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Abstract 

Hydrogen in Metals: Screening, Resistivity, and Diffusion 

by 

Milton Samuel Shaw 

The theory of screening of a potential in various 

approximations of a metal are reviewed. Phase shifts were 

calculated for free electron scattering by a Yukawa potential, 

and the screening parameter was adjusted to satisfy the Friedel 

sum rule. Using these phase shifts, residual resistivities 

of hydrogen in various metals were calculated in qualitative 

agreement with experiment. The theories of diffusion of 

hydrogen in metals are reviewed. A model for the hydrogen- 

metal interaction has been constructed using linear response 

screening for the hydrogen and superposition of neutral atoms 

for the metal. Screening in the region of the metal cores 

was treated with a pseudopotential. The occupation of octa¬ 

hedral sites in FCC metals and tetrahedral sites in BCC 

metals is correctly predicted. Vibrational energy level 

spacing for Pd and Ni were calculated to be .08 eV and 

.16 eV, respectively. Experimental values are .06 eV and 

.12 eV. Activation energies for diffusion are estimated with 

qualitative agreement with experiment. 



Acknowledgements 

My wife Martha has contributed greatly to this work by 

her love, support, encouragement, understanding, and help 

with the typing. This thesis is dedicated to her. 

The guidance and suggestions of Dr. Neal F. Lane are 

greatefully acknowledged. His contributions to my understand 

ing of both hydrogen in metals and physics in general have 

been invaluable. 

The many discussions and seminars on both the experi¬ 

mental and the theoretical details of hydrogen-metal systems 

have been very enlightening. Dr. H. E. Rorschach, Dr. R. B. 

Loftin, Dr. R. B. McLellan, and Dr. F. R. Brotzen have been 

particularly helpful in providing breadth to the understand¬ 

ing of the many facets of these systems. 

The computer facilities at ICSA have been essential to 

the numerical computations. 

Financial support for this work has been provided by 

NASA, without which this study could not have been undertaken 



Table of contents 

Abstract 

Page 

Acknowledgements 

I. Introduction 

II. 

III. 

IV, 

V. 

Screening 
A. Thomas-Fermi Approximation in the Free 

Electron Gas. 
B. Linear Response in the Interacting 

Electron Gas. 
C. Nonlinear Response. 
D. Scattering Theory in Screening. 

Resistivity 
A. Basic Transport Theory. 
B. Scattering Calculations. 
C. Residual Resistivities of Transition and 

Noble Metals. 

Diffusion 
A. Quantum Theory of Diffusion 
B. A Model Potential 
C. The Potential Surface W(R) and its 

Implications 

Conclusions and Discussion 

6 
6 

11 

25 
38 

44 
44 
50 
65 

70 
71 
81 
110 

132 

Appendix 136 

References 139 



I. Introduction 

The properties of hydrogen in transition metals are 

very interesting for a number of reasons. That hydrogen has 

a substantial effect on metals is quite important in the use 

of those metals in a hydrogen environment. For example, 

hydrogen causes the embrittlement of a number of metals 

including iron. The process of embrittlement is not well 

understood. An understanding of the process would be quite 

useful in the design of rockets using liquid hydrogen. A 

"hydrogen economy" would be even more dependent on the 

knowledge of embrittlement and other processes involving 

hydrogen in metals. 

A very important property of hydrogen in metals is that 

it is unique. Every other impurity has a size of the same 

order of magnitude as the metal atoms which provide its 

environment. That is, all nuclei with Z>1 will have an ion 

core with filled shells of electrons. These core electron 

states are essentially unperturbed by the metal environment 

and tend to exclude other electrons from the core region by 

the Pauli principle. Hydrogen, however, tends to lose its 

electron because the coulomb potential is screened by con¬ 

duction electrons to such an extent that there is no longer 

a bound electron state. Instead, each conduction electron 

is perturbed to a greater or lesser extent such that it con¬ 

tributes to a localization of charge density around the 

proton (or other isotope of hydrogen). This screened proton 

very readily occupies the interstitial sites of a metal. 

Because it is so small, the screened proton does not tend to 

produce very much local distortion of the lattice in contrast 

to other impurities, without the usual large strain energy, 



2. 
its interaction with the lattice is rather small. Hence, 

hydrogen diffuses very rapidly. This leads to such inter- 
81 

esting phenomena as the Gorsky effect . In that case, the 

hydrogen diffusion is due to the strain gradient caused by 

the bending of the hydrogen-metal system. A similar effect 

on the microscopic scale is that dislocations are quickly 

surrounded by a local increase in hydrogen concentration. 

Another unique property of hydrogen is the large mass 

ratio of its isotopes. Many of the properties of protons in 

metals have also been studied with deuterons. Activation 

energies for diffusion, for example, are substantially dif¬ 

ferent for hydrogen and deuterium. In some metals the acti¬ 

vation energy will rise from hydrogen to deuterium and drop 
82 

again for deuterium to tritium . These phenomena are not 

well understood and provide a critical check for theories 

of hydrogen diffusion in metals. 

By virtue of its small mass, hydrogen is unique in its 

quantum mechanical nature. Tunneling from site to site 

through the small potential barrier is very likely, espe¬ 

cially for excited vibrational states. In particular, this 

tunneling has a pronounced isotope dependence. Also, there 

is the possibility of not only tunneling but the existence 

of bands of hydrogen with a sizeable band width. Of course, 

the band width will be larger for excited states. Indeed, 

some theories of diffusion suggest that the excitation to 

a particular excited band is responsible for the hydrogen's 

4-- 61 motion 

The solubility of hydrogen has a quite substantial 

dependence on the metal. That is, some metals will hold 

only a few parts per million of hydrogen and others hold 

on the order of one hydrogen per metal atom. There is no 

real intermediate range of solubility. Metals tend to 

belong to one group or the other. 



3. 
Another interesting feature of hydrogen is its electro¬ 

migration. That is, hydrogen motion due to an electric 

field is rather strange in that its effective charge can be 
8 3 

either positive or negative depending on the metal . Also, 
84 

recent measurements show that the mobility of hydrogen in 

Pd is orders of magnitude greater than expected by the usual 

Einstein relation. Electromigration is not well understood. 

At first glance, one thinks of the proton in terms of its 

positive charge. However, this charge is completely canceled 

by the screening electrons. The neutral proton plus screening 

electrons is perturbed by the electric field. One model is 

that the net electron motion results in anisotropic scattering 

of electrons by the screened proton. The momentum transfered 

by the collisions tends to move the proton in the direction 

of the electron (or hole) motion. This is called the electron 
8 5 

wind . On the other hand, the dynamic nature of the screen¬ 

ing should not be ignored. The electron current around the 

proton will be nonuniform but in a steady state. The force 

on the proton can then be calculated from the electrostatic 
86 

interaction with the distorted screening charge . For 

metals in which the protons form a band, electromigration 

may not be too unlike electron conduction. Indeed, under 

suitable conditions, protonic superconductivity may be 

possible®^. 

The resistivity of a metal changes with hydrogen content. 

Although the change in resistivity is small, it is a useful 

indicator of the properties of the system. For example, the 

ordering of hydrogen in a metal will have a substantial effect 

on the residual resistivity. In the extreme case of all 

octahedral sites in an FCC metal being occupied, the residual 
87 

resistivity would vanish . The different phases associated 

with different concentrations of hydrogen affect the residual 
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resistivity. Also, the scattering process itself is of 

great importance in the electromigration problem. 

Three major properties of hydrogen in metals are 

discussed in this thesis. They are screening, resistivity, 

and diffusion. First is a review of the screening of the 

proton in Chapter 2. The simple, though useful, Thomas- 

Fermi screening model is discussed. It is just an applica¬ 

tion of the atomic Thomas-Fermi theory to the case of a 

proton in a free electron gas. Despite its simple nature, 

the Thomas-Fermi screening has been used extensively as a 

starting point for model type calculations of all sorts. 

Next, the more complicated system of an interacting electron 

gas is discussed. This is a more realistic approximation 

of a metal than the free electron gas. The screening of a 

proton is first treated using linear response. In this 

case, only the effects that are linear with the potential 

strength are treated. Although the screening density is 

not quantitative for the region of very strong potential, 

some quantum mechanical effects are well described. For 

example, the screening density does not fall off monotoni- 

cally with distance. Rather, there are the Friedel oscil- 
20 

lations due to the sharp cutoff of the occupation of electron 

states at the Fermi level. Going beyond linear response 

is an "exact" theory of screening. Except for approximations 

of exchange and correlation, the problem of a proton in a 

real metal can be treated exactly in principle. The hydrogen 

in a real metal problem would require a band structure type 

calculation with the•complication of lost symmetry. Some 
32 

results of a coulomb-like potential in an interacting 

electron gas are compared with the linear response theory. 

Finally, the scattering properties are related to screening 
20 

by a derivation of the Friedel oscillations and the Friedel 
. 35 

sum rule 
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Chapter 3 treats the problem of resistivity. After a 

review of basic transport theory, the relation of scattering 

theory to resistivity is described. Using the simple model 

of a Yukawa potential, phase shifts were calculated for an 

energy range appropriate to conduction electrons in a metal. 

The screening parameter was adjusted such that the Friedel 

sum rule was satisfied. Using these values for the potential, 

resistivities were calculated for a number of metals. 

Chapter 4 deals with the complicated problem of diffu¬ 

sion. The many theories of diffusion processes are reviewed. 

Potential surfaces for hydrogen in a number of metals are 

calculated. The linear response screening is used to describe 

the screened proton. A superposition of neutral atoms at 

the lattice sites is used to describe the metal. The effect 

of metal core regions on the proton screening is treated 

using pseudopotential methods. From the potential surfaces, 

various properties of the screened proton in a metal are 

discussed. In particular, the stable occupied interstitial 

sites and the activation energies for diffusion are deter¬ 

mined. In addition, vibrational levels of the screened 

proton are estimated and qualitative behavior of isotope 

effects are discussed. Finally, in Chapter 5 conclusions and 

suggestions for future work are discussed. 



II. Screening 

The nature of hydrogen in metals is very much compli¬ 

cated by the presence of the conduction electrons. The 

electron-proton coulomb attraction is no longer the only 

important potential. Electrons repel each other by the 

coulomb potential. Exchange and correlation are also impor¬ 

tant contributions to the electron wave functions. The 

proton perturbs all of the conduction electron wave functions 

such that the total electron density near it is increased. 

This increase in electron density tends to "screen" the 

electron-proton interaction. A very analogous situation is 

the free multi-electron atom. Each electron is screened by 

the other electrons and hence "sees" an effective potential 

less negative than -Ze^r . In the case of hydrogen in a 
2 q 

metal, there are of the order of 10 electrons to take into 

account. Obviously, this system cannot be solved exactly. 

We will discuss several approximations which give some insight 

into the problem of how the proton is screened. 

A. Thomas-Fermi Approximation in the Free Electron Gas 

1 
The free electron gas is a simple, though very useful, 

approximation of the conduction electrons in a metal. The 

periodic potential of the lattice is approximated by a 

constant. The electronic wave functions are plane waves 

fi la.o 
'K 

where a is the volume of the "crystal". Periodic boundary 

conditions are applied at the surface of the volume SI. in 
this case a cube. The values of the wave vector k are 

restricted by the boundary conditions. The wave functions 

^ are then orthonormal over a volume of integration _Q_. 
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E 

Figure 2.1 

The local effective Fermi level is such that the chemical 
potential is constant. (After Kittel, Reference 2) 
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The eigenvalues corresponding to these states are 

At 
* am (A- 3.) 

where m is the mass of an electron. Electrons are fermi 

particles and obey Fermi-Dirac statistics. The probability 

that a given state is occupied is given by 

where ^=(kBT) ^ and k^ is Boltzman's constant. At a temper¬ 

ature T=0®K, all states with energy less than J[*, the 

electrochemical potential, are occupied by a pair of elec¬ 

trons with opposite spins. All states with a greater energy 

are unoccupied. The electrochemical potential^ , which is 

equal to the Fermi energy E^ in this case, is related to the 

number density of electrons , ne, by 

u. f! (S' 
/ Am 

Now we shall look at the screening of an electrostatic f2,3 
r) in the electron gas . If the potential is 

almost constant over a region of the order of an electron 

wavelength, then locally the electron gas will behave as if 

the Fermi energy E^(r) were equal to^-e^(r). This is 

illustrated in Figure (2.1). Note that e is the charge of a 

proton not an electron. The above approximation is essen¬ 

tially the Thomas-Fermi approximation. The local Fermi 
■ii y 

energy is related to the local density of electrons n(r) by 

0,CF> (>■$) 
For a small potential, E^a?^ may be well approximated by the 

first two terms in a Taylor expansion about n„. The first 

is equal to and therefore the second term gives 



9. 

tîf (ni?)-0 - « <f 
e(n„ ' 

Dropping higher order terms in n(r)-n6? is equivalent to 

requiring linear response. That is , the change in density 

is assumed to be directly proportional to the potential. 

Linear response will be treated in more detail in Section B 

of this chapter. 

Using these approximations we will look at a proton in 

the free electron gas. The total potential energy ecp(r) 

which the electrons see is not pure coulomb attraction. A 

repulsive contribution due to the increase in electron 

density \>n(r)=n(r)-na, near the proton must also be taken 

into account. The electrostatic potential ^(r) must obey 

Poisson's equation* which in CGS units is 

where we have set the proton at the origin. If Sn(r) were 

known, then c|?(r) could be found using Eq.(2.6). If <p(r) 

were known, then $n(r) could be found using Eq.(2.7). 

Neither is known, however, so the two equations must be 

solved simultaneously to get a self-consistent solution. 

Except at the origin, we have 

♦Strictly speaking, the free electron gas assumes no electron- 
electron interaction. The assumption that Poisson's equation 
applies is equivalent to assuming the electron interaction is 
that of a classical charge distribution. No attempt 
to include exchange or correlation is made in this simple 
model. 
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where 

X1 -- ’ 4’rt^,7'^ - ~r ir'Ÿ 

The solution to Eq.(2.8), with the boundary conditions 

cÇiïï */r r-*o (7.10) 

and 

cç>(?) -->0 *s r->> OC (%-lf) 

is 

CPM* e Mfl-Vr)/r Gup) 

which implies the screening electron density is given by 

Sn(?) . Xl(«pf-^yr') (a.t3) 

The effect of the electron gas is to screen the long range 

part of the proton's coulomb potential. Integration of 

Eq.(2.13) over all space will show that the total increase 

in charge around the proton is -e. This just offsets the 

proton's charge to give a neutral system. In contrast, a 

proton in a dielectric material with a dielectric constant 

€. gives rise to an effective potential e/e r . 

The approximations made in this section have several 

serious limitations which should be noted. We have ignored 

electron-electron interaction except for Poisson's equation. 

That is, we have assumed a free electron gas. We have also 

assumed the potential was slowly varying over an electron 

wavelength.. Near the origin the potential is very rapidly 

varying, however. We have dropped higher order terms in 

£n(r) to get Eq.(2.6 ). Near the origin Sn(r) gets very 

large, so those terms are not insignificant. Finally, we 

have ignored the wave nature of the electrons. This will 
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be shown to give rise to oscillations in the long range part 

of the electron density and the potential. 

B. Linear Response in the Interacting Electron Gas 

The interacting electron gas (IEG) consists of an 

electron gas in which the coulomb interaction has been 

"turned on". A uniform background of positive charge, 

called jellium, is included to keep the system neutral. 

This model is a very good approximation for many properties 
4 

of alkali metals . The model is not easy to solve, however. 

The full power of many-body perturbation theory is necessary 

to attack the problem. Even then, the model is not soluble 

exactly. Certain classes of diagrams may be included to 

infinite order but others are ignored. Equivalently , some 

simplifying approximations may be made to make the model 

soluble. 

The problem of screening a weak arbitrary potential 

energy, V(r), in the interacting electron gas is readily 

handled by linear response. The screened potential energy 

L/(?) -s-e (gu?) 
and screening charge density,-eJn(r), are related to the 

static density response function F(k). It will be shown that 

for linear response F(k) is determined by the properties of 

the interacting electron gas alone. That is, F(k) does not 

depend on V(r). The derivation below is essentially that 
5 

given in Fetter and Walecka . 

The Schrodinger equation for the hamiltonian H is 

it,(n> fr.is) 
where the exact state vector. The S subscript 

denotes the usual Schrodinger picture defined by Eq.(2.l5). 
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The formal solution of Eq.(2.l5) is 

Itsw'y - tl4*A /*»> (sit) 

Now, consider a perturbation 0(t) that is zero for t <to 

The perturbed state vector 1^0^ satifies Eq.(2.15) with H 
W. 

replaced by H+H(t). The solution may be written in the form 

it M'y = clhA ÀCDliM'y (zn) 
with A(t) to be determined such that Eq.(2.l5) is satisfied. 

Note that A(t)=l and for t4to since H*(t)=0 in 

that range. Substitution of Eq.(2.17) into Eq.(2.15) 

followed by multiplication of both sides of the equation by 
, A 

e.* on the left gives the following equation 

(S-l?) 
where H^(t) is the perturbation Hamiltonian in the Heisenberg 

picture*. Eq. (2.18) can be solved by iteration for t>t . 
O 

That is, set A^(t)=l on the right side of Eq.(2.18). Solve 

the equation using A(t)=l for t=tQ to get A^t) . Put Af*\t) 

on the right side of Eq.(2.18), etc. 

(i-;*'1 [V WJO ♦ ••• ) j f(°f) CuD 
•'to 

We are now ready to evaluate the electron density in 
A ! 

the presence of a weak perturbation H(t). This is just the 

expectation value of the density operator )■ 

perturbed state vectors 

I for the 

n(?,t)= <£ {?>)> = <%«)11 (rsi)l fjtÿ 2.20 

*The state vector in the Heisenberg picture is defined by 

\%m> = (+». Note that /^o>> The relation between 

operators in the two pictures is seen by comparing arbitrary 

matrix elements.<‘^,|W7îi>=<'^/^'iî^H’<f^f|il
lt>.The Schrodinger equation 

becomes since l\H)> is time independent. 
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where is the position at which the density is calculated. 

Using Eq.(2.17) and Eq.(2.19) the electron density is 

nGfc)=(<M D* + J eik/*)fJV) 

x Li ' dt' H,' (t') <■...] | <f5to> 

%(°)/> (a.ai) 

where we have used the facts that 

Ca-aab 

-iiit/t, 
(à. a 3) 

and 

It,fob? = I 

f. <*.<•)= e,iil* 

0% / 

Dropping terms of higher order than linear in H^ft) is the 

restriction to linear response. This result is essentially 
6 

first order time dependent perturbation theory . Note that 

j^&^is the state vector for the unperturbed system. 

Let H be the Hamiltonian for some approximation to the 

IEG. The Heisenberg picture will be used implicitly for all 

operators and wave functions for the remainder of this section. 

Let Jtfybe the ground state of H. Choose H^t) to correspond 

to some external potential V(?) being turned on adiabatically. 

That is, the potential will be V(r)e where the limit 

O* will be taken at the end of any calculation. Provided 

te-* - oo , there will be no transient response for the limit 
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o(-*0*and the system at time t will be in the ground state of 

the Hamiltonian H+H(t=t/) . At t=0 this is the system we are 

interested xn. H(t) is given explicitly as 

ti'it) r j c/’rf Cr,t) VC?) e** fo-W) 
which is the operator form of the interaction of some charge 

distribution-enfr^with an external potential V(r)e . 

Substitution in Eq.(2.21) with to->-o0and t=0 gives 

Sn(r)a no)-n.,V(*')e** 0>/'A') (zü) 

where 

n.a ft) 

is the density of the unperturbed system, 

p (rji) = ^> (?, £) -n. 

is the change in density operator, and 

c = <ilif(t'Af(rlt)]IO <*■** 
Note that Eq.(2.26) does not depend on the perturbed wave 

function explicity and C(T,t,xf,t/) does not depend on the 

applied potential. Once C(r,t,x!t) is determined for a given 

approximation of the ground state of the IEG, the induced elec¬ 

tron density S n (r) for any potential V(?) can be deter¬ 

mined by evaluating the integral in Eq.(2.26). The accuracy 

of that &n(r) is limited by the validity of linear response. 

That is, the stronger the applied potential V(r") is, the 

more important the terms dropped in Eq.(2.21) will be. We 
«■#> 

are interested in the case where V(r) is the coulomb potential 

V(r )= Ç.3o) 

Obviously, linear response will not hold near the origin. 
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We will see in Section C that outside the region of the 

origin, i.e. jrjgreater than about a Bohr radius ac, linear 

response gives good results. 

Now, let's take advantage of the translational invari¬ 

ance of the interacting electron gas. That is, C (r, t,x^t;) 

depends only on the difference r-x. Also, the system is 

time invariant so the time dependence is t-t1. Define 

Dt£0= ra.Ji) 

where X^’x-x* and t=t,-t/. Eq.(2.26) now becomes 

Sn(r)= '(it V (r-7) exi D(x,i) ~ fjVVG^FW 
'•* Ca-3a> 

where 

F(T)a (a.3 3) 

It is useful now to introduce Fourier transforms. As we 

will see, each Fourier component of the potential is screened 

separately. Since the screening depends linearly on the 

strength of the applied potential, the problem can be solved 

for each component and transformed back into the coordinate 

space. The time dependence and its transform, the frequency 

dependence, will not be used since we are dealing with a 

static potential. For a function f(r-), the Fourier transform 

is defined as 

jj>r C{k'r-f(r) 

with 

-f (r) = ferr)3 jdSK c1* r CJ(K) (3.35) 
The Fourier transform of Eq.(2.32) is 

Sn(«)^ JV?r t jd / VIr-x) (3.3k) 
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= V(?) Fit) (i.37) 

This shows that indeed the response for a given k value is 

proportional to the transform of the potential at the same 

k value. Sometimes linear response is defined by the assump¬ 

tion that Eq.(2.37) is true. The proportionality constant 

F(k), called the static density response function, is a 

property of the unperturbed IEG. That is, F(k) is the same 

for any potential. 
7 

Loosely following Harrison , we will show the relation¬ 

ship between F(k) and the dielectric function £(k). The 

function £(k) is defined in the usual manner 

Uiï)=\UÏ)/eŒ) &•*») 
where U(k) is the screened potential, V(k)+Vg(k). The term 

Vg(r.) =-e <^(r) is the potential due to the change in charge 

density -eSn(r). From Poisson's equation we find 

(?n)^d3
K (-K1)c * r <p$0f) -t+ïïeUnfjcl’ke*'' So(i<) 

where we have used the Fourier transforms. Comparing inte¬ 

grands we find 

V5 (?) = -e fs CK) = S n (?) fa.fo) 
* K 

Poisson's equation in Tc-space. Thus, using Eq.(2.40) and 

Eq.(2.37) we have 

eaOsJ^*L.= !——. h,n) 

VCit)-t-V5(*) Ft<) 
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It is often useful to define ^(iT), the density-density 

response function, such that 

$ n (K ) = 'XOOI^K) h.n) 
It is easily verified that 

ec*>- 
Given F(îc), we can find Sn(r) and U(7) for any V("r) . 

However, F(k) is not given. An exact solution for the IEG 

has not been found. We will derive F(k) for the random 
8 phase approximation (RPA). The name is historical in origin 

and has no great significance for our purposes except that 

it is the standard name. The RPA is the approximation that 

the only important part of the electron-electron interaction 
Q 

is that which produces the screening potential V (r) . if 
s 

this part of the electron-electron interaction is included 

in the perturbation, then the unperturbed system is the 

noninteracting or free electron gas (NEG). The perturbation 

is now U(r)=V(r)+V (r). The screening electron density is then 
s 

- FO(K) U l K) (ZA4) 

in IT-space. By Fc (3c^ we denote the F(k) for the NEG. Com¬ 

parison with Eq.(2.42) shows that the RPA consists of approx¬ 

imating 9C(k) by F0(k). In terms of many body perturbation 

theory, the RPA consists of including a certain class of 

diagrams, the ring diagramsEhrenreich and Cohen^ 

demonstrate the equivalence of the two methods for the RPA. 

The evaluation of Fc(k) is straightforward. From the 

equations (2.26), (2.32), and (2.34), we have 

Gwj.JjW'Vpt e*‘ (its) 
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That is, (lAt) 

dt 10 

12 

- . oo 
where IV and t* can be any value. For convenience choose x' =0 

and t;=0. Now Fc (k) is just F (kj where ity is the NEG ground 

state. Evaluation of D(x,t) is readily done using second 

quantization. The reader is refered to Fetter and Walecka 

for a development of second quantization. We will use the 

plane wave basis set. The ground state It) consists of all 
states below the Fermi energy, E^, occupied and all states 

above E^ unoccupied. That is 

where a£ and a* are the creation and annihilation operators, 
K |S| KJ5J 

respectively, for a particle in the time independent state 

(A- 4-7) 

% k,5. (r) -eUry.^ (3L.n) 
with k and s^ the quantum numbers for that state. The spin 

wave function is The function 0(x) is defined by 

(a. 4 7) 

The density operator in second quantization is 

s. %l(F)
 &5D) 

In the Heisenberg 

(i-5J) 

where S denotes the Schrodinger picture, 

picture iH V* (S) -i H t/* 
CXg. = ^ ai?5 5 

Differentiating with respect to time we have 

,H]èihk A* àt ($.a) 
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For this system the Hamiltonian is particularly simple 

H = * «°? S 5 CX-j ; K»5* K>51 (a-s'?) 
where ficA>f=E.*. The usual anticommutation ? K relations are 

!<,,<•] *VA* fast) 
and 

i < • «Co ■ K .< j = 0 (3..5T0 
Thus we have * 

[a? o.^ L- K,S* * J * 
(2. st) 

and therefore 

K>52 * 52 
fc.Sl) 

which has the solution 

/«) -* t ^w. ^ 
CL =01,. e (2.5 s) 

Similarly 
» 

j- fti-h +C*oK+ 
q; - a, e nK,S* k, 5, 

CUD 

The density operator can now be written in the form 

P0V<0= £ ^(r) f et (X , s, 

(P- to} 

- Si' 2 wp[<(«'-«)•?'a! a. , 
*•** 

We want to evaluate the function 

DO» -<jUtyff,*y(o,o>]je> ^ n) 
The summations will be easier to handle if we first evaluate 

= <tl 
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where the subscripts are an abbreviation for the four quantum 

numbers k and s . Now, using the anticommutation relations 
z 

of Eq.(2.54) and Eq.(2.55), we have 

s +0cW^l-{^\ &.«) 
The first and third terms cancel, so 

K.t.ji = - ôUKF-KI)] 

Using this result and Eq. (2.60) we have 

P(^fc) = xiK£:je''c^-r“)'5 

X [ S.kS.j [W-iU)-©(lifF-^0]] 
(afc5) 

The summations on spin, ïc > and it can be quickly done giving 
c (a.tt) 

(2 W) 

D(x;fr)= Jl* 2 e 
, . . -, . „ . 

£«>(liUj)-0(liv*j)] 
Making a change in dummy variables, p=k^ and q=kk# we have on 

substitution in Eq.(2.46) ^3, é>l) 

~ 0*3 
The integrations over the volume and time are easily evalu¬ 

ated giving 

_,f.| -UM-p* r xij^e ri « (a i?) 

and 

\°U a _lt   
-c ~£ <* 

Substitution in Eq.(2.67) yields 

P (i<) —jnC* 2 0(lirphlft^ ~m&(1*11 ~ip0 
f - £- - it) <* 

-6 A (a. 41) 

(a.70) 
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This result was first derived by Lindhard . Harrison 

gives a useful derivation for FO (It) , which he labels • 

without using second quantization. Ziman"^ uses a standard 

perturbation theory approach. Nona of those three derivations 

can be easily extended to approximations of the IEG more 

complicated than the RPA. For second quantization, other 

approximations can be made in a straightforward manner by 

using a different unperturbed ground state corresponding to 

the approximation of the IEG being used. 

To put F0 (It) in a useable form, we have to do the summa¬ 

tion over p. As always, we are interested in the limit of 

.O.-^oowith nD constant. The summation then becomes an 

integral which is evaluated in Appendix I with the results 

^ JU11^-/ + / ) fc.7»> 

where ^=k/2k^ and n(k^) =mk^/tra^*‘, the density of states at 

the Fermi energy. Using equations (2.38), (2.42) and (2.46) 

for the RPA, *X(îc) =F0 (ic), we get explicit forms for the 

Fourier transforms of the change in density Sn(k) and the 

screened potential U(k) in terms of the applied potential 

and Fe(k). 

U(K)= (a.7j) 
and 

F.W 
Sn(Z)-F.(K)V0Q* Vit) 

k* 

(2.73) 

For the case of a proton, V(r)=-e /r with the Fourier trans¬ 

form V (It) =4TT e^ /k^. 

It is convenient to define a new set of units 
-1 

16 

distance is in units of k, 

where 

The Fermi wave number of a 

free electron gas, k^, is related to the density n0 by 



(^py* 
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Ü-Vt) 

The density can be conveniently characterized by a dimen¬ 

sionless parameter, r , defined such that 

3-1-1 

a* [*? MJ 
where 

ft- Nf n»)3/a' 

(7.15) 

(i-V,) 

The parameter r is the radius of a sphere containing one 
s 2 2 

electron divided by a Bohr radius, a0=h /me . In these 

units, Eq.(2.73) becomes _ 

= f'irtu _ ‘nn'F.ff) fo.Tl) 
K** ' **-*w*' 

where k is now expressed in units of k . The factor 

J ^ ^ IT q„ 
(  

is given in these units by 

fe 5- - 3 rs - 
3 ' irq. "* -jj- n.\^ " IT \ Hr ) *5 f rs U-7*) 

-JT IT Hr / ’S 

Using Eq. (2.34), the electron density in coordinate space then 

becomes _-j f l7 tK*r 

$n ( r) ~ &7Ô e* * r fn(it) 

= j^K KjjinkÛ 0 ^ , , Cuo) 

has been easily carried where the integration over 

out, since Sn(ïc) depends only on the magnitude of ïç. The 

final integral cannot be done analytically, however. Langer 

and Vosko^ have done the numerical integration to evaluate 

£n(r). They also calculated Sn(iT) for the Hubbard approx- 
17 

imation . The Hubbard approximation and other similar 
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Figure 2.2 

Linear response screening for several approximations (after 
Singwi and Tosi, Reference 22). 
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approximations take into account more electron-electron 

interaction than the RPA. They differ in that the screening 

potential V in Eq.(2.41) is no longer pure coulomb. Exchange 
s 

and correlation effects are now included as a local effective 

potential. Eq.(2„77) becomes 

> \l_»> 
MK> = V( K) 

2 - ' 2 where -4fFe G(k)/k is the local effective potential due to 

exchange and correlation that are included. The RPA corres- 
19 

ponds to G(k)=0. Vaishya and Gupta review the restrictions 

on the form of G(k) and how well various approximations 

satisfy them. In Figure(2.2) £n(r)is plotted for several 

different approximations. Notice that the screening charge 

now has oscillations that die off slowly. That the screening 
20 

has an oscillating behavior was first predicted by Friedel 

His work will be reviewed in Section D of Chapter 2. 

Mathematically, these oscillations arise from the singu¬ 

larity in the dielectric function €(k) at k=2k^. One can 

expand 6(k) around the singularity and use a theorem by 
21 

Lighthill to find the asymptotic form. This was first 
.16 . 22 

done by Langer and Vosko^w. Singwi and Tosi “ give the 

asymptotic form of $n(r) for any Hubbard type approximation, 

i.e. Eq. (2.81), fy.W) 
co5 (art 

! inn 
r-» oo 

%nlr\ 
K? 

a - 
R3 (v* 

. , 
slnQ$(jU R *y-\\ 

Where R=kfr, o(=l-G(2kf), rt=qTpAf# 
and <2,^ is the Thomas 

Fermi wave number 

V = n(«F)] 

The symbol V is Euler's constant. Higher order terms can 

be calculated in a straightforward but tedious manner. The 
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usefulness of such terms is doubtful since in the limit 

r-*e?o, where they are accurate, they are also negligible. 

A more physically intuitive picture of the oscillations will 

be given in Section D of Chapter 2. 

C. Nonlinear Response 

In Section B we treated the problem of screening an 

arbitrary potential in the IEG by linear response theory. 

Linear response is a weak potential approximation, however. 

The coulomb potential of a proton in the IEG is too strong 

near the origin to expect linear response to be a good approx 

imation for that region. A better approximation is necessary 

It turns out that the problem can be formulated exactly in 

terms of the electron density n(r). The dependence on n(x) , 

however, is not known exactly. The approximations introduced 

involve the treatment of exchange and correlation, but there 

is no approximation for the form or strength of the potential 
23 

We will follow Hohenberg and Kohn very closely in 

proving the basic theorem of this method. The system under 

consideration is an arbitrary but fixed number of electrons 

in a large box with a given potential V(r). It will be 

shown that the energy, E, for this system is expressible in 

the form 

fVfr) n(r)J*r + F[n (r)} &W) 

where F[n(?)] is a functional of n(r) that does not depend 

on V(r). A functional is a function whose domain is a set 
24,25 

of functions . That is, F[n(r)] is a number that depends 

on the value of n(r) for all r. It will also be shown that 

E[n(?)] is a minumum for p (?) , the density that corresponds 

to the ground state of the system with potential V(r). The 

Hamiltonian for this system is of the form (atomic units) 



where Ax. -\ * 
-f = j jv f(r) o(r (2.86) 

\/ -- j V(r) $*(?) 
(jl.l 7) 

and ^ 

/, - rrjk'' f fir)rtf) f(?) f(?j 
U = 1 JJ/r-?'/ 
The are field operators defined by^ 

(&■ ^ 0 

? 
(P.Î1) 

and 

$*(?) -1 4 
where the ^ *S are single particle wave functions with the 

set of quantum numbers denoted by k. The summation is over 

a complete set of single particle wave functions. This set 

is usually chosen for convenience. For example, plane 

waves are usually used for the IEG. Bloch functions are used 

for a real crystal. The density operator is then 

$*(?)$(?) too 
For the ground state /5> of this system, the density is 

<f \ Ÿp) fà\t> b-K) 
Clearly IS> and hence ^(r)is a functional of V(r). That 

is, the ground state is completely determined for a given 

V(r). The converse is essentially true. Except for the usual 

arbitrary constant, V(?) is a unique functional of p(r\) . 

To show this, assume that, on the contrary, some other 
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potential V(r)^V(?)+C gives rise to the same density 

Then J , the ground state for this new system, cannot be 

/£> because it' y and fifcj are solutions to different 

Schrodinger equations. Since If) and /<?> are both ground 
states, we can use the variational principle. That is, 

E'=<$'/H7£'> < <£lH'j£> fru) 
since for any if>. <fn'lf is minimum for If-IF) the 
ground state, and equal to E', the ground state energy. Writing 
*/ 
H as 

H I H 
Ay A 

*v ~v 
equations (2.87), (2.92), and (2.93) give the inequality 

E'< E f e/r . h.lf) 
Interchanging primed and unprimed quantities in the derivation 

gives 

E < S' ^\LV(r)-V'(?)]p^43r b-U) 
Adding these two equations gives the impossible result 

EVE < E f E; ^.17) 
The assumption that two nonequivalent potentials give the 

same density is wrong. Therefore, V(r) is a unique func¬ 

tional of f (r) except for the usual arbitrary constant. If 

the choice of potentials V1 is restricted to those of the form 

VYr) ^ ° CM* r->oo 
then the constant C is determined and V(r) is a unique 

functional of ^(r) . Since V(?) is a unique functional of 

f<r), the Hamiltonian H will also be a unique functional 
of ^>(f) because H is determined by V(r) . Consequently, the 
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ground state I f> is a functional of Ç(r). Now let's define 

F[n(r)] by 

F [n («] = < ^ I T* UI tC" Q.n) 

where Mn'àî) is the ground state of the Hamiltonian H[n(i^)] 

determined by the density n(r). That F[n(r)] is a functional 

of n(r) follows from the fact that | ^(nlrjfris. Notice that 

F[n(r)] does not depend on V(r) at all. Rather V(r) depends 

on n(r). So F[n(r)] is a universal functional of the density. 

That is, Eq.(2.99) holds for a system of any number of 

electrons regardless of what V(r) is. Define another func¬ 

tional of n("r) 

Ev [nfrjJ = n(r)o/5r ^ F [n (?)] [a.ioo) 
for a given V(r). For the particular (?) that corresponds 

to V(?) , Eq.(2.10Q reduces to 

fa.IOi) 

Now we must show that indeed Ev[n(r)] is 

the ground state energy for the system of an IEG and external 

potential V(r) 

a minimum for n(r) = ^(r). It is necessary to restrict n(r) 

to those with the same number of total particles as Çlh . 

The usual form of the variational principle in quantum mechan¬ 

ics gives us a functional of the wave function 

(2. loi) 
that is minimal for the ground state provided lf> is 
restricted to the same number of particles as i$> ■ Writing 

H as V+(£+U), we can express C[/f>J as a functional of n(r) 

using Eq.(2.99) 

111
 &>1 E* = 1V W 0Y1

3)Jr t F [n‘(r)J &.W) 
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The minimal principle for U/i>] then gives us the minimal 
principle for If F[n(r)] were known, we could find 

the ground state energy and particle density using the varia¬ 

tional method. In practice, approximations to F must be 

made. It is often convenient to separate F[n(r)] into two 

parts 

Ffr(rt) = I ( JV4* + G [n(r)J 
* ; |r-r'j 

where the first term is the classical energy for a charge 

distribution n(r). The second term includes the kinetic 

energy and all of the quantum effects, exchange and correl¬ 

ation. 
27 

Following Kohn and Sham we can use these formal 

results to put the problem in a form similar to the Hartree 

method . First, separate G[n(r)] into two parts. 

6 £nGrjJ n I [n(r*)] -*• EXc [n (r 

where 

ft. 105) 

(<&./<>(>) 

is the kinetic energy for a system of noninteracting electrons 

with density n(r)^ That T[n(r)] is also a unique functional 

of n(r) is seen by setting ~V(t) =0 above* E [n(f>)] is then 
xc 

everthing that we have not treated, exchange and correlation 

energies. The full energy functional Ev[n(r)] is 

Eytypj] r r/FMV ”QrdlD/rJr 

+TLnl?)] + 
Look at small variations around the exact density ^(i 

the form 

(3-/07) 

?^of 
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n(?)= *>(?)♦ &n£r) (z.iog) 

where n(r) and D (r) are for the same number of particles, 

That is, ' 

J ,3 ,-x l* 
n( r) cf r =• p(r)d r (l . /01) 

or 

$ £n^r) <1 r - 0 

The variational principal gives us 

(a. II°) 

0 - JEvC*»fr)j- |\/(r)Xn^j/r ^T[n(r")] 
(a. in) 

+ 'i [f inl?^l;')tn-l-r)Ur'\ otU’r' ♦ $ £xt[o(r3] 
JJ I r -r'l 

which can be written in the form 

( Mr) U'(r) t 
J i Sn/F) 

+ 4>r - o (a.na') 
înCr) J 
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where 

l/ir)-V(r)+ (^kl/r' &JI3> 
J/r-r') 

Now, consider the analogous equations for a system of 

noninteracting electrons with some external potential w(r). 

The energy functional ET°.[n(?)], where the superscript denotes w 
noninteracting electrons, will not have any contributions 

from U. That is, the second and fourth terms in Eq.(2107) 

will be zero. 

- jlA//r>n(r)c/V +T[n(?S] (*■!•*) 
The variational principle gives 

J S n(r) [ W(r) * - J * o &-n5) 

This is an extremely useful result. If we choose 

W(P)^V(r) + 
Jjr~rJi anir) 

then the solution to Eq.(2115) would be the same as the 

solution to Eq^2.111), D(r) . Of course, W(r) now depends 

on n(r) so equations (2.115) and (2.116) have to be solved 

self-consistently. The problem is now greatly simplified in 

form. We must solve the problem of a nonlocal potential W(l?) 

in a system of noninteracting electrons. In the self- 

consistent scheme, one assumes a reasonable approximation 

for n(?) which gives a local potential W(r). The NEG 

problem is solved for this W(r) which gives a new n(r). 

The new n(r) is used to generate a new W(r). The process 

is continued until W(r) is consistent with n(r). Another 
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simplification results because the particles are noninter¬ 

acting. That is, we no longer have to deal with many electron 

wave functions. The problem reduces to solving a set of one 
28 

electron Schrôdinger equations . These are just the Hartree 

equations where the potential W(r) is determined in a self- 

consistent manner, i.e. 

f;(r) = 

with W(r) given by Eq.(2.116) and 

n(?)* iltftrjj" 

(a.in) 

(2. Uf) 
(il 

where N is the number of electrons with i referring to the 

lowest N eigenfunctions. Solving equations (2.116), (2.117), 

and (2.118) self-consistently we find the charge density p(r). 
Using equations (2.107) of (2.114) we have the energy E. Of 

course, the full complications of the many body problem are 

included in 

So far the derivation has been completely general for a 

many electron system in an arbitrary potential. For the 

case of the IEG we have to take into account the positive 

background of charge density enQ. The electron-background 

interaction can be treated as a part of the external potential. 

That is, write 

, * -r . , 
where V(r) is the external potential applied to the IEG and 

the integral is the electron-background interaction. So 

Eq.(2.107) becomes for the IEG 

(r)] - j ( V'(r) * dr try*} f- 6, W'H 

(SUIJIO) 
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where the last term is just the constant energy contribution 

from the background-background interaction. In the usual 

limit of J\ •♦«©this term also blows up, but the entire expres¬ 

sion does not. This is seen by grouping terms in Eq.(2.120) 

and rewriting it in the more useful form ^ 

E,, C"n(r)' — fl/t' 
Applying the variational principle gives Eq.(2.111) for the IEG 

ffn(r) + ST- <• Sf'îS>—^Î,tV * ° (> IW) 

J L Sn(r*) J 
with the slight difference that U\z) is now 

U'W*VÏr)+ (5^2*-^ 
J Jr -r 

Eq.(2.116) now becomes 

(a. 1513) 

(a.12*) W if3) = V'(r) t ( rtHzÜM olJr- , S Etc 
J Sl7(r) 

so that Eq.(2.115) has the same solutions as Eq.(2.122). For 

the IEG, the self-consistent equations are (2..117), (2118), 

and (2.124). 

One could also take V(r) as the potential due to a fixed 

lattice of point charges V (r). Then using this method, we 

have the usual one electron band theory. To the extent that 

exchange and correlation are taken into account, this method 

gives the "exact" ground state energy and charge density for 

the many electron problem of a metal. The generalization of 

this method to the problem of an external potential in a metal 

is straightforward. The potential V("r) is just the sum of 

V (7) and the external potential. The use of band theory 

type methods to solve this problem are now justified, but 

they are still very difficult. 

We do not know the exact form of the exchange and corre¬ 

lation term in Eq.(2.124). However, various approximations 
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of this term can be made, leading to a soluble problem. For 

example, dropping this term is equivalent to the RPA. Instead 

of solving the linearized problem, we can solve the problem 

with only one approximation, the random phase approximation. 

potential with Z=+l. Their calculations led to a bound state 

with a very small binding energy for Z=+l, i.e. a proton, 

in systems of typical metallic densities. The bound state 

occured for reasonable choices of screening density for the 

first iteration. They did not carry the calculations to self- 

consistency, however. A review of approximations used for 

exchange and correlation in this density functional formalism 

is beyond the scope of this section. The interested reader 
27 

is refered to references 23,27 and 30. Kohn and Sham , for 

example, derive a local approximation for exchange that is 

the same as Slater's local exchange approximation except for 

a factor of 2/3. 

An alternative manner of looking at equations (2.117), 

37 
(2.118), and (2.124) has been suggested by Geldart et al. 

They chose some potential U(r) and solve 

for the lowest N states. This is just the usual Schrôdinger 

equation for the given potential U(r). The corresponding 

29 Sjolander and Stott have done just that for a fixed coulomb 

density n("?) is given by 

Now define 

where 
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r ( aff) 

Figure 2.3 

Linear response and full self consistent screening in the 
RPA. (After Rasolt and Taylor, Reference 32) 
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r (o.) 

Figure 2.4 

Radial electron density corresponding to Figure 2.3. 
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Then for V1 (r) =vext (?), the * are the self-consistent 

solutions to equations (2.117), (2.118), and (2.124). The 

density n(r) is the solution ^ (r) to Eq.(2.122). Instead 

of the rather difficult numerical task of choosing V("r) and 

solving the problem self-consistently for W(r) and f (?), 

we have chosen wC?-)^!?) and solved directly for O (£) and 

V(r). This is not particularly useful for solving a system 

with a given potential. However, it is very useful for 

determining the accuracy of various approximations. Choose a 

U("r) that gives a V(r^ similar to the problem of interest. 

Then test various approximations to the problem of V (?) in 

the IEG. Equations (2.125), (2.126), and (2.128) give the 

"exact" results. The results will be "exact" except for the 

approximation of E [n(?)]. 
22 4 

Rasolt and Taylor used this scheme for U(r) of the 

form of a Yukawa potential 

U(?) - v. e / 
(a.ia?) 

Their results for RPA screening for linear response and the 

"exact" calculation are given in Figures (2.3) and (2.4). 

Very similar results were obtained when exchange and correl¬ 

ation were included in an approximate manner. Notice that 

linear response does a fairly good job outside of the region of 

the origin. Close to the origin, linear response gives densi¬ 

ties that are always too low. The situation is not as bad as 

it seems, however. If one is interested in generating an ef- 

fective potential U(r) for a coulomb potential, using linear 

response, then the screening near the origin is not too impor¬ 

tant. The coulomb potential is dominant near the origin and 

screening effects will be small. In RPA, the screening poten¬ 

tial arises from the coulomb potential due to the induced charge 

density Sn(r). For a spherical charge distribution, the screening 
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Jr' fa-136) 
Jr r' 

where 

/V£r) = fVr^Sn(r) 
The radial density N(r) for the two methods is plotted in 

response is not as bad an approximation as one might expect. 

D. Scattering Theory in Screening 

As we have seen in the preceding section, the screening 

problem can be treated in terms of a set of one electron 

Schrodinger equations with a complicated self-consistent 

potential. Except for the difficulty of determining the 

potential, the many electron screening problem reduces to 

that of scattering one electron by a potential over a range 

of energies. For a metal, we would scatter Bloch waves by 

the potential. In the IEG, the incident electron would be 

in a plane wave state. If we can approximate the self- 

consistent potential by a spherically symmetric potential, 
34 

then we can use a partial wave expansion . The resulting 

radial Schrôdinger equations are ordinary differential 

equations and are readily solved by numerical means for any 

potential. Since determining even an approximate self- 

consistent potential involves a substantial amount of numeri¬ 

cal computations, we will deal with what can be demonstrated 

about an arbitrary spherical potential V(r) in the IEG. In 

particular, we will show how the well known Friedel oscilla- 
35 

tions and Friedel sum rule arise from the one electron 

scattering solutions. 

Figure (2.4)t scv for calculating things like U(r), linear 
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Single particle scattering by a spherical potential V(r) 

36 
is treated by most quantum mechanics texts . Only a cursory 

review of results will be given here. The lack of angular 

dependence in the potential allows us to separate the 

Schrodinger equation into angular and radial parts. The 

solutions to the angular equation are the ever present 

spherical harmonics Y^( $,<^). The radial Schrodinger 

equation is 

d2 

d 

+ £Ka_VVr) ] U«(t) s 0 (a.,3gL) 

2 2 
where k =2mE/, V (r) =2mV(r)//h , E is the energy of the 

electron, and m is the electron mass. The asymptotic form 

of the radial solution u^(r) is 

<(D 
r-% v» 

C
JL,K stn (KI--2% * £) 

where C , , is a normalization constant and 

phase shift. The total wave functions are 

(3-133) 

So is called the 

(S.lJ1/) 
3.7 

Following Ziman , we set the potential in the center 

of a large spherical box of radius R. That is, the boundary 

1c 
conditions are set such that u^(R)=0. As R gets very large, 

the asymptotic form in Eq.(2.133) is valid for most of the 

box. The normalization constant C . , can then be calculated 

by substitution of Eq.(2.l33) in Eq. (2.134). 

I 
(7..135) 

SiV[kr-ljX *• S*)clr ^ | ICÂjJ* 
where the angular integral is easily done using the ortho¬ 

normality of the spherical harmonics. Now the asymptotic 

form of Sn(r), the change in electron density, is just the 
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all occupied states of ( nu - ity ) where 

y^^denotes the wave function with V=0 and e is the charge 

of a proton. From the summation theorem for spherical 

sum over 
,o 

harmonics 

2 (9$ = ^ P,(«sv) (*.130 
m ' 

where V is the angle between the primed and unprimed direc¬ 

tions and P^(x) is the legendre polynomial of order Jl. For 

the case of 'if =0, P^(cosV) is one for all values of J^. 

The sum over k values can be replaced by an integral over k 

with a density of states factor, R/'fJ'. Of course, there 

are two electrons in each occupied state at a temperature 

T=0°K. So, the asymptotic electron number density is 

S «(O 

where k 

rkp I ÜI37) 

2 e * » " -o 
is the Fermi wave vector. Using trigonometric 

identities and a change in variables we have 

& 

S n(r) -$>-L 2.Sin fanr-$rtS»)5în$) (2-13 $ ) 
rr* £ Jr J 

Integration by parts gives the dominant term in powers of 

r, i.e. 

Sn(r)-> -L-CX'r‘07 fool) 

where the (-1)^ factor comes from -to in the argument of the 
20 

cosine. This result was first derived by Friedel . This 

asymptotic screening charge density behavior is called the 

Friedel oscillations. Eq.(2.139) is similar to the linear 

response result Eq.(2.82). Note that no assumption about 

the strength of V(r) is necessary, however. Again the 

sharp Fermi level gives rise to oscillations. 
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Another result derived by Friedel relates the total 

screening charge to the phase shifts at the Fermi level. 

Consider the radial Schrôdinger equation (2.132) for two 
2 2 2 2 >c K 

energies fi k^/2m and -h l^/Sin with solutions u& and u^* 

respectively. We multiply the Schrôdinger equation for each 

energy by the solution for the other energy, then subtract 

the two equations. The potential terms cancel yielding 

(«»*- «*) U, Uf «« ^ _ u iV h.lto) 

Integrating both where u. is an abbreviation for u*J (r) 
1 4. 

sides from 0 to some large radius R, we obtain 

Now we take the derivative with respect to k. 
,R 1 

(a-itO 

a 14») 

IK, ( M.ujolr *■&*-«£)( M* X-* fajij 1 

Let ^2~"*k^=k, then we have an expression for the fraction 

of an electron inside a sphere of radius R 

R - ■ ■ J M*<Jr = X- -r f 
° $x àicà j. 

(s-in) 
c+i Now the radial wave function u(k,r) tends to A(k)r as 

r->0, so the terms in brackets are identically zero at the 

origin. The radius R is assumed to be in the region where 

Eq.(2.133) is applicable, hence 

]l * £ ICe>KI
1 (K ( R * ik ) cos* (< R 

-S,K
nCnR + 

'h C.0S (JCR r ~ 

= K/î[,+j-dj; _ J- 
3- ^ pi l< 

= /c„Kr|[^a.^’), j 
&• R du J 1 (i. Iff) 
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At the boundary of the large sphere, the sine term is 

zero for the allowed values of k. The normalization constant 

is chosen so that an electron with radial wave function u(k,r) 

is certain to be inside the box. In the asymptotic region 

the average radial probability density is ^u ^ K i2- If 

this were true everywhere in the sphere^ then the fraction 

of an electron in the sphere would be Jc^ Jj^ (R/2) which is 

the first term in Eq.(2.144). The other term is then due to 

the fraction of that electron that contributes to screening, 

S(k,^). To lowest order in R \ this is just 

SM= J- iS 
R o(K 

(7. i is) 

The total screening charge, Z, is then 
O0 K* 

1 = tof Z = -efüfa-M(
VJL ^ 

^ <*K /Jo R O(K IT 

* - I M‘0 L C - Cj t?-m) 
Where we have again used the fact that there are 2(2^+| ) 

electrons for each X value and the density of states is 
R/Strictly speaking, the Fermi level is not exactly 

the same as that for a system without the potential. Eq.(2.146) 
35 38 

is the well known Friedel sum rule. Levinson's theorem 

tells us that the phase shift is just TK times the 

number of bound states with angular momentum X• Although 

we have restricted this derivation to a very specialized 

system, generalizations of the Friedel sum rule exist for 

more realistic approximations of an impurity in a metal39»40^ 

The Friedel sum rule is very useful in the case where the 

self-consistent potential is not known. It then becomes a 

weak self- consistency check for a model potential. That is, 
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some form of the potential with an adjustable parameter can 

be chosen. Then that value of the parameter which gives 

phase shifts that satisfy the Friedel sum rule will give the 

best potential with the assumed form. That is, the best 

model potential will give rise to a total screening charge 

that just cancels the charge of the impurity. 



III. Resistivity 

Electron motion due to an external electric field is 

very complex in metal. At first glance one would expect 

the electrons to continue accelerating as long as the field 

is on. Qualitatively speaking, the net flow of electrons 

reaches a terminal velocity due to the scattering of elec¬ 

trons, however. Impurities, vacancies, dislocations, phonons, 

or any other nonperiodic structures in the lattice will 

scatter electrons. Scattering reduces the component of for¬ 

ward motion and thereby resists the flow of current. 

A. Basic Transport Theory 

The transport problem is treated by most solid state 
41 texts. Here we will follow the discussions in Ziman and 

42 -, ^ 
Jones and March . Let f(k,r,t) be the density in phase 

space of particles with momentum k and position r at time t. 

In a small time 8t, the particles at (k,r) will move in phase 

space to some ( i<*$K t ) . Without collisions the number 

of particles is conserved. This can be written as 

where we have assumed Liouville's theorem that an occupied 

volume in phase space is constant in magnitùde. This can be 

written as a total derivative 

For the case of an applied electric field E, è-K^t is just 

given by 

and 
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—*7 
is the velocity of a particle with wave vector k. In a steady 

state situation t - 0. However, scattering will give 

if. >£| , 
(it Xfe 

= j [£(*') O' KK>) - f (KJ(Z- f (K'))] Q(££) 4’K' 

where Q(k,k) is the transition probability from an occupied 

state k to an unoccupied state k. It is the same as Q(k,k). 

The other factors take into account the occupation of the 

two states. Boltzmann's equation for this case is given by 

c-^/Ov.f f -||| = 0 ClG>) 

where the subscripts on the gradients tell in which subspace 

it will taken. Essentially, the Boltzmann equation is a de¬ 

tailed statement of conservation of particles. For the steady 

state situation it also means that f is constant as a function 

of time. For the case of no external forces, we know that f (k,r) 

denoted f (k/y for this case, is given by Fermi-Dirac statistics 

f '‘(K ,r)=£i' (Wp [le(<<)y<)/çrj +l) (3.1) 

where €(7.) is the energy of the state k. Now define a new 

function g(ic,?) for a perturbed system. 

3(?,r)= f (3.8) 

The Boltzmann equation becomes 

? -e t ffrgj fri) 
Using the relation 

^ * i; % eC><) 
(J.io) 
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and dropping terms of order E 
2 

and higher we have 

a-eüO 
which is the linearized Boltzmann equation for an external 

electric field. The usual electric field applied is only a 

few volts per centimeter. This is an extremely small per¬ 

turbation on a metal, so the linearization is quite justified. 

For a constant applied electric field E, g(k,r) will not depend 

on position. This gives the result 

o *■*' 
where we have assumed elastic scattering to eliminate f (k) 

and f °(ic) on the right. Recall that we have defined e as 

the charge of a proton. This accounts for the sign difference 

with Ziman's Eq.(7.15). The general solution of this equation 

is 

a no 
3 

O'?) 

A usual assumption is that g(k) decays with some relaxation 

timeT. That is 

yielding 
StM 

3 

r 

3(i?,o) e */r 

(3. /f ) 

for the case where the E field is turned off at t=0. This 

assumption gives the solution of Eq.(3.13) as 

àCcfO r (3. ft) 
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What will the occupation of states look like for this 

system? Replacing Vj* by #6W,^GCi<) t we find a most interest¬ 

ing result. 

-f(K) - fV)- . (-tx l) (s.n) 

This is in the form of the first two terms of a Taylor series 

in three dimensions. Since E is very small, we have 

t(K) = Çù(K* îl E ) kIS) 

The Fermi surface is exactly the same shape, but it has 

been shifted such that the origin is at -fctE/# . The states 

themselves have not been shifted, however. Rather, elec¬ 

trons in states just inside the old Fermi surface have occu¬ 

pied states just outside the old Fermi surface. 

How does this relate to the conductivity? The conduc¬ 

tivity is defined by Ohm's law X=cr*E . The current density 

is 

■Ç(K) A 

where the factor of 2 comes from two electrons per state, and 

the current density for the unperturbed system is zero. Sub¬ 

stitution of g(k) gives 

J = -3eJt K (3.ao) 
\ / —\ 'K \ y K x 

c^£(0 ^ 

This integration is most easily performed by integrating over 

constant energy surfaces S ^ 

j _ [*£!*> a-. J • r J ^ tut) J (jjr’jvjew)}] 

where ^ £ is the density of states at a 

point on a surface S with constant energy £. Using Eq.< (3.10) 

and Ohm1s law ,, we have 
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?= -il. -te r ^ Jxs (3.aa) 
J ^ w J TT^T ‘T'W

1 

At T=0°K -ir/ae becomes S(ë-£r) because ^be¬ 

comes discontinuous at the Fermi energy. Therefore, at T=0*K 

<r = i 
v.* VL* ejtr o/\S (3.93) 

where S_ denotes the Fermi surface. F 
For a metal with cubic symmetry, the conductivity ten- 

43 
sor becomes a scalar . That is, using the symmetry proper¬ 

ties one can show that 

diagonal terms are zero. 
* and the off 

Then, the integrand for 0-xx + 

would be I" { V~ ^ ^ x ( *- (\/ • So the expres- 
»? 

sion for o~-n- _ -r- «.*■* 
-u«x-«Ç* 1S 

e*r ^.1*0 
' S> 

For the spherical free electron Fermi surface, the integra¬ 

tion easily gives 

<5“ r êk (i) * O’ - 
n £ r (3.95) 

■*77-5*V3' *' m 

where n is the number of electrons per unit volume and m is 

the mass. 

For a real metal, we can still use this relation by 

defining an effective mass 

I 
ID*- = n 

JF 

-I 

iair34 
For the general case, the density of states is 

n(e) = ~— 
8 ir5 

d* s 

(3. at) 

{3. a i) 
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so 

n = 

and 

* 3 
m ~ r 

( n(e)o)e 
Jt> 

n 

i 

sn* -i 

d € d*S 

dc d's 

ft /Krl 
(3.1») 

(3.2^ 

Jj?*l d*S 
The conductivity is related to the scattering problem in 

a metal by Eq. (3.12). If we assume elastic scattering , then 

QKOcjV =• ~e(i<')) PO^K') c/!n' (3.30) 

which gives 

-e &-E = 
U(K) 

K 

(3.31) 

Substitution of Eq.(3.16 ) gives 

%■£*?$ (\fc -v.,y E P(<J<) dxsi (3.3i) 

(3.33) 

The relaxation time is then given by 

1 u- ft» 
A -* / 

where — E/) £j • This expression is difficult to 

evaluate for a nonspherical Fermi surface and a general P(k,£') 

If we make the restrictions that / | is constant and P(îç,îc' ) 

only depends on 0, the angle between £ and then we have 

I fit 

j tl~cos9)p(0) Sin646 (3-3f) 
The elastic scattering does not change the magnitude of vU, 

K 
it changes its component in the direction of E, i.e. (/>C03 Ç) 

It is convenient to introduce a scattering length 

A=rl^l 
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which is the mean free path of electrons. Now consider the 

case of N. impurities per unit volume giving rise to P( &). 

The differential cross section for each impurity is 

where ngc is the number of particles scattered by the angle 

This is just the probability of the transition times the 

density of particles times the time. The number density of 

incident particles is just the density of particles times 

their velocity times the time. So we have 

An important experimental quantity is the resistivity, i.e. 

The reason for this is that resistivities due to different 

causes tend to be additive. This is called Mathiessen's 
44 

rule . Experimentally, one measures resistivity as a func¬ 

tion of temperature with and without the impurity. There is 

usually a difference that is constant with temperature. This 

will be the residual resistivity due to the impurity. It is 

called residual because it does not go to zero at T=0°K. 

B. Scattering Calculations 

For the case of a free electron gas, we can get the 

differential cross section <r (0) directly from the usual scat¬ 

tering theory. However, the potential V(r) is not known. 

Here we will use a Yukawa potential with the screening constant 

determined by the requirement that the Friedel sum rule is 

satisfied. This potential has the advantage that an effec¬ 

tive electron mass m* can be introduced by a change of variables. 
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So, the scattering problem for any m* can be solved trivially 

from the m=l (atomic units) solution. 

In Chapter 2, Section D, we introduced the radial 

Schrodinger equation 

^ v'(r) - - 0 (3.3-)) 

2 2 2 
where k =2mE/ and V (r) =2mV(r)/ fi . (In atomic units 
2 2 

k =2E and V'(r)=2V(r). So k and V(r) are numerically equal 

to the energy and potential, respectively, as expressed in 
34 

Rydbergs.) Continuing to follow Schiff , the wave function 

at large enough r for V'(r) to be negligible is 

UÀ(rJ = r~ AjtjcosS, 7}j(Kr)^J 

where is the phase shift, is the spherical Bessel func¬ 

tion, and *7^ is the spherical Neuman function. The asympto¬ 

tic form of this expression is 

Uj(r) * K'AJI 5 in (fcr -h ^ ) (?-H) 

The asymptotic form of the total wave function for a scatter¬ 

ing problem is 

—» A [e'Kl + r'1 ( (ô,cf>) e KrJ 
r-9 oa 

The total wave function in terms of the radial wave function is 

fir) - 2 L'1 I"’1 Wj(r) (COSQ) (z.ii) 
<1=0 

where we have assumed a spherically symmetric potential. 

Expanding * m Legendre polynomials and equating coefficients 

in the above two equations gives the usual relation between 

scattering amplitüde f(6) and phase shift 

((&)- {d.LK)'f Wti)(eli5,-/)P,(w(« 6-Vf) 
l'-o 
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The differential cross section is just 

, / mi1* K 
21 z o c Sj5,'r,s, ç (ml 

' Jl’-O ■* * 

Substitution of ^(djin Eq. (3.37) gives the mean free path 

for electrons A 
, I - 2. 

-L z Hi ( (/.x) J £■ e PjM| fa (SMÛ 

Using two relations involving Legendre polynomials 

I 

j ^ ^ M c(x - 
a 

and 

X ?4(*) » it-' R (x) p (x) 

6*fU 

6-ys; 

we quickly obtain 

“ l-f <?-m 

Of course, all scattering occurs at the Fermi surface, so the 

phase shifts are for k=kp. 

All that is necessary to calculate resistivity is a set 

of phase shifts for the potential V(r) at k_. Unfortunately, 

very few potentials allow an ahalytic. solution of the radial 

Schrodinger equation. The Yukawa potential requires numeri¬ 

cal solution of Eq. (3.39). However, it is a convenient and 

somewhat realistic approximation of the effective potential 

an electron sees in the neighborhood of a screened proton. 

The radial Schrodinger equation Eq. (3.39) is in a form 
. 45 that can be treated numerically with the Numerov algorithm . 

Writing Eq. (3.39) in the form 

0 6.50) 
where 

y-.U/r) à.si) 
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and 

-f = K2-V'(r) - Hill) 
r 7- 

The Numerov algorithm is 

(3.5 A) 

(3.53) 
(|f-h_ -f — (2- — h 'f'n)y„ )y :o V ^ J v /si ' t\' \ 17. n-i' ^0*1 

where h is the step size and the subscript n indicates the 

function is evaluated at r=nh. Given the value of y at two 

points r and r +h, we can generate y(r +nh) for any n by 

successive application of the above recursion relation. For 

the radial Schrodinger equation, we have the boundary condi¬ 

tions 

(3. si) 
y (r*o) - 0 

and 

y £n) - 
/ T** 

A &SS) 

The normalization does 

jjll 
-.o 

where A is a normalization constant. 
J 1 I 

not affect the phase shift, so we can choose y =0 and y^=Ah 

The choice of A is unimportant except that it should not be 
0.1 

so large that an overflow occurs. The h ‘'•r term is included 

to account for the fact that y. is much smaller than y for 

large n when J( ^ 0. The step size is chosen so that the large 

n values of yn have converged. A good rule of thumb is that 

the step size should be 25 times smaller than the local wave 

length of y, i.e. 25h Since f varies dramatically 

with r, the step size should be changed accordingly. If, • 

for example, the step size h is changed to 3h at some rn , then 

it is necessary to save the values of yn and Yn_3* These two 

values are the starting points for the new step size. 

The phase shifts are found by comparing the numerical 

solution with Eq. (3.44). To avoid the perils of a numerical 

derivative, it is best to use the numerical solution at two 

points y^ and Yn+^* If the numerical solution is in the form 
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of Eq. (3.40) at rn and r lf then 

yr\j _ co& (Kfp - 5»r> ^ *7* ^0 ^3.5”4) 

/n*i cos Sje l* CKr^M) - SÎM ^ 7]^ (<rn#(
>) 

where j«w* and 7V*>- Xflt(x\ .This equation can be 

solved for the phase shift. 

U (xrn) - (*'/,„,) 

«j CKr^-(y'/y„„)f}ji(«r*n) 
(3. si) 

Of course, from this expression will not give the phase 

shift unless rn is large enough that V(r) no longer contributes 

to the wave function. In practice is calculated using the 

above equation for a series of r values. When ^ becomes 

constant as a function of r, we know that ^ is the phase 

shift. 
, . . 89.88 

An analogous method is the variable phase method (VPM) 

A new potential 

is introduced. The phase shift &ACP) for the new potential 

depends on j? . However, as ç -50a, {p)-+ thephase shift for 

V(r). So far, this describes the above method, too. The VPM 

transforms the usual Schrodinger equation into an equation with 

5€(J>) as the variable. For i:0 this is 

^ ^ sin Y * f fj») (3. S’!) 

For a potential that is oscillatory for large r, the VPM is 

numerically more convenient. The phase shift will 

also oscillate. Using the Numerov algorithm, the phase shift 

would have to be calculated at a large number of points to 

either extrapolate or check its convergence. The VPM 

gives Sj(^) directly without any extra work. Also, the phase 

shift is rather smooth, so the step size required for VPM is 
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Figure 3.1 

The Friedel sum defined in Eq.(3.61) as a function of energy 
for several values of the screening constant )i . 
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Figure 3.2 

The screening constant )i(d which satifies the Friedel 
rule. 

sum 
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Table 3.1 

The screening constant A which satisfies the Friedel sum 

rule for the given energies. 

£(Rydbergs) X 
200 1.092 

274 1.100 

300 1.107 

400 1.130 

483 1.150 

600 1.180 
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Figure 3.3 

Phase shifts for the energy dependent Yukawa potential 
in Eq.(3.62) which satisfies the Friedel sum rule. 

58. 



Table 3.2 

Phase shifts for the Friedel sum rule consistent 

Yukawa potential. 

£(Rydbergs) S. s. k to
 

C
O

 

.200 1.37137 .05648 .00512 .00055 

.274 1.29071 .07655 .00868 .00116 

.300 1.26256 .08209 .00985 .00139 

.400 1.17515 .10031 .01431 .00239 

.483 1.11710 .11161 .01765 .00326 

.600 1.04824 .12318 .02173 .00444 
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usually larger than for Numerov. We have done calculations 

with the VPM for the potential corresponding to linear re¬ 

sponse screening in the IEG. The linear response potential 

is not self-consistent, however. For example, the Friedel 

sum rule is not satisfied. It is self-consistent for the 

Born approximation. In fact linear response methods in 

approximations of the IEG are equivalent to self-consistent 

Born approximation scattering with the corresponding approx¬ 

imation of the exchange and correlation. 

The Numerov method was used for the Yukawa potential 

v.(r)= -e* £-r r - «*•/«) é.fco) 
* r r 

Phase shifts were calculated for a range of energy appropriate 

to a metal. This was done for a range of values of ^ such 

that A (O# i.e. the value of X that satisfies the Friedel 
sum rule for the Fermi energy £p, was found for this energy 

range. At this point it is convenient to introduce a new 

variable defined by 

If A 
(3. &0 

where is the Jp- wave phase shift at the energy G 
for a potential Vy(r)* We have plotted 2rC&jX^ against £ 

for several values of X in Figure ( 3.1 ). At the energies £ 

where "?:(£. =1/ the Friedel sum rule is satisfied. Those 

values of give us Ap (€P) which is plotted in Figure ( 3.2 ) 

The numbers are given in Table ( 3.1 ) . In Figure ( 3.3 ) are 

the phase shifts corresponding to an energy dependent poten¬ 

tial 

V, U) = (3.11) 
and the numerical values are in Table ( 3.2 ). 

Of course, the effective mass for a real metal is not 

the electron mass. As mentioned before, the effective mass 
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£(RYDBERGS) 

Figure 3.4 

The scattering parameter defined in Eq.(3.37) for the 
Yukawa potential. 
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Table 3.3 

The scattering parameter 1/A (see Eq.( 

as a function of energy. 

£(Rydbergs) 1/A^ (a 

.200 59.14 

.274 40.70 

.300 36.27 

.400 24.78 

.483 19.04 

.600 14.70 

.900 8.15 

3.37)) 
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I 1 1 1 « i 

& .3 .4“ S .b .7 
Ef (RYDBERGS) 

Figure 3.5 

The function n 
is in units of 

p/N. where n is in electrons per atom, 
ym-cm/atomic % of hydrogen. 

p/W; 
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will only change the variables and the m*l solutions can be 

used. For a specific ^ and m, the radial equation is 

t 2m ^ - o 
c( pi L r* pi J 

where we have used atomic units (-ft=e=m =ac=l). Now change 6 
variables to r=x/m giving 

m2 •Ù' +-fame* iSL^- In. (’■ W 
SO 

+ famé + 3- e _ iJ - O (3.L5) 

Ax% L m1 * X1 J 

This implies that the phase shift ^ê) for an effective 

mass m and potential at energy £ is 

s,OvU)= st0,l,V <3-a> 

The phase shifts can now be put in Eq. (3.49) to obtain %\,Nl 
as a function of G for m=l. These are shown in Figure ( 3.4 ) 

and Table ( 3.3). The effective mass relation for (MY is 

[AH; (DI3X,0] = -ij [AH; (),s; > ^)] (3.47) 

The corresponding resistivity for a free electron gas with 
* . " c ^ 

rrfVF 
  I «A 1» M#. V * \ m i 

J n 

effective mass m is 

* 

r^fTTTT-T-iâ = 

Figure (3.5) shows as a function of energy for several 

values of m* Of course, a transition metal is not so simple. 

In the next section we will estimate the effective values of 

n and m* from available data. 
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C. Residual Resistivities of Transition and Noble Metals 

For the case of transition metals, the Fermi surface 

is highly anisotropic. Often, there will be a number of 

disconnected surfaces. Some of the surfaces will be electron¬ 

like and others hole-like. Part of the Fermi surface will 

have d band wave functions and part will be s band for a 

noninteracting band model. The real wave functions will be 

hybrids with varying proportions of s, p, and d character 

at different points of the Fermi surface. The effective 

masses tend to be rather anisotropic. For the free electron 

gas, the cyclotron mass is the same as the band mass. These 

are both equal to the effective mass defined in Eq.(3.26) 

such that the simple conductivity expression in Eq.(3.25) 

would hold. For the transition metals, all three effective 

masses can be different. In addition, the electron-phonon 

interaction will affect the effective masses for different 

types of processes differently. The appropriate values of 

n and m* in Eq.(3.68) are by no means easy to determine. 

There are two main ways to proceed at this point. 

Either we use a free electron assumption and the measure the 

effective values experimentally or we use an accurate 

description of the Fermi surface and Fermi velocity to solve 
46 

Eq.(3.24). Reale has done experiments with the former 

method. The systems studied were vacuum deposited films of 

thickness 100Â to 500Â. Measurements were made of the 

resistivity, transmittance, and reflectance of the films 

as a function of thickness. Using the free electron (with 

effective mass m*) gas equations for several properties. 
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Table 3.4 

46 Effective values of m* and n from Reale's measurements . 

The Fermi energies are from band structure calculations as 

referenced. 

Metal m* n (e-/atom) €J[ Rydbergs) Ref. 

V 1.32 .55 .49 90 

Nb 1.17 .75 .39 91 

Ta 1.16 .77 .57 92 

Pd 1.03 .48 .50 93 

MO 1.05 .84 .50 95 
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Table 3.5 

Theoretical and experimental values of the residual resis¬ 

tivity in units ofyu&c-rf/atomic^ of hydrogen. 

Metal Theory Expt. Reference 

V 1.9 1.12 99 

Nb 1.3 .80 100 

Ta 1.0 .92 98 

Pd 1.3 .45 101 

MO 0.8 .52 97 
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Reale inverted the data to give effective values for n and 

47 
m*. The Sondheimer equation 

| - LXFl-±*/L.'i ^ 

J - p evr(.t*/0 
describes the resistivity Çf, of a film of thickness t in 
terms of the bulk resistivity ^ , the mean free path of 

electrons at the Fermi level L, and the fraction of -electrons 

specularly reflected at the film surface p. It is derived 

from the Boltzmann equation using the boundary conditions 

of the thin film and a free electron gas model. The mean 

free path is related to n for a free electron gas by 

The value of p is related to the optical properties of the 
48 

film through the anomalous skin effect which depends on p. 

This relation depends on the optical properties, the plasma 

wavelength of the electron gas, and the Fermi velocity. The 

last two properties depend on the values of m* and n. All 

of these relations can be combined to give m* and n from 

the data. Reale's values for various metals are given in 

Table(3.4). Using these values and the calculations of 

Section B, resistivities were calculated and are given in 

Table(3.5) along with experimental resistivities. 

The agreement is fairly good considering the uncertain¬ 

ties in the model and in the values used. As noted before, 

transition metals are not well described by a free electron 

gas. Reale's assumptions used to invert the data are not 

valid except in the sense that they give effective free 

electron values. That these effective values are the 

"correct" values to use in the resistivity calculations is 

not certain. The resistivity calculation itself suffers 

from the assumption of a spherical Fermi surface. 
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The other approach, that of using the Fermi surface 

properties directly, is much better in principle. The problem 

is the lack of data for either the Fermi surface properties 

or the residual resistivity. The properties of the Fermi 
49 

surface of copper and silver are very well known. Halse , 

for example, has inverted the available data to give a map 

of both the Fermi surface and Fermi velocity for Cu, Ag, and 

Au. For these noble metals, the Fermi surface is free 

electron-like over most areas and the free electron resistiv¬ 

ities using Eq.(3.68) should be good in the isotropic relax¬ 

ation time approximation. Correction should be made for -the 
78 

electron-phonon interaction . Results are not presented, 

-however* Residual resistivity data are not available because 

these metals will not absorb enough hydrogen for a reliable 

measurement. Transition metals have much more complicated 

Fermi surfaces and the Fermi velocities are not well known 

experimentally. 

For all of these calculations, we have assumed free 

electron scattering from the Yukawa potential. For the real 

hydrogen-metal system the potential will be more complicated. 

The Bloch waves which are scattered by this potential will 

not be as simple as plane waves. More quantitative calcu¬ 

lation would require band structure type methods such as 
77 

that introduced recently by Coleridge who uses KKR band 

wave functions to treat k dependent scattering of impurities 

in copper. However, the results with the model have been 

reasonable and might be useful as a model in other types of 

transport calculations. 



70. 

IV. Diffusion 

The hydrogen in a metal does not stay in one particular 

interstitial site. The many factors contributing to this 

motion will be discussed in Section A. The random motion of 

protons from site to site becomes very important when there 

is a concentration gradient of hydrogen in a metal. The flux 
50 

of hydrogen JH is given by Fick's law 

(£) = - D v (H.I) 

where n(x) is the density of hydrogen at the position 5T and 

D is the diffusion constant. Experimentally, the diffusion 

constant is found to vary with temperature with an Arrhenius 

type behavior / -r- 
-E*/KrT 

, r f o D= D. e fra) 
A simple classical model given in Kittel predicts this 

behavior. Let be the vibration frequency for the proton 

in its potential well. If the potential barrier between 

interstitial sites is E , the transition probability W , 
a J pp' 

from site p to a neighboring site p* is 

WTf « iee'/K*T (*3) 
where the exponential is just the Boltzmann factor giving the 

probability that the proton has enough energy to go over the 

barrier. Consider two parallel planes of protons separated 

by the distance between adjacent interstitial sites a. If 

the difference in area density of protons 6 between the two 

planes is a^S/Jx, then the flux between the planes is 
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since the volume density of protons N is related to the area 

density by S=aN. Comparison with equations (4.1) and (4.4) 

gives 

The details of the classical theory for the transition proba¬ 

bility W /are found in a review of diffusion processes 

A. Quantum Theory of Diffusion 

The Quantum theory of hydrogen diffusion in a metal is 

very complicated. Not only the nature of the screened proton 

must be taken into account, but also the interaction with 

the lattice is essential. This lattice is not an ideal fixed 

lattice. The metal ions have finite mass and will be dis¬ 

placed due to the metal-hydrogen interaction. Also, the 

metal ions will vibrate. The vibrations are most easily 

treated in terms of the quantized excitation of the normal 

modes of the lattice, i.e. phonons 

This discussion will be based mainly on two review 
52 

papers on diffusion. One is by Sussmann and the other by 
53 Stoneham . A number of approximations are normally made in 

order to simplify the problem. The Born-Oppenheimer approx- 
54 imation is used to separate the conduction electron motion 

from metal core and proton motion. The justification is 
3 5 that the conduction electrons are of the order of 10 to 10 

times lighter than the protons and metal cores. Hence, their 

motion is much faster. Therefore, the conduction electrons 

respond so quickly to nuclear motion that their wavefunctions 

depend only on the nuclear positions and not on the relatively 

slow nuclear velocities. Similarly, the Adiabatic approx- 
55 imation separates proton motion from lattice motion. The 

€\ 

52 by Sussmann 
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proton wave functions respond adiabatically to the lattice 

motion. With the smaller mass ratio, the approximation is 

not as good as for conduction electrons. For example, the 

frequency of the local mode of hydrogen vibration is typically 

a few times greater than the Debye frequency. Quantum mechan¬ 

ically these two approximations are equivalent to assuming 

the total wave function of the system is in the form 

f (yM> X?, xe ) = /160 f («• 0 
where x , x , and x stand for all of the metal core, proton, 

M p e 
and conduction electron coordinates, respectively. Likewise, 

M, P, and c|> are the metal core, proton, and electron wave 

functions. Write the total Hamiltonian H in the form 

(t.l) 
H • /(, 60 +Hr ty* 60 * 1'VU

CV<) 
where H , H , and H are the Hamiltonians for systems con- 

M p e 
sisting of just the metal cores, just the protons, and just 

the conduction electrons, respectively. The last three terms 

are the operators for interaction between the three 

systems as denoted by the subscripts. Using Eq.(4.6), the 

Schrodinger equation 

(U) H f(Xf/J - E Ÿhn/fJc) 
separates into three equations 

(Hc * Vf/. *■ f Ÿ = Fe6^ ^XM/|>,X£) ft-V 

fwp+ i/pif1+ (x„,*,)) P(xM)x^= Ef (v„) 

(HM*EP60)M(>0* E MW &") 
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where E (x,„,x ), for a given x , is an effective potential 
e M p M 

for the proton due to the conduction electrons. It includes 

any change in the screening that depends on the position of 

the proton. The effective potential E (x^.) describes how a 

particular proton state interacts with the lattice. Of 

course, E is the total energy of the system in the state 

^(XM,Xp,Xe^* T^e s^stem cou13 be in many states, but the 
quantum numbers have been suppressed to avoid an excessively 

complicated notation. 

Another common approximation is the linear approxima- 
56 

tion . By this is meant that the effective potential E (x ) 
p M 

depends linearly on the displacements of x . This dependence 
M 

is satisfied immediately by a Taylor expansion for suffi- 

(9 >?) 

ciently small displacements Ax^. 

If a screened proton remains localized at one site long 

enough for the lattice to relax, then the "static" displace¬ 

ment of the lattice gives rise to a "self-trapping energy". 
57 

This gives rise to an extra barrier to the motion of 

hydrogen because the energy with the proton at the displaced 

site is lower than any other site for this distorted lattice. 

That is, the static distortion lowers the energy of the system, 

but displacement from the pure metal lattice positions 

increases the lattice energy. So the proton energy E^fx^) 

must be reduced. 

The harmonic approximation is used for the metal atoms. 

It is also a small displacement approximation. In this case, 

the potential in which the metal atoms move is taken as the 

first three terms in a Taylor series. Since the equilibrium 

sites are characterized by vanishing first derivative of the 

potential, the linear term in the expansion is zero. There¬ 

fore, the phonons are easily described as appropriate linear 
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combinations of harmonie oscillator wave functions. The 

lattice wave functions will be different for hydrogen at 

different sites because the distortion will be around differ¬ 

ent sites. 

The question of whether the proton is localized is 

important in treating the diffusion problem. If the lattice 

were fixed and undistorted, then the proton would see a con¬ 

stant periodic potential. The localized ground state in a 

local minimum would be replaced by a band with Bloch-like 

wave functions extending over the entire lattice. The proton 

would have an equal probability of being in any of the 

equivalent sites. The band width depends very strongly on 

the potential barrier between sites of minimum potential. 

If the barrier is large enough and wide enough the wave 

function will be very small between minimum sites. Then the 

tight binding approximation could well describe the wave 

function as a linear combination of localized ground states. 

Any imperfection in the lattice or external fields could 

perturb the potential such that a given site would be suffi¬ 

ciently lower in energy that a proton would be localized at 

that site. This will be the case if the relative energy of 

a site is lower than that of its neighbor ground sites by a 

magnitude large compared to the band width. 

Of course, there are excited states for the screened 

proton. These states might be localized excited states of 

the local potential at a ground site if their energy is less 

than the intersite barrier. In the unperturbed lattice, the 

band width for excited states would be greater due to a 

smaller relative barrier. Also, transitions to lower states 

would broaden even a localized excited state. 
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Finally, if we allow the lattice to move, there will be 

a nonperiodic proton-lattice interaction. If a proton is 

localized, then the lattice will distort around the proton. 

If a state is delocalized, then the distortion will be 

negligible. The total wave function includes the lattice 

wave function M(x )• Instead of equivalent sites in an 
M 

undistorted lattice, we have total wave functions equivalent 

by a lattice translation. That is, the distortion as well 

as the proton is translated to an "equivalent" site. Not 

only must the proton "go over" a potential barrier, but also 

the lattice distortion must "go over" a barrier of strain 

in moving to the same new site. The other motion of the 

lattice is described via the phonons. Their time dependent 

perturbation will induce transitions from site to site in 

equivalent states and between states at a given site (or 

bands if the proton is delocalized). The average number of 

phonons with a given energy for a system in thermal equilib¬ 

rium is „ j 

„<*„)• [ eW-T-l] £■-» 
Due to the temperature dependence of the phonon occupation 

numbers, there will be a temperature dependence in the 

transition rates between states. Hence, the band widths and 

perhaps the localization of protons will change with temper¬ 

ature . 

A number of types of processes for proton motion are 
52 

possible, Sussmann classifies these channels of motion in 

three types. First, direct transitions from a localized 

state on one site to a localized state on another site are 

induced by phonons. No intermediate states are involved. 

There is a difference in behavior between single phonon and 

multi-phonon processes. In the single phonon case, a slightly 
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anisotropic potential is assumed so that the two states have 

slightly different energy. For example, the self-trapping 

distortion may have a long time constant relative to the 

proton motion and the Alefeld type potential would hold 

during the transition. The magnitude of the energy difference 

U will be the energy of the phonon. The sign of the energy 

difference will determine whether the phonon is absorbed or 

emitted. For small overlap of initial and final proton 

states, this channel is very unlikely. However, the acti¬ 

vation energy is just the very small energy difference U. 

Except for very low temperatures (k T U) the jumping 

probability is directly proportional to the temperature. 

In the normal temperature range, other channels will be much 

more important. At low temperatures where the other channels 

are not important, single phonon induced tunneling will be 

important. 

Multi-phonon induced tunneling can be important at high 
58 

temperatures, however. Flynn and Stoneham have treated 

this channel for hydrogen diffusion. Using the adiabatic 

approximation, the total wave function ^(x ,x ) is written 
M p 

in the form 

P( = P hnj'Xf) M (*») fo./t) 

where the explicit motion of the electrons in equations 

(4.8) and (4.9) is ignored. The hydrogen-lattice interaction 

H is assumed to be the sum of two body interactions. The 
Mp 
initial and final states differ in both lattice and proton 

wave function. The matrix element of the initial and final 

states with the hydrogen-lattice interaction is used to 

determine the transition rates for given states. 

There are many possible lattice states M(x ), corre- 
M 

sponding to different distributions of occupied phonon 
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Figure 4.1 

Lattice distortion when the proton is at a) site p, b) site p' 
and c) half way between p and p1. 
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states, for a given proton state P(x , x ). Sc* a thermal M p 
average over lattice states involved in transitions must be 

made. The high temperature limit for the transition rate 

from a site p to a site p' is 

H/ , •* (~-f f U„.|Vfr‘/*R'r 

PP 
where 

fa. IS) 

Jpp' ' "C pc>fn>yf) I Kj fa It) 

which is assumed to be constant and 

£*» $ I3 

The frequency of a normal mode with wave vector q is 

The displacement AQdefined by 

A%~ - °» - 

(V>7) 

wr 

(ft-1%) 

is the difference in displacement of the normal mode coor¬ 

dinate Q for the two sites p and p*, That is, Q^5 is the 

displacement of due to the displacement of the mean 

positions of metal atoms when there is a proton localized 

at site p. The activation energy E is the strain energy 
cl 

of the lattice with each atom half way between its mean 

position for a proton at p and a proton at p’. This is illus¬ 

trated in Figure(4.]) for a square lattice. Notice that this 

half way distortion is smaller than the self-trapping distor¬ 

tion. Therefore, E is less than the self-trapping energy. 
cl 

The above discussion assumes that the matrix element 

J , does not depend on x^. However, vibrational displacement 

of atoms near the "path" of proton motion can substantially 

alter the potential barrier. The proton wave function in 

the region of the intersite barrier will be quite small, but 

variations in the barrier could have substantial effect on 
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its magnitude relative to the wave function for the case of 

no phonons. In addition, the change in effective potential 

enters the matrix element explicitly in the interaction 
g 

Hamilitonian H . Let £ Q be the distortion in the mode 
Mp q 

of wave number "q that is symmetric with respect to the mid¬ 

point between the sites p and pi This will give no contri¬ 

bution to . Flynn and Stoneham assume a simple form for 
^ g 

J (x„) . For AQ-» less than some constant Q„-, the transition 
pp M q ° q 
probability will be negligible because J ;is so small. 

PP 
Above that value the barrier is small and J /is some large 

PP 
constant This assumption leads to 

V ** 4, I’5^,*,«fte.'i’.yvJ bn) 
where 

Es = 
The effect is to increase the activation energy by the 

lattice strain energy required to reduce the barrier to 

diffusion. Rather than having the proton "go over" a barrier, 

phonons "take down" the barrier. This channel is called 

lattice activated diffusion. 

So far we have discussed only processes in which the 

proton stays at the same or almost the same energy. The 

larger the barrier, the less likely are those channels to 

be important. The proton will then have to first be excited 

to an intermediate state. This state can be either localized 

or in a delocalized band. If the most important intermediate 

state is stationary, localized, and has excitation energy E^, 

then we can expect its probability of occupation P^(T) to be 

proportional to 

R (x) «< e 
/*» T (?• *0 
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if thermal equilibrium among the localized states at that 

site has been obtained. This will depend on whether the 

proton stays in this site long enough between intersite 

transitions. If so, the activation energy will be E^ because, 

given that the state is occupied, the transition rate to 

another site will be due to tunneling with little or no 

lattice distortion. That is, the transition rate from one 

site to another will be the probability that the intermediate 

state is occupied times some almost constant tunneling 

factor. 

Sussmann also gives some detailed pictures of phonon 

induced excitation of the intermediate state. There are 

quite a few simplifying assumptions about the details of the 

potential and the phonons involved in transitions between 

states. For the case of a one step many-phonon excitation, 

he finds a non-Arrhenius type behavior with an effective 

activation energy which varies linearly with temperature. 

Whether this is a real effect or due to the approximations 

is not clear. For excitation of the intermediate state by a 

series of excitations of the lower excited states, the acti¬ 

vation energy becomes E^. 

Intermediate band states are of two types depending on 

the strength of the coupling with phonons. For small coupling, 

i.e. the width P* of a band state due to phonon induced tran¬ 

sitions is much smaller than the width of the band $ , then 

the above single intermediate state description is applicable. 

For P»$. then the intermediate state is not a single sta¬ 
tionary state but a linear combination of all the states in 

the band. Because the width of states allows transitions to 
59 any state in the band to conserve energy, this wave packet 

will be formed. The importance of an intermediate band will 

depend strongly on r/s. If p/ $ is too large, the wave 
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packet will decay back to the initial state with a very 

large probability. The wave packet will be time dependent 

because of the different energies of the component states. 

That is, the time dependence of the jth component is 

exp (-iE . t/¥i) where the difference in E.’s is S/2 on the 
3 60 3 

average. Weissman and Sussmann have derived expressions 

for the motion of such a wave packet made of Bloch functions. 

Time dependence also arises from transitions between compo¬ 

nents which destroy the phase correlation. The activation 

energy for diffusion through wave packets again depends on 

the type of phonon induced transitions. In general, many- 

phonon processes give anArrhenius type behavior with the 

excitation energy being the activation energy. Few phonon 

processes give a non-Arhenius behavior. The temperature 

dependence of P can cause different bands to contribute to 

diffusion at different energies. This may be the cause for 
61 

the abrupt change m activation energy for Nb 

B. A Model Potential 

In order to make accurate calculations with any of the 

theory in Section A, it is necessary to find the effective 

potential in which the screened proton will move. This 

potential will depend on the positions of all the metal 

atoms. However, the obvious starting point is to calculate 

the potential for all the atoms in their pure metal positions. 

The inclusion of the self-trapping distortion requires a good 

picture of both hydrogen-metal interaction and metal-metal 

interaction. At this stage in the theory, the self-trapping 

distortion will be ignored except for qualitative comments 

about its effect. The perfect lattice potential will not 

give any information about phonon induced diffusion except 
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for whether there will be enough overlap between proton wave 

functions at neighboring sites for the channel to be signif¬ 

icant. So, by constructing a model of the screened proton 

potential in a pure metal lattice^ we will be able to look at 

diffusion processes involving intermediate states. By 

comparision with experiment, we can determine whether these 

intermediate state processes are reasonable. 

A number of approximations are involved in constructing 

the model potential W (1$ for the screened proton-metal lattice 
M 

interaction. The main approximation is that a two body 

potential is applicable. This is justified by several other 

approximations. First, the metal electron density is taken 

to be the superposition of neutral metal atom electron 

densities centered at each lattice site. Variations of this 

approximation have long been used to construct potentials 
62 

for band structure calculations . Comparison with self- 
63 

consistent band structure calculations shows that this 

superposition of neutral atoms gives almost the same electron 

density. Second, the screening of the proton is taken from 

linear response theory in the IEG (see Chapter 2). This 

approximation is necessary because screening charge densities 

from a band structure type calculation do not exist in the 

literature*. Finally, exchange and correlation energies 

have not been taken into account. The exchange energy could 
»/, 

have been included by the usual Slater D > local exchange 

approximation . Instead of a two body contribution, a 

numerically time consuming triple integral would be required 

for each location of the proton. The validity of this pro¬ 

cedure. would still be in question because a major contribution 

  64 
*Swittendick has done APW calculations of the band structure 
of an interstitial lattice of hydrogen in a number of metals. 
Only in a few cases is the hydrogen to metal ratio as low 
as 25%. 



to the exchange energy would come from the region of the 

metal ion cores. The screening charge will be least accu¬ 

rately approximated in this region since the IEG does not 

include ion core regions. 

With the above approximations, the justification and 

derivation of an expression for the two body potential VM(r) 

is straightforward. It is just the classical electrostatic 

interaction of two charge distributions. The self energy of 

each is not necessary since these are constant. Let p;(x) 

be the spherically averaged neutral atom electron number 

density. The total charge density q(x) for this approxi¬ 

mation of a pure metal is then the sum over all lattice sites 

te L2 (*«) 
where Z is the atomic number of a metal nucleus. The charge 

density for the screened proton at a position R is 

«J.IR ,*') - e [ S^ir'-R)-^(ly'-Rl)] (i.zs) 
where the first term is due to the proton and the second is 

due to the excess charge density screening it. The total 

energy W(R) due to the interaction of q and is just 

(«<) 
where ' X ~X / * 

vM ûiMj)= jj 

= 3f(/x'-Ri0o/V 0-^ 

Ç/Iï-Ïl) =■ J (t.H) and 
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Figure 4.2 

The relationship between the many coordinates defined in 
the text. 
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Figure 4.3 

The transformed coordinate system. 



86. 
Figure(4.2) shows the relationship between the many coor¬ 

dinates for the case of a square lattice in the analogous two 

dimensional case. By using a superposition of neutral atoms 

and position-independent proton screening, we have expressed 

W(R) as a sum over lattice sites of an effective two body 

potential V . Note that V is the effective potential between 
M M 

a single neutral atom and the screened proton. Furthermore, 

V is just the integral of the screened proton charge density 

times the electrostatic potential ^ due to the neutral atom. 

For a given metal, this J need be calculated only once. 

Different screening densities ^ can be used with the same 

electrostatic potential ^. Indeed, the situation is even 

better. The angular integrals in Eq.(4.25) can be done 

immediately for a general ^ provided it is spherically 

symmetric. First, translate the coordinates such that Î? is 

at the origin. Then, rotate the coordinates such that R-R^ 

points along the z-axis of a polar coordinate system. As 

seen in Figure(4.3), application of the law of cosines yields 

a/;1) IFI CM9 (ÿ.J7) 

where r^ is the distance from the proton to a point at 5?^in 

the new coordinates and r=R-I^ . Note that the angle between 

r*and x is TT-9, so the third term has an extra minus sign. 

Since both q^ and ïj? are spherically symmetric, their product 

is axially symmetric about the line between the proton and 

the metal nucleus, i.e. the z-axis in these coordinates. 

The integration over in Eq.(4.25) can be done trivially 

to obtain ^ ^ 

e^(r) ~2ir) J eÇHtx') 

— C-f(r) J [{xx + r*+Zrital) X2 ofacl»" (^.2$) 



87. 
where a=cos Q . The angular integral can be simplified by a 

change of variables. 

ys r/(K ) 
‘zi 

and 

d'j- 1 y 
which gives 

(r) * e 5(0-P7T je^(z')y f (y) (i. 11) 

Now if we define r^ 

GM= Jyf(y)<^y Cv-3p> 
the model potential becomes 

V^fr)^ &J(r) - j ^,/x)'*,£G6c,#<^ ~ *d)JjV ^3$) 
This form is more useful numerically than Eg.(4.31). 

The function G(x) can be calculated for a range of values 

and then interpolation* gives G(x) for all distances. Hence, 

only one integration will be required for each value of VM(r) 

For an explicit calculation of the model potential, it 

is necessary to obtain the electronic number density corre¬ 

sponding to a neutral atom, ^ , and a screened proton,^ . 

The atomic electron density will be treated first. Herman 
66 

and Skillman's table of electron wave functions and self- 

consistent potentials for atoms with atomic number Z from 

2 to 103 was used. Their tables correspond to numerical 

calculations using the Hartree-Fock-Slater equations. That 

is, the single electron Schrodinger equation is solved for 

*We will show that G(x) becomes a constant for all x above 
a certain value. Extrapolation will not be necessary. 
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bound states in a spherically averaged self-consistent poten¬ 

tial. This self-consistent potential is constructed using 

the charge distribution from the occupied states. Exchange 
ÿ 

effects are included in the potential using the Slater p 3 

local exchange approximation. The Hartree-Fock-Slater 

equations used by Herman and Skillman , their equations 

(1.6) to (1.9), are as follows: 
ii 

[~ P.> (r) = E^ P^fr) 

Vjr) = -*yr -(Z) J/-w atoii 

-6[-% f(r)jV3 

V4(r) “f*r *“ 

? ll-Hil)/r Ç" r ? r. 

(f.3Yj 

(V- 3?) 

where 

fir) * (tlf r'j <s'<r) 

and 

<ÿ.ïO 

6*-ï7) 

(iMl) Lp-o/rJ] 
»>> 

Eq.(4.34) is the radial Schrodinger equation which we first 

mentioned in Section D of Chapter 2. Comparision with Eq.(2.132) 

shows that in atomic units their E should be 2E and V should 

be 2V. That is, their potential energies and eigenvalues 

are expressed in Rydbergs, not the atomic unit of energy, 

the Hartree. In this notation, the full single particle 

wave function is 

eS>s) s r'' (r) (*f. 31) 

where j^sis a spin wave function. A spherical potential 

independent of n, \ , m, and s has been assumed in order to 

simplify the calculation. Since the charge distribution 
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tends to be spherical, the main assumption is that the 

exchange contribution is independent of n, Jl , m, and s. 
The first three terms in Eq.(4.36) are the Coulomb potential 

from the point nucleus and a spherically symmetric distri¬ 

bution of electron charge density. The exchange term is 

explained qualitatively by Slater^. As an estimate of the 

effect of the Pauli exclusion principle, assume that a given 

electron excludes all electrons of like spin from a spherical 

region. This region has its radius r determined such that 

the integrated electron density excluded from the region 

is one electron. The reduction of repulsion between electrons 

is then calculated from the self energy of the excluded 

charge density. The self energy of a spherical charge distri¬ 

bution of constant density is proportional to p.'R* where 

R is the radius of the sphere. The density is 

= (%A-R
3
) ' frio) 

-1 
for this case. So the self energy is proportional to R 

and hence 3 . The actual approximation used is that the 

exchange contribution is the same as that for the free elec¬ 

tron gas with the same density as the local density in the 

atom. For details see Slater^. 

In Eq.(4.38)* is the number of electrons with quantum 

numbers n and A. The spherical average of the probability 

density is just «MR»*»). Hence Eq.(4.38) is just 

the sum over all occupied orbitals of the charge density in 

each orbital. 

In Eq.(4.35), Z is the atomic number and N is the number 

of electrons. Since VD includes the charge density from all 

the electrons, it does not take into account the fact that 

an electron does not interact with itself. At large distances, 

an electron sees a net charge of Z-(N-l). The radius r in 
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The presentation mesh (after Herman and Skillman, Reference 66). 

110 POINT PRESENTATION MESH (X IN BOHR UNITS) 

Block Number Initial x Interval Ax Final x Last Point 

1 0.0 0.01 0.1 11 
2 0.1 0.02 0.3 21 
3 0.3 0.04 0.7 31 
4 0.7 0.08 1.5 4l 

. 5 1.5 ' 0.16 3.1 51 
6 3.1 , 0.32 6.3 61 
7. 6.3 : 0.64 12.7 71 
8 12.7 1.28 25.5 81 
9 25-5 2.56 51.1 91 J 

10 51.1 5.12 102.3 101 
11 102.3 10.24 194.46 no 
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Eq.(4.35) is chosen so that V is continuous. The derivative 

66 
of V is not continuous at r0. However, Herman and Skillman 

checked the derivatives of the wave functions at rQ by com¬ 

puting differences. There were no discontinuities up to 

sixth order differences. 

The wave functions were published in tabular form for 

up to 110 points. This presentation mesh is given in Table 

For convenience of presentation, the distance param¬ 

eter x is taken to be that in the Thomas-Fermi theory of the 
79 

atom . It is related to the actual radius r in atomic 

units by 

r=/ix Ot-to 

where 

23* z 3 bid 
The wave functions are normalized in atomic units, however. 

The normalized potential U(r)=-rVe(r)/2Z is also given for 

points in the presentation mesh less than rQ. 

In practice, the y^>(y) in Eq.(4.32) has been taken as 

zLuty+iil-hÿy'P] ft 
for r<rc. That is, the work in determining the electrostatic 

potential has already been done for us, but the exchange 

contribution must be taken out. Since the normalized poten¬ 

tial U is given in Rydbergs and we are using atomic units, 

i.e. Hartrees, the factor of two in the denominator of the 

Herman-Skiliman expressions will disappear. For r>ro the 

atomic unit version of Eq.(4.36) without exchange is the 

solution for Eq. (4.26) when q(x) is spherically symmetric. 

y =■ -1 - ( Vft) At - y Jt (?■**) 
J0 K ^ 
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The second term is the electronic charge inside a radius y. 

The charge density is negligible beyond some radius R. For 

a neutral atom, the total charge, 

-2 - J Jt b'iS'> 

is essentially zero. So for y>rQ, it is convenient to sub¬ 

tract this expression for zero to give 

y ÿ(y) ■= J <r[t) eIt - y | ctt 

The radial density 

is given only for points in the presentation mesh. Both 

integrands were fitted with a cubic spline routine for rc<t<R. 

The integrations were performed analytically on the fitted 

functions as described below for all values of y in the 

presentation mesh. The value of R is just that for the last 

point in the mesh with a numerically nonzero value of cr *. 

For a function f(r) known at N points r , the cubic 
n 

spline routine interpolates the function. Between two points 

r^and rn+^, the interpolated function F(r) has the form 

F(r) - G»n('“*Ü Cn(r*t|.r) + dn ty+î) 
where the coefficients are chosen such that F(r )=f(r ) for 

n n 
all n from 1 to N. Als<q the coefficients are restricted 

such that the first derivative is continuous at all r_ 

integration of F(r) from r. to r^ is just 

r. . . 

n 
The 

r'K K*I ( 4,1 

J F(r)o/r = J F (O c( 
_i  j rt 

(i-fl) 

*ln one case, that of Ni, the last nonzero value given was 
not far enough out to include all of the electronic charge to 
the required accuracy. In that region, however, the wave 
function was falling off exponentially to a very good approx¬ 
imation. Extrapolation on semilog paper gave the required 
values. 
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X («O 
Figure 4.4 

A typical curve for G(x)# in this case for Niobium. 



94. 

which reduces to (H’SO) 

JF(r)o<r h LrUl-rt) + ^ (7,.,-r;) 
r' **0 ,* r The function G(x) = l y«p(y)dy defined m Eq.(4.32) was 

calculated with the same cubic spline method as y <§ * 

The integrand is known on the presentation mesh and inter¬ 

polated using cubic spline. The function G(x) is evaluated 

on the mesh using the recursion relation ksi) 

6 y $<y> Jy = GM + £(*.•.,-(k* <4 i) 
*i1 ' 

where G(x,=0)=0 and where a., b., c., and d. are the coeffi- 
1 ill i 

cients in the cubic spline fit. Since C* (t) and hence y®(y) 

for a neutral atom are numerically zero for distances greater 

than R, G(x) becomes a constant for x^R. A typical G(x) is 

shown in Figure(4.4). 

We now need the screening charge density. Linear 

response calculations of the screening of a proton appear 

in the literature 
16,17,18 

for various approximations of the 

18 

IEG. The integration of Eq.(2.80) with the substitution of 
18 

Eq.(2.81) is done numerically using Simpson's rule or a 
16 

modified version of it, Filon's method. Since the upper 

limit of integration is infinity, some approximation must 

be made. The upper limit may be taken to be a large value' 

such that the integral has converged to the desired accuracy. 

Alternatively, the upper limit may be chosen as a much smaller 

constant. The remainder of the integration is taken as the 

analytic integration of the first few terms in an asymptotic 
16 

expansion of the integrand. 

Unfortunately, misprints occur in some of the published 

values. To fill in obviously incorrect values, check other 

values, and extend the range of tables, a computer program 

to evaluate Eq.(2.80) was written. Integration from q=0 to 

q=10k^ was done using Simpson's rule with several step sizes 
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-2 

to insure convergence. Typically, a step size of 10 k_£ is 

adequate. The r=0 case must be treated separately because 

the sin(qr)/r factor becomes q in the limit r—>0. For the 

range q=10k^ to q—a large q expansion of the integrand 

is made. An intermediate result is 

{i5X> 

0 RPA 
The integrand for the RPA, here denoted I (q,r), is then 

a symptotically 

(\>T) 
%-oc ■» % 

A series of integrals of the form 
oo 

f- r"" 5fn + 3,^r) ^ 

5 (m,y) * J 

« 

where 

A dx 
m 

must be evaluated for n=0,2,4,6,. 

(t.SF) 

Successive integrations 

by parts yields the following 

and 

-Sfo^y)» + S*1X- 

' (o^Oy"*1 (n*|)nyn 
where ' 

(n+0 n 
(y.si) 

(y.s%) 

is a sine integral. For large y, the asymptotic expansion 
6 7 

of the sine integral was used. It turns out that only the 

n=0 and n=2 terms contribute significantly to the integration 

from q=10k^ to q-* oo . These two terms are not changed by 

Hubbard type approximations of the IEG. So the form 



Table 4.2 

Screening densities in units where k^=l (see text for the 
relationship between these units and atomic units) for 
several values of r . (a) Reference 16, (b) Reference 22. 

s 

R r =3 (a) 
s 

r =4 (b) 
s 

r =4.5(a) 
s 

0.0 .1375 .1875 .1887 
0.1 .1269 .1736 .1729 
0.4 .09778 .1341 .1300 
0.7 .07233 .09913 .09345 
1.0 .05104 .06941 .06368 
1.3 .03402 .04535 .04058 
1.6 .02108 .02694 .02359 
1.9 .01181 .01375 .01191 
2.2 .005640 .005083 .004526 
2.5 .001925 .0000452 .0004151 
2.8 .000007867 -.002315 -.001409 
3.1 -.0007160 -.002873 -.001801 
3.4 -.0007523 -.002433 -.001445 
3.7 -.0004840 -.001588 -.0008323 
4.0 -.0001654 -.0007406 -.0002683 
4.3 .00006543 -.0001115 .0001005 
4.6 .0001630 .0002289 .0002466 
4.9 .0001439 .0003135 .0002171 
5.2 .00005579 .0002299 .00009084 
5.5 -.00004806 .0000775 -.00005328 
5.8 -.0001259 -.0000621 -.0001578 
6.1 -.0001565 -.0001414 -.0001959 
6.4 -.0001395 -.0001481 -.0001700 
6.7 -.00008974 -.0000981 -.0001021 
7.0 -.00002840 -.0000218 -.00002132 
7.3 .00002434 .0000490 -.00004564 
7.6 .00005495 .0000917 .00008170 
7.9 .00005932 .0000974 .00008263 
8.2 .00004239 .0000712 .00005628 
8.5 .00001453 .0000271 .00001715 
8.8 -.00001311 -.0000176 -.00001995 
9.1 -.00003180 -.0000487 -.00004399 
9.4 -.00003702 -.0000587 -.00004954 
9.7 -.00002904* -.0000479 -.00003770 

10.0 -.00001305 -.0000235 -.00001547 
10.3 .000004431 .000007794 

♦computed as described in the text 
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was used to calculate the screening charge density for all 

approximations. As a check on the second term, the Simpson's 

rule integration was extended to larger limits until the 

integral converged. The two methods agreed within the 

required accuracy. 

The screening charge densities used in calculations 

are given in Table(4.2). Those values in the table that 

were calculated in the above manner are marked with an 

asterisk. Other values are taken from the literature as 

indicated. The units are chosen such that k^ ^ is the unit 

distance. Conversion factors to atomic units are easily 

found. The atomic unit of distance is 

Here we have used the fact that a quantity Q expressed in 

units of x is Q/x(x units). In units of y, Q becomes 

Q/y(y units) with the value (Q/x)(x/y)(y units). 

The last step in generating a model potential is the 

integration in Eq.(4f33). The screening electron density 

(x) is known for a mesh of points. After conversion to 

atomic units, it is interpolated with the cubic spline 

where r was defined in Eq.(2.76). This gives 
s 

-1/3 
r(atomic units)=r (91T/4) r(new units) 

s 

and 

Sn(atomic units) =r ^(9'H'/4) n(new units) 
s 



98. 

r (a.) 

Figure 4.5 

The model potential V (r) (Hartrees) for Nh and several 
jyl 

values of r . 
s 
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routine. For each value of r, the integrand in Eq.(4.33), 

^M(x')x'[G(x'+r)-G(Jx'-rJ)], is calculated for values of 

that are integral multiples of 0.1 k_ ^ up to some maxi- 

with wave- 

x ' 

mum x This insures that the oscillations in 
-1 

length 2 ITk^ ~ are adequately sampled. The integration is 

then performed using the cubic spline technique with a slight 

modification. The integrand has a discontinuous first deri¬ 

vative at x'=r. The cubic spline will not handle the discon¬ 

tinuity. The two mesh which satisfy x^£ r"xi+i are f°unc^* 

The integration from 0 to x. and from x. .to x are handled 

with cubic spline. The integration from x^ to x^+^ is per¬ 

formed using Simpson's rule with a step size of .005k^ \ 

The model potential becomes^ 

Y„ (r) = e t/M/r ^ 0<0/[e6<V)-G(!x'-ri)]^' (*«) 

in terms of the calculated functions. 

There is a question of where to cut off x^. There is 

no problem for small values of r because the term in brackets 

tends to zero for large x'-r. For large r the value of x'-r 

does not become monotonically large until x'> r . Physically, 

this corresponds to the fact that the charge distribution 

cannot be ignored, even if it is small, in the region of 

the metal core. So care must be taken such that x is 
f N 

sufficiently greater than r that G(x'+r)-G(|x,-rj)=0 for 

all x'7X|, 

The procedure of calculating the model potential V (r) 
M 

for a given value of r is already lengthy. Therefore, it 

is evaluated for a mesh of points chosen such that the cubic 

spline gives a good fit. The interpolated function is 

checked against explicit calculation for several represen¬ 

tative points between mesh points. A typical set of model 

potentials is shown in Figure(4.5). Different values of the 
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r (a.) 

Figure 4.6 

The model potential vM(
r) (Hartrees) for two different 

screening functions with rs=4.5 for the. case of Hb. 
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density of the IEG, characterized by the parameter r , are 
s 

used to calculate each potential. Shown in Figure(4.6) is a 

typical set of model potentials for a given r with different 
s 

approximations of the IEG. 

Now a major problem arises. The screening density for 

the proton is calculated for the IEG. No effects of the 

metal core are taken into account. Since the conduction 

electron wave functions must be orthogonal to the core wave 

functions, the screening charge density -eÇj^(r) will be 

reduced from the IEG value in the metal core region. Explicit 

calculation of this density would involve a band structure 

type calculation for the metal plus hydrogen system and the 

convenience and simplicity of a model system would be lost. 

This problem can be treated with the use of a pseudo- 
68,69 

potential . In particular, we have used the model 
70,71 

pseudopotential of Abarenkov and Heine ' . Consider the 

Schrodinger equation for the conduction electrons given in 

Eq.(4. 9) 

(//c + 
4 ^ ^ ^ - Ec 

for a fixed pure metal lattice with a proton at x^. Recall 

that x includes the coordinates of all the electrons. We 
e 

want to find the ground-state many-electron eigenfunction 

and eigenvalue Ee(
x
M'Xp)* From Eq.(4.10), E^(XM,X ) gives 

the effective potential for the proton due to interaction 

with the conduction electrons. In Chapter 2, the many elec¬ 

tron problem for c^> was reduced to a set of one electron 

problems in equations (2.116), (2.11^, and (2.118). So, we 

have for this problem 

(~ÏV3* W'(r)) % (r) = <fc(F\ C+&) 
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where 

&a) 

The primes of V' and V' indicate that the interactions 
pe Me 

are for a single electron. In the usual approximation of 

frozen metal-ion cores, the conduction electron-metal core 

interaction is the same for all electrons. The proton- 

electron interaction is just the usual coulomb potential. 

The conduction electron density 

n(r) - 2 I fcfr)|a 

is given by the self-consistent solution of the three above 

equations. 

Now we introduce the model pseudopotential of Abarenkov 
t 

and Heine. In the region of a metal ion core, W(r) will be 

very nearly a spherically symmetric potential V^e(B(?)) where 

B(r) is the distance from the closest nucleus. The pseudo- 

potential can be defined as 

if(r’) =. ( iVfi*) , *(r) <RM 

l-\ 

where is the projection operator for the J?-th partial 

wave. Note that the region B(r)< is not connected. It 

consists of spheres of radius R around each metal nucleus. 
M 

Let U(r) replace W(r) in Eq.(4.65J giving the corresponding 

wave functions <^(r). Here we have kept nC?') at its original 

self-consistent value, i.e. for W(?) not U(r). For a given 

R^, we chose A0 ( €l,RM) such that c^- and ^ have the same 

logarithmic derivative. With these boundary conditions 



103. 

where X is a normalization constant. This implies that the 

eigenvalue corresponding to ejP‘t(r) is 0^. That is, since 

they satisfy the same Schrodinger equation for B(r)> R^, the 

eigenvalue is the same. So, the effective potential Ee(
x
M»Xp) 

will be the same without any approximation. The usefulness 

of the pseudopotential comes from the slow variation of 

A0(0,R^) with energy. 

We now have a pseudo-system consisting of noninteracting 

particles moving in a pseudopotential U(?). The potential 

energy of this pseudo-system is 

- [vif) n'(r)clr (y. 7 0) 

where 

n'(r)= ^ I cf>; (ri} &v) 
i - \ ‘ 

We are particularly interested in the interaction of the 

screening density of the proton with the metal. Let us 

write the pseudopotential in the form 

U(r)-- U'(r)*y'(r) (llZ) 

where U'(r) is the pseudopotential for the metal without 

hydrogen. V(r) is the proton potential plus the screening 

potential in the real system. The screening of the potential 

V (r*j in the pseudo-system will be handled by linear response. 

Since the singularity at the metal cores has been removed, 

we can expect linear response to do a much better job in 

this pseudo-system. The effects of W' and V will be additive 

for linear response. Therefore, the change in the pseudo¬ 

particle density 5>n' (?) due to V will be just the IEG 

linear response p(r) to the proton potential. So the inter- 

action energy W^(r) of <jn1 (r) = (r) with the pseudopotential 

is 
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W?(r) - J LHr^w/r' £ A0 fçtô el* r 
+ ( VA/1 (r)p(rj ol3r 

B(r) >R*i \ _ 

(?.73) 
"jg 

where we nave assumed that A„ is constant and that all the O P—> *-> fi 
(r) in the region B(r) < R is made up of 

partial waves. For small enough R^, this will be a good 

approximation because the higher partial waves have very 

small wave functions near the nucleus. The s-wave part of 

f(r) in the region B(r)<R will be the angular average of 
—9 ^ 

^(r) with the origin at the nucleus under consideration. 

In practice, the effect of partial waves is determined 

by the R dependence of the screened proton-metal interaction. 
M 

For small R^ the linear response approximation will be bad 

because the core potential will be too strong. For large 

Fortunately, the 

results in the intermediate range are almost independent 

of V 
The pseudopotential for the lattice can be separated 

into a lattice sum over two body pseudopotentials plus a 

small lattice potential, 

the real potential 

R , the s-wave assumption breaks down. 
M 

For the region B(r)>R, we have 
M 

W'(r) = 2 
where the summation is over lattice sites. Now we separate 

the B(r) < R^ region into a lattice sum of spherical regions 

of radius R . Eq.(4.73) then becomes 

~ 21 [ P<r)ec§(|rlf£|) 
L'i Iï'1-u I 

r ft; 
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The third term makes the correction for the region of 

|r-Rj( y that is not in B( r-R- ) > R^. It can be written 

in the form 

_ 2 J jf.e 5 (F- •* 3 * 
r (*7t) 

i lr-j?J<RM 
which may be included as a correction in the value of A0. 

The electron-metal atom potential -e^?(r) is sufficiently 

small for r corresponding to nearest neighbor distances that 

the correction term is small compared to Ao for the values 

of R that we have used. With this approximation, the two 
M 

body potential becomes 

4 Vps ri elV. Jp(r')e^(|r-R;l) o|V' (f-17) 
Ir-$|<R„ |r-Ril>RM 

It is convenient to put the screened proton-metal inter¬ 

action in a slightly different form 

3jp-Vj(lr45()/r . 
if-TSUR. 

where the first and second terms give the interaction of the 

screening charge with the metal potential in the region r^R^. 

The third term is due to the pseudopotential in the region 

r^RM* T'*ie f°urtk term is ^e proton-metal interaction. 
The previously calculated model potential included only the 

first and fourth terms. The middle two terms are easily 

calculated. Since we are dealing with integrations in a 

spherical region around a metal core, it is easier to con¬ 

struct an electrostatic potential £ for the screened proton 

and integrate over the metal core density Cj^(x) given in 

Eq.(4.22) . The procedure is exactly the same as in the cal¬ 

culation of the model potential except that ^ is replaced 
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Figure 4.7 

The model potential V , the pseudopotential correction Vps“VM, 

and the new model potential V . 
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Table 4.3 

A comparison of the model potential V , the pseudopotential 

corrected two body potential V , and the pseudopotential 
ps 

correction V -V for Niobium. The screening function is 
ps M 

for r =4.5 and all values are in atomic units, 
s 

R VM 
V 
ps 

V -V 
ps M 

1.6 .27835 .53801 .25966 

2.0 -.10757 .10368 .21125 

2.4 -.21918 -.05066 .16852 

2.8 -.23384 -.10234 .13150 

3.2 -.21115 -.11172 .09943 

3.6 -.17443 -.10079 .07364 

4.0 -.13616 -.08403 .05213 

4.4 -.10035 -.06535 .03500 

4.8 -.06944 -.04771 .02173 

5.4 -.03384 -.02591 .00793 

6.2 -.00524 -.00695 -.00171 

7.0 .00687 .00211 -.00476 

7.8 .00887 .00460 -.00427 

8.6 .00621 .00374 -.00247 

9.4 .00259 .00187 -.00072 

10.2 -.00001 .00035 .00036 

11.0 -.00104 -.00037 .00067 

11.8 -.00079 -.00034 .00045 

12.6 .00006 .00008 .00002 

13.4 .00086 .00050 -.00036 

14.2 .00126 .00073 -.00053 

15.0 .00114 .00068 -.00046 

15.8 .00067 .00042 -.00025 

16.6 .00010 .00009 -.00001 
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Table 4.4 

A comparison of the pseudopotential contribution to the W(R) 

parameters for different R^ and A0. All values are for 

r =3.0. For larger r the effect is much smaller. (Atomic units) 
s s 

Metal A0 R
M *3 A* 

Nb 2.69 1.41 .0056 .0074 

2.69* 1.41 .0055 .0064 

1.80 0.878 .0059 .0079 

3.25 1.04 .0055 .0075 

V 3.94 1.156 .0021 .0026 

2.78 0.691 .0028 .0034 

4.62 0.816 .0025 .0031 

CU 6.48 .8906 

A, 
.0231 .0009 

7.56 .617 .0283 .0001 

* RPA screening rather than Hubbard approximation (Reference 16) 
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by h and by q. Figure(4.7' shows the old model potential 

tion, and the new model poten- 

Table(4.3) gives the corresponding 

V , the pseudopotential correction, and the new model poten- 
M 
tial V for the case of Nb 

ps 
numerical values. 

The values for A0can be obtained from spectroscopic 
70 

data when availible. We have used the Herman-Skiliman 

tables instead. For various choices of R ■ was chosen 
M ° 

to give the same logarithmic derivative at as an s orbital 

radial wave function U9(r) for the metal atom. For ease of 

computation and to avoid the uncertainty of numerical deriv¬ 

atives, the values of R„ were chosen such that either 
• I ^ I/ (R )=0 or d/dr li< (r) I „ =0. The wave function in the 

5 M 10 1 r=RM 
r < R region is 

M 

(f.7D 

where 

U5(r)= Sin ( kr) 

zs-K 
2 m 

and E is the energy of the s orbital being matched. By 
s 

matching the above boundary conditions, we have kR =7T and 
M 

kR =l//2 respectively. That is 
M 

/\„=FS (sr UjKjsO o) 

and 

tr i«,(sH)*O s ;uw <*<■ 

The values of A„for several choices of R and several choices 
° M 

of s wave function were used to calculate the potential 

surface W(r). The important parameters describing W(r) are 

shown in Table(4.4) for those choices of A0 and R . These 

parameters, which are described in the next section, are 
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fairly constant with the choice of E and R . Therefore, 

s M 
some confidence can be placed in the pseudopotential method. 

C. The Potential Surface W(R) and its Implications 

With a two body potential V^s(r) in hand, we are pre¬ 

pared to find the relative potential energy W(R) for a 

screened proton at position R in a metal. The potential W(R) 

is relative because only those contributions which vary with 

position are included. All that remains of the calculation 

outlined in Section B is the summation over lattice positions 

of the interaction between the screened proton and each metal 

atom. The potential W(R) can then be used to estimate the 

activation energies for diffusion, the occupied interstitial 

sites, vibrational energy levels for the screened proton, and 

other such observables. These are compared with experiment 

to indicate the reliability of the model. 

Repeating Eq.(4.24) we have 

Wit) =2 lUm-iSl) 
where R^ are the positions of the metal ions. Of course, 

only a finite number of lattice sites are included in the 

evaluation of W(R). The two body potential V (r) has only 
ps 

been calculated to some maximum radius. Due to the oscilla¬ 

tions in the screening of the proton, there are oscillations 

in VpS(
r)* Since these oscillations die off very slowly, 

it is important how the finite lattice sum is performed. A 

specific set of lattice sites can cause problems, because at 

different positions for the proton different ranges of the 

potential V (r) are sampled at the outer portions of the 
ps 

fixed set. Instead, we have chosen to cut off the potential 

at some large value x^. Care must be taken that the potential 
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BCC 

FCC 

Figure 4.8 

Unit cells for BCC and FCC lattices. 
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f.c.c. b.C. c. 

cY M 
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octahedral 
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i 

Figure 4; 9 

The location of 0 sites and T sites in FCC and BCC lattices 
(after T. Springer, Reference 104). Interstitial sites are 
the dark circles. 
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has a zero at or near r^, Then the "edge effects" are 

minimized. If a peak in the oscillatory potential were at 

r , then the variation of the number of lattice sites in a 
c 

sphere of radius r^ would make a large contribution to W(R) 

even though V (r) were small. To check this procedure, 
ps 

several values of r were used. 
c 

Calculations have been carried out for two types of 

lattices, body-centered cubic(BCC) and face-centered cubic 

(FCC). The standard unit cells for BCC and FCC, shown in 

Figure(4.B), are two and four times the volume of a primitive 

unit cell, respectively. In a three dimensional lattice, it 

would be wasteful to calculate the potential for a large 

number of random points in a unit cell. From the short 

range repulsive nature of the model potential, it is clear 

that the screened proton will not get in the region of metal 

ion cores. Both FCC and BCC lattices have a great deal of 

symmetry. Care has been taken to avoid calculation for 

positions equivalent by symmetry. 

Of particular interest are interstitial sites with 

considerable point symmetry. The most important of these 

sites are called octahedral(0) sites and tetrahedral(T) sites. 

The six nearest neighbor metal atoms of an octahedral site 

are the vertices of an octahedron. Likewise, the four 

nearest neighbors of a tetrahedral site are the vertices of 

a tetrahedron. The location of these sites are shown in 

Figure (4.9). Because of their high point symmetry, these sites 

will be local maxima, minima, or saddle points. As we shall 

see, the absolute minimum of the potential W(R) will be 

located in the T sites for BCC metals and the 0 sites for 

the FCC metals. 
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Figure 4.10 

Lines connecting high symmetry points in the planes as 
indicated. 
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vV(S> 

R 

Figure 4.11 

The general shape of the potential energy of hydrogen in FCC 
metals along the lines defined in the text. 
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Figure 4.12 

The general shape of the potential energy of hydrogen in BCC 
metals along the lines defined in the text. 
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Table 4.5 

Energy level spacing foto and the first three energy levels 

for the harmonic oscillator fit to W("R) in the region of 

an 0 site. 

Metal r 
s 

ttUJ(eV) Ee (eV) E1(eV) E
2(eV) 

Cu 4.0 .11 .17 .28 .39 

4.5 .12 .18 .30 .42 

Pd 4.5 .08 .12 .20 .28 

Ag 4.0 .08 .12 .20 .28 

4.5 .08 .12 .20 .28 

Ni 4.0 .16 .24 .40 .64 

4.5 .16 .24 .40 .64 
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Taking the above into consideration, the potential was 

calculated for evenly spaced points along lines connecting 

nearby high symmetry sites. These lines are shown in 

Figure (4.10). The midpoints between nearest neighbor O sites 

have been abbreviated 0-0 sites. Likewise the midpoints 

between T sites have been called T-T sites. Typical potential 

curves along these lines are shown in Figures(4.U) and (4.12). 

The general shape of the curves does not vary significantly 

from metal to metal or screening function to screening 

function. 

Several parameters do change, however. For an FCC metal, 

the potential in the region of an 0 site is very nearly a 

three-dimensional spherical harmonic oscillator. Of course, 

the 6 nearest-neighbor and 8 next-nearest neighbor metal 

atoms form a not too aspherical shell, so this behavior is 

very reasonable. We fit the potential in this region to 

the form 

WtfO-imto’jR-'U* (*»5> 
where ïf0 is the position of the 0 site and m is the mass of 

the proton. From basic quantum mechanics, we know the 
72 

eigenvalues for this potential are 

En=(n*3/a)^ (W) 
where n is a nonnegative integer. The energy level spacing 

hu; and the first few eigenvalues E are given in Table (4.5) 
n 

for Pd,Ni,Cu, and Ag. Although there is variation from metal 

to metal, there is almost no variation with screening function 

for a given metal. Experimentally, £tu> is measured by 
73 

inelastic neutron scattering. For Pd, h =.06eV compared 
74 

with the calculated value of ,08eV. For Ni, h =.12eV 
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Table 4.6 

Potential surface W("R) parameters Aj, for several values 

of r . 

Metal r 
s A/eV) A(eV) 

Cu 3.0 .24 

4.0 .64 .23 

4.5 .85 .25 

Pd 4.0 .25 

4.5 .34 .17 

6.0 .41 .20 

Ag 4.0 .22 .23 

4.5 .44 .22 

Ni 4.0 .94 .22 

4.5 1.06 .25 
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Table 4.7 

Theoretical and experimental values of the activation for 

diffusion of hydrogen in FCC metals. Energies are expressed 

in eV. References for experimental values are as indicated. 

Metal r 
s 

E (theory) 
cl 

E&(expt. ) 

CU 4.0 .47 .40 (103) 

4.5 .67 

Pd 4.5 .22 .226 (94) 

6.0 .29 .16 (102) 
.248 (103) 

Ag 4.0 .10 .32 (103) 

in • .32 

Ni 4.0 .70 .425 (103) 

4.5 

CM 
00 • 
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compared with the calculated value of ,l6eV. The agreement 

appears to be quite good. The theory does not take into 

account relaxation of the lattice. 

Two other important parameters, A,=WT~WQ and AJ
=w

m“w
t» 

characterize the FCC metal results. The subscripts T and 0 

refer to the potential at the T and 0 sites. The subscript 

M refers to the point along the line from T site to 0 site 
— y 

where W(R) is maximum. As can be seen in Table(4.6), A, is 

fairly sensitive to the value of r^ used in the screening 

density. Since the appropriate value of r for a given 
s 

metal is not known precisely, we can only expect A,to be 

qualitative in this model. The value of is rather insen¬ 

sitive to r , however. Physically, A + A,=W -Vî is the 
s ‘—*■1 * M 0 

classical barrier height for diffusion of hydrogen from one 

0 site to the next. Of course, the zero point energy for the 

harmonic oscillator is 3/2 fiuj. That is, a proton in the 

vibrational ground state at one 0 site would require an 

extra energy E = A,+ Aa” 3/2 ^icO to semi-classically go over 
the potential barrier. The many quantum mechanical processes 

of Section A are possible, however. With the uncertainty 

in it is not justified to calculate wave functions and 

eigenvalues for excited vibrational levels. It is instructive 

to get a feel for the effectiveness of tunneling by doing an 

idealized example. Consider a spherically symmetric poten- 

tiai r . 

, (V. , r, £r<r, <-<, V(rO = } 
For the limit a-*e© there may be bound states depending on 

the size of V0. For large a there will be resonances that 

look very much like the bound states. In the WKB approxi- 
75 

mation , the solution inside the barrier will be of the form 

(?. \s) 

9 
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-K.V 

H(r) oc K 1 £ ('t. SS) 

where 

« = ^ L3-171 (v.-e>] * 
The square of the ratio of the wave functions at r^ and r^+a, 

called the penetration factor P, is given by 

P =. ($• Si) 

for this case. It is an indicator of the probability of 

intersite tunneling. In atomic units m is about 2000, the 

proton-electron mass ratio. Then for V0-E in Hartrees 

P = exp [- las** V v„-ÊJ (?.n) 
For the FCC ground states V0-E 02 and a^5, so P^exp[-90] 

—27 
or 10 . For a state just below A» , Vo-E<~.007 and a-^2. 

“6 
This gives p** exp[-20] 10 . Above A*» in the region of 

resonance, Ve-E does not change much, but the tunneling is 

to the T site first and the effective tunneling distance is 
-3 3 

halved. This gives P •"'-lO , a factor of 10 change in the 

tunneling probability over a small energy range. 

The probability that any vibrational level with eigen¬ 

value E will be occupied is proportional to the usual 
76 

Boltzmann factor , exp[-(E-EoJ/k^T], where Eo is the energy 

of the ground state, k is Boltzmann's constant, andTis the 
B 

temperature. At room temperature k T is about .025 eV or 
-3 B 

about 10 Hartree. So, for two levels separated by .01 
3 

Hartree or 1/4 eV, the lower level will be about 10 more 

likely to be occupied than the higher level. However, the 

lifetime for tunneling can vary just as dramatically. The 
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level or levels which contribute most to the diffusion and 

hence determine the activation energy will depend on the 

temperature and the details of the potential W(R). Qualita¬ 

tively, we would not expect energy levels much below A* to 

contribute to diffusion because of the height and width of 

the barrier. For 0 site vibrational levels between A|and 

AJ + AJ/ there is an important contribution in addition to 

direct 0 to 0 tunneling. That is the resonances at the T 

sites. Although rather asymmetric, the potential around the 

T site is not much steeper than around the 0 site. Also, Aj, 

is usually larger than the zero point energy for vibration at 

the 0 site. The T site resonance energy level would be 

lower than an asymmetric harmonic oscillator because the 

potential quickly becomes much less than a harmonic oscillator 

along the T site to 0 site line. Of course, the thin barrier 

in that direction would result in a rather broad resonance. 

Between A, and A, ^diffusion would begin by tunneling from 

an 0 site to a T site. The proton would then "bounce around 

a few times" at the T site before tunneling to an 0 site. 

The final 0 site is likely a new 0 site because there are 

four nearest neighbor 0 sites for a given T site. In effect, 

the barrier width is cut in half over a small energy range 

around A, . The activation energy should then be close to 

A, -3/2 for this model. Values for theoretical and 

experimental activation energies are given in Table(4.7). 

All of this discussion assumes a low concentration of hydro- 
80 

gen. At higher concentrations, there is evidence that T 

sites also become occupied in significant numbers. Due to 

the presence of nearby screened protons and the lattice 

distortion they cause, the barrier around a T site might 

be increased such that resonances would have a relatively 

long lifetime. Also, with a large concentration, there 
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may not be any nearby vacant 0 sites for some protons. 

Then the T sites would be a "stable" site. 

For BCC metals the situation is almost completely 

reversed. The T sites are the stable sites. The potential 

in the region of a T site is very aspherical due to the 

symmetry of the site. The angular variation of W(R) in the 

plane of a face of the standard unit cell is shown in 
* 

Figure(4.13) for Nb. An accurate calculation of vibrational 

energy levels would be quite involved numerically and of 

uncertain validity. In the FCC case the lattice relaxation 

would not greatly perturb the shape of the potential around 

the 0 site. In the BCC case, however, lattice relaxation 

around the T site could change the shape as well as the 

magnitude of the potential in that region. This is because 

the nearest neighbor metal atoms to a T site are closer and 

fewer in number than around an 0 site in the FCC metals. 

Indeed, the phonon induced diffusion process could be 
58 

very important. Semi-empirical calculations give activa¬ 

tion energies of about the right size. However, the small 
59 

barrier favors the band picture for excited states . Using 

the square barrier model, the penetration factor for the 
-4 -6 

ground state should be around 10 to 10 . So the required 

overlap of wave functions for phonon induced diffusion 

may be present for BCC metals. The FCC case has such a 
-30 

small overlap (^lO ) that this process can be completely 

ignored in that case. 

A qualitative picture of the vibrational energy levels 

is useful for BCC metals, however. Consider a spherical 

harmonic oscillator potential fit to W(ï£) along the line 

from T site to O site. Since this is the direction of the 

weakest (locally) part of the potential, the ground state of 

this model for the potential should give a lower limit to the 
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Table 4.8 

Estimated values of the ground state vibrational energy for 

hydrogen in BCC metals. 

Metal r 
s Ee (eV) 

Nb 3.0 .12 

4.0 .13 

4.5 .13 

V 3.0 .15 

4.0 .15 

4.5 .17 

MO 3.0 .10 

4.0 .16 

4.5 .15 

Ta 3.0 .16 

4.0 .16 

4.5 .19 

Fe 3.0 .18 

4.0 .19 

4.5 .19 
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Table 4.9 

Potential surface W(R) parameters and /^for several 

values of the density parameter r^. 

Metal r 
s 

AjeV) Z\<ev> 

V 3.0 .20 

4.0 .24 .35 

4.5 .30 

Nb 4.0 .10 .29 

4.5 .19 

Mo 3.0 .14 

4.0 .27 .37 

4.5 .26 

Ta 3.0 .23 .44 

4.0 .29 .53 

4.5 .37 .51 

Fe 3.0 .21 .37 

4.0 .29 .40 

4.5 .30 .42 
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Table 4.10 

Theoretical and experimental values of the activation E& for 

In cases where E0 is diffusion of hydrogen in BCC metals. 

more than half of , _^5-has been taken as the theoretical 
* 

estimate of Ea« Energies are expressed in eV. References 

for experimental values are indicated. 

Metal r 
s 

E^(theory) E^(expt. ) 

V 3.0 .10 .05 (94) 

4.0 .12 

4.5 .15 

Nb 4.0 .05 .068 T<300°K 

4.5 .10 .106 T>300°K 
(94) 

Mo 3.0 .07 

4.0 .14 

4.5 .13 

Ta 3.0 .12 .14 (94) 

4.0 .15 

4.5 .19 

Fe 3.0 .11 .083 (103) 

4.0 .15 

4.5 .15 
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vibrational ground state for W(R). These results for Nb, V, 

Mo, Ta, and Fe are shown in Table (4.8). Lattice relaxation 

should change these values by a small amount. 

Two other parameters, A*=W -W_ and A=W -W . charac- 

terize the BCC metal potentials. The subscripts denote the 

site at which the potential is evaluated. The values of A3 

and Au, do not depend too strongly on r as can be seen in 
' s 

Table(4.9). in all cases is less than Ay. Also, the 

barrier width is greater for the path T to 0 to T than for 

the direct T to T-T to T path. So diffusion would tend to 

follow the direct T to T-T to T path. The activation energy 

E^ will have a semi-classical upper limit of Aj“Eo• T^e 

effect of tunneling as not calculated directly. Using the 

same rough arguments as in the FCC case, we can estimate 

that the barrier is rather transparent for states less than 

about .001 Hartree below the top of the barrier. For B'CC 

metals the potential will only allow two or three bands 

below the barrier. So an accurate calculation of the vibra¬ 

tional states is necessary for a quantitative activation 

energy. This model is not sufficiently accurate to justify 

such a calculation, but qualitative activation energies E= 
CL 

should be around ^^-Eo-.001 Hartree. Of course, this assumes 

an intermediate state type diffusion process. In Table(4.10) 

we compare these qualitative E& with experimental activation 

energies and excited state energies. Note that, for example, 

the Nb activation energy agrees with the excited state energy 

for high temperature. This fact has been noted by many 
61 

authors, e.g. Sussmann and Wiessman . The qualitative 

predictions of the theory agree reasonably well for Ta, Nb, Fe 

and Mo. The prediction for V is too large, however. Several 

factors may be involved. With its smaller mass, Vanadium 
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will have larger lattice vibrational amplitude. So, 

lattice activated diffusion and phonon induced tunneling 

from the ground state or the first excited state may give 

a smaller activation energy. The adiabatic approximation 

for protons and 25 for deuterons. 

So far the discussion of activation energies has been 

for the case of screened protons in a metal. Deuterium 

diffusion measurements are almost as common as for hydrogen. 

Tritium measurements are somewhat scarce. With the large 

mass ratio between these isotopes, one would expect a large 

isotope effect in diffusion. The form of the isotope effect 

is not expected to be simple. One factor is the difference 

in zero point energy Eo between isotopes. For a harmonic 
**1/2 

oscillator E ocni . Another factor is that the excited 

states will have different energies and energy spacing. If 

one can think of an optimal energy in the potential well for 

tunneling or any other process, then the excited state 

closest to that energy may be either above or below. So, 

the most important intermediate level will be in some range 

of energies with its exact value strongly dependent on the 

potential. This optimal region will be different for dif¬ 

ferent isotopes because tunneling is mass dependent. The 

mass will affect the lattice relaxation because the hydrogen 

states are different. The change in phonon coupling will 

change the rates for transitions. The activation energies 

will change somewhat for phonon induced tunneling and lattice 

activated diffusion. The rates, however, will be drastically 
Vn? 

changed. The overlap xn wave functions goes like P , so 

if one of these processes is important for hydrogen, it may 

may be in question for the small 

O 
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be negligible for deuterium. Quantitative predictions about 

isotope effects will require a more quantitative theory of 

both the potential for hydrogen and the hydrogen-phonon 

interaction. 
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V. Conclusions and Discussion 

Calculations have been made for two types of properties 

of the hydrogen-metal system, resistivity and diffusion. 

The diffusion results will be discussed first. Using the 

approximations of linear response screening, superposition 

of neutral atoms, no exchange or correlation, a fixed pure 

metal lattice, and a pseudopotential in the metal core 

region, we have calculated a potential surface for hydrogen 

in a number of metals. The calculated energies are relative 

because constant contributions were ignored. This potential 

predicts the occupation of octahedral sites in the FCC 

lattice and tetrahedral sites in the BCC lattice. This 

agrees with the experimental data such as inelastic neutron 

scattering. 

For the FCC metals, hydrogen vibrational energy levels 

were calculated with good agreement with experiment where 

available. The potential in the region of an 0 site was 

found to be very nearly a spherical harmonic oscillator. 

The activation energies for diffusion were sensitive to the 

screening function, but the results were in qualitative 

agreement with experiment. The predicted diffusion path was 

0 to T to 0 with a local minimum at the T site as well as 

the stable 0 site. Qualitative estimates of the ground 

state hydrogen vibrational wave function at a nearest neigh¬ 

bor 0 site indicate that tunneling is very unlikely without 

the excitation of an intermediate state. 

For BCC metals, the potential in the region of the T 

site was found to be quite anisotropic. The overlap of 

ground state wave functions on neighboring sites was estimated 

to be much larger than for FCC metals. For excited states, 

the overlap could be quite significant. The potential barrier 
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height was fairly insensitive to the screening. However, 

uncertainties in the ground state energy and excited state 

tunneling restricted the theoretical values to being quali¬ 

tative. These qualitative numbers are in reasonable agree¬ 

ment with experiment. The predicted path for diffusion is 

T to T-T to T. The 0 site was found not only to be higher 

in potential but also it was a saddle point rather than a 

local minimum. 

For resistivity, we have calculated phase shifts for 

a model potential of hydrogen in a metal, the Yukawa potential. 

The screening parameter X was adjusted such that the Friedel 
sum rule was satisfied. The rather large approximation 

that transition metals could be treated as having a spherical 

Fermi surface with an effective mass and effective electron 

density resulted in fairly qualitative results. Considering 

the approximations, the comparison with experiment gave 

reasonable agreement. For a quantitatively accurate calcula¬ 

tion, one would have to take into account the anisotropies 

of the Fermi surface and the scattering of Bloch wave functions 

rather than plane waves. As a starting point in model type 

calculations, the Friedel sum rule consistent potential 

could be quite useful. 

Returning to the diffusion problem, it is instructive 

to outline possible refinements of the model. One obvious 

extension is to use a more accurate screening function. 

The first step in this direction would be the full self- 

consistent screening in the IEG as outlined in Section C of 

Chapter 2. One might also calculate the screening of a 

proton and a metal core with separation R in the IEG. This 

would give a picture of the screening function in the neigh¬ 

borhood of the core and eliminate the need for pseudopotential 

methods. Even more useful would be a band structure type 
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calculation of the screening as well as the energy in a real 

metal. Complications due to reduced symmetry at sites other 

than 0 and T might have to be handled by a model calculation 

using screening information obtained with the hydrogen in 

high symmetry sites. That model calculation could take 

exchange into account in a local approximation because the 

screening density behavior in the core region would be known 

to some extent. 

With a more quantitative model, the vibrational wave 

functions and energy levels could be calculated quantitatively. 

Tunneling probabilities, band widths, isotope effects, and 

activation energies could be calculated for the static lattice. 

These calculations could be used to distinguish between 

primarily static barriers and primarily strain barriers to 

diffusion. 

Of course, lattice distortion should be included when¬ 

ever possible in the model. This could be included by either 

making an arbitrary displacement with the appropriate symmetry 

or using metal-metal potentials to solve the distortion 

problem with the screened proton potential. Not only the 

strain energy in a localized state but also the strain 

barriers to motion should be evaluated. 

Another extension of the diffusion model would be 

electromigration. Not only the potential, but the screening 

and scattering processes are involved. The screening will 

be dependent not only on the net velocity of the electrons 

but also on the net velocity of the proton. Thus, localized 

states and band states might have different behavior in 

response to an electric field and electron wind. The scatter¬ 

ing and screening might have a substantial dependence on 

position. This could have an effect on the electromigration. 
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In summary, we have constructed a model of hydrogen 

diffusion in metals without the introduction of experimental 

parameters. The qualitative agreement with experiment is 

quite encouraging. Further refinements of the model may be 

able to describe hydrogen diffusion on a quantitative bases 

from first principles. Then the mechanism for diffusion 

would be much better understood than at present as indicated 

by the many possible channels of Section A in Chapter 4. 
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Appendix I 

In Section B of Chapter 2 we showed that in the free 

electron gas the static density response function Fo0^) is 

given by Eq. (2.70) 

F. (?)*);«, 

where for the zero temperature ground 

state, kp is the magnitude of k at the Fermi surface and 

£(KF-K)= 

O y K ^ Kp 
(A.a) 

Eq. ( A.l) can be put in a more convenient form by a change 

in variables in the first term, labelled F^(it) for convenience. 

Let q*=k4p*, then l* 

p- /-»\ )• UW I. --I? UP 1 

F, ( K )- U JV | Ua'.u -lun n z 
'**? -f K-*0 ? % 

Now letp=-q, and using the fact that - •f<f—<|3 and 

£_v=£ we have 
<f -q 

^ of 
(A.'f) 

(AS) 

F,(i?)=fcn Xi' 

F0(k) can then be written as 

FO ( K )=u -a' 2 ^ frV—T- - 
Rationalizing the denominator, we have 

F. Of) « , -a ’ X £ ff) fa(S >t) «-O' r L ^-e^f+*Vj 
The summation over p becomes becomes an integral in the limit 

.n-> oo constant. There is a multiplicative factor of 
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-3 -TL fair) , the density of states in 5c space. So, 

F0 CK) - J‘Vn ÛïïO 
<*-»o4 

P —--I 
v r LIZJ1_ (A.7) 

The limit &—*? C? is just the principal value of the integral 

with 0^=0. This gives 

FYi<) = (P (?ni? -p——F $ (A-!!,) 
° ° ° 

NOW E£= has no <jp dependence so the integral over is 

aTr . This gives 

Fe CK) = (p H to,yJ £fI« -1J 

iilXb ^1 VCD | | 

f , and y=p/kp. 

where we have chosen the origin in the k direction. Change 

variables again so that x=cos 0,z=q/k4 

This gives 

" *' y‘ 
(x.io) L, 3.*yi 

The principal value of the integral over x is of the form 
I r* -*y -e . I 

ft J 6X1- 
r C'l^- + ( (A.H) 
L -I b)lTCl Lte t),fM T llm 

■/ €-»0 » ,b- 

for -l4t -a/b^z 1 . The antiderivative of (bx+a)-^ is 

just b" ^JU i bx+a f which gives equal values in the limit 

£-* £> for x=-a/b-G and x=-a/b +6 .So 

<P i M 
2 Setting a=z and b=2yz, Eq. ( A.9) becomes 

FôOS= <P(-^r) f> X (A.i3) 
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NOW $jf) 

-AM/fcjjofy -JjbjdLL-l +c^ 
which gives the same value for y= -c/d - £ and 

y=-c/d+£ in the limit 6 —•> 0. So, 

el/rrtlft tel \ 

*C | J 1 *£(/ 
C 
ol 

(ft. is) 

Setting d=2z and i 2 c=z Eq. (A. 13) becomes 

■*) F.CO» - 
Kp m 

(à )[>.(' -¥)4.lgSr|' 
Let *n =z/2=k/2k _ and 

2 2 
n(k )=ink./'(r ^ and 1 we get 

Eq. (2.71) 

C/»-'7) F.O) = - n LKf) [ / - 
fl I 

L *7 I i-n i J 
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