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ABSTRACT 

The Analysis of Multicomponent Exponential Decay Curves 

by 

William Michael Thomasson 

There are four basic classes of methods of analyzing exponential 

decay curves: graphical methods, iterative fitting methods, algebraic 

fitting methods, and transform methods. Representative types of all 

these methods are examined in detail as to their approach to computing 

exponents and their theoretical strengths and weaknesses. A comparison 

is made of the methods on simulated data and a survey of the reported 

accuracy of the methods in the literature is used to illustrate these 

strengths and weaknesses. Consequently, a three-method sequential 

identification scheme utilizing the graphical curve-peeling method, the 

DFT (Discrete Fourier Transform) deconvolution method [a new method 

developed for this study], and the iterative weighted nonlinear least- 

squares method is developed for application to real physical data. 

A series of four examples of the application of the sequential 

identification scheme is made for physiological data containing from 

two to four exponents. The intrinsic difficulties of exponential analysis 

are illustrated, and the utility of the sequential identification scheme 

is shown. 
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CHAPTER 1— INTRODUCTION 

Modeling of biological systems is frequently helpful 

in obtaining insight into the nature of the physiological 

processes involved. Frequently these processes may be quite 

complicated, dictating the use of a fairly elaborate model 

that may require extensive computational effort. Generally, 

the simplest model available is the best if it adequately 

describes the processes. (Of course, the questions asked 

of the model must be consistent with the modeling assumptions.) 

One of the simplest models encountered in the study of bio¬ 

logical systems is the compartimentai model. Under certain 

conditions the output of this model is a weighted sum of 

exponentials [31]. For example, the model describes the 

concentration of a tracer material in certain tissues, as 

in blood flow studies, then the cumulative output curve is 

given by 

m 

C(t) = X Aie 
i* 1 

-ot^t 
(1.1) 

where Ai is the initial concentration of the tracer in the 

i-th compartment and oC[ describes the fractional removal 

rate of the tracer from the i-th compartment. 

As with any model, if the parameters are known, the 

compartmental model will produce an output which resembles 
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the measured output of the biological system. Now, what 

about the situation where one wishes to determine the model 

parameters given the raw data? Can it be done? The answer 

is yes, if the data contains enough information about the 

parameters to justify assigning them a value. Specifically 

for the exponential-compartmental model the exponents and 

their weighting coefficients can be determined fairly 

accurately if certain conditions are met. In practice, 

exponential curves arise from flow studies in the brain [33], 

the lungs [10], and the kidneys [1], to name a few, and these 

conditions may be met to varying degrees. The problem finally 

evolves then to one of deciding the best manner in which to 

determine the exponents and coefficients of the exponential 

model when given the data. 

In truth, searching for a "best" method is a rather 

subjective thing which cannot be accomplished with absolute 

certainty. If, however, one searches for a "best" technique 

in a relative sense, based on a comparison of currently 

available methods, then the method (s) that appear most 

effective for the given experimental conditions can be 

selected. 

Basically there are four classes of method that can be 

used to determine the exponential content of a curve: 

(1) Graphical methods 

(2) Iterative methods 

(3) Algebraic methods 

(4) Transform methods. 
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The graphical method can be done by hand [24, 35] or by 

computer [16] and usually is called the curve-peeling method. 

It requires no special equipment? however, it has limited 

accuracy. It is commonly used in laboratory situations and 

will be used in this study to provide the lowest-grade estimate 

of the exponential content of the data. 

The other methods are considered more important and will 

be examined in greater detail. The nonlinear least-squares 

method is a general iterative error minimization method 

which must be implemented on a computer. The particular 

form of the method for this study is based on the Marquardt 

[17] or Levenberg [15] schemes. These methods are very stable 

and are often very rapid, converging to the minimum in a few 

steps. This is a true least-squares approach and should 

give the best curve fit to the data for the number of 

exponential components assumed to exist in the data. In 

essence this method will check the validity of using curve 

fitting for inferring parameter values for the exponential 

model [34]. 

The representative analytical method I have chosen to 

study is the Prony method [29] which involves the construction 

and solution of a set of linear equations. Recently several 

authors have investigated this approach for utilization as 

a noniterative method of calculating the coefficients of a 

sum of exponentials [12,19], The method is, comparatively 

speaking, faster than the iterative nonlinear least-squares 

method. However, it may provide unreasonable answers if the 
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data is not accurate/and it is also quite sensitive to noise. 

At least two transform methods have been applied to 

this problem [6, 20, 22]. These methods consider equation 

(1.1) in the following form 

oo 

f(t) = / exp (-«t)g (0C)é<X. (l.2) 

Equation (1.2) is the ordinary Laplace integral whose 

inversion has been considered analytically by the mathema¬ 

ticians Post [28], Widder [36], Paley and Wiener [23], 

Nakamura [20] and others [14, 22] have applied the Post- 

Widder equation 

where is the n-th derivative of the time function f(t) 

at the point + — ■§" , to calculate exponents from lung 

washout studies. However, a careful analysis of this method 

[25] has shown it to be unsatisfactory since errors arising 

from numerical differentiation of f(t) limit n, for all 

practical purposes, to 2, Under these restrictions the 

resolving power of the method is rather low.* 

On the other hand, the method that Gardner [6] chose 

shows conëiderable promise because of its greater ability 

to resolve slightly differing exponents [3, 5, 6]. However 

it has been developed in a form which requires that two 

* the resolving power of a method refers to its ability to 
separate nearly equal exponentials. 
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difficult numerical integrations be performed. In this sense 

then the method is impractical due to the extensive computa¬ 

tion involved. 

In an effort to make Gardner's transform method more 

attractive and potentially more useful, a new computational 

approach is proposed in this thesis. Gardner's original 

method required that the right side of equation (1.2) be 

transformed into the product of two Fourier integrals? the 

new method transforms the right side of equation (1.2) into 

a convolution integral which is then inverted using the 

Discrete Fourier Transform (DFT), This computation can be 

accomplished rapidly with the Fast Fourier Transform (FFT); 

hence the computational effort becomes comparable in time 

to that of the other methods. 

The 3(°0 which is calculated by this method has peaks 

whose heights are proportional to Ai and whose locations 

indicate the value of the exponents o< L ? however, the method 

does not require that (1) the number of exponentials be 

known before computation, nor (2) that the number of exponents 

composing the curve be small. The results of the computation 

are a sequence of points whose values are samples of the 

spectrum of exponentials g (°0 , This method not only can be 

used to calculate the values of single exponential components, 

but it possibly can be used to calculate the distribution 

of large numbers of exponentials as well. 

The aforementioned techniques for finding exponential 

components are described in detail in Chapter 2 in the same 
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order they were presented here. In Chapter 3 the computational 

details of each method is given, followed by a list of tests 

and test results which indicate the relative effectiveness 

of four methods described for finding exponentials, A 

sequential identification scheme is developed using three 

of the four methods, which capitalizes on the strengths of 

these methods to accurately determine the exponents. 

Chapter 4 contains the results of applying the identi¬ 

fication scheme to actual clinical data. Data is used which 

contains two to four exponents. The flexibility of the 

identification scheme is shown by these tests. 

Chapter 5 contains a summary of the results of Chapters 

3 and 4 and an evaluation of the sequential identification 

scheme. 
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CHAPTER 2— METHODS FOR CALCULATING EXPONENTS 

If one were going to determine the exponential components 

of some experimental curves, one «ould have a large number 

of methods at his disposal. No doubt, the widespread need 

for analyzing exponential curves has led to the development 

of manv techniques. However, virtually without exception 

all these methods fall into one of four classes, as was 

mentioned in Chapter 1. Obviously, it would be too much 

to ask that all of these techniques be analyzed to find the 

best method in each class as a preliminarv step in this 

investigation. Therefore, a single representative method 

from each class «as chosen which was presumed to be nearly 

the "best" or at least typical of the "best" that that 

class can achieve. 

An exception to this rule was made for the graphical 

technique. In this instance, no pains were taken to make 

this technique "best" in any sense, rather a crude estimate 

of the exponential components was sought to provide a clear 

contrast to the more elaborate methods. The linear least- 

squares and the weighted nonlinear least-squares methods 

were the best variations available according to work done by 

other authors [7, 13, 19, 37]. Of the transform methods, 

the method detailed by Gardner [6] was promising in that it 

had a resolving power greater than those of other transform 
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methods [25], However, Gardner's method requires consider¬ 

able computational effort? therefore, the transform method 

that is studied is a modification of Gardner's approach that 

I have proposed to remedy this difficulty. 

The succeeding parts of this chapter are divided 

into four sections. Section 2,1 describes the graphical 

method. Section 2,2 describes the nonlinear least-squares 

method. These are followed by the linear least-squares 

method and the transform method in sections 2,3 and 2,4 

respectively. Some computational details are presented 

in Chapter 3 to give a description of the problems that cam 

arise in implementing these methods and the complications 

that the problems necessitate. 

2,1 Curve-Peeling Method 

The curve-peeling method for calculating exponentials 

is basically a hand method, although it has been programmed 

on a digital computer [16] • 

Consider the sum of exponentials of equation (2,1). 

m 

f(t) = I Aie 
i=l 

-ccL t 

(2.1) 

If it is assumed that for L = 1,2.,,..) m-1 

and that is so much smaller than the next larger exponent 
_ N + m-l _ nt * -f tA STS A **1 

, Ame » 2_. /vte . That is, for some 
L=-l ^ ^ 

large values of time, f(t) ~ Ame" • Therefore, a loga¬ 

rithmic plot of f(t) would be a straight line with intercept 
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log (Am) and slope proportional to - 0(m for all times when 

the monoexponential approximation is valid. 

In practice, a multicomponent exponential curve is 

plotted on semilog paper, A straight line is fitted through 

the colinear end points and extended toward the left vertical 

axis. This line is subtracted point-by-point from the 

remaining data points. The resulting (m-1)-component expon¬ 

ential curve is replotted on semilog paper. In exactly the 

same manner as before, the value of the next larger exponent 

is determined from this curve. Ideally, this process can 

be repeated until all that remains is a monoexponential 

curve due to the largest exponent. 

Since the process is graphical, a few diagrams will 

serve to illustrate the steps. (See Figures 2.1, 2.2, and 

2.3.) 

The curve-peeling method has some limitations which 

prevent its being very accurate. Some of the problems that 

one encounters using this technique are also encountered 

in the other methods and can be discussed at this time. 

When the washout curve* is being examined to determine 

its exponential content, usually the number of exponentials 

present in the curve is not known. The curve-peeling method 

does not require that this number known before the method 

can be used, and this feature can be considered advantageous, 

*Washout curves occur when a tracer substance is initially 
present in an organ or tissue, having been added at some earlier 
time, and subsequently is allowed to leave. Quite often, the 
tracer leaves at a rate proportional to the amount present; 
hence an exponential decrease results. 
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Figure 2.1. The data points (samples of a multicomponent 
exponential curve) are plotted on semilog paper and a straight 
line is fitted to the linear end points. Those points on 
the straight line are subtracted from the early part of the 
data and the resulting curve is replotted. 
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Figure 2,2, A straight line is fitted through the colinear 
points at the lower end of the curve and extended as before. 
The straight line portion is subtracted from the remaining 
data points and a new set of data points is plotted. 
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Figure 2*3* For the case of a three-component curve as 
analyzed in this example, the remaining points form a straight 
line. The intercept and slope of each straight line derived 
from each step determine the values of the coefficient and 
exponent for one component. 
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However, the uncertainties of the curve-peeling method 

cannot guarantee that the number of exponentials thus obtained 

is correct. For example, if the data is noisy so that the 

straight line fitted to the tail of the curve is an estimated 

best fit, the point at which the straight line ends may be 

difficult to determine, the result being a part of the 

curved portion of the graph is fitted by the straight line. 

In this way the straight-line fit of the slowest component 

becomes "contaminated11 oy the other components. The contam¬ 

ination of the faster components may occur when the straight 

portion of the replotted curve is so short that a straight 

line cannot be adequately determined. 

If the two exponents do not differ (i.e., the ratio of 

the exponents is not large enough), they will be difficult 

to separate. When the two exponents are the two slowest 

exponents, the data must be obtained over a large period 

of time. When either of the two closely spaced exponents 

are not the slowest, the subtraction of the slowest exponent 

may yield such a short straight portion for the remaining 

graph that one of the exponents may be obscured or may be 

poorly estimated. Of particular importance is the case where 

the amount of noise, or scatter, in the data is significant. 

This reasoning leads to the following general principles 

The amount of noise m the data will determine how closely 

spaced the exponents can be and still be resolved. 

Additional general rules of thumb for methods of 

determining exponents can be deduced from the curve-peeling 



2-8 

method. First, if the time during which the data is recorded 

is terminated too soon, the portion of the graph where the 

slowest term is dominant may be missed. Conversely, if the 

time between data samples is too large, then the early rapidly 

changing part of the curve may be distorted so that the largest 

exponents cannot be accurately determined. It would seem 

from these two comments that the data could be sampled most 

efficiently if the sampling intervals were short at the 

beginning of the graph and gradually increased toward the 

end of the graph. 

A more subtle observation concerning the properties 

of a sum of exponents and the ability to distinguish the 

components can be taken from the example given earlier 

(Figures 2.1-2.3). Note that the weighting coefficient of 

the exponential with the smallest exponent is the smallest 

weighting coefficient. Also the coefficient of the exponential 

with the largest exponent is the largest coefficient. Now 

consider the appearance of the graph if the situation were 

reversed, that is, if the exponential with the largest 

exponent had the smallest coefficient and if the exponential 

with the smallest exponent had the largest coefficient. 

The slowest component would dominate throughout the time course 

of the data. A middle exponent might be distinguishable, 

but the fastest exponent would be undetectable. Therefore, 

in order to distinguish the greatest number of exponents in 

a graph, one rule that should be observed is that the 

ordering of the exponents and the ordering of the coef- 
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ficients should be the same; with the largest coefficient 

associated with the largest exponent, the second-largest 

coefficient associated with the second-largest exponent, 

etc. These properties will be illustrated more clearly later 

in the development of the DFT deconvolution method. 

Before proceeding to the next method, it seems 

appropriate to summarize some of the less desirable features 

of this method. Because the exponents are found in a 

sequential fashion, any error that is introduced into the 

line representing the slowest exponent is carried into the 

remaining data points by subtraction. This error is effect¬ 

ively amplified when the fitted straight line is subtracted 

from data points lying near it? invariably the number 

of significant digits is drastically reduced. The error 

that results when fitting these points is carried on and 

amplified further in the succeeding subtraction steps. 

For the most part, the error multiplication results 

from using data segments in a sequential fashion. Therefore, 

most attempts to calculate exponents by computer turn to 

least-squares techniques rather than to an automated curve¬ 

peeling method. Automation of the curve-peeling method 

finds its greatest application when a large number of two- 

exponent curves must be analyzed. 

2.2 Iterative Least-Squares Method 

Curve fitting by computer is probably the most common 

method for separating exponentials today. For fairly arbitrary 
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reasons, the fitting procedure most often used is one that 

minimizes the sum of the squared error. 

The method used in this study is a modification of 

the Gauss-Newton method similar to the modification of 

Levenberg [15] and Marquardt [17]• The derivation and 

theory presented is after Marquardt. 

In general, for a nonlinear function f of time t and 

the parameters o(.L j L = 1m , it is desired 

to choose so that the function is the best fit in a 

least-squares sense to a set of time and ordinate sample 

pairs [ , yk j k- i,... N} . 

First, let there be an error vector 

e ~ 

e, 

• 

• 

'YM1 

# 

• 

— 

' ' 

, te) 
• 

* 

eM y* (U ' "f (°t j *N) 

w tere oc 

■ * 

* 
é 

«m , 

Since the vector oc will be changed and neither the 
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equation (2.2) can be written in vector form as 
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ë = ÿ — f-Lct) (2.3) 

The total error is now defined as 

E = llëll = -jêTè = £Ee* (2.4) 
1*1 

This error is the suit of the squares of the error at 

each point, and the strategy of the method is to minimize E 

by systematically varying oc , 

Consider an arbitrary change in 0( , A « • The Taylor 

series expansion of the function f (oc.) evaluated at 0(0+ AOC 

is 

?(S.-À«) = f (of.) + E* + E*T^$ER + ... (2.5) 

If Aoc is small enough -f*(oC* + Aoc) can be approximated 

by the linear function of Ao( 

f (**£*) = f(5.) + A* (2.6) 

A specific value of Ac< will be computed which will minimize 
A     

the error H on the assumption that -F(trtOJAoc.) is a reason¬ 

able approximation to the function f (oT0 + Ao(). 
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â = i(ÿ-f) (y-f) 
4 _T— -T i - r~ 

= i y Y - f Y + jf -f (2.7) 

From the theory of maxima and minima it is known that 
A 

the -fiL must equal zero at the minimum of E. Therefore, 
ÔA« 

the next step is to take the required partial derivatives, 

equate them to zero, and solve the resulting equations for 

Â"ôc . Since y is not a function of A* , 

A T A T 

iL = - 7 + #Lr= o 
dA<X d AoC d AoC 

A T 
df_ 
0A0( / 

+ 

A 

d Aoc 
= 0 

df(#o) 
dot ào( 

Aot (2.8) 

When equation (2.8) is solved for AoC , the AoC thus determined 

is often too large for the approximation of equation (2.6) 

to be valid. In this case, the chosen step 2TÔC may lead to 
A 

an increase in E rather than a decrease. Levenberg suggested 

that a Lagrange multiplier A be introduced in equation (2.8) 

as shown in equation (2.9) to limit the size of the step. 

Equation (2.9) can be written with appropriate definitions as 
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( J JT + A I ) Art = J e (2.9) 

where 
faf(0 àffO df (tN) 

J = rd da )T= did) df(U) . 

doc, 

df (tu) 
3rtz ‘ 

* 

dcC& 
• 

* * d** 

9 

af (t) 

m 

0 

df(~t N) 
d&m ÔOCm 

0 • • • 0 
1 • * • O 

* • 

ô • i 

For A = 0* the Au computed is the same as that com¬ 

puted by the ordinary Gauss-Newton procedure. However, 

when A does not equal zero, Âü will differ from this value. 

When A is very large, equation (2,9) reduces to 

X I AU - Je 

Art 
J e (2.10) and 

X X 
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The fact that the step is made to be proportional to the 

gradient of E guarantees that X can always be made large 
A ** 

enough that E can be made to decrease. Therefore, when o 

is very different from the best value (i.e. the one which 

minimizes Ê), X is made large and steps are taken to get near 

the minimum. As the minimum is neared X is decreased so 

that the full Gauss-Newton step can be taken. When no fur¬ 

ther significant decrease in Ê can be attained, or some 

other stopping condition, the fralue of ô? arrived at is the 

best value for fitting the data. 

Marquardt's [17] or Levenberg's [15] procedures possess 

some advantages over ordinary quasilinearization (Gauss-Newton) 

and steepest-descent (gradient) methods. The Gauss-Newton 

is known to fail when the function cannot be adequately 

approximated by a Taylor Series [Equations (2.5) and (2.6)] 

to first order. As a result, the method will not systematically 

approach the minimum, but will increment the parameters in 

such a way that the error increases or decreases at random. 

If the initial values of the parameters are nearly equal to 

the best-fit parameters then the Gauss-Newton procedure will 

converge rapidly. In fact, the Gauss-Newton technique will 

converge in one step if the function f is linear in the 

varied parameter. On the other hand, steepest-descent, or 

gradient, methods always move along the error surface toward 

the best-fit valuer (if there are no interfering local minima 

or stationary points in its path) in an orderly fashion? how¬ 

ever, if the error hypersurface is curved in an irregular 
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fashion, the gradient method will take such small steps that 

convergence will be quite slow. 

In most problems the direction of the gradient-method 

step is almost 90° from the direction of the Gauss-Newton step 

[17] • Therefore, Marquardt reasoned that it would be 

beneficial to interpolate between the two to arrive at 

a hybrid method that would possess the best features of both 

methods. That the resulting method is an improvement would 

seem to be immediately obvious. For example, when the Gauss- 

Newton step is so large that the linear approximation to the 

function is bad, then the Levenberg Adjustment, X , is increased 

which weights the gradient method more heavily. As the para¬ 

meter values approach those of the solution, the calculated 

step size becomes more compatible with the linear approximation; 

hence, X can be decreased and the Gauss-Newton step receives 

more weight. This technique can be made stable at nearly 

any point and the speed of convergence increases near the 

minimum. Experimentally this approach has been shown to 

give good results [37] in tests with rather complicated 

performance indices, including the well-known Rosenbrock 

test function. 

The Marquardt or Levenberg method, as described above, 

is limited to least-squares problems, but since such problems 

are frequently encountered, this method has a great deal of 

utility. 

When one attempts to fit curves with exponents (which, 

of course, are very nonlinear functions), a stable numerical 
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procedure is needed, (It has been our experience that 

this method is quite stable in determining up to four 

parameters,) In any given problem, the shape of the error 

surface is generally not known, but it is most probably 

quite irregular and may not have a well-defined minimum. 

Some functions are not amenable to a least-squares 

approach because an analytical expression of the error 

function is not available for calculating the successive 

derivatives. This is not true with exponential functions, 

since the derivatives are readily calculated and, therefore, 

the Marquardt, of modified Gauss-Newton procedure, potentially 

has utility as a method for determining exponential components, 

2,3 Algebraic 'Method 

A third class of techniques for solving for exponentials 

are the algebraic methods. Since these methods are similar 

to a technique proposed by Prony [29] in 1795, they are also 

called Prony methods. The development which will be given 

in this section has been taken from Burrus and Parks [2], 

Consider the sum of exponentials function 

(2.1l) 

If y(t) is sampled at regular intervals, T , beginning 

at t = O , the sampled function is 

k*i 
i = 0,1,2,... (2.12) 
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-otltT 
Let Rk = 

e , then 

yt = E A„ Rk
L
: 1=0,1,2,... (2.13) 

k-i 

The 2-transform of equation (2,13) is 

Yo + yi z"A + yi£
i+ ... 

_ Ai . A-z . + A n 
1-R,Z

A
 1-RZZ

J
 1- R„Z

_1 

Combining terms on the right side of equation (2,13) yields 

y« + y4 
z_J+ y2

z"2 (2.14) 

This in turn can be written in polynomial form 

y. + yi*"1 + Yz z’ + 
a0 + aiZ

-1 + 

1 + b1z'
1 + (2.15) 

This equation has an n-th order polynomial in its 

denominator with roots Z. = Rkj k ~ ijZj * • • j n • T^e 

coefficients Afc can be found from equation (2,15) by the 
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calculation of the residues at the poles of equation. The 

exponents can be calculated from the roots of the denominator, 

polynomial according to 

= - ^7 In RK.. (2.16") 

Suppose the N values yi # i = 0, 1 , . . . N - 1 , 

have been obtained, and it is desired to use these values to 

calculate the polynomials in equation (2.15). 

Equation (2.15) can be written as 

[y*+ y* z_1 + -..+ yN-i 
Z’CN lV|[1 + l°* 2

_i+ . . . + lo„ Z'" 

= (2.17) 

This is the same as the convolution 

  r ûi 1 ^ 0t Xt . . .j f\ — 1 
2-» bkyi-k " t 0 , i i-n 
k=0 

(2.18) 

In matrix form this is 

Ol. Yo 0 0 ' * ' 0 1 
a» 
• 

yt Yo 0 * * ' 0 

« 
# • • # * # * # 
<Vi s: yn-l Yn-2. 0 
0 /n y*-i y0 
• • * • 

• * • 

0 
# « • 

. yn-i yw-2 yN-n-i 

i 

(2.19) 
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This matrix equation can be partitioned conveniently as 

<*0 

®1 
• 
• 
• 

0 
• 

* 

• 

0 

Ye ' * . 0 

Yl 
m 

0 

Û 

yvi * • • 0 

Yn 
• 
» 

• ' y0 * 
0 

0 

. /M-I 

« 

* * YN-U-1 

1 

k. 

(2.20) 

These partitions can be defined as matrices so that 

equation (2.20) can be written in a less cumbersome form as 

Yi 

y* 
(2.21) 

Exact case: N = 
If N = 2n t then Yj>. has n rows and n+1 columns and 

a maximum rank n. Therefore, a nontrivial solution of 

the lower partition of equation (2,21) exists. The lower 

half of equation (2.21) can be written as 

yn-i • • • y. 
» • 

• « 

y*-2. y N- 

y 

 
r 

.V 

11
 1 

« 
 

-
<
 

* 
, 

Z
 

1 

(2.22) 
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or, defining the matrices of equation (2.22) according to 

equation (2.2 3): 

— - * 
Y 3 10 ( Z.2 3) 

If 

exists. 

Y3 is nonsingular, then a unique solution for b 

The coefficients d are found according to 

a = (2.24-) 

Inexact cases N > 2n 

If N > Z n , then equation (2.19) must be modified as 

- 1 

c
r
 
^

 

a. 

» 

y„ 0 ... 0 

Yi Yo 0 

* • 
# 

an-i 

» 
# 

# 

4 # * 

/n-i 0 

yn Yn-i Yo 
* 

* • * 
* 

W 
€M-1 YN-1 XN-2. 

(2. 25) 

The partitions of equation (2.25) can be defined so 

that equation (2.25) can be written as 
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(2.26) 

In the exact case the £ vector is identically zero; 

however, in the inexact case there are not enough degrees 

of freedom available to select b so that € is identically 

T -T- 
zero.* Therefore b is chosen in such a way that £ €. 

is minimized. Since £ is linear in b , only one step is 

required for the solution. 

The lower half of equation (2.25) can be written in the 

notations of equations (2.23) and (2.26), and the minimum 

value of £T€ can be found according to minimization theory. 

€ 

_T_ 
€ € 

_ / 

+ Y 

= (Ÿ3b%ÿO
T(Ÿ3b%ÿ

/) 

= b*Tÿ3
TŸ3r+ + y'V 

at* 
Z k* + 2 YJV = 0 

* ^ Can be' made identically zero under one condition: column 
1 of Y2 lies in the space spanned by the other columns of Y2 
regardless of N • 
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Notet This method of computing b wojjld give more 
emphasis to the larger terms in Y3 • Therefore 
it is desirable to weight the equations so that 
terms of small value will contribute equally as 
the larger terms. Therefore, we subsequently 
redefine 

Y, = 

Yn-1 //n • * * 

^ ! Yn+a. 
♦ 

• 

Yo / Y 

Yi / Yn+i 
m 

0 

/ 

a y = 

i ' 

1 
• 

* 

• 

* 

YH-z/ïH-i 1 
%
 

? 1 t 

1 

The proper set of b's satisfies 

— T  _ * —• T_ • , x 

Y, Y,b = - Y, /. (2.2 i) 

— r _ — * 
If Y3 Y3 has rank n, then a unique b exists, and 

a unique <â can be found according to equation (2.24) . 

An equivalent approach to the minimization of iT£ 

when the system 

Ÿ,b*=-ÿ' (2-28) 

is overspecified is by the pseudoinverse method [9, 21], 

Here Y3 is an (N-n) by n matrix where N > 2. n . This 

equation can be satisfied exactly if y / lies in the 

column-space of Y3 • It has been shown [2] that because 

of the shifted nature of the columns of Yz , y* lies in 
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in the space spanned by the other columns of Y^ , that is, 

Y3 , and an exact solution to equation (2.28) is guaranteed 

if and only if the sequence yi is the sum of n expo¬ 

nentials. In the practical ease, noise and measurement errors 

cause y7 not to be in the space spanned by the columns of 

Y 3 . Two instances of this condition can be considered: 

the case in which Y3 has rank n , and the case in which 

Y3 has rank less than n . 
  — * 

If Y3 has rank n , then the coefficients b can 

be uniquely determined from 

_ * 
b 

(2.2.9) 

where 

Here, Y3 is the so-called pseudoinverse and the b so 

-p * _ / 
determined are such that Y3 o best approximates -y in 

the least-squares sense[21]. 

When Y3 has rank r less than n, then a rank insuf¬ 

ficient pseudoinverse can be computed and a solution obtained 

that minimizes the least-squares erroar [9], The pseudoinverse 

in this case, however, differs from that of equations (2.29) 

in that 

Ÿ„+ = C + H”1 6 * (2.30) 



2-24 

where 

B has r columns and forms a basis for the column space of Y3 j 

C has r rows and forms a basis for the row space of Y3 j 

B+ = (B rB)'1 B T * the pseudoinverse of Bj 

Ol
 

+
 

II CT(ccr)'1 # the pseudoinverse of Cj 

H = B + Y3C 
+ 

9 of order r and invertible. 

Where 
_ / 
y does not lie in the space spanned by the 

columns of Y3 , then Y3 b * is the projection of -y* on 
w T 

the space spanned by the columns of Y3 • The error vector 

— — * _ / 
É - Y3 b + y 

is the projection of — y on the orthogonal complement of 
— r 

the column space of Y3 • 

Since the pseudoinverse is rather complicated when r 

is less than n^the columns of Y3 should be removed until 

the number of columns equals the rank of the reduced Y3 

matrix* 

The Prony method for finding exponents has speed as an 

advantage; however, it does not provide a true least-squares 

fit to all the data. The first n data points are fit 

exactly and the last N-n are fit in a least-squares sense 

[2]* Consider instead the equation 

a 

0 
Y b 

_ / 
+ € / (2.31) 
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or 

0 

_ / 

+ € 

b. O 

bA b„ 

; b' 
• : K • 

0 
: o 

o b. 
o 
b„ 

y» 

y* 

L 

£ is Nxl error vector 

B is NxN lower triangular matrix 

The difference between the actual data yV and the 

desired approximation g K is an error . 

In vector form, this can be expressed as 

e = g - y ( 2.3 a) 

Equation (2.18) can also be written, if g is eonsidered an 

approximation to y , as 

a 
0 (Z. 33) 

In terms of the two errors, the equation can be written 

_ a U 

.0 
= B y+ë and 

.0. 
£ (2.34) 
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Thus 
/ 

B ë = 

If b is found by equation (2.29), then B can be determined. 

Since B is lower triangular, it can be inverted. Therefore, 

If it is desired to minimize e, as was done in the 

nonlinear least-squares technique, the least-square error is 

This suggests that an iterative procedure based on the 

Prony method might converge to the ordinary least-squares 

solution. The iterative procedure is simple. The initial 

matrix B* is computed first using the ordinary Prony 

method. Then a weighted Prony method is computed using 

(Bf'fEi1 as the weighting matrix. A new Bz is computed 
at this stage; the weighted Prony method using CBz*)

T Bz* 

as the weighting matrix is utilized to give B3 . if this 

converges, the true least-square error will have been 

minimized. N, however, is frequently a large dimension and 

the inversion of B may be time consuming. Also, the iterative 

process slows the procedure considerably. For these reasons, 
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the ordinary Prony method may in fact be preferred. 

These methods have been shown [12, 19] to be extremely 

sensitive to noise. Therefore, some sort of smoothing of 

the raw data must be considered in order to provide mean¬ 

ingful results [19], Another drawback of the method is that 

it may yield unreasonable exponents when the matrix Y 3 

is nearly singular ( Y3 has a very small determinant), As 

with the nonlinear least-squares method, the value of n 

may be set initially to one and successively incremented. 

The rank of Y3 may be checked or the exponents may be checked 

for rationality or the sum of the squared errors may be 

checked for decrease with larger n. Should (1) the rank 

of ¥3 be less than the current n, (2) the exponents be 

unreasonable, or (3) the total error remain constant or 

increase with a larger n, the number of exponentials that 

can be resolved will automatically be determined. 

Because of its sensitivity to error in its simplest 

form, a nonlinear least-squares method will probably provide 

greater accuracy than the Prony method discussed in this 

section. However, the noniterative Prony method could 

be utilized as a starting method for a regular nonlinear 

least-squares method. 

2.4 PFT Deconvolution Method 

The development of the new DFT deconvolution method 

that is described in this section is linked very closely "frith 

the older "deconvolution" method, Gardner's method and the 

theory of deconvolution proposed by Hunt. Therefore, 
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Section 2.4 is divided into three sections. Section 2.4.1 

discusses Gardner's transform method and some observations 

concerning exponential analysis in general that Gardner's 

method elucidates. Section 2.4.2 examines some problems 

involved in deconvoltition and Hunt's method as it is applied 

to the DFT deconvolution method. Section 2.4,3 presents 

the DFT deconvolution method showing how it differs from 

Gardner's approach, how it is similar to his approach and 

what its own characteristics are. 

2,4.1 Gardner's Transform Method 

Transform methods [6, 8] have been developed to avoid 

the assumptions that must be made in curve-fitting procedures 

and to model the processes which are occurring more adequately. 

Let us represent an exponential curve f(t) by the 

Laplace integral 

(2.37) 

If g («.) is considered to be a finite sum of weighted 

Dirac delta functions, 

then -*i,t 
(2.39) 
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In this representation f(t) is an integral transform 

of g(«0 as defined by equation (2,37) The transform 

method of exponential analysis involves the calculation of 

the inverse transform of f(t) to determine cj(ot) [6], 

Unfortunately, a simple integral form, like equation (2.37), 

does not exist which will produce from a given f (t). 

Therefore, numerical methods have been developed to 

accomplish the approximate inversion of equation (2.37) 

[6, 28, 36], One of these numerical procedures, being based 

upon an analytical inversion of equation (2.37) by Paley and 

Wiener [23], has been investigated previously [3, 5, 6, 27]. 

In these studies it has been shown to be able to resolve 

closely-spaced exponents very well, at least compared to 

other transform methods [25]. The fact that the method, in 

truth, is a deconvolution was not recognized by these authors 

and apparently has not been made use of until the present 

study. 

The transformations which change equation (2.37) into 

a convolution integral are of interest, serving to illustrate 

the method. 

Let us change the variables oL and as follows: 

and 
t = e 

fiv 

where is an arbitrary constant, u and v are independent 
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variables. 

Thus equation (2.37) can now be written as [6] 

= / %(e/3'X) exp[-e^V U)]e_/$^Ju 
— oO 

( 2.40) 

oC 

/v 

Multiplying both sides of (2.40) by e 

e/Sv f (e'*v) = / exp[-e'SCv'ul]e/'(v‘“)j<Ju 

(2.41) 

The right side of equation (2.41) can be recognized as 

being in the proper form of a convolution integral, especially 

if the following functions are defined: f (v)= e^Vf(e^v), 

g'(u) = g(e-^“),and e'(v) = exp 

Then 
OO 

=_/ 5/(u)e/(v-u)du (2.42) 

where 

(e”'ÆU) = -Î 
(e^“) 

The process of calculating ^(u) when f (v) and e^v) 

are given is called deconvolution. In Gardner's work, how¬ 

ever, a slightly different but equivalent viewpoint is taken. 

Gardner chose jô= 1 and took the Fourier transform of 
both sides of equation (2.41). 
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f evf(ev)eJ dv ~ g (e~u) exp[- e^V dudv 
__ OO - oô . oO ^ 

(2.4.3) 

Le ttimg s = v - u or v = 5 +• u and d v = ol s , then 

/ evf(ev)e JW dv -/ /c|('e'Wy)exp[-eS]eSe''j40<‘S+U)clucls 

(2.4-4-) 

The right side of equation (2,44) is separable into an 

integral in u and an integral in s. 

*O0 ^ OO 

f evffev)e ° civ = / g(e'u)e’^w'clu /exp(~ es)es e J^Sds 
-o° -00 ^ _ 00 

(2.4.5) 

These relations are Fourier transform integrals. If the 

Fourier transform pairs below are defined, 

F(w) evf(cv 

G (<*>) g(e“) 

KM — exp{-€ 

unknown G C can be c 

G(w) = 
F(co) 

K(^) (2.46) 
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and its inverse transform is 

q (e~U) = ~^=rr J G(te) e J Jus . (2.47) 
J -OO 

Since K(^ goes to zero as CO increases, F(w) must 

go to zero more rapidly than K(co) , otherwise G(co) may 

become very large. 

It is interesting to note that since noise in the data 

is usually of higher frequency than the data itself, the 

value of F at large <0 may be due, essentially, to 

measurement noise. Since, also, the inverse Fourier trans¬ 

form integral (2.47) must be truncated at some finite 

frequency for purposes of numerical evaluation of the 

integral, one finds that the lower this limiting frequency, 

the smoother the cj (e"a) function will be (i.e., a certain 

amount of filtering occurs as a result of the truncation 

process)• Correspondingly, if the limit is too large, 

spurious high frequency components may be present in the 

calculated (e W) , as shown in Figure 2.4(b). 

Since the integral (2.47) is truncated, the 

function can only be an approximation to the true gf (& ) 

function which contains frequency components outside the 

truncation limits. These deleterious effects can be 

illustrated in the following manner. 

Consider 

f(0 = At 
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Figure 2.4• Effect of error on the results. (a) The 
typical sine-function resulting from a single exponent, 
(b) Error produces increased size of error ripples; 
central peak is essentially unchanged. 
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Then 
f(V) = ev A1exp(-*,ev) 

= A1 ate
v exp (- «i«v) 

*1 

= 4^e(v+ln«i:>exp[-e
(''+1"^].(2.48) 

*1 

If the right-hand side of (2,48) is compared with e^v) 

when jS = \ t 

efCv)\ = expf- ev) e*, 
p = x 

C2.49 ) 

then it is evident that the function in equation (2.48) is 

an amplitude-scaled, shifted version of e*(V). (See Figure 

2.5) In this case 

f'(v) = e'(vln ecj (2.50) 

Therefore 

F(co) ~ Ai K(tü)e 
oCx 

(2.51) 

since G (v) has the Fourier Transform K(to) . 

This result leads to the G(co) given below 

sw-m - 4^e (2.52) 
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Figure 2.5, A sketch of ev exp (- eV) - (a), and 
for fft) «*«"**, (b). 

V-Kev) 
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If the integral (2.47) is truncated and computed as 

then, for the example being considered, t 

_ sin u>e(u + In op 
^(u + lnoCj.) 

(2.54) 

Equation (2.54) says that instead of obtaining a delta 

function, a sinc-function is obtained. As shown in Figure 

2.4(a), a sinc-function consists of a central peak and an 

infinite number of off-centered ripples of diminishing height. 

And the observations made about the separability of two 

functions in the curve-stripping section are described 

mathematically by equation (2.54) , The displacement of the 

sinc-function along the u-axis (abscissa) is not proportional 

to o£ 4 , as indicated in equation (2.38), but to lntfla 

This indicates that the separation of two sine-functions, 

lh. lrv o(i , is indicative of the ratio of the exponents 

i / <*a.\ 
In• Also, the value of the peak of the sinc-function 

is not only proportional to Ai , but also inversely propor¬ 

tional to <£\. . Thus, the ability to separate components 

is enhanced when A/c£ for all components are about equal. 

The large exponents will be associated with the larger 
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coefficients. When "F(i) is a sum of exponentials, then the 

calculated g(e"u) would be 

-UN V A[ sin to.(utin <*i) 
3 'e ' ^ <*L TT (u+ In <Xi) 

The exponents would be detected by looking at g lG J 

and finding the outstanding peaks at U — — In. c^. Since the 

sine-functions and their sums contain peaks and valleys, 
A- 

those peaks for which are relatively small compared to 
Oci. 

A ■ the -~y of other peaks may be obscured by ripples. Also 

the sine-funétions can interact in such a way as to shift 

the apparent peaks and disturb their relative heights. 

Equation (2.55) is derived assuming no noise or calcu¬ 

lation error; when noise is present, as it assuredly is in 

any application of the method, the effect is to increase 

the height and change the frequency of the non-central 

ripples. Thus, error affects the interpretation of ) 

by producing abnormally large "error ripples;" these may 

cause uncertainty as to which peaks indicate exponents and 

which do not [6]. This is shown in Figures 2.4(a) and 2.4(b). 

Again the presence of error in the data degrades the ability 

to resolve separate exponents, 

Pizer, et al [27], have attempted to refine the location 

and heights of the sine-functions present in gfe’uJby 

correcting for the distortion caused by the addition of sinc- 

functions. The frequencies of the sinc-functions [Equation 

(2.55) 

~ / ~u 
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(2,55)] are determined by the limits, ^» , of the inverse 

Fourier transform integral. Thus a sinc-function can be 

fit to a peak by determining the height and position of that 

peak. The sinc-function due to the highest peak can be 

subtracted from the rest of the curve. Then the next highest 

peak is selected, a sinc-function is fitted to this peak, 

and it is subtracted from the sum. This is repeated until 

one suspects that no more exponentials are present. If 

one suspects that n exponentials are present in the data, 

n sine-functions associated with the n different exponentials 

are determined. A second pass is made through the output? 

this time the last n-1 sine-functions determined are subtracted 

from the original output and a new approximation is obtained 

for the first peak. Next, the first peak and the last n-l 

peaks are subtracted from the original data and a new 

approximation is determined for the second peak. This procedure 

is continued until all the peaks are so refined. The refine¬ 

ment procedure is repeated until the change in position of 

each peak from one iteration to the next is considered 

negligible. 

This rather lengthy description of Gardner's transform 

method and the subsequent refinements has been made in 

order that we may compare it with the three methods described 

previously. Some of the same observations made about the 

other methods have also been made about the transform method? 

in fact, these observations can be demonstrated more easily 

from the equations given in this development than in the 
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other techniques. The essential difference between Gardner's 

method and the new DFT deconvolution method is one of 

implementation; therefore, essentially all the comments made 

about the Gardner method apply to the DFT deconvolution 

method. 

2.4,2 Deconvolution 

In order to better understand what tle deconvolution 

method involves, a short discussion of convolution and 

deconvolution in general will be given. 

Now, recall equation (2.42). 

-ftv)= / g'(u) e/(v_ (2.42) 

If the functions gYu) and e^v-u) are reasonably 

smooth functions, any of several methods of quadrature may 
b / 

be applied to evaluate the integral f etV-u) d u [n]. 

The integral may then be expressed for any value of v to a 
m 

close approximation by a sum ^ Wj(v) g (uj), when the uj's 
j ~ ^ \ 

are suitably chosen. The Wj(v) depend upon v, tke Uj^ e'(v-uj)^ 

and the method of quadrature. If the f* (v) are sampled at 

V = Vj_ t i = 1,2;... then the integral (2,42) can be written 

in matrix form as 

W = f + * , 62.56) 
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where the matrix W has elements Wg Wj Cvt) , 

g represents ^'(u2) 

f represents r//'vr> 

The error vector £. has been included in equation (2.56)• 

Usually the main sources of error are the measurements rather 

than the method of quadrature. If mis reasonably large 

and the integrands are smooth, the quadrature method gives 

an error of less than one percent, which is less than the 

measurement errors in most experiments. 

The direct inversion of equation (2,56) has been shown 

to be impractical [26]. The smoothness of e7(v-u) £s seen 

in the interdependence of rows of the matrix W. If there 

were no error, the rows would be independent as long as 

no nontrivial linear combination of the rows vanish. However, 

a nontrivial linear combination of the rows which does not 

vanish but is everywhere less than the error is no better. 

Therefore, the method of deconvolution should make allowance 

for measurement error to arrive at a stable solution. For 

these reasons the direct deconvolution procedures[4] would 

seem to be unsuitable. Fortunately, a technique for 



deconvolution that can give meaningful results in the presence 

of measurement error has been developed [11, 26, 34], 

Beginning with équation (2.56) one can see that, a priori, 

one cannot ascertain the relative amounts of § and e 

contained in the sum (§ + €. ) . Therefore, an infinite 

number of , e.) pairs are possible which satisfy (2.56). 

To obtain a unique solution one can constrain the solution 3 

in some way; however, to have any usefulness, the constraint 

should be plausible from a physical or a mathematical point 

of view. The following minimization problem can now be 

formulated. 

Minimize Q = 9 ^3 where H is a constraint matrix 

subject to 
T— 2- 

ee « e (2.57) 

where £ = w;-f 

Introducing the Lagrange multiplier À , one may now 

select g to minimize the expression 

(wÿ-f ) (Wg-f) * A Cj (2.58) 

Since this expression is quadratic in g and greater than 

zero for any g ( À positive), the g which minimizes (2.58) 

is given by the solution to the set of equations 
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This is the same least-squares solution that would be obtained 

to the over-determined set of equations 

i = i 
(2.60) 

j?i k*j ° 
k, l) • j 

by assigning unity weight to the first set and weight À 

to the second set. 

This approach requires that a large number of equations 

be solved in order to obtain g at enough points to allow 

accurate interpolation of the *j(e~U) curve. The resulting 

large system of equations may require large computer space 

commitments and take excessive computation time. 

Hunt [11] has developed an alternative method which 

offsets these time and space faults to a certain extent. The 

so-called Hunt method makes use of a Discrete Fourier Transform 

(DFT) implementation which is faster and occupies less 

storage space than the simultaneous equation method, especially 

if the number of points is very large. (Hunt used his 

method on 1,000-point sequences.) 

The theoretical derivation of the Hunt method is identical 

with the matrix approach up to equation (2.59). Hunt shows 

at this point that if H — CTC and if Cg is equivalent 

to convolving a sequence {C.*} with {çjic} , then equation (2.59) 

can be represented as a sum of convolutions of sequences with 

the sequence . If the sequence lengths are adjusted 
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so that cyclic convolution of the augmented sequences is 

the same as the ordinary convolution of the unadjusted 

sequences, the N-length DFT of these sequences can be com¬ 

puted and an equivalent form of equation (2.59) can be 

found. That is 

\A/tn)W(n)G(«) +XC*WC(n)G(n)= W*MF(") 
(2.61) 

where the terms are DFT's of the sequences of equation (2.59) 

Therefore 

Gx(r\) - 
W*(r\) F(n) 

W*(n)W(n)+AC*(n)C(n) 
j Ki — 'Mj N -1 ♦ 

(2.62) 

When X-Q , G(n) = which is equivalent to direct 

inversion of Wg - f . Since both F(n) and W(n) both go 

to zero for large n, the same problem of instability results 

as in the matrix method. The A C*(n)C(*"v) term, therefore 

acts as a filter which attenuates high-frequency components 

of G(n), Therefore, since the attenuation of the filter 

depends upon A , varying A has the same effect as 

varying OJ0 in Gardner*s method. Once G(n) has been 

determined, it is a simple step to compute the inverse DFT 

and obtain g (e l) t L = 0,...,N-1. The output of the 

method, g (e~Ut) , has the same properties and is inter 

preted in the same way as the output of Gardner's method, 

with one exception. 
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The most obvious difference between Gardner's method 

and the DFT deconvolution method is that the latter operates 

on point sequences* Since these points are samples of the 

continuous functions used by Gardner, the output should 

be samples of Gardner's output. However, because the DFT 

deconvolution has a filter which gradually removes the high 

frequency components instead of the abrupt cut-off, , 

used by Gardner, a sinc-function or a sampled s inc-funetion 

does not result from a single exponent. The function that 

does result from a single exponent should be similar to a 

sine-function and its frequency should depend upon \ • 

This function can be determined numerically by computing the 

output (e U) when -F(-t) = e * • The resulting equivalent 

sinc-function (ESF) may be used in the subtraction procedure 

for refining the locations and height of the suspected peaks 

in exactly the same way as by Pizer, et al [27], 

The parameter in equation (2.40) is not necessarily 

unity, but it can be chosen to limit the effective extent 

of the sequences so that cyclic convolution may be used. 

2.4.3 DFT Deconvolution 

Although many of the equations have been given before, 

the DFT deconvolution method for calculating exponents 

will be given in summary. 

The Laplace Integral 

f(+) = / 0 (o0 e ” da. C2.63) 
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becomes under the changes of variables 

t — ^ j (2.64 ) 

f(S') = / gU'“) «P[- (2.66) 

/tf V 
Multiplying both sides by e gives 

/vf - / g fe^*Vexp[-e^^V ^e'^’^du. 

(2.66) 

Defining 
e'(u) 

f'M 

g'(u) 

/Su 
fie. exp 

e^f(e^) 

g(e'^“) 
(z-67) 

yie Ids f'(v) = / q'(u) e'(v-u)du (2.68) 

If ft is chosen so that equation (2.68) contains 

negligible area outside certain finite limits, u and v are 

taken at regular intervals, Au and AV , and the 

quadrature coefficients, W1 , are chosen according to a 

suited)le quadrature scheme, then 
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f Yk. AV) = 13 «'(iûu) e^kAv-LAu) Wi (z.&9) + ' i.= - M ^ 

= - M j ..., ■*- M * 

ft is chosen so that -f "f (
+
MAV); e ^-Mau)an3 

e'(-Mûu)are all approximately equal to zero. The sequences 

of the samples indicated above are augmented by enough zeros 

(at least 2M) to allow cyclic convolution. Thus 

, N-i 

fk = È W 
t=o 

(2.70) 

where the sequences are defined by equation (2.69). 

Hunt's method for deconvolution by DFT's is used to invert 

the convolution of equation (2.70). This requires that the 

smoothing sequence {Ck} and its DFT be computed. Therefore, 

W*(n) F(n)  
W*(n)W(n) + AC*WC(«) 

(2.71) 

And finally 

gi = orr-^GW] C2.72) 

To facilitate interpretation of the resulting curve, the 

ESF (equivalent sine function) for the specified values of À 

is calculated. The ESF has two uses. It provides a standard 
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curve for the subtraction technique of refining peak height 

and location, and it permits calculation ôtf a scaling 

factor so the peaks are equal to Ai/o(i. and are not just 

proportional to it, 
_ T- 

If the error £. e. , where 

/ N-1 
Êk = ~ i 

is less than the estimated amount of error in the data, then À 

is increased sequentially until £■ is within two percent 

of the estimated error in the data. In most cases the $i 

do not change rapidly with À so that the estimated amount 

of error in the measurements need not be known accurately [11] • 

A general drawback to the DFT deconvolution method is 

that the method uses a DFT (as Gardner's method uses a 

Fourier Transform), and, as such, is indirect. However, 

DFT deconvolution implemented by the Fast Fourier Trans¬ 

form (FFT) requires fewer multiplications than a direct 

deconvolution for the' same number of points involved. Thus, 

the DFT deconvolution offers time savings over ordinary 

deconvolution and even greater savings over calculation of 

Fourier Transforms. 

The principle advantage of a transform method over other 

methods of exponential analysis is that the number of components 
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that are to be determined need not be assumed before cj (oc) 

is calculated. In fact, it is the only method of the four 

which permits the calculation of a continous distribution 

of exponents. In many inhomogeneous biological systems, a 

continuous distribution of exponents would be expected 

instead of a finite sum of exponents [35], An important part 

of the evaluation of the DFT deconvolution method will be 

to determine its effectiveness in determining these distri¬ 

butions. Since the DFT deconvolution method offers this 

opportunity and offers high resolution, although this 

remains to be seen, it represents a worthwhile object of 

study. 
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CHAPTER 3. COMPUTATIONAL ASPECTS AND ANALYSES' OF THE METHODS 

3.1. Computational Aspects of the Methods 

In order to test the methods presented in Chapter 2, 

these procedures have been programmed and applied to calculated 

curves that mimic experimental data. Of course, for these 

cases, the underlying exponential components are known a 

priori, thereby affording a basis for comparing the relative 

accuracy of the methods. 

This chapter is divided into five parts. The first 

three parts are devoted to descriptions of the computational 

aspects of the nonlinear least-squares methods, the linear 

least-squares method, the the DFT deconvolution method, 

respectively. [The curve-peeling technique has been 

described in Chapter 2; its computational aspects are not 

given here since it is not considered a computer prodecure.] 

The final two sections describe the tests that were run and 

their results, chapter 4 will show how these methods, in 

particular a combination of the methods, can be applied 

to actual experimental data, 

3.1.1, Computational aspects of the nonlinear least-squares 
method 

The theory of the iterative minimization of the squared 

error for a nonlinear function was given in Chapter 2. In 

this section the characteristics of this process when the 
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function is multi-exponential are examined. 

As a consequence of considering multi-exponential 

functions, the iterative process can be divided into two 

parts [13]. First, if the exponents oC'L are held constant, 

then the function becomes 

f (Ai,tk) = TIALCKL . Cué. e-0^ (3.1) 
1 = 1 ' 

where k — 1} 2. j . . . ) N j 

and N is the number of data points. 

Here is a function that is linear in At . 

Second, if the coefficients AL are held constant, then the 

function becomes 

= E (3.2) 

where k = 1 > 2 > • • • ; N 

and N is the number of data points. 

Therefore, the function is nonlinear in the *L , but the 

coefficients and sampling times are invariant. Taking advantage 

of this result, the program operates on the oC‘L and the A;, 

separately, on alternate iterations. Several practical 

advantages accrue from such a division. For example, the 
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number of parameters involved in each iteration is halved. 

Thus the matrix of first derivatives, J in equation (2.9) , 
-r — T 

contains half as many terms. As a result, J J is of 

dimension m by m instead of 2m by 2m, as it would be if all 

the parameters were varied at one time. Since the time 

involved in solving a set of equations is proportional to 

the square, at least, of the number of equations; the time 

for solving m equations can be significantly shorter than 

the time for solving 2m equations. Since in this method 

two sets of m equations must be solved in order to determine 

the changes in Ai. and respectively, solving these 

equations in the manner indicated above effects a saving in 

computation time. 

Another advantage is that since the function of 

equation 3,1 is linear in Ai. , then the linear approximation 

to f implicit in the Gauss-Newton method is now exact, thus 

satisfied for any stepsize. This allows the Levenberg 

parameter to be zero during the step involving the A L 

without fear of taking too large a step. This parameter is, 

however, necessary during the o(. i step, since equation 

(3.2) is still quite nonlinear. 

The details of the algorithm are given by a flow chart 

and a program printout in Appendix III. It may be useful, 

however, to consider the following summary of the program. 

The number of data samples, the number of exponentials, 

and the initial values of the parameters are entered first. 

The data points are smoothed using a technique [19] described 
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Figure 3.1. Block diagram of the nonlinear least-squares 
algorithm. 
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in Appendix III also. The next step is to calculate the 

error using the initial values of the coefficients and 

exponents. At this point the iterative part is entered. 

The first time through the loop the necessary changes in 

the coefficients are calculated. An iterative method for 

solving simultaneous equations is used which has better 

error properties than the standard matrix inversion approach 

[381 • The resulting changes in the parameters are added 

to their respective original values, and the error using these 

new values is determined and checked. If the new error is 

less than the initial error then A (the Levenberg Adjustment) 

is halved. If the new error is larger than the previous 

value of the error, either A is doubled or the stepsize 

is halved. Practically, the error very seldom increases 

from one iteration to the next. 

When the coefficients are varied, À is set to zero? 

however, when the exponents are varied, A is set to some 

arbitrary value, presumably large enough to quarantee that 

the error decreases. In both cases the same method for 

calculating the parameter changes is used, the only difference 

being that the form of the first partial derivatives differ. 

After each iteration on the exponents, A should be diminished, 

if the error decreases, A eventually becoming negligible. 

A final step in the method, the determination of the stopping 

condition, requires that the computed percentage change in 

each exponent be less than 0,1%, Coefficients are not con¬ 

sidered in the calculation of the stopping condition, since 
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they most probably converae to their "best" values faster 

than the exponents. This is due to the theoretical one- 

step convergence properties of the Gauss-Newton algorithm 

operating on a function that is linear in the varied 

parameters. 

When the stopping conditions are reached, the program 

stops and the results are printed out. The basic structure 

of the algorithm is shown in Figure 3.1. Only the iterative 

parts are shown; the stopping condition determination is 

not included. 

3.1.2 Computational Aspects of the Linear Eeast-Squares Method 

Chapter 2 has described the reasons for considering 

the linear least-squares method; in this section the details 

of implementing the method will be discussed. A copy of the 

program is given in Appendix III. 

The number of exponents that will be determined and the 

number of equations that will be produced are necessary 

input parameters. The data samples are entered and the 

data is smoothed to compensate for some of the noise. A 

five-point exponential-fit smoothing routine that was found 

to be useful by other authors [19] is used for this purpose. 

Since this method, the Prony method, requires evenly 

spaced data, an interpolation routine is necessary if the 

raw data is not sampled evenly. Therefore, an Aitken 

interpolation scheme was programmed such that a fifth-order 

polynomial interpolation for the point was obtained. The 

constant interval between data, DELT, is a necessary input 
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parameter. Once these preliminary steps are accomplished, 

the necessary equations for determining the b's are constructed 

and solved. From these values the a's can be determined by 

multiplying two matrices. 

The roots of the polynomial formed by the b's are 

found easily if the order of the polynomial is one or two. 

In the first-order case, the root is ^1 = -^1 ; in the 

second-order case, the roots are found by the quadratic 

formula, r,, |r2 “—jf1 - *\j(_^1) ” l°2. . For 

equations of the third order or higher the roots are found 

using an iterative root-finding program. Since only real, 

negative exponents are reasonable, the roots must be real 

and smaller than unity, since rL = e 0<i.^DELT^ . if 

these conditions are not met, one can only conclude that 

the method has failed. 

The last steps are to calculate the coefficients and 

to calculate the exponents from the now determined a's, b's, 

and roots r^. The Aj. are calculated using a general 

formula for calculating the residues, 

n-l 

£ 
j = o 

r-i 

îxihrC
ij 

j-i 

-cj-0 
(3.3) 

which is valid whenever there are no repeated roots. The 

are determined according to the definition of the , 
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Figure 3.2, Steps in computing exponents by the linear 
least-squares method. 



3-9 

<*L = “ In ri /(DELT) (3.4) 

A general outline of the method is shown in block 

diagram form in Figure 3.2. 

3.1,3. Computational Aspects of the PFT Deconvolution Method 

The deconvolution method, as described in Chapter 2, 

requires that a convolution integral be inverted. This 

cannot be accomplished directly, as was pointed out, but a 

means for compensation of the error caused by noise in the 

data and truncation of the convolution integral are 

necessary. 

The first step in implementing the deconvolution 

transform method is getting the data sequence into the 

proper form. After the raw data is smoothed, the change of 

jS v â v 
variable, t — , and the multiplication by Q

P
 , 

0v r / ytf v ^ 
change the normal exponential sequence f(t) to tic / , 

The FFT algorithm requires that the sequence be taken 

at equal intervals in the variable v. Thus it is convenient 

to take integers for v and adjust p to provide the 

proper span of /S v to include all significant parts 

of the function. That is, for the convolution integral 

from — oo to + to be approximated, the range of v 

and a must be such that essentially all the integral is 

contained in some finite interval - p £ v ^ + P for 

some integer p • The parameter p is selected so that p 

can be made to be about equal to N / 4- , where N is the 
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length of the FFT sequence. This means that the first term 

in the sequence is approximately 

Ç (o) • The -§-th term in the sequence is 

f 4 , This term approaches zero 

due to the rapidly declining nature of f (,S/<5V) , For 

even the smallest o( ^ j eventually goes 
_ A y 

to zero much faster than e ^ so that the product of 

^ ^ "f [ e ^ ^ 4 ^3 becomes negligible. Since 

r 0 v 
it is not possible to sample t at the times e , 

for v an integer# the values of f at these times must be 

interpolated from the data. 

Several interpolation schemes were considered. The 

best method for exponential data seemed to be Aitken's 

interpolation of the logarithms of the data. Maximum 

accuracy could be attained at about the fifth iteration of 

the Aitken method so that a fifth-order interpolation is 

made. 

N 4 v 
As V nears — 1 # the time function 6 

should exceed the time at which the last data point was 

taken. Therefore these values of f(t) must be extrapolated 

from the last few data points. The method used for 

extrapolation is very simple* the last five data points 

are assumed to be monoexponential and the best-fit exponential 

jS v 
is calculated to these five points. Any values of 

which are larger than the time of the last sample# enter 

the extrapolation procedure rather than the interpolation 

procedure. 
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To prevent computational underflow at these points, the 

interpolation and extrapolation are produced in natural 

logarithmic form so that the antilogarithm can be set to 

zero if the logarithm is less them negative one hundred (-100). 

After the interpolated or extrapolated value of f is 

calculated, it is multiplied by e ^ v . This gives the 

final sequence e^v f (e*3*) to which zeros are 

appended. (See Appendix 1.3.) This sequence is operated 

on by the FFT routine and the result is stored. 
ûix f The next step is to compute the sequence e.r expi—e ), 

This computation is straightforward and is done for all u 
N N| B\x between - and - 1 .If e is larger 

than one hundred, then the exp(-e^U) term is small 

enough that the product can be set equal to zero. After these 

the end also. 

Since the convolution is basically an integral operation, 

quadrature weighting terms should be applied to the 

quadrature weighting schemes detected little difference 

between unity weighting, trapezoidal-rule weighting and 

Simpson'a rule weighting schemes so that, for simplicity, 

unity weighting factors were used throughout. (The reason 

for this result may be that the weighting factors produce 

high frequency effects and are filtered out by the constraint 

sequence.) 

The FFT of the sequence e exp(-e Jis now computed and 

values are calculated, zeros are appended to 

e' (u) , sequence. A check of several 

the results stored, The only sequence that remains to be 
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computed now is the discrete Fourier Transform of the 

constraint sequence -jc^ j • There are several possibilities 

which were evaluated for the sequence. Several that have 

been suggested [11] are first-order differences { + 1,-1} , 

second-order differences { + 1,-2,+ l"} , third-order 

differences {+1,-3,+3,-1} # and fourth-order differences 

£+l,~4,+ 6, ~4J + 13 t T^e results with these methods 

were practically the same; therefore, a fourth-order 

difference sequence was used since it had a better defined 

high-frequency cut-off point. Rather than compute the DFT 

of these short filter sequences with the FFT routine, the 

DFT was computed analytically using real multiplications. 

The program is now ready to calculate GC^) according 

to equation (2.62). Next, the inverse discrete Fourier 

Transform of G(n) is computed and the first few points 

of the sequence are printed out. According to the arguments 

regarding cyclic convolution in Appendix 1.3, the number 

of useful points in should be the difference between 

the number of useful points in Q.p T(&P ) and the 
a u * 0u\ -6u 

number of useful points in e expv-e )t Also since A-S } 

~0 y 
for positive u, e " decreases through the normal range 

of exponents quite rapidly. Therefore, the portion of the 

curve of interest will be the early part of the curve. 

Figure 3.3 describes the algorithm in block diagram form, 

3.2 Comments on Method Evaluation 

A basic consideration in the evaluation of the four 

exponential detection methods discussed is the resolving 
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Figure 3.3. Block diagram of DFT deconvolution 
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power of a particular technique. Here resolving power 

refers to the minimum separation existing between a pair 

of exponents that still allows the detection of two dis¬ 

tinct exponents. In general, this ability to distinguish 

between closely separated exponents depends on (1) the 

length of the data record, (2) the amount of noise present 

in the data, and (3) the relative values of the coefficients 

of the exponents. Typically, tests are run [3, 6, 7, 19] 

to determine the performance of a particular method in 

resolving exponents of a multi-exponential test function, 

wherein the exponents are in various ratios (e.g. well- 

separated 10:1, 5:1 or more closely separated 3:1, 2:1). 

The resolving power of a method is further tested by (1) 

adding random noise with various percentages of standard 

deviation to the simulated data, (2) examining the effects 

of exponential coefficient values by adjusting the 

relative strengths of the coefficients prior to ident¬ 

ification, and (3) shortening the time length of the data 

record to observe the effect of data truncation on the 

ability of the methods to resolve the exponents and coef¬ 

ficients of the test function. Each of these factors is 

discussed in greater detail in the following sections 

(3.2.1- 3.2.4). 

Parenthetically, we ran a series of tests on the 

Rice IBM 370/155 to determine the performance of the four 

methods in identifying the exponents of a theoretical test 

function when the ratios were 10:1, 5:1, 3:1, and 2:1; when 
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the data had random noise with a percentage standard 

deviation of 1%, 3%, and 5%; when the coefficients had 

relative A/e< ratios of 1:1, 0.6:1, and 0.4:1; and 

when the time length of the data record was shortened.* 

Other information was also obtained with additional tests, 

such as, single exponential curves with various degrees of 

noise, and test functions with three or four exponents. 

These results are reported in tables in Appendix II; the 

results of the tests utilizing random noise of various 

standard deviation error are not to be interpreted in a 

rigorous sense, since the sample size was only three. 

Certain trends can be seen in this data, however, which 

tend to verify the results of similar tests by Myhill, 

et al [19], using the linear least-squares (LLS) method, and 

by Glass and de Garreta [7] using the nonlinear least- 

squares (NLS) method. The sample size in each of these 

investigations was ten. The adequacy of the sample size is 

not justified in these or any other studies on this subject 

to our knowledge, and it is generally chosen in an arbtirary 

fashion. It was felt that duplication of the aforementioned 

studies [7, 19] would be of dubious value and further, 

a full comparison of all four methods for a sample size 

of 10 or greater would involve a great deal of computer 

time without necessarily providing the information we 

desired. 

* One will recall that coefficients have equal strengths 
when the Ai/ofj, ratios are the same (Section 2.4) . 
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Table II.9 in the appendix is of particular interest 

since it indicates that a more detailed study of the 

three-exponent, 10% error curve could be most helpful 

in distinguishing the relative accuracy of the four methods 

in determining exponential components in the presence of 

noise. Therefore, ten runs were made for each method in 

this one case and the results are reported in a later 

section (Section 3.2.6). 

3.2.1. Effect of Exponent Separation on Component Besolvability 

One of the more important factors affecting the 

ability of any analysis technique to distinguish exp¬ 

onential components is the separation of the exponents. 

Several authors have examined the Prony [19], the nonlinear 

least-squares [7] and the transform [3] methods for 

various separations of the exponents. In each case, 

the ability of the method to measure the actual values 

of the exponents was impaired when the separation was 

decreased. 

Glass and de Garreta [7] and Myhill, et al [19] 

performed a detailed analysis of the separation with 

respect to the amount of random error in the data. They 

found that with little or no error in the data, exponents 

in the ratio of 2:1 could be resolved. Callahan and Pizer 

[3] did not perform such detailed testing; however, they 

too, found that exponents near the ratio of 2:1 were the 

practical resolution limit for the transform method. 
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3,2,2, Effects of Error1 in the Data 

Closely related to the resolvability is the amount 

of random error in the data. In fact, the more error in 

the data, the less likely are the exponents to be resolved, 

Myhill, et al [19], reported that the LLS method computed 

the exponents with an accuracy of 10 to 15 per cent if 

they differed by a factor of 2 with about 2 per cent 

error in the data. The separations had to be increased 

to factors of 4 and 6 when the error was 6 and 10 per 

cent respectively. Glass and de Garreta [7] found that 

the error in the computed parameters increased as the 

data error was increased, And that the contaminating 

effect of the error was greater when the exponents were 

closely spaced. 

In the small sample calculations in Appendix II, 

these same trends can be observed. 

Lanczos [12] has found that the algebraic method, 

or Prony's method, is very sensitive to error in the 

data. The tables in Appendix II seem to indicate that 

the LLS method may be more adversely affected by data 

error than other methods 

3,2,3 The Effect of Shortened Data Lengths 

The length of time that one can obtain data is 

often beyond the control of the experimeter. Therefore, 

a study of the effect of insufficient data on the methods 

and the relative resistance of the methods to deterior¬ 

ation of this kind would be useful. 
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Myhill, et al [19] examined the effects of trun¬ 

cation of the data record on the ability of the LLS 

method to find the exponents. They found that the 

error in the computed exponent values did increase sub¬ 

stantially, depending on the shortness of the data record. 

One can deduce that the methods which would be most 

adversely affected by data truncation are those which 

rely upon extrapolation of the tail of the curve; the 

curve-peeling technique utilizes this tail, as does the 

DFT deconvolution method. Therefore, these methods would 

seem to be more sensitive to data shortening. The results 

in Appendix II (Table II.7) seem to uphold this conclusion. 

3.2.4. The Effect of the Coefficient values 

In addition to the external attributes of the data, 

random error and time duration, there are two internal 

attributes, the exponents, which were discussed in Section 

3.2.1, and the coefficients. From the discussion of the 

exponents the concept of tesolvability has been developed. 

This only leaves the examination of coefficients and their 

effect on the computation of the exponents to be discussed. 

The ratio Aj./°^i was shown to have significance in 

Section 2.4 for the DFT deconvolution method; that is, 

if the At/rti ratios of the exponents are equal, then the 

heights of the peaks associated with the exponents are 

equal. The existénce of a wide variation in Ai/d^ ratios 

may cause the smaller peaks to be hidden by the ripples 

associated with the larger peaks. However, for the other 
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methods, there is no similar analytic means of determining 

the effect of the coefficient values on the ability to 

calculate exponent and coefficient values. Nonetheless, 

there are empirical approaches that are useful for obser¬ 

ving what these effects are in a qualitative sense. 

In section 2,1 it is observed that a small coefficient 

alone is not a guarantee that an exponent cannot be determined. 

There are compensating effects in the ordering of the 

exponents and coefficients, i.e, if the larger exponents 

ape associated with the larger coefficients* In the two- 

exponent case both exponents can be calculated accurately by 

curve-fitting methods (curve-peeling, linear and nonlinear 

least-squares) only when the slowest exponent is recorded 

for a period during which the other exponent is negligible. 

In like manner the faster exponent must be recorded (i,e. 

sampled) several times during the period for which it 

dominates the curve, A few semilogarithmic plots will 

suffice to illustrate these principles and to provide a 

basis for interpretting the tesults of the reduced 

coefficient tests. 

The first figure, Figure 3,4, shows two exponents 

with the same coefficient values. Figures 3.4(a) and 3.4(b) 

differ in that the fast exponent is faster in Figure 3.4(b) 

than it is in Figure 3.4(a), Therefore, the exponent 

separation ratio in Figure 3.4(b) is larger than that in 

Figure 3,4(a). However, the faster exponent is the dominate 

exponent over a shorter time interval, and, conversely, the 
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Figure 3.4, Two exponents with equal coefficients and 
unequal exponents. 

(a) oC * / <*z •= 3. 
(b) ot s / t*a = 5. 
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Figure 3.5. Identical exponents with different coefficient 
values. (a) Ai > A*> the arrow indicates the point at 
which the A* e"*** exponent becomes negligible and the 
Aexponent becomes dominate. (b) AI<A2> the + 
exponent becomes dominate relatively early; the Aie"*4 

exponent appears to be rather difficult to determine since 
it is never dominate. 
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slower exponent is dominate over a longer time interval. 

Unless the sampling times can be altered to compensate for 

this effect, the fast exponent will be more difficult to 

determine and the slow exponent will be more readily determined. 

The period for which the faster exponent will be 

dominate can be extended if Aj is increased. This moves 

the At- o(x line upward and shifts the intersection of the 

Aa- <*i and the A2 - tf* lines to the right. 

One can also note that regardless of the magnitude of 

Ax * 01 z. can be determined in every case if the sampling 

period is extended for a long enough time. If Ax is much 

larger than A2 » the curve may need to be recorded for 

a long time (several time constants). On the other hand, 

if Ax is small enough, the curve may require a short 

recording ( a fraction of a time constant) . The total 

number of samples may be about the same in each case since 

it is necessary to sample more often during the interval 

when the first exponent ( ) is dominate to adequately 

define its value* (see Figure 3.5.) 

Glass and de Garreta [7] could reach no conclusion 

regarding how varying the coefficient affected their 

NLS schemes. Callahan and Pizer [3] found that the 

coefficient values can have a great effect on the accuracy 

of some exponential components. Myhill, et al [19] found 

that if the ratios of the coefficients were greater than 

the ratios of the associated exponents, then the exponents 

were not accurately estimated. On the other hand, if 
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the coefficient ratio was less than the exponent ratio, then 

the exponents were computed with greater accuracy. These 

results are explained by Figures 3.5 and 3.6. The results 

of the tests reported in Table II.8 in Appendix II are 

not conclusive, but they tend to indicate an increase 

in exponent error as the coefficient ratio A ± / Az decreases. 

One exponent ( dz ) becomes better determined by the LLS 

method while the other (tf, ) becomes increasingly erroneous. 

This too is in accord with the theory that has been pre¬ 

sented. 

3.2.5 Distributed Fxponents 

As a last example for comparing the exponential methods, 

a set of eight closely-spaced exponentials were summed to 

approximate a continuous distribution of exponentials. 

The test function utilized was 

-•oost -.00T5t -.OlOOt -.01251 f(t) = 10e t 15e + 20 e + 25 e 

n,K+ -.0175* -.0200* -.0225* 
+ 30e" 5t+35e +40e +45e , 

(3.5) 

where one will note that the AiJ&i ratios all equal 2000, 

and that the exponent ratios of adjacent exponents ( /&i) j 

simulating a distribution, are all small (between 1.125 

and 1.5). No data error was added to the curve; however, 

the curve data was terminated only slightly later than one 

time constant of the longest time constant. This curve 
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was analyzed by the various methods, and Table 3.1 indicates 

that all the methods yield approximately the same results. 

Basically, they are unable to identify all eight exponents 

and reveal, as a result of the analysis, that two exponents 

are indicated from the curve. The results are interesting 

in that the components identified lie within the range of 

the actual exponents (-.005 to -.0225). The two exponents 

lie near the upper and lower edges of the distribution 

respectively. As Van Liew (35] indicated in studying 

distributions of exponents, the mean of the apparent 

exponents is the same as the mean of the distributed 

exponents. For this example the arithmetic mean of the 

eight exponents (weighted by the coefficients to be 

consistentwith [35] was -.0161; the mean based upon the 

two-exponent approximation was -.0157, 

The DFT method, like the other methods is unable 

to predict the multi-exponential nature of the test function. 

It produces the exponential spectrum displayed in Figure 3.6. 

The two dominant peaks at oC - 0.014 7 and ct = 0.00525 

are indicated and correspond closely to those obtained 

by the other methods. Although a definite indication of a 

distribution is not present, the short plateau region to 

the left of the large peak at ot = 0.014 7 may alert the 

trained observer to suspect the presence of further 

exponents in this region. The fact that the trough occurring 

between the two dominant peaks does not become negative, 

might also support these suspicions. Nevertheless, these 
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Table 3.1, Distributed Exponents. The test function iss 

rf.\ . ~ - 0051 -.0075 + 0_   _ r- f(+) = 10 e -*-15e + 20 e + 25 e 

-.015+ -.0175+ -.OZOO+ -.0225 + 
+ 30e. +35e +4-0e +45e 

-.0100 + -.0125 + 

No data error is introduced. 

Linear Least-Squares 

- oift+ _ -.0065t 
184.1 e ' 18t + 35.7 e 

Nonlinear Least-Squares 

189.9e--0175* . e--°06Ot 

DFT Method 

,oc -.0146+ -r; « -.0053 + 
185 e + 3 o. 0 e 

Curve-Peeling 

_ 017+ -.0064 + 
180 e ' ♦ 35.0 e 
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suspicions remain just that, and without additional 

information the DFT method cannot predict additional 

exponents with any certainty. Clearly, the simulated 

exponential test is beyond the resolvability of any of 

these methods, including the spectral DFT deconvolution 

method, (The exact limit of resolvability has not been 

sought. However, the two exponent study indicated that 

it was somewhat less than ai*i/ = 2 and this test 

places it larger than w- i + i. / & L = 1.5.) 

3.2.6 Identification of Three Exponents 

The test and comparisons which have been presented 

indicate how the data, its quality and its composition, 

affect the measurement techniques, A rigorous comparison 

has not been made; however, studies reported in the liter¬ 

ature indicate that all of the techniques are useful to 

some degree for two component data curves. Our studies 

reported in Appendix II show that all the methods may be 

accurate under some conditions, and quite inaccurate 

under others. For example, the transform method, the DFT 

deconvolution method, would be expected to show its 

greatest utility when more than two exponents are analyzed. 

Therefore, a test of three exponents is called for. 

Preliminary results indicated that the three exponent 

test would prove to be a pivotal test in a critique of 

the methods. (See Table II.9 in Appendix II.) Therefore, 

the three exponent test was conducted with ten repetitions, 

thereby acquiring a more reliable statistical definition 
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of the results than acquired for the tests in Appendix II. 

The three exponent curve 

■f(t) = 25.0e“-°5t+ 5.0e"'01t + 1.0 e 
-.00 2t 

(3.6) 

was chosen because it has three well separated exponents 
* 

in the ratio of 1:5s25. To this basic curve 10% KMS 

random error was added. This process was repeated until 

the ten different curves had been computed and analyzed. 

A single analysis with no error also was nan, and the 

results are shown in Table 3.2, 

The most important thing to notice from this table 

is the failure of the LLS method to provide a solution 

for the 10% error condition. In spite of its failure 

at 10% error, the LLS method is exceptionally accurate 

at no error. This simply indicates that it is very 

sensitive to error of the type that was added to this 

curve. That the other methods do work indicates that 

the error in the data is compensated for in some way, 

else they too would fail. 

For typical error content, represented by the 10% 

error curves, the WNLS (weighted nonlinear least-squares) 

method convincingly outperforms the other methods. The 

curve-peeling approach is slightly less accurate at 10% 

error, slightly more accurate than the WNLS method at 0% 

error. However, curve-peeling is too subjective an 
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Data <*z *3 At A* A, 
Method Error Error Error Error Error Error Error 

LLS 0% 0.0% 1.8% 5.3% 0.1% 1.1% 7.4% 
LLS 10% 10.8% 51.0%    9.0% 13.9% —— 

WNLS 0% 2.7% 5.9% 3.0% 0.7% 6.1% 5.9% 
WNLS 10% 7.3% 12.3% 5.5% 5.5% 9.6% 9.6% 

DFT 0% 3.9% 2.7% 2.0% 3.6% 4.7% 9.3% 
DFT 10% 22.6% 22.1% 9.6% 72.3% 36.0% 28.8% 

CP 0% 2.7% 0.0% 1.4% 2.0% 3.2% 3.6% 
CP 10% 16.8% 12.8% 7.1% 8.8% 22.7% 11.9% 

Table 3,2, Analysis of a three component curve• The curve 

f (O = 25.0 e" •°Si + 5.0e--
OIt 

+ 1.0 
-.0021 

e 

with 0% and 10% PMS error .is analyzed with the above results. 

The entries for the 10% error condition are the averaged 

errors for 10 repetitions, LLS « Linear least-squares, 

WNLS = weighted nonlinear least-squares, DFT * DFT 

deconvolution, CP ** curve-peeling. 
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approach to be relied upon. It does, however, seem to 

be useful as a starter for the WNLS method. 

The DPT method provides excellent results at no 

error and relatively poor results at 10% error. The 

principal fault here lies in the fact that the smoothing 

factor X should be adjusted to its best value for each 

data curve. Consequently, this method does not lend 

itself to the multiple-run test that is produced here. 

(More care was given to the selection of À in the pre¬ 

liminary three-run test with much better results. See 

Table II.9 in Appendix II.) Its major value is in 

determining the number of exponents, ascertaining which 

exponents are poorly justified, and providing starter 

values for the WNLS method. 

3.2.7. Sequential Identification Scheme 

The foregoing test indicates that some of the methods 

have limited usefulness, while others possess a more 

general utility. For example, the linear least-squares 

method has rapidly diminishing value as an exponential 

identification method as the number of exponents and the 

amount of data error increases. Since the analysis of 

many biological processess of interest involve exponential 

data curves of a multi-exponential nature that are contaminated 

by measurement noise, the LLS method will be eliminated 

from consideration as a general technique for investigating 

clinical curves of unknown exponential content. The curve¬ 

peeling method is also subject to difficulties when the 
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number of exponents increases, with increased measurement 

noise and when it is physically necessary to obtain a short 

data record. This method, under the proper conditions, 

could be quite useful in obtaining an initial guess as 

to the number and location of the exponents. The DFT and 

weighted nonlinear least-squares methods have, as the result 

of these tests, proved to be the more accurate and 

generally applicable for use on clinical data. 

The results of the foregoing sections suggest the 

following strategy for investigating clinical data of 

unknown exponential content. 

(1) Use curve-peeling to obtain an estimate of the 
number and location of the exponents. 

(2) Use the DFT deconvolution method to verify 
or negate the correctness of the number 
of exponents, and perhaps to improve the 
extimate of the exponents and their coefficients. 

(3) Use the weighted nonlinear least-squares 
method to get a3 accurate an estimate of the 
exponentials as possible using the results 
of the DET method as initial values. If 
the nonlinear least-squares method fails, 
one should use the results of the DFT 
deconvolution method as being the most 
accurate available. 

This strategy will be applied to actual clinical 

curves in Chapter 4 to describe this investigative scheme 

in more detail. 
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CHAPTER 4— ANALYSIS OF CLINICAL DATA 

The sequential identification scheme proposed at the 

end of Chapter 3, i.e, the use of the curve-peeling method 

and/or the DFT deconvolution method as a "starting Method(s)" 

to obtain a reasonably accurate set of initial values for 

the more accurate weighted nonlinear least-squares method, 

will now be applied to physiological data of four kinds: 

133 a Xe washout curve (cerebral clearance curve) obtained 

from the brain of a human subject, a Xe133 washout curve 

from the kidney of a dog, an HTO clearance curve from a 
flC 

male human subject, and a Kr washout curve from a canine 

liver.* The cerebral curve is shown to contain two components 

while the kidney curve is composed of three. The third type 

of washout curve, the HTO study, has four exponents. The 

fourth study presents an example of a curve which may have 

four exponents; however, as we shall see the existence of 

one of the exponents is questionable. 

* The data for the four curves were obtained from the 
following sources; 

(1) The cerebral clearance curve; Dr. Ninan Mathew, 
Department of Neurology, Baylor College of Medicine, Houston, 
Texas. 

(2) The renal clearance curve—(301, Figure 3, Page 20-15. 
(3) The HTO study—[18], Table 2, Page 164. 
(4) The hepatic clearance curve—[27], Figure 6, 

Page 118. 
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4.1 Cerebral Xe clearance curve 

The first example is the cerebral washout curve; it 

typically possesses two exponents and should present no 

real problems to any of the method. The smoothed cerebral 

washout curve is shown ia Figure 4.1. 

Application of the curve-peeling technique indicates 

that two exponents are present with the following coefficient 

and exponent values: 

The DFT deconvolution method was then used to calculate 

the exponential distribution; the results shown in Figure 4.2 

again indicate that two exponents are present in thés 

experimental curve. They have the values: 

These values are then used as starter values for 

initializing the nonlinear least-squares program. This 

method then fits the curve by the two exponents 

i A. 
l 

1 85.5 
2 11.5 

0.684 
0.874 

i 

1 89.9 
2 10.1 

0.620 
0.063 

86.6 e 
- 0.691 

+ 11.7e 
-0.097 t 
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Therefore, according to the results of Chapter 3, this 

should be the most accurate for representing the exponential 

parameters of this experimental curve, 

133 4,2 Penal Xe Clearance Curve 

As another test of the identification scheme, a clearance 

133 curve of Xe from the kidney of a dog was analyzed first 

by curve-peeling, then by DFT deconvolution, then by the 

weighted nonlinear least-squares method. The results are 

shown in Table 4,1 and Figure 4,3, 

Curve-Peeling 

07(- -0.056 t -0.013t - o.ooo 55&t 275 e + 41,2 e + 15.2 e 

DFT Deconvolution 
-, -0.04+t — 0.0 i 51 _ 0.0004251 

251 e + 46.9 e + 13.Oe 

Least-Squares (WNLS) 
-0.0598t -0.0l3t 4f_ _ _o.000 583-t 

264- e. +40.6e + 15.5 e, 

Table 4,1, Application of the sequence of analysis methods 
to canine renal blood flow data. 

Although no correct value for the components is 

known, the source of the data [30] gave the parameter 

values as 

- 0. 0 61 t «.0.0135 t _ 0.000 5 74t 
252 e * 42.6 e. +15.8 e 

These values are extremely close to the values obtained 
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Figure 4.3. Comparison of original renal data and the 
computed best approximation. 
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by the weighted nonlinear least-squares and the curve-peeling 

methods. Since the source used a least-squares method to 

compute their values for the exponential parameters, this 

result is to be expected. This example presents some dif¬ 

ficulty for the DFT method. The slowest exponent is small 

enough that is much larger than or 

Therefore, the 0(3 peak interferes with the other peaks. 

Nonetheless, the peaks indicated by the other methods 

are supported by the findings of the DFT method. The close 

agreement between the curve-peeling, the TTILS, and the 

published results for this curve give credance to the 

reliability of the results of WNLS method, 

4,3 HTO' Clearance curve 

A third example is taken from a study [18] utilizing 

tracers to measure body water compartments. In this procedure 

the subject is given a dose of tritium labled water (HTO 

mixed with ^0) and then, for several hours and even days, 

measurements are taken of the HTO content of the subject's 

exhaled water vapor. When data is taken for abotit a twor 

week period, the clearance of HTO follows a four exponent 

decay [18], The published values [18] of the exponents ares 

— 0.1 4331 *0.00 S5t - 0.000421 -0.00004Zt 
12.6 e * 2.2.e + 0.9e + /3.3e 

After utilizing the sequential identification scheme 
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one finds the results demonstrated in Tables 4.2 and 4,3. 

The extreme range of exponent values presented some problems 

which caused special methods to be used to evalute all four 

exponents• 

The first deviation from the normal method occurred 

for the curve-peeling method; the length of the data record 

imposed such a large scale on the abscissa that the data, 

after subtracting the slowest exponent, could only be 

analyzed by redrawing at a larger scale. This three-exponent 

curve could then be resolved in the usual way. 

_0.000047t 
Curve-Peeling 

o i at A ol6t _ — 0. 0 017 t 
12.0e + 2.5e + 0.4-5 e +12.8e 

DFT Deconvolution 
-0.13t -0.019 t cn -0.00201 - 0.000045rt 

19.4-e. + 7.7e + 0.60 e + 12.5e 

Least-Squares 
- 0 • 1 It -0.0082* _ 0 • 002.61 t4 „ -0.00004-5t 

13.8e + 0.95e. + 3.30 e +11.2e 

Table 4*2. Summary of the analysis of the HTO washout 
from a human subject. 

The radical differences in exponent values caused 

problems with the DFT deconvolution method also. The 

- 0.00 0045 t . . 
12.5 e peak is much larger than any of 

the other peaks; consequently, it was warranted that this 

exponent should be found separate from the other three. 

Thus, a run was made to find this exponent, it was then 

subtracted from the original data, and a subsequent run 
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was needed to find the other three exponents. (This is 

not recommended in general, but it seems advisable for 

curves whose slowest exponent has a large coefficient and 

is greatly separated from the other exponents.) These 

values were then submitted to the WNLS method to give 

the final result. 

Convergence of the WNLS method was rapid and its 

exponents were found to be similar to those of the curve¬ 

peeling and the transform methods. This triple agreement 

of the parameter values validates these values well. 

A final, very interesting result is presented to 

indicate some of the problems that one may expect with 

physiological data. 

oc 
4.4 Hepatic Kr Clearance Curve 

The experimental curve to be studied is a Kr85 clear¬ 

ance curve from the liver of a dog [3], The clearance curve 

is shown in Figure 4.4 and was reported by Callahan and Pizer 

[3] to have four exponents. When the curve-peeling method 

is applied to the data, four exponents can be determined 

with some uncertainty. The uncertainty arises as a result 

of the fact that the curve can be decomposed into three or 

four exponents, depending on hew one chooses the first two 

exponents. The four components resulting from the curve¬ 

peeling analysis are 

62.Oe-1'31* * 21.8e"°'49tt 16.3 e'5 le-0.026t 

(4. 1) 
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where the coefficients are expressed in thousands of 

counts [Callahan and Pizer [3] listed the exponent values 

as 1.49ie, 0.4254, 0. 1423, 0.QZ66], 

10' 

LJ 
1— 
D 

<0 
h 
z 
D 
O 
o 

10* 

10' 
3 li > ■ i I i 

* « • . 

J » > » ■ * -I 1—I I I-* » « ■ 

5 10 15 2.0 25 

TIME (min.) 

30 

Figure 4.4. Clearance curve from the liver of the dog on a 
semilogarithmic plot. A injection of Kr85 was made into 
the portal vein and the counting was done with a two-inch 
crystal directly over the liver. [Adapted from [3] ] . 
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The DFT deconvolution method was then applied to the 

data. A sequence of three figures, Figures 4.5-4.7, show 

in a very graphic way how the four exponents appear. 

First, Figure 4.5 in which À = 0.5J2 * 10"1S . This value of 

A* is very low and would normally be useful in identifying 

very closely spaced exponents in a low noise background. 

One can see that there is one dominate peak, but that the 

smaller peaks are sufficiently large to be considered 

candidates for exponent peaks themselves. Therefore, one 

could increase A to reduce the magnitude of the false 

peaks in relation to the true peaks, as in Figure 4.6 

where four distinct peaks are shown to exist. Thus, the 

presence of four distinct exponents is apparently verified, 

and their values have been determined, at least approximately. 

Better accuracy can usually be obtained when 

additional high frequency components of the spectrum are 

removed. This results in a smoother spectrum with the 

eventual result that, if the smoothing is too great, the peaks 

merge together. The largest A for which the four peaks of 

Figure 4.6 are still distinguishable is about 0.32 *10“10. 

The results of using this value of A are shown in Figure 

4.7. The ec = 0.54-peak of Figure 4,6 has been greatly 

diminished in height, and its exponent value has changed, 

too. It does not appear to be merging with the larger 

* A indicates the strength of the high frequency attenuation. 
The larger that À is, the more strongly the high frequencies 
are attenuated, and the lower is the effective high fre¬ 
quency cut-off. 
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peak as much as it appears to be disappearing, undoubtedly, 

the exponent which disappears first is the one most 

sensitive to removal by noise or filtering, i.e. it is not 

well established by the data. This does not necessarily 

mean that this exponent is not present, but it should now 

be viewed suspiciously. As a matter of record, the curve¬ 

peeling method determined the second exponent by a fewer 

number of points than any other exponent. These results 

indicate that this exponent may be present, but that it is 

nearly obscured by the other exponents, and that it is more 

sensitive to smoothing than the other exponents. If, how¬ 

ever, the presence of this exponent must be assumed (e.g. 

to suit the model being used), it would be desirable to 

determine all the exponentials more accurately. With the 

DFT deconvolution method, therefore, we obtain the exponents 

and coefficients listed in Table 4,4. 

i Ai <*i 

1 . 67.2 1.5190 
2 3.9 0.6470 
3 14.0 0.2180 
4 4.9 0.0528 

Table 4.4. Results of the DFT deconvolution method when 
applied to the hepatic clearance curve. 

An estimate of the accuracy of these results can be 

made by computing a curve with these exact exponents and 

coefficients, and finding the exponential spectrum of this 

curve. The results of this test are shown in Figure 4.8, 
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indicating that an error of 20% can be expected in the exponents. 

This is in essential agreement with the result of Chapter 3. 

An attempt was made to determine the exponents by the 

weighted nonlinear least-squares method using the values 

of the coefficients and exponents given by the DFT method 

as initial values. When this attempt was made, the nonlinear 

least-squares method failed to converge to a four-exponential 

solution; instead, the three-exponent solution 

74.1 
- 0.828 t 
e 

186t 
+ 19.5e + 4.5 e 

O. 02 13t 
(4.2) 

was reached. 

This kind of a result means that a four-exponent solution 

is not fully justified by the data, as mentioned previously. 

In consequence of the difficulty in finding four exponents 

by curve-peeling, the failure to find four exponents by the 

usually reliable WNLS method, and the rapid loss in height 

of the 0.647 exponent peak in. the DFT method spectrum 

as was increased, a strong case can be made to doubt the 

validity of the four-exponent solution to this problem and 

the subsequent findings of Pizer, et al [27] • If a four- 

exponent solution is required for modeling purposes, then 

the DFT method can find a suitable solution. 



CHAPTER 5— CONCLUSIONS 

The preceding investigations on the four methods 

of determining unknown exponents have indicated the following 

pertinent results: 

(1) The linear least-squares method is very 
sensitive to noise and is unable to separate 
closely-spaced exponents in noise. Its 
usefulness is limited to two-exponent, 
low-noise analysis? however, under these 
conditions it can be very accurate. 

(2) The nonlinear least-squares method is 
overall the most accurate method. It 
gives good results at low noise and 
reasonable results at high noise levels. 
Its greatest drawback is that the initial 
parameter values should be chosen with 
reasonable accuracy, else it may fail to 
detect some components. This is especially 
the case for more than two exponents. 
Hence, one of the other methods may be 
required to compute good starting values 
for the more critical components, 

(3) The DFT deconvolution method is the most 
reliable method for detemining the number 
of exponents. The overall accuracy is 
not exceptional, but it is maintained 
under more difficult data conditions. The 
DFT 'method indicates two or more exponents 
with the same effort. It provides a good 
starting parameter set for the nonlinear 
least-squares method, and it can be applied 
to clinical data, giving a means of deter¬ 
mining the number of components. 

(4) The curve-peeling technique works very 
well for two-exponent curves. Except 
where there is a great deal of noise, or, 
of greater importance, where the curve is 
terminated too soon, the curve-peeling 
method is probably the best, most practical 
method for measuring two exponents. For 
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more than two exponents, it sometimes 
gives false indications of the number of 
exponents due to accumulation of error. 
It is useful, however, in giving an in¬ 
dication of the number of exponents present 
in a curve prior to using the DFT deconvol¬ 
ution method or the nonlinear least-squares 
method. Nonetheless, it should not be used 
alone for this purpose. It too can be used 
to give starting values for the nonlinear 
least-squares method, if the DFT method 
for some reason proves unsatisfactory for 
this purpose. 

(5) A sequential test of curve-peeling, DFT 
deconvolution, and weighted nonlinear 
least-squares seems to be the best way 
to determine the exponents. The best values 
can be determined by the WNLS method, but 
the other methods provide a good check on 
the WNLS method and give an indication of 
the accuracy of the result. 
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Appendix I 

1.1. Compartmental Models 

In order to understand how a compartmental model could 

be used, the compartmental model for determining blood flow 

in an idealized system will be derived. 

The system will be represented as a parallel collection 

of lumped volumes, Vi with associated flows F"L , as shown 

in Figure 1.1. 

Figure 1.1 An idealized m-compartment model. 

A concentrated doee, called a bolus, of tracer material 

is rapidly injected into the system at t = 0 . it is assumed 

that the bolus arrives at each compartment instantaneously. 

The weighting factors of each exponential is A i, and the 

exponent is — c* i . Therefore the fraction of blood passing 

* th 
through the i compartment is driven by 
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Ai 

E 
1*1 

AL 

F (i.l) 

where F ** total flow in itil/min 
F^ s* flow in i ^ compartment in ml/min 

The total amount of tracer, C| *t , in the i compartment 

is contained in both the blood volume of the compartment, VBL 

and the tissue volume of the compartment, V-|-t , (ml) . 

Letting C be the concentration of tracer in the blood 

(in gm tracer/ml blood) and letting Cy,. be the concen¬ 

tration of trace for the tissue (in gm tracer/gm tissue ) in 

the compartment, then 

<u = CBL v8i + Cr; WL (1.2) 

th 
where WL = weight of the tissue in the i 

compartment (gm) .1 
c| i. = amount of the tracer in the i

T 

compartment (gm) 

Assuming that the blood and the tissue are in equilibrium 

with the respect to the tracer at all times, then 

c T* 0.3) 

XL = partition coefficient defined by equilibrium 
values of CyL and CBt above (in ml blood/ 
gm tissue) 
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Now rewriting (1.2) to get 

i CBL ( Vei + (1.4) 

or 

  

VBL + X i W; 

The rate at which the tracer in leaving 

is now given by 

in 
clt 

( 1-S-) 

(gm/min) 

d 

dt 
( 1.6) 

This is a first order differential equation with a solution 

= Ai exp[- 
R 

VBi+ XiWi t] (1.7) 

since ^ t (o). 

If VBJ_ X L Wi ; that is, if the blood volume for the 

compartment is much less than the tissue volume of the 

compartment, then equation (1.7) can be written as 

= Ai exR ( xTvVi t-l (J-®) 



The quantity has the units ml/min/gm and Wi, 

is often designated as the perfusion "fj, , Therefore, 
f • 

the value of the exponent is - -r-^ and the perfusion 
Ai. 

can be calculated since A L is a property of the tracer 

and the tissues. 

In terms of the amount of tracer in the bolus, I0 

(in gm) , the portion of the bolus allocated to the i 

compartment is determined by the blood flow through that 

compartment, 

q;(o) = -p I. (1-9) 

Therefore the final equation where q is the total amount of 

tracer in all compartments is 

«KO = £ -£-r- exp(-4tt) d-10) 
1 = 1 h 

In physiological systems, some strong assumptions 

have to be made about the behavior of the tracer. These 

are listed below: 

(1) The tracer is evenly distributed in the arterial 
blood supply, 

(2) The tracer is freely diffusible through capillary 
walls and tissue fluids so that exchange between 
blood and tissue is limited only by blood flow, 

(3) There are no arteriovenous shunts, 

(4) The tracer is chemically inert and is neither 
metabôlized or produced by the tissues. 

(5) From assumptions (2) and (3) , it can be presumed 
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that the venous blood from a single compartment 
is in complete equilibrium with the tissue from 
that compartment with respect to the tracer. This 
enables the introduction of the partition coefficient 
X i. 

(6) The blood volume in each compartment is much less 
than the tissue volume. 
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Appendix I 

X. 2. Circular Convolution 

As electrical engineering techniques become more 

common in biological analysis# it is necessary that the 

applicability of these methods be determined before they 

can be used. Frequency-domain techniques have become 

practical from a computational point of view since the 

advent of the Fast Fourier Transform# or the FFT, There¬ 

fore these long-standing engineering tools can be and 

are being applied to new fields. FFT's are very useful 

for performing numerical convolutions# numerical decon¬ 

volutions# and frequency analyses which arise from diverse 

studies « 

The point of application of the FFT in this study 

was in evaluating a numerical deconvolution; however, 

the basic subject of study is numerical convolution. 

Consider the series convolution 

k 
^k - Gj^k-j (2.l) 

j = 0 

where a^ is a sequence defined for 1=0# n# 

and b^ is a sequence defined for i = 0, m# 

m >n, m and n integers. 
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The sequence may be considered for values of k 

between certain values. 

The first region is 0 ^ k $ n , is the simple 

sum of k + 1 products: 

Ck a0bk + ^k-i + ak J°0 . (Z.2.) 

However, when k> *1 , the last term on the right is zero 

since the sequence d- is only the length n. Thus the 

second region is the region for n < k ^ m , where 

ck = a0bK + 
atK-L + °*n k k->n (2.3) 

Now we see that for k>nr\ , the first term on the right 

side of equation 2 is zero since , k >|rn, is undefined, 

therefore the third region lies between k — m+1 and k=|nft + rv. 

In this case 

ak-m 
+ t>k-n (2.4) 

At the particular value k= m+fO , Cm+n = • The 

fourth region is the region for which k>ry'+r' where 

ck (2.5) = O. 



Basically we see that for finite length sequences, 

a and b , their convolution is of finite length also, 
i i ' 

Now consider the convolution 

N-l 
=: Aj Bk_j (2.6^ 

where all sequences A^ , , and Ci. are 
only defined for L =5. Oj ; N — 1. 

Our desire now is to define A i and B't in such a way that 

C i — C-i for i = Oj . . . j N - 1 , 

Obviously for the equality toholdat k — 0 f then 

= Aa B0 + . . . + Bw.n 

+ ^n+i S N-n-i + . . . + (2.7) 

^ N~ 1^+1 • » + AN_j B* 

The subscripts are interpreted modulo f\| so that no 

negative subscripts result. The repeating characteristic of 

these subscripts have caused this type of convolution 

to be called circular convolution. The number of points 

in the circular convolution is equal to the number of 

points in the regular convolution if n + m= N-l . Also, 

if d0 = Ao and b0 = B0 while B M-rt = Bm+i through BN 

and A n+ j through AN_I all equal zero, then c„= Ca 
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By considering all points and for i = 0 through i = W+n., 

one arrives at the conclusion that Ci= for all l 

if Ai — &-1 for t = 0, . . . j n. and = b;, for 

L = Û , m , all fcther A; and B; being zero. 

The reason circular convolutions are useful for FFT 

analyses is due to the following. 

The FFT of the sequence is 

N-i 

C, - E c, 
.iv ik N-l — t N 

k = 0 
= £ 

k= 0 

N-i 

E 
j=0 

aibk-j 

• ztr/k 
rL N 

N-l 

= E 
J = 0 

Cj 

N-l 

Z b„.. -i 
Zrr 

k=o k-j 

(k-j)i 
N e 

-L- ZTTJ L 
N 

'fc1 ; Arrjl ‘ 
L Qj £ 

N 

j = o J 

N-l ; z fr kl 
e L N 

(2..s') 

where is the discrete Fourier transform of the sequence eij, 

and BJL is the discrete Fourier transform of the sequence 

* 
That is# the circular convolution of two sequences becomes 

the product of two sequences when operated on by the discrete 

Fourier transform operator. The development of the FFT for 

implementing the discrete Fourier transform make the 



calculation of C by equation (2.8) more feasable than direct 

calculation by equation (2.1), 

The inverse discrete Fourier transform is given by 
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Appendix I 

1,3, Properties of the Weighted Nonlinear Least-Squares 
(WNL5) "'MetKocI     

An important question raised by these studies concerns 

the effects of the starting values on the convergence of 

the WNLS method. Therefore, tests of the convergence pro¬ 

perties of this method (as a function of the initial values) 

were made. The test curves chosen were the curves 25e”°*05t<t 

5e“o»oit w£th o and 3% error. Four different starting values 

were chosen and maps of the convergence routes were made 

(Figures 2, 3, 4, and 5), Since the total parameter space is 

four-dimensional, the two exponents and the two coefficients 

are considered on separate maps. The separation of the 

coefficient and exponent computations in the program makes 

this a very natural pair selection. 

The results are that the error has no real effect on the 

rate of convergence? its effect is to alter the point of 

convergence. The initial value, however, has a pronounced 

effect on the rate of convergence. In the studies shown, 

the programs were terminated after one hundred iterations. 

Although the initial conditions were all chosen to be aboùt 

the same relative distances from the true solution, the 

points which the program had reached after one hundred 

iterations were sometimes quite different. There seems to 

be an extensive,curved trough of small error which the 
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program reaches in a very few iterations. Once it reaches 

this trough, progress becomes very slow-*- both from the points 

of view of reaching the true solution and of reducing the 

total squared error. Fortunately, there seems to be an 

advantageous way of choosing the initial parameters. That 

is, choose the smaller exponent and coefficient larger than 

their actual values, and choose the larger exponent and 

coefficient smaller than their actual values. 
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Appendix II 

A series of general tests were run in order to evaluate 

the four exponential analysis methods presented in this 

thesis. Rather than perform each test an exhaustive number 

of times, the tests were repeated only a few times. However, 

on the basis of these tests the best test case for yielding 

the most decisive results could be selected. 

Ten tables are included in this appendix which describe 

the average accuracy of each method under the test conditions. 

Since average errors in the tables are computed for three 

error distributions, all with the same RMS value, the random 

fluctuations in the average errors sometimes obscures the 

expected result. Nevertheless, general trends in the data 

tend to confirm what other investigators have found and what 

one would expect to occur. 
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Table II.1. Single Exponent Test Function._ + 

Three runs were made on the curve f(t) = 10 e with the 
added errors of 0, 1, 3, 5* and 10 Percent RMS, 

(A) Linear Least-Squares (LLS) Method 

(B) 

% Data Error Coefficient Error Exponent Error 

0% 0.0% 0.0% 
1% 0.5% 0.3% 
3% 1.7% 0.7% 
5% 2.8% 0.7% 

10% 5.6% 1.9% 

Nonlinear Least-Squares (NLS) Method 

Data Error Coefficient Error Exponent Error 

0% 0.0% 0.0% 
1% 0.2% 0.4% 
3% 0.6% 1.0% 
5% 1.4% 1.5% 

10% 1.2% 3.2% 

(C) DPT Method 

% Data Error 

0% 
1% 
3% 
5% 

10% 

Coefficient Error 

0.0% 
3.2% 
3.8% 

12.0% 
14.3% 

Exponent Error 

0.0% 
1.2% 
2.1% 
2.9% 
4.5% 

(D) Curve-Peeling Method 

% Data Error Coefficient Error Exponent Error 

09 0.0% 0.6% 
1% 0.0% 2.5% 
3% 0.0% 0.9% 
5% 2.0% 0.1% 
10% 5.0% 2.3% 



A-19 

Table II.2. 10:1 Exponent Ratio. Three runs with 

Aj = 50.0, A,- 5.0, tfj^-0.02, oiz. - ~ 0.002. 

(A) Linear Least-Squares Method 

Data Error Ax Error o(.s Error Az Error A'* Error 

0% 
1% 
3% 
5% 

0.0% 0.0% 
2.3% 1.6% 
3.4% 5.3% 
3.8% 5.5% 

0.0% 0.0% 
11.6% 1.7% 
18.6% 12.2% 

23.4% 11.2% 

(B) Nonlinear Least-Squares Method (Non-weighted) 

Data Error /^Error ^ Error A*Error «(2Error 

0% 
1% 
3% 
5% 

5.7% 
6.0% 
6.2% 
6.2% 

8.6% 
8.2% 

10.7% 
7.3% 

63.7% 
59.7% 
70.8% 
66.8% 

63.0% 
60.2% 
67.3% 
65.3% 

(C) DFT Deconvolution 

Data Error Ax Error Error AzError cCx Error 

0% 
1% 
3% 
5% 

1.2% 2.8% 
1.3% 2.9% 
2.9% 3.0% 
8.0% 7.5% 

4.3% 7.6% 
3.4% 7.3% 
6.6% 8.2% 
12.7% 10.3% 

Curve-Peeling Method 

Data Error Ai Error ott Error Az Error az Error 

0% 0 .0% 2.8% 6.0% 6.2% 
1% 8.0% 11.9% 8.0% 4.4% 
3% 0.0% 10.8% 8.0% 2.9% 
5% 8.0% 9.9% 6.0% 1.9% 

(D) 
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Table II.3. 5:1 Exponent Ratio. Three runs with 

AL= 25.0j A2= 5.0, o(i= ~ 0. 0 5 j dz = - 0.01. 

(A) Linear Least-Squares Method 

Data Error A± Error d± Error Az Error d.z Error 

0% 0.1% 0.1% 0,7% 0.6% 
1% 3.9% 3.4% 15.1% 3.6% 
3% 6.5% 9.1% 18.2% 6.1% 
5% 13.8% 10.1% 65.3% 13.9% 

Nonlinear Least-Squares Method (Non-weighted) 

Data Error A± Error <xl Error AzError dt Error 

0% 0.7% 0.5% 3.8% 3.2% 
1% 4.9% 3.1% 21.4% 5.6% 
3% 9.7% 11.5% 56.3% 68.9% 
5% 12.5% 10.3% 59.5% 45~. 6% 

DFT Method 

Data Error Ax Error Error Az Error oCz Error 

0% 8.6% 1.4% 1.9% 1.6% 
1% 3.1% 3.0% 2.1% 4.2% 
3% 14.0% 10.3% 6.5% 4.5% 
5% 8.1% 17.8% 22.5% 17.1% 

Curve-Peeling Method 

Data Error Aj Error oii Error Az Error oLx Error 

0% 4.0% 3.0% 10.0% 0.7% 
1% 0.0% 1.0% 6.0% 1.7% 
3% 1.6% 5.0% 8.0% 5.2% 
5% 4.0% 0.8% 10.0% 5.0% 

(D) 
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Table II.4. 3:1 Exponent Ratio. Three runs with 

At = 15.0, A% = 5.0, o( i - -0.06, oCz~- 0.02. 

(A) Linear Least-Squares Method 

Data Error Ax Error Error AzError o(z Error 

0% 0.1% 0.0% 0.3% 0.0% 
1% 8.4% 6.4% 26.0% 8.4% 
3% 12.7% 10.4% 38.7% 11.3% 
5% 13.6% 13.1% 34.9% 8.5% 

Nonlinear Least-Squares Method (Non-weighted) 

Data Error Ax Error a* Error At Error c(z Error 

0% 2.2% 2.2% 7.0% 7.6% 
1% 2.5% 1.6% 7.5% 8.2% 
3% 2.0% 2.0% 7.2% 6.6% 
5% 6.7% 2.6% 14.0% 12.2% 

DFT Method 

Data Error Ax Error Error Error elz Error 

0% 12.2% 1.5% 6.6% 0.3% 
1% 16.7% 11.8% 8.8% 2.9% 
3% 26.0% 5.3% 12.3% 4.0% 
5% 17.3% 20.5% 15.5% 15.1% 

Curve-Feeling Method 

Data Error Ai Error oix Error AjError oit Error 

0% 2.0% 5.3% 4.0% 1.5% 
1% 3.3% 5.0% 12.4% 5.0% 
3% 0.7% 4.2% 7.6% 2.0% 
5% 4.0% 11.0% 8.4% 1.0% 
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Table II.5, 2:1 Exponent Ratio. Three runs with 

Ai = 10.0, A2=5*0, DC^ = — 0.0 1, ^ = -0.035 

(A) Linear Least-Squares Method 

(B) 

Data Error Aj Error «iError AzError o[% Error 

0% 0.3% 0.1% 0.6% 0.2% 
1% 5.4% 3.4% 11.1% 3.6% 
3% 39.4% 32.0% 79.6% 283.0% 
5% 43.7% 30.9% 79.7% 1610.0% 

Nonlinear Least-Squares Method (Non-weighted) 

Data Error Ax Error di Error AzError eC* Error 

6% 1.2% 0.7% 2.3% 1.1% 
1% 2.7% 1.5% 4.8% 2.2% 
3% 2.6% 11.2% 4.6% 5.4% 
5% 3.2% 5.6% 5.1% 5.4% 

DFT Method 

Data Error Ai Error e(L Error A2 Error oCz Error 

@% 5.1% 9.4% 0.2% 4.6% 
1% 12.1% 10.4% 5.5% 4.5% 
3% 0.4% 2.3% 18.2% 2.0% 
5% 26.8% 3.0% 14.0% 11.6% 

Curve-Peeling Method 

Data Error AA Error Error AzError olz Error 

0% 5.0% 5.5% 2.0% 6.3% 
1% 3.0% 8.5% 12.0% 1.0% 
3% 6.0% 6.0% 10.0% 2.1% 
5% 0.0% 9,6% 20.0% 5.0% 
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Table II.6. Results of the application of the weighted 
nonlinear least-squares (WNLS) method to the function 
f(t) = Aie-“t‘t+ A^-^, Exponent ratio 10sl 
(compare with NLS in Table 11,2.), three runs at each 
percentage error. 

(a) 10: 1 

Data Error A*Error di Error 42 Error Error 

0% 
1% 
3% 
5% 

3.41 5.6% 1.5% 0.7% 
3,7% 5,6% 1.3% 0.9% 
3,3% 5.2% 2.8% 1.6% 
3,8% 6.7% 4.0% 1.8% 

Exponent ratio 2:1 (compare with NLS results in Table II.5a) 

(b) 2: 1 

Data Error Ai Error «4 Error Ag Error o(% Error 

0% 
1% 
3% 
5% 

3.2% 1.9% 7.2% 3.9% 
3.2% 1.9% 7.2% 3.9% 
3.4% 2.6% 9.1% 3.8% 
4.7% 3.9% 5.8% 3.9S 
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Table II.7. Effect of shortened data record length on the 
accuracy of the exponential solution. The two compartment 
exponential function tested had am exponent ratio of olx/uz-2. 
with data error of 3%. Three runs were made for each entry. 

A1=iO.O, At- 5.0, = 0.0 lj = 0.035. 

(A) Linear Least-Squares 

Length 
Short 
Normal 

Ax Error 
42,5% 
39.4% 

«1 Error 
19.2% 
32.0% 

Az Error c(z Error 

79.6% 283.0% 

(B) Nonlinear Least-Squares 

Length 
Short 
Normal 

Ai Error 
2.2% 
2.6% 

Error 
8.3% 

11.2% 

Aa|rj?
r 

4.6% 
"•iffW 

5.4* 

(C) DFT Method 

Length 
Short 
Normal 

Ai Error 
9.1% 
0.4% 

<*i Error 
26.6% 
2.3% 

AzError 
19.7% 
18.2% 

cLz Error 
6.6% 
2.0% 

(D) Curve-Peeling 

Length 
Short 
Normal 

Ai Error 
32.0% 
6.0% 

£<1 Error 
96.3% 
6.0% 

Az Error 
64.0% 
10.0% 

#z Error 
7.0% 
2.1% 
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Table II.8. The effects of changing A* [Az= 5, c£±= .05, dz =.01, 3Z 
random noise]. Each entry represents the average of three runs. 

Linear Least-Squares 

A, AxError o(x Error AzError o/z Error 

25 6.2% 5.7% 32.0% 10.2% 
15 6.5% 7.1% 18.2% 6.1% 
10 8. 8% 23.5% 14.8% 7.3% 

Weighted Nonlinear Least-Squares 

A, Error ùLx Error Az Error Uz Error 

25 0.4% 1.4% 5.5% 4.7% 
15 5.7% 6.4% 15.7% 5.8% 
10 9.0% 22.2% 17.3% 6.4% 

DFT Method 

Ai Ax Error otx Error Az Error o<z Error 

25 14.0% 10.3% 6.5% 4.5% 
15 10.9% 13.2% 11.8% 6.0% 
10 22.8% 16.6% 9.2% 5.7% 

Curve-Peeling 

Ai A Error ct-x Error AzError ctz Error 

25 1.6% 5.0% 8.0% 5.2% 
15 4.7% 2.2% 6.0% 3.2% 
10 7.0% 4.5% 8.0% 3.7% 
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Appendix III 

III.l The Linear Least Squares Program 

C 
C 
C 
C 
C 
C 

C 
C 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 

c 
c 

c 

c 

THE PRONY METHOD 
MODIFIED BY W. M. THOMASSON 
AFTER THE OPERATOR METHOD OF MYHILL ET AL 

COMMON/COMTRP/DAYTA(100),EX,NDATA,WY,YQ(50) 
DOUBLE PRECISION DP 
DOUBLE PRECISION QQ,RR 
DIMENSION H3(50,4) ,HV(50) ,B(4) ,A(4) ,H(50) ,PER(4) , 

1G(4,4) ,GF(4,4) ,BB(4) ,V(4) ,AF(16) ,AA(16) ,SMDAT(50) 
DIMENSION R(4),CO(4) 
DIMENSION XCOF(5) ,COF(5) ,ROOT(4) 
EQUIVALENCE (AF(1) ,GF(1) ) , (AA(1) ,G(1) ) 
H3 ND-N BY N SYSTEM MATRIX 
HV ND-N VECTOR 
B COEFFICIENTS OF EXP POLYNOMIAL 
A COEFFICIENTS OF NUMERATOR POLYNOMIAL 
H INPUT DATA SEQUENCE 
G H3-TRANS TIMES H3 
GF SAME AS G BUT CHANGED BY SUBROUTINE FACTR 
BB N VECTOR - FT SIDE OF THE SET OF EQUATIONS 
AF VECTOR FORM OF GF 
AA VECTOR FORM OF G 
N THE NUMBER OF EXPONENTS 
ND THE NUMBER OF DATA POINTS 
IQ=4 
READ 100,ND,NDATA,DELT,N 
NDATA IS THE NUMBER OF POINTS READ IN 
ND IS THE NUMBER OF EQUIDISTANT INTERPOLATED POINTS 
DELT IS THE CONSTANT SPACING BETWEEN POINTS 
NDMN=ND-N 
NND-2*NDATA 

93 CONTINUE 
READ(5 1101*END-94) (DAYTA(I) ,I=1,NND) 
DATA IS READ IN...TIME, ORDINATE, TIME, ORDINATE, ETC 

ACCORDING TO FORMAT 101 
CALL SMOOTH(NDATA,DAYTA,SMDAT) 
SMOOTHING ROUTINE RESULTS STORED IN SMDAT 
DO 10 1*1,NDATA 
YQ(I)=SMDAT(I) 
THIS PLACES SMDAT IN COMMON BLOCK COMTRP 

10 CONTINUE 
NP1=N+1 
ITER=0 
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NMl=N-l 
EPSI=0« 0001 
DO 13 1=1,ND 
EX=DELT*(I-1) 
CALL INTRP 

C INTRP IS THE INTERPOLATION SUBROUTINE 
H(I)=EXP(WY) 

13 CONTINUE 
THE OUTPUT VALUE OF SUBROUTINE INTRP IS WY — 

THE LOG OF ACTUAL VALUE WHICH IS NOW IN H 
DO 2 1=1,N 
DO 2 J=1,NDMN 
H3 ( J, I) =H (J+N-I) /H (J+N) 

2 CONTINUE 
H3 IS THE MAIN SYSTEM MATRIX 
DO 3 1=1,NDMN 
HV(I)=1*0 

3 CONTINUE 
DO 5 1=1,N 
DO 5 J=1,N 
DP=0. 
DO 4 K=1,NDMN 
DP=DP+1.D0*H3(K,I) *H3(K,J) 

4 CONTINUE 
G(I,J) =DP 
GF(I,J)=G(I,J) 

5 CONTINUE 
G IS H3-TRANS TIMES H3 
DO 6 1=1, N 
DP=0. 
DO 7 K=1,NDMN 
DP=DP + l.D0*H3(K,I) *HV(K) 

7 CONTINUE 
BB (I)=-DP 

6 CONTINUE 
IF(N-l) 50,50,51 

51 CONTINUE 
CALL FACTR(AF,PER,N,IQ,IER) 
IF (IER.EQ. 3) GO TO 20 
CALL RSLMC(AA,AF,BB,B,N,EPSI,IER,IQ,V,PER) 
PRINT 200, 1ER 
FACTR AND RSLMC ARE FORTRAN SSP PROGRAMS WHICH SOLVE 

A SYSTEM OF EQUATIONS BY WILKINSON’S ITERATIVE 
METHOD 1ER IS AN INDICATOR OF WHETHER A 
VALID SOLUTION TO THE EQUATIONS COULD BE FOUND 

XCOF(1)=1, 
DO 53 1=1,N 
XCOF(1+1)=B(I) 

53 CONTINUE 
XCOF FORMS THE COEFFICIENTS TO THE POLYNOMIAL 

WHOSE ROOTS INDICATE THE VALUE OF THE EXPONENTS 
CALL POLRT (XCOF,COF,N,R,ROOTI,1ER) 

C FORTRAN SSP SUPPLIED POLYNOMIAL ROOT FINDER 
A(1)=H (1) 
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8 

55 

70 

71 

54 

20 

50 

52 

14 

94 

100 
101 

DO 8 1=1,NM1 
DP=1.D0*H(I+1) 
DO 8 J=1,I 
DP=DP+1.D0*B(J) *H(I-J+1) 
A(I+1)=DP 
CONTINUE 
DO 55 1=1,N 
R(X)-1./R(I) 
CONTINUE 
A IS THE PRONY NUMERATOR POLYNOMIAL COEFFICIENTS 
R IS THE ROOTS OF THE PRONY DENOMINATOR POLYNOMIAL 
DO 71 J=1,N 
SUM=0•0 
SUMM=0•0 
DO 70 J=1,N 
FJ=J 
SUM=SUM+A(J) *R(I) **(-FJ) 
SUMM=SUMM+FJ*B (J) *R(I) ** ( l.-FJ) 
CONTINUE 
CO(I)=-SUM/SUMM 
CONTINUE 
CO ARE THE EXPONENTIAL COEFFICIENTS CALCULATED 

AS THE RESIDUES OF THE PRONY POLYNOMIAL 
AT THE ROOTS OF THE DENOMINATOR 

PRINT 301, (CO(I),1=1,N) 
DO 54 1=1,N 
R ( I ) =-ALOG ( R ( I ) )/DE LT 
CONTINUE 
PRINT 301, (R(I),1=1,N) 
CONTINUE 
GO TO 52 
CONTINUE 
B (1) =BB (1) /G ( 1,1) 
A(l) =H(1) 
R(l)—B(l) 
CO(l)=A(l) 
R( 1) “-ALOG ( R( 1) ) /DELT 
CONTINUE 
PRINT 500,ND,DELT 
PRINT 300 
PRINT 301, 
PRINT 400 
PRINT 301, 
PRINT 600 
PRINT 301, 
PRINT 700 
PRINT 301, 
GO TO 93 
PRINT 220 
GO TO 93 
CONTINUE 
RETURN 
FORMAT(15,15,F10.7,15) 
FORMAT(5F15.7) 

(A(I) ,1=1 ,N) 

(B(I) ,1-1,N) 

(CO(I) ,I=1,N) 

(R(I),1-1,N) 
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200 FORMAT (10 X, • IER= ',11,' ') 
210 FORMAT(/20X,'**********COMPLEX ROOTS**********'/) 
220 FORMAT (//10X,' NEGATIVE ROOT—UNABLE TO TAKE LOG—' ) 
300 FORMAT(/40X,‘THE A-S ARE - '/) 
301 FORMAT(lXr5G20.6) 
400 FORMAT(/4OX,'THE B-S ARE - '/) 
500 FORMAT (//40X, 'NUMBER OF DATA POINTS=ND=',I3/40X, 

l'TIME INTERVAL=DELT=',F5.3/) 
600 FORMAT(/40X,' THE COEFFICIENTS ARE  '/) 
700 FORMAT(/40X,* THE EXPONENTS ARE  '/) 

END 

SUBROUTINE SMOOTH(NDATA,ADATA,SMDAT) 
DIMENSION ADATA(IOO) ,SMDAT(50) 
DIMENSION Y(5) ,E(5) ,T(5) 
DO 1 1=1,5 
11=2*1 
IJ=II-1 
Y(I)=ALOG(ADATA(II)) 
T(I)=ADATA(U) 

1 CONTINUE 
C FIVE-POINT SMOOTHING ROUTINE—NOW HAS FIRST FIVE POINTS 

DO 10 1=1, NDATA 
IF(I-3) 2,2,3 

3 IF(I—NDATA+1) 4,2,2 
C CHANGES Y(I) AND T(I) 

4 IM=I-2 
IP=I+2 
DO 5 J=IM,IP 
11=2 *J 
IJ=II-1 
Y ( J—1+3) =AIDG( ADATA (II) ) 
T ( J-1+ 3) «ADATA (I J) 

5 CONTINUE 
2 P12=0. 

P22=0. 
Q1=0. 
Q2=0. 
DO 6 J=l,5 
P12=P12+T ( J) 
P22=P22+T(J) *T ( J) 
Q1=Q1+Y (J) 
Q2=Q2+Y(J) *T(J) 

6 CONTINUE 
A BEST FIT STRAIGHT LINE IS FIT TO THE LOG OF THE 
FIVE SELECTED POINTS Y(I) .... THEN FIVE SMOOTHED 
POINTS ARE SELECTED FROM THE STRAIGHT LINE AT THE 
FIVE SELECTED TIMES T(I) 
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DEN=5.*P22-P12*P12 
AY= (5. *Q2-P12*Q1) /DEN 
BE= (P22*Ql-P12*Q2)/DEN 
ARG=AY*ADATA(2 *1-1) +BE 
SMDAT (I) =ARG 

10 CONTINUE 
RETURN 
END 

SUBROUTINE INTRP 
C AITKEN'S ALGORITHM FOR INTERPOLATION 
C ABSCISSA IS ENTERED AS **EX**j OUTPUT ORDINATE **WY** 

COMMON/COMT RP/DAYTA(10 0) ,EX,NDATA,WY,YQ(50) 
REAL V(50),Y(50) 
IF ( DAYTA (2 *NDATA-1) • LT • EX) GO TO 7 
DO 1 1=1,NDATA 
V(I)=DAYTA(2*I-1) - EX 
Y(I)=YQ(I) 

1 CONTINUE 
ND=NDATA-1 
DO 3 J=1,ND 
NDD=N DATA-J 
DO 2 1=1,NDD 

C DATA POINTS ARE SORTED IN INCREASING DISTANCE FROM EX 
IF(ABS(V(I+1)).GE.ABS(V(I))) GOTO 2 
SAV=V(I+1) 
V(I+1)=V(I) 
V(I)=SAV 
SAV=Y (1+1) 
Y(I+1) =Y (I) 
Y(I)=SAV 

2 CONTINUE 
3 CONTINUE 

DO 4 1=1,5 
11=1+1 
DO 5 J=II,NDATA 
Y(J) = (Y(I)*V(J) -Y(J) *V(I))/(VCJ)-V(I)) 

5 CONTINUE 
4 CONTINUE 

WY=Y(5) 
RETURN 

7 CONTINUE 
I=2*NDATA-3 
AA=DAYTA(1+2)-DAYTA(I) 
AI=YQ (ND-1) 
AI=AI/AA 
AA=YQ (ND) -AI *DAYTA ( 1+2 ) 
WY= AA+AI *EX 

C FROM —7— ON IS A SIMPLE EXTRAPOLATION ROUTINE 
RETURN 
END 
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III.2 The Weighted Nonlinear Least Squares Program 

C 
C MAFQUARDT ALGORITHM FOR FITTING NONLINEAR FUNCTIONS 
C MODIFIED TO FIT EXPONENTIAL FUNCTIONS 
C IN A TWO-STEP FASHION— ALTERNATELY FITTING 
C THE COEFFICIENTS AND THE EXPONENTS 
C 
C 
C N IS THE NUMBER OF EXPONENTIALS 
C ND IS THE NUMBER OF DATA POINTS 
C A THE CURPENT ESTIMATES OF THE COEFFICIENTS 
C B THE CURRENT ESTIMATES OF THE EXPONENTS 
C DAYTA CONTAINS TIMES IN THE ODD LOCATIONS 
C AND ORDINATES IN THE EVEN LOCATIONS 
C 
c 

COMMON/CSOLVE/A(4),E(4),DAYTA(100),SMDAT(50) 
DOUBLE PRECISION DP 
DIMENSION DIFFR(50),DELST(4),G(4),AD(4) 
DIMENSION AA(4,4),PER{4),FA(16),FAST(16),P(4,50), 

1AST(4,4) 
EQUIVALENCE (AA(1) ,FA(1) ) , (AST(l) ,FAST(1) ) 
REAL LAMDA, LAMOV 
LOGICAL CLAZO 

100 FORMAT(110,110) 
101 FORMAT(F15.2,F15.2) 
200 FORMAT(5F15.7) 
300 FORMAT(6F10.2) 
400 FORMAT(6F10.2) 
500 FORMAT(6F10.2) 
600 FORMAT('0 ' ,//,' THE BEST EXPONENTIAL FIT IS: ',//) 
700 FORMAT(’O',5X,'COEFFICIENT(',12,') IS ',E15.7, 

1' EXPONENT(•,12,') IS ',E15.7) 
701 FORMAT (15X,'ERROR', 15X, ' 1ER » 3 AFTER FACTR' ) 
702 FORMAT (15X, '1ER «',12,' AFTER RSLMC') 
800 FORMAT(' El- ',G20.6,'ITER»',14,' LAMDA- ',G20.6) 

READ(1,101) EPSI,LAMDA 
C EPSI IS A NECESSARY PARAMETER FOR RSLMC 
C LAMDA IS THE LEVENBERG ADJUSTMENT-LA GRANGE MULTIPLIER 

GLAM-LAMDA 
10s* 4 
READ(1,100) ND,N 
NND-2*ND 

9 3 CONTINUE 
READ(1,200,END-94) (DAYTA(I) ,I=1,NND) 
LAMDA-GLAM 

C WHENEVER A NEW SET OF DAYTA IS READ IN, LAMDA IS RESET 
IF(N.EQ.l) A(1)-15.0 
IF(N.EQ.l) B(l)«-.05 
IF(N.EQ.l) GO TO 82 
READ (1,400) (A(I) ,1-1,N) 
READ(1,500) (B (I) ,1—1,N) 

82 CONTINUE 
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CLAZO*. FALSE. 
ITER*0 
ITER IS A COUNTER OF THE NUMBER OF ITERATIONS 
CLAZO DETERMINES IF COEFFICIENTS OR EXPONENTS CHANGE 
NT=2 *N 
CALL SMOOTH(N D,DAYTA,S MDAT) 
SMOOTH IS A SMOOTHING ROUTINE (SEE SECTION III.l) 
CALL SOLVE (E,DIFFR,N ,ND) 
SOLVE COMPUTES THE SCALAR SUM OF THE SQUARED ERRORS—E 

DIFFR IS THE LENGTH ND ERROR VECTOR 
E ON THE FIRST ITERATION IS THE INITIAL ERROR 

DP=0. 
DO 45 1*1,ND 
DP*DP+1.DO *DIFFR(I)*DIFFR(I)/DAYTA(2*1)/DAYTA(2 *I) 

45 CONTINUE 
E=DP 
DO LOOP 45 COMPUTES THE ERPOR E WEIGHTED BY 1/DAYTA(I) 
WRITE(3,800) E,ITER,LAMDA 

99 ITERaITER+1 
IF ( ITER.GT .35) GO TO 20 
THIS STATEMENT PLACES A LIMIT OF 35 ITERATIONS ON THIS PART 
IF (CLAZO) CALL EXPON (P ,N ,ND) 
IF (.NOT. CLAZO) CALL COEF(P,N,ND) 
IF CLAZO IS TRUE COMPUTE PARTIAL DERIVATIVES - P 

WITH RESPECT TO THE EXPONENTS 
IF CLAZO IS FALSE COMPUTE THE PARTIAL DERIVATIVES - P 

WITH RESPECT TO THE COEFFICIENTS 
DO 50 1*1,ND 
DO 51 J»1,N 
P ( J,1) «P ( J,I) /DAYTA(2*I) 

51 CONTINUE 
DIFFR(I)*DIFFR(I)/DAYTA(2*1) 

50 CONTINUE 
C THE VECTOR DIFFR AND THE MATRIX P ARE WEIGHTED BY 1/DAYTA 

DO 34 J-1,N 
DP*0 • 
DO 31 1*1,ND 

31 DP»DP+1.D0*DIFFR(I) *P(J,I) 
G ( J) *DP 

34 CONTINUE 
C G IS THE VECTOR P*DIFFR 

DO 109 1*1,N 
DO 110 J«1,I 
DP=0. 
DO 111 K*1,ND 
DP=DP+1.D0*P(I,K) *P(J,K) 

111 CONTINUE 
AST ( J , I) *DP 
AST(I,J)=AST(J,I) 

110 CONTINUE 
AD (I) *DSQRT (DP) 

109 CONTINUE 
C THE MATRIX AST IS THE MATRIX P*P-TRANSPOSE 
C AD(I) ARE THE SQUARE ROOTS OF THE DIAGONAL ELEMENTS 
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DO 33 1=1,N 
G ( I) =G (I) /AD ( I) 
DO 33 J=1,N 
AST (I, J) =AST (I, J) / (AD (I) *AD(J)) 
DIVIDING BY AD(I) NORMALIZES THE EQUATIONS FOR BETTER 

NUMERICAL PROPERTIES—A STANDARD PROCEDURE 
IF(.NOT.CLAZO) GO TO 30 
IF(I.EQ.J) AST(1,1)*AST(1,1)+LAMDA 

30 CONTINUE 
IF THE COEFFICIENT STEP IS BEING COMPUTED, 

THE TERM LAMDA IS NOT ADDED TO DIAGONAL ELEMENTS 
AA(I,J)=AST(I,J) 

33 CONTINUE 
THE MATRIX AA IS NECESSARY FOR KEEPING THE MATRIX AST 

INTACT AFTER SUBROUTINE FACTR WHICH USES THE 
INPUT MATRIX SPACE FOR A WORK SPACE 

IF(N-l) 39,39,37 
37 CONTINUE 

CALL FACTR(FA,PER,N,IQ,IER) 
IF ( IER.EQ. 3) GO TO 21 
CALL RSLMC (FAST ,FA,G,DE LST ,N , EP SI, IE R, IQ , V, PE R) 
WRITE(3,702) 1ER 
FACTR AND RSLMC ARE FORTRAN SSP PROGRAMS FOR SOLVING 

THE SYSTEM OF EQUATIONS FA*DELST=G 
FAST IS EQUIVALENT TO AST 
FA IS EQUIVALENT TO AA 
THE INTEGER 1ER INDICATES PROBLEMS IN SOLVING 

THE SYSTEM OF EQUATIONS 
GO TO 3 8 

39 DE LST ( 1) =G ( 1) /AST (1,1) 
FOR N=1 THE CHANGE IN PARAMETER DELST IS COMPUTED 

BY THE SIMPLE DIVISION IN STATEMENT 39 
38 CONTINUE 

DO 112 1=1,N 
DE LST ( I) = DE LST ( I) /AD (I) 

112 CONTINUE 
THIS IS PART OF THE NORMALIZATION BEGUN IN LOOP 33 
IF(CLAZO) GO TO 9 
DO 211 1=1,N 
A(I)=A(I) +DELST (I) 

211 CONTINUE 
GO TO 213 

9 DO 212 1=1,N 
B (I) =B (I) +DELST (I) 

212 CONTINUE 
DE LST IS ADDED TO A IF CLAZO IS FALSE 
DELST IS ADDED TO B IF CLAZO IS TRUE 

213 CONTINUE 
CALL SOLVE (E1, DI FFR,N ,ND) 

C COMPUTES NEW ERROR El, AND NEW DIFFR FOR NEW A & B 
DP=0. 
DO 46 1=1,ND 
DP=DP+1. DO *DIFFR(I) *DIFFR(I) /DAYTA(2 *1) /DAYTA(2 *1) 

46 CONTINUE 
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E 1=DP 
C COMPUTES THE WEIGHTED ERROR BY DIVIDING BY DAYTA 

WRITE (3,800) El,ITER,LAMDA 
IF(El.LT.E) GO TO 214 
IF((E1-E)-(.001*E )) 35,35,36 

36 LAMDA=2.*LAMDA 
GO TO 99 
IF THE ERROR El IS MORE THAN .1% OF E LARGER 

THEN LAMDA IS DOUBLED 
35 DO 22 1=1,N 

IF (CLAZO) B ( I) =B (I)-DELST (I) 
IF (.NOT. CLAZO) A(I)=A(I)-DELST ( I) 
DELST ( I) =DELST (I) /2 . 

22 CONTINUE 
IF(El.EQ.E) GO TO 36 
GO TO 112 
IF El IS MORE THAN E, BUT LESS THAN .1% MORE, THEN 

THE STEPSIZE DELST IS HALVED 
IF REPEATED HALVING DOES NOT REDUCE ERROR El BELOW E 

THEN WHEN El EQUALS E FOR VERY SMALL STEPS 
LAMDA IS DOUBLED 

214 CLAZO=.NOT.CLAZO 
E=E1 
IF(LAMDA-.00001) 40,40,41 

40 LAMDA=0. 
GO TO 218 

41 LAMDA=LAMDA/2.0 
218 CONTINUE 

IF El IS LESS THAN E, THEN CLAZO IS REVERSED, 
E IS RESET, AND LAMDA IS HALVED IF LAMDA IS 
NOT LESS THAN .00001 ALREADY 

IF (CLAZO) GO TO 99 
IF THE COEFFICIENTS WERE CHANGED THE PREVIOUS ITERATION 

THEN THE PROGRAM IS AUTOMATICALLY CONTINUED 
IF THE EXPONENTS WERE CHANGED, STOPPING CONDITIONS 

ARE CHECKED 
DO 20 1=1,N 
TRY=DELST(I) /(0.00001+ABS (B(I) ) ) 
IF (ABS (TRY)-0.001) 20,99 ,99 
IF THE RELATIVE CHANGE IN THE EXPONENTS IS LESS THAN 

.001 FOR EACH EXPONENT, THEN THE PROGRAM IS STOPPED 
WRITE(3,600) 
DO 555 1=1,N 

555 WRITE(3,700) I ,A(I),1,B(I) 
GO TO 9 3 

C AT 93 A NEW SET OF DATA IS READ IN, ELSE IT STOPS 
21 CONTINUE 

WRITE (3,701) 
C AN ERROR HAS OCCURRED IN SUBROUTINE FACTR IF EXECUTED 

GO TO 93 
9 4 CONTINUE 

RETURN 
END 
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SUBROUTINE SOLVE (E,ERROR,N ,ND) 
THIS SUBROUTINE COMPUTES THE ERROR BETWEEN THE DATA 

AND THE PRESENT ESTIMATE OF THE EXPONENTIALS 
ERROR—IS A VECTOR CONTAINING THE INDIVIDUAL ERRORS 
E—IS A SCALAR NUMBER EQUAL TO THE SUM OF THE 
THE INDIVIDUAL ERRORS SQUARED 

COMMON/CSOLVE/CO(4) ,EX(4) ,DAYTA(100) ,SMDAT(50) 
DOUBLE PRECISION DP 
DIMENSION ERROR(l) 
DP=0. 
DO I 1*1,ND 
ERROR(I) *SMDAF (I) 
11*2 *1-1 
DO 2 J"1 ,N 

2 ERROR(I)*ERROR(I) -CO(J) *EXP(EX(J) *DAYTA(II) ) 
DP*DP+1.DO*ERROR(I) *E RROR(I ) 

1 CONTINUE 
E»DP 
RETURN 
END 

SUBROUTINE EXPON (P,N ,ND) 
THIS SUBROUTINE COMPUTES THE MATRIX OF PARTIAL 

DERIVATIVES WITH RESPECT TO THE EXPONENTS 
COMMON/CSOLVE/CO(4) ,EX(4) ,DAYTA(100) ,SMDAT(50) 
DIMENSION P(4,50) 
DO 1 1*1,N 
DO 1 J*1,ND 
11*2*J-1 
P (I ,J) *DAYTA(II) *CO(I) *EXP (EX (I) *DAYTA(II) ) 

1 CONTINUE 
RETURN 
END 

SUBROUTINE COEF(P,N,ND) 
THIS SUBROUTINE COMPUTES THE MATRIX OF PARTIAL 

DERIVATIVES P WITH RESPECT TO THE COEFFICIENTS 
COMMON/CSOLVE/CO(4),EX(4),DAYTA(100),SMDAT(50) 
DIMENSION P(4,50) 
DO 1 I*1,N 
DO 1 J-1,ND 
11*2 *J-1 
P(I,J)*EXP(EX(I)*DAYTA(II)) 

1 CONTINUE 
RETURN 
END 
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III.3 The OFT Deconvolution Program 

DFT DECONVOLUTION PROGRAM 
AN ADAPTATION OF GARDNER'S TRANSFORM METHOD 

FOR COMPUTING EXPONENTIAL SPECTRA 
INVERTS THE LAPLACE INTEGRAL BY HUNT'S 
TECHNIQUE FOR INVERTING CONVOLUTION INTEGRALS 

COMMON/CSUB/ESF,N,IXMAX,FXMAX,XMAX,PMAX,XINTP,AJOE 
COMMON/COMT RP/DAYTA ( 10 0 ) ,EX ,NDAT A,WY,YQ(5 0) 
COMMON/COMFFT/X(2,256) ,NSTAGE,SIGN,SINE(65) 
DIMENSION XINTP(256),SMDAT(50),TAIMS(30),MAGS (30) 
DIMENSION FILT(256) ,ESF(256) ,PK(4) ,XK(4) 
COMPLEX DENOM(256) ,AQ(256) ,FILNUM(256) 
COMPLEX X,W,CONJG,RS 
REAL AJOE (256) 

100 FORMAT(12,12 ,F10.7 ,F10.7) 
101 FORMAT (E15.2) 
200 FORMAT (5F15.7) 
201 FORMAT ( ' THE TOTAL SOUARED ERROR IS',E15.7) 
202 FORMAT (14X,'ITERATIONS ' ,13,15X,'FINAL VALUE OF ALAM 

1—' ,E15.7) 
300 FORMAT(F6,0,15X,2(G17.7)) 
350 FORMAT(15,10X,2(G15.6)) 
400 FORMAT(* NUMBER ',F5.1,' IS ',E17.7) 
500 FORMAT(' ALAM- ',G11.6) 
700 FORMAT(15X,14,5X,'AJOE',G20,7,10X,'ESF*,G20.7,10X, 

1'XINTP*,G20.7) 
READ (5 ,100) NSTAGE,NDATA,BATA 

NSTAGE-LOG BASE 2 OF LENGTH OF DFT 
NDATA- NUMBER OF DATA POINTS READ IN 
BATA- EXPONENTIAL FACTOR IN DATA TRANSFORMATION 

READ (5,101) ALAM 
C ALAM IS THE WEIGHTING FACTOR GIVEN THE SMOOTHING 

GLAM-ALAM 
ND—2 *NDATA 

93 CONTINUE 
C THE PROGRAM RETURNS TO 9 3 TO READ IN NEW DATA 

READ(5,200,END=9 4) (DAYTA(I) ,I=1,ND) 
ALAM=GLAM 

C READS IN NEW DATA AND RESETS ALAM TO ORIGINAL VALUE 
ITER=0 

C NUMBER OF TIMES PROGRAM RUN ON EACH DATA SET 
N—2**NSTAGE 

C N IS THE LENGTH OF THE DFT AND THE SEQUENCES IT USES 
N04-N/4 
N02-N/2 
N02 P—N02+1 
FLTN—N 
SCALE - 1.0 
PI2N—6.2 831853/FLTN 
NP1-N04+1 
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DO 25 1*1,NP1 
FLII*I-1 
SINE(I)*SIN(FLII*PI2N) 

25 CONTINUE 
THE MATRIX SINE IS FILLED WITH THE NPl VALUES OF THE 

SINUSOIDAL FUNCTION NEEDED TO COMPUTE THE F FT 
CALL SMOOTH(NDATA,DAYTA,SMDAT) 

SMOOTH IS A SMOOTHING ROUTINE—SMDAT IS THE LOG OF 
THE SMOOTHED INPUT DATA (SEE PROGRAM III.l) 

DO 11 1*1 ,NDATA 
YQ (I)-SMDAT (I) 

11 CONTINUE 
THE SMOOTHED DATA IS PLACED IN COMMON BLOCK COMTRP 

THE FOLLOWING STATEMENTS WITHIN DO LOOP 6 
COMPUTE THE MAGNITUDE OF THE FFT OF THE 
SMOOTHING (FILTER) SEQUENCE DIRECTLY 

DO 6 1*1,N 
11*1-1 
IF(II-N04) 30,30,31 

30 IX—NP1-II 
S*l. 
GO TO 36 

31 IF(II-N02) 32,32,33 
32 IX—II-N04+1 

S—l. 
GO TO 36 

33 IF(II—N02-N04) 34,34,35 
34 IX—N02+NP1-II 

S—l. 
GO TO 36 

35 IX—II-N02-N04+1 
S-l. 

THE PRECEDING STEPS SELECT THE LOCATION IN SINE 
36 AI—S *SINE ( IX) 

AI—2.*AI-2 
AI»AI*AI*1000./N 

THE FACTOR 1000. IS A SCALING FACTOR WHICH 
IN EFFECT MAKES ALAM LESS THAN ONE 

FILT(I)—AI*AI 
6 CONTINUE 
DO 3 I—1,N02 
AI* I-N04-1 
AA—BATA*AI-EXP(BATA*AI) 
IF(AA+100.) 15,15,16 

15 EX-0. 
GO TO 21 

16 EX—EXP (AA) 
X ( 1,1 ) —B ATA*EX 

3 CONTINUE 
DO 9 I—N02 P ,N 
X (1,1) - (0, ,0.) 

9 CONTINUE 
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THE PRECEDING STATEMENTS COMPUTED THE SEQUENCE 
EXP(BETA*I-EXP (BETA*I) ) *BETA 

SIGN—1.0 
CALL F FT 
DO 4 1=1,N 
DENOM (I) =X (2,1) 

4 CONTINUE 
THE FFT OF THE ABOVE SEQUENCE IS X(2,I) 

IT IS STORED FOR LATER USE IN DENOM 
DO 71 1=1,N02 
AI=I-N04-1 
EX=EXP(BATA*AI) 
CALL INTRP 

INTRP IS AN INTERPOLATION SUBROUTINE 
(SEE SECTION XIX .1) 

THE OUTPUT IS THE LOG OF THE ACTUAL VALUE 
IF(WY+100) 72,72,73 

72 AA=0• 
GO TO 74 

73 AA=EXP (WY+BATA*AI) 
74 X( 1, X) =AA 
71 CONTINUE 

THESE STATEMENTS HAVE CALCULATED THE SEQUENCE 
EXP (BATA*I) *F (EXP (BATA*I) ) 

JJ-N02+1 
DO 78 I=JJ,N 
X (1,1) = (0. ,0,1 

78 CONTINUE 
SIGN—1, 
CALL FFT 
DO 7 1=1,N 
AQ (I) =X (2,1) 

7 CONTINUE 
THE FFT OF THE SEQUENCE X(2,I) IS STORED IN AQ(I) 

DO 1 1=1,N 
FILNUM(I) -DENOM ( I) 

1 CONTINUE 
FILNUM IS TIIE FFT OF EXP (BATA*I) F (EXP (BATA*I) ) 

WHERE F = EXP(-T) 
IT IS USED TO COMPUTE THE COEFFICIENTS MORE 

ACCURATELY 
59 ITER—ITER+1 

ITER IS A COUNTER OF THE NUMBER OF COMPUTATIONS 
IF (ITER.EQ. 4) GO TO 93 

A LIMIT OF THREE COMPUTATIONS IS ALLOWED HERE 
THIS NUMBER CAN BE AT THE USERS DISCRETION 

DO 60 1=1,N 
W=CONJG(DENOM(I)) 
RR=W*DENOM(I) 
RS-FILNUM ( I) *W 
X(1,I)=RS/(RR+ALAM*FILT(I)) 

60 CONTINUE 
THESE STATEMENTS COMPUTE X(1,I) AS IN EQUATION 2.62 

FOR THE PSEUDO-INPUT FILNUM 
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WRITE (6,500) ALAM 
SIGN=+1. 
CALL FFT 
DO 5 1*1,N 
ESF ( I) «REAL (X (1,1) ) 

5 CONTINUE 
ESF(I) IS THE EXPONENTIAL SPECTRUM OF THE SINGLE 
EXPONENT EXP(-T); IT IS EQUIVALENT TO A SINC 
FUNCTION ARISING IN GARDNER'S METHOD 

DO 61 1*1,N 
W=CONJG (DENOM (I) ) 
RR*W*DENOM(I) 
RS*AQ(I) *W 
X (1,1) *RS/(RR+ALAM*FILT (I) ) 

61 CONTINUE 
THE PROGRAM IS NOW READY TO COMPUTE THE EXPONENTIAL 
SPECTRUM OF THE INPUT DATA 

CE RR= 0, 
DO 62 1*1,N 
W=DENOM(I) *X(1,I)-AQ(I) 
CE PJR= CE RR+W*CON JG ( W) 

62 CONTINUE 
CERR IS THE ERROR IN THE ACTUAL DATA INPUT 

AND THE COMPUTED INPUT BASED ON THE COMPUTED 
EXPONENTIAL SPECTRUM 

NOTE THAT THE ERROR IS COMPUTED IN THE FREQUENCY 
DOMAIN UTILIZING PARSEVAL'S THEOREM 

WRITE (6,201) CERR 
HERE CERR IS ONLY PRINTED OUT; IT COULD BE USED 
TO DETERMINE ALAM AS DESCRIBED IN THE TEXT 

83 WRITE(6,202) ITER,ALAM 
SIGN®+1.0 
CALL FFT 
DO 26 1*1,N 
AJOE(I)«(REAL(X(1,1)))/ESF(1) 

26 CONTINUE 
ESF( 1) IS USED TO SCALE THE SPECTRUM X(1,I) 

SO THAT AJOE(I) INDICATES THE COEFFICIENTS 
DIRECTLY RATHER THAN PROPORTIONALLY 

DO 24 11*1,100 
100 POINTS OF THE SPECTRUM ARE SEARCHED FOR PEAKS 

1*11-14 
IF(I.LT.l) I=N+I 
IF(I-N02) 22,22,23 

22 AI»I-1 
GO TO 10 

23 AI*-N+I-1 
10 CONTINUE 

WRITE(6,300) AI,X(1,I) 
24 CONTINUE 

NP»3 
NP IS THE EXPECTED NUMBER OF EXPONENTS IN THE 
SPECTRUM; USED IN FOLLOWING ITERATIVE 
RIPPLE CORRECTING ROUTINE 
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DO 66 IL=1,NP 
CALL PEAKK(AJOE,N,N02,BATA,SCALE,XMAX,PMAX,TAIMS,MAGS) 

PEAKK COMPUTES THE APPARENT EXPONENTS AND 
COEFFICIENTS FOR EACH PEAK AS WELL AS THE 
LOCATION AND HEIGHT OF THE LARGEST PEAK 
IN THE RANGE 0 TO N02 

PK(IL)=PMAX 
XK (IL) =XMAX 

PK AND XK ARE THE LOCATION AND HEIGHTS OF THE 
NP TALLEST PEAKS 

CALL SUB 
SUB IS A SUBROUTINE WHICH SUBTRACTS THE HIGHEST 
PEAK AND ITS ASSOCIATED RIPPLES FROM THE REST 
OF THE CURVE 

66 CONTINUE 
DO 65 IL=1,3 
DO 63 IM*1,NP 
DO 27 1*1,N 
AJOE (I)»(REAL(X(1,I) ) )/ESF(l) 

2 7 CONTINUE 
THIS RESTORES AJOE IN PREPARATION FOR THE SLIGHT 

READJUSTMENT IN TEE VALUES OF THE PEAK LOCATIONS 
TO CORRECT FOR THEIR INTERACTIONS 

DO 64 IN*1,NP 
IF(IN.EQ.IM) GO TO 64 
XMAX=XK (IN) 
PMAX* PK(IN) 
IXMAX-XMAX 
FXMAX«XMAX- IXMAX 
CALL SUB 

64 CONTINUE 
CALL PEAKK (AJOE ,N,N02,BATA,SCALE,XMAX,PMAX,TAIMS,MAGS) 
XK ( IM) =XMAX 
PK ( IM) =PMAX 
WRITE (6 ,551} IM,XK(IM) ,PK(IM) 

551 FORMAT (/5X, 'PEAK NUMBER' ,12,' IS AT' ,G14.7,5X,'HEIGHT ' , 
1G14.7) 

63 CONTINUE 
65 CONTINUE 

ALAM*ALAM*2. 
IN THIS PARTICULAR PROGRAM ALAM IS DOUBLED WITH 
EACH SUCCEEDING ITERATION* THIS IS DONE WHEN ALAM 
IS TO BE "FINE TUNED" TO A FAIRLY PRECISE VALUE. 

IF ONE* DOES NOT KNOW THE OPTIMUM VALUE OF ALAM, A BROADER 
SEAFCH MAY BE MADE BY MULTIPLYING BY 10 AT EACH STEP. 

GO TO 59 
94 CONTINUE 

RETURN 
END 
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SUBROUTINE PEAKK(AJOE,N,N02,BATA,SCALE,XMAX,PMAX, 
1TAIMS ,MAGS) 
DIMENSION AJOE(256) 
DIMENSION TAIMS(30),MAGS(30) 

THIS SUBROUTINE FINDS THE PEAKS IN AJOE 
AND RETAINS THE LARGEST PEAK AT XMAX,PMAX 

KZ=1 
PMAX=0.0 
DO 41 1=1,N02 
11=1-14 
IF(II) 44,45,45 

44 II0-II+N+1 
II1-II0+1 
112=111+1 
IF(IIl.GT.N) II1-II1-N 
IF(II2.GT.N) II2-II2-N 
GO TO 46 

45 110=11+1 
111=11+2 
112=11+3 

46 CONTINUE 
XX=AJOE (III) -AJOE (110) 
IF(XX) 41,42,43 

43 YY=AJOE(II2)-AJOE (III) 
IF(YY) 42,41,41 

42 PEAK=AJOE(III) 
SUBL=AJOE(110) 
SUB R=AJOE (II2) 
FLII-II1 
DIFF-SUBR-SUBL 
FACT-PEAK*2.-SUBL-SUBR 
PDEV=DIFF/2./FACT 
TXMAX=FLII+PDEV-1. 
TPMAX=PEAK+DIFF*DIFF/8./FACT 
IF(TPMAX) 41,48,48 

48 XLAM=SCALE*EXP(-BATA*TXMAX) 
COFSH=TPMAX *XLAM 
WRITE(6,600) TXMAX,XLAM,COFSH 
TAIMS(KZ)=TXMAX 
MAGS(KZ)=TPMAX 
KZ=KZ+1 
IF(TPMAX-PMAX) 41,41,47 

47 PMAX=TPMAX 
XMAX=T XMAX 

41 CONTINUE 
600 FORMAT(* LOC, NO, ' ,G15.6 , 'EXPONENT® ' ,G15.6 , ’COEFFICIENT' 

1G15.6) 
RETURI1! 
END 

THIS PROGRAM TAKES THREE CONSECUTIVE POINTS, 
DETECTS A PEAK IF ANY, FITS A PARABOLA TO THE 
THREE POINTS AND COMPUTES THE PEAK AND LOCATION. 
THE APPARENT EXPONENT AND COEFFICIENT OF EACH 
PEAK IS DETERMINED AND PRINTED OUT AND STORED. 
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SUBROUTINE FFT 
FAST FOURIER TRANSFORM SUBROUTINE 

COMMON VARIABLES: 
X(2 r256) COMPLEX INPUT AND OUTPUT DATA 

INPUT IS ALWAYS IN COLUMN 1 
OUTPUT REGULAR FIT COLUMN 1 

INVERSE FFT COLUMN 2 
NSTAGE THE LENGTH OF THE TRANSFORM IS 2**NSTAGE 
SIGN EQUALS -1 FOR REGULAR FFT 

EQUALS +1 FOR INVERSE FFT 
SINE IS THE STORAGE AREA FOR SINUSOIDAL VALUES 

SO THAT REPETITIOUS CALCULATIONS NEED NOT 
BE MADE 

COMMON/COMFFT/X(2,256),NSTAGE,SIGN,SINE(65) 
COMPLEX X 
INTEGER R 
DOUBLE PRECISION DAX,BAY 
COMPLEX*16 W,ZZ,YY 
N=2**NSTAGE 
FLTN-N 
N2-N/2 
N4*N/4 
DO 3 J»l,NSTAGE 
N2J=N/(2**J) 
NR-N2J 
NI» (2**J)/2 
DO 2 I-1,NI 
IN2J»(I-1) *N2 J+l 
IF(IN2J-N4-1) 5,5,6 

6 IF(IN2J-N2-1) 7,7,8 
5 CONTINUE 

AY»SINE(IN2J) 
INV=N4-IN2J+2 
AX=SINE(INV) 
GO TO 8 

7 CONTINUE 
INV=N2-IN2J+2 
IDIF-IN2J-N4 
AX*=-SINE (IDIF) 
AY= SINE (INV) 

8 CONTINUE 
DAX=AX 
DAY»SIGN*AY 
W» DCMPLX(DAX,DAY) 
IN2J=IN2J-1 
DO 2 R-1,NR 
ISUB* R+IN2 J 
ISUB1-R+IN2J*2 
ISUB2 »ISUB1+N2J 
ISUB3»ISUB+N2 
YY«X(1,ISUB1) 
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ZZ=X(1,ISUB2) 
ZZ=W*ZZ 
X(2 , ISUB)=YY+ZZ 
x(2 ,ISUB3)»YY-ZZ 

2 CONTINUE 
DO 3 R=1,N 

3 X(1,R)=X(2,R) 
IF(SIGN.GT,0•) RETURN 
DO 4 R=1,N 

4 X(2,F.)»X(1,R)/FLTN 
RETURN 
END 

SUBROUTINE SUB 
SUB IS A ROUTINE FOR SUBTRACTING AN EXPONENTIAL 

PEAK OUT OF AJOE 
COMMON/CSUB/E SF,N,IXMAX,FXMAX,XMAX,PMAX,XINTP, AJOE 
DirîENSION ESF(256) ,XINTP(256) ,AJOE(256) 
N04»N/4 
N02=N/2 
IXMAX= XMAX 
FXMAX=XMAX- IXMAX 
DO 50 1=1,N02 
I1=1-14-IXMAX 
IF (II) 51,52,52 

51 II0-II+N+1 
111=110+1 
112=111+1 
IF(IIl.CT.N) II1-II1-N 
IF(112,GT.N) II2-II2-N 
GO TO 5 3 

52 II0-II+1 
II1-II0+1 
112=111+1 

53 CONTINUE 
PL=ESF(II0) 
PM=ESF (III) 
PP=ESF(112) 
PART= (PR-PL) /2. - ( (PL+PR) /2.-PM) * FXMAX 
PART=PM-PART * FXMAX 
L=I11+IXMAX 
IF(L.GT.N) L=L-N 

50 XINTP (L) =PAPT 
DO 54 1=1,N02 
L=I+N-12 
IF(L.GT.N) Ir=L-N 
AJOE (L) =AJOE (L) -XINTP (L) *PMAX/ESF ( 1) 

54 CONTINUE 
C THE PEAK IS PRESUMED TO BE A SCALED, SHIFTED ESF 

RETURN 
END 
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