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Abstract: The following study investigates the effects of 

radiation pressure on H-atoms in the earth's exosphere. 

The exosphere is regarded as collisionless, permitting the 

atoms to be treated as particles in orbit about the earth 

obeying the laws of celestial mechanics. Attention is re¬ 

stricted to a class of atoms called satellites, whose 

initial orbital parameters place them in Keplerian satellite 

orbits, as distinguished from captive atoms whose orbits 

intersect the exobase (ballistic particles) and those which 

escape on hyperbolic trajectories. The evolution of these 

satellite orbits under the perturbing force of radiation 

pressure is determined by numerically integrating the clas¬ 

sical perturbation equations for the orbital elements. These 

equations express the rates of change of the standard orbital 

elements in terms of the other elements and the vector com¬ 

ponents of a perturbing force. Results are presented graph¬ 

ically and compared with analytical results from a paper by 

Chamberlain(1979). 



1 

Introduction: The exobase is defined as the height at which 

an atom's mean free path is equal to the local scale height, 

and is typically about 500-600 km. Collisions are extremely 

rare at this altitude and above, so that an atom initially on 

an escape trajectory may leave tbe atmosphere unhindered. 

Similarly, an atom whose last collision has placed it in a 

Keplerian satellite orbit may remain in orbit for an appre¬ 

ciable time. In what follows, the effect of one loss mechan¬ 

ism for such satellite atoms, solar radiation pressure, will 

be examined. It should be noted that the concepts of exobase 

and exosphere apply only to neutral atoms. Due to the long- 

range nature of the Coulomb force, collisions for ions are 

important down to densities far less than the corresponding 

density at which collisions are negligible for neutrals. 

The solution of the equations of motion for a particle 

subject only to a gravitational force requires six constants 

of integration. The most obvious choices for these are the 

initial vector components of the position and velocity, but 

it is conventional in celestial mechanics to use other con¬ 

stants, called orbital elements, which facilitate picturing 

the shape of the orbit. The most commonly used set of orbital 

elements will be employed here: a(semi-major axis), e (eccen¬ 

tricity), i (incl ination), JX. (longitude of ascending node), 

co (argument of perigee, and T (time of perihelion passage). 

In the unperturbed case, the elements a,e,i,.A. and w fix the 

shape and orientation of the orbit for all time. The element 
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<7* is then used to determine the position of the particle in 

its orbit by means of the equation 

n(t -*r) = e - esin& where (1) 

cose. = e + cosv 

1 + ecosv . 

Here v is the true anomaly, the angular position of the part¬ 

icle in the orbital plane measured from perigee. For a part¬ 

icle subject to gravity plus an additional perturbing force, 

the concept of a fixed orbit is no longer applicable. The 

most sraightforward approach in this case is to give the 

particle's position as a function of time, since the orbit is 

in general no longer closed. Another approach is to consider 

the orbital elements as functions of time. Thus, we no longer 

consider the dynamics of a particle, but of an entity called 

the "orbit" defined at each instant by the orbital elements. 

This approach is most useful when the disturbing force is 

small enough so that the orbital elements change only slight¬ 

ly during a circuit about the planet. Under these circum¬ 

stances the particle's path will almost be closed and the 

concepts of "orbit" and "period" will still yield meaningful 

physical insight. The instantaneous orbit at any time may be 

thought of as the path which the particle would trace out if 

the disturbing force were removed at that instant. It will 

obviously be an ordinary Keplerian orbit whose shape and 

orientation are determined by the corresponding instantaneous 

values of the orbital elements. This instantaneous orbit is 
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referred to as the "osculating orbit" in the literature. 

The main disadvantage of the approach outlined above is 

the complexity of the perturbation equations, which require 

numerical integration. 

The perturbation equations: Burns(1976) has given a simple 

derivation of the perturbation equations for the orbital 

elements. The disturbing force is resolved into three ortho¬ 

gonal components referenced to the instantaneous orbital 

plane: R, directed radially outwards, T, tangent to the 

orbit and positive in the direction of the particle's motion, 

and N, normal to the orbital plane and in the direction of 

R X T. The equations for the first five orbital elements are 

da 
dt ZjJi2 [a3 / ( l-e* )]2 [Rsinv + T(l+ecosv)] (2) 

de _ 
dt [a(l-e*)/^:]*[Rsinv + T(cosv'+ (3) 

di _ 
dt (4) 

dt [aCl-e^J/^j^Nsin(«+v)/[sini ( 1+ecosv] (5) 

d co 
dt e ' [afl-e^JPC-Rcosv + Tsinv^||°-|yh 

• 

- cosi_0. (6) 

The equation for ^ will not be used here, but ^ will be in¬ 

tegrated instead. Either ^(t) or v(t) suffices to locate the 

particle since /T and v are related by equation (1). ^ can be 

found from the transverse velocity equation 

r Q= [a(l-ea)/yiv]"*(l+eccrsv) (7) 

and the Kepler solution for the orbit 



where 9 = « + v . 
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ajWl_ 
1 + ecosv 

The result is 

dv = [u/a3 (1-e* f ] (1+ecosv) - &) . 
dt ' (8) 

Equations (2)-(6) along with (8) were solved simultaneously 

for various starting values of the elements, using a fourth- 

order predictor-corrector method (Carnahan et al.(1969), 

chapter 6). The disturbing force is constant in magnitude 

and directed away from the sun. Its resolution into the R, 

N, and T components may be calculated from spherical trigo¬ 

nometry. They are given in Chamberlain(1979) as 

R = -f[cos/lcosfc)+v) - sinft-sin(<y+v)cosi] (9) 

T = f [cos/vsi n (iO+v) + sirWVcos (w+v)cosi ] (10) 

N = -fsinftsini (11) 

Here f is the magnitude of the acceleration produced by solar 
a 

radiation on H-atoms. A value of .75 cm/sec was used for f 

(Chamber!ain(1979)). Double precision arithmetic was used 

in the integration code in order to minimize round-off error. 

Runs were made using a constant time step size, typically 

A-t= .02 - .05 days. Equation (6) for has a singularity 

at e=0, reflecting the fact that perigee is undefined for a 

circular orbit. The large value of the derivative for 

small e requires smaller step sizes for runs where e is 

decreasing. Numerical instability occasionally caused e 

to become negative when At was not sufficiently small. 

When a sufficiently small At is used, e always decreases to 
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creasing again. 
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A small correction term was added to the equation for 

d/ydt. This is to account for the earth's orbital motion, 

which changes the orientation of the earth-sun line and 

hence causes-TP to drift slightly at the rate V= .017 

rad/day. The modified equation is 

= [a ( 1 -eA )/pi] 
A
 Nsi n («+v)/]sini (1+ecosv)] (5) 

The term is not important except for = 0° or 180°. In 

these cases, the equations would predict dfl/dt = 0 and di/dt = 0 

for all time if the drift term were not included. We will 

return to this point later. 

Averaged equations: Chamberlain(1979) simplified equations 

(2) - (6) by removing their dependence on the most rapidly 

varying quantity, the true anomaly v. This was done by 

averaging the equations over one orbit, that is the quantities 
3=rr 

(dv/dt)dt = j (dx/dt)dv 
O 

were evaluated. Here x stands for any of the first five 

orbital elements. was not evaluated since it only 

serves to find v(t), which is not of interest here. The 

assumption is made that the elements change negligibly over 

one orbit, thus they are treated as constants under the in¬ 

tegrals. The resulting averaged rates (after Chamberlain) are 

<da/dt) = 0 (12) 

^ie/dt^ = 3(l-e^)^(cosi)sin&> + sirv/VcosûJcosi ) (13) 

<clx/dt)f = f(dx/dt) 
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^di/dt^ = [Se/Z^ ( 1-e1)Msirw>cos<ysini (14) 

^kfi/dî^ = [3e/2T0(l-ea')*]sirk/>sin&) (15) 

<clft!/dt) = [3(1-e^)i/2T„e] (COS/VCOSAJ - sinjvsin^cosi ) 
[16) 

where 'T0
={f4/a)*/f and has the dimensions of a time. 

The averaged equations are useful for choosing starting para¬ 

meters for runs using the exact equations, since they quickly 

give the signs of the various derivatives and predict the 

general trend for the first part of the run. They are also 

fairly good approximations to the exact equations as long as 

the elements do not change greatly over one orbit, i.e. as 

long as a is not too large. 

Although the complex interdependence of the variables 

makes it risky to draw general conclusions without actually 

solving the equations, Chamberlain described several effects 

that orbits could be expected to show in their evolution. 

These effects will now be taken up one at a time and compared 

to results from exact solutions. 

Behavior of the semi-major axis: We expect on physical 

grounds that the net change of a averaged around an orbit 

will be zero. The particle is accelerated for half of an 

orbit and equally retarded during the other half, since the 

direction of the force in constant. This means that the 

net change in energy is zero, and the element a depends only 

upon the energy through the equation 

E = -/V2a (17) 

Results from computer runs reveal an oscillatory behavior for 
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a, as shown in figures (1) - (4). The oscillation is cen¬ 

tered about some average value a which is not in general 
v 

the starting value of the run. The particle completes a 

circuit about the planet with a period corresponding to this 

average value; the length of the period is given by Kepler's 

1 aw 

P = 2ir(a^ /^)* (18) 

A convenient formula is 
■Vx 

P(days) = (a(earth radii)/6.62) . (19) 

The period of the oscillation of a is in general not equal 

to the period given by equation (18). Reference to the fig¬ 

ures shows that both the period and the amplitude change with 

other factors, as one would expect after considering equation 

(2). 

Preferred point for lowering perigee: The averaged equation 

for dto/dt (16) indicates that d/j/dt becomes zero for certain 

values of the other parameters andto. When d<y/dt is plotted 

vs. 6) (see Chamberlain(1979) p. 290, fig. 4) two points are 

revealed where ^W/<kt>=0, one a minimum and the other a maximum. 

A small variation into would tend to be restored at the min¬ 

imum, thus it may be termed a "stable point". The other point 

is in an unstable equilibrium. The existence of the stable 

point suggests a tendency for the argument of perigee to 

evolve towards certain preferred values and to become locked. 

These values of to also correspond to locations in the orbit 

where de/dt>0 and large, so that e-*l and the perigee height 

descends into the atmosphere. Numerical integrations 
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performed for various values of the input parameters confirm 

the existence of this effect. In cases where de/dt>0,0) pro¬ 

ceeds directly to the stable point and perigee is lowered 

sufficiently to make the particle descend into the atmosphere. 

Figure 5 illustrates this effect for a typical run. 6) itself 

is not plotted, but the parameter^, the longitude of peri¬ 

gee. It is the angular location of the perigee measured in 

the ecliptic plane eastward from the planet-sun line; for i=0 

it is simply the sum (JV+^>). A different behavior was observed 

when de/dt was<0. Wat first lingers at the unstable point, 

but as e-»0 6) becomes large and W proceeds rapidly (in times 

less than one day) to the stable point where de/dt>0, and 

again the particle dives into the atmosphere as e*l. This be¬ 

havior is illustrated in figure 6. It is .also found that the 

value of (j> corresponding to the stable value of 0> is near 90° 

for a direct orbit, and near 270° for a retrograde orbit. 

Thus, particles are preferential ly removed from the exosphere 

at locations perpendicular to the planet-sun line. For high 

inclination orbits, it is more meaningful to talk about CO 

rather than . Rather than having stable points east or 

west of the planet, they occur over the north or south poles, 

at 63 = 90° or 180°. Figure 7 illustrates 60 proceeding to 90° 

for a run in which i remained close to 90°. 

Descent of high inclination orbits into the ecliptic plane: 

Although atoms with a^ values (the element £ will be under¬ 

lined from here on to distinguish it from the indefinite 
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article) that are not too large are assured of eventually 

descending into the atmosphere, high inclination orbits will 

not always descend into the ecliptic plane. Whether they do 

or not depends on whether they are removed by descent into 

the exobase before they have time to move significantly to¬ 

ward the ecliptic plane. This in turn depends on the magni¬ 

tude and sign of the derivative of e and the other elements, 

which are equally likely to take on all values. Two extreme 

cases are shown in the figures. Figure 8 shows an orbit which 

starts with i=90° and di/dt>0. It has time to pass over the 

pole and become retrograde before it strikes the exobase. 

Figure 9, on the other hand,shows an orbit which remains in¬ 

clined about 90° while e has time to reverse slope and even¬ 

tually reach the critical value that will cause destruction 

of the satellite atom. This run was designed to illustrate 

how di/dt can remain near zero for appreciable periods ifA=0 

originally. In fact, i could take weeks to reach the ecliptic 

plane, but the particle will strike the exobase long before. 

The parameters for the run shown in figure 9 were deliberate¬ 

ly chosen to extend the lifetime of the particle against de¬ 

scent of perigee, yet it survives only six days. Note that 

the drift of >fV due to solar motion is the only factor which 

can cause i to drift when>f>=0 initially; it is a relatively 

small effect. 

Effect of the planetary shadow: In all calculations the force 

from radiation pressure was assumed to be constant in mag- 
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nitude. This is not strictly accurate, for when a particle 

passes through the earth's shadow the radiation is cut off 

temporarily. The effect will obviously become less important 

as the particle's distance from the earth increases. As long 

as the evolution of the orbital elements does not depend 

strongly on exactly where the particle is in its orbit (which 

is equivalent to the condition that the elements do not under 

go a major change in one orbit) the shadow will have the ef¬ 

fect of periodically interrupting the evolution without chan¬ 

ging its general character. Thus, one would expect the same 

behavior to be predicted by a solution of the equations which 

includes the shadow effect as by one that does not, but it 

would take longer for the solution which includes the shadow 

to reach a given configuration of the elements. 

For large a major change in an element can occur 

during one orbit, and the foregoing conclusions do not neces¬ 

sarily apply. If the particle happens to be far away from 

the planet at the time it passes through the shadow, the ef¬ 

fect will be negligible. However, if the particle is close 

to the planet (as would occur at perigee for a highly eccen¬ 

tric orbit), the shadow would have a major effect on the part 

icle's subsequent motion. Burns et al.(1979) discuss the re¬ 

sults of neglecting the shadow and also consider other sim¬ 

plifying assumptions, such as neglecting the non-sphericity 

of the earth. 

Escaping orbits: For large a^ large changes occur in the 
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elements during one orbit, as noted above. It may happen 

that e->l while the atom is near apogee. In this case, the 

atom escapes from the atmosphere instead of colliding with 

the exobase. Because of the dependence on exactly where the 

particle is in its orbit, no general conclusions can be made 

about whether a particle with large a_ will escape or return 

to the atmosphere. 

Cone!usion : Chamberlain's simplified analytic approach to 

analyzing the dynamics of atoms in satellite orbits around 

the earth subject to the perturbing force of radiation pres¬ 

sure has been shown to give valid and useful results within 

its intrinsic limitations. To determine the shape and equi¬ 

librium distribution of an exosphere under these conditions, 

a more detailed treatment is needed. A many-particle model 

employing the exact perturbation equations could be the sub¬ 

ject of future research. 
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Figure 9 


