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Abstract 

A THEORETICAL TREATMENT OF THE STARK EFFECT 

ON EXCITED STATES OF SODIUM 

by 

Margery Ann Copel 

Calculated energy levels of higbly excited sodium atoms in an 

electric field are presented. The energy levels have been computed in 

the low (0 to .04 V/cm) and intermediate (.02 to .04 V/cm) field 

regions for the 34^3/2,5/2 states, and in the high (up to 6000 V/cm) 

field strength regions for the n*15 states. At low field strength, 

all the 34^3/2,5/2 states are found to decrease in energy with 

increasing field strength. The method used to calculated the energy 

levels is outlined. The results are compared with second order 

perturbation theory and with experimental data obtained using the 

method of quantum beats to measure the energy difference between 

states 
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Chapter One 

IA) Introduction 

Rydberg atoms are highly excited atoms, which have one electron 

with a large principal quantum number n. Such atoms have a number of 

interesting physical properties as is evident from Table I, which 

lists various properties of Rydberg atoms and their dépendance on n. 

They are physically very large, and thus the excited electron spends 

most of its time far outside the inner atomic core. Therefore, in 

many respects Rydberg atoms behave like hydrogen atoms. In addition, 

they are weakly bound and easily perturbed. In the present work 

Rydberg states of alkalis are considered. Hydrogenic wave functions 

can be used to characterize Rydberg states of alkalis, which consist 

of a single electron outside of completely filled, closed inner 

shells. 

In recent years there has been tremendous growth in the study of 

the unusual properties of atoms in Rydberg states. An experiment 

which is presently being undertaken in this laboratory involves the 

use of quantum beats, which have been used to measure fine-structure 

energy level separations of an atom in zero electric field. Quantum 

beats are now being used in an attempt to experimentally measure the 

perturbation of a Rydberg atom by an electric field. In this thesis 

the results of a theoretical calculation of the perturbed energy 

levels is presented, and the results are compared with experimentally 

measured Stark shifts. In Section IB of this chapter will be 
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presented an explanation of the behavior of a Rydberg atom in an 

electric field, which is necessary in order to interpret the quantum 

beat experimental data. Section IC will explain quantum beats, and 

Section ID will explain two approaches which were undertaken to 

calculate the energy levels. 

IB) Behavior of an Atom in an Electric Field 

In the absence of an applied electric field, neglecting spin, a 

hydrogen atom's Hamiltonian can be expressed in atomic units as 

H “ -(l/2)v2 + V, V * -1/r 

This equation is separable in either parabolic or spherical 

coordinates. In zero field, spherical coordinates are more 

convenient, since the hamiltonian matrix is diagonal in a spherical 
4 

basis. In the presence of a field, it is often more convenient to use 

a parabolic basis, since the hamiltonian remains separable in 

parabolic coordinates. These two approaches will be summarized below. 

Separation of Schrodinger's equation, H|y*> * Eiy*>, in spherical 

coordinates gives rise to three equations which define the radial, 

angular, and azimuthal functions. The three separation constants 

define the principal quantum number n, angular momentum 1, and the 

z-component of 1, m^. These three quantum numbers specify the spatial 

characteristics of the wave function: 

If the electron's spin is included, the wave function becomes 
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= V^n^m^1» ^ » *f^s,ms* 

1 defines the parity of the wave function, or its behavior upon 

reflection through the origin: 

The probability distribution I y* ^ m | ^ is always symmetric upon 

reflection through the origin. 

However, the electron has a spin magnetic moment which 

interacts with the magnetic field caused by the motion of the electron 

around the nucleus. This adds a term to the hamiltonian: 

Hso = ""VT2* $<r)L.S 

The new hamiltonian H' * H + H does not commute with the z-component 

of L or S, so m^ and m8 are no longer constants of the motion. The 

total angular momentum J ■> L + S is a constant of the motion, as is 

its z-component mj » m^ + mg. Therefore the states are described by 

quantum numbers n,l,j,mj, with wavefunctions lY^l,j,mj>. These can 

be written as a linear combination of the | Y*n, l,m^,m8> using Clebsch- 

Gordon coefficients. 

I T n,l,j,m.> = St . 1 H* n,l,m1,m8> 
•* m l* s 

» 5 
The am are obtained by applying the raising and lowering 

operators. The coefficients used in this study were obtained from 

Morrison, Estle, and Lane (1976). 

Schrodinger's equation in zero field is also separable in 

parabolic coordinates, if 3 * * an<* T are defined as 

^ *r-z, “ r + z, ^ ^ . Separation of the variables yields 

a (*i£\ _(£ -0-1 +vV = o 
dS\Sd§ ) \4S 3- I 

IB-1 
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The azimuthal equation is the same as in spherical coordinates, with 

the separation constant defining the quantum number m^. The other 

separation constant, V , gives rise to quantum numbers n^ and n2: 

parabolic quantum numbers. If the electron's spin is included, the 

wave function becomes (neglecting spin-orbit coupling) 

These can be expressed as a linear combination of the |n,l,m^,ms> or 

of the In,l,j,mj>. 

An important difference between parabolic and spherical 

generally not symmetric with respect to inversion through the z*0 

plane. States with n^ > n2 have probability densities that are at a 

maximum for positive values of z, whereas states with nj > nj have 

probability densities that are at a maximum for negative values of z. 

Therefore, these states have a permanent dipole moment along the 

z-axis (Landau & Lifshitz): 

nx - 1/of (1- V) - 1/2 ( Im! 1+1) , n2=V/cx -1/2 (lm^+1) 

The principal quantum number n is defined 

n m 1/crt “ n^ + n2 + |m^ | + 1 

Equations IB-1 and IB-2 can be solved to yield a fairly complicated 

wavefunction I^n,^,n2,m^>. n, nj, n2, and m^ are referred to as 

wavefunctions is that the probability distribution I T n,n^,n2,m^|^ is 
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Pz ■ -(3/2) n ( ni - n2 ) 

The probability density in a plane containing the z-axis, for 

parabolic states with n * 8, » 0 is shown in Figure 1-1 for various 

values of k = n^ - n2* 

In the presence of an external electric field F in the +z 

direction, the potential takes the form 

V » - 1/r -T?.!?, ~P » 

Let us assume that the field direction defines the z-axis ( F * Fz ). 

The dipole moment of the atom results mainly from the outermost 

excited electronf so Fz.P can be approximated as Fz, where z is the 

z-component of the electron's position vector r. The inset in 

Figure 1-2 shows that the presence of an electric field results in a 

saddle point on the -z axis. Since the potential in the presence of 

an external field is not central, 1 and j are not conserved. However, 

projection of j along the field axis, mj, is conserved, due to the 

rotational symmetry of the potential about the z-axis. Orbitals with 

large m^ (m^^l) are located mostly in planes of constant z. On the 

other hand, orbitals with low m^ tend to be oriented in planes 

containing the z-axis. These two charge distributions will have 

different potential energies in a field Fz, and so the field lifts the 

Im^l degeneracy. Since the sign of m^ only determines the direction 

in which the electron orbits the nucleus, it does not affect the 

energy. In other words, the ± m^ degeneracy is a result of the 

symmetry of the potential with respect to reflection through any plane 
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Figure 1-1. Parabolic state densities for 
n=8, m^=l, (Kleppner, et al., (1981)) 



ELECTRIC FIELD STRENGTH, kVcm"1 

Figure 1-2. Diabatic and adiabatic field ionization curves. 
A and B define adiabatic ionization curves, which ionize near 
the classical ionization energy V The diabatic ionization 

curves, extending to the right of V are highly ionizing 
in the dashed regions. The inset showss the potential energy 
of the electron as a function of field strength. 
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containing the z-axis. 

Schrodinger's equation remains separable in parabolic, but not in 

spherical, coordinates when F is present. Thus parabolic wave 

functions are a better approximation to the eigenstates of the 

hamiltonian than are spherical functions, and Stark states are 

frequently specified by quantum numbers n, n^, 02» m^. The behaviour 

of the atom in a field can be conveniently classified under three 

specific field regions. 

1) Low Field 

«A mA « 

In this region-F.P can be treated as a perturbation, and energy 

levels may be calculated using perturbation theory. However, only 

hydrogen experiences a first order, linear Stark shift at low fields. 

This is due to the degeneracy of states with different 1 and the same 

n. Upon applying degenerate perturbation theory with a parabolic 

basis set, all off-diagonal terms vanish, and the Stark energy shift 

for hydrogen is 

ÛE « (3/2) F n (nx - n2) 

States with n^ > n2, located mostly on the side of positive z, 

experience a positive -F.P energy shift, and increase in energy as the 

field increases. States with n^ < n2 have their dipole moment aligned 

along the field, and so lose energy as the field increases. 

The perturbation expansion for hydrogen has been evaluated 

through 25fck order (Silverstone, 1979) but it does not converge, 

because an electron in an atom subjected to a field Fz is not in a 

truly bound state. The electron's potential energy V(r) ■ -(1/r) - Fz 
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has two minima: one is at the origin (r —>• 0), and one is at very 

large negative z (z ->-co). There is always some probability that 

the electron will tunnel through the potential barrier separating the 

two minima, so it cannot be considered bound. The perturbation 

expansion, truncated to fourth order, is shown in Figure 1-4 for the 

n«15, mj=l states of hydrogen. 

For sodium, it is easiest to choose a spherical basis set. In 

the low-field region, spin-orbit coupling is assumed to be much larger 

than the field perturbation (^(r)L.S »Fz). Therefore, an 

ln>l»j»mj> basis is appropriate. A non-degenerate zero-field state 

|n,l,j,mj> has a first-order perturbation term 

iFzl n,l,j,mj>. Fz is odd upon reflection through the 

origin, so this integral is zero for all |n,l,j,mj> and other states 

of well-defined parity. The second order term is 

AE(2) « ,2.|<i|Fz|j>I2 / { E. - Ei > 
j*t 1 J 

This term is non-zero for all |j> which have parity opposite to that 

of |i>. Therefore at low fields non-degenerate states experience an 

energy shift which is quadratic in F. This method is more fully 

developed for sodium in Section IC. 

2) Intermediate Field 

In this region, the matrix element of Fz between two fine structure 

states is greater then their energy separation (Fz ,>^(r)L.S) .The 

Stark shift is greater than the fine structure energy splitting, and 

L.S coupling is broken by the field. However, the field is not large 
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Q 

X~4. Fourth order perturbation series expansion 
for Stark effect on n=15, m^l state of hydrogen. States 

are terminated when they reach an ionization rate of IQ9/sec. 
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enough to cause significant mixing of states of different 1, so 1 is 

approximately a good quantum number and states can be described by an 

|n,l,m^,ms> basis. 

3) High Field 

In the high-field region (Fz » ^ (r)L.S) states of different 1 

mix extensively, and 1 is no longer well defined. States are better 

described by parabolic quantum numbers. Since, as noted earlier, 

Schrodinger's equation for a non-hydrogenic atom is still separable in 

parabolic coordinates, parabolic wave functions give a better 

approximation to the eigenfunctions of the hamiltonian. If a term Fz 

is added to the hamiltonian, eqns. IB-1 and IB-2 become 

■V- < _ f = o 
4-5 4- / 

IB-4 

IB-5 

d 

as 
«L («Vis?- » -V -.FT 

■) 
= o 

The parabolic quantum numbers n, n^, n2» m^ may be used to refer to 

the eigenfunctions, although of these the only good quantum numbers 

are n and m^. 

As the field strength increases, adjacent manifolds start to 

overlap. For a hydrogenic atom with zero-field potential energy 

V = -1/r, there is no interaction between states which have the same 

|m^| and different n. When states from different manifolds meet, they 

cross each other and continue along a fairly linear path. 

However, complex atoms have relativistic and other non-central 

terms in their hamiltonian, which result in interactions between 
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states of the same Im^ |. The states are never completely degenerate, 

and thus display avoided crossings when approaching states of the same 

ImjJ from other manifolds. This can be demonstrated by applying 

degenerate perturbation theory to two states li> and |j>, which are 

very close in energy at a field strength F = F". The new energies can 

be found by solving the secular equation |H - E'I| ■ 0, or 

<i|H|i> - E' 

<j|H|i> 

<i lH|j> 

<j|H|j> - E' 

O 

H is Hermitian, so <i|H|j> ■ <j|H|i>. Vriting <i|HIi> as H.^, the 

equation for E' is 

(1/2) { + Hjj }£(l/2)-J{ H££-Hjj }^ + 4 H 

The two states are degenerate only if (a) *■ Hjj, an<* 0>) ®ij “0. 

Condition (a) is true by definition, so in effect the off-diagonal 

element determines whether or not a degeneracy occurs. In the case of 

a potential which is non-Coulombic due to spin- orbit coupling, the 

hamiltonian can be written H * -(1/2)V^- 1/r - Fz + ^ (r)L.S . The 

matrix element of H between two states of different |m^| is always 

zero, so the off-diagonal element vanishes, and the states cross. 

But if state |i> and state |j> have the same m^, H^j may be 

non-zero. Orbitals which are best described by parabolic wave 

functions have no well-defined parity, so H^. is not expected to 

vanish. Then the states undergo an avoided crossing, as shown in 

Figure 1-5. For F « F', the system has perturbed eigenfunctions 9 
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00 

Figure 1-5 . Diabatic (l-5a) and adiabatic (1-5 b) traversal 
of an avoided crossing. 
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VJ * V^i + V*j. At field strengths greater than F", state |i>. 

takes on the character of state |j>, and vice versa. If an atom, 

initially in state |i>, is exposed to a time-dependant electric field 

approaching the field strength F', there are two ways for the atom to 

traverse the avoided crossing. If the field strength is varying 

slowly with time, the system is able to adjust to the changing field, 

and the atom traverses the crossing adiabatically, as shown in 

Figure I-5b. In this case, for field strengths greater than F' the 

atom takes on the character of state |j>. On the other hand, if the 

field is increasing quickly, the atom may not be able to change 

rapidly enough to keep up with the field. Then the atom traverses the 

crossing diabatically (Figure I-5a), remaining in state |i>. For 

fixed slew rate (rate of change of field strength with respect to 

time), the probability of diabatic passage increases as the energy gap 

at an avoided crossing decreases. 

The size of an avoided'crossing can be seen as a measure of how 

hydrogenic the two states are. States which have significant 

non-Coulombic terms in their potential display sizeable avoided 

crossings, while states which experience a mostly Coulombic potential 

have small energy gaps at avoided crossings. Orbitals with low m^, 

which tend to be aligned in planes containing the z-axis, have a high 

probability of being found inside the atomic core, due to the electric 

field Fz. Their behaviour is therefore highly non-hydrogenic, and 

therefore repel each other more than high-m^ states. 

At a sufficiently high field, the atom ionizes. Classically, 
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this occurs when the electron has an energy which lies above the 

saddle point in Figure 1-2. The potential at the saddle point is 

given by 

Tsad ’ -2001/2 

The line labeled Vga<j in Figure 1-2 shows this potential as a function 

of applied field, and separates the region where ionization is 

classically possible (to the right) from the region where it is not. 

In quantum mechanical treatments of field ionization, the 

electron may escape from the atom by tunneling through the potential 

barrier. Furthermore, atoms with energy greater than Vga<j do not 

ionize unless they have a high probability density in the area of the 

saddle point. Therefore ionization actually occurs at field strengths 

other than that which is classically predicted. 

A state can be brought from zero to ionizing field strength along 

a predominantly adiabatic or diabatic path. States which evolve 

adiabatically, changing character at every avoided crossing, 

eventually assume the character of a highly ionizing state from a 

higher n manifold, and then have a high probability of undergoing 

ionization. Two such paths are labeled A and B in Figure 1-2. These 

states ionize near the classical ionization potential Vga<j. On the 

other hand, states which evolve diabatically maintain their own 

character as the field strength increases, and ionize when they have a 

large probability density in the vicinity of the saddle point on the 

-z axis. High-lying Stark states, with n^ > n2, tend to be found in 

an area of positive z, and so ionize at larger field strengths than 
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low-lying Stark states, which have large probability densities in the 

area of the saddle point and ionize near the classical field strength. 

The dashed lines in Figure 1-2 show where diabatic paths become highly 

ionizing. 

As a result, the field ionization spectrum of the states in 

Figure 1-2 has two peaks, one at low field strengths corresponding to 

adiabatic ionization and one at high field which shows diabatic 

ionization. Figure 1-3 shows an example of such a spectrum. Since 

mj=0 and 1 states have large energy gaps, they tend to ionize 

adiabatically, while m^»2 states tend to be found in the diabatic 

peak. Consequently, this method of detection provides a convenient 

means of discriminating between low-m^ and high-m^ signal. 

The ionization process has been extensively documented by Jeys, 

McMillian, and others, and so will not be explored here further. 
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IC) Quantum Beats 

Two electronic energy levels |i> and |j> may be coherently 

excited by a photon if both states are optically accessible from the 

atom's initial state, and if the energy difference E^-Ej is less than 

the energy uncertainty of the exciting photon. This study involves 

the 34D state, which has a fine-structure energy splitting of about 

2.5 MHz. If the atom is excited to this state with a five nanosecond 

laser pulse, the photon energy uncertainty of 200 Mhz encompasses both 

the 340^2 and the 34DJ^2 states. The excited electron's state is 

then described by a wavefunction which is a superposition of both 

states: 

(IC-1) I VO - a|J-5/2,MJ>e
("iE5/2,MJ

t) 

+ b|J*3/2,MJ>e
(“iE3/2,MJ

t) 

where a and b are constants, independent of time, determined by 

initial excitation conditions • A measurement of the energy of the 

excited electron would have probability la I ^ of yielding EIJ^ M * an<* 

probability lb I ^ of yielding E3/2 M * 

Consider the response of such an atom to an external field that 

carries the atom into the intermediate field region, where states are 

described by n,l,m^,mg# If the electric field is increased 

sufficiently slowly, there will be a gradual adiabatic evolution of 

each initial zero-field state into a single corresponding intermediate 

field state, resulting in the correlation diagram shown in 
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Figure I-6a. If, however, the electric field is applied sufficiently 

rapidly, each zero field state will be projected onto the intermediate 

field states from which it is composed, yielding the correlation 

diagram in Figure I-6b. Thus the contribution from each of the 

initial J ** 3/2,5/2 states to the final |M^| - 0,1,2 populations is 

strongly dependant upon whether the passage to intermediate field is 

adiabatic or diabatic. 

In the case of diabatic passage from zero to intermediate field 

strength, Eqn (IC-1) may be rewritten by using Clebsch-Gordan 

coefficients to express the |n,l,j,m-> states as a linear combination 
* J 

of the |n,l,m^,mg> states, which better describe a state at 

intermediate field strength. Choosing Mj » 3/2, we have 

15/2,3/2> - (l/5)1/2|2,2>|l/2,-l/2> + (4/5)1/2l2,l>ll/2,l/2> 

13/2,3/2> - (4/5)1/2|2,2>|l/2,-l/2> - (1/5)1/2I2,1>I/2,l/2> 

For a field applied at time t', eqn.(IC-1) becomes 

(IC-2) m » { aie
iAEt' + bie"

UEt' 12,2>| 1/2,-1/2> 

+ a2e
iAEt' + b2e”

iAEt<) |2,l>|l/2,l/2> > 

X e“i(E5/2,3/2 + E3/2,3/2)fc' 

where AE * 85/2,3/2 ” E3/2,3/2» enerSy difference between the two 

states at time t < t". The probability of finding the atom in state 

|L=2,Mj=2> is 
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|<2,2|*>|2 - |aie
i&Et'/2 + ble-

iiEt'/2l2 

(IC-3) I<2,2If>12 - A + B cosaEt') 

where A and B are time independant. Varying the time of field onset, 

t', causes the probability of finding an atom in the state |L
S
2,M^B2> 

to oscillate with frequency AE. Consequently, by measuring the time 

dependence of the population of the |La2,M^s2> state, as a function of 

t', one can obtain the energy difference between the |J“5/2,Mj«3/2> 

and the |J-3/2,Mj-3/2> states. 

Now assume that the states are initially excited in a constant, 

weak electric field F ■ F'z. The field perturbation is weak enough 

that the zero-field wave functions are still approximately correct, 

but the energies are now field-dependant. Eqn.(lC-l) becomes 

|f> - a|5/2,3/2>e“iE5/2,3/2(F')t: + b|3/2,3/2>e~iE3/2,3/2(F')t 

An additional field applied at time t', bringing the atom into the 

intermediate field region, freezes the state's time development 

according to eqn.(IC-3). In this case, however, AE is a 

field-dependent energy difference: AE(F) = E^(F') - Ej(F'). F' can 

be varied, and so the study of quantum beats provides a means for 

measuring the energy difference between two states as a function of 

field strength. 

ID) Two Approaches to the Problem 
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ID.a) Perturbation Theory 

Since we were initially interested in investigating quantum beats 

at very low field strengths, the problem of finding energy levels for 

a sodium Rydberg atom in an electric field was first approached using 

perturbation theory. The hamiltonian is taken to be 

H ** HQ - F.P 

where HQ is the complete zero-field hamiltonian, F is the field, and P 

is the dipole moment of the atom. F =* Fz is assumed small enough to 

be considered a perturbation; that is, the Stark matrix element 

between two states is much less than their energy separation. For a 

state of unperturbed energy EQ , with zeroth-order eigenfunction |i>, 

E - EQ + <i|Fz|i> +Jl<i|Fz|j>l2 / ( Ej-Ej ) + ... 

The first-order term vanishes due to symmetry considerations. Using 

the algebra of irreducible spherical tensors, the second-order term 

can be evaluated as (Schmeider, 1969): 

AE » - ( 1/ 2)O(QF
2 - (l/2)(/2F

2{ 3mj2-J( J+l) } / {J(2J-1)> 

Here ©<Q and o<2 
are the scalar and tensor polarizabilities, 

respectively. characterizes the Stark energy shift of the entire 

J multiplet, while ©(2 characterizes the field-induced shifts of the 

individual m> levels. In the case of mj = j, the expression reduces 

to the conventional form of the energy of an induced dipole moment 

(ibid): 
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FIELD CVOLTS/CM} 

Figure 1-7. Second order Stark effect on sodium 34D 
as a function of field strength. 
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AE « - 1/2 (CyQ +©<2) F
2 

As mentioned above, the |Mj| degeneracy is lifted by the perturbation. 

The results are shown in Figure 1-7. The polarizability values used 

are ©<2 » -293.12 MHz/(V/cm)2 and ofQ - 923.3 MHz/(V/cm)2. Gallagher 

(1977) has measured 0<2 f0r sodium D states n =* 15,16,18, and 20, and 

showed that o<2 scales as n^. This rule was used to derive 0^2 from 

the measured values. O<Q was chosen by requiring ©<o^^2a* ”3.15, 

which was observed for n » 15,16,17. 

Figure 1-7 shows that at field strengths F >, .04 V/cm, the Stark 

energy shift is comparable to the fine structure energy splitting. 

Consequently, in this region perturbation theory may not be valid. In 

order to examine Stark energy shifts over a wider range of field 

values, an alternative approach was adopted. 

ID.b) Matrix diagonalization. 

Zimmerman et al. (1979) have developed a technique for 

numerically calculating the matrix elements of -F.P = Fz for a large 

set of basis states. The resulting matrix is diagonalized to obtain 

the energy eigenvalues. This is accurate for any size electric field, 

provided the correct set of basis states is chosen. Following is an 

explanation of the theory behind the matrix diagonalization method of 

obtaining eigenvalues. 

An alkali Rydberg atom in an electric field has a known hamil- 

tonian H. It is desired to find the wave functions | > , and 

energies E, such that Schrodinger's equation is satisfied: 
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(ID-1) H |f> - E |f> 

The following development will closely follow that of Morrison, Estle, 

and Lane (1976). 

Let us assume that the unknown |<p> can be written as a linear 

combination of a set of known states |Ÿ : 

(ID-2) |f> = Ci | fL> 

In the present study, the I are the spherical wave functions 

|n,l,j,m.>, because the matrix# elements of Fz are most easily 

evaluated in that basis. Then eqn. (ID-1) can be rewritten by 

multiplying by <^>l on the left, and substituting definition (ID-2) : 

N N 

2 2 ck% < yki H - E | YV » 0 
k=i };» J J 

Differentiation with respect to ck yields 

N 

cj <Hkj - “kj > - skj - «T'fci tj> 

For non-trivial solutions we require det |H-ES| =0. 

This equation could be solved by expanding the determinant, 

solving the resulting order polynomial for the energy eigenvalues 

E. But typically between 30 and 200 basis states are involved in the 

present calculation. A more efficient method of finding the 

eigenvalues of H is to solve directly for a similarity transformation 

B « C"1 H C 

of the form 
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where matrix B is diagonal. Since B and Q are similar, they have the 

same eigenvalues, which are simply the diagonal elements of B. If 

matrix C can be found, H can be transformed into B, and finding the 

eigenvalues of H is then trivial. Furthermore, it can be shown that 

the columns of C are the eigenvectors of H (see appendix A). In 

summary, the new eigenvectors have eigenvalues such that 

N 

Kpi» * ?cij ny 

H Upj» - BU I Cp£> 

If the basis set IV^£> were a complete set, the energies B££ 

would be exactly correct. If chosen carefully, an incomplete basis 

set can yield fairly accurate energies. The energy of a state I<^>, 

acted on by a hamiltonian H, is calculated most accurately if the 

basis set includes all states | V'j> with large matrix elements 

I < <p I H 

The matrix C and eigenvalues were obtained with an IMSL 

subroutine which used the Givens-Householder method of reduction* 
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Chapter Two 

IIA) Matrix Elements of the Hamiltonian 

The hamiltonian for an alkali Rydberg atom in an electric field 

can be written 

H “ Hke + Vt + Hfs + Hstark + Hother 

Hj^ and HpQt represent the kinetic energy and potential energy 

operators for an electron in the absence of an electric field, 

neglecting spin-orbit and other relativistic effects. H^s is the 

spin-orbit coupling operator. ®stark represents the interaction 

between the atom and an external electric field, and Hotker stands for 

all other interactions which have not been taken into account. 

The treatment of these terms in the present calculation is 

described in the following four sections. 

1. Zero-field Hamiltonian Without Fine Structure 

The first two terms in the hamiltonian are the zero-field electronic 

energies, without fine structure splitting. For hydrogen, 

®0 - **. ♦ “pot ■ "1/2v2 - 1/r 

<n,l| HQ |n,l> » -l/(2n^) 

For an alkali atom the potential is not completely coulombic, due 

mainly to penetration and core polarization. Far outside the atomic 

core, the excited atom experiences a potential V « (-1/r). But if the 

electron penetrates into the core, the nuclear charge is not 
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completely shielded. The effective nuclear charge increases as the 

excited electron's radial distance decreases. The electron's 

potential energy is lowered» and its total energy is less than 

-l/(2n2) . This effect is greatest for states with low angular 

momentum, which have a larger probability of being found inside the 

core. 

Core polarization refers to polarization of the inner atomic core 

by the field of the outer electron, which repels the inner electrons 

and attracts the nucleus, distorting the atom's shape (Jeys, Ph.D.) 

and lowering the electron's energy. The potential energy of the 

electron-core interaction can be compared to the potential energy of a 

charge Q at a distance R from an electric dipole moment P: 

Vpol - - Q R.P / R
2 

A 
In the case of a Rydberg atom, Q is the electron charge -e, R is the 

4M* 

unit vector along the electron radius, r, and P is the induced dipole 

moment of the atom: |P| ■ - 

Vpol " -<e/r2) r-IiC - r^ 

The induced dipole moment P is proportional to ofp F, the 

polarizeability times the electric field, and the field itself is 

proportional to -/r2: |P| * constant x -/r2. P is induced by the 

field of the electron at r , so it follows that P.r = P . The 

electron's energy is thus lowered by an amount AE * -C/r^, where C is 

a constant which is proportional to the atom's polarizability (Bethe & 

Jackiw). 

Polarization and penetration are taken into account by writing 
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the zero-field energy as a function of n and 1: 

H|n,l> « -l/{2(n*)2}|n,l> 

n* = n - $nl‘ 

The quantum defects vary slowly with n. States of high 

angular momentum experience a mostly Coulombic potential, and 

consequently have very small quantum defects. Some experimentally 

measured quantum defects for sodium are listed in Table III-l. Values 

not shown are assumed to be zero in the present study. 

2. Fine Structure 

The fine structure term in the hamiltonian has the form 

Hfg - §(r) L.S » ^ (r) - 1/2 (ol2/r3 ) 

The operator L.S can be written as (J2 - L2 - S2)/2. Then spin-orbit 

coupling perturbs the energy by an amount (Morrison, Estle, and Lane, 

1976) s 

Efs - <n,l,j,mj I g(r)|n',l',j',mj'> 

x (j(HM(w)-]/4(ft t14, 5j,r S-vY' 
The matrix element of ^ (r) between states of the same n can be 

obtained from experimentally measured fine structure splittings, so 

there is no need to integrate it numerically* The main contribution 

to ^ (r) comes from small r* As r -> 0, the radial wave function 

behaves as 

Rn l^r)  > an* 
1**0 

The an is a normalization constant* The ^ (r) element between states 

of different n can be integrated over a small region near the 

origin* 
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I' lRn>l(r)^(r) ^^(r) d3r - ^ Jr21 |(r) d3r 

The off-diagonal element is then 

j*i.,l<r>Vr) V,l<ri A - fr21$(r) d3r 
Thus the off-diagonal element may be approximated as (Zimmerman, 1979) 

<nl|§(r)|n'l> ~ { <nl||(r)|nl> <n'l| | (r) |n'l> J1/2 

For the states of interest the energy splittings are only on the 

order of a few megahertz, which is much less than the energy 

difference between 34D and states of different 1. It is therefore 

assumed that unknown fine structure splittings, which include all but 

34P, 34D, and 35D, can be set equql to zero without affecting the 

calculated energy of 34D. 

3. Stark Effect 

A time-independant electric field F adds a term 

®stark “ ~F.P 

where P is the electric dipole moment of the atom. For a linear field 

in the z-direction, 

<n,l,j,mj | Hstark | n',l',j',mj'> - 

F<u,1,j,mj |r|n',l',j',mj'> <n,l,j,mj|cos(0)In',1', j',mj'> 

The radial matrix element is evaluated numerically, using the 

Noumerov integration technique to be described in Section IIB. The 

integral vanishes unless mj =» mj', due to orthonormality of the 

azimuthal functions <§ (<p) “ Since z is odd, the 
j 

element vanishes unless 1 and 1' have opposite parity. It is positive 

between states of different J (J = J'±l), while for states of the same 
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J it is typically two to four orders of magnitude smaller, and 

negative* (ll-J'l cannot be greater than 1, because the radial integral 

vanishes unless 1 * l'tl.) To clarify this point, consider two states 

1 and V » 1 + 1 . Then <1, j»l+l/2 |rl l', j'»l'+l/2 > and 

<1, j“l-l/2 |rl 1', j's*r”-l/2> are relatively large, while 

<1, j“l+l/2 Irl 1', j'“l'-l/2 > is small. The first two have 

j “ 1 +— s -> j' ■ 1' +- s, while the last has 

j * 1 + s -> j' m V - s. In other words, transitions which 

preserve the l-s alignment, whether parallel or anti-parallel, are 

more probable than transitions which change it. 

The angular matrix element can be evaluated most conveniently in 

an |n,l,m^>ms> basis. Cos(6) operates on the Legendre polynomial 

PlmCcoB©) to give (Bethe & Salpeter): 

cos (6) P M(cos (6)) » { (Lu+Mfl) (L-M+l) 
LM J (2L+1) (2L+3) ’ 

(L+M) (L-M) P 
(2L+1) (2L-1) 

L-1,M 

Using the orthonormality of the spherical harmonics, the angular 

integral becomes 

<l,mjJ cos(ô) |l-l,m^>“ (.41^-1) 

<1+1^1 cos(©) ll.mj» -\[ Cl+1)2-mi
2]/ [ (21+3) (21+1) ] 

This can be transferred to an |n,l,j,mj> basis by using Clebsch- 

Gordon coefficients: 

<n,l,j,mj|F r cos(&) |n',l',j',mj'> « 

F<n,l,j| r In',1',j'> X S |<l,l/2,m^,mj-m^ | j,mj> 

m}± yx 
<!' ,l/2,m^,mj-m11 j',mj><l,m^ |cos( ) |l',mj_>| 
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5. Ocher Terms 

Hotter St»*!» for small terms which are not included in the 

present study. Some of these terms are discussed below. 

The Lamb shift arises from the interaction of the electron with 

its own radiation field. For hydrogen, the Lamb shift results in fine 

structure splittings which are dependant on 1 as well as j. It can be 

shown that for a hydrogenic atom, the energy correction term 

AE1i)|nh(
n,l,j) which is lowest order in L.S is of the order (Bethe & 

Salpeter) 

AElamb(n,l,j) <*aiog{«.hEf8} 

&Efs is the fine structure splitting, and is the fine structure 

constant . For sodium the Lamb shift is assumed to be sufficiently 

small to be dropped from the hamiltonian. 

Hyperfine structure splitting is caused by a coupling between the 

atom's angular momentum J and its nuclear spin I. They form a total 

angular momentum F, with possible values F * J+I, J+I-l, ... |J-I|, 

which are non-degenerate due to the nuclear magnetic moment. Since 

the nuclear magnetic moment is much smaller than the electron's 

magnetic moment, hyperfine splittings are much smaller than fine 

structure splittings* Furthermore, as n increases the hyperfine 

splittings decrease very rapidly (ibid.), so the hyperfine structure 

interaction was not included. 

When separating Schrodinger's equation, the electronic mass m is 

replaced by the reduced mass 
m
 Mm/(M+m) ■ 1 - m/M +..., where M is 

the nuclear mass. Thus h can be replaced by the electronic mass m, 
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with a first order error of no more than 1%. 

All other coupling terms (spin-spin, etc.) have been ignored. 

lib) Noumerov Integration 

The radial matrix element <n,l,j,mj |rl n'tV,j',mj'> is 

evaluated using Noumerov integration. This numerical integration 

technique solves any second-order differential equation containing no 

first-order terms. The radial equation assumes this form with the 

substitution x*ln(r), X=r*/2R. This is advantageous because at large 

t, the new radial function X varies slowly, as does x; while at small 

r, X and x vary rapidly. Therefore the number of grid points per 

oscillation is roughly constant (Zimmerman, 1979). Now the radial 

equation is 

d2X / dx2 - g(x)X , g(x) - 2e2x{ V(x) - E } + ( 1 + 1/2 )2 

X(x+h) can be expanded in a Taylor Series about x, and evaluated at 

the point x+h (Blatt,1967): 

Differentiating twice, and dropping all derivatives higher then fourth 

order, yields (ibid.) 

X(x+h) -Z(hn/nl) f-s 
r%sQ 

X(x+h) “ { £24/h2 +g(x)]x(x) + £-12/h2 +g(x-h)JX(x-h)} 

/ { 12/h2 - g(x+h) } 

This iterative formula for the wave function X(x) is used as described 
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by Zimmerman et al. (1979). X(x) is evaluated at all grid points 

Tj “ rs exp(-jh). The stepsize h is chosen to be .01 . The matrix 

element of r can be integrated by summing over all grid points r.: 

<n» 1,j Irl n',l',j'> » 

{SXjX'jrj^} /{ (Zj Xjrj^ )(2j X'jrj2) } The wave functions 

are integrated inwards from an outer starting point rg, because the 

inner boundary conditions are unknown, r is chosen where the radial 

wave function has fallen ten orders of magnitude below its value at 

the classical turning point TQ - 2n : R(ra) « 10 R(rg). The 

integration proceeds inwards until X(x) starts to diverge, or until 

the classical inner turning point has been reached. 

Our Noumerov integration routine underwent several checks to 

insure its accuracy. Firstly, following a test suggested by Zimmerman 

(1979), <r> was calculated for hydrogen, and compared to the formula 

<n, 1 |r In',1-1> “ (3n/2){n^-l^)^^. For nB34,l=2,l'**l, the integration 

routine had an accuracy of 99.9997% . For several states, the 

generated wave functions X(x) were checked for orthonormality. 

Finally, for n*17, 1*2, Xj^x) was compared to the known Rj^r), with 

good agreement. 

II C Comparison with MIT's results 

The final version of the computer program was checked against the 

results of Zimmerman et al(1979). Results were compared for the n=15 

state of sodium (m^ = 0 and 1), lithium (m^ * 0 and 1), and cesium 

(m. m 5/2). The lithium energy levels were also compared to 
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experimental data taken by Zimmerman, with good agreement* 

Figure II-l shows calculated energy levels of the ^15 state of 

sodium, m^=0, for field strengths from 0 to 6000 volts/cm. For the 

most part, our results duplicated Zimmerman's. The only area of 

disagreement lies at very high fields (F >, 5000 V/cm) for energies 

above about -450 cm-^, where our results are indicated by the dotted 

lines in the upper right hand corner of Figure II-l. The source of 

this disagreement has not been resolved, since the same basis set and 

quantum defects were used. It appears from Zimmerman's graph that his 

basis set is missing one state. When our results were compared to 

fourth-order perturbation theory for hydrogen, the agreement was found 

to be very good, as is shown in Figure II-2, where the dotted lines 

represent our results and the solid lines represent perturbation 

theory. 

It was therefore concluded that our results were correct, that 

the matrix elements were being evaluated accurately, and that the 

matrix diagonalization routine was being performed correctly. 
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(,.W3) À933N3 

Figure II-1. Comparison of Zimmerman's (1979) results 
(solid lines) with results of present study (dashed lines). 
Both are for n=15, m^=l state of sodium. The only observable 
difference is in the upper right hand corner. 
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fT-U3) A9Ü3N3 

Figure II-2. Comparison of fourth order perturbation 
theory for n-15, m^-1 state of hydrogen (solid lines) 
with results of present study for n=15, *.«1 state of 
sodium (dashed lines)• ^ 
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Chapter Three 

IIIA) Results and Interpretation 

The computer program was applied to the 34D state of sodium in 

the low to intermediate field region. The D state couples most 

strongly to nearby P and F states, which in turn couple strongly to 

nearby states according to the rule 1«1'±1. Therefore the basis set 

includes 34 states: n*34, 181 through 33, and n=35, 1=0 and 1. These 

are all the states within about 5.5 cm”1 of 34D (see sodium zero-field 

energy levels, Figure III-l) The fine structure splittings and 

quantum defects used are shown in Table 111-1. All defects and fine 

structure splittings not shown are taken to be zero in the present 

study. The results are shown in Figure 1II-2. All 34D states 

decrease in energy with inceasing field, strength. The two mj=l/2 

states decrease most rapidly, both experiencing approximately the same 

energy shift at low field. The two mj*3/2 states experience quite 

different energy shifts, but all decrease more rapidly than the 

j“5/2,mj~5/2 state. 

These energy shifts are explained by the following 

characteristics of the <n,l,j,mj| Fz ln',1',j',mj'> matrix element. 

* 

(1) Non-vanishing matrix elements exist between states with l8l'±l, 

j=j'±l. Much smaller elements exist between states with l811fcl, j8j' 

(Section IIA). 
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Figure III-l. Energy levels of sodium atom in zero electric field. 
The D states lie directly below the 34L manifold. - 



Fine Structure Intervals 41 

State Energy (MHz) 

3 4P 129 30 Fabre et al. 

35D 2.32 .04 Jeys et al. (1981) 

34D 2.54 .05 it 

Quantum Defects 

1 

0 1.3470 Fabre et al. (1978) 

1 .8541 " 

2 .0144 " 

Table III-l. Fine structure intervals and quantum 

defects used in this vstudy. 
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(2) States of low m^ interact most strongly. Since mj*=m^+m8, states 

of low mj interact more strongly than states of high mj (Section IB). 

(3) For states of different n, the matrix element is larger for states 

that are close in energy than for widely separated states (by 

extension from perturbation theory.) 

According to rules (1) and (3) , 34D interacts most strongly, in 

decreasing order, with 34F, 35P, and 34P. Rule (2) can be obtained by 

writing the the |j,m.> states as a linear combination of |l,m^>|s,mg> 

states, using Clebsch-Gordon coefficients. 

15/2,5/2> - 12,2>|1/2,1/2> 

13/2,3/2> » (4/5)1/2|2,2>|l/2,-l/2> - (1/5)1/2I2,1>|l/2,l/2> 

15/2,3/2> - (l/5)1/2|2,2>|l/2,-l/2> + (4/5)1/2I2,1>Il/2,l/2> 

13/2,l/2> - (3/5)1/2|2,l>|l/2,-l/2> - (2/5)1/2!2,0>|l/2,l/2> 

15/2,l/2> - (2/5)1/2|2,l>|l/2,-l/2> + (3/5)1/2l2,0>|l/2,l/2> 

Since mj=l/2 states contain components of m^=0 and 1, they are 

expected to interact most strongly with states of the same m>. On the 

other hand, the two mj=3/2 states, with components of m^sl and 2, 

interacts less strongly with other mj*3/2 states, and the mj“5/2, m^*2 

state interacts least of all. 

Therefore the two m*“l/2 states decrease in energy most rapidly 

with increasing field. They are "pushed" downward by the 34F and 35P 
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states, both slightly higher in energy than 34D. The state least 

deflected by 34F and 35P is the mj=5/2 state, which decreases the most 

slowly as F increases. 

Figure III-3 shows the energy splitting between 34D states of the 

same mj, as a function of electric field strength. The mj“l/2 states 

are shifted about equally by the field, maintaining a constant energy 

difference between them out to fields of roughly .1 volt/cm. However, 

the mj=3/2 states experience different energy shifts. The |5/2,3/2> 

component decreases rapidly due to the 34F |7/2,3/2> and the 

35P I3/2,3/2> states. But the l3/2,3/2> component decreases less 

rapidly, since it only has a large dipole moment with 34F |5/2,3/2>. 

(Both states interact about equally with the 34P state below). 

The intermediate field region is shown in Figure III-4. The 

|3/2,3/2> and |5/2,5/2> states, both predominantly m^*2, merge to form 

the linear m^«2 Stark state. The |3/2,l/2> and 15/2,3/2> states 

maintain their predominant m^*l identity, and |5/2,l/2> becomes the 

m^*0 state. 

1I1B) Results of Varying Basis Set 

The program was run three times, varying the basis set each time. 

The first basis set is described in Section A. The second trial 

included the n=33, 34, and 35 manifolds, excepting 33S. Differences 

in the results were too small to be observable in Figure III-2. The 

third trial included the original basis set, plus all P and F states 
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Figure II1-3. Calculated energy differences for sodium 
34D states, as a function of field strength. The solid 
line is for |5/2,3/2) - )3/2,3/2>. The dotted line is 
for|5/2,l/2> - \3/2,l/2> . 
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for n=31 through 37. Again, there were no noticeable changes in the 

results, up to a field strength of .2 volts/cm. However, there may 

have been some changes at larger fields, such as in Figure ÏII-4. 

IIIC) Experimental Data 

An experiment was performed by Dr. Tom Jeyes, using software by 

Gary Mcmillian, in an attempt to verify the calculated results 

presented in Section IIIA. The apparatus, shown schematically in 

Figure III-5, and the experimental procedure have been thoroughly 

described in the literature (Jeyes et al., 1980). In a magnetically 

shielded region located between two planar parallel grids spaced 1 

inch apart, a 200°C sodium beam is intersected at right angles by the 

output of two simultaneously pumped pulsed dye lasers. One laser 

excites the 32S^2 “ 32Pjy2 transition (5890 X), while the other laser 

excites the 32PJ/2 " ^^®3/2,5/2 transition (4100 Â). The laser pulse 

length is roughly 5 nsec, with a resultant 200 Mhz uncertainty, and 

excitation thus results in a coherent superposition of J=3/2 and J=5/2 

D states. The experiment is performed in a background vacuum of 10”2 

Torr, and at a sodium beam density of about 7 X 10^/cm^. The atoms 

are excited in a time-independant field of between 0 and .12 V/cm. At 

a variable time t' (0-5 microseconds) after laser excitation a 

"freezing" electric field (around 0.5 V/cm) with constant slew rate is 

applied to the excited sodium atoms, arresting the time development of 

the |MjJ = 2 population (see Section IC). 9 microseconds after laser 
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Figure III-5. (a) Schematic diagram illustrating the experimental 
apparatus. TDC = time-to-digital converter. ADC = analog-to-digital 
converter, (b) The time dependence of the applied electric field. 
Application of "freezing" field is variable from t=0 (laser 
excitation) to t=5 microsec. 
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excitation the atoms are ionized by an additional pulsed electric 
i 

field. Electrons liberated at ionization are detected by a Johnston 

electron multiplier whose output goes to two separately gated 

charge-to-digital converters. One charge-to-digital converter is 

gated to measure the total field ionization signal» while the other 

converter is gated to measure just the diabatic ionization signal. 

The ratio of the diabatic to total signal is determined as a function 

of the time t'. Typical data is shown in Figure III-6a, and the 

presence of beats is evident. The data is Fourier analyzed (Figure 

III-6b) to obtain the beat frequencies» from which are obtained the 

energy differences £572,3/2 “ E3/2,3/2» etc* 

Figure 111-7 shows the experimental data» the calculated energy 

differences» and the results of perturbation theory. In the following 

discussion the non-perturbation theory results will be referred to as 

the results of hamiltonian diagonalization, although to be correct it 

must be noted that in fact using degenerate perturbation theory is 

equivalent to diagonalizing the hamiltonian. 

Overall» the agreement between the experimental data and the 

hamiltonian diagonalization theory is good. The vertical error bars 

on the data are due to random error» but there may also be a 

systematic error which tends to overestimate the magnitude of the 

field strength. The geometry of the apparatus is such that the upper 

planar parallel grid has a hole in it » possibly causing fringing 

fields which tend to lessen the potential in the vicinity of the hole. 

The discrepancy between the experimental data and the results of 



SHtnoha .ROC ROC3/RDC0 50 (a) 

Figure III-6. (a) Quantum beat data. Diabatic to total ionization 
signal, as a function of time of application of freezing field. The 
atoms are initially excited in a field of -.20 Volts/cm. (b) A 
Fourier analysis of the data in (a). The peaks are labeled by the 
energy difference - to which they correspond. 



FIELD CVCLTS/CM? 
Figure 111-7. Energy differences between sodium 34D states*, as a function 
of field strength. Dashed lines represent 2nd order perturbation theory, 
with arrows showing matrix diagonalization results (solid lines) to 
which they correspond. Points show experimental data. 



52 

diagonalizing the hamiltonian matrix is therefore assumed to be caused 

by a systematic overestimation of the experimental field strength. In 

addition, there is a zero field offset in the data, which has been 

taken into account by adjusting the zero field point to symmetrize the 

energy curve about the F=0 axis. This causes an overestimation of the 

zero field fine structure splitting, since the presence of any stray 

field would increase the energy difference. Therefore, the 

diagonalization routine was tried with zero-field 34D splitting of 

2.50 MHz and 2.48 MHz, as well as the initial 2.54 MHz. It was found 

that this shifted the entire energy difference curve downwards by an 

amount approximately equal to the change in the zero-field splitting. 

This was not enough to bring the curve into perfect agreement with the 

experimental data. 

The perturbation theory, on the other hand, deviates considerably 

from the experimental data as the field strength increases, with the 

energy differences increasing too quickly with field. This is not 

surprising, considering that only a two-state basis set was used, 

while the hamiltonian diagonal ization routine used a basis set of 

about 132 states. Furthermore, the polarizabilities <XQ and 0<2 are 

derived from data which may be incorrectly extrapolated to very high 

n, i.e., o( j may not vary exactly as n^, and ^ not exactly 

equal -3.15 . Better values for the polarizabilities of the 34D state 

could be obtained by fitting a parabola to the hamiltonian 

diagonalization data. 
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IV Conclusion 

It has been shown that Stark energy shifts can be calculated for 

sodium Rydberg atoms. Experimental data, using quantum beats to 

measure the field dépendance of energy levels, is in good agreement 

with the theoretical data. There are several ways in which the 

precision of the data could be improved, such as including any of the 

terms grouped under H0ther in Section IIA. However, it is important 

to note that none of these would affect the energy levels enough to be 

observable in Figure III-7. Pie present study is sufficiently 

accurate for any applications which can be foreseen at this time, 

including the following possibilities. 

The most serious uncertainty in the experimental data shown in 

Figure III-7 lies in the difficulty in calibrating the field strength. 

Since the energy differences are strongly field dependant, a small 

uncertainty in the field leads to a large uncertainty in the energy 

splitting. The calculated energy levels provide a reliable method for 

calibrating the field strength. A possible problem with this method 

of calibration is that the 34D fine structure energy splitting is an 

input to the program, so that the results of the program depend upon 

the experimental data which the program is supposed to calibrate. One 

solution to this problem is to use the Noumerov integration technique 

described in Section IIB to calculate the spin-orbit interaction 

^ (r)L.S for the 34D^2 and the 34D3^2 states. Then the calculated 

energy vs. field curves would provide an absolute calibration for the 
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electric field strength. 

Another possible application for the hamiltonian diagonalization 

method lies in the study of collisions of Rydberg atoms in an electric 

field (see Slusher, M.A.). It has been shown, in studies of 

state-changing in collisions with Xenon 24F and 31F atoms in fields up 

to about 150 V/cm, that state-changing occurs only with neighboring 

states which are energetically accessible when considering the 

interaction as a collision between an essentially free electron and 

the target particle. It is therefore important to know the energy 

levels of Xenon as a function of field strength in the intermediate 

and high field regions. Furthermore, it is suspected that the states 

of interest also tend to mix with other states which have similar wave 

functions, so it would be helpful to know how the wave functions 

change as a function of field strength. The IMSL diagonalization 

routine at ICSA can be used to obtain not only the eigenvalues but 

also the eigenvectors of the hamiltonian matrix, and the eigenvectors 

define the wave functions (see Section ID.b). Although Xenon presents 

some difficulties because it does not follow an 1-s coupling scheme in 

zero field, the present computer program could be of help in studying 

collisions of atoms which follow simple coupling schemes. 

The techniques used in the present study can also be used to 

predict the processes of adiabatic and diabatic field ionization. 

Consider states |i> and |f>, which experience an avoided crossing of 

magnitude In the presence of a time-dependent field F(t) the 

probability of diabatic traversal of the energy gap is given by 
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the Landau-Zener formula: 

Wif “ e" ^if» 

£if *TT(hE£f)
2{2|‘^Ei/ 1>F - 'èEf/*bF| IdF/dtl)-1 

'dE^/'dF and "dEf/bF are the slopes of the diabatic energy levels at 

the crossing (Komarov, 1980) As the field F brings the state |i> from 

the low field region to ionization, a number of such avoided crossings 

will be encountered. The probability of the state following a 

completely adiabatic or diabatic path can be found by applying the 

Landau-Zener formula at each avoided crossing, using energy slopes and 

energy gaps calculated by the program described in this thesis. 
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Appendix I 

The following is derived from Gourlay and Watson (1973). 

Two matrices A and B are similar if there exists some matrix C 

such that 

It will now be shown 

eigenvalues. Let the 

• *<*■* 
eigenvectors X£. Then: 

Ax* =a: XJ *i *£. 

A (C C_1) % 

(AC)C_1Ï 

i ai xi* 

i " ai xi* 

C-1 A C - B 

that two similar matrices have the same 

eigenvalues of A be designated a^, and the 

( C"1 A C ) C-1 x£ C 1 i 

C 
-1 

B ( C"1 tL ) - H ( C-1 X£ ) 

Therefore A and B have the same eigenvalues a£. It can also be shown 

that if the matrix B is diagonal, then the columns of C are the 

eigenvectors of A. 

Ax£“a£X£, i ” 1 , 2 , .... n 

then 

A X » X diag (a^ 

X is the nxn matrix whose ifc^ column is X£. If the eigenvectors are 

linearly independant, then X is not singular, and 
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X-1 AX* diag (a^) 
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APPENDIX II 

LOU-FIELD SODIUM 34D 
ENERGY LEVELS AS A PONCTION OF FIELD 

BASIS STATES2P S P STATES, N » 31 THROUGH 37 
PLUS N=34 MANIFOLD 

I8PLICIT REAL*18 (A-H,0-Z) 
INTEGER EN(45) , EL(45) 
BEAL*4 J,JP,MJ,MS,FINIT,FFINAL 
DATA NLNUM,MJ,NSTATE,VOLTCM/45,1.5,83,5•142D+09/ 
DIMENSION IOUT (83),MATROU(45,2) 
DIMENSION RNOM (7,34,2,7,34, 2) ,CSI (7,34) ,E (83,83) 
DIMENSION STAR K (21 ,83) ,D{83) ,Z(1,1) ,HK(83) ,FARRAY (21) 
DIMENSION QDEP (34) ,A (83,83) 
DATA NMIN,H,JOBN,IZ/30,.0 IDO,10,1/ 
DATA CSI(4,2) ,CSI (5,2)/7.462D-9, 
1 6.817798D-9/ 
DATA QDEF/1.34 7D0,.854lD0,.0144D0,.001603D0,30*0.D0/ 
EFS * 34D FINE STRUCTURE ENERGY SPLITTING, IN MHZ 
DATA EFS/-2.48D0/ 
DATA EN, RMIN/2 *31,5 02, 2*33, 33*34, 2*35, 2*36, 
1 2*37,-981300/' 
DATA EL/1,3, 1,3, 1,3,1,2,3,4,5,6,7,8,9,10,11,12,13,14, 
1 15,16,17,18,19,20,21,22,23,24,25,26,27,28,29,30,31, 
2 32,33, 1,3,1,3, 1,3/ 
LLCH = INT ( MJ - .5 ) 

CONVERT 34D FINE STRUCTURE SPLITTING TO A.O. 

CSI (4,3) * EFS / 3- 292 119D10 

ZERO E ARRAY 

DO 800 IR = 1 , NSIATE 
£0 800 IC = 1 , IR 

E (IR,IC) = 0. DO 
E(IC, IR) = O.DO 

CONTINUE 

SET UP ROM NUMBERS FOR MATRIX 
ASSIGN ONE ROU AND ONE COLUMN TO EACH STATE 

a = o 
DC 900 1*1, NLNUM 

DO 900 JCHEK =1,2 

IF J < MJ TRY ANOTHER STATE 



A 2-2 

IF (EL (I) .EQ. LLOa .AND. JCHEK .EQ. 2) GO TO 9 00 
H * a + î 
MATRON (I, JCHEK) = M 

900 CONTINUE 
C ************************ 
C 
C BEAD COMMAND FHCM DATA FILE 
C 
C ************************ 
100 HEAD (5,600)ICMD 
600 FORMAT(II) 

GOTO (70000,30000,90000) ,ICMD 
ç ******************* 
C 
C CO BP UTE NUMERO 7 ELEMENTS AND 
C FINE STRUCTURE INTERACTIONS 
C 
C ******************** 
70000 CONTINUE 
C 
C CHOOSE A STATE (N,L) 
C 

DO 7C0 I - 1 , NLNUM 
N * EN (I) 
L = EL (I) 
LP1 = L ♦ 1 
DO 700 JCHEK =1,2 

J = FLOAT (L) * 1.5 “ FLOAT (JCHEK) 
C 
C IF J < MJ , TEï ANOTHER STATE 
C 

IF (J-MJ) 700,70 1,701 
701 IR = MATRON (I, JCHEK) 
C 
C ENERGY = 1/ (2N**2) 
C 

ENERGY = --5DO/(DFLOAT(N) - QDEF (LP1) ) **2 
C 
C ADD FINE STRUCTURE SPLITTING 
C 

ENERGY = ENERGY * CSI (N—N MI N, LP 1) * ( DJ3LE(J*J*J) - 
1 DFLOAT(L*L + L) - .75D0) 

C 
C STORE DIAGONAL ELEMENT 
C 

E(IR,IR) = ENERGY 
IF ( 1-1 ) 700,700,705 

705 IPEND =1-1 
C 
C CHOOSE A STATE (N*,L*) 
C 

DO 710 IP = 1 , IPEND 
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C 
C 
C ' 
C 
c 

720 

C 
c 
c 

c 
c 
c 

725 

730 

C 
C 
731 
732 
C 

C 
C 

C 
C 
C 

C 

735 
710 
700 

NP = ES (IP) 
L? = EL(IP) 
LPP1 = LP + 1 

IP L=L* +—1, CALC <B> 
IF L = L», CALC P.S. ELEMENT 
OTHERWISE, THY ANOTHER STATE 

IF( IASS (L-LP) - 1 ) 720,730,710 
DO 725 JPCHEK =1,2 

JP = FLOAT (LP) + 1.5 - FLOAT (JPCHEK) 

CALC F.S. ONLY IF J = J* 

IF( J - JP )725,721,725 
IC = MATRON(IP,JPCHEK) 
E (IB, IC) = DSQBT (DABS (CSI(N-NMIN,LP 1) * 

1 (DBLE (J* J +J) - DFLOAT (L*L+ L) - .75D0))) 
E(IR,IC)=E(IR,IC)+DSQBT(DABS (CSI (NP-NMIN,LPP 1) * 

1 (DBLE( JP*JP+JP) - DFLOAT(LP*LP*LP) - .7500))) 

SYMMETRIZE HATBIX 

E(IC,IR) = E (IR, IC) 
CONTINUE 
GO TO 710 
CONTINUE 
DO 735 JPCHEK *1,2 

JP * FLOAT (LP) * 1.5 - FLOAT (JPCHEK) 
IF (JP— MJ) 735,731,731 

CALC <E> IF J = J* 
OR IF J = J» +- 1 

IF( ABS(J-JP) - 1. ) 732,732,735 
IC = HA TROW (IP, JPCHEK) 

ENEBGP= ENERGY OF (N',I**) STATE 
ENERGP= -. 5D0/ (DFLOAT (NP) —QDEF (LPP1) ) **2 

ENERGP = ENERGP+CSI (NP-NMIN,LPP1)* ( DBLE(JP*JP*JP) 
1 - DFLOAT( LP*LP + LP ) - -75D0 ) 

NHAX = HAXO ( N , NP ) 
CALC MAXIMUM RADIUS RS 
R3 = 2N (N* 1 1.5) 

RS=2.D+00*DFLOAT (NMÂX) * (DFLOAT(NHAX) *11.50+00) 
H = STEPSIZE 
RHIN = MINIMUS RADIUS 
RMATRX RETURNS <R> 

CALL NUMBV2(ENERGY,L,ENERGP,LP,RS,RMIN,RMATRX, H) 
STORE <R> IN RNUM 

RNUM (N-NMIN ,LP 1, JCHEK, NP-NMIN,LPPÎ , JPCHEK) = RM ATHX 
R NOM(NP-N MIN,LPP1,JPCHEK,N-NMIN,LP1,JCHEK)=EM ATRX 

CONTINUE 
CONTINUE 

CONTINUE 
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GO TO 100 
C 
C ******************** 
c 
C COMPUTE STARK ELEMENTS 
C 
C ******************** 
8000 0 CONTINUE 

KEIEID * 0 
C 
c 
c 
c 

901 
C 

902 
C 

903 
C 
c 
c 

ZERO IOUT ARRAY 
IOUT KEEPS TRACK OF WHICH 
EIGENSTATES TO PRINT TC 
OUTPUT FILE 

DO 901 MEOW = 1 , ESTATE 
IOUT (MEOW) = 0 

CONTINUE 
INPUT FIELD LIMITS (V/CM) 

READ (5, 902)FINIT,FFINAL 
FORMAT (F8.3, 1X,F8.3) 

INPUT # FIELD STEPS 
BEAD (5, 903) IFSTEP 
FORMAT (13) 

START INCREMENTING FIELD 

CO 4000 JFIELD = 1 , IFSTEP 
KFIELD * KFIELD + 1 
I FIELD = JFIELD - 1 
FIELD = DBLS (FFINAL-FI NIT) *DFLOAT (IFIELD) 
* /DFLOAT (IFSTEP-1) 
1 ♦ DBLE (FINIT) 

C CONVERT FIELD TO A.U. 
FIELD = FIELD / VOLTCM 

C 
C INITIALIZE E 
C 

DC 4010 1=1, NLNUM 
DO 4010 JCHEK =1,2 

C IF L=LLOW, THERE IS NO 
C STATE J = L - 1/2 

IF (EL (I) . EQ. LLCii .AND. JCHEK .EQ. 2) GO TO 4010 
IR = MATRON (I, JCHEK) 
DC 4010 IP = 1 , NLNUM 
IF ( IABS (EL (I)-EL (IP)) - 1 ) 40 10, 4020, 40 10 

4020 IC = MATRON (IP , 1) 
E(IR,IC) = 0.D0 
IF ( EL (IP) .NE. LLOW ) IC = MATRON (IP, 2) 
E {IR , I C) = O.D 0 

4010 CONTINUE 
1002 IF (FIELD.EQ. 0. D 0) GO TO 1000 
C 
C START LOOPS 
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C 
DO 1000 1=2, NLNUM 

N * EN (I) 
L = EL (I) 
LPl = L ♦ 1 
DO 1000 JCHEK = 1,2 

J = FLOAT (L) + 1.5 - FLOAT (JCHEK) 
IF { J-HJ ) 1000,1001,1001 

1001 IR = MATRON (I,JCHEK) 
IPEND =1-1 
DO 2000 IP = 1 , IPEND 

NP = EN (IP) 
LP = EL(IP) 
LPP1 = LP + 1 
IF ( IABS(L-LP) .NE. 1 ) GO TO 2000 
DO 2000 JPCBEK = 1,2 
JP » FLOAT (LP) ♦ 1.5 - FLOAT ( JPCHEK) 
IF( JP—MJ ) 2000,2001,2001 

2001 IF ( ABS (J-JP) -. 1.) 2002,2002,2000 
2002 IC = MATRON (IP, JPCHEK) 

FZ=RNUM (N-NMIN,LP1,JCHEK,NP-NMIN,LEF1, JPCHEK) 
EL2 = DFLOAT(MAZO(L,LP))**2 
SOM = O.DO 
MLBEG = INT(MJ + .5) 
MLEND = INT(MJ + 1.5) 
DO 3000 MLP1 = MLBEG , MLEND 

ML = MLP1 - 1 
MS = MJ - FLOAT (ML) 
COSFAC = CLEBSH(L,ML,MS,J,MJ) 
COSFAC = COSFAC * CLEBSH (LP, ML , MS, JP ,MJ) 
SUM=SUM*COSFAC*DSQRT( (EL2-DFL0AT(ML)**2)/ 

1 (4.D0+EL2 - 1.DO) ) 
3000 CONTINOE 

FZ = FZ * SUM * FIELD 
E (IR, IC) = FZ 
E (IC,IR) = E (IR,IC) 

2000 CONTINUE 
1000 CONTINUE 

DO 12 IR = 1 , NSTATE 
DO 12 IC = I , NSTATE 

A(IR,IC) = 1.D 10 * E(IR,IC) 
12 CONTINUE 
C CALL IMSL SUBROUTINES TO FIND 
C EIGENVECTORS S EIGENVALUES 
C 

CALL EIGBS (A,NSTATE,JOBN,D,Z,IZ,WK,IER) 
FIELD = FIELD * VCLTCM 
DO 5000 HROW = 1 , NSTATE 
STARK(KFIELD,MROW)= 1.D-10 *D(HROW) 
D(MROW) = D (MRON) * 1.D-10 * 219474.6D0 
IF (D (MBON) .GT. -94.8D0 .OR. D (MRON) .LT. -95. IDO) 

1 GO TO 5000 
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icuT(aRoa) = i 
5000 CONTINUE 
5010 FORHAT (ÎX,F9.3,2X,D20. 12) 

FARRAÏ {KFIELD) » FIELD 
4000 CONTINUE 

DO 5020 MEOW = 1 , NSTATE 
IF(IOUT(HROW) .EQ. 0) GOTO 5020 
DO 502 0 KFIELO •= 1 , IFSTEP 
WBITE(6, 5010) FAEEAÏ (KFIELD) , STARK ( KFIELD , HBOW) 

5020 CONTINUE 
GO TO 100 

C 
C 
C 
90000 CONTINUE 

STOP 
END 

C 
C 
C 

DOUBLE PRECISION FUNCTION CLEBSH (J 1,H 1,H2, J,MJ) 
REAL*4 M2,J,HJ 
IF (J .EQ. (FLO A T (J 1 ) - . 5) ) GO TO 200 

100 IF ( H2 ) 4,4,3 
3 CLEBSH=DSQRT (DBLE (FLOAT (J1) + .5+HJ) /DFLOAT (2* J1 +1) ) 

GC TO 500 
4 CLE3SH=DSQRT (DBLE (FLOAT (J 1 ) — HJ*. 5) /DFLOAT (2*J 1 + 1) ) 

GO TO 500 
200 IF ( H2 ) 6,6,5 
5 CLEBSH=-DSQRT(DBLE (FLOAT (J1) —HJ*.5) /DFLOAT (2*J 1*1) ) 

GO TO 500 
6 CLEBSH=ÛSQRT (DBLE (FLOAT (J1) *HJ*. 5)/DFLOAT ( 2* J 1 + 1) ) 

500 RETURN 
FND 
SUBROUTINE NUHR V2 (E,L,EP,LP,RS,RHIN, RHATRX.H) 
IHILICIT REAL+8 (A-H,0-Z) 
DATA ZERO,ONE,TWO/0.D*00,Î.D*00,2.D+Q0/ 
XHAX = ZERO 
XPHAX = ZERO 
ZL = D FLOAT (L) 
ZIP = DFLOAT (LP) 
XN2 = -.5D0 / E 
XNF2 =-.5D0 / EP 
TURN = IN2 * (ONE - DSQRT(ONE - (ZL +.5D0)**2/XN2 )) 
IURNP= XNP2 *(ONE — DSQRT (ONE - (ZLP + .5D0) **2/XNP2 )) 
HFAC = 12.D+00 / H**2 
X2R2 = ZERO 
XP2R2 = ZERO 
XXPR3 = ZERO 
GFAC * (ZL * .5D+00)**2 
GFACP = (ZLP ♦ ,5D+00)**2 
XIH2 = ZERO 
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Xlfll .* 1.D-15 
XPIÎ12 = ZESO 
XPIfll = 1. D-15 
GIfl2 * THO * RS**2 * (-ONE/HS — E) + GFAC 
GPIH2 * TWO ♦ HS**2 * (-ONE/BS - EP) ♦ GFACP 
GIfll » GIH2 
GPIfl1 » GPIfl 2 
ZI * - ONE 

2000 ZI = ZI ♦ 1.D+00 
SI = HS * DEXP( - ZI * fl ) 
BIB? = - ONE / HI 
GFAC2 = INO * RI**2 
IF(BI-BfllN) 2300,2300,2101 

2101 GI = GF1C2 * (BIN? — E ) + GFAC 
XNOH = 1182 * { GIH2 - HFAC ) ♦ XII11 * 
1 (10.0+00 * GIfll ♦ THO * HFAC) 
XI » XHOfl / ( HFAC - GI ) 

GPI = GFAC2 * (HIM? - EP) + GFACP 
XNOH ■ XPXA2 * ( GPIH2 - HFAC ) + XPIfll * 
1 ( 10.D+00 * GPIfl1 + TWO * HFAC) 
XPI * XNOH / ( HFAC - GPI ) 
IF(DABS(XI) .GT. XflAX .AND. RI .LT. TOBN)GOTO 2300 
IF (DABS (XPI) .GT. XPHAX .AND.HI .LT. TOBNP) GOTO 2300 
XflAX = DHAX1 ( DABS (XI) , XflAX) 
XPflAX = DflAX 1 ( DABS (XPI) , XPHAX) 
1222 = X2B2 ♦ ( XI * HI ) **2 
XP2H2 = XP2H2 ♦ ( XPI * HI ) **2 

XXPB3 = XXPR3 ♦ XI * XPI * HI**3 
XIH2 * XIMl 
Xlfll * XI 
XPIH2 = XPIH1 
XPIM1 = XPI 
GIH2 = GIfll 
GIfll = GI 
GPIA2 = GPIfl1 
GPIfl1 = GPI 
GO TO 2000 

2300 BflATBX * XXPR3 / DSQBT(X2B2) 
BflATBX = HHATHX / DSQBT (XP222) 

C 
END 


