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ABSTRACT 

INSTANTANEOUS RECYCLING APPROXIMATION IN CHEMICAL 

EVOLUTION OF GALAXIES 

Irini Pantelaki 

The purpose of this study is to determine the range of validity of 

the instantaneous recycling approximation (IRA) in the models for the 

chemical evolution of galaxies. To achieve this and in order to be able 

to follow the evolution of the gas mass and the gas metallicity with 

time without making the instantaneous recycling assumption, I 

constructed a simple numerical code. This same code was later converted 

to a form assuming the instantaneous recycling approximation and the two 

groups of solutions (with and without IRA) were compared. 

The results show that in the case of a star formation rate which at 

early times builds up to a maximum and later declines, a physically 

important departure from the instantaneous recycling approximation is 

observed in: 

a) The evolution of the gas mass at late times when the remaining gas 

mass density becomes a small fraction of the total density and 

b) the time evolution of the abundances in the interstellar gas of the 

elements contributed by the low mass stars. 

A less significant discrepancy between the two solutions (with and 

without IRA) appears at late times in the cases of the abundances of the 

elements whose origin are the intermediate and high mass stars. 
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CHAPTER 1 

INTRODUCTION 

One of the tests of any successful theory of galactic evolution is 

that, when combined with what we know about stellar evolution and 

nucleosynthesis, it should be able to account for the distribution of 

the elements and their isotopes in the galaxy. Conversely, from the 

observed distribution of elements, we may be able to draw conclusions 

both about nucleosynthesis and about the collective effects of stellar 

evolution and the various interactions between stars and the 

interstellar medium in galaxies. These questions form the subject 

matter of what is usually called chemical evolution of galaxies. 

In order to actually solve the equations and build a model for the 

chemical evolution of galaxies, one has to set up either simple computer 

codes to follow the evolution with time of the gas mass and the 

elemental abundances or to use simple approximations which make the 

equations easy to handle analytically. An approximation required for an 

analytical model is the instantaneous recycling approximation. In this, 

we assume that stars are divided into two classes, those that have low 

enough masses (lower than a limit m^) to be thought as having lifetimes 

comparable to the galactic lifetime and the massive ones (m > m^) 

which die right after they are born and subsequently return their 

nucleosynthetic products back to the interstellar medium at that same 

instant. The low mass stars of the first class still affect chemical 

evolution by locking up part of the mass of the gas that is turned into 

stars 
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Obviously, a comparison between the results of a numerical model 

and the results of a model employing the instantaneous recycling 

approximation (IRA) and having the same initial and final constraints, 

would lead us to conclusions about the validity of the approximation* 

This is what this study aims at* That is a reconsideration of the 

problem, since such comparisons with the same goal have been done in the 

past* For example, Tinsley (1976) presented a complete treatment of 

this problem using a closed model (initially all metal-free gas in a 

closed system)• 

In the present model and for the purpose of using a simple 

numerical code, I assume a simplified form of a time independent initial 

mass function which accounts for a mass spectrum reflecting just four 

different types of stars of masses m^ , m^, m3, m^ (0.6, 1.4, 6*9 and 

15*9 respectively)* The stars of masses m^, m^, m^ die within the 

galactic lifetime and give their nucleosynthetic products , Z^, Z^ 

correspondingly, back to the interstellar medium. I also assume that 

the star formation rate ÿ(t) depends linearly upon the gas mass Mç(t) 

and that the disk component of the Galaxy grew as matter fell upon it 

during the Galaxyfs maturation* With the intent of being able to check 

the numerical results (for IRA) against those of an analytical model, I 

chose for the accretion rate the exponentially declining case of the 

general formula used by Clayton (1985 a,b) in creating his class of 

solvable analytically models* That infall rate leads to a gas mass 

MQ(t) and, hence, a star formation rate t|>(t), that first builds up 

(starting from the point where the star formation began) to a maximum 

and steadily declines at late times. 
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With these biases and following Tinsley's (1980) notation, I 

constructed the equations representing the course of evolution of the 

gas mass Mç(t), of the three metal abundances Z^(t), Z^(t), Z^(t) of the 

gas and of the mass of the remnants My(t). In the process of this task 

I employed the instantaneous recycling approximation for the stars of 

mass m^ (the most massive ones). These equations were then integrated 

numerically# The input parameters of the code were selected to achieve 

a present gas fraction y = 0.19 which is considered here representative 

of the solar neighborhood (Tinsley 1981) • By setting the finite 

lifetimes of the stars equal to zero, the code was converted to a form 

implying the assumption of the instantaneous recycling approximation for 

the whole mass spectrum. The results derived in this case were compared 

with those of the analytical model (Clayton, 1985b) which, by our 

assumptions, is subject to the same initial and final constraints. 
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CHAPTER 2 

INGREDIENTS OF CHEMICAL EVOLUTION MODELS 

In general to put together a model for the chemical evolution of 

galaxies, we need to know: 

i) The initial mass function (IMF) which gives the relative birthrates 

of stars of different masses* 

ii) A model of the star formation rate as a function of time, gas mass 

or gas density and probably other parameters* 

iii) A picture of the end products of stellar evolution, i*e* which 

stars eject how much of their mass in the form of various heavy 

elements, after how much time? 

iv) Assumptions about other relevant processes in galactic evolution 

besides the birth and death of stars (Infall, etc*)* 

In the following material I try to present briefly some general 

information about the above constituents of a model* The next chapter 

contains the description of the two numerical models (with and without 

the instantaneous recycling assumption)• 
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2.1. Initial Mass Function (IMF) 

In order to go from results for the evolution of single stars to 

results for the evolution of a population of stars we need to know the 

initial mass function (IMF) • The notation which will be used in the 

rest of this discussion for the initial mass function, <j>(m), is that the 

number of stars formed in the mass interval (m, m + dm) and in the time 

interval (t, t + dt) is: 

4>(m) ÿ(t) dm dt 

where i|/(t) is the total mass of stars formed per unit time and therefore 

the normalization condition for <|>(m) will be: 

J“m 4>(m) dm = 1 (2.1) 
0 

The questions that have been subject of a great debate concern the 

time dependence and spatial variation of the IMF. Models for chemical 

evolution often assume an IMF constant in time and space. There is 

practically no theoretical or observational evidence for or against 

these assumptions. We cannot exclude the possibility of a time 

dependent IMF on the basis of the present stellar evolution theory or 

galactic dynamics. As a matter of fact, there have been suggested 

several models with variable IMF's (Schmidt 1963, Pagel and Patchett 

1975). These are successful in accounting for the small number of metal 

poor dwarfs in the solar neighborhood, the reason being, that within 
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such a model, earlier generations of stars put more of their mass into 

massive stars. On the other hand, however, we do not have any 

independent ways of verifying the suggested changes of the IMF in the 

past. 

The apparent differences, though, between the field stars’ IMF and 

some open clusters’ IMF have been interpreted in the past as evidence of 

a time dependent IMF (Miller and Scalo 1979). The argument is that most 

open clusters have ages of about 10® years or less, so the mean cluster 

mass function reflects essentially present conditions in the solar 

neighborhood whereas low-mass field stars have a considerably larger 

mean age. The difference, therefore, between cluster and field star 

IMF’s appears to imply a change in the IMF the last few 10® years. 

Miller and Scalo (1979), however, argue that this interpretation is 

probably incorrect because the low mass deficiency does not happen only 

in the young clusters. It is observed in the old cluster M67 but it 

does not occur in the Hyades which is intermediate in age. A more 

likely explanation may be that the initial mass function of the OB 

associations, where most young stars are born, is different from that of 

some clusters for M < 1 M • 

On the other hand, observations have not yet led us to the point of 

giving a definite answer to whether or not there is a "universal” IMF 

and how the variations occur if they do. In order to avoid the very 

uncertain factors involved in scaling to the evolution of the whole 

Galaxy, we confine ourselves in using a local IMF. That is, an IMF 

representing the solar neighborhood which is a region shaped like a 

cylindrical shell, about 1 kpc wide in the galactic plane (to include 
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stellar epicyclic motions and periodic gas motions), extending around 

the Galaxy at the Sun's galactocentric distance (to include passages of 

local material through spiral arms and small scale patchiness) and 

extending about a kpc out of the plane (to include stars whose periodic 

motions carry them far from the plane) • In other words, it is the 

"nucleogenetic pool of matter*' with which the local material has 

interacted since the Galaxy was formed. 

2.2 Star Formation Rate (SFR) 

Our present theory of star formation is extremely inadequate. We 

do not know how the star formation processes depend on the average 

composition, density or temperature of the interstellar medium. In 

addition we have to worry about gas rotation, magnetic fields, gas sound 

speed and many other parameters that are known to affect star formation 

in the different proposed scenarios. 

It might however, seem plausible to assume that the gas 

density p is the primary natural parameter to investigate in relation 
S 

to the star formation rate. Schmidt (1959) and Salpeter (1959) proposed 

in fact the idea that the birthrate of field stars is proportional to 

some power, n, of the average gas density. Schmidt, particularly, had 

found that the radial changes of ÿ and p in a Galaxy were consistent 
O 

with an n ~ 2. More recent observations consisting of comparisons of 

young star counts with gas densities in external galaxies have suggested 

a variation of ÿ as a power n ~ 0.5 to 3*5 of the local gas density 
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(Audouze and Tinsley 1976). SchmidtTs idea for a value n ~ 2 had 

received the strongest support from independent studies of correlations 

between gas densities and densities of H II regions in other galaxies. 

Miller and Scalo (1979) argue that this is not necessarily true. For 

what they consider the most serious objection, they refer to Madorefs 

work. Madore points out that the theoretical relationship of Schmidt 

predicts only a correlation between gas density and the rate of star 

formation, while in the observations people compare gas density with the 

number of stars formed. He did simulations of star formation and the 

values of n he came up with (~0.25-l) are much smaller than the 

values derived from the correlation analyses. And his n still suffers 

from the assumption that the number of stars formed in one region is 

proportional to the mass of that region (local gas density). 

The history of a galaxy, however, depends on the average values 

of that smooth out local variations due to spiral structure etc. 

Besides if the star formation occurs in spurts, moving from one place to 

another in a galaxy, it is only the average star formation which we can 

say that varies smoothly with time. Therefore, we cannot expect that 

the form of the relation between ip and pg in small volumes holds for the 

averaged quantities as well. Miller and Scalo argue that if we accept 

that SFR * pn a value of n ~ 0.5 for our Galaxy is consistent with 

Madore' s simulations• An additional advantage of this n is that it 

provides a birthrate that does not lead to any unphysical 

discontinuities of the IMF while Schmidt's n ~ 2 does cause a 

discontinuity at the mass where the main sequence lifetime equals the 

age of the Galaxy. Kennicut (1983) agrees that there is little evidence 
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for a strong correlation between the gas density and the star formation 

rate, but assuming that SFR * pn, he also favors an exponent much less 

than 1• 

For the purpose, though, of building simple models, we can still 

hope that all the known and unknown parameters, on which the SFR might 

depend, are themselves related to the gas density in a way, so that the 

net effet of all factors would be a law like Schmidt’s law: 

* - V Pg (2.2) 

After the above discussion it is needless to emphasize that this 

formula must be regarded as a useful parametrization. The property that 

has made it very popular over the years is that it allows us to build 

simple models some of which have been occasionally successful in 

explaining part of the observations. The above relation (2.2) is 

preferably written in the form: 

il/ = v a11 
g 

where ÿ is the star formation rate per unit area and a is the surface 
O 

gas density. This is due to the fact that the samples from which i|/ is 

determined are deep enough in space so that their scale heights are 

small compared with their radial extent. 
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2.3 Infall 

When Van den Bergh and Schmidt (1959) applied their first simple 

model (metal-free, homogeneous gas in a closed system) to the solar 

neighborhood they found it disagreed with the observations. The basic 

trouble lay in the distribution function of metallicities for long-lived 

stars, in particular the G dwarfs for which this function is known from 

U, B, V photometry. 

Pagel and Patchett (1975) formulated this problem using the 

instantaneous recycling approximation. The observed distribution 

(S(Z)/S ; S : present stellar density in the solar neighborhood) is a 

lognormal curve with somewhat arbitrary truncations with a maximum 

around Z/y * 1. In other words, it is much narrower than the simple 

model predicts, with many fewer stars near Z/y « 0. The model, in fact 

predicts no stars having Z/y = 0 so there is no disagreement with the 

observations at that point; but the halo stars that occur to the left of 

the lower truncation point are too few to alter the results. 

Possible infall of external gas which does not let the metallicity 

increase rapidly with time is one of the ideas that have been suggested 

to explain the dearth of low mass stars in the solar neighborhood. 

A variable IMF (or prompt initial enrichment in the extreme case) 

favoring the formation of massive stars in the early stages of the 

galactic evolution, metal enhanced star formation (Stars form preferen¬ 

tially in regions with above average metallicity. See for example 

Talbot and Arnett (1973)) or pre-enrichment of the galactic disk (Truran 

and Cameron 1971) have also been used to patch up the disagreement of 
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the observations with the first simple models of galactic evolution* 

The effect of the infall is that the first stars formed are metal- 

poor but their number is proportional to the initial disk mass* Star 

ejection then enriches the gas while infall is increasing the gas mass 

of the disk* Then further star formation will enrich the material that 

is accreted so that the only very metal poor stars are the few initial 

ones* 

Model-makers, subsequently, searched for the best form of that 

infall in order to predict results in agreement with the observations* 

Steady infall has been thought not to give a good fit to the number- 

metallicity relation (Pagel and Patchett 1975) whereas a decaying infall 

is thought capable of solving this problem* Detailed analytical models 

of this type have been derived by Lynden-Bell (1975)* His best 

accretion model has a steadily declining infall rate and a gas mass that 

first builds up and then declines to zero* These types of infall models 

give the smallest spread observed* 

There are different ways to interpret or justify accretion of 

material onto the galactic disk* It has been pointed out that such a 

process could be a relic of the galactic formation* In this picture 

metals are already being formed in the interior of the stars in the 

disk, while the rest of the galaxy is still collapsing, assuming also 

naturally that the outer parts of the initial protogalaxy take longer to 

fall than the innermost parts. According to a second scenario, the 

infalling gas is ejected from the envelopes of outlying halo stars* 

Larson (1972 a,b), supporting the evolutionary significance of gaseous 

material falling onto the disk over- a Hubble time, suggests that this 
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may be the result of direct accretion as the galaxy moves subsonically 

through relatively dense pockets of intergalactic material or even 

infall of gas bound to the galaxy but located in an extensive halo, 

several hundred kpc away. 

The chemical evolution of a galaxy should not be looked at as 

separate and independent from the dynamical evolution. That is exactly 

where justification for the infall comes from. In particular, the 

observational evidence that theorists call on are the high velocity HI 

clouds observed at high galactic latitudes. Oort (1970) first argued 

that their properties are consistent with their being intergalactic 

matter in the process of falling onto the galactic plane. But Davies 

(1972 a), Verschuur (1973) proposed that it is at least probable that 

these high velocity clouds represent extensions of the galactic spiral 

arms out of the galactic plane. Larson, on the other hand, assuming 

that Oort is right, finds in his above mentioned work that this infall 

rate is sufficient to account for a large fraction of the current disk 

gas content and for the average observed star formation rate. He also, 
t 

argues that the Hubble sequence may be understood in terms of the 

fraction of gas available for infall after the initial collapse and the 

time since the last infall episode. 

According to Larson, Tinsley and Caldwell (1980) the cool 

intergalactic clouds do not provide a significant source of gas for 

spiral galaxies, at least at the present epoch. These authors refer to 

the recent 21 cm searches which found little or no evidence for isolated 

intergalactic hydrogen clouds in nearby groups of galaxies. They, 

however, argue for the extended HI envelopes or streams that appear to 
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be tidal debris and are often found in groups of galaxies, the 

Magellanic stream being a local example* If tidal interactions sweep 

out the peripheral gas of spiral galaxy into an extended envelope, this 

will have important implications for the evolution of the system, since 

the dispersed gas cannot probably form stars efficiently until it falls 

back onto the disk* They, therefore, conclude that envelopes or streams 

of tidal debris could serve as reservoirs of gas to fuel later star 

formation in spiral galaxies. They, also suggest that this infall may 

last for a long time* Namely, they argue that the time required for 

tidal debris to settle back to the disk is ~ 1 Gyr and is comparable to 

the orbital periods of the interacting galaxies* Thus repeated tidal 

encounters could keep the outermost gas of a spiral galaxy stirred up 

and relatively widely dispersed for many Gyr* The same thing might also 

happen for any remaining primordial gas. 

2.4 Products of Stellar Evolution and Nucleosynthesis 

The need for a more complete picture of the end products of stellar 

evolution should be provided from theory but in practice there are many 

problems concerning the effects of mixing and mass loss as well as the 

precise mechanism and conditions of stellar explosions and the 

corresponding mass limits between which various things happen* 

It is useful to classify the elements according to the number of 

generations of stars that are required for their synthesis. A primary 

element is an element that is formed directly from H and He inside a 

star. Secondary elements are formed from this primary seed that was in 
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the interstellar gas which the star was formed from. 

Fig. 1 shows Alloinfs sketch (Alloin et al. 1979) which illustrates 

the nucleosynthetic theories of Arnett for high mass stars and IbenTs 

and Truran's for low mass stars. This figure must be regarded as 

uncertain and very schematic. Alloin displays here stellar mass 

fractions containing different elements at the time the mass is 

returned to the interstellar medium through planetary nebulae, stellar 

winds, or supernovae as a function of the initial mass of the star. The 

mass fractions fossilized as white dwarfs or neutron stars for each mass 

interval appear as well. The lowest curve represents the remnants left 

over at the end, to which we have to add the stars whose lifetimes are 

comparable to or exceed the age of the Galaxy. The rest of the material 

is ejected after nuclear processing. In the original figure zones 1-3 

are the H-rich envelopes where the light elements are destroyed and some 

of the C that initially exists in the material from which the star 

formed, turns into N. Zones 4, 5, 7 are He or C core regions in which N 

and the fresh C are dredged up in He shell flashes and therefore N 

appears to be partly a secondary and partly a primary element. Zones 8, 

9 consist of C and 0 respectively and the deeper zones are mainly Ne-Mg 

and Si-Fe. This picture does not include the effect of mass loss by 

massive stars, while they are burning H and He in their cores. This 

effect can affect the yield of heavy elements produced by a star of a 

given initial mass. The mass of the products depends basically on the 

core mass Ma, which is indicated (for the constant mass case) along the 
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B 7 20 30 

Figure 1. Models of the end products of evolution of stars 
of various masses (Alloin et al., 1979) 
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top line. If there is appreciable mass loss (which, for the purpose of 

building simple equations, is usually ignored in models of chemical 

evolution), then the initial stellar mass for a given Ma has to be 

increased by a factor of up to 2 or so. That means that the scale of 

initial masses will be stretched and the yield of heavy elements from a 

given stellar population correspondingly reduced. 

I indicated, in the original figure, some complications which are 

correlated with Fe synthesis by type I supernovae of intermediate masses 

and C's overabundancy in planetary nebulae which shows that C from He 

burning is ejected in the envelopes of stars with lifetimes of at least 

109 years (below 4 Mft) • It is also plausible that nucleosynthesis goes 

on in stars of lower masses i.e low mass stars (1-2 M^) produce sub¬ 

stantial amounts of 3He which is mixed into the convective envelope when 

the stars become giants. 

In conclusion, we can assume that can be used (as the figure 

illustrates very clearly) to typify elements made entirely in stars 

above 10 Fe and C would be typical products of stars of intermediate 

masses while 3He may represent the nucleosynthesis of stars of 1-2 M^. 
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CHAPTER 3 

THE ACTUAL INFALL MODELS 

3*1 Adopted Assumptions and Parameters 

In this chapter a simple numerical model built to investigate the 

range of validity of the instantaneous recycling approximation is 

presented. In order to set it up, I had to make some choices concerning 

the previously discussed ingredients of a model and assume some initial 

conditions as well. 

In the models of chemical evolution, n, in Schmidt’s law, is 

generally taken to be 1 < n < 2. Furthermore, it is convenient for an 

attempt at a simple model to use for the star formation rate a function 

ip(t) * Mç(t), where Mç(t) is the mass of the region under study, which 

will be taken here to be either the galactic disk or a solar annulus. 

Hence, we can write: 

*(t) « v MG(t) (3.1) 

The parameter v determines the rate with which the gas mass is 

depleted. Therefore, v depends on the considered region: it would be 

larger in the galactic center, a highly processed region, than in the 

solar neighborhood. 

The assumption that enters, here, of the star formation rate being 

proportional to the gas mass Mç(t), considerably simplifies the numer¬ 

ical calculation and within the purpose of this work is not expected to 
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alter the nature of the results* 

A constant IMF over the galactic lifetime is, usually, another 

assumption that is made in the theoretical models and allows us to use 

the notation for the IMF referred in the introduction* 

Because power laws are easy to handle, people have tried to fit 

straight lines to the shape of the IMF derived from counts of stars in 

the solar neighborhood and the notation used in these cases is; 

<j)(m) * nrd+x) (3.2) 

where x is called the slope of the IMF. Salpeter (1955) first derived a 

famous slope x * 1.35 for the local IMF but more recent data on star 

counts and stellar lifetimes show that the assumption of a single slope 

for the whole mass spectrum is not a realistic approximation. 

The form of the IMF, below, is taken from B. M. Tinsley (1980, 

1981). Tinsley notices that the equation that she uses represents the 

shape of the IMF that Miller and Scalo derived for the solar 

neighborhood apart from a discrepancy in the interval 0.4 to 1 M , where 

she adopted a slope based on Wielenfs luminosity function. 

m <j>(m) i|> = * 1.00 m 0#25 

» 1.00 m 

* 1.23 m“l-3 

« 12.3 m“2«3 

0.4 < m < 1.0 

1.0 < m < 2.0 (3.3) 

2.0 < m < 10.0 

10.0 < m < 50.0 

in units of pc"2 Gyr"1 with masses in solar units This equation 
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illustrates clearly that there are very few stars with masses higher 

than 10 M . 

Tinsley (1981), also, suggests the extension of the low mass limit 

down to 0.1 M^. The value of the slope in the interval 0.1 - 0.4 M# 

does not have a physical significance and effect on chemical 

evolution. These stars lock up material but they do not contribute 

anything to the abundances of the heavy elements in the interstellar 

gas. On the other hand, the selection of any upper mass limit above 

~ 30 will only slightly affect the results. 

It is worth noting that with an upper limit of 100 and Tinsley’s 

lower limit, the mass that is locked into stars with masses below 1 M 

accounts for a fraction equal to 31% of the whole stellar mass. The 

number of stars which are formed (per unit time) with masses that do not 

allow them to undergo nuclear processing amounts to 78% of the total 

number. By integrating equation (3.3) with respect to mass and allowing 

for the normalization condition (2.1), the present star formation 

rate ÿ for the mass spectrum 0.1 - 100 M^ can be easily calculated. 

Thus = 3.513 M^pc“2 Gyr"1. 

There is a question concerning the lower limit, that is whether or 

not we should truncate the IMF at 0.1 M#. Tinsley (1981) showed that 

an extrapolation of the IMF below 0.1 would not add a significant 

amount to the stellar surface density, which by using observed star 

counts (Miller and Scalo 1979) turns out to be equal to 24 pc“2. In 

particular, she demonstrates by plotting the data of Miller and Scalo 

that the main contribution to Me comes from stars a little below 1 M ts • 

and extrapolation of the IMF below 0.1 M adds (because of the shallow 
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IMF slope) only 1 M pc-2 to the value of the surface density of stars. 
V 

This value (24 M# pc
-2) along with the gas mass density (8 M# pc

-2 

from Gordon's data) and the density of the remnants (10 M pc-2) adds up 

to a total surface density of 42 pc“2 for the solar neighborhood. 

There seems to be a discrepancy here between the above value and the 

local mass density derived from dynamical considerations (the M0ort 

limit"). The "Oort limit" is the total amount of matter in the solar 

neighborhood as deduced from the observed motions of stars perpendicular 

to the galactic plane. Determinations of the "Oort limit", at various 

times in the past, have resulted in densities of 75 - 100 pc“2, 

considerably larger than the amount of matter that resides in stars, gas 

and dust. This leaves the "missing mass" that led people to make 

several assumptions including the low velocity M-dwarfs and extend the 

lower limit to substellar masses to account for the difference. The 

"Oort limit", however, is not well known (to about ± 20%) (Miller and 

Scalo 1979) and considering the uncertainties in the observed densities 

and in the "Oort limit", the discrepancy may be much less serious than 

it appears to be. 

Following Tinsley's (1980) notation in her review paper on galactic 

evolution, I define some useful integrals which depend on the IMF and 

parameters of the stellar evolution. The "return fraction" R is defined 

by the integral 

R * /°°(m - W ) d>(m) dm (3.4) 

where Wm is the remnant mass of the star of initial mass m and m^ is the 
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present turn-off mass from the main sequence. Taking m^ to be 1 M^, R 

will be the fraction of the mass turned into stars that is returned back 

to the ISM within a time equal to the lifetime of a 1 star. A second 

useful integral is the yield y, which is the mass of newly synthesized 

primary products of nucleosynthesis, per unit mass of matter locked into 

remnants. 

y = yi-R f°°m Pzro^11) dm (3.5) 
mi 

where pZm is the "stellar yield" the mass fraction of newly synthesized 

metals inside a star of initial mass m* According to the above 

definitions, if star formation occured in a single burst and the total 

stellar mass was M, 10*0 years later (~ the lifetime of a 1 star) the 

mass in the form of stars would be M(1 - R) and the mass of new metals 

ejected would be y(l - R) • Both these numbers are strongly dependent on 

the shape of the initial mass function and that causes the big spread in 

the values that have been attributed, in the past, to R and y for the 

solar neighborhood. Obviously the above definitions of R and y imply 

treatment of the stars in instantaneous recycling. It is also possible 

to define a time dependent R(t) (Tinsley 1976). m^ would then also be a 

time dependent function m(t). 

3.2 Basic Equations 

Our purpose is to follow numerically the gas mass evolution and the 

abundance changes in the interstellar medium (ISM) of a region that can 
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be considered to be a solar annulus. I will ignore any possible 

chemical inhomogeneities that may exist in this region. Then the basic 

equations are easy to derive. The gas mass changes through star forma¬ 

tion, ejection of matter from the stars and accretion into this region: 

dM 
- - ij>(t) + E(t) + f(t) (3.6) 

In order to be able to express the ejection rate in terms of the 

initial mass function and the star formation rate, we make the approxi¬ 

mation that each star suffers its entire mass loss at the end of its 

life. This is a realistic approximation provided that we are interested 

in stars whose lifetimes are greater than 106 years because the short¬ 

lived stars undergo a significant mass loss before the red giant phase, 

while they still are on the main sequence. It is obvious that mass 

losses during the life of the stars would lead to a lowering of the 

yield of heavy elements. With a well defined Tffi the ejection rate can 

be written as: 

E(t) - /°°(m - W ) ip(t - T ) <t>(m) dm (3.7) 
mt 

m m 

where Wm, t are the remnant mass and the lifetime of a star of initial 

mass m respectively. The above equation implies that the stars formed 

at time t - x eject their metals back to the interstellar medium at 

time t. denotes the mass of the star with xm = t (main sequence 

turn-off mass). 
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The evolution of the metal abundance Z in the interstellar gas, 

where Z is either an individual primary element or the sum of any of 

them with common stellar production sites, can be approached through 

that of the total mass of element Z in the gas: 

where Zf is the mass fraction of Z in the infalling matter and E^Ct) is 

the total ejection rate of metals from stars and it includes both these 

newly synthesized inside a star and those that were in the interstellar 

material the star was formed from. The rate of ejection of new metals 

from stars at time t is 

The unprocessed material is related with the metal abundance Z in this 

region at time t - Thus the total ejection rate can be written as: 

d_ 

dt 
(Z Mg) = - Z(t) *(t) + Ez(t) + Zff(t) (3.8) 

/"m p i|i(t - T ) <|>(m) dm (3.9) 

00 
EZ(t) = /[(m-Wm-mpZm) Z(t - xm) + mpzJ *(t " ♦(*) dm (3.10) 

3.3 Instantaneous Recycling Approximation (IRA) 

Talbot and Arnett (1971) introduced the analytical approximation 

which is known as instantaneous recycling approximation. This is the 

assumption that all stars which are important in considerations of 
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chemical abundances are so massive that their lifetimes are negligible 

compared to the time scale of galactic evolution. 

By employing the instantaneous recycling approximation at this 

point (setting Tm ■ 0) and bearing in mind the definitions for the 

return fraction R and the yield y, the equations are importantly 

simplified: 

E(t) = R *(t) (3-11) 

Ez(t) = RZ(t)i|>(t) + y(l - R)[l - Z(t)(3.12) 

and with the physically reasonable approximation Z < 1, 

Ez(t) = RZ(t)ÿ(t) + y(l - RH(t) (3.13) 

and 

dM 

— = - (1 - R)<|>(t) + f(t) (3.14) 

|t (ZMg) * -Z(t)( 1 - R)^(t) + y( 1 - RH(t) + Zff(t) (3.15) 

and, finally, an equation for the mass fraction of Z in the gas is 

obtained by using the identity 

2- (ZM ) 
dt G 

dM 

* G + M. dZ dt 
(3.16) 

MG(t) |f^- y(l - R)i|»(t) + [Zf(t) - Z(t)]f(t) (3.17) 
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and in the linear model 

dZ(t) 
(3.18) 

dt 

3.4 Numerical Modelling 

a) Input Parameters 

For the numerical computation, I had to choose a grid of stellar 

masses to sum over. In a very crude approximation, I consider that the 

0.4 - 1, 1 - 2, 2 - 10, 10 - 50 respectively. The criterion, I use 

to define "representative" is the return fraction. That is, m^, m^, m^ 

were chosen so that the values of the return fractions from m , m , m 

are identically those of the return fractions from all the stars which 

were born with masses in the corresponding mass intervals. The 

following equation clarifies that choice: 

stars have been formed with four different masses m * m , m * m or in a 
1 2* 3 * 4 

mathematical notation, <j>(m) can be expressed as: 

<|>(m) * c16(m-m1) + c^SCm^mp + + c^ô(m-m^) (3.19) 

where m^, m^, m^, m^ are the "representative" masses of the intervals 

i>4j lii^ 

J(m - W ) <{>(m) dm = (m*- W *) f <j>(m) dm 
mi m m mi 

nu< m*< nij (3.20) 
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m* is identically equal to for the different intervals (m^, 

aj)* 

It is implied in the equation (3.19) that c^m^, 
czm29 C

3m3* C4m4 

indicate the mass fractions which go into each one of the above four 

intervals and they must be such that they allow for the normalization to 

1 (Eq. 2.1). 

Stars of mass m^ (smaller than 1 M^) are the ones that effectively 

live forever (therefore their R * 0). Considering white dwarfs as the 

suitable representatives of this interval, I arbitrarily set * 0.6 

M • This was also assumed to be the mass of the remnants of the stars 
© 

with initial masses in the range 1-5 M^. There is a great deal of 

uncertainty surrounding the upper mass limit for white dwarf progenitors 

because of our lack of understanding of the processes of mass loss at 

the late stages of stellar evolution. White dwarfs appear when a star 

loses its H-rich envelope before the degenerate C-0 core can reach the 

Chandrasekhar limit of 1.4 M . The Pleiades white dwarfs were found to 
€> 

have progenitor masses larger than 5 M^. Also the faint blue stars 

found fairly recently by Romanishin and Angel in open clusters, with 3 - 

6 M turn-off masses, indicate that the Pleiades is not a unique case 

and some stars with masses > 5 initially, do evolve into white dwarfs 

(J. Liebert, Ann. Rev. Astron. and Astrophys., 1980). On the other 

hand, the white dwarf counts in the Hyades support a lower limit 2 

which includes, however, many uncertainties in the cluster IMF at high 

masses, the small numbers of stars and the problems of escaped members. 
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For the massive stars, a remnant mass of 1.4 was adopted. This 

value (the Chandrasekher limit) is generally very well accepted whereas 

the white dwarf mass of 0.6 is still the subject of debate. 

Tinsley (1981) adopted the value of 0.6 for the white dwarf 

mass. Another value used by her before and others is 0.7 M . The 

problem is that mass estimates of the white dwarfs are reasonably 

accurate only when they are obtained from binary orbit solutions. Such 

mass determinations indicate values from 1.05 ± 0.028 M for Sirius B to 

0.63 for Procyon B which are both close binary systems with massive 

companions or 0.5 - 0.72 for Stein 2051B, which belongs to a more 

distant, lower mass system. (J. Liebert, Ann. Rev. Astr. and 

Astrophys., 1980). Therefore, both of the above values (0.6 and 0.7 M^) 

seem reasonable averages and this astrophysical question cannot be 

settled before more observational data become available. Notice, 

however, that this value is an important constraint for the models of 

chemical evolution in general and this simple model specifically. In 

fact, the return fraction R, which affects all the input parameters of 

the problem, depends crucially on the white dwarf mass. 

In the following table the calculated values of m , m , m , m , 
12 3 4 

c,, c. c , c , W , W , W and the total return fraction R appear. 
1* 2 39 4* in * m * m, 

2 3 4 
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Table 1 

0.4 - 1 1 -2 2-10 10 - 50 

m^ = 0.600 m = 1.386 
2 

m3 = 6.931 m, - 15.899 
4 

Cj ■ 0.314 c2 - 0.142 c3 = 0.052 c, « 0.007 

W = 0.600 m 
2 

W = 1.400 
m 
3 

W * 1.400 
m 
4 

T2 = 3.400 T3 - 0.060 H
 

4r
 If O
 

R = 0.509 

The masses are in solar units and the times in units of 109 yr. 

b) Basic Equations 

Eq. (3.6) and (3.7),. after substituting for the initial mass 

function the form (3.19), lead us to the following equation which 

displays the time evolution of the gas mass. 

dMp 
~ = -iKt) + c2(

m
2 " 

w
2) ’Kt ~ T2) + C3(H>3 - W3) i|i(t - T3) (3.21) 

+ ci/m4 " W4> ^ " T4) + f(t) 

where T , T , T are the finite lifetimes of the stars of masses in , m . 
2*34 23 

m^ respectively, and I use , W3, instead of Wffl , Wm , Wm for 

simplification 
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For the massive stars of mass m^, instantaneous recycling is a 

well-founded assumption. I will, therefore, let = 0. The estimates 

for x2, Tg which appear in Table 1 come from the stellar evolution times 

quoted by I. Iben (Ann. Rev. Astr. Astrophys., V5). 

By recalling the linearity assumption and by measuring the gas mass 
M
G(t) 

in units of the initial disk mass (M(t) = —^ ) eq. (3.21) can be 
o 

further written: 

= -[1 - C (m - W, )]v M(t) + c (m - Wjv M(t - T) (3.22) 
dtL 4 4 4 J 222 2 

+ c3(
m
3 “ 

w
3)'> M(t - T3) + F(t) 

where F(t) = 
o 

Carrying on to express the time dependence of the metal abundance 

Z, eq, (3*8) can be reduced to 

A? dMr 
MG ïït z dT “ " z(t) ^(t) + Ez(t) + Zff(t) (3.23) 

t 

Zf depends on the history of nucleosynthesis in the infalling matter and 

equivalently on the origin of infall in the different infall scenarios 

discussed before. Setting Zf * 0, or in order words assuming that Zf is 

so small that it practically vanishes, is physically realistic if infall 

is primordial material falling onto the disk that was not appreciably 

enriched by the halo stars. In the following, I will assume metal poor 

infall (Zf * 0). 

«GHI* 4T- -«*> w+ h(t> (3.24) 
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It is easy to foresee from the analytical model (IRA) how the 

results would change qualitatively in the case of a finite Zf. Let 

(1 - R)ip - kf (3.25) 

Eq. (3.17) becomes 

MG ft = (ky + Zf " z)f (3.26) 

According to this equation there is an asymptotic value of Z 

Z +■ ky + Zf (k < 1, Z Zf) 

which lets us conclude that a finite Zf would enhance the rise of Z with 

time, especially at early times. 

This can also be seen from the exact analytical solution that 

Clayton (1984b) gives for the gas metallicity Z(t), considering a 

constant (non-zero) Zf 

Z(t) - [yz„ 4/Oc + D] [>4-â - (i-pr
k] ♦ zf 

Let Z . Z„, Z, be the abundances, in the interstellar gas, of the 
2 3 4 

fictitious heavy elements whose origins are in the stars of mass m^, m^ 

m^ respectively. 

Then the mass fraction Z^(t) of the primary nucleosynthetic 

products of stars of mass will vary according to the equation: 
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(3.27) 

= - Z2(t) i|/(t) + ^ (m - Wm) Z2(t - Tm) ij/(t - Tm) 4>(m) dm 

,2 
+ J PZmm ” Tm^ 

dm 

The first positive term in the R.H*S expresses the ejection rate of 

unprocessed material • By definition, this unprocessed part of 

existed in the interstellar matter the star was formed from and 

correspondingly the integration extends over the whole mass spectrum to 

account for the fact that unprocessed material is ejected back from 

stars of masses m^, m^, and Nonetheless, notice that the limits of 

the second integral indicate that the new metals Z^ are synthesized 

within stars of mass m^ only. Before going on, one can see, by 

recalling the general formula (3*10), that a term 

50 2 

has been neglected for simplicity (in order to be able to solve, later 

on, for Z* * Z./p^ m Nevertheless, this is a physically justified 
^2m2 

assumption (this term is negligible comparing to the 

50 
/(m - wm)Z2(t ~ ~ Tm)<(>(m)dm), and practically the same with that 

used for the derivation of eq. (3,13) in the instantaneous recycling 

2 2rZ m 2 
2 2 

approximation 
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After some trivial substitutions, eq. (3.27) will furthermore be 

written as 

M
G
(t) —Z2(t) - c2(m2 - W2)Z2(t - x2)*(t - t2) (3.28) 

+ C
3
(m3 " W3)Z2(t " T3)*(t " T3) + Pz2m2

m2C2*Ct: " T2) 

- c2(m2 - W2)*(t - x2)Z2(t) - c3(m3 - W3)*(t - Tg)Z2(t) 

- f(t)z2(t) 

The linearity assumption allows us to derive the following equation 

for the gas metallicity Z 

MU - o 
- c2(m2 - W2)vZ'(t - T2) M(t) ~ (3.29) 

M(t - T ) M(t - T ) 

+ C
3
(m3 " W3

)vZ2(t " T3> M(t) + Vm2C2 MCt) 

M(t - T ) M(t - T ) 
- c2(m2 - w2)vz-(t) M(t)2 - c3U3- w3)vz;(t) M<t)

3 

_ F(t) « » \ 
M(tTZ2(t) 

M (t) 

where M( t) = —  and F(t) = 
M_ 

, Z (t) 
as before and Z*(t) =   
M 2 p„ 
° *%2m2 

By the following similar procedures, the corresponding equations 

for the time evolution of are deduced* Their forms are 
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essentially the same with that of the above equation. 

d M(t - T ) 

!**;<*) ■ ca(m2 - v*;** - v-W- (3.30) 

M(t - T ) M(t - T ) 
+ C3(m3 ’ Vvz;(t ' V M(t) " + WW 

M(t - T,) M(t - T_) 
- c2(m2 - w2)vz;(t) M(t). - c3(m3 - W3)vz;(t) 

_ F( t) 7 I /1 \ 
mr z

3
(t) 

dt Z4Ct) - C2(m2 “ W2)vZi(t 

M(t - T2) 
T2) M(t) (3.31) 

+ c3(m3 - w3)vz;(t 
M(t - O 

V M(t) ~ + \ V 

M(t - T ) M(t - T ) 
- c2(»2 - W2)vz;(t) M(t)

2 - c3(m3 - «3^(0. .^.. 

where Z3(t) 

F(t) 
M(t) 

^Z3m3 

z;(t) 

-, 

z( (t) 

Another quantity of interest is the mass of the condensed remnants 

(white dwarfs, neutron stars) whose variation with time is expressed by 

the equation: 

d_ 
dt “w ' fV(t T ) <b(m) dm m (3.32) 
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which reduces to 

where M^(t) = 
vc> 

o 

c) Instantaneous Recycling Limit 

It would be interesting and useful to attempt at this point to 

apply the instantaneous recycling approximation to the above equa¬ 

tions. The way this is done is, to neglect the time delays between the 

birth of the stars and the time they return the synthesized elements 

back to the interstellar gas. The related mathematical expression is to 

let T2> x3 = 0* Routine algebra on eq. (22), (29), (30) and (31) leads 

to the following, appreciably simpler than before, forms for the 

variation of the functions M(t), Z^(t), Z3(t), Z^(t). 

^ - r{l-[c2(m2 - W2) + c3(m3 - V^) + c^ - W^)]}vM(t) + F(t) (3.34) 

> m c — 
Z21112 2 2 

(3.35) 

(3.36) 

(3.37) 
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The return fraction and the yields from stars m^, m3, m^ 

deduced from the general definitions (4) and (5). Thus: 

R = c„(m - W ) + c (m - W_) + c (m - W ) 
2 2 2 3 3 3 4 4 4 

C2m2^Z2^2 
yZ2 " 1 - R 

y 
z3 

c m p„ 
3 3HZ3m3 

1 - R 

y Z4 

c m p„ 
4 4^Zj+mlt 

I-—~R 

and therefore we can write: 

#£--(!“ R) *(t) + F(t) 

—Z 
dt 2 y7 (1 - R) 

z2 

»(t) 
M(t) 

z2(t) 
F(t) 

M(t) 

and similar expressions for the functions of Z (t), Z (t). 
3 4 

One can be convinced by inspection of the equations 

(3.18) that these are identical to the forms obtained above. 

are easily 

(3.38) 

(3.39) 

(3.40) 

(3.41) 

(3.42) 

(3.43) 

(3.14) and 
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d) Infall Function 

The infall function f(t) is unrestricted by the equations of 

chemical evolution. The dynamical theory of galactic evolution has not 

yet reached the point of being able to furnish any reliable form for the 

function f(t) either. The only astrophysical property that most people 

seem to agree on is for the infall to be strong at the early times of 

the life of the Galaxy, declining as time goes on and probably, 

practically ceased today. 

Clayton (1984a,b) generated a class of analytical models for 

chemical evolution from an infall rate of the general form: 

where k is an arbitrary positive integer and A an arbitrary parameter. 

ai is a constant by the assumption of linearity, which he expresses by 

setting : 

Thus, in the absence of infall, w would equal the rate of exponential 

decrease in the gas mass, as it turns into stars. In the accretion 

model the function MG(t) is not exponential but w remains constant, 

provided that the star formation rate at time t is proportional to the 

e 
-wt 

(3.44) 

*(1 - R) - WMG (3.45) 

gas mass available for forming stars at that time. 

The above function f(t) was chosen to be used in the numerical 
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calculations here. My main reason for doing so was exactly the fact 

that this form provides physically reasonable solutions that can be, and 

actually were, evaluated by Clayton analytically. This arms the 

numerical model with the advantage that the solution it predicts, after 

we apply to it, by using the proper modifications, the instantaneous 

recycling approximation, can be checked against the analytical solutions 

that Clayton obtained. This parametrized function leads also to infall 

rates that have the desirable shape, that is, they show maxima at early 

times and later approach zero smoothly. 

The explicit solutions for the gas mass and gas metallicity that 

were suggested by Clayton (1984 a,b) are: 

MG(t) - M0(. 
t + A _ut 

A 
(3.46) 

(3.47) 
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CHAPTER 4 

RESULTS AND DISCUSSION 

The numerical integrations of the above equations were carried out 

on an IBM PC XT microcomputer. The program was initially run until t * 

15 x 109 yr, which was rather arbitrarily taken to represent the age of 

the Galaxy today. 

The solutions which will be presented graphically below, were 

obtained for the case k * 1 of the infall rate (3.44). Certainly, the 

numerical code could have been easily run for any other choice of k, the 

only trouble being that this would require more computer time. For k = 

1 the function f(t) transforms into the following exact exponential form 

f(t) = ^ e-<1)t (3.48) 

M 
o 
— is the parameterized initial infall rate and the physical meaning 

of A for k ■ 1, as Clayton notices, is that it is the time required for 

the initial infall to increase the disk mass to twice its initial value. 

The code was easily transformed (by letting the lifetimes of the 

stars equal to zero) to a form assuming the instantaneous recycling 

approximation. Then, by appropriately choosing one of the input para¬ 

meters of the program, v, the desired value for the gas fraction in the 

present state of the solar neighborhood was achieved. The values of the 

total surface density and gas mass density for this region 42 pc"2 

and 8 pc"2 correspondingly, that were previously referred as derived 

by Tinsley (1981), lead to a value y * 0.19 for the present gas fraction 
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in the solar neighborhood. This estimate was adopted for the 

normalization in this work. The code with its original form (without 

the instantaneous recycling assumption), run with the same v, predicts 

y « 0.195 for the gas fraction at t - 15 x 109 yr. 

Clayton (1985b) demonstrates in his standard linear models for k * 

1 and R = 0.5 that the required values for w and A in order to 

achieve y * 0.19 at time t * 15 x 109 year are 0.181 and 0.1 respec¬ 

tively. Therefore, for the purpose of being able to compare the exact 

and numerical solutions, identical values for the above parameters were 

given to the microcomputer. 

Eq. (3.46, 47) of the analytical model reduce for k * 1 to 

McCt) 
u t + A __wt 
M  ;— e 

x 
yZuA ft + A A ^ 

z(t) - — (-J- - rr») 

where, from (3.1) and (3.45), w * (1 - R)v. The values of v and R that 

were input in the program (0.3686 and 0.5091 respectively) give a) * 

0.18095 very close to the value co - 0.181 that the analytical model 

requires for the same normalization. 

The numerical results for Z^, Z^, agree with the exact analytic 

solutions within 0.2% 
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4.1 Gas Mass 

In Fig. 2, I display the course of evolution of the gas mass M(t) » 

MQ(O/M0. The curves labeled IRA in all the subsequent figures treat 

all stars in the instantaneous recycling approximation. The lower 

curves show the more rigorous solutions. 

One sees that both curves grow up to pronounced maxima and decline 

gradually later. That is, the gas mass first grows as matter falls 

onto the disk and later decreases as the infall abates. The stellar 

birthdate is varying, by assumption, in proportion to the gas mass and 

therefore, it is described as a function of time by the above curves as 

well. It is, consequently, obvious here what is already known about the 

accretion models in general: the number of stars born very early is 

small. 

It is also clear that there is no departure from the instantaneous 

recycling at early times t1 (tf< 1.12 x 109 yr). In order to understand 

this, one must observe the nature of the corresponding infall and 

ejection rates in Fig. 3. 

The functional shape of the infall is an exponential decrease to 

small but non-zero values for the present time. Both of the ejection 

rate curves cross the infall at roughly the same time which is 1.12 x 

109 yr for the IRA and 1.22 x 109 yr for the lower curve. In other 

words, at the above times the ej ection rates are large enough to 

compensate the infall rate, which at all preceding times was the 

controlling factor that determined the form of the gas mass as a 

function of time. Notice that the ejection rate that corresponds to the 
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numerical solution without the IR assumption does not become equal to 

the infall rate before approximately two generations of intermediate 

mass stars die* The rate at which the envelopes of stars lose mass is 

the factor that differentiates the gas mass from the instantaneous 

recycling case at later times. 

Namely, the gas mass for the instantaneous recycling is after that 

point and for a long time steadily larger than the more accurate 

solution. Specifically, the maxima values differ by an amount of 8%. 

It is also worthwhile to remark that when all stars are treated in 

the instantaneous recycling the gas mass attains a maximum value at a 

slightly earlier time (t(maxM^) * 5.4 x 109 yr) comparing to the time t 

■ 5.58 x 109 yr where the lower curve peaks. This is not surprising at 

all, if one recalls that in the former case we neglect the time that the 

mass is stored in stars and consequently, the exchange of the gas 

between stars and interstellar medium takes place right after the stars 

are born, whereas in the latter, the finite lifetimes of the low mass 

stars especially, delay the gas mass in reaching its maximum value. 

The rate at which mass loss is really taking place is smaller than 

what the IRA predicts until a time of approximately 12 x 109 yr. By 

then, the low mass stars are beginning to complete their evolution and 

the gas by low mass stars is an important addition to the interstellar 

gas. 

At time t = 13.32 x 109 yr the two curves cross over and the 

instantaneous recycling approximation appears again to be an excellent 

approximation. It is evident, though, that the two solutions depart 

again from each other afterwards. In order to investigate this feature 
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we need to follow the evolution of the gas mass at later times. 

Fig. 4 illustrates again the gas mass as a function of time but 

results until time t = 21 billion years are shown. One can clearly see 

here that the instantaneous recycling leads to an underestimate of the 

gas mass for late times. This is due again to the fact that all the 

mass which was earlier locked inside the low mass stars, comes now back 

to the interstellar gas in large amounts simulating an effective infall 

term, while the other infall of the external, completely unprocessed 

material is now insignificant. That effect has the most prominent 

results for times greater than 14 x 109 yr because the total mass of the 

remaining interstellar gas is then very low. At time t * 21 x 

109 yr the two values of the gas mass differ by 11%. One can easily 

inspect that the two solutions tend to separate more and more from each 

other as time goes on, the star formation uses up the remaining gas and 

the infall of processed matter from long-lived stars builds up. How 

large this infall can get depends on the slope of the IMF in the 

corresponding interval of low stellar masses, or in other words on what 

percentage of the mass of any generation of stars is in the form of low 

mass stars. 

4.2 Gas Metallicity Z2(t) 

While the massivè stars are responsible for most of the processing 

and recycling of heavy elements in the interstellar medium, they cannot 

explain all the abundances. Thus, nucleosynthesis in stars of low and 

intermediate masses needs to be considered. 
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Fig. 5 displays the time evolution of the abundance in the inter¬ 

stellar gas of the metals Z whose source are the stars of mass in * 
2 2 

1.38 ML. The form of the function Z.(t)/p7 _ up to a time t = 21 x 
• 2 u2m2 

109 yr is presented. 

Evidently, the way this metallicity varies with time is not 

adequately described by the instantaneous recycling approximation. In 

both cases, starts from zero in a small mass of gas. When we treat 

the stars with the instantaneous recycling, we naturally expect and in 

fact observe that the metallicity acquires a nonzero value right away 

and it keeps on increasing steadily to higher values. 

On the contrary, for all the times preceding 3.4 x 109 yr (the 

lifetime of the long-lived stars) = 0 since the first generation of 

these stars have not yet completed their evolution cycle. After the 

initial burst, when the first generation dies, and as time goes on, one 

sees the special effects due to production of Z^ in low mass stars. 

The next generation of these stars is bora from processed material, 

also enriched in Z^ and the gas lost from them, when they die, 

contributes to an even greater increase of Z^. Successively, the matter 

at the surface of a third generation star will have a high 

metallicity Z^ (due to the high seed abundance) and therefore, mass loss 

from the envelope of such a star furnishes even greater amounts of these 

metals to the interstellar gas. 

The interesting feature, however, is that this Z^ builds up at a 

rate which is considerably greater than that of the monotonie increase 

of the instantaneous recycling solution until finally the two curves 

cross over at a time close to 15 billion years, (t * 
cross 

15.52 x 109) 
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when the lower curve catches up with the instantaneous recycling 

solution. 

The physical interpretation of this, is provided by Fig • 4 which 

demonstrates the time evolution of the gas mass and consequently, the 

star formation rate as well. Trying to investigate what happens as time 

goes on and the gas mass in the interstellar medium is getting consumed, 

one sees that the mass loss occuring at a certain time t is related to 

the stars formed at that same instant within the IRA solution, whereas, 

in the more realistic picture which involves the long time delays, Z 

ejected at time t is synthesized in stars bom 3#4 x 109 yr earlier at a 

rate that is considerably greater than the stellar birthrate at time 

t. The greater the time t, the lower the corresponding star formation 

rate is and the stronger the above effect becomes# As a result of that, 

the described by the instantaneous recycling function of time, 

appears, at later times, to be very underabundant relatively to the 

quickly rising solution without the IR assumption# 

A significant constraint that follows is that the more nearly the 

birthrate has been constant, the less significant will be the effects of 

the lifetimes of stars responsible for nucleosynthesis and therefore the 

better approximation instantaneous recycling is. 

Another feature that should be remarked upon is that the two solu¬ 

tions coincide a little bit after the time that the curves displaying 

the gas mass do# This comes to corroborate the previous observation# 

After the remaining gas mass density becomes a small fraction of the 

total density, the supply of material enriched in Z^, from the low mass 

stars, determines the behavior of the interstellar gas mass and after 
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the latter catches up with the instantaneous recycling solution and the 

ejected material gets mixed » becomes as abundant as it is when we 

treat the stars in instantaneous recycling* 

Thus, by coincidence, instantaneous recycling seems to be an 

excellent analytical approximation for the solar neighborhood at the 

present time because of the above certain choice for y* If a lower 

value for the present gas fraction in the solar neighborhood had been 

chosen, instantaneous recycling would not necessarily represent that 

accurately the chemical parameters in the solar neighborhood today* 

4.3 Gas Metallicities Z^(t), Z^(t) 

Fig. 6 and 7 illustrate the evolution of the mass fractions of the 

putative elements Z^ and synthesized in the intermediate and high 

mass stars correspondingly. Z^ and Z^ represent, therefore, the bulk of 

the heavy elements. 

In Fig. 6 Z^ appears only after the lifetime of a star of mass 

equal to approximately 7 M^. This time period of 6 x 107 yr that the 

metals Z^ are kept locked inside the stars is an insignificant delay in 

the scale of the galactic lifetime; nonetheless, it is detectable at 

early times in the figure. The departure, however, from the instanta¬ 

neous recycling appears to become more prominent after the first 

generation of the progenitors of Z^ have completed their evolution. 

While the early difference between the two solutions is a manifestation 

of the same effect which characterizes the behavior of the abundance 

Z^, the indicated disagreement at later times cannot be attributed 
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to the decreasing star formation rate. At these times, both solutions 

predict approximately equal absolute amounts of metals in the 

interstellar medium at a given time. Therefore, the discrepancy is 

rather owing to the fact that within the instantaneous recycling 

approach the total mass of the interstellar gas at any time after 3,4 

x 109 yr is lower than what the numerical solution predicts. In the 

latter the infall of the gas lost from the envelopes of the dying, long 

lived stars raises the total gas mass. 

It is this effect that is also observed in Fig. 7 which displays 

the case of the massive stars. The assumption made, of death occuring 

immediately after birth for this class of stars allows the coincidence 

of the two solutions at early times. Later on, we look at the physical 

manifestation of the effective infall which is triggered when the stars 

of mass m ■ 1.38 M§ expell gas from their surfaces, to turn into white 

dwarfs afterwards. 

In conclusion, the chemical abundance parameters that refer to 

stars in the above mass ranges are well represented by the instantaneous 
* 

recycling function of time. 

4.4 Relative Abundances 

The relative abundances of the elements with different origins do 

not vary at all in the instantaneous recycling approximation. That is, 

the ratios of the abundances and Z^ over Z are constant functions of 

time. One can, very easily, see that the simple equations of galactic 

evolution are capable of verifying what the physical intuition predicts. 
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Eq. 3.35 - 3.37 can be reduced to the following forms 

d_ 
dt Z2 

m„C V 
2 2 

Z’ 
2 

(t) F(t) 
M(t) 

d_ 
dt 

Z' 
3 

m„c V 
3 3 Z1 

(t) F(t) 
M(t) 

d_ 
dt 

Z' 
4 

m c v 
4 4 

Z' 
4 

(t) 
F(t) 
M(t) 

It is a trivial task to solve the above differential equations and get 

z^(t) m„c v 
2 2 

M(t) 
F(t) 

Z3(t) in c v 
3 3 

M(t) 
F(t) 

z;(t) m c v 
4 4 

M(t) 
F(t) 

and therefore 

z;(t) 
z'(t) 

4 

2 2 
m c 

4 4 

1.667 

z;(t) 
zïû) 

m c 
3 3 

m. 
4 4 

3.069 

Fig. 8 and 9 show the relative abundances as functions of time that 

are given by the model with the delay times* One sees that both 



54 

{■fr7.il loi 

lû
Bt
(i
t)
yr
) 

F
i
g
u
r
e
 
8.
 

E
v
o
l
u
t
i
o
n
 
of
 
t
h
e
 
p
r
i
m
a
r
y
 
a
b
u
n
d
a
n
c
e
 
r
a
t
i
o
 
Z
'
/
Z
'
 



55 

3c i 

lo
at
(l
Oy
r)
 

F
i
g
u
r
e
 
9.
 

E
v
o
l
u
t
i
o
n
 
o
f
 
t
h
e
 
p
r
i
m
a
r
y
 
a
b
u
n
d
a
n
c
e
 
r
a
t
i
o
 
Z
'
/
Z
*
 



56 

abundance ratios rise with time up to an almost constant primary 

abundance level. The ratio Z^/hardly varies after about 8 x 10® yr 

while the corresponding point for the ratio Z^/Z'^ is after 10*® yr (as 

Fig. 10 illustrates more clearly). The latter still continues to rise 

slightly even after this time. 

This effect can be interpreted in terms of the relative lifetimes 

of the stars which are the sources of the heavy elements Z_, Z„ and Z . 
2 3 4 

The Z„ and Z„ overabundances relative to Z, should vanish when the 
2 3 4 

progenitors of both elements Z , Z and Z , Z correspondingly, are 
2 4 3 H 

relatively short lived or in other words when instantaneous recycling 

becomes a good approximation* As it was already mentioned, that never 

really happens for the gas metallicity Z2* Consequently, the relative 

abundance of Z^ with respect to Z^ is not expected to reach an exactly 

constant value* 

The nearly constant values that the ratios Z^/Z*^ and Z*/ZT^ take 

at time t * 21 x 10$ yr are 2.048 and 3.082 correspondingly. These 

values are therefore greater than the corresponding constant values 

which the instantaneous recycling predicts. This is again a special 

effect due to the non-negligible time delays. That is, at time t ■ 21 x 

109 yr Z^ is given back to the interstellar gas in great amounts and in 

fact it has become by then almost as abundant as it is in the treatment 

with IRA, while Z^ for the same reason (larger gas mass due to the late 

infall of gas from the progenitors of Z^ and Z^) is underabundant rela¬ 

tively to what the instantaneous recycling predicts. Similarly, Z 

without the IRA is ejected in larger amounts relatively to Z^ at late 

times. Notice that the discrepancy between the two ratios is greater 
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for Z^/Z*, as one would expect, since the time delay for Z^ is consid¬ 

erably greater than that for Z^. The fact also that it takes a much 

longer time for z\/z] than for z'/z' to approach a value that tends to 
2 4 3 4 

be constant is also owing to the longer lifetime of the progenitors of 

the heavy elements Z^ relatively to the lifetimes of the Z^-producing 

stars* 

4*5* Mass of the Remnants 

Fig* 11 displays the mass of the remnants until time t * 21 x 

10^ yr* The instantaneous recycling solution is, as it is expected, 

increasing fast and predicts the greatest values for the mass of the 

remnants at any time until 21 billion years* At late times, however, 

after more generations of long lived stars have completed their 

evolution and turned into remnants, the lower curve appears to be rising 

faster than the instantaneous recycling and it seems that the two 

solutions are finally going to coincide* 
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CHAPTER 5 

CONCLUSION 

The major results of the comparison between the two solutions (with 

and without IRA) for the adopted form of the star formation rate and the 

above infall rate are: 

(1) The instantaneous recycling function of time is an accurate 

representation of the gas mass at early times and as long as the infall 

rate is larger than the ejection rate* 

(2) In instantaneous recycling the gas mass reaches a maximum value at 

an earlier time than that corresponding to the solution assuming finite 

lifetimes of the stars* 

(3) In the latter the gas mass attains a maximum value which is smaller 

than that of the instantaneous recycling* 

(4) The instantaneous recycling is a bad approximation for the gas mass 

at late times* Namely, it leads to an underestimate of the gas mass 

when the gas lost by low mass stars becomes an important addition to the 

remaining interstellar gas# 

(5) Instantaneous recycling is not an adequate representation of the 

concentration in the interstellar gas of the elements contributed by 

the low mass stars* In particular, it leads to an overestimate of the 

metallicity until times comparable to the present time* On the 

contrary, it predicts that the elements become underabundant 

comparing to the more realistic picture that involves the time delays at 

later times* Because by then infall is practically ceased, a great 

percentage of the gas mass has been consumed and the role of the 
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effective infall of material from the long-lived stars becomes very 

important* 

(6) The gas abundances of the elements whose sites of production are 

the intermediate and high mass stars are adequately represented by the 

instantaneous recycling. A small discrepancy between the two solutions 

(with and without IRA) appears at late times when great amounts of 

material returned from the long-lived stars enrich the interstellar 

medium. Therefore, the overall conclusion is that the instantaneous 

recycling is not a good approximation for all the chemical abundance 

parameters at late times. 

(7) The instantaneous recycling predicts the greatest values for the 

mass of the remnants until time t ■ 21 x 109 yr when the gas mass 

fraction is p * 0.096. 

The nature of the above results does not depend on the form of the 

infall function so they can be considered generally valid for any infall 

rate 



62 

REFERENCES 

Alloin, D., Collin-Souffrin, S., Joly, M., and Vigroux, L. (1979). 

Astron. Astrophys.,78, 200. 

Audouze, J. (1982). In Diffuse Matter In Galaxies, J. Audouze, J. 

Lequeux, M. Levy, and A. Vidal-Madjar (Eds.), NATO ASI Series, p. 

95. 

Audouze, J., and Tinsley, B. M. (1976). Ann. Rev. Astr. Astrophys., 14, 

43. 

Chiosi, C., and Jones, B. (1981). In The Origin and Evolution of 

Galaxies, B. J. T. Jones, and J. E. Jones (Eds.), Reidel, Dordrecht, 

p. 198. 

Clayton, D. D. (1984 a). In Challenges and New Developments in 

Nucleosynthesis, W. D. Arnett, W. Hillebrandt, and J. W. Truran 

(Eds.), University of Chicago Press 

Clayton, D. D. (1984b). Astrophys. J., 280, 411. 

Clayton, D. D. (1985a). Astrophys. J., 281, 

Clayton, D. D. (1985b). Astrophys. J., 281, 

Kennicut, R. C. (1983). Astrophys. J., 272, 54. 

Larson, R. B. (1972a). Nature, 236, 21. 

Larson, R. B. (1972b). Nature Phys. Sci. 236, 7. 

Larson, R. B., Tinsley, B. M., and Caldwell, C. N. (1980). Astrophys. 

J., 237, 692. 

Liebert, J. (1980). Ann. Rev. Astr. Astrophys., 18, 363. 

Lynden-Bell, D. (1975). Vistas in Astron., 19, 299. 



63 

Madore, B. F. (1981). In The Structure and Evolution of Normal 

Galaxies," S. M. Fall, and D. Lynden-Bell (Eds.), Cambridge 

University Press, p. 239. 

Miller, G. E., and Scalo, J. M. (1979). Astrophys. J. Suppl., 41, 513. 

Ostriker, P. and Thuan, T. (1975). Astrophys. J., 202, 353. 

Pagel, B. E. J. (1981). In The Structure and Evolution of Normal 

Galaxies, S. M. Fall, and D. Lynden-Bell (Eds.), Cambridge 

University Press, p. 211. 

Pagel, B. E. J., and Patchett, B. E. (1975). Mon. Not. Roy. Astron. 

Soc., 192, 13. 

Peimbert, M., Serrano, A., and Torres-Peimbert, S. (1984). Science, 

224, 345. 

Schmidt, M. (1959). Astrophys. J., 129, 243. 

Schmidt, M. (1963). Astrophys. J., 202, 22. 

Searle, L. and Sargent, W. L. W. (1972). Astrophys. J., 173, 25. 

Strom, S. E. and Strom, K. M. (1978). In IAU Symposium No. 77, Structure 

and Properties of Nearby Galaxies, E. M. Berkuijsen and R. 

Wielebinski (Eds.), Reidel, Dordrecht, p. 69. 

Talbot, R. J. and Arnett, W. E. (1971). Astrophys. J., 170, 409. 

Talbot, R. J. and Arnett, W. D. (1973). Astrophys. J., 186, 69. 

Tinsley, B. M. (1974). Astrophys. J., 192, 629. 

Tinsley, B. M. (1975c). Astrophys. J., 198, 145. 

Tinsley, B. M. (1976). Astrophys. J., 208, 797. 

Tinsley, B. M. (1977). Astrophys. J., 216, 548. 

Tinsley, B. M. and Larson, R. B. (1978). Astrophys. J. 221, 554. 

Tinsley, B. M. (1979). Astrophys. J., 229, 1046. 



64 

Tinsley, B. M. (1980). Fundamental of Cosmic Physics, J^, 287. 

Tinsley, B. M. (1981). Astrophys. J., 250, 758. 

Trimble, V. (1975). Rev. Mod. Phys., 47, 877. 

Truran, J. W. and Cameron, A. G. W. (1971). Astrophys. Space Sci., 14, 

179. 


