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SHORT-RANGE ORDER IN LATTICE DYNAMICS 

AND THE FEASIBILITY OF EXAFS MEASUREMENTS 

by 

REIMA TAPANI LAAKSONEN 

Abstract 

We studied theoretically the kinetics of a bcc lat¬ 

tice near the critical temperature. Our motivation is to 

examine the feasibility of using the recently developed 

time-resolved EXAFS technique to study the lattice dynamics. 

We derived the kinetic equations using the quasi-chemical 

approximation and keeping the number of particles constant 

and allowing only atom-vacancy exchange process. We solved 

these equations for a relaxation process following a sudden 

temperature change. Our calculations show that the long- 

range order exhibits critical slowing-down, as expected. 

Also the non-linear coupling between short- and long-range 

order was observed. Because of this non-linear coupling 

the relaxation of the short-range also slows down near the 

critical temperature. Our results put stringent conditions 

on possible experiments. 
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1. Introduction 

The motivation for this work is the recent advance in 

the experimental techniques for measuring the short-range 

order. Extended x-ray absorption fine structure (EXAFS) 

has been used to determine the equilibrium short-range order 

in Au-Cu alloys.^ Also recently an efficient way of measur- 

. . 2 3 4 
ing time-resolved EXAFS was developed. ' ' It is thus 

worth studying whether it is possible using present day 

EXAFS technique to measure the time development of the short- 

range order near the critical temperature. 

We study in this work the kinetics of a bcc lattice 

near the critical temperature assuming that the lattice can 

change its configuration via atom-vacancy exchange mechanism 

These kinds of processes have been studied extensively by 

K. Gschwend et al.^ However, their method** of deriving the 

kinetic equations is quite complicated. In particular, it 

is difficult to extract from their published work the type 

of information needed for a time-development EXAFS experi¬ 

ment. 

Therefore we re-derive the kinetic equations for a lat 

tice with vacancies using a different method developed by 

7 
Kubo et al. Saito and Kubo have used the same method to 

O 

describe the kinetics of an Ising model. They have also 
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given the kinetic equations for a bcc lattice without vacan¬ 

cies assuming that the lattice changes its configuration via 

atom-atom exchange mechanism. They didn't try to solve 

these equations. 

Our calculations were made in the canonical ensemble. 

In the grand canonical ensemble, which would allow the num¬ 

ber of vacancies change according to temperature, we had to 

include the surface to import and export vacancies. This 

would make the calculations too complicated. Moreover, it 

will be shown that the difference between the canonical and 

the grand canonical results is negligible. 

Since the kinetic equations were derived here using 
g 

the quasi-chemical approximation, which is not accurate 

near the critical temperature, the results mainly serve the 

purpose of guiding experiments. 

The renormalization group theory,^ which at the 

moment is the most efficient way to describe the phenomena 

near the critical temperature, is not useful here because 

in this theory the short-range order is an irrelevant para¬ 

meter. 

In Chapter 2 we study the kinetics of macrovariables 

which can change their values via Markovian processes. In 

Chapter 3 we use this theory to describe the kinetics of a 

bcc lattice in a temperature jump experiment. And finally 

in Chapter 4 we discuss the results of Chapter 3. 
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2. Kinetics of macrovariables 

Consider a set of macrovariables x = {x, ,x~, , x }. 
j. A m 

Suppose that they change their values via Markovian proces¬ 

ses which are described by the master equation 

■êr P(x,t) = W(x,r,t)P(x,t) + £ W(x-r,r,t)P(x-r,t) (2.1) 
r r 

where P(x,t) is the probability of finding the macro- 

variables having the values denoted by x at time t, and 

W(x,r,t) is the transition probability from state x to 

state x+r. Here r = {r^,^, ... , rn}, is the 

change of variable x^. The macrovariables are supposed to 

be of the order of the size of a system whereas the elemen¬ 

tary jumps r of the order of unity. 

Suppose that W(x,r,t) is an extensive variable, i.e., 

we can write 

W(x,r,t) = N w(x/N,r,t) (2.2) 

where N is a parameter describing the size of the system. 

7 
Under these conditions Kubo et al have shown that m 

the thermodynamic limit the time development of the most 

probable value y of x /N (q=l,2, ... , n) will obey 
T. 

the equation 

dy, 
-g-ll w(y,rw,t) 

r k 
(2.3) 
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(k) 
where is the change of the quantity y in the process 

k and r(k> = {r<k> ,r<k> r‘k>}. 

11 As in the equilibrium case, it can be shown ^ that in 

the thermodynamic limit the most probable value of x/N 

coincides with the average value which is the quantity we 

will obtain from the measurements. 
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3. Application of the theory to bcc lattice 

3.1 Description of the problem 

We have a bcc-lattice which consists of 2 kinds of 

atoms and some vacancies. We assume that the lattice is 

homogeneous. The lattice is originally in equilibrium at 

temperature T^. Then its temperature is instantaneously 

increased by an amount AT. We want to know how the sys¬ 

tem will reach its equilibrium at this new temperature 

Tf = T± + AT. 

We want to use the theory of chapter 2 to describe 

the above phenomenon. In section 3.2 we derive an expres¬ 

sion for the transition probability. In section 3.3 we 

write the kinetic equations for the lattice system. We 

derive expressions for the equilibrium values in chapter 

3.4. And in chapter 3.5 we solve numerically the equilib¬ 

rium and kinetic equations. 

3.2 Transition probability 

We have a bcc lattice which consists of 2 sublattices 

a and b. This lattice system contains 3 kinds of parti¬ 

cles: A, B and 0. A and B represent atoms and 0 

vacancies, a and b are defined to be the sublattices 

of atoms A and B respectively at zero temperature. 
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We use the following notation: 

= number of particles i 
a 

= number of particles i in the sublattice a 

Nj = number of particles j in the sublattice b 

= number of (ij) pairs, where particle i is 

in the sublattice a and particle j in the 

sublattice b. 

i,j = {A,B,0} 

Z = the number of nearest neighbours, in a bcc lat¬ 

tice Z is 8. 

As a consequence of the above notation and the lattice 

geometry we can write : 

K = AA + AB + N
ab WA0 

ZNt = rJBA + »BaB + 1 BO 

ZN§ = W0A + Noo 

Z4 
= WAA + H

3* WBA 

“4 
= Nab AB + WBB 

z*4 
= Nab AO + N

ab iNB0 
+ 
“oo 

N/2 = + N
B 

+ Na 0 

N/2 = Mb N
A ■ h + Nb “0 

N
A = ■ NA + -4 

(3.2.1) 

NB ' Nl + NB 

No = N§ + Ho 

The values of NA, Nfî, NQ, N are fixed. This means 

that we use the canonical ensemble. 
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We have 15 variables and 11 equations. But out of 11 

equations only 9 of them are independent. Therefore we have 

6 independent variables. 

We will assume that only the nearest-neighbour inter¬ 

actions are important. Then 6 independent variables com¬ 

pletely determine the macroscopic state of the system. 

Define 

K'
N
B> 

m 

q 

n = m U q 

r„ab _ab __ab _Tab, 
*NAA'NAB'NBA'NBB* 

We see that n determines completely the macroscopic 

state of the system. 

We derive now the transition probability using the 

detailed balancing condition : 

W(nfr
(l^) 

W(n* ,r^l) ) 

where W(n,r^^) 

process î particle 

in the sublattice 

tern is in state n 

by amount . 

_ P(n') 
P(n) 

(3.2.2) 

is the transition probability for the 

i in the sublattice a and particle j 

b exchange their position when the sys- 

and the variables change their values 

W(n',r^-^) is the transition probability 

for the inverse process. P(n) and P(n') are the equilib¬ 

rium probabilities of the state before and after the exchange 



8 

bility 

Therefore we have to determine the equilibrium proba- 

P(n). We know that 

P(n) = constant*h(n)e-^H^n^ (3.2.3) 

where h(n) = number of configurations for a given n, 

H(n) = the free energy, 8 = 1/kgT, kfî = Boltzman constant 

and T = temperature. 

We derive h(n) in the quasi-chemical approximation, 

which can be shown to be equivalent to the Bethe-Peierls 

. . 9 
approximation. 

If various types of pairs do not interfere with each 

other, the number of configurations for a given n is: 

(ZN/2)! 

Nak i i ,Na^> IN
3
^IN3^ 'N3^3 ' 

"AA^AB’^AO BA’^BB^BO* OAilNOB* 00* 

However, not all N^'s are independent, 

sum over all g's with the same value of 

the right number of total configurations, 

(3.2.4) 

Moreover, if we 

m, we do not get 

which is 

(N/2)I 

N31N31N31N*31N^31N^3 1 WA* B* 0 A B 0* 

(3.2.20) 

Therefore we have to correct the above formula (3.1.19). 

Using the definition of m, n and q we can define the 

function h(m,q) : 

h(m,q) = h(n) (3.2.5) 
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We correct (3.2.4) by a factor f(m): 

h(m,q) = f (m) 
(ZN/2); 

i Na^ 11 Na^ 1 Na^ 1i N^3 1Na^ 1N^3 • 1NAA • AB • lNA0 * BA *1 BB * WB0 * OA ' OB * wOO ‘ 

(3.2.6) 

so that the sum over q's for a fixed m gives the right 

total number of configurations, i.e. 

I h (m,q) 
q 

(N/2) ! 

N
R
!N
B
!N
S
!N
A
!N
B
!N
S
! 

(3.2.7) 

The quasi-chemical approximation consists of the equations 

(3.1.6) and (3.1.7). 

We approximate the sum by the maximum term (in statis¬ 

tical mechanics this is in general a good approximation): 

I h(m,q) x h(m,q) 
q 

where q is the value of q for which the function h(m,q) 

reaches its maximum. 

One finds easily that the maximum is reached, when 

= ZNj^/(N/2) 

SftB = 2<N£/<N/2> 

- ZN|N^/(N/2) 

^ * ZH^/(N/2) 
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9 
For details we refer to Guggenheim, who has calculated the 

problem for a perfect lattice (no vacancies). 

Then we can write f(m): 

f (m) 
(N/2)! (N/2)! 

N& i Na 1 Na ' Nb i * Nb i 
A B O A B O 

(3.2.8) 

b 
A. 

Al/s, AJis. h ( A/•[ AJ/3, M /o/a 

) I 

Insert the above expression back into the equation (3.2.6) 

and use equations (3.2.5) and (3.2.3). Then we get, after 

some manipulations, the following expression for the equi¬ 

librium probability: 

P(n) constant * 
(N/2)1 

1-Z 
(N/2) . 

N3'Na,Na1 
L
W
A
,N
B o -1 

111 

L-
W
A* B 0" 

(3.2.9) 

(ZN/2) ! 

Nab * N315 ' Nab ' Nab ' N313 ' ' Nab ' Nab ' Nab ' 
AA * AB ‘ AO * BA * cB ,riBO 0A,W0B-H00‘ 

e-3H(n) 

The quasi-chemical approximation is equivalent to 

Béthe's approximation where only correlations between nearest 

neighbours are taken into account. Therefore the above 

approximation cannot be correct near the critical temperature 

where the correlation length is infinitely long. 
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Consider the pair (ij) where particle i is in the 

sublattice a and particle j is in the sublattice b. 

Suppose that excluding particle j, there are k A parti¬ 

cles, £ B particles and m 0 particles among the nearest 

neighbours of i. Also suppose that excluding particle i 

there are k' A particles, £' B particles and m' 0 

particles around j. Then the number of particles around i 

and j satisfy 

Z-l=k+£+m , around i 

Z - 1 = k' +£’ +m', around j 

Suppose that the system is in the state n and that the 

particles i and j exchange their positions. As a con- 

• ( ii) sequence the variables change their value by an amount r . 

If one inserts the probability distribution P(n) into the 

detailed balancing condition equation (3.2.2), one gets, 

after some steps, 

(3.2.10) 
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CIJD t a* ® 

where , N. , IT are the values of unprimed variables 

after the particle exchange. 

The choice of the transition probability is not unique. 

We choose the following one 

w(n,r(l:i)) * v-expl-BFj.) -exp <-8[H <n')-H(n) ]/2) (3.2.11) 

•/M*!; iilili 
! \wl) |itlij (ZMîI k".C!WllîNjJ UA,;J 

where F^j is the activation energy for the exchange between 

i and j, v . is the collision frequency. We assume that v 

is the same for all particles. The r -dependence is hid¬ 

den in the factor H(n')-H(n) as we will see. 

We change now the independent variables which deter¬ 

mine the state of the system. We choose the following ones. 

Y = Na - N*3 *1 A WA 

Y = N*5 - Na 2 B B 
y = N3*5 + 
3 AB BA 

Y = - Na^ X 4 AB BA 
y, = N|!? 5 AA 

Y = Nat> 

*6 WAB 

(3.2.12) 

Define Y = {Y^Y^Y^Y^Yj-jYg} . 

Then Y determines the macroscopic state of the lat¬ 

tice. Y^, Y^r Y^ describe the long-range order and YY^, 

Yf. describe the short-range order. 
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Vs 

<- 

«B - 

NS ■ 

-5- 
- 

«5- 

= Yt 

Other variables can be expressed as a function of 

(cj = 1/2/ •.. / 6) • 

îS(N
A
+Y
1
) 

35(Nb-
y
2) 

**(N0-YI+Y2) 

**
(N
A“
Y
I> 

Î5(NB+Y2) 

35 (N0+Yl"Y2
) 

N 

N 

N 

N. 

AA 

ab 
AB 

ab 
AO 

ab 
BA 

ab 

N. 

N 

N 

N 

BB 

ab 
BO 

ab 
OA 

ab 
OB 

ab 
00 

Js(Y3+Y4) 

J5(ZNA+ZY1-Y3-Y4-2Y5) 

%(Y3-Y4) 

Y6 

J
5(ZNB-ZY2-Y3+Y4-2Y6) 

J5(ZNA-ZY1-Y3+Y4-2Y5) 

35(ZNB+
Zy

2-
Y3-Y4-2Y6) 

%(ZN0-ZNA-ZNB+2Y3+2Y5+2Y6) 

The energy of the system in state Y is 

H(Y)
 - 

E
AA
N
M

+E
BB
N
BB
+E
AB 

(N
AB

+N
BA* 

(3.2 .13) 
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where E
AA» EBB and EAB are the interaction energies of AA, 

BB and AB pairs. 

Using the definition of Y^'s we 9et 

H<Y> “ EAAY5 + EBBY6 + EABY3 

Let r^^ = {r|^^ frj^^ » ... , r^^} be the changes of 

the variables Y = ... , Yg} in the (ij)-exchange 

process. 

Define the quantity AH(Y,r^^): 

AH(Y,r (ij) ) * EL ^r c AA 5 
(ij) 

EBBY6 
(ij) E r(ij) 

ABr 3 
(3.2.14) 

Then we get 

H(Y') - H (Y) = AH(Y,r(i^) (3.2.15) 

In principle there are 6 kinds of exchange processes 

which can change the state. But experiments show that the 

activation energy F^ for an atom-atom exchange process is 

much larger than that for an atom-vacancy exchange. There¬ 

fore transition probabilities for atom-atom processes are 

negligible compared to that of atom-vacancy processes. As a 

good approximation we assume that only atom-vacancy exchange 

processes are allowed. 

We assume 

OA = FA0 = FB0 = F0B 
F = F, 
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i.e., all allowed processes have the same activation energy 

F. 

Define the normalized variables 

n* = N*/N 

b „b 
n . = N . /N 
3 3 
ab - 

nij - Nij/N 

a b 
yl = nA ' nA 

b a 
y2 = 

n
B " 

n
B 

(3.2.16) 

ab . 
y3 = nAB + n 

ab 
*BA 

_   ab 
y4 nAB “ nBA 

ab 
XAB 

ab 
*AA 

ab 
y6 = nBB 

y5 = nAA 

y = Y/N 

where i,j = {A,B,0}. 

Define 

w(y,r^U = vexp (-3F) *exp[-8AH (y,r ) / 2] 

»>■ (Hi 

*i kM/»! Un®/ \2h?/ Urv? I 

(2-01 

(3.2.17) 
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where 

H'y-r<ij)) - EAAr5ij’ + EBBr 

Using equations (3.2.11), (3.2.14), 

can write the transition probability 

W(Y,r ) = N w(y,r1-^) 

B13’ + EABriij> (3-2-18) 

(3.2.15) and (3.2.17) we 

which is the same form as equation (2.2). Therefore it is 

justified to use equation (2.3) to describe the kinetics of 

the lattice system. 

3.3 Kinetic equations 

Because only atom-vacancy exchange processes are al¬ 

lowed, we can write the kinetic equations for the variables 

Y„ (c 

dy 
_LS 
dt 

! 1,2, ... , 6) in the form 

= l r<
A0>w(y,r(A0)) + 1 r'0A'w(y,r 

r (AO) 4 
r (OA) 

q 

+ l r'B0,w(y.r<B0') + I r^°B)w(y,r 

r (BO) <3 
r (OB) 

q 

(OA) 

(OB) 

(3.3.1) 

We have to calculate the values of the quantities r in 

different exchange processes. The results are given in 

Table 1. 
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Table 1. The values of the quantities r^-^ in different 

exchange processes. 

Using equations (3.2.17), (3.2.18) and (3.3.1) we can 

write the kinetic equations: 

Equation X3.3.2) 

dy, 

dt 
= ve-PF 7 7 /-æ) nab iüÊ.)k{üÊ.)tin&r. 6 Jr Jr, n W"â/ U^/ 

•+ ve~/iF2_ Z 
A/iin kTm 

(?~ !)• 

** MU'.ml 
oi b V* 7 

OA 

/ Uh®/ Uhgj 
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c(t ve'f5FZZ ^ 
kt** 

+U-Q! i^m’iiÊ.r. 
•**!/.'*!\inlj Uh%) 

+ve ■P? L ^)n 

kO* Jet'»! 

.■■fe-O! 

'mw 
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its 
dt ve'^/ 7 (MMîSêZüL lüïl\k(Ù*ï\*/hîl_\^ 

kTmvi-m> •*'''>■■' < ’*3/ I**;/ fa/»; / 

AzUMlfl^f/^r ’ w£ le* ** -*■; + ±AS(M'J 

+ve"pFZ z. 
*//>*» 

-,')**»Ür-OL l*St\* 04 Je!/!#*! \èh% 

«i^LL /£SifKfMp'eW£M'<')+e*(**£) 
M!!flm'!\zh») U$l UhS; 1 ( 2 L * -7 

-nPT -r /4 vn,«Ka-/)! //>«)*//>îS |//*?lVM 

•*ve ' ZZ [ïïrjUfiSj 

t 2- ')•' /MÎB 
M‘lt'!/K\j (2li| 

ak \2'/1_ ab in03 r otpl î[ées ((Lth6*s (*‘^)]J 
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= ve'^FZ.Z Ht-4''-*1' 1)1 I'’” AO 

k(/^ ic'^V kWIm! Un* 
W^Sil V^lLV 
7 h»v (zy/ 

+ v«-^FJ T //^./'M /ùÈL\k(ùÈ\tl!2Ê.\,rn 

J=bJ *' (a/.s) (anS, jct/M k'Cftn 

.(e-0! I*£ 
h'!ty\khS 

.■I AJ.tfr-0.1 i^flKïŸI^Y” 
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d^_ vp-fifr T ik<.k)^{ÈiÊ. IùÂWüêLYMÎ )m 

3F - « Z 4. f* ^ "•-‘■VA-.'h*; (ShTj (Shf/ 
ktn* k i/fa 

M> (ïSr’(ii)'Sr 
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^ « v <r^Fy j (t'-f)hcib (-^-t /^ )kj^ffnûy at v£ ^-4:, 1 (?*£/U^/ 
Jk(/w k't'/m 

■ (g)tfrfer •* &•***» 
*+■ ve 

M.l'w 
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Define the following quantities: 

E, = BIW2 

E
B ’ ^

E
BB^ 

u = eEAB/2 

A, = 
nS exP(Ea> + nS exp (U) + AB 

n 
.ab 
AO 

Zn! 

A- = AO 
n?n exp(-EA) + n^Q exp(-U) + n ab 

00 

A, = 

zn: 

n0A + n0B exP(-u) 
+ n ab 

00 

Zn" 

Ay. = 

AC = 

nAA exP{EA) + nAB 6Xp(U) + n 
ab 
AO 

Zn 

nBA exP(U) + nSn exP<En> + 

A 

b 
BB 

ab 
nT B' BO 

Zn 
B 

Ay- = 

A-, = 

nA0 exP(~U) + nB0 exp(~ea) 
+ n 

ab 
00 

Zn, 

n0A exP(_U) + nQB exP(_En) 
+ n 

ab 
B' “00 

Zn, 

A„ = 
nAB exP(U) + nBB exPtEBJ + 

ab 
n. 

B' “OB 

Zn 
B 

(3.3.3) 
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Use the following results: 

l 

k£m 

r (Z-l) ! k £ m (Z-l) ! 
^ k!£!ml al a2 a3 k!£im! 

k'£'m' 

b 
ra' 
3 

= (a1+a2+a3)
Z 1 (b1+b2+b3)

Z_1 

I 
k£m 

l l 
k'£'m' 

(Z-l) 1 
k!£!m! 

k £ 
al a2 

_m (Z-l)1 , k' 
3 k’!£'Im'! D1 

b 

= (Z-l)b2 (a1+a2+a3)
Z-1 (b1+b2+b;})

Z"2 

Then we can write the kinetic equations: 

Equation (3.3.4) 

cl'j | 

di 
(A-i A if) 

2~l 

cH 
;3ve-*FjnÜfaAt)*'' - 

<j
j 
3
 



25 

d'if 3. (Z-i) 
d-t 2 

tz-f) 
cZT= 2 
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d b/s 
ctt O 

•+ h ob 
ofi 

~€À 

hg ^4 e 

4 h 
ctb 
06 (4?/*$)2 aJc 

n 
ab 
OÇ 

hA /V
e 

eB n ab 
BB 

h] 
J 
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We see that the kinetic equations form a set of non¬ 

linear, coupled differential equations. There is little hope 

of solving them analytically. We have to resort to numerical 

methods. 

3.4 Equilibrium in a bcc lattice 

Before we raise the temperature of the lattice, the 

system is in equilibrium. Therefore, we have to determine 

the equilibrium state of the lattice. One way to do this 

is to use the kinetic equations and the fact that dy^/dt = 0 

at equilibrium. However, solving the set of equations, 

dy /dt = 0, turns out to be difficult. 

The vacancy concentration in the lattice is small, 

-4 
about 10 . Therefore, the variables y (q = 1,2, ... , 6) 

have values which are very near their values when there are 

no vacancies. So we use these no-vacancy values to determine 

our initial state. 

Equations (3.2.1) connect different lattice variables. 

When there are no vacancies present, these equations become: 

= N 

= N 

ab 
AA 

ab 
BA 

+ N 

+ N 

ab 
AB 

ab 
BB 

= Nab + Nab 

*WA AA BA 

= Nab + Nab 

B AB BB 

(3.4.1) 
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N/2 = N| + Na 

N/2 = N^ + NQ 
A o 

N/2 = Nj + Ng 

N/2 = Ng + N^ 

There are eight equations and eight variables. How¬ 

ever, only six of the equations are independent. So we have 

only two independent variables, which determine completely 

cl b 
the macroscopic state. We choose = N* - N^ and 

V = N3^ 
D WAA* 

In equation (3.2.9) we have the probability distribu¬ 

tion for a non-perfect lattice. Using this equation and the 

fact that 0! = 1, we get the partition function Œ for a 

perfect lattice (no vacancies). 

Ü = l 

7 J 1-Z r L 

(N/2)! (N/2) ! 

Na!Na' 
- A B* J 

N*31N^31 
LWA B* -1 

1-Z 

(ZN/2)i 
„ab. .Tab. „ab. „ab. 
N
AA

!N
AB

!I
W

H
BB

! 

* exp(-B[EaAN^ + EBBN|| + EAB(H^+N^)]) 

(3.4.2) 
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We approximate here the partition function with the 

maximum term in the sum (in statistical mechanics this is 

in general a good approximation). 

The free energy H is given by the equation 

H = -kBT £nS2. 

The system is in equilibrium when the variables 

and Yçj have such values that the free energy is minimized 

i.e. 

dlnfl 
dY, 

0 

d£nft 
dY„ 0 

Simple calculations give 

Z-l 

1 A B AB 

. <NB J 

ab 
N 

[ BA J 

N 

N 

ab ab 
AA BB 
ab ab 
AB1 BA 

exp(—4J) 

(3.4.3) 

where 

J = %e(EsA+EBB-2EaB) 

These equations determine the equilibrium state in 

quasi-chemical approximation when no vacancies are present 
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If we assume N 
A 

(3.4.1) that 

K - NB 
«S ■ NBB 

Ng, then it follows from equations 

Hence, the A and B atoms are symmetrically distributed 

between the sublattices a and b although the interac¬ 

tion energy of AA and BB pairs may be different. As a 

result we obtain from equations (3.2.16) 

yl = y2 
(3.4.4) 

y5 = y6 

when no vacancies are present. This will simplify our calcu¬ 

lations also in the non-equilibrium case. 

Using the definition of normalized variables (equa¬ 

tions (3.2.16)) and the above symmetry, we can write the 

equations (3.4.3) in the form 

a 'i 
nA 

2(Z-l) , ab i 
AB 

b nab 
nA V J 

nBA 

n 
ab 
AA 

2 

n 
ab ab 
ABnBA 

exp (-4J) 

(3.4.5) 

Inserting equations (3.2.16) and (3.4.1) into the equations 
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(3.4.5), we get the following expression for the variables 

y1,y2/ ••• » y6
; 

y^ is the non-negative solution of the equation 

g(yl/nA) = 0 (3.4.6) 

where 

g (x) 
2( Z-l) r (1+x) (R-l) + 1 - a(x) ~1Z 

[_ (l-x) (R-l) + 1 - a(x) J 

a(x) = [1 + (l-x2) (R-l) ] ** 

R = exp(4j) 

The others are given by the equations 

y2 = yl 

y3 = ZnA - 2y5 

(3.4.7) 

y4 = zYl 

y5 = (ZnA/2)(a(x)-1)/(1-y) 

y6 = y5 

The critical temperature T^ of the perfect lattice 

is determined by the conditions 

= 0 at T = T 
3x 

x=0 

A 2 ^ 
3 g 
JxJ = 0 at T = T 

x=0 
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The result is 

E/kT = 3s£n(4/3) (3.4.8) 

where E = % (EAa+EBB-2EAB) . 

We will now show that in an imperfect lattice the 

values of the long-range order parameter is smaller 

than its value in a perfect lattice when T < T and 
c 

that the critical temperature is lower in an imperfect 

lattice than in a perfect lattice. 

Let p be the probability of finding a given A atom 

in the sublattice a. Then (1-p) is the probability of 

finding the A atom in sublattice b. For T < Tc, we have 

p > 1-p. Let us suppose that we create vacancies with equal 

probability q in both sublattices a and b. 

The probability of creating a vacancy in the sublattice 

a in place of an A atom = pq. 

The probability of creating a vacancy in the sublattice 

b in place of an A atom = (l-p)q. 

Because p > 1-p and thus pq > (l-p)q, n^ decreases 

more than n^ does when vacancies are created. Thus the 

a lb 

long-range order parameter y^ = nA~nA in a lattice with 

vacancies is smaller than in a lattice without vacancies. 

Consequently the critical temperature, where the long-range 

order vanishes, must be lower in a lattice with vacancies 
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than in a lattice without vacancies (see figure 1 which 

represents as a function of the temperature). 

3.5 Numerical calculations 

We defined in section 3.4 an energy parameter 

E = \ (E^,+E_IT,-2E,_() . We will consider only the situations 

E > 0. This means that at zero temperature there are only 

A atoms in the sublattice a and only B atoms in the 

sublattice b. 

In the following T' means the critical temperature 
y 

of a perfect lattice and T. the critical temperature of a 

lattice with vacancies. We are interested in materials 

where the critical temperature is about 1000 °K. We express 

the energies in units of k_.T'. 

For simplicity we consider only the case where 

E,, = EDt,. We choose the values AA BB 

EAA = - ¥ £nl4/3) kBTi 

EBB. - - ¥ tn<4/3) kBT; 

E
AB = - ¥ £n,4/3) Vc 

When T7 = 1000 °K, we have the values E^ = EBB = -0.12 eV 

and = -0.15 eV. The vacuum formation energy EN is 

12 13 
typically about 0.7 eV, ' so the Boltzman factor 
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exp(-$EN), which gives the vacancy concentration, is about 

10"4 when T = 1000 °K. 
c 

Furthermore, we assume that the activation energy F 

is 0*6 eV.“^ 

. 14 -1 
We assume that the collision frequency V is 10 S 

5 
(for Fe the Maxwell-Boltzman mean spread is about 0.2*10 m/S 

o 
at T = 1000 °K and the lattice constant is about 1 A, so 

14 -1 
the collision frequency must be about 10 S ). We will 

regard V as a constant because it changes only slightly over 

the temperature range in which we are interested. 

The numerical calculations were made using IMSL sub¬ 

routines.^ The equilibrium values were calculated from 

equations (3.4.6) and (3.4.7) using ZSCNT subroutine The 

15 kinetic equations (3.3.4) were solved using DGEAR subroutine. 

Figure 1 represents the equilibrium values of the 

variables y1# y3, y4 and y5 (yx = Y 2' Y5 = yg) when no 

vacancies are present. From these we can see why variables 

Yl' y2* Y4 are caHed long-range order parameters and y^, 

Y5/ Yg are short-range order parameters. 

The kinetic equations (3.3.4) have the form 

dyi 

"dF “ gi*y'* EAA'EBB,EAB'NA/NB* 1 ~ 1/2' **• ' 6 

where y = {Y1tY2t ••• > Yg}* 
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Figure la. The equilibrium value of the long-range order 
a b _ 

Y1 = as a function of the temperature when no 

vacancies are present. The temperature is given in units 

of T' which is the critical temperature when no vacancies 

are present. 
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Figure lb. The equilibrium value of the short-range order 

y3 = n£g + as a function of temperature when no vacan¬ 

cies are present. Temperature is given in units of T', 

which is the critical temperature when no vacancies are 

present. 
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Figure le. The equilibrium value of the long-range order 

= n^B - nBA as a function of the temperature when no 

vacancies are present. The temperature is given in units 

of T^ which is the critical temperature when no vacancies 

are present. 
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Figure Id. The equilibrium value of the short-range order 
_ u 

y=n^_ as a function of the temperature when no vacancies 

are present. The temperature is given in units of T' 

which is the critical temperature when no vacancies are 

present. 
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We see from equations (3.2.13), (3.3.3) and (3.3.4) 

that if NA = UB, Ea = Ebb, Yl = y2, y5 = y6, then g2 = g2 

and g5 = g6. 

Because dy^ = g^dt we have (dt) = y2(dt) and 

y5(dt) = yg (dt) if y^O) =y2(0),y5(0) = yg(0). So 

y1 (t) = y2(t) and yg(t) 
= Yg (t) all the time if it is 

true at time t = 0. 

In section 3.4 we chose our initial conditions so 

that y1(0) = y2(0), yg(0) = yg(0). Therefore, we need to 

solve the kinetic equations (3.3.4) only for variables y^, 

Y2' Y4 • ¥5 an<* use the symmetry conditions y^ = y2 , 

y5 = y6 when calculating g1, g3, g4, g5. 

As a by-product of our solutions to the kinetic 

equations we get also the equilibrium values of y^ 

(i=l,2, ... , 6) in the lattice with vacancies; If the 

kinetic equations are to describe the relaxation of the lat¬ 

tice, the values of y^ after a long time interval should be 

the same for all physically sensible initial values. Our 

calculations show that this is indeed the case .and that the 

equilibrium values at a lattice with vacancies are very near 

those of the lattice without vacancies as can be seen from 

tables 2 and 3. 
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Table 2. The equilibrium values of y3, y4 and y5 . as 

a function of temperature when no vacancies are 

present. 

T/T' c yl y3 y4 y5 

0.6 0.4699 3.776 3.759 0.1116 

00 • 

o
 0.3847 3.237 3.078 0.3715 

H
 

• o
 

0.0000 2.285 0.000 0.8571 

1.2 0.0000 2.238 0.000 0.8806 

1.4 0.0000 2.205 0.000 0.8975 

Table 3. The equilibrium values of y^, y3, y4 and y^ as 

a function of temperature when vacancies are 

present. 

T/T' c yl y3- y4 y5 

0.6 0.4699 3.7758 3.7585 0.1117 

00 •
 

o
 0.3846 3.2559 3.0768 0.3717 

1.0 0.0000 2.2853 0.0000 0.8570 

1.2 0.0000 2.2381 0.0000 0.8805 

1.4 0.0000 2.2043 0.0000 0.8974 
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We know from the analyticity argument (e.g. the Lan¬ 

dau theory) that near the critical temperature 

Yl = K (Tc-T)^ 

where K = constant. The critical temperature is obtained 

2 2 
from the point where the line y^ /K intersects the tem¬ 

perature axis. We get, from figure 2, T = 0.9999 T' where 
c c 

T^ is the critical temperature when no vacancies are present 

The calculated values fit perfectly on a line when 

y^ /K is plotted against T (see figure 2). That proves that 

our method of solving the kinetic equations is quite reliable 

Figure 3 represents the relaxation of the parameters 

y^, y3/ y4/ y5 when T^ = 0.9979 T^ and T^ = 0.6 T^. We 

see that at the beginning the short- and long-range order 

relax independently (the signs of the second derivatives 

are opposite to each other), but after a while they couple 

with each other and approach their equilibrium at about the 

same rate. This kind of non-linear coupling between the 

short- and long-range order was first described by K. 

Gschwend etal. ^ If the final temperature was increased but 

still less than T^, the relaxation was as described above, 

but the relaxation time changes in a non-trivial way as can 

be seen from figure 5. 

Figure 4 represents the relaxation when T^ = 0.9979 

T^ and T^ = 1.0089 T^. The long-range order approaches 
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Figure 2. The equilibrium value of the long-range order 

= nA - n° near the critical temperature. The upper 

line represents the lattice without vacancies, the lower 

line the lattice with vacancies. The temperature is given 

in units of T^ which is the critical temperature when no 

vacancies are present. 
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Figure 3a. The relaxation of the long-range order =n 

as a function of t1 = Tt, where t = real time, 

T = nnV»exp(-3F) has here the value 0.9*105 S-^, T. = x 
0.9979 T' 

c 
and Tf = 0.6 T' , 

c 

>
 t

u 
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Figure 3b. The relaxation of the short-range order 

y 2 = n^B + n^A as a function of t' = tt, where t = 

real time, r = ngV exp(-$F) has here the value 0.9><10^ë-^. 

T. = 0.9979 T' and T, = 0.6 T'. l c f c 
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Figure 3c. The relaxation of the long-range order = 

n^ - n^ as a function t' = Tt, where t = real time 

T = ngV exp(-$F) has here the value 0.9xlO^ s”^. = 

0.9979 T' and T- - 0.6 TJ>. 
C I C 

f 



Figure 3d. The relaxation of the short-range order y 

n^* as a function at t' = tt where t = real time, 
^ 5-1 

T = ngV exp(-3F) has here the value 0.9X10 s . 

0.9979 T' and T* = 0.6 T'. c x c 
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its equilibrium very slowly near the critical temperature 

because of the critical slowing-down. The short-range order 

relaxes at the beginning very rapidly until t = 0.05/T 

(T = n^V exp(-8F), here T = 10^ s""^) . After this the 

non-linear coupling slows down the relaxation of the short- 

range order. This coupling, however, diminishes when the 

system approaches equilibrium as we can see from figure 4. 

The short-range order parameter y 2 ^as already at time 

t = 25/T reached its equilibrium value 2.283 but the long- 

range order still approaches slowly its equilibrium value, 

zero. If the final temperature was increased, the behaviour 

remained the same but the relaxation became faster. 

We define the non-linear relaxation time of the para¬ 

meter y(t) by 

TR = J (y(t) -<y>)/(y(0) -<y>)dt 

0 

where <y> is the equilibrium value of y(t). 

Figure 5 represents the relaxation times of y^ and 

y 2 (relaxation times of y^ and y^ were almost the same 

and so were the relaxation times of y^ and y^) as a func¬ 

tion of the final temperature T^. The relaxation times 

were calculated for two different initial values: at t = 0 

the values of the variables y^, y^, y^ and y^ were given 

by the equilibrium values of a lattice without vacancies at 

temperatures 0.9 T^ and 0.9979 T^. 
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Figure 4a. The relaxation of the long-range order y1 » 

na - nl? as a function of t' = tx, where t = real time, 
A A 7-1 

T = nQV exp(-£F) has here the value 10 s . = 0.9979 

and Tf = 1.0089 T^. 
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Figure 4b. The relaxation of the short-range order y = 
ab , ab „ J3 

nAB + nBA as a Unction of t ' = tx , where t = real time, 
T = n

0V exp(-3F) has here the value 10^ s"*^. T. = 0.9979 T' 
and Tf = 1.0089 T'. 

1 C 
f c 
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Figure 4c. The relaxation of the long-range order 
.ab 
AB n ab 

y4 = 

- nBA as a function of t' = tT, where t = real time, 

T = nQV exp(-$F) 
7 -1 has here the value 10 s T± = 0.9979 

and T, = 1.0089 T' f c 
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The relaxation of the short-range order = 

t' = tt, where t = real time, 

Ti = 

Figure 4d. 

nf^? as a function of 
7 —1 

T = nQV exp(-3F) has here the value 10 s 

and Tf = 1.0089 T'. c 

0.9979 T' 
c 
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Figure 5 shows that the relaxation time decreases when 

the final temperature increases, as was expected: 

The time scale of the kinetic equations (3.3.4) is determined 

by the factor vexp(-BF), which determines how many jumps 

a particle makes in a unit time. When the temperature is 

increased, the number of jumps increases exponentially and 

therefore the relaxation back to the equilibrium must be 

faster. 

When the final temperature is very near the 

critical temperature, the relaxation times of both the short* 

and long-range order increase rapidly: the correlation 

length becomes infinite at Tc and so the relaxation time 

of the long-range order must become infinite. Because of 

the non-linear coupling between the short- and long-range 

order, the relaxation time of the short-range order also 

increases rapidly near Tc. 

When the final temperature (T^ > T ) is further in¬ 

creased the number of jumps that the particles execute 

increases exponentially and therefore the relaxation time 

decreases as a function of as can be seen from figure 5.‘ 

It is clear that the relaxation time depends strongly 

on both the initial and final temperatures. Therefore if 

the critical temperature is 1000 °K and if we want to ob¬ 

serve the critical slowing-down of the short-range order in 

a temperature jump experiment, the initial temperature 
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Figure 5a. The relaxation time of the long-range order 
V\ 

= n^ - n° as a function of the final temperature when 

the initial temperature had the values 0.9 and 0.9979 T^. 
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Figure 5b. The relaxation time of the short-range order 
cib 

^3 = nAB + nBA as a ^unct^on °f the final temperature when 
the initial temperature had the values 0.9 T' and 0.9979 T'. 

c c 
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should be about 10 °K below Tc and the final temperature 

within 1 °K from T . c 

Claeson and Boyce^ have used EXAFS technique to study 

the equilibrium short-range order in Au-Cu alloys. And 

2 3 4 recently Huang et al ' ' have developed a new method for 

time dependent EXAFS measurements, where the time resolution 

was 100 us. Therefore it was our hope, when we started this 

work, to use the EXAFS technique to follow the relaxation 

of the short-range order. 

It seems in the light of our calculations that the re¬ 

laxation process is too rapid to be observed using present- 

day EXAFS technique if the activation energy in the sample 

is about 0.6 eV. However, if it were possible to find a 

bcc sample, where the activation energy is 1.5 eV, the re¬ 

laxation phenomena would be slow enough to be observed using 

the measurement system of Huang et al. 

We have done all our calculations in the canonical 

ensemble instead of using the grand canonical ensemble, which 

would allow the concentration of vacancies to change accord^ 

ing to temperature. We will now show that the difference 

between the canonical and the grand canonical results is 

negligible provided the initial temperature is near the 

critical temperature T (T = 1000 °K). c c 

Suppose that the final temperature is near T^, 

i.e. ~ x 1000 °K. Then the concentration of vacancies, 
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which is given by exp(-8Ev), is practically the same in 

both temperatures. 

Consider now the case where is not near T^. Sup¬ 

pose that the lattice is composed of a single crystal whose 

linear dimensions are much larger than 1 jim. 

If we treat the diffusion of a vacancy as a random 

_2 
walk process, the mean square distance x of the vacancy 

—2 2 
from its starting point after n jumps is x = nd , where 

O 

the interatomic distance d is about 1A. So if the 
Q 

vacancy has diffused a distance 1 jun, it has done 10 jumps. 

. -BF . ... 
The vacancy makes approximately ve ;jumps m unit time. 

If v = 1014 s"1, F = 0.6 eV and T = 600 °K, the 

q 
vacancy jumps 10 times in a second. Therefore the vacancy 

needs 10-^ seconds to diffuse a distance 1 jim. If T = 

1400 °K, the vacancy jumps lO^1 times in a second. There- 
_3 

fore the vacancy needs 10 seconds to diffuse a distance 

1 urn. These times are much larger than the calculated 

relaxation times (see figure 5) . 



57 

4. Conclusion 

We have considered the kinetics of a bcc lattice near 

the critical temperature. The lattice is composed of two 

kinds of atoms and some vacancies. 

It was shown that the macroscopic state of the lattice 

is determined by three long-range order and three short-range 

order variables. We derived the kinetic equations for these 

variables in the quasi-chemical approximation assuming that 

the lattice can change its state only via atom-vacancy ex¬ 

change mechanism. Because the kinetic equations were 

derived using the quasi-chemical approximation, which cannot 

be accurate near the critical temperature, the results mainly 

serve the purpose of guiding experiments. 

Using the derived kinetic equations we followed the 

relaxation phenomena in the lattice which was originally in 

equilibrium but whose temperature was instantaneously in¬ 

creased. We kept the number of particles constant during 

the relaxation, which strictly speaking is not true. How¬ 

ever, it was shown that error due to this restriction is 

negligible. 

Our solutions to the kinetic equations gave as a by¬ 

product the equilibrium values for the lattice variables in 

in the lattice with vacancies. These values were close to 

.those of a lattice without vacancies because the vacancy 
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. -4 concentration was very small, about 10 . Using those cal¬ 

culated equilibrium values we determined the critical tem¬ 

perature in a bcc lattice with vacancies. The result was 

very near but a little lower than the critical temperature 

of a lattice without vacancies, as expected. 

Our calculations show also non-linear couplings 

between the short- and long-range order. It is known that 

near the critical temperature the relaxation time of the 

long-range order approaches infinity. Because of the non¬ 

linear coupling the relaxation of the short-range order also 

slows down. 

It was our hope that exploiting the slowing-down we 

could follow the time development of the short-range order 

near the critical temperature using time-resolved EXAFS 

technique. Our calculations show that the relaxation is too 

fast if the activation energy is about 0.6 eV which is a 

typical value for light atoms like aluminium. If it were 

possible to find a sample where the activation energy is, 

for example, 1.5 eV, the time resolution of the present-day 

spectrometers (100 MS) would be good enough. 
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