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ABSTRACT 

THE USE OF STRENGTH-DURATION CURVES FOR SYSTEM IDENTIFICATION 

James M. Foltz 

The inputs to systems ■which exhibit threshold behavior can be 

characterized by a strength-duration curve. In its most basic form, 

this curve gives the amplitude (strength) of an input required to 

exceed threshold as a function of the duration of that input. These 

curves have historically been used to identify physical character¬ 

istics of certain biological systems. E.g., in the nervous system, 

how are the position and shape of the curve related to nerve con¬ 

duction velocity or membrane time constant; in the visual system, 

how are these characteristics of the curve related to rod and cone 

function, etc. In this thesis, methods of analysis are developed 

in an attempt to solve the more general problem of how the properties 

of a strength-duration curve for a general system, defined mathe¬ 

matically, relate to the parameters of that system. The approach 

used to gain insight into this problem is to investigate the effect 

of a change in a linear, time-invariant system on its strength-dur¬ 

ation curve. Two system changes are considered: addition of a pole, 

and addition of a zero, to the transfer function. The effect of 

these changes on ^reai;, 
a parameter of the curve, is investigated. 

It is found that, in certain cases where rather severe restric¬ 

tions are imposed on the system impulse response, T^rea^ always 

increases with addition of a pole, and always decreases with addition 

of a zero. The special case of a system with transfer function 

H(s) 
1 

is solved numerically. The impulse response 
(s+1+jq)(s+1-jq) 

of this system does not satisfy the severe restrictions mentioned 



above, but the results are the same, indicating that T^rea^ will 

shift in this manner when a pole or zero is added to the transfer 

function of any system. 

In an attempt to demonstrate the feasibility of the theoretical 

analysis, strength-duration curves are plotted from data taken from 

stimulating the frog sciatic nerve with rectangular voltage pulses. 
* 

The experimental error involved in these plots is estimated* Two 

different experimental conditions produce curves with a significant 

difference in T^re&^, which can be explained by the above theoretical 

results. Since the strength-duration curve analysis discussed in 

this thesis is not unique, i.e., different linear, time-invariant 

systems may produce identical strength-duration curves, an experimental 

observation can be explained in more than one way. 
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I. INTRODUCTION 

General Description of Strength-Duration Curves 

Many biological systems exhibit threshold behavior, i.e., a 

certain output event will occur only for some inputs, which are 

classified as above threshold; other inputs, classified as below thresh¬ 

old, do not lead to an output event. Examples of threshold behavior can 

be found in the auditory system, the visual system, electrical stimu¬ 

lation of nerve fibers, and destruction of biological materials by 

radiation. 

In many cases, the definition of output event is obvious; e.g., in 

stimulating a single nerve fiber, the output event would be an action 

potential, the all-or-none response characteristic of such cells. 3h 

other cases, however, more than one definition may be appropriate. A 

whole nerve, containing many individual fibers, will begin to respond 

above a certain level of input, but unlike a single fiber, the response 

will grow as the input is increased. The output event could be defined 

as the first observable response, or as a response above some arbitrary 

amplitude. In fact, any system with a graded response can be thought to 

exhibit threshold behavior simply by choosing an arbitrary output ampli¬ 

tude as the threshold; the output event is said to have occurred if the 

output amplitude exceeds this threshold. 

A graphic means often employed to characterize the inputs to such 

systems is the strength-duration curve. This curve gives the amplitude 

(strength) of an input required to produce the output event as a function 

of the duration of that input. Note that this places a restriction on 

the input used, for one must be able to completely specify it by two 

parameters, amplitude and duration, assuming its general form has been 
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given. A frequent choice of input is a rectangular pulse, where ampli¬ 

tude and duration are defined in an obvious manner. Another possibility 

is an exponential Ke-a^ , where K and the time constant 1/a could be 

selected as the amplitude and duration parameters, respectively. 

An example of a strength-duration curve is given by the solid curve 

in Fig. 1-1, where I is the amplitude, and T is the duration. 

The point represents an input of amplitude and duration which 

will “just11 produce the output event, i.e., if the amplitude or duration 

were made (theoretically) infinitesimally smaller, then the output event 

would not occur. Any point above the curve, such as Pg , represents an 

input which will cause the output event to occur, while points below the 

curve represent inputs that will not produce the output event. Note that 

this curve can depend on the form of input, the characteristics of the 

system, and the definition of the output event. 

Two standard terms have been used in neurophysiology to describe 

these curves somewhat quantitatively: rheobase and chronaxie. Rheobase, 

denoted Ir, is defined as the maximum amplitude of input below which no 

response will occur, no matter how long the duration. Chronaxie, denoted 

T^, is the minimum duration of an input, with amplitude twice the 

rheobase, necessary to cause an output event. Kiese are illustrated 

in Fig. 1-2. 
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Fig. 1-2 Illustration of 
rheobase and 
chronaxie 

Historical Background of Strength-Duration Curves 

In neurophysiology, the concept of a strength-duration curve seems 

to have become popular in the 1920’s. Before that time, according to 

Fredericq (1928), many neurophysiologists neglected the time parameter 

entirely and assumed that the amplitude, alone, of the input to excitable 

tissue determined whether an output event would occur or not. One 

possible reason for their oversight is that stimuli of very long duration 

were used. In that situation, the rheobase is measured and the assumption 

of duration-independence is correct for the inputs used. Others began to 

realize, however, that an input could be made ineffective by reducing 

its duration sufficiently, and the importance of the time parameter 

was eventually recognized. The strength-duration curve appeared as a 

natural outgrowth of this recognition. 

The earliest attempt to describe the strength-duration curve 

mathematically, according to Fredericq, was based on the equation 

I ** Tjr + b, where a and b are parameters to be determined. It is ob¬ 

vious that b is the rheobase. If the equation is put into the form 

I“b(^^ + 1), it can be seen that a/b has the dimension of timej 

this was called the "characteristic time" of the curve, or the chronaxie. 

It was soon recognized that this equation did not fit most experi¬ 

mental data well, so that the value of the chronaxie of a curve depended 

on the particular manner in which an experimenter chose the parameter 

a to give a "best" fit. Fredericq states that, because of this diffi- 
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culty, L.Lapicque decided chronaxie should be defined on an empirical 

basis; his definition of chronaxie as the time coordinate of a point 

on the strength-duration curve with amplitude coordinate twice the 

rheobase has survived. Note that if T «= ^ (chronaxie) in the above 

equation, then I » 2b (twice the rheobase); this could explain his 

choice of the factor 2. 

A surge of activity concerning chronaxie followed as researchers 

measured chronaxies of tissues, compared them, and tried to explain 

them. Lapicque and his followers believed this parameter to have uni¬ 

versal significance. Fredericq, one of Lapicque1 s followers, states 

that the chronaxie "...indicates the speed of a tissue excitability..." 

and so "...enables us to forsee all the other rates of action of the 

organ tinder consideration: quickness of muscular contraction, speed 

of nervous conduction..." An additional theory of the school of 

Lapicque was "isochronism". As expressed by Davis and Forbes (1936), 

this theory states that "...within a single system, such as the so¬ 

matic nerve-muscle preparation, the chronaxies of the successive 

portions of the conducting pathway do not differ from one another by 

more than a two-to-one ratio, and furthermore that this "isochronism" 

is a necessary condition for the transmission of excitation..." 

Lapicque* s ideas were soon challenged by experimenters who found 

that the configuration of the stimulating electrodes, as well as other 

experimental conditions, were major factors in determining the value 

of chronaxie. Even after the so-called "canonical" strength-duration 

curve was developed by Lapicque to eliminate the dependence on experi¬ 

mental conditions, many still found that predictions on the basis of 

chronaxie were often invalid. In addition, the theory of isochronism 
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was shown to be inconsistent with many experimental data, Davis 

and Forbes (1936) summarized the developments in the subject of 

chronaxie that had preceded them and concluded, simply, that the 

phenomena of excitation appeared too complex to be characterized 

adequately by a single time parameter like the chronaxie. 

The desire to relate a parameter of the strength-duration curve, 

such as chronaxie, to some characteristic of the system producing it, 

was shared by others. An example is given by H. A. Blair (1932), who, 

after studying previous attempts to describe the strength-duration 

curve mathematically, presents a mathematical form which is relatively 

simple, fits experimental data as well as previous forms, and in 

addition is derived from physical principles. On the basis of theory 

he arrives at the relation loge “ kT, where k is a parameter to 

be determined, then notices that a better fit is obtained by adding a 

constant C to the right hand side. The parameter k indicates the rate 

of return to normal after excitation5 C relates in some way to the 

initial state of the experimental preparation, but does not seem to 

relate directly to any known characteristic of the system under study, 

and Blair indicates that on theoretical grounds a value of zero for G 

seems preferable. 

Blair's approach, and other similar ones, all seem to be concerned 

with the same dilemma: If a mathematical expression is derived from 

physical principles, it does not generally fit all experimental data 

well, while if a relationship is found which provides a good fit to all 

the data of interest, its parameters are not directly related to 

physical characteristics of the biological system under consideration. 

Since the conception of strength-duration curves, they have often 
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appeared In neurophysiological literature, not only as a subject for 

direct study, as described above, but as one of several mechanisms to 

aid in the analysis of the biological system under study. For example, 

Blair and Erlanger (1933) attempted to measure the characteristics of 

individual axons in whole frog nerves, and obtain an idea of the dis¬ 

tribution of fibers with respect to such quantities as time between 

stimulation and response, and conduction velocity* They compared 

strength-duration curves of fibers with different conduction rates and 

found that the slower the fiber, the further from the axes was its 

strength-duration curve, or the higher its rheobase. A comparison of 

the chronaxies of these fibers showed that the faster fibers had larger 

chronaxies if the velocity was above 10 m/s, but the inverse relation¬ 

ship held for velocities less than 10m/s. 

A more recent example is in the work of BeMent and Ranck (1969)* 

They studied the amount of current required to stimulate central myeli¬ 

nated fibers of the cat as a function of the distance of the stimulating 

electrode from the fiber, and in addition, the relationship between 

threshold stimulating current and conduction velocity* These experi¬ 

ments were conducted with a pulse of constant duration, $0 yqsec. 

Data for strength-duration curves were also taken, and all of these 

data were used later in developing a model for monopolar cathodal 

stimulation of myelinated fibers* The strength-duration curve is 

described with the equation - • ■ -Xvy— , where X is called the time 

constant of the nodal membrane* Note that this equation is the same as 

that presented by Blair, with k = ]/X. The mean value of x was calcu¬ 

lated, along with the rheobase and chronaxie for four individual fibers 

with known conduction velocity. It is interesting that none of the 
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relations presented by Blair and Erlanger between rheobase and chronaxie 

and conduction velocity can be found in the data of BeMent and Ranck. 

Strength-duration curves have also appeared quite often in vision 

research, although their history here is somewhat different# According 

to Sperling and Jolliffe (1?65), studies relating to the intensity¬ 

time relationship, as it is usually called in vision research, date 

back to 1885 when A.M# Bloch first reported that, for brief exposures 

to white light, the intensity-time product at threshold was a constant# 

This relationship, known as Bloch’s Law, was actually preceded by the 

photochemical law of Bunsen-Roscoe, which states that the intensity 

and duration of incident light have a reciprocal relationship for a 

constant effect# Bloch's Law is also referred to as implying perfect 

temporal summation of the visual response with respect to duration of 

the stimulus. 

Hartline (193U) investigated the response of a single visual sense 

cell of the limulus. He confirmed Bloch's Law at short durations, then 

noted that it is violated at longer durations and tried to explain why. 

He concluded that the relation IT = constant must fail when T becomes 

large enough so that the output event takes place in a time less than 

T. This implies a relation I = constant when T is large, and a sharp 

transition between these effects at the "critical duration". 

Experimentally, Hartline stimulated the cell with rectangular 

pulses of light and recorded action potentials produced by the cell# 

He tabulated latent period, initial and maximum frequency of action 
* 

potentials, and total number of action potentials as a function of in¬ 

tensity and duration of the input# From this data he plotted two 

strength-duration curves, one using an initial frequency of hO per 
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second as the output event, the other using a maximum frequency of $6 

per second as the output event* As in most vision research, the curves 

are plotted as log IT vs. log T. In this form, Bloch’s Law, IT *» 

constant, becomes a horizontal line, while the relation I ■ constant 

becomes a line of unit slope* Hartline’s data agrees well with the 
A 

expected asymptotes and the sharp transition between them* He notes, 

however, that data of other experimenters, involving subjective measure¬ 

ments on the human eye, show instead of a distinct critical duration 

a gradual deviation from Bloch’s Law at longer durations. Hartline 

suggests that the absence of a clearly marked critical duration in 

these subjective experiments may be caused by activity of many sense 

cells, and to the long nervous paths involved. 

In attempting to verify Hartline’s conclusion, Graham and Margaria 

(1935) investigated the effect which the number of sense cells might 

have upon the form of the intensity-time relation for threshold excita¬ 

tion of the human eye. They hypothesized that by decreasing the area 

of the retinal image, with a consequent lessening of both statistical 

and interaction effects, the strength-duration relation might approxi¬ 

mate more closely to the type of relation found with single visual 

sense cells* Their data verified the hypothesis? As the retinal area 

of stimulation was decreased, the height of the curve at the critical 

duration decreased. In addition, they noted that the value of the 

critical duration increased as the retinal area was decreased. 

The strength-duration relation is also found in the work of Aiba 

and Stevens (196U), who investigated how the apparent brightness of a 

light flash depends upon duration and luminance (intensity) when the 



eyes are dark- and light-adapted. Observers varied the luminance of 

a flash in one eye to make it appear equal in brightness to a flash 

of a different duration that had been presented to the other eye. 

They obtained a curve by plotting the luminance-duration product vs, 

duration for flashes of a given apparent brightness. They noticed a 

difference in the critical duration between curves for light-adapted 

and dark-adapted eyes, 

Sperling and Jolliffe (1965) studied the effects of wavelength, 

stimulus size, and retinal area stimulated (foveal or peripheral) on 

the strength-duration relationship. They noticed which combinations 

of input parameters resulted in changes in strength-duration curves 

and which did not, then related these changes to rod and cone functions, 

Bartlett and Hudson (19^2) derived an equation for the strength- 

duration relation based on an equation for photochemical processes: 

^ = k-jl(a0-x) - kgX, where x is the concentration of photoproducts 

broken down from the original concentration aQ of the light-sensitive 

substance, t represents time, and I is the intensity of the stimulating 

light. They obtained equations for long- and short-duration asymptotes 

and noticed that the curve, when plotted as log IT vs. log I, is trans¬ 

lated parallel to itself when the asymptotic constants are changed. 

Experimental data were obtained from stimulating the dark-adapted eye 

of a human observer with a light flashj the output event was detection 

of the flash. Data obtained from three observers, when appropriately 

translated to compensate for the observers' characteristic constants, 

were shown to fit the theoretical curve well, 

A final example of an appearance of the strength-duration relation 

is in the work of J. Th. Van der Werff (191$), who studied the excita- 
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tion of nerve by electric currents, and the general biological reactions 

caused by X-rays. Much of his quantitative analysis of both topics, 

based on models described by certain classes of differential equations, 

was related to the strength-duration relation. 

The preceding discussion is, of course, not intended to be an 

exhaustive account of all significant work related to the strength- 

duration curve. Its purpose is rather to indicate the applicability 

of this topic and how it has been approached in the past. 

One common aspect of the approaches mentioned above is that 

usually parameters of the strength-duration curve are related qualita¬ 

tively to the physical characteristics of the biological system under 

investigation. E.g., how are the position and shape of the curve re¬ 

lated to nerve conduction velocity, membrane time constant, rod and 

cone functions in the eye, etc. The approach to be taken in this thesis 

is somewhat more general: investigation of how the properties of the 

strength-duration curve for a general system, defined mathematically, 

relate to the parameters of that system. In other words, we will not 

be concerned in the first place with any biological system in particu¬ 

lar, but hope to develop general methods which may be applied to any 

system. This approach was first taken by A. Troelstra (1969), some of 

whose results are summarized below. 

Dependence of Strength-Duration Curves on System Properties 

Let us first restrict our attention to linear systems, followed 

by a threshold detector (Fig. 1-3). We assume that the threshold 

detector will produce an "output event" when the amplitude of the 

output of the linear system exceeds some (unknown) threshold denoted o(. 

The nature of the threshold detector is such that once an output event 
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occurs, another one cannot occur until the input has been removed 

for a time long enough to allow the threshold detector to "recover". 

I.e., a single stimulus can produce only one output event. Note that 

this eliminates any analysis of the system using classical frequency 

response techniques^ (De Lange Dzn, 195h). 

Fig* 1-3 Linear system followed by threshold detector 

The response of such a system, r(t), is given by the convolution 

integral r(t) * i(x) h(t-x) dx, ■where i(t) is the input, and h(t) 
Jo 

the impulse response of the system. Let us now assume the input to be 

a rectangular pulse of amplitude I and duration Tj this form of input 

will be assumed in the remainder of this thesis unless otherwise 

specified. 

"When the duration of the input becomes sufficiently small, the 

input can be considered an impulse, and the response is given by 

r(t) = IT h(t) (1-1 ) 

For a point on a strength-duration curve, the maximum of the output 

will just equal 0(, or 

r » E' h 
max max 

oC 

where E* is defined as the IT product for T small enough so that the 

input can be considered an impulse. 
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For long durations, 

h(t-x) dx' 

where we have assumed that the maximum occurs for t$T. 

change of integration variable we obtain 

max i: i(x) h(t-x) dx max 

Through a 

r «* lf(^ h(y) dy> ■ IM 
max 1 )o 

J ^jmax 

there the maximum of the integral is defined as M. Again setting 

r =o< for a point on the strength-duration curve, we obtain IM =«(, or max 

E « olT/M 

where E is defined as the product IT. 

If we consider E as a function of T we now have two asymptotes. 

For short durations, 

E - E» - r—-— (1-2) 
max 

a constant; for long durations, 

E = ~ (1-3) 

If we plot this function on logarithmic scales, the long-duration 

asymptote will always have unity slope, and we obtain a strength- 

duration curve as shown in Fig. 1 —U. Equating the expressions for 

the asymptotes, we find 

T 
break 

M/h 
max 

(1-U) 

Fig. 1-U Alternate form of 
strength-duration 
curve 
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Note that for the linear system considered here, the asymptotes 

are independent of the system characteristics except for a translation. 

VJhat the system characteristics do affect are T^rea^ and values of E 

at intermediate values of T. The general expression for the curve 

for short and intermediate durations is given by 

E = oCT 

{LMx) i- 
0-5) 

This equation is valid only for t^Tj i.e., for T such that the maxi¬ 

mum of r(t) occurs at t^T. In other words, this equation is not 

valid for T large enough that the long-duration asymptote has been 

reached. 

Note that the above analysis is not useful for systems whose im¬ 

pulse response contains an impulse. In that case, no short-duration 

asymptote would exist, since no T could be found small enough such 

that the output r(t) would be of the form given by Eq. (1-1). 

Example 1. As an example of the use of the above plotting tech¬ 

nique, let us consider a single first order system given by transfer 

function H(s) ■ and impulse response h(t) “ Ke"’a^ and find an 

expression for its strength-duration curve directly. Assuming r(0) » 0, 

the response is given by 

r(t) - Kp i(x)e"a(t‘x)dx 
'o 

Since i(t) is a rectangular pulse of amplitude I and duration T, the 

maximum will occur at t * T, so 

rmax ‘ nf e_a<T'X) * 70 



or. 
max 

KE /* -aT\ 
” (1-e ) 

Setting this equal to o(, we obtain 

1U 

da 

K(1-e“aT) 
(1-6a) 

or, E 
o(aT 

K(1-e"aT) 
(1-6b) 

Now for T small (T«1/a), Eq. (l-6b) reduces to E‘ - f * 

while for T»1/a we get E 

1 

o(aT 
K 

Equating these asymptotes yields 

^break “a * ^e system time constant. 

A second interesting quantity is the value at T^^^ of the 

E 
normalized curve vs. T. Using the above expressions for E* and 

T, with Eq. (1-6b), we find (TKT.aaV) - -y- “ 1.58. w break “'1* '* '* *■'■*"* E* '"break' 

Note that this quantity is independent of the system parameters 

E 
K and a, and the threshold amplitude <X. Therefore, at g, « 1.58 

for all linear first order systems. In fact, Eq. (1-6b) shows that the 

shape of the entire curve, if plotted as log E vs. log T, does not 

depend on the parameters K, a, and This is true because a change 

in the multiplicative constant ^ results only in a vertical translation 

of the entire curve, and, since E can be expressed as a function of 

aT, the only effect of a change in a is to translate the entire curve 

horizontally. 

In general, the asymptotes are expressed by Eqs. (1-2) and (1-3)* 

For this example, Eq. (1-2) gives E* » since h * K. To use J&j. 

(1-3) we must first calculate M. Since h is never negative, the 

integral is maximum for t j 
Q) 

M - ( Ke“at dt - - 
JQ a 
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Now the long-duration asyirçtote is given by 

E a&T 
K 

E 
The general expression for E/E‘, Eq. (1-5), can be used to find 

‘'"break 

E 
E* 

Ü 
h T max break 

^ h(x) dx| 

^'"‘■'hreak ' 
max 

Since h(t) = Ke , the integral is obviously maximum for t » \reak* 

then 

J^reak h(l) ^ . | (1_i} 

so E/E' * ^— = -~=1.58 
K/a (1-1) 1-i e e 

These results agree with those obtained directly. 

In summary, if we know the system we are concerned with is first 

order, the strength-duration curve will give us the time constant 

directly. Similarly, if the height E/E' at T^rea^ is not 1.58, we 

know the system can not be a first order linear one. The question 

of the value of T^reak and of E/E' at T^rea^, and their significance, 

for systems other than first order, and possibly nonlinear systems, 

is the topic of this thesis. 

Ehcample 2. For comparison, let us now carry out a similar analysis 

for the strength-duration curve of Fig. 1-1, plotted in the traditional 

way of neurophysiologists as I vs. T. 

From Eq. (1-6a), we can write, for T large 
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At chronaxie, X = 21^, so again using Eq, (1-6a) we can write 

2c<a m ota 
K Kd-e-®'1011) 

or Tch ■ : ^2 

As in example 1, the time constant can be determined directly from 

the strength-duration curve, and in this case is given by V1* 2- 

Thus, if we assume the system is first order, both of these 

methods of plotting the strength-duration curve will give the time 

constant rather easily. The method of example 2, however, gives no 

indication if such an assumption is valid. In fact, Eq, (l-6a) tells 

us that the shape of a strength-duration curve plotted as in Fig, 1-1 

depends on the time constant, while in the alternate plotting method, 

Fig, 1-U, the shape is the same for any first order system. 

The above analysis is, of course, severely restricted. The ex¬ 

tension to general linear systems or nonlinear systems is not so 

"clear-cut"; the fact that we can essentially obtain only two para¬ 

meters, rheobase and chronaxie, or T^rea^ and E/E1 at 1^^^, obviously 

limits our ability to characterize a complex system. The question is, 

given the limitations imposed by the threshold detector, can any 

information, if not quantitative at least qualitative, be obtained 

from analysis of a strength-duration curve. For example, can we tell 

if the system is first order or higher order, linear or nonlinear, etc* 

Analysis of a first order system showed the plotting method of 

Fig, 1-1; to be preferable in at least some respects. Another advantage, 

applicable to any system, is: The short-duration asymptote of Fig, 

1-U is not apparent in Fig. 1-1. Once on this asymptote no experimen- 
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tal points need be taken for smaller durations. This information 

can also be obtained from Fig. 1-1 by calculating two IT products 

for small values of T and comparing them, but the curve does not 

display this information directly, and there is no simple way to 

determine when the curve begins to deviate from a constant IT 

product. 

An additional value of a short-duration asymptote is that it 

enables one to visualize approximately the longest duration pulse 

which can still be considered as an impulse input to the system. 

Notice that the important difference between Fig. 1-1 and Fig. 

1-U is not that the former plots I vs. T while the latter plots IT 

vs. T, but rather the introduction of logarithmic scales in Fig. 1 —li. 

Indeed if a strength-duration curve were plotted as I vs. T on log 

scales, then straight line asymptotes would be found for both long 

and short durations, the long one being horizontal and the short one 

with a slope of -1. For example, for the first order linear system 

of examples 1 and 2, the short-duration asymptote would be, using 

Eq. (1-ôa), I = g-j , while the long-duration asymptote would be 

I = -g- . Again the intersection is at T ■ T^reak “ ~ • The choice 

between log I and log IT on the ordinate axis appears to be arbitrary. 

The analysis that follows will be based entirely on the form presented 

in Fig. 1-lt. 

Eq*. (1-U) can be used as the basis for graphical determination of 

for any linear system if a plot of the system impulse response 

h(t) is given. For an impulse response with an arbitrary number of 

zero crossings, the quantity M is determined as follows: Find the 

area under each successive positive and negative portion of h(t). 
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If no positive portion has an area larger than the preceding negative 

one, which is often the case, then M is the area under the first 
/°° 

positive part of h(t). If h(t) is never negative, then M =J h(t) dt. Jo 
The quantities M, h^ , and T^,^ are shorn in Fig. 1-5. 

Fig, 1-5 Graphical determination of T^realc 

A similar procedure can be used to determine chronaxie, Tch» 

from a graph of h(t). The output of the linear system (Fig. 1-3) 

can be expressed via the convolution integral as 

I) h(t-x) dx téT 
#0 

" if h(t-x) dx t^T 
'o 

For an input which causes r(t) to just exceed o<, we know that unless 

we have reached the rheobase, the maximum of r(t) must occur at t i T. 

Therefore we have 

rma* * 1 {1» h(t‘x) ‘ * 
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After a change of variable, we have 

T\\IT h(y) M max max 0-7) 

For long duration, T->®, the input can be considered a step, and the 

response is given by 

r(t) ■ h(x) dx 
Jo 

Therefore, 

r » I< max {So h(:c) * 
where M is determined as in the previous discussion, and -where I = Ir, 

the rheobase; so • Now at chronaxie, I = 2Ir, so from Eq. (1-7) 

max f {)*_,, h(y> d5r}»« ’ * 
ch 

or 

!ii, « *} hW - h « 

To find the indicated maximum, we set 

It {Jt-T h
h(y) - ° 

which yields h(t) - h(t-Tch) 

In summary, to find T,^, we find two values of t, t-j < tg, such 

that h(t^ ) ■ h(tg) and the area under h(t) between t^ and tg equals 

M. Then T^ ® tg - t^« This is illustrated in Fig. 1-6. 
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The problem of interest is related to the above analysis, but is 

essentially just the converse; i.e. given a parameter of the strength- 

duration curve, or even the entire curve, what can be said about the 

impulse response of the system h(t). VJhile a unique strength-duration 

curve may be plotted for any impulse response, the solution to the 

converse problem is not unique (Troelstra, 1969). The most we can hope 

for then is that knowledge of the strength-duration curve may be of 

value in selecting between certain alternative forms of h(t). 

Statement of the Problem 

The problem of system identification by the use of strength- 

duration curves is approached in this thesis in the same way as above, 

i.e., a system is given and the properties of its strength-duration 

curve are investigated. Knowledge of what type strength-duration 

curves are produced by certain systems will hopefully be of value 

when the problem is reversed; i.e., given a strength-duration curve, 

what type of system could have produced it. Since the latter problem 

is so general, we will investigate, instead, a somewhat different 
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problem: Uhat effect does a given, change in a system have on its 

strength-duration curve. E.g., -what is the effect on the strength- 

duration curve of adding a pole or a zero to the system transfer 

function. This knowledge should again be helpful in solving the 

converse problem: If certain changes in experimental conditions or 

procedures produce changes in the strength-duration curve, what 

changes in a mathematical model of the system under investigation 

could account for the changes in the curve. 



II. EFFECT OF AN ADDED POLE ON THE STRENGTH-DURATION CURVE 

We/are given a linear system with transfer function H(s) and a 

corresponding strength-duration curve evaluated for some positive 

amplitude threshold criterion assigned to the output. The problem 

we wish to investigate is the following: How does the strength- 

duration curve change if a pole is added to form a new system with 

transfer function Hp(s) = 1 , where a is real and positive. In 

particular we will examine the changes in T^ ^ for the addition of 

a pole to the system transfer function. 

We consider two linear systems. One has impulse response h(t) 

and transfer function H(s)j the other has impulse response hp(t) and 

transfer function ^ = Hp(s). We define t such that h(t ) = h, , 
s+a m Jû max 9 

the maximum of h(t). Similarly, tp is defined such that h^(t^) ■ hpfly. 

Expressions for ^>2.eajc 
011(1 ^reak 310 obtained from Eq. ( 1 —1+ ), 

repeated here for convenience: 

\reak 

M 

max 

(2-1a) 

where M 

and 
Up 

(2-1b) 

riiere 1? - jj* h?(*) 

Let us now define t as the value of t which maximizes the first 
o 

integral above? tp is defined to be the value of t which maximizes 

the second integral. So now 

M 

Mp« dt 

(2-2a) 

and (2-2b) 
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Hote that for the integrals to be maximum it must be true that h(tQ) « 0 

and hp(tp) » 0. o 

We are now ready to begin analysis. First observe that 

J^[h(t)^“at] * H(s) - Hp(s), where <£[•] denotes the Laplace 

transform operation, and denotes convolution. Ihem 

hp(t) * h(t)# e"’3^' » h(x)e~a^ dx 
Jo 

or hp(t) « e”3*' P h(x) 
Jo 

ax , e dx (2-3) 

Now MP *» (" ° hp(t) 
•*o 

dt 

or # «* e"at h(x) e®* dx dt 

Integration by parts, and using the fact that hp(tp) ■ 0, yields 

# « 1 h(x) dx 

SO 

1 r*5 
1? , - S Jo h(x) & 

break . ... 

To investigate hp , we assume tp f 0: i.e., the maximum of hp(t) max m 9 

does not occur at t ■ 0. Then a necessary condition for a maximum 

in hp(t) is hp(t) » 0. From Eq. (2-3) 

hp(t) ■ -ae“a^ \ Q h(x)eax dx + h(t) » 0 
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or -ahp(t) + h(t) = 0 

SO 
max 

1 h(tp) 
a ' m' 

Now we have (2-Ua) 

For comparison, 
\reak 

h(x) dx 

max 

(2-Ub) 

Notice that h ^h(tp), but f ° h(x) dx > ( ° h(x) dx so that these 
max m JQ J0 

relations tell us nothing about the relative magnitudes of T^rea^ and 

# , . 
break 

If we make an additional assumption, that h(t) and hp(t) are 

never negative, i. e*, to"*® and tp-*oo , then 

break 

dx 

m 

and 
■^break 

dx 

Unfortunately, this relation between T^rgak and is not very 

general* The assumptions made to obtain it are: (1) the system is 
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linear, (2) h and h? do not occur at t ■ 0, and (3) h(t) and h^(t) 
1ÏÏ33C fflcQC 

are never negative. We 'wish to investigate the removal of the third 

restriction. 

Intuitively, we expect the addition of a pole to the transfer 

function of any system to have an integrative effect, i,e., to make 

the response more "sluggish", so that the response is "spread out" 

over a longer time* We expect this to cause the associated ^ 

to be longer. This can be seen by reference to Fig. 1-5, where the 

additional assumption was made that no positive portion of the inpulse 

response has an area larger than the preceding negative one. This 

intuitive reasoning provides the motivation for the hypothesis that if 

a pole is added to the transfer function of any linear, or even non¬ 

linear, system, the corresponding value of ^reajj. will increase. No 

general proof of this hypothesis has been found. 

In an attempt to gain insight into the general problem, we con¬ 

sider the special case of adding a pole to a transfer function with 

two complex poles. Then 

and 

" (s+p+jqHs^p-jq) 

HP« -1*!* 

If we set p « 1, there is no loss in generality and the mathematics 

are simplified somewhat. The transfer function then becomes 

* (s+1 +jq) (s+1 -jq) 

Taking inverse transforms 

h(t) » ^ e~^sin qt (2-5) 
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hp(t) 
q2+(a-1 )2 

-at e + 
q^a2+(a-i)2 

•where 4 “ are tan Or hp(t) can be written as 

1 e_t sin(qt-^>) 

(2-6a) 

hP(t) 
-at 

q2+(a-1)2 
♦ - . , 1 —- e

-t [(a-1)sin qt - q cos qtl 
q[q2*(a-1)2J <2-6b) 

To calculate T, , we mast find h and M, or equivalently, 
Dr6oJC IScDC 

t and t . la o 

To find h „ , set —• h(t) ■ 0: max' dt 

~ — e_t sin qt + e”^ cos qt = 0 (2-7) 
dt q 

Solving for t we find 

and 

t « — arctan q m q 

h . h(t ) - -J— •" 5 arctaa q 

max v my „ 2 H 

*yi+q 

It is obvious that, for the function h(t), t is just the first 

zero crossing (for t>0) of the function. From Eq. (2-5) we obtain 

t ■ q/%* . Now from Eq. (2-2a), 

M 7^le'" + 1] 
Combining these results: 

^break * f 2 
Vl+q 

1 — ? — arctan o 
1 r(e q*1) eq q (2-8) 
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Similar calculations for the function. h^(t) are not so straight¬ 

forward, and in fact, no general analytic expression for ^reajj. can 

be found. The reason for the difficulty is the presence of two 

exponentials with different time constants, so they can not be can¬ 

celled as in Eq. (2-7). 

The analysis is simplified somewhat for the case a$1. It can be 

shown that h^(t) is never negative in this case, so that tP * ® . 

This allows us to calculate the numerator in either expression for 

T^breajc» (2—1b) or Eq. (2-Ua)-, but the denominator for either 

expression can not be calculated in general. 

Since no relation between ^ and T^rea^ could be found 

analytically, a numerical procedure was used to calculate T^^^ 

and ^reaJc for values of q and a between 0.1 and 100. was 

calculated directly from Eq. (2-8). T^ ^ was determined from 

Eq. (2-1b) by first calculating h? and M*5, There MP is really just max 
the maximum of the step response of the system whose transfer function 

is given by I?(s) - (s+U3q)(sll-jq)(s+a) • quantity vas 

calculated by the algorithm summarized in the block diagram of Fig. 2-1. 

The algorithm will yield the absolute maximum of the function 

only if this maximum is not preceded by a local maximum. This 

condition is satisfied by the function h?(t), but is not always 

satisfied by the corresponding step response, denoted w^(t). 

The algorithm to determine the absolute maximum of w^(t) must 

be able to handle the three general cases shown in Fig. 2-2. No 

entirely satisfactory algorithm was found; a compromise had to be 

made between accuracy and computer execution time. 

The algorithm is easiest described in words: The function was 
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10 
,
""®

M t ■* t+ât evaluate 
hp(t) 

Is 

new hp(t)>old hp(t)? yes 

no 

hLr »pw  *^end^ 

Fig. 2-1 Block diagram of algorithm to compute hp max 

Fig. 2-2 Three general classes 

of step response 
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divided into time segments of length one period. Using a step size 

of one-twentieth of a period, the maximum value of the function in 

each successive time segment was computed and compared to the maximum 

in the previous segment. The algorithm terminated when the first 

segment was found with a maximum less than or equal to the maximum in 

the previous segment. Note that convergence may be very slow for 

functions as in Fig. 2-2 (a) and (c). A trial run indicated, however, 

that for any function that required more than 50 iterations, the 

maximum was equal to the final value, as in Fig. 2-2(a). 

The results confirmed the hypothesis that ^rea]£ ^ ^break * ®ie 

table below shows the ratio / T^rea^ evaluated for selected 

values of a and q. 

qO.I q-i_ q=10 q=100 

a «* 0.1 5J11 6.987 29.bk0 25U.333 
a *» 1 1.362 1.U87 3.36U 25.79k 
a - 10 1.006 1.010 1.1U5 3.097 

a - 100 1,000 1.000 1.001 1.120 



III. EFFECT OF AH ADDED ZERO OH THE STRENGTH-DURATION CURVE 

As in chapter H, we are given a linear system with transfer 

function H(s) and a corresponding strength-duration curve evaluated 

for some positive amplitude threshold criterion assigned to the out¬ 

put. We now wish to investigate the following problem: How does 

the strength-duration curve change if a zero is added to form a new 

system with transfer function Hz(s) * (s+b) H(s), where b is real. 

In particular, we will examine the changes in ^realc for the addition 

of a zero to the system transfer function. 

We consider two linear systems. One has impulse response h(t) 

and transfer function H(s)j the other has impulse response hz(t) and 

transfer function (s+b) H(s) «* Hz(s). 

as in chapter II. The relations h(tm) 

define t and tz . Similarly 

T ■ 
break 

Similar definitions are made 

« h and hZ(tZ) = hz 
233£OC 2TX 2ft£l3C 

M 

max 

where M 

and 

hZ(x) dxj 
IQ jinsoc 

p 

mZ „ M3 

Dreak . z 
max 

where M2 ■ |j 
g 

The equations for M and M can also be written 

M - \to h(t) dt 
Jo 

0 hz(t) dt 
o 

where t and tz are the values of t which maximize the integrals, 
oo 
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Note again that h(tQ) * 0 and h (t
z) ■ 0. 

To begin -the analysis we write Hz(s) ■ (s+b) H(s) ® sH(s) + bH(s). 

So 

Now we can write Mz as 

M2 

hZ(t) » H + bh(t) (3-1) 

Jt(> Isdt + h(t) dt 

■I h(tz) + b\ 0 h(t) dt 

We next investigate h . If the maximum does not occur at 
max 

cEti 
t = 0, then a necessary condition for the maximum is ^ = 0. Then 

from Eq. (3-1) 

hz(t ) » bh(t ) - bh m m max 

Using these results in the expressions for Ttreak and T^reaj£ yields 

\reak 

(to 

b)o h(t) dt 

hZ(t) m 

^break 

h(tz) 

+4 t
z 

^o 
h(t) dt 

max 

It can be shown in special cases that Tbreak* we 

prove this relation to be true in general using the above expressions 

for ^break ajld ^reak* Since a sufficient condition for 

^break"* ^break ds _ 

(*o (*o 
h,(t^) + bi h(t) dt*b] h(t) dt o Jo 
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or 
dt >h(tz) (3-2) 

Intuitively, we expect the addition of a zero to the transfer 

fonction of a system to cause the system to respond faster, so that 

tz^tQ . If this is true, then the inequality (3-2) can never be 

satisfied for negative b, since tjkj h(t) dt <0 and h(tz)>0. This 

indicates that this approach will not lead to a useful general rela¬ 

tion between TbreaJc and ^reak. 
If we add the restriction that h(t) andhz(t) are never negative, 

i.e., t-+» and tz-*oo, then 9 o o 9 

and 

^break 

f°o 

bJo h(t) dt 

hz(tz) m 

bf h(t) dt 
JO  

max 

Stoce that T?reak4Tbreak • 

The above approach has closely paralleled that of chapter H, and 

we have arrived at a similar result, that the desired relation can be 

proven only with rather severe restrictions. 

We wish again to consider removal of the restriction of non¬ 

negative h(t) and hz(t)j to do this we consider the special case of 

adding a zero to a transfer function with two complex poles. Then 

H(s) “ W5+3qh*p3qT 

and Hz(s) ■ (s+b) H(s) 
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Letting p ■ 1 vs have 

* (s+1+jqKs+1-jq) 

The inverse transforms are 

h(t) ■ 1 e“^sin qt 

2 g 
and hz(t) » S.-, .t-fo".1^ . e"‘tsin(qt * arc tan ^j-) 

Tbreak calcul^ed by use of Eq. (2-8). 

To find l£reak, we use the relation T®reaj£ - Mz/h^ , where Mz 

is the maximum of the step response of the system with transfer function 

Hz(s). The step response is given by 

2 2 
wZ(t) “ Thq? + £ ^ e-t sin(qt + B?T -arc tan 4_) 

The maximum of hz(t) is found by setting ~ hZ(t) » 0. This gives 
dt 

tan qt ■ 
b-1+q 

or xx * 0^1 ^2^ « § • 

These values of t produce local extrema in hz(t). Substituting this 

expression into hz(,t) gives 

h 
z 
extremum 

q^+(b-1 )** - rrCarctan fo."?+ nir) 
o e b-1 +qc 

1+q 
n ■ 0,1,2,... 

The first local maximum in hz(t) was determined numerically. Since 

hZ(0) = 1, hZ was set equal to the first local maximum only if it 
IQcuC 
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was greater than 1 : otherwise hZ « 1. 
max 

A similar procedure gives 

V 
extremum 

Since wz(0) 

b ^CL/Kb-I)2 ^ f - Q~ n (mr -arctan 
1-iq' 1-tq* n » 0,1,2,... 

0, the absolute maximum of wz(t) will always be a local 

maximum, and it can be shown that it is always either the first or 

second local maximum. This maximum was again determined numerically. 

The results confirmed the hypothesis that ®|xe»©alc * ®le 

table below shows the ratio ^reajj/ -^break eY^uated for selected 

values of b and q. 

b=-100 

b« -10 

b® -1 

b- 0 

b® 1 

b= 10 

q-0.1 q®1 

0.002 0.002 

0.016 0.027 

0.079 0.126 

0.136 0.199 

0.367 0.373 

0.99U 0.989 

1.000 1.000 

q®l0 q=100 

0.00U 0.152 

0.189 0.UU6 

0.392 0.ii87 

0.U31 0.U92 

0.U7U O.U97 

0.817 0.5U2 

0.997 o.85o b= 100 



17. EXPERIMENTAL RESULTS FROM THE FROG SCIATIC NERVE 

In an attempt to demonstrate the practicality of the preceding 

analysis, strength-duration curves were plotted from data taken from 

stimulating the frog sciatic nerve with rectangular voltage pulses. 

General Experimental Procedure 

A section of the frog sciatic nerve from the spinal column to 

below the knee was removed and placed in Ringer solution, with a piece 

of thread tied to each end to facilitate handling. After soaking for 

at least an hour, the nerve was placed in a moist chamber, and after 

approximately 15 minutes, stimulation was begun. 

The experimental configuration is shown in Fig. U-1 • The nerve 

rests on silver electrodes slightly above the Ringer solution which 

fills the bottom of the chamber. 

Fig. U-1 Experimental set-up 
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Rectangular voltage pulse stimuli were applied to the nerve by a 

Datapulse model 100A pulse generator, which produces pulses with rise 

and fall time less than 0,1 y^sec. Mien this input exceeded threshold, 

a disturbance was produced in the nerve which propagated to the recor¬ 

ding electrodes where it was detected and amplified by a DKI model 

2002 A.C. Differential Amplifier. 

This disturbance was caused by the presence of action potentials 

in a certain percentage of the fibers of the nerve, the percentage 

depending upon the amplitude and duration of the input* At a given 

duration, as the amplitude of the input was increased, more and more 

fibers were excited and the amplitude of the measured disturbance in¬ 

creased until saturation occurred, when theoretically all fibers were 

responding. 

The output of the differential amplifier was observed on a 

Tektronix type 561A oscilloscope, equipped with a type 3A1 dual-trace 

amplifier and a type 2B67 time base. 

The output event used in obtaining data for a strength-duration 

curve was defined in one of two ways for these experiments, either as 

the first observable response, or as a response of an arbitrary maxi¬ 

mum amplitude. 

A typical experimental run was performed as follows: The pulse 

duration was set at 1 jxsecj preliminary experiments showed this 

duration to be short enough to give a point on the short-duration 

asymptote. The amplitude of the pulse was then raised in steps of 

0.1cm X K volt/cm, where K is the scale factor, until the output event 

was observed. The input pulse and the output of the differential 

amplifier were viewed simultaneously on the scope screen during this 
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process. The duration was then set to 5 msec and a similar procedure 

was used to obtain a second point on the curve. This duration always 

gave a point on the long-duration asymptote since the response of the 

nerve always occurred in less than 5 msec. A third point was then 

taken at a duration of 2 to ïy^sec to verify the short-duration asymp¬ 

tote. If two short-duration points having equal amplitude-duration 

products could not be found, the experiment was terminated. If a 

satisfactory short-duration asymptote was found, inputs of intermediate 

durations were then used to complete the curve* 

Determination of the input amplitude to produce the output event 

could always be made to within 0.1 cm X K volt/cm on the oscilloscope 

screen* 

To provide ease in visually observing the response of the nerve, 

the input pulses were applied repetitively. ïheiï frequency was 

chosen so that no interaction between the responses to successive 

pulses occurred. A frequency of one per second usually satisfied 

this requirement, but higher frequencies (up to five per second) 

made determination of threshold considerably easier. The frequency 

used was the maximum that still produced no interaction between pulses. 

This condition for no interaction was taken to be a constant amplitude 

nerve response (with time) for a given input* 

The time required to obtain a complete set of data for a strength- 

duration curve for a nerve was usually somewhat more than one-half 

hour. It was assumed that during this time the condition of the nerve 

remained essentially constant. To verify this assumption, after all 

data had been taken for each nerve, a point on the short duration 

asymptote was retaken. If the amplitude-duration product of the new 
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point differed from the original by more than 10$, the data were 

considered invalid. 

Indication of Expected Error 

To obtain an indication of the expected error in the measuring 

technique, a trial strength-duration curve was plotted with the nerve 

preparation replaced by a known RC circuit, as shown in Fig# U-2. 

values of R and C were chosen so that the strength-duration curve 

of this circuit would have approximately the same value of as 

the experimental strength-duration curve of a nerve preparation. 

pulse 
generator 

R - 1*2 kXt 
C - U030 pf 

Fig. U-2 Circuit used in error analysis 

An arbitrary threshold of m 0.03 volt was established} the output 

event was said to have occurred if the capacitor voltage exceeded this 

value. Xt was assumed that the major source of error was in adjusting 

the input amplitude to produce the output event, and in changing to 

different sensitivity scales of the input amplifier of the oscillo¬ 

scope. In this trial run, the input amplitude to just produce the 

output event was determined to within 0.1 cm X K volt/cm for each dura¬ 

tion; then one set of data was obtained by adding O.lcmXK volt/cm to 

each amplitude determined, and another was obtained by subtracting 

this quantity. It was assumed the "true" strength-duration curve was 

within those extremes. After plotting both sets of data on common 
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axes, "worst case" values of T^rea^ and E/E* at Tbreajc were determined. 

^break 

E/E* at T. 

was found to lie within the limits of 0.16 msec and 0.20 msec, 

break was ^e^ween 1«U and 1.8. These results can be compared 

to those expected theoretically: should equal the time constant 

of the circuit, T ■ RC « 0.17 1 0.005 msec; E/E* ■ 1.58 for a first 

order system. 

On the basis of the above results, the maximum error in measure¬ 

ment of both and E/E* is assumed to be approximately 10$. 

Dependence of the Strength-Duration Curve on Definitions of Output Event 

Data for two different strength-duration curves were taken for 

each nerve. First, data for the "low-threshold" curve were taken by 

defining the output event to be the first observable response of the 

nerve. Then data for a "high-threshold" curve were taken by assuming 

the output event to be a response of some arbitrary^ (relatively high) 

maximum amplitude. 

Two experimental runs provided consistent data which produced 

especially smooth strength-duration curves. The data from these are 

summarized in the table below. 

low threshold 

high threshold 

nerve l5r 

Veaic at Tbreak 

0.20 ms 

0.12 ms 

1.8 

1.8 

nerve 181 

"*break E/E’ at Ï, 
break 

0.25 ms 

0.16 ms 

2.0 

1.7 

Several preliminary experiments produced data showing the same trend, 

i.e. ^|3reajc is smaller for the "high-threshold" curve than the "low- 

threshold" one, while the value of E/E* at ^ is essentially 

unaffected by the above choice of output events. 

A typical set of strength-duration curves is shown in Fig. U-3. 



nerve 13>r 
high threshold 

Fig. U-3 Typical strength-duration curves. The short-duration 
asymptote at E/El - 1 was determined from data not 
shown on these graphs. 



V. SUMMARY AND CONCLUSIONS 

The problem of system analysis by the use of strength-duration, 

curves has been approached in the following manner: If a system is 

changed in a known way, how does its strength-duration curve change. 

This approach was used to provide insight into the reverse problem: 

If changes in experimental conditions or procedures produce changes 

in strength-duration curve, what changes in a mathematical model of 

the system under investigation could account for the changes in the 

curve. Two system changes were considered: addition of a pole, and 

addition of a zero, to the transfer function. The effect of these 

changes on T^reak was investigated. 

For the addition of a pole, it was shown that T^g^ always 

increases, if the impulse response of the system both before and 

after adding the pole is never negative. For a more general impulse 

response, the above result was shown to hold for a specific example, 

but could not be proven in general. 

Similar results were obtained for the addition of a zero, except 

that T^rea^. decreases in this case. 

The applicability of these results was indicated in experimental 

work involving the frog sciatic nerve. Two different sets of experi¬ 

mental conditions (two different definitions of output event) produced 

strength-duration curves with a significant and predictable difference 

in ^reak* The first definition of output event (low-threshold) 

always yielded a strength-duration curve with a larger than was 

found with the second (high-threshold). 

A possible explanation of this behavior is that in the low-thresh¬ 

old excitation only the fibers of high excitability were involved, 



■while in the high-threshold excitation, only those of low excitability 

contributed to the results. Thus, essentially two different systems 

were excited, and the second could be obtained from the first by the 

addition of a zero to its transfer function. 

A second possible explanation is the presence of only one system, 

but one involving an amplitude-dependent nonlinearity. 

An obvious extension of the work in this thesis would be to 

generalize the results, i.e., to obtain a general relation between 

Tbreak and ^reak <OT ’break5 Aen a Pole (or zero) 18 *dded to ^ 

transfer function of any linear system. 

A second extension would be investigation of the quantity 5/E* 

at T^realc» Results for the special case of addition of a pole or 

zero to the transfer function H(s) - ^3^'+jqj (g+1 -jq) are sum¬ 

marized in the appendix. The hypothesis that at T^reak always 

decreases with addition of a pole was shown to be invalid, and the 

results indicate that it is very difficult to relate general trends 

in strength-duration curves to the systems they represent. 



APPENDIX 

It has been shown (Troelstra, 196?) that if a pole is added to 

the transfer function H(s) ■ , then E/E* at always decreases, 

la an attempt to extend the validity of this result, E/E* at ^ 

was calculated numerically for three different systems (previously 

considered in chapters H and HI) represented by the following 

transfer functions: 

* (s+1 +jq)(s+1-jq) 

#(s). ski 

Hz(s) = (s+b) H(s) 

The results showed the hypothesis that E/E* decreases with 

addition of a pole to be invalid. In fact, addition of a pole to 

H(s) caused E/E* at to increase for almost every choice of q 

and a. Similar results were obtained for addition of a zeroj again, 

E/E’ increased in almost all cases. These results are summarized in 

tables 1 and 2. Table 1 gives the ratio X/Y, where X is E/E' at 

break 
for the system represented by H^(s), and Y is E/E* at T, 

break 

for the system represented by H(s). Thus, an entry larger than 1 

means that E/E* at T^rea^ increased with addition of a pole. Table 2 

gives a similar ratio, except the numerator is E/E’ at T^rea^ 

system represented by Hz(s). 

for the 



Table 1 

a= 0.1 

a* 1 

a* 10 

a* 100 

Table 2 

b=-100 

b» -10 

b“ 0 

b= 1 

b* 10 

b» 100 

i*u 

Effect of an added, pole on E/E1 a^ ^break 

q-O.I q=1 q=10 q=!00 

1.088 1.231 1.881 2.108 

0.989 1.016 1.778 2.076 

1.002 1.003 1.011 1.898 

1.000 1.000 1.000 1.010 

Effect of an added zero on E/E* at Tbreak 

q=0.1 q-1 q*lO q=100 

1.0l*0 1.382 5.522 1.363 

i.ol*o 1.093 1.109 1.022 

1.1 11 1.11*1 1.01*0 1.001* 

1.217 1.1 uo 1.021* 1.002 

0.997 0.996 0.955 0.987 

1.000 1.000 0.999 0.955 
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