-4 DFT's. Once an output is computed 
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it is assigned with a index according to the output index table begining 

from the top of the table and this output is stored according to this 

index. Also stored is the complex conjugate of this output which has a 

index equal to 420 minus the previous index. Output index table is arran¬ 

ged such that its order is the order we will compute the outputs. Since 

the original input data is of no more use after the first stage computa¬ 

tion, the data area used to store the input data can be used to store 

the final outputs. 

After the completion of three length-4 column-DFT's, we go back to 

to the next length-12 column-DFT of a 5x12 two-dimensional DFT in stage 

3. After the completion of sill length-12 column-DFT's in stage 3» we go 

back to the next length-6 0 column-DFT in stage 2. When all the length- 

60 column-DFT's are finished, the whole FFT computation is finished with 

the output orderly placed in the memory. 

For this prime factor FFT algorithm, the size of each data area is 

as follows. 420 storage spaces for the input data; 420 storage spaces 

for the data area 1; among them, 60 for the 60 real data of the first 

column, 360 for the complex data of the remaining three columns. A com¬ 

plex data is considered to occupy two real data storage spaces. There 

are 120 storage spaces in data area 2 for the storage of 60 complex data. 

Data area 3 bas a storage spaces of 24 for the storage of 12 complex da¬ 

ta. The output needs 840 storage spaces, among them 420 may be that for 

the input data. Usually a length-N prime factor FFT needs about 3»3N 

storage spaces for the data storage. 

The choice of length-7 DFT in stage 1, length-5 EFT in stage 2, etc. 

in the above algorithm is arbitrary. We can have other choices and arran¬ 

ge the input and output index tables according to that choice. 
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The program for a prime length DFT using memory to speed up the cal¬ 

culation can use the scheme in Fig.2,3»^> or the scheme in Fig,5. The 

scheme of Fig.5 needs more memory hut is easier for the microprocessor 

to address the memory and is much faster. Fig.9 shows the program flow 

chart for the scheme in Fig.5 for a length-N real-input DFT. 

Fig.9 Flow chart for 

a legth L=2N+1 

real-input DFT 
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5.2 Input and Output Index Table arrangements 

As atated above, the input index table should be such that the inputs 

to the same DFT are consecutive in each stage.We begin the construction 

of the input index table from stage 1. The scheme in Fig.5 for a length- 

7 DFT needs inputs in the order of x(0), a^, a^, for real part accu¬ 

mulation, also needed are inputs in the order of b^, b^, b^ for the ima¬ 

ginary part accumulation. Therefore the order of input should be x(0), 

x(l), x(6), x(3), x(4), x(2), x(5). Once a pair of inputs x(i) and x(7- 

i) is received and forms a^ and b^ as x(i) + x(7-i)« this pair of inputs 

is discarded, a^, b^ are also discarded after having used them to accu¬ 

mulate the real and imaginary part output. Table 1 shows a 7x60 input 

index mapping table with columns in the order of 0,1,6,3>4,2,5 which is 

the input order to a length-7 DFT. If we arrange the input index table 

rowwise according to Table 1, we fulfil the input requirement for stage 

1 computation. 

In order .to satisfy the input requirement for stage 2 computation, 

the row order in Table 1 should be arranged rowwise according to a 5x12 

two-dimensional DFT input index mapping table as shown in Table 2. The 

column order in Table 2 is 0,1,4,2,3 which is the input order to a 

length-5 DFT. The input requirement in stage 3 computation requests that 

the row order in Table 2 be arranged rowwise according to a 3x4 two- 

dimensional DFT input index mapping table as shown in Table 3» The colu¬ 

mn order in Table 3 is 0,1,2 which is the input order to a length-3 DFT 

and the row order in Table 3 is 0,2,1,3 which is the input order to a 

length-4 DFT. The input index table for a 5x3x4 prime factor FFT is 

shown in Table 4 which is the same as Table 2 except that the row order 

is arranged according to Table 3. Finally we get the input index table 



N=- 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
• 

0 

51 
52 
53 
54 
55 
56 
57 
58 
59 

30 

1=7x6 0 n=(7n^+60112) mod. 420 

0 1 6 3 4 2 5 

0 60 360 180 240 120 300 
7 67 367 187 247 127 307 

14 74 374 194 254 134 314 
21 81 381 201 261 141 321 
28 88 388 208 268 148 328 
35 95 395 215 275 155 335 
42 102 402 222 282 162 342 
49 109 409 229 289 169 349 
56 116 416 236 296 176 356 
63 123 3 243 303 183 363 
70 130 10 250 310 190 370 
77 137 17 257 317 197 377 
84 144 24 264 324 204 384 
91 151 31 271 331 211 391 
98 158 38 278 338 218 398 

105 165 45 285 345 225 405 
112 172 52 292 352 232 412 
119 179 59 299 359 239 419 
126 186 66 306 366 246 6 
133 193 73 313 373 253 13 
140 200 80 320 380 260 20 
147 207 87 327 387 267 27 
154 214 94 334 394 274 34 
161 221 101 341 401 281 41 
168 228 108 348 408 288 48 
175 235 115 355 415 295 55 
182 242 122 362 2 302 62 

357 417 297 117 177 57 237 
364 4 304 124 184 64 244 
371 11 311 131 191 71 251 
378 18 318 138 198 78 258 
385 25 325 145 205 85 265 
392 32 332 152 212 92 272 
399 39 339 159 219 99 279 
406 46 346 166 226 106 286 
413 53 353 173 233 113 293 

Table It Input index mapping for a 7x60 two-dimensional DFT 
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n = (5nj_ + 12n2> mod 60 n = (3^ + 4n2) 
mod 12 

■ni = 5n mod 12 ni = 3n 
mod 4 

n2 
= 3n mod 5 n2 = n 

mod 3 

n}\2 0 1 4 2 3 njs^2 0 1 2 

0 0 12 48 24 36 0 0 4 8 

1 5 17 53 29 41 2 6 10 2 

2 10 22 58 34 46 1 3 7 11 

3 15 27 3 39 51 3 9 1 5 

4 20 32 8 44 56 

5 25 37 13 49 1 

6 30 42 18 54 
^ Table 3» Input index table 

7 35 47 23 59 11 
for a length 12=3x4 

8 40 52 28 4 16 prime factor FFT 

9 45 57 33 9 21 

10 50 2 38 14 26 

11 55 7 43 19 31 

Table 2. Input index mapping for a 

5x12 two-dimensional DFT 

rXn 

1 1 
2 0 1 4 2 3 

0 0 12 48 24 36 

4 20 32 8 44 56 

8 40 52 28 4 16 

6 30 42 18 54 6 

10 50 2 38 14 26 

2 10 22 58 34 46 

3 15 27 3 39 51 

7 35 47 23 59 11 

11 55 7 43 19 31 

9 45 57 33 9 21 

1 5 17 53 29 41 

5 25 37 13 49 1 

Table 4. Input index table for a length 60=5x3x4 prime factor FIT. 
(rowwise) 
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for a 7x5x3x4 prime factor FFT by having the row order in Table 1 be 

arranged rowwise according to Table 4. This is shown in Table 5« The 

input index table is rowwise from up down according to Table 5* 

The output index table is in Table 6, columnwise from left to right. 

Table 6 is half of an output index mapping table of a 7x60 two-dimensional 

DÎT having the output index mapping according to (3). The column order 

of 0,1,2,3 is the output order of a length-7 DFT. The row order of able 

6 is arranged columnwise from left to right according to the output index 

table of a length 60=5x3x4 prime factor FFT shown in Table 7> The row 

order of the first column in Table 6 is according to Table 7(a) which is 

for real input prime factor FFT. The row order of the other columns is 

according to 7(b) which is for complex input prime factor FFT. The column 

order of 7(a) 0,2,1 is the output order of a real input length-5 DFT. 

The column order of 7(b) 0,2,3.1»4 is the output order of a complex- 

input length-5 DFT. The row order of Table 7 is according to Table 8 

columnwise. Table 8(a) is for the real-input DFT the first column of 

7(a); Table 8(b) is for all the other columns. The column order of Table 

8 0,1 or 0,1,2 is the output order of a length-3 FFT. The row order of 

Table 8 0,2,1,3 is the output order of a length-4 DFT. 

For a length-N prime factor FFT, the input index table has N indi- 

N 
ces; the output index table has + 1 indices. A total of 1.5N + 1 

memory storage spaces is needed for index table storage. 
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N=420=7x5x3x4 

Xn- 
nlV 

0 1 6 3 4 2 5 
0 0 60 360 180 240 120 300 

12 84 144 24 264 324 204 384 
48 336 396 276 96 156 36 216 
24 168 228 108 348 408 288 48 
36 252 312 192 12 72 372 132 
20 140 200 80 320 380 260 20 
32 224 284 164 404 44 344 104 
8 56 116 416 236 296 176 356 

44 308 368 248 68 128 8 188 
56 392 32 332 152 212 92 272 
40 280 340 220 40 100 400 160 
52 364 4 304 124 184 64 244 
28 196 256 136 376 16 316 76 
4 28 88 388 208 268 148 328 

16 112 172 52 292 352 232 412 
30 210 270 150 390 30 330 90 
42 294 354 234 54 114 414 174 
18 126 186 66 306 366 246 6 
54 378 18 318 138 198 78 258 

6 42 102 402 222 282 162 342 
50 350 410 290 110 170 50 230 

2 14 74 374 194 254 134 314 
38 266 326 206 26 86 386 146 
14 98 158 38 278 338 218 398 
26 182 242 122 362 2 302 62 
10 70 130 10 250 310 190 379 
22 154 214 94 334 394 274 34 
58 406 46 346 166 226 106 286 
34 238 298 178 418 58 358 118 
46 322 382 262 82 142 22 202 
15 105 165 45 285 345 225 405 
27 189 249 129 369 9 309 69 

3 21 81 381 201 261 141 321 
39 273 333 213 33 93 393 153 

« 
357 417 297 117 

• 
177 57 237 

'5 35 95 395 213 275 155 335 
17 119 179 59 299 359 239 419 
53 371 11 311 131 191 71 251 
29 203 263 143 383 23 323 83 
41 287 347 227 47 107 407 I67 
25 175 235 115 355 415 295 55 
37 259 319 199 19 79 379 139 
13 91 151 31 271 331 211 391 
49 343 403 283 103 163 43 223 

1 7 67 367 187 247 127 307 

Table 5» Input Index table for a length 420=7x5x3x4 prime factor FFT 

(rowwise, from up down) 
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0 1 2 3 k^2 0 __ 1 2 3 

0 0 120 240 360 8 8 128 248 

30 210 330 30 150 38 218 338 38 

45 105 225 345 45 53 113 233 353 

15 135 255 23 323 23 143 

40 280 400 100 220 36 336 36 156 276 

10 70 190 310 10 6 126 246 366 66 

25 385 85 20 5 325 21 21 141 261 381 

_55_ 175 295 415 115 51 231 351 51 171 
20 260 380 80 16 196 316 16 136 

50 50 170 290 46 406 106 226 346 

5 365 65 185 1 301 1 121 241 

_25_ 155 275 395 31 91 211 331 31 
12 252 372 72 192 56 56 176 296 416 

42 42 162 282 402 26 266 386 86 206 

57 357 57 177 297 41 161 281 401 101 

_2Z_ 147 267 387 87 11 371 71 191 311 

52 112 232 352 52 24 204 324 24 

22 322 22 142 262 54 414 114 234 

37 217 337 37 157 9 309 9 129 

 Z_ 7 127 247 367 39 99 219 339 

32 392 92 212 332 4 64 184 304- 

2 182 302 2 122 34 274 394 94 

17 77 197 317 17 49 169 289 409 

_4Z_ 287 407 107 22? 19 379 19 199 
48 288 408 108 44 344 44 164 

18 78 198 318 14 134 254 374 

33 393 93 213 29 29 149 269 

 3_ 183 303 3 59 239 359 59 
28 148 268 388 

58 358 58 178 

13 253 373 73 

_42_ 43 163 283 

Table 6. Output index table for a length 420=7x5x3x4 prime factor FFT 

(columnwise, from left to right) 
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k=(25k1+36k2) mod 60 k^=k mod 12 

k2=k mod 5 

kVk Kl\ 
2 0 2 1 k^\2 0 2 3 1 4 

0 0 12 36 0 0 12 36 24 

6 30 42 6 6 30 42 18 6 54 

9 45 57 21 9 45 57 33 21 9 

3 27 51 3 15 27 3 51 39 

4 40 52 16 4 40 52 28 16 4 

10 10 22 46 10 10 22 58 46 34 

1 25 37 1 1 25 37 13 1 49 

7 55 7 31 7 55 7 43 31 19 

8 32 56 8 20 32 8 56 44 

2 2 26 2 50 2 38 26 14 

5 17 41 5 5 17 53 41 29 

11 47 11 11 35 47 23 11 59 

(a) Real-valued input (b) Complex input 

Table 7« Output index table for a length 6 0=5x3x4 prime factor FFT 

k=(9k^+4k2) mod 12 

(a) Real-valued input (b) Complex input 

Table 8. Output index table for a length 12=3x4 prime factor FFT 
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CHAPTER 6. SPEED COMPARISON 

Table 9 shows a speed comparison of various FFT algorithms. The 

first six rows are for prime factor FFT’s using the algorithm described 

in the previous chapter. This algorithm uses the scheme in Fig.5 for 

short length DFT computation, the flow chart is shown in Fig.9- On the 

7th row, the length-64 radix-2 FFT is an ordinary radix-2 FFT with pre¬ 

calculated W1 that considers input as real in the first stage computa¬ 

tion and has no bit reversal, program. 

Most of the comparisonsare based on 8-bit word length although it 

may not be practical in an actual situation; also most comparisons are 

around length 60 because for shorter length transform and shorter word 

length it is easier to program and test. 

The 8th row is a prime factor FFT using the algorithm in the pre¬ 

vious chapter. The only difference is here the program uses short length 

DFT's with minimum number of multiplications [J3 J and uses software multi¬ 

plication. The bottom two rows axe adopted from Kolba and Parks' paper 

[8] which are programmed on an 8080 machine. 

All comparisons are based on a 2 MHz machine clock frequency. The 

Z-80 machine can run on 4 MHz machine clock frequency which will double 

these speeds. 

Speed comparison shows that the prime factor FFT with index table 

and distributed arithmetic can be much faster than other algorithms. 

This improvement mostly comes from the distributed arithmetic (compare 

row 4 to row 8), the rest comes from savings on index calculation. Also 

use of the index table makes it possible to do only half of the computa¬ 

tion when the input is real which further improves the overall speed by 

a factor of 2 with real-valued input. 
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Programming in assembly language on a Z-80 microprocessor. 

Unit; seconds 

Algorithm Length Factors 
8 bit 

word length 

16 bit 
word length 

572 13x11x4 0.183 0.685 

Prime factor 
280 7x5x8 0.053 0.2 

FFT using 52 13x4 0.010 0.036 

distributed 
55 11x5 0.0080 

arithmetic 

and 
60 5x3x4 0.0079 

index tables 56 7x8 0.0053 

Radix-2 
FFT 

64 26 0.112 

Prime factor 

FFT using 45 9x5 0.0245 

index tables 

Above data is for real-valued input 

Radix-2 
FFT 

.* 
256 28 5.4 

Prime factor 
FFT 

* 
252 9x7x4 3.2 

* Adopted from Kolba and Parks1 paper [8^. Running onJ3080 machine 
for complex-valued input. 

Table 9. Speed Table of various FFT algorithms 

Comparison of row 3,4,5 and 6 shows that the choice of factors 

does affect the speed very much. For software implementation of distri¬ 

buted arithmetic of Fig. 5, it is desirable to use smaller factors, be¬ 

cause it involves less addressing and accumulation. But we should also 

use lower dimensions when possible, because higher dimensions mean more 
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fetching and storing of data. The above two ideas contradict each other, 

we should compromise and choose an optimal combination of factors. 
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CHAPTER 7. SPECIAL HARDWARE FOR MICROPROCESSORS 

All the computation with a prime factor FFT is nothing hut a few 

short length DFT computations. The conversion of a short length DFT to 

circular convolutions and the use of distributed arithmetic for convolu¬ 

tion change the computation to simple repeated operations of addressing 

and accumulating. Most of the time spent in executing a prime factor FFT 

is on addressing and accumulating. This leads to the observation that if 

we add special hardware which can do these fast to a microprocessor sys¬ 

tem, we can greatly improve the speed of a prime factor FFT algorithm. 

Fig.10 suggests a connection of a piece of hardware to a micropro¬ 

cessor system. This hardware is connected to the system bus and has a 

function like a direct memory address (DMA) device. This hardware can 

System Bus 

Adress Bus 

Data Bus 

Read Enable 

Fig.10 An external accumulator connected to a microprocessor system 

send a hold (inhibt) signal to the microprocessor CPU,makes the CPU have 

a high impedance on its outputs thus "floats” the CPU from the system 

bus. 

This hardware is an accumulator which can have structures of any 

one of Fig.2 through Fig.7- The accumulator has address outputs with the 

address composing of two parts. Th3 first part is a pointer to the memory 

area which stores the precalculated results. The second part is the addre- 
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ssing vector which comes from or tL . Both the addressing vector, and 

pointer are supplied from the CPU. The accumulator may also have a staus 

register with bits to determine whether the accumulator is active or not 

and to determine the length of the accumulator for various convolution 

length applications. When the accumulator is active and receives pointer 

and addressing vector from the CPU, the accumulator sends a "Hold" signal 

to take the CPU temporarily out of operation and float it from the 

system bus. Then the accumulator automatic addresses the memory, accumu¬ 

lates the result , advances the pointer, does the shifting needed and 

completes all the accumulations associated with the current data supplied 

by the CPU. Once the accumulation is completed, the Hold line goes low 

again, the CPU resumes its operation, taking control of the system bus 

again. The accumulator is said to have "stolen" some machine cycles from 

the CPU. The CPU can read the final, accumulated results sequentially from 

the accumulator. 

In a prime factor FFT program using an 8-bit word length, it needs 

45 machine cycles for the program to address the memory and accumulate 

its value to an accumulator stored in the memory. But for an external 

accumulator in Fig.10, it takes only one machine cycle to complete such 

am operation with accumulated value stored in itself. The saving of time 

is tremendous. Examination of the program shows that a total increase of 

speed of a factor of 2 to 8 is possible depending on the factors and word 

length used. With a 16-bit word length it will generally have a speed 

increase by a factor over five. The larger the factor used, the more the 

saving in executing time. With am external accumulator, most of the pro¬ 

gram execution time is spent in transfering data between the CPU and me¬ 

mory or between the CPU and accumulator or with some operations like 

forming a^ and b^. 
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CHAPTER 8. DISCUSSION AND CONCLUSION 

Good mapping [2] and the conversion of a DFT into a circular convo¬ 

lution [3] lead to the prime factor FFT algorithm. Instead of using short 

convolution algorithms for the DFT calculation [[83, we retain the form 

of circular convolution but use distributed arithmetic to do the convo¬ 

lution. This speeds up the calculation and simplifies the program because 

of regularity. 

Conversion of a prime length N DFT to two length (N-l)/2 real convo¬ 

lutions can be applied to larger N than can short convolutions using a 

minimum number of multiplies. This extends the range of factors which can 

be used since factors like 11, 13 and 17 now can be used. 

The DFT for real-valued input data is paid special, attention. In this 

case, we have a simple way to save half of the computation with the prime 

factor FFT by calculating only half of the outputs and getting the other 

half from the complex conjugate of this half. A new prime factor FFT algo¬ 

rithm has been presented. This algorithm uses an input and an output index 

table, allowing us to do seletively only half of the short length DFT's 

after the first stage computation and let us get rid of the tedious and 

time consuming index calculations. 

A speed comparison of various length prime factor FFT programs using 

this new algorithm with FFT programs using other algorithms is shown in 

Table 9* This shows that the new algorithm can have a speed twenty times 

as fast as a radix-2 FFT algorithm on real-valued input data. It is also 

a few times as fast as Kolba and Parks' FFT but using index tables and 

saving half of the calculation on real-input data. The table shows that 

a compromise between dimensionality and factor size is needed to get the 

best combination of factors. 
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This new algorithm uses atout 3*3 ^ real data storage spaces for a 

length N transform while a regular prime factor FFT uses 4N storage spaces. 

However this new algorithm needs a extra of 1.5N storage spaces for index 

tables which may be stored with shorter word length. The total number of 

storage spaces is therefore about the same for these two algorithms, ex¬ 

cept that the new algorithm uses a lot more memory spaces for the use of 

distributed arithmetic. Considering the fact that there is normally a lot 

of memory available on existing microprocessor systems, it is a good deal 

to trade memory for speed. 

Distributed arithmetic reduces the DFT calculation to simple mono¬ 

tonous and repeated addressing and accumulating operations which can be 

done by simple logic. This makes it possible to add external logic 

to a microprocessor system to increase the speed of calculation. An exter¬ 

nal accumulator can increase the speed of this new algorithm by a factor 

at least five for 16-bit word length. With larger factors this speed 

increase can be even higher. 



43 

CHAPTER 9- DIGITAL FILTER STRUCTURES USING DISTRIBUTED ARITHMETIC 

Traditional filters use multipliers and adders to do the arithmetic 

operations. In hardware realization, a high speed multiplier needs very 

large amount of circuitry and consumes considerable power. In software 

implementation, a multiplication implemented on a small computer is usua¬ 

lly slow. This indicates that multiplicationis not a desirable operation 

on a small computer like a microprocessor. If we can replace a multipli¬ 

cation by simpler operations we should do it. Many papers C^-X^Xl 4X^.5 D 

have been presented on using a table look-up method to replace the multi¬ 

plication operations in a filter. We will adopt the idea of using memory 

and table look-up but develop the filter; structures suitable for progra¬ 

mming on a microprocessor. 

9.1 FIR filter Structures 

The FIR filter operation is a convolution of an input word sequence 

with a finite word sequence of the filter coefficients. 

where hn is the filter coefficients, xn the input and yn the output. 

For simplicity, let us consider positive number only. Each number 

represented by by a word with finite length can be considered as an 

integer. If we use binary representation x^ can be represented by 

N-l 

(28) 

B-l 

where B is the word length and x^ = 0 or 1 

This gives 

B-l N-l 

(29) 

The inner summation in (2) is the convolution of the bit string x^ 
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with the word string h^. This convolution result is only a function of N 

binary variables x .., . ., x „,0 ., ... , x ., if we denote this func- 
n-N+l,j n-H+2,j nj 

tion by f (29) becomes 

y»= j]of(xnj' Vl.j' ••• > 2J <30> 

This suggests a filter structure of Fig.11 where the function f is impie- 

g 
mented by a ROM which stores all the 2 possible outcomes of f. For each 

x x „ x Accumulator 
n n-1 n-N+1 

Fig.11 

clock cycle, the N registers storing x^, Xq_^, ... shift right one bit, 

a new set of N variables for the function f corresponding to a new index 

j in (30) is used to address the ROM; the accumulator also shift right 

one bit and adds the output of the ROM to the accumulator. After B such 

shift and add operations, the accumulator contains the output y . 

The transpose structure of Fig.11 is shown in Fig.12, now the func- 

x N accumulators 
n 

Fig.12 

tion f is only a function of one variable. One of the two possible out¬ 

comes is all zeros, the other is a long word string of h^h^^ ... h^. 

This function does not need a memory to store it. It can be determined 
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by a wire pattern. For example, the wire pattern connected to the last 

accumulator is according to the binary pattern of hg. Let hQ be represen¬ 

ted by 
B-l 

h0 = è h0j 2° 

There are B wires connected to the last accumulator representing the nim¬ 

ber that would be added to the accumulator. If hg^ equals 1, a wire from 

will be connected to the accumulator; if equals 0, a grounded 

wire (means 0) will be connected to the accumulator. Thus when the bit 

from x is 1, hA is added to the last accumulator; and 0 is added to the n 0 9 

accumulator when the bit is 0. The same to the other accumulators. B sfift 

and add operations will produce an output y . 

If we use binary representations for both h^ and x^ ^ in (28), (28) 

becomes 

yn = 

N-l B-l . B-l . 

z: ( n Vj ^ ) ( n Vi2 > - - k=0 11 1 
i=0 j=0 

N-l B-l B-l 

i=0 j=0 k=0 
.. . x . T 2 
ij n-i,k 

j+k (31) 

With a change of index 1=j+k 

2B-2 N-l B-l 

y = h . x . .. . ) 21 

n éô fe iJ n-iil';i 

j-i 

1=0 ^ 2 

where J = 2B - 1 and 

N-l B-l 

y. 
111 S) ^5 Xn*i'1-j 

(32) 

(33) 

(33) is a two-dimensional bit convolution, one dimension is along 

the word index i, the other dimension is along is along the bit index j. 

The two-dimensional bit convolution is actually a one-dimensional convo¬ 

lution of two long bit string along each bit in each word. i.e. 
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m nJ+l-m 
(34) 

k6 

'nl 
m=0 

where h. . = h. T, . and x. . = xT. ij IJ+J IJ iJ+j 
I I 

x and h are two tit strings obtained from two word strings x and h 
mm D n n 

by extending each word to J bits with leading zeros and connecting them 

together. Fig.13 shows the filter structure according to (32) and (3*0 • 

The input x^ is fed to a long register. There is a wire or not connected 

to each "bit in the long register depending the associted hm is 1 or 0. 

The summation of all the hit which has a wire connected is y^ . With J-l 

shift-and-add's the accumulator gives the result yn< Zohar [l6] uses the 

structure of Fig.13 hut calculates hy counting how many l's in the 

coefficient wires instead of using a summation. 

Fig.14 shows the transpose structure of Fig.13. y^is now obtained 

f f 

hy computing the hit convolution of h and xffl using transpose structure. 

m 
K = NJ - B + 1 

Fig.14 Transpose structure of hit convolution 

Accumulator 
n 

Although this is a hit accumulation, each partial sum in each delay unit 

may have more than one hit representation. Since each delay unit in Fig. 
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14 represents a different weighting, the value in each delay unit which 

is greter than one can be carried to the preceding delay unit. Thus each 

delay unit only needs to hold one bit. The structure in Fig.14 becomes 

a long a long accumulator shown in Fig. 15 with each bit in the accumula¬ 

tor a delay unit in Fig.14. y^ is now a bit sequence representing each 

bit of y^ sind the accumulation of yn1 is no longer needed. The difference 

between Fig.15 and Fig.12 is that there are N separate accumulators in 

Fig.12, but in Fig.15 there is only one long accumulator, the coeffici¬ 

ents and inputs have been extended to a word length of 2B - 1 by adding 

of leading zeros to avoid "aliasing”. 

I 
xm 

d1
- 

1 tri 
11 

V°p ] 

l 
Long Accumulator 

Fig.15 Transpose structure of the FIR filter using bit 

convolution 

We can maintain the word length of x and h at B bits and still 
n n 

avoid aliasing by not allowing carrying or shifting in the long accumu¬ 

lator of Fig.15 to across each word boundry. This also works for negati¬ 

ve numbers using 2's complement representation and is best shown by an 

example. 

Example 1 

{2,-1,3}* {l,-2,2}= (2,-5,3,4,-6} 

The accumulator operation is as follows: 
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0 0 10 

0 10 0 

10 0 0 

0 0 0 0 

ooiojiiio 
100011000 

OOOOiOOOO 

îoioloioo 
-6 4 

0 0 1 01 1 1 1 0 '0 0 0 1 

llOlIlllllOOlO 

0 1 0 o|l 1 0 O'O 0 1 

lllO'OOOl. 

1 1 0 0 I 0 0 1 

1 0 0 0 ' 0 1 

0 0 0 0 | 1 

0 0 0 1' 
I 

0 1 

1  

001lîl01l|0010 

3-5 2 

Filter coeff. 

Input 

Accumulator 
output 

In Fig.15 there is a one-tit input at a time. For fast operation we 

can have several inputs at a time to address a ROM with the ROM stores 

all the possible partial convolution results of these input bits convol¬ 

ving with the filter coefficients. This is shown in Fig.16, the ROM out¬ 

put is accumulated to give the output y . 

In the previous example if we have a 4-bits word input at a time 

and use a ROM whose contents are in Table 10, then we will only need 

three accumulations to get the output. This is shown in the following 

example. 

Example 2 

{2,-1,3}* (l,-2,2} = {2,-5,3,4,-6} 
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Input 

2 0 0 1 0 

-1 1111 

-3 1101 

Address 
0 0 0 0 
0 0 0 1 
0 0 10 
0 0 11 
0 10 0 
0 10 1 
0 110 

0 111 
10 0 0 
10 0 1 
10 10 
10 11 

110 0 
110 1 
1110 
1111 

10 10 

10 10 
-6 

1110 

0 110 

0 10 0 
4 

Accumulator 

0 1 0 o| 1 1 0 0 

OOlO'llll 

1 1 0 1 |  

OOll'lOll 
3 1 -5 

0 0 10 

0 0 10 
2 

Output 

0 0 0 0 
0 0 10 
0 10 0 
0 110 
10 0 0 
10 10 
110 0 
1110 

0 0 0 0 
0 0 10 
0 10 0 
0 110 
10 0 0 
10 10 

110 0 
1110 

Contents 
0 0 0 0 
1110 
110 0 
10 10 
10 0 0 
0 110 
0 10 0 
0 0 10 
0 0 0 0 
1110 
110 0 
10 10 
10 0 0 
0 110 

0 10 0 
0 0 10 

0 0 0 0 
0 0 0 1 
0 0 10 
0 0 11 
0 10 0 
0 10 1 
0 110 

0 111 
10 0 0 
10 0 1 
10 10 
10 11 
110 0 

110 1 

1110 
1111 

Table 10 The ROM contents of example 2 

When the input word has a long word length, using a whole word to 

address the ROM will make the size of the ROM too large. Spliting a word 

into several group of bits and using these bits to address the ROM like 

shown in Fig. 16 can reduce the size of the ROM. In the previous example, 

if we split a word into two halves and use two bits to address a ROM, 

then the convolution will need six accumulations and the accumulator 

shifts two bits at a 

Example 3 

Address 
0 0 0 0 
0 1 0 0 
1 0 0 1 

1 1 0 1 

time. This is shown in 

Contents 
00 0000 0000 
10 1110 0010 
00 1100 0010 
10 1010 0011 

following example. 

Table 11 The ROM contents of example 3 
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{2,-1,-3} * fl,-2,2} = {2,-5,3,4,-6} 

Input 

2 

-1 

-3 

1 0 

0 0 

1 1 

1 1 

0 1 

1 1 

Accumulator 

0 0 10 

1 0 

10 10 

0 110 

1 0 

1110 

1 0 

0 10 0 

0 10 0 

0 0 

10 10 

1 0 

0 0 0 1 

1 1 

0 0 11 

-6 ' 4 ' 3 

1 1 1 0 0 I 0 0 1 0 

0 0 I 0 0 

,0011! 

1 
 I  
0111001 

I 
-5 2 

0 Output 

All of the filter outputs of the previous examples have no round¬ 

off error. This is true as long as the final output does not overflow 

although the partial sum may overflow. In order for the output not to 

overflow we have to limit the input amplitude and coefficient magnitude 

well below the maximum value a word can represent. This will increase 

the quantization errors of the data and coefficients. To reduce this 

error we can allow the data and the coefficicents to reach their maxi¬ 

mum values a B-bit word can represent, but scale down the output and 

round it to B bits. Thus we reduce the quantization error by introduce 

some round off error. The scaling down operation can be done on the table. 

Fig.17 shows a filter with 16-bit data input and 16-bit coefficients. 

Fig.17 
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The ROM tables store the partial convolution result of the 8-bit .data 

with the 16-bit coefficients. The partial result is 3-bytes (24 bits) 

long. ROM 1 rounds the result to the first two bytes while ROM 2 retains 

g 
the last two bytes. The final result is then scaled down by a factor 2 

and rounded to 16 bits. 

9.2 IIR Filter Structures 

Because of stability and coefficient accuracy problems it is best 

not to realize high order IIR filters in direct form [l7]. A high order 

IIR filter can always be realized in parallel or cascade form. Both forms 

have the second order filter section as the element section. Thus we will 

concentrate on the realization of a second order section. 

The transfer function of a second order IIR filter is 

H(z) = 

-1 7 
ag + a^z A + a2z 

1 + b.z-* + b„z* ' 
(35) 

Jl“ ' ~2 

The input-output relation is 

yn = a0xn + alxn-i + ' Vn-1 " Vn-2 <36> 

Croiser et. al. []l3j> Peled and Liu [l4] use a function f of five binary 

arguments as follows 

f(x1,x2,x3,x^,x5) = a^ + a^Xg + a^ - b^ - b^ (3?) 

and use 2's complement code for data and coefficients. They rewrite (36) 

using (37) as 

B-l , 

yn " .=1 
2 f(xnj,xn-l,j,xn-2t j,yn-l,j’^-2,^ 

- f(x n,x ) (38) nO’ n-1,0’ n-2,0,,yn-l,0'Jn-2,0 

(38) leads to a filter structure of Fig. 18. Each time the input and 

output registers and the accumulator shift right one bit and the ROM 

output is accumulated to the accumulator. After B times shift-and-add 

operations the output yn is on the accumulator. The last accumulation is 
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x x , x. Accumulator y 1 
n n-1 n-2 n-1 

Fig.18 Direct form HR second order filter structure 

'n-2 

Transpose Structure 

The transpose structure of a second order section with transfer 

function as (35) having a^ he normalized to 1 is shown in Fig.19. A slight 

Fig.19 Transpose structure of a second order HR filter 

modification of Fig.19 gives the structure of Fig.20 which has exactly 

the same transfer function as Fig.19. The first delay unit in Fig.20 can 

Fig.20 A modified transpose structure of a second order IIR filter 

he considered as the input register which stores the current input data. 

The last delay unit in Fig.20 cam he considered as the output register 
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which stores the current output data. The two summations and the delay 

unit between in Fig.20 can be considered as two accumulators which do the 

summations and store the sum. In this interpretation, structure in Fig. 

20 becomes the structure in Fig.21. 

The multiply-and-accumulate operations can be done by distributed 

arithmetic. If we shift the registers and accumulators in Fig.21 r bits 

at a time and use r bits from the input and output registers each to 

address a ROM to do the distributed arithmetic where B/r=K is an integer 

as shown in Fig.22. We need K shift-and-accumulate operations to calcu¬ 

late the output yn and ready to accept the next input data. The ROM stores 

all the possible partial result produced by r bits input and r bits output. 

The ROM contents may vary for the last address-and-accumulate operation 

because the last r bits of the input or the output register contains the 

most significant bit of xn or yn ^ which has a negative weighting. This 

doubles the size of the ROM and an extra input s is connected to the ROM 

to control the ROM output from one set of values swith to the other set 

distributed arithmetic 
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CHAPTER 10. PROGRAMMING ON A MICROPROCESSOR 

10.1 FIR Filter 

The direct structure of Fig.11 is not suitable for microprocessor 

programming. It takes time to extract one bit from each input to address 

the memory and its operation is not parallel enough. To save time on 

getting the addressing byte it is better to have the bits forming the 

addressing byte close together by themself. The addressing method in Fig. 

23 is much faster than that in Fig.11. Using of each word to address 

x
n_l 

xn-2 Accumulator 

Fig.23 Direct form IIR filter using word addressing 

memory save time on getting addressing byte. The ROM table in Fig.23 is 

a multiplication table having the multiplier hQ,h^, ...,h^ ^ fixed and 

using xn>
x
n j_»xn 2

,**‘ as mu^-tiplicand input. When the word lenth 

is long, thesize of the ROM's in Fig.23 is large. We can split each word 

into two or four parts, each part address a ROM. The ROM table for each 

part coming from the same word is a shift of each other except for the 

part containing the most significant bit. Structure in Fig.23 uses more 

memory than that in Fig.11, but is much faster on software implementation. 

The number of addressing bits of an FIR filter is NB which is pro- 

potional to the order of the filter. The transpose structure in Fig.l6 



55 

has the number of total addressing bits independent of the order of the 

filter. Instead it has the number of accumulators and the length of the 

ROM contents proportional to the order of the filter. The addressing 

scheme of the transpose structure is much simpler and faster in program. 

The disadvantage is that it takes time on accumulations. When the values 

of the accumulators are stored in the memory, it takes time to transfer 

these values between the CPU and memory. 

10.2 IIR Filter 

The same argument as in FIR filter, Fig.18 is not suitable for 

microprocessor programming. Fig.24 is the structure modified for micro¬ 

processor programming though it uses more memory than the. structure in 

Fig.18. When a^ in the second order transfer function is normalized to 1, 

x x . x _ Accumulator y . y 0 n n-1 n-2 Jn-1 Jn-2 

Fig.24 Direct form second order IIR filter using word addressing 

ROM 1 is unnecessary, x^ is added directly to the accumulator. 

The transpose IIR filter structure in Fig.22 is readily adapted to 

assembly programming. Instead of vising r bits from XQ and yQ ^ each to 

address a ROM, xn and yn each can independently address a ROM. The addre¬ 

ssing scheme is shown in Fig.25. 

As in the case of the FIR filter, the transpose IIR filter uses 

two wordito address memory independent of the order of the filter. The 
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yn-l 

Fig.25 The transpose second order HR filter losing word addressing 

direct form IIR filter uses 2N - 1 words to address memory which is pro¬ 

portional to the order of the filter. 

10.3 Speed Comparison 

Filters using distributed arithmetic are much faster than that 

using conventional multiply-and-add arithmetic. The main comparison is 

made between the transpose form and direct form IIR filters using dis¬ 

tributed arithmetic. Table 12 shows the comparison. For simplicity in 

programming, the comparison is made on 8-bit word length. Fig.24 and 

Fig.25 are the two structures used for the direct and transpose IIR 

filters for comparison. Transpose form filters use less time to get the 

addressing bytes and address the memory, but they spend more time on 

accumulating. Altogether, the transpose filter has a slight higher speed 

than that of the direct form filter. Table 12 shows it can be 15% to 45% 

higher. The difference of the speed incrrases with increased order. The 

speed of filters using distributed arithmetic depends on the amount of 

memory used, the more memory used, the higher the speed. 

10.4 Special Hardware 

Like the case of the DFT computation, most of the time taken in 



57 

Distributed Arithmetic Multiply and Add 
Arithmetic Transpose Form Direct Form 

Second Order IIR Filter 

# of Machine 
Cycles Needed 
for Processing 
One Sample 

515 174 600 251 1800 

s Memory used 256 bytes 2K bytes 256 byte: 3 2K byte 

Third Order IIR Filter 

# of Machine 
Cycles 670 872 2700 

Memory used 384 bytes 384 byte: F 

Fourth Order IIR Filter 

# of Machine 
cycles 825 1152 3600 

Memory Used 512 bytes 512 byte: E  
Quantizations 8 bits in data; 16 bits in accumulators or partial sum 

Table 12 Speed comparison of HR filters 

executing a filter program is on addressing and accumulating and this 

can be done by an external logic in a way similar to the DFT case descri¬ 

bed in Chapter 7. The external logic for filter calculation is similar 

to that for circular convolution calculation in the DÎT case, especially 

for the FIR filter which is a linear convolution. 

The filter hardware needs either multi-addressing registers and 

single accumulator (the direct form) or single addressing register and 

multi-accumulators (the transpose form). The circular convolution hard¬ 

ware needs multi-addressing registers and multi-accumulators. 
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CHAPTER 11. DISCUSSION AND CONCLUSION 

Filter structures using distributed arithmetic trade memory for 

logic circuits and speed for both hardware and software implementation. 

Many forms are possible for this kind of realization. Structures origin¬ 

ally used for hardware realization can be modified for software imple¬ 

mentation . 

Transpose structures have a different arrangement of memory and 

logic circuits from that of direct form structures. On software imple¬ 

mentation, the transpose structure has the advantage that the number of 

bits used to address memory is small and independent of the filter order. 

This makes the transpose structure have a higher speed than that of 

direct form structure. 

Distributed arithmetic makes it possible to include an external 

logic to speed up the filter calculation in the case of microprocessor 

implementation. Because of the similarity of hardware between the DFT 

and filter, A general programmable hardware can be designed to do both 

the DFT filter calculations. 
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APPENDIX 

REAL-INPUT SHORT LENGTH DPT ALGORITHMS 

N = 3 

X(O) = x(O) + a, 

XI(l) 

[cos ujaj 

[-sin uj^] 

N = 5 

X(0) = x(o) + a1 + a. 

cos u cos 2u "al 

V2> cos 2u cos u a2 k * 

ijCij -sin u sin 2u 

-sin 2u -sin u 

N = 7 

X(0) = x(0) + a1 + a, + a^ 

'Xjd) -sin u sin 3u -sin 2u 

Xx(2) -sin 2u -sin u sin 3u 

-^(3) sin 3u -sin 2u -sin u , 

-b. 

N = 11 

X(0) = x(0) + 
i=l 

XH(1) 1 5 3 4 2 al 
x(0) 

V2> 2 1 5 3 4 a5 
x(0) 

+ 4 2 1 5 3 a3 
x(0) 

y3) 3 4 2 1 5 a4 x(0) 

X 

5 3 4 2 1 
2 

x(0) 
X J 

_ 2 n 
U-“ 

yi) cos u cos 3u cos 2u al 
x(0) 

ys) = cos 2u cos u cos 3u a3 
+ x(0) 

cos 3^ cos 2u cos u a2 
x(0) 

u = 
2 n 

where an integer k in 

the matrix stands for 

cos(2kî/il) 
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’XI(1)' r -î 5 -3 4 
> 

2 

Xx(2) -2 -1 5 -3 4 
XI(4) = -4 -2 -1 5 -3 

-XjO) 3 -4 -2 -1 5 
xx(5) 

= 13 

* -5 3 -4 -2 -1 

'l 6 3 5 4 
2 1 6 3 5 

hW 
= 4 2 1 6 3 

XR(5) 3 4 2 1 6 

V3) 3 5 4 2 1 

6 3 5 4 2 

-b. 

-b. 

where an integer k in the 

matrix stands for -sin(2kîy/ll) 

\ 

V 'x(O)' 

a6 
x(0) 

a3 
+ x(0) 

a5 
x(0) 

a4 x(0) 

- a2 k > 
x(0) 

5 

3 

6 

1 

where an integer k in the matrix stands for cos(2kî/l3) 

•1 -6 3 5 4 - 

2-1-6 3 5 

-4 2-1-6 3 

-5 -4 2 -1 -6 

-3 -5 -4 2 -1 ■ 

6 -3 -5 -4 2 ■ 

where an integer k in the matrix stands for -sin(2kn/l3) 

X(o) = x(0) + é. a. 
i=l 1 

N = 17 
8 

X(0) = x(0) + 21 a. 
i=l 

'Xjd)' 

-X (2) 

><i
 

M
 

1 

x^) 

XjO) 
-X (6) 

L x J 

> 
Lbl 

i- -b6 

! 
b3 
b5 

*4 
:b2j 

Vh ‘i 6 2 5 4 7 8 3 ,al x(0)' 

xE0) 3 1 6 2 5 4 7 8 a6 x(0) 

XE(8) 8 3 1 6 2 5 4 7 a2 x(0) 

XR(7)   7 8 3 1 6 2 5 4 a5 + 
x(o) 

XRW 
4 7 8 3 1 6 2 5 a4 x(0) 

XR(5) 5 4 7 8 3 1 6 2 a„ 
7 

x(0) 

XR(2) 2 5 4 7 8 3 1 6 a8 x(0) 

Xjj(6). 6 k 2 5 4 7 8 3 1 a3. 
x(o). 

where an integer k in the matrix stands for cos(2kîÿl7) 
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'-Xjd)' 

XjO) 

XI(8) 

-XjC?) = 

Xx(4) 

XI(5) 

X-j-(2) 

-Xl(6) k 

-1 6 -2 -5 -4 7 -8 

3 -1 6 -2 -5 -4 7 

8 3 -1 6 -2 -5 -4 

-7 8 3 -1 6 -2 -5 

4 -7 8 3 -1 6 -2 

5 4 -7 8 3 -1 6 

2 5 4 -7 8 3 -1 

-6 2 5 4 -7 8 3 

-8 

7 

6 

3 -1. 

where an integer k in the matrix stands for -sin(2kTy/l?) 

N = 4 (complex input) 

\ 

' b. ) 
1 

-b6 

tu 2 

5 
b4 
-b„ 

7 

OO
 

3 k * 

aQ = x(0) + x(2) X(0) = aQ + a. 

aj_ = x(l) + x(3) X(2) = a^ - a, 

bQ = x(0) - x(2) X(l) = bQ -j 
: 

\ = x(l) - x(3) X(3) = bQ +j ' 

= 8 (complex input) 

aQ = x(0) + x(4) c0 = a0 + a2 
= x(l) + x(7) *■* st^ 

a2 = x(2) + x(6) c2 = al ~ a3 
= x(3) + x(5) c3 = b1 + b3 

b0 = x(0) - x(4) = (Jz/z) c2 
^ = x(l) - x(7) d2 = ÇJz/Z) c3 
b2 = x(2) - x(6) 

= x(3) - x(5) 

X(0) = Cl + c2 

X(l) = e1 - j e2 
X(2) = + j 

X(3) = e5 + j e6 
X(4) = c± - c2 

X(5) = e5 - j e6 

X(6) = e3 - j e^ 

X(7) = et + j e2 

el = b0 + dl 
e2 = b2 + d2 
e3 = aQ - 

a2 

e4 = b3 " bl 
e5 = bo “ dl 
e6 = b2 " d2 
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