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ABSTRACT 

Optical sum frequency mixing as a source of 

tunable coherent vacuum ultraviolet radiation 

by 

Robert Eugene Stickel, Jr. 

The production of intense, coherent, tunable, mono¬ 

chromatic radiation at wavelengths from 201 to 217 nm by 

three wave optical sum mixing in a crystalline solid is 

described. Two separate laser inputs are mixed in a 

crystal of potassium pentaborate tetrahydrate (KB5) to 

produce radiation at a frequency equal to the sum of the 

two input frequencies. The mixing of two dye lasers, one 

dye laser with a nitrogen laser and one frequency doubled 

dye laser with a ruby laser are investigated. Combinations 

of input wavelengths, propagation direction in the crystal 

and crystal temperature which yield efficient phasematched 

mixing are presented. Monochromatic outputs of 10^ to 

13 
10 photons per second have been produced. Theoretical 

calculations are discussed which suggest that wavelengths 

as short as 180 nm may be conveniently generated using 

this technique. 
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Chapter I 

Introduction 

The present work was undertaken in an attempt to 

extend the wavelength coverage of existing laser systems 

further into the ultraviolet while maintaining a photon 

flux sufficient for the study of a wide range of photon 

(1) 
interaction processes. Organic dye lasers currently 

provide intense monochromatic tunable radiation at wave- 

(2) 
lengths from roughly 0.3 fim to over 1 fjfli and are widely 

(3) 
used in spectroscopy. Second harmonic generation (SHG), 

or frequency doubling, of dye lasers conveniently extends 

the spectral coverage of these lasers to wavelengths as 

(4) 
short as 217 nm. However many proposed studies in this 

laboratory and elsewhere require photons of higher energy. 

For example recent theoretical investigations have 

suggested that photoabsorption by excited rare gas atoms 

could significantly reduce the efficiency of rare gas - 

halide lasers which are of interest in relation to laser 

(5) 
isotope separation and laser induced fusion. Hyman and 

/ £ \ 

McCann and Flannery have calculated photoionization 

3 
cross sections for the metastable p states of the rare 

gases and predict them to be strongly dependent on photon 

energy in the spectral region of laser interest. However 



discrepancies between the two calculations indicate 

that the results are appreciably model dependent and so an 

2 

experimental test of the predictions would be desirable. 

3 
The krypton P cross section though is thought to exhibit 

a Cooper minimum in the range 210-220 nm and radiation at 

wavelengths below 217 nm would be required to fully 

investigate this feature. 

Photochemical processes in the atmosphere are also of 

current interest and frequently involve photons of higher 

energy than is available through SHG. In particular the 

Hartley bands of ozone are primarily responsible for 

atmospheric absorption of solar radiation between 200 and 

(7) 
300 nm and nitric oxide also has prominent spectral 

/ Q \ 

features in this region.v ' 

The potential applications of shorter wavelength laser 

sources are not limited to spectroscopy alone. The 

relatively new technique of photoion microscopy uses light 

(9) 
in the 180-230 nm range to produce selective photo¬ 

emission from surfaces in an apparatus similar to a 

conventional field ion microscope. The replacement of field 

emission by photoemission affords higher contrast imaging 

and, if the photon source is tunable, the capability to 

(10) 
locate surface atoms by species. 

Several methods for production of light at wavelengths 
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below the 217 nm SHG limit are currently in use or under 

investigation. Possibly the most straightforward technique 

would be construction of a tunable laser operating directly 

at the wavelengths of interest. Yang and DeLuca^^ have 

suggested that certain rare earth doped trifluoride crystals 

may be suitable as amplifying media for operation from 165 

to 260 nm when pumped by a hydrogen laser. However this 

technique has not yet been demonstrated. Alternately 

(12) 
Deacon et al. have recently reported operation of a 

free electron laser oscillator at 3.4 jum and predict that 

wavelengths as short as 120 nm may eventually be produced 

in this manner if the largest existing électron storage 

rings are used as pumps. Presently though this laser is 

in the early stages of development and in any case the 

electron accelerators required to power such a laser are 

not universally available. 

Sources of non coherent ultraviolet include synchrotron 

radiation which has been widely used for spectroscopy and 

other purposes. The largest accelerators can provide 

11 12 
useful beams in the ultraviolet of typically 10 or 10 

(13) 
photons per second per nm. The expense and complexity 

of the synchrotron also limit practicability of this source 

as a general laboratory instrument. 

(14) 
Piestrup et al. have utilized an electron linear 
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accelerator to produce intense broad band Cerenkov 

radiation by passing relativistic electrons through helium 

gas. After monochromator filtering they obtain fluxes of 

1C)H photons per second per nm from 62 to 200 nm. However 

as with synchrotron sources this method requires an 

extremely complex and expensive accelerator. In addition 

since the light is produced by an intense relativistic 

electron beam it is accompanied by copious x-radiation 

which may be undesirable in some applications. 

Coherent radiation at wavelengths below 217 nm has 

been generated in several laboratories by frequency con¬ 

version of visible lasers through nonlinear optical 

processes such as third harmonic generation (THG) or 

multiple frequency sum mixing (SFM). Four wave SFM, i.e., 

the combination of three input photons to produce one 

output photon, has been demonstrated in atomic and molecular 

vapors and fluxes of up to 10^ photons per second 

have been produced. However these fluxes are obtained 

only if the input frequencies are close to those required 

to excite resonant transitions in the medium. At wave¬ 

lengths well removed from resonance the conversion efficiency 

of this process is greatly reduced and thus useable output 

powers can only be obtained in narrow, medium dependent 

bands. 
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Three wave SFM, or the combination of two laser inputs, 

in crystalline solids utilizes the electronic nonlinearities 

of the medium and is thus independent of narrow atomic or 

molecular resonances So that wide tunability is possible 

with nearly constant conversion efficiency. Calculations 

to be discussed in detail later suggested that potassium 

pentaborate tetrahydrate (KB5) should be a suitable medium 

for efficiently generating coherent radiation at wavelengths 

from 217 nm to below 200 nm by mixing the outputs of two 

relatively inexpensive dye lasers, or alternately one dye 

laser and one fixed frequency laser, A subsequent experi¬ 

mental study of SFM in KB5 utilizing a variety of laser 

sources has resulted in the production of radiation 

continuously tunable from 201 to 217 nm at fluxes of 

10^-10^3 photons per second depending on laser input power. 

(17) Output linewidths of ~ 0.01 nm were attained. 

(9) 
Concurrently Massey and Johnson have produced 

tunable radiation at wavelengths as short as 208 nm through 

SFM in refrigerated crystals of ammonium dihydrogen 

phosphate (ADP) and potassium dihydrogen phosphate (KDP) 

13 15 
with outputs of 10 to 10 photons per second. Quite 

(18) 
recently Kato' ’ has used KB5 to produce 197 to 199 nm 

15 
radiation at fluxes of up to 2 x 10 photons per second. 
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Chapter II 

Theory of Nonlinear Optics 

Following the first reported observation of second 

(19) harmonic generation by Franken et al., Armstrong and 

colleagues^0) published a significant detailed theoretical 

explanation of light wave interactions in nonlinear 

dielectrics. They developed a semi-classical theory 

treating the nonlinear medium as a quantum mechanical 

system acted on by classical electromagnetic fields. 

Quantum mechanical expressions for the induced dipole 

moment of the medium were derived and related to the macro¬ 

scopic polarization, which was then used as a source term 

in Maxwell's equations. These equations were solved in 

terms of coupled monochromatic plane waves. 

(21) 
Much later Boyd and Kleinman performed a similar 

analysis in terms of focussed Gaussian beams rather than 

plane waves. They avoided the calculation of the dipole 

moment of the medium by introducing a purely phenomenological 

expression for the polarization in terms of the electric 

fields. Their results are more useful in practice since 

lasers are not plane waves but have Gaussian or other more 

complicated profiles and are generally focussed in 

nonlinear applications. 

As a strictly classical treatment has been shown to be 
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adequate in describing the phenomena of interest here, the 

theoretical development in this chapter will consist of a 

classical explanation of the nonlinear interaction of 

plane waves followed by a discussion of modifications 

required for a description of focussed Gaussian beam 

interactions. 

A. Linear Optics of Crystals 

The solid materials of interest for applications of 

nonlinear optics are optically anisotropic crystals which 

exhibit certain necessary electromagnetic properties. In 

a medium which is homogeneous, magnetically isotropic and 

linear, Maxwell's equations may be written in rationalized 

MKS units as, 

-4 «4 ^ —4 -4 —4 

VXE = - — B VXH 
ot 

-4 —4 -4 —4 

V.D = p V.B 

with the material relations, 

D = T.E = €qE + P B = fM (2) 

where T is a 3 by 3 tensor which is diagonalized by an 

appropriate choice of coordinates known as the principal 

(22) 
dielectric axes. In isotropic media the diagonal 

elements are all equal. Media with two elements equal are 

ô -» -* 

=   D + J 
at 

(i) 

= o 
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called optically uniaxial while materials with no two 

elements alike are referred to as biaxial media. The first 

of equations (2) expresses the important fact that in 

anisotropic media the electric vector and the displacement 

vector may not be parallel. The first two equations of 

(1) are readily reducible to, 

V E - V(V.E) = 9 z* 9 'T 

“ D + " at J 
or 

(3) 

Consider a plane wave of the form 

E = e cos(- u.r - art) 
v 

(4) 

D = d cos p u.r - out) 
v 

If the crystal is non conducting (J=0) , equation (3) 

requires 

2 2 
(n - n ) E. 

l x 

2 . A -• 
n u.(u.E) 

l 
(5) 

where the n^ (i = x,y,z) are the principal refractive 

indices of the crystal defined as 

2 
n. 
l 

2 
c U €. ■ p IX 

and n is the refractive index for the wave given by 

n 
c 
v 
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After some manipulation (5) leads to 

2 2 2 
U U U , 
 X V  z 1 . 
2 2 + 2 2 + 2 2 ~ 2 
n-n n-n n-n n 
x y z 

which is a form of Fresnel's equation and in general has 

two solutions n‘ and n". Together (5) and (6) imply that 

only two orientations of the electric vector are possible 

for a given direction of propagation in an anisotropic 

(22) 
dielectric. 

If the medium is assumed to contain no free charge then, 

as shown in Figure 1, Maxwell's equations imply that H, D, 

^ —♦ —> —4 

and u are mutually orthogonal while H, E, and S = ExH also 

—♦ -4 

form an orthogonal triple. Since E and D are not necessarily 

-4 ^ 

parallel it is evident that S and u may not lie in the 

same direction. The angle between S and u or equivalently 

between E and D is called the double refraction angle and 

denoted p. 

These effects of anisotropy have interesting con¬ 

sequences with respect to refraction of a wave at a crystal 

surface, AS in refraction by isotropic media the incident 

and transmitted wave vectors are coplanar with the surface 

normal and Snell's law continues to hold for these vectors 

although the angle dependence of the refractive index must 

be taken into account. However Snell1s law may not hold 

for the Poynting vectors. For example it is possible for 



s 

Figure 1: Orientation of the various vectors 

describing a plane wave in an anisotropic 

(22) 
dielectric. 
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a pencil beam of light incident normally on a flat crystal 

surface to be bent upon entering the crystal. 

For reasons to be explained subsequently, in the 

present work the wave vector is restricted to the form 

K = K u = 
nou .A * . 
— (x cos 0 + y sin 0) (7) 

For such a wave (6) has the two solutions 

2 

n” " “yi1 + (“2 ' 1) Sin2 *} ■* n 
x 

-1/2 

and from (5) 

—> 
E' = 

A 
z E E" = 

A 
x E" 

X 

A 
+ Y 

with I! 

2 
n 

_ 
2 tan 0 

• 

Y n 
x 

Since S and E are perpendicular, 

(8) 

(9) 

S' = S' (x cos 0 + y sin 0) 

and S" = S" (x cos 0" + y sin 0") (10) 

2 
n 

with tan 0" = —5“ tan 0 
n 
x 

If, as is the case in the present work, this wave is to 

enter the crystal through the xz plane the external angle 

of incidence, 0 - rr/2, may be calculated from Snell's 
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law 

sinf^^. - TT/2) = n sin(0 - rr/2) (11) 

The internal angle in terms of the external angle for the 

E" wave is given by, 

positive x axis while the angles of incidence and refraction 

used in Snell's law are measured clockwise from the negative 

and positive y axes respectively. 

In addition to the angle dependence of the index, the 

principal indices of a crystal generally vary with the 

frequency of the wave. An analysis based on the Lorentz 

model of electrons in solids predicts the indices to be 

(23) 
approximately given by the well known Sellmeier formula 

If the frequencies of interest are not too widely separated 

only one term in the summation is important and the 

principal indices may be represented by 

2 
n2 -1/2 n 

Note here that 0 and 0 are measured clockwise from the 
6X11 

COS 0 (12) 

n 
2 

1 

n. 
l 

(13) 

l l 
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where the constants A. and B. may be determined from a 
x x 

least squares fit to measured values of the indices. 

Finally the principal indices are also dependent on 

the crystal temperature so that A^ and in (13) are 

functions of temperature. 

B. The Nonlinear Polarization 

The Classical treatment of electromagnetic wave 

propagation in a nonlinear dielectric is based on con¬ 

sideration of the macroscopic dipole moment per unit volume 

induced in the material by an applied electric field. In 

most cases the corresponding magnetic effect is insignifi¬ 

cant and is generally neglected. In the simplest descrip¬ 

tion a dielectric is considered homogeneous, non-dispersive, 

isotropic and linear and the polarization is given by 

P1 = c0 * Ei 

where the electric susceptibility, y, is a scalar constant. 

This linear approximation is accurate for small applied 

fields, however a laser pulse of 50 kW peak power at 

500 nm wavelength and 2 mm diameter focussed by a 100 mm 

focal length lens produces an electric field intensity at 

0 
the focus on the order of 2 x 10 v/m which approaches 1% 

(24) 
of the field experienced by an electron in a solid. 
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For fields of this magnitude the assumption of linearity 

generally becomes invalid and a power series in the field 

is introduced. 

P. 
l 

eO{XlEi + x2*l + X3E- + . . ) 

In this expression can be seen the origin of nonlinear 

optical effects. A field of frequency uu. 

E^ = a exp{iîc.r - iujt} 

will produce a polarization with components proportional to 

E™ = am exp{imk.r - imcut} 

which oscillate at multiples of the frequency of the 

applied field. This oscillating polarization will in turn 

radiate harmonics of the incident wave. There are however 

other effects to be considered. 

To account for the anisotropy of crystalline solids 

the susceptibilities are written as tensors, 

pi = E0 = XijEj ♦ c0 £ xljkEjE]c + 
(14) 

Finally, in most media the susceptibilities are frequency 

dependent so that a general expression must include a 

Fourier decomposition of the fields. Thus after Boyd and 

Kleinman 
(21) 

the applied field is written as, 
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E(r,t)i = J duu E(r,au)i e (15) 
— 00 

and the second order component of the polarization is 

similarly written 

00 

IP (r, t) ^ = J* dou )P(r, ou) ^ e lwt (16) 
— 00 

where 
00 

V(r,cu)i = eQ S J dou' \(-œ, ou', uu—uu * ) i .. E(r,ou') . 
1 jk 

E (r, uu-ou' )^. 

Terms of order higher than the second are not required for 

an explanation of the effects of interest here and will be 

neglected. 

For simplicity the applied field will be assumed to 

consist of two monochromatic plane wave components with 

angular frequencies cu^ < <u , 

E(r,t) = a cos(k^.r - ou^t) + b cos(k2.r - uu2t) . 

(17) 

Substituted into (16), the field (17) yields a second 

order polarization. 
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^(r,t).= 
€° l 2x(0,"u,

1'
u,
1)ijk

ajak + 2x{0/_u)2,tu2^ijkbjbk 

+ X(w2"
U)i,U)i'"tt)2)ijkajbk cosnk2-k1).r-(«^-o)L)t] 

+ “x(2u)1,-u)1,-u)1)ij]ajak cos(2^.?-2^) 

+ (2c«2,-c«2, -0)2)±jcos(2k2.?-2«)2t) 

+ x(‘M1+M)2#-u);L#-«n2)i;^a^bkcos[ (i^+k^.r-(IUJ+IJ^) t] 

(18) 

The first two terms in (18) represent optical rectification, 

or the induction of a constant polarization by an oscil¬ 

lating applied field. This effect will not be considered 

here. The third term describes difference frequency 

mixing and will also be neglected. The fourth and fifth 

terms account for second harmonic generation while sum 

frequency mixing is represented by the last term. 

Equation (18) is generally written in a contracted 

form made possible by the symmetry 

x<v-v-”,
2
)
ijk xivv-V^. (19) 

which is a consequence of the fact that the physical 

description must be independent of the nomenclature of 

the quantities involved. Rearranging terms yields for the 

sum mixing term. 
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IPjfr.t)! \ 

P3(r,t)2 

¥3(r.t)3 / 

^ xlll X122 x133 X123 XH3 X112' 

x211 x222 x233 X223 X213 X212 

' x311 x322 x333 x323 x313 X312, 

aibl 
a2b2 
a3b3 

\ 

a2b3+b2a3 

alb3+bia3 

alb2+bia2 I 
cos[ (1c1+k2) .r-u)3t] (20) 

where + ui^» and similar relations for the SHG 

terms. For SHG the elements of the 3x6 matrix are 

g 
usually relabeled with two indices and called d' , i.e., 

d 
11 

1 
2 Xlll 

etc. 

In addition to (19) the d matrix must satisfy sym¬ 

metries imposed by crystal structure. For instance if 

the lattice is symmetric to inversion about a point, d 

must vanish identically so second order nonlinear effects 

cannot be observed in centrosymmetric media. As an 

illustration of the restrictions of crystal symmetry 

consider the crystal class 4 or S^. These crystals are 

symmetric to a rotation by rr/2 about the z axis followed 

by an inversion. Thus in the laboratory frame such an 

operation changes nothing while in the crystal frame the 

fields transform according to 
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al (•V 
a 

4 
  a 

2 i 

a, 
\ 3 f > "a3 - 

«"i 1 f-»2\ 

to
 

4 

*3 1 -*>1 
Simultaneous solution of the corresponding matrix equations 

yields 

f dn d12 d13 d14 fl15 
aie| d d d 

22 21 23 
d —d —d 
25 24 26 

d21 d22 d23 d24 d25 d26 
= -d12_dll-d13 ■*15 ‘ ai4 d16 

d31 d32 d33 d34 a35 d36 1 i _d32"d3l“d33 “d35 ( a34 d36, 

or 

0 0 0 d14 d15 
0 

= 0 0 0 
"d15 d14 

0 • 

' d31 
-d 0 

31 
0 0 d36 1 

One further symmetry proposed by Kleinman applies 

to d in some cases. The hypothesis predicts that for 

optical frequencies the nonlinearities are due primarily 

to the electronic structure of the crystal and are 

independent of frequency over a wide range. Thus inter¬ 

changing the frequency arguments in x is permissable or 

equivalently the indices ijk may be permuted in any way. 

This symmetry does not hold however if the three frequencies 

involved are widely separated such as in difference 



frequency mixing or optical rectification where lattice 

effects may contribute to the nonlinear interaction. 
« 

The forms of the d matrices for the various space 

groups have been tabulated; ' 1 however the matrices 

for class mm2 or C , which includes KB5, and class 42m 
2v 

or D^, including ADP, KDP and their isomorphs, are 

included here for convenience: 

0 0 0 0 d, _ 0 
15 

0 0 0 d24 0 0 

31 32 33 
0 0 

d- 
42m 

0 0 0 d. . 0 0 
14 

0 0 0 0 d, . 0 
14 

0 0 
36 

(21) 

(22) 

If the Kleinman symmetry condition is applicable these 

matrices are further restricted by 

d32 d24' 
d„ = 3, . 
36 14 

and d = d 
31 15 

Thus the field (17) produces in KB5 a sum frequency 

polarization 

5>y 

2d1c(a b 
15 x z 

2d..(a b 
24' y z 

2 (d a b 
31 x x 

+ az
b
x) cos[(k1+k2).r - m 

+ a b ) cos[...] 
z y l 

+ da b + da b ) cos[...] 
32 y y 33 z z 

(23) 
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and in ADP or KDP a sum polarization 

fry 

Pz 

2d_ .(a b + a b ) cos[...l 
14 y z z y 1 1 

2d._(a b + a b ) cos[...l 
25 x z z x 

2d_^(a b + a b ) cosî...] 
36 x y y x 1 

(24) 

C. The Radiated Field 

It remains now to consider the radiation produced by 

the induced nonlinear polarization. The analysis involves 

the solution of Maxwell's equations including the polar¬ 

ization as a source term. It is assumed as explained 

later that the applied field has the form (17) with 

nitt)l A A 
k, =  —(x cos 0 + y sin 0, ) 
1 c 1 1 

n„(ji 
•T* 2 2 ,A J A . , t 
k2 = ——(x cos 02 + y sm 02) 

a 

—» 
b 

tan 

= a(x sin 0^ - y cos 0^) 

= b (x sin 02 - y cos 0p 

0 

n2 (cu ) 

I = ^77tan «>i 
n (UD. ) 
x 1 

n v
(®2) 

= -f — tan 02 
n
x(<»2) 

(25) 

tan 02 
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From (23) and (24) it can be seen that (25) will induce in 

crystals of class 42m or mm2 a sum frequency polarization 

P = z x ab exp i[(k +k ).r - u^t] + c.c. (26) 

where c.c. represents the complex conjugate, and x is 

explained in Appendix 1. This polarization is then added 

to the displacement D as 

D = e.E + P (27) 

where as in (2), ç accounts for all linear effects. 

Equation (3) is then solved using (25) under the assumptions 

that 1) a plane wave 

a cos(k3.r - i«3t) 

with k. 
3 3 / A , A • % 
——(x cos 03 + y sm 03) 

is radiated, 2) a is slowly varying in space, and 3) a is 

small enough that changes in the input wave amplitudes 

can be neglected. The result of this calculation, 

described in detail in Appendix 1, is 

S1S2 

0 2 T 2 sin L Ak 2 
o 2 _ V L r 2 1 

= 2tT MnC „ n n ~ |— J 
*°~ nln2n3 JL 6k 

p p 
T2 

(28) 

where, Sn, S-, S. are the time averaged magnitudes of the 
X » o 
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Poynting vectors of the two inputs and the 
2 

output respectively (W/m ) 

P^ = S^A is the total average power contained in a 

beam of area A 

-7 
jUQ = the permeability of free space = 4rr x 10 

fi.s.m ^ 

8 — ' 

c = the speed of light in vacuo = 2.9979 x 10 m.s 

L is the length of the crystal along the 

vector k^+k2 (m) 

2 TTC 
^ is the output wavelength in vacuo (m) 

nl' n2' n3 are re^ract^-ve indices for the 

three waves 

and Ak = Ik^t^-k^l is the phase mismatch explained 

below (m 

The most important feature of this expression is the 

factor in brackets, if Ak is non zero then the output 

power is an oscillating function of the crystal length and 

is generally small. However as explained below it is often 

possible to arrange the fields so that Ak = 0 in which case 

the bracketed factor reduces to unity and the fields are 

said to be phase matched. If this condition is satisfied 

the output power increases quadratically with length until 

it becomes large enough that the small signal approximation 
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is no longer valid. The output intensity is also seen to 

be proportional to the product of the input intensities 

which suggests focussing the inputs would increase the 

conversion efficiency. However since focussed beams are 

more intense only in a small volume near the focal point 

the length L is effectively reduced by focussing. Because 

of these competing effects there is an optimum focussing 

condition which as discussed below has been fully investi- 

(21) 
gated by Boyd and Kleinman. 

Finally the output includes the wavelength dependent 

which may be considered as a quality factor for the medium 

at the wavelengths involved. 

D. Phasematching 

The bracketed factor in (28) can be explained quali¬ 

tatively by_ considering the phases of the waves involved. 

—* —+ 

The input waves propagate with the wave vectors and k^ 

which are dependent on the medium as well as the source, 

factor 

2 
X (29) 

k k (30) 
1 c 2 c 
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where uu, and uu_ are determined by the input lasers and 

n and n are properties of the medium. From (18) the 
JL Z 

induced polarization is seen to be a traveling wave with 

the wave vector k +k determined by the inputs and the 
X 6 

properties of the medium at frequencies and This 

polarization gives rise to an output wave which then 

travels independently with a wave vector k^ where 

n_U) 

£3 = —c~- -(x cos 03 + y sin 03) (31) 

is determined by the inputs and the properties of the 

medium at frequency uu3 = uu^+uu^. Thus in general 

—♦ —* —> 
k3 je k^+ k^ and the output wave is not spatially in phase 

with its source, AS the waves move through the crystal, 

power is alternately converted from the inputs to the 

output and vice versa. The power in the output wave 

oscillates with distance in the crystal as shown in 

Figure 2. AS can be seen from (28) the output increases 

from zero to a maximum in a distance L called the 

coherence length, 

c 

L 
c 

(32) 

If however Ak = 0 then the output wave is in phase with 

its source and power flows in only one direction from 

inputs to output and conversion is maximized. The waves 



25 

0 5 10 15 20 

L (arbitrary units) 

Figure 2: Relative output power as a function of crystal 

length for various values of phase mismatch. 
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are said to be phasematched. 

Because phasematching is crucial to efficient energy 

conversion in nonlinear processes several techniques have 

/ 2 
been devised to achieve it. Most of them rely on the 

fact that in anisotropic media the refractive index for 

a wave depends on the electric field direction. Assuming 

the waves are phasematched 

2 2/ \2 
c Ak = 0 = cos CLj^ + n2

W)2 cos a2 ” n3u)3/ 

+ (n^uu^ sin 0-^ + n2U)2 s^n a2)2 (33) 

—> —> -4 —> 

where a is the angle between k and k,+k„ = k_. Thus the 
m m 1 2 3 

phasematch condition is seen to be a requirement on the 

indices of refraction. In particular n^ must lie between 

n^ and n^ since, using (33) implies 

(n1 cos ax - n^a^ + (n2 cos a2 - 
n
3)^2 = 0 . 

(34) 

As seen from (13) the principal indices of most substances 

increase monotonically with frequency (except near absorp¬ 

tion bands) so (34) cannot be satisfied if all three 

waves are similarly polarized. However in anisotropic 

media (34) may be satisfied if the waves have different 

polarizations. For example inspection of Figure 10, which 

shows the principal indices of KB5, indicates that phase¬ 

matching should be possible for inputs polarized in the 
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x direction and an output polarized along z. in fact for 

a given the phasematched frequency will be higher 

in this field configuration than in any other allowed by 

(21). it is partly for this reason that the fields of 

Appendix 1 were so chosen. 

Once phasematching has been realized the output 

frequency may be tuned by changing both input frequencies 

or one input frequency and the direction of propagation. 

In the first case uu^ is raised while is lowered (recall 

u). < («_) . As seen from Figure IQ uu must be increased 

slightly more than uu^ is decreased to maintain Ak = 0 

so u)^ increases. The output wavelength may similarly be 

lowered by lowering CM and raising uu . 
4b JL 

Changing the propagation direction changes the indices 

for the waves and hence the phasematch equation. Suppose 

all three wave vectors lie in the y direction while the 

input electric vectors are in the x direction and the 

output wave is polarized along z. If the propagation 

direction is changed either the input indices decrease or 

the output index increases and Ak becomes negative. The 

waves can then be rematched by lowering cu^. From Figure 10 

it is seen that the largest change in cu^ per unit angular 

change in the propagation direction is obtained when the 

beams are rotated in the xy plane. Thus the fields of 
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Appendix 1 are chosen to afford the shortest possible 

output wavelength for a given value of one of the input 

wavelengths and the greatest change in the output wave¬ 

length for a given change in the propagation direction of 

the beams. 

In the case of normal incidence, 0 = 02 
= $3 = TT/2, 

the phasematch requirement reduces to 

[nx(i«l) - nz(ou3)]u)1 + [nx(w2) “ nz((M3)]u)2 
= 0 

(35) 

which together with (13) can be solved numerically for 

matched wavelength combinations. For the fields (25) 

equations (33), (13), and (8) must be used to find matched 

combinations of wavelength and angle, in the special case 

of SHG where uu^ = uu2 = u)3/2 and 0^ = 02 = 03, (33) reduces 

to 

c Ak = 2(n -n^u^ = 2uu1[n(0, u^) - n^ (2«j ) ] (36) 

which when solved using (8) and (13) yields the algebraic 

solution 

. 2 4
(“l) ny(uJl) ‘ nz(2lV 

sm 0 = —   5  
n
z(2l«l) ny(U)

1) “ 

(37) 

for the phasematch angle in terms of the fundamental 

frequency. 



29 

Similar considerations for class 42m crystals show 

that in the optimum arrangement the wave vectors all lie 

in the x=y plane at an angle 0 to the z axis. The inputs 

are polarized in the xy plane while the sum wave is 

polarized in the x=y plane. Phasematched SHG of a funda- 

t <ry ç- \ 

mental frequency uu then occurs at an angle 0^ given by* ' 

. 2.. , nê2« ‘ n02(2a,> 
Sin "V =  =2  (38) 

ne (2uu) - nQ (2uo) 

where n^ = n = n and n = n are given by (13). 
0 x y e z 

The field configurations which allow phasematching in 

(28) 
the other biaxial crystals have been evaluated by Hobden. 

E. The Effects of Phase Mismatch 

Because of practical limitations of finite linewidth, 

mechanical positioning of the beams, and crystal temperature 

drift, it is not possible to obtain a perfect phasematch 

and thus the effects of a finite Ak should be considered. 

The bracketed factor in (28) is unity for Ak=0 and falls to 

2 
4/n = 0.405 for Ak = + TT/L. Assuming Ak=0 for cu^ and 

it is possible to estimate the change in these frequencies 

which would reduce the output power by one half. Expanding 

(34) about and assuming 0^ = 0^ yields to first order 
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âni dn3 
° AMi^VV6^’ = (:V»^— "V^ ^ 6”] 

dn2 dn3 
+ (n+«j —— -n_-uu0 —— 2 2 dœ2 3 3 do)3 

) 6(«, 

or 

Ak _ f^ni _ dni^ __ X3^n3 _ dn3 
2tr lAX, d\ H'v^3 d\. )} 

6X, 

r/
n2 dn2N HA drl3M 6X2 

(39) 

At normal incidence in KB5 for wavelengths 

X^ = 510 nm, X2 = 372 nm, X^ = 215 nm 

which are shown in Chapter 4 to be phasematched, equation 

(39) yields 

6 2 6 2 
Ak (4.6 x 10 nm )6X^ + (7.0 x 10 nm )6X2 

where the constants from Table I have been used in (13) to 

compute the principal indices. The half power bandwidth 

for a crystal 10 mm in length is found from Ak = rr/L to be 

6X^ 0.07 nm 6X2 « 0.05 nm (40) 

Since the theory developed above has assumed mono¬ 

chromatic inputs it cannot reasonably be expected to apply 

to inputs with linewidths greater than about 0.01 nm. The 
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effect of broad input linewidths is complicated in that 

the high frequency side of one input can mix with the low 

frequency side of the other, however it can be plausibly 

argued that the total output power is reduced. If two 

monochromatic lines of amplitude a and b are mixed, the 

output amplitude is proportional to the product ab. If 

each input line is now divided, one half of the energy 

being slightly shifted in frequency, the output will 

consist of two lines, each of amplitude proportional to 

(a/2)(b/2). Thus the total output power is reduced by 

half. 

It is also possible to estimate the change in angle 

between the input wave vectors which reduces the output 

to half its maximum value. Assuming the waves are matched 

for $ = 0 , and expanding (34) to first order yields 
X « 

Equation (33) then implies (see also Appendix 1) 

2 

Thus the change in angle between and which reduces the 

output by half is 
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r 1 /^1 
IV^Il/2 = {l(^ + ^)} • <41) 

Again for KB5 as in (40) 

I^l”^2 11/2 ™ 8 mrad ** 0.4° . (42) 

F. The Plane Wave Efficiency 

Once phasematching has been achieved the expected 

output power can be calculated from (28). At normal 

(4) 
incidence x is equal to 2d^ as in Appendix 1. Dewey 

has published the value 

d31 = 4.0 x 10~25 m/V 

however this value includes a factor of which appears 

elsewhere in the present formalism and the correct number 

for (28) is 

-14 
X = 2d31 = 9.14 x 10 m/V . (43) 

For the wavelengths 

= 510 nra, = 372 nm, X3 = 215 nm 

the indices are 

n^ fia 1.49, « 1.50, n3 « 1.50 . 

_2 
Then for L = 10 m, equation (28) yields 
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4.0 x 10 
(44) 

A 

Thus inputs of 10 kW peak power each in beams of 1 mm 

4 watts peak. 

There are however many defects in this simple theory. 

Firstly because of diffraction effects beams of finite 

size are not uniform plane waves. The simplest realistic 

model for a laser beam is the Gaussian beam described in 

Appendix 2. Equation (44) also predicts the output power 

to depend inversely on the beam area, A, indicating that 

focussing the beams should yield higher powers. A theory 

which accounts for these features has been developed by 

Boyd and Kleinman.*21* 

G. Modifications for Gaussian Beams 

A Gaussian beam, as described in Appendix 2, is 

characterized by a beam axis, a minimum radius w^, the 

position of the minimum radius (waist or focus) along the 

beam axis, a frequency uu and a power p. Other useful 

parameters include the far field divergence half angle 

—6 2 
diameter (A « 10 m ) should yield an output of about 

Ô 
X 2c 

TT n w 
0 

and the confocal parameter 
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(21) 
Boyd and Kleinman have developed an expression 

similar to (28) which predicts the output power to be 

expected from mixing two focussed, monochromatic Gaussian 

beams in a nonlinear medium. Written in MKS units their 

relation is 

P 2 

F“P7 
= 2TT

 ^O
C
 *2 xT TTC e a L <45> 

12 n3 3 1 2 

where 

h(a,8,K,ç,/j) = 

/ l \1//2i “ -4s2 *-• 2 
(41) ç J* ds e Ij* ITTr exp T' [i(a+4£s)-fc] I . (46) 

The quantities in (45) are as defined in (28) and the 

absorption constant a' is assumed here to be zero since 

(27) 
KB5 is not absorptive at the frequencies of interest. 

The function h accounts for phase mismatch, double refraction, 

absorption and focussing. The arguments are the mismatch 

parameter 

o = j b Ak = I b |k1+k2-k3| ; 

the double refraction parameter 

j3 = (p = double refraction angle) ; 
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the absorption parameter 

VC —• b a = 0 by assumption; 
z 

the focussing parameter 

L 
Ç ~ b 7 

and the focal position parameter 

L - 2F 

* = ~  

where F is the distance from the crystal face to the focus 

along the beam axis. This formalism assumes that the 

input beams have the same beam axis, confocal parameter 

and focal position. For the case of normal incidence in 

KB5 with the focus in the center of the crystal 

8 K = a 0 

and h reduces to 

-2a 00 n 2 n/2 2 
(47) 

where 

0 tan”1(§) 

(21) 
The authors show that this function attains a maximum 

value of h = 1.068 for ç = = 2.84 and cr^m = — L Ak « 1 



36 

Thus perfect phasematch, Ak=0, is not the optimum 

condition for focussed Gaussian inputs. If the waves are 

matched, cr=0 and h reduces further to 

which has a mximum value of 0.645 at ç = 1.392, or roughly 

65% of the true optimum value. 

Assuming all parameters are optimized and using the 

values which lead to the plane wave efficiency formula(44), 

equation (45) predicts 

h(0,0,0,§,0) ftan"1(£)l2 

§ 
(48) 

-5 -1 
ra 2.7 x 10 W (49) 

or inputs of 10 kW each should yield a 2.7 kW output. 
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Chapter III 

The Apparatus 

The study of sum frequency mixing was initially 

conducted using twin dye lasers pumped by a single nitrogen 

laser to provide the mixing inputs. During the course of the 

experiment a frequency doubled ruby laser became available. 

Since this laser provided much higher output power in the 

ultraviolet than the N2 laser and intense radiation at 

694 nm suitable for mixing, this system was used to study 

mixing of the ruby fundamental beam with a frequency 

doubled dye laser output in an angle tuned KB5 crystal. 

Finally the dependence of the phase matched wavelengths 

on the crystal temperature was measured. 

A. The Nitrogen Laser 

The nitrogen laser is a convenient source of high 

intensity ultraviolet radiation and is widely used to 

(29) 3 3 
pump organic dye lasers. Utilizing the C ny B n 

transition of molecular N2 these lasers can produce 

output pulses at 337 nm of 5-10 nsec duration and peak 

power in excess of 1 MW at repetition rates of over 100 Hz. 

Although commercial models are available, numerous simple 

construction schemes have appeared in the literature and 
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the laser used in this study was constructed in this 

laboratory. 

The design is similar to that of Schenck and Metcalf 

with some modification and is shown schematically in 

Figure 3. A bank of 12 3600 pF 30 kV capacitors (A) 

connected in parallel and charged through a 200 kQ current 

limiting resistor provides the primary electrical storage. 

A simple three electrode triggered spark gap assembly (B) 

is used to transfer this energy to two secondary capacitor 

banks (Cl, C2) connected in parallel directly across the 

plasma tube (D). These secondary banks are 14 and 18 

500 pF 20 kV capacitors in parallel and form a very low 

inductance energy storage circuit. When the spark gap 

is fired, Cl and C2 charge until breakdown occurs in the 

plasma tube at which time their stored energy is rapidly 

deposited in the nitrogen gas. This rapid deposition of 

energy is necessary to populate the upper laser level in a 

time which is short compared to its natural radiative 

(31) 
lifetime of «40 ns. 

The plasma tube contains two polished aluminum 

electrodes (E) 1.2 m in .length separated by 30 mm. Nitrogen 

at a pressure of about 40 torr flows longitudinally between 

these electrodes. 

The laser was typically operated at 5 to 10 Hz and 
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E3 PLEXIGLAS INSULATION 
CD TEFLON INSULATION 

Figure 3: Schematic sectional and top views of the 

nitrogen laser. 
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yielded pulses of 5-6 nsec duration and 5 mj energy for 

pulse average powers near 1 MW. Under the same conditions 

8 mj per pulse could be obtained by mixing sulfur hexa¬ 

fluoride (SFg) with the nitrogen. The mechanism of this 

increase is not well understood. 

B. The Pumped Dye Lasers 

The twin dye lasers were of the prism cavity design 

(32) 
described by Stokes et al. and shown schematically in 

Figure 4. The active medium is an organic dye solution 

flowing vertically through a transversely pumped dye cell. 

The nitrogen laser output is focused by a 100 mm focal 

length fused quartz spherical lens through the fused 

quartz input window and excites a roughly cylindrical 

volume of dye a few tenths of a millimeter in diameter and 

occupying most of the 8 mm width of the dye cell. The 

visible output emerges from the cell through two parallel 

windows which are slightly tilted from the vertical to 

eliminate feedback effects due to reflection from these 

surfaces. 

The laser cavity is formed by a quartz flat ~ 70 mm 

from the dye cell, which serves as the output mirror and 

a diffraction grating in Littrow (or autocollimating) 

mount which provides tunability. The gratings used here 
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were ruled with 1800 lines per mm and blazed for first 

order in the visible. The grating efficiency is in the 

range 50 to 80 percent depending on wavelength. A prism 

is included in the cavity and functions as a polarizer 

and beam expander. The prism preferentially reflects 

vertically polarized light out of the cavity so that the 

output is horizontally polarized. 

(33) Telescopes are widely used to provide beam expansion 

and are more efficient than prisms in that reflection 

losses can be nearly eliminated with anti-reflection 

coatings. However prisms are easily aligned, achromatic 

and more mechanically stable and much less expensive than 

telescopes. 

In this work the prism angle was selected to yield an 

output linewidth of approximately 0.3 nm FWHM and an energy 

conversion efficiency of 10 to 15 percent from the ^ 

laser output to the visible output. 

Because of the brief period of excitation (~ 6 nsec) 

and the short fluorescence lifetime of most dyes (< 1 nsec) 

the laser cavity must be physically short to avoid 

excessive losses to off axis spontaneous emission. However 

the spectral linewidth and the beam divergence of the 

laser output increase with decreasing cavity length. 

(33) Lawler has analyzed these competing effects and found 
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the optimum cavity length to be ~ 150 mm with the dye cell 

half way between the end reflectors. 

C. The Twin Dye Laser System 

Figure 5 depicts the arrangement of the various 

components. The two identical dye lasers are positioned 

to produce orthogonal, intersecting output beams. Mirror 

Ml divides the laser output in half to allow simul¬ 

taneous pumping of the dye lasers. The visible beams are 

superimposed by a dichroic mirror, M2. 

When required the second harmonic of one dye laser 

may be generated by the optics within the dotted rectangle 

of Figure 5. A Spectra Physics model 310-21 polarization 

rotator is used to rotate the plane of polarization of the 

fundamental from horizontal to vertical so that the 

second harmonic will be horizontally polarized. The second 

harmonic is generated in an angle tuned ADP or KDP crystal 

and passes through a Corning 7-54 glass filter which 

blocks the fundamental. 

After superposition by the dichroic mirror the two 

horizontally polarized inputs are focused into the KB5 

crystal by a lens of 100 mm focal length. The crystal is 

a 10 mm cube with two polished faces parallel to the xz 

plane. The input beams propagate through the crystal 
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DYE LASER 2 PMT 

Figure 5: The twin dye laser system. 
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in the xy plane at an angle 0 to the x axis and are 

polarized in the xy plane as explained in Chapter II. The 

KB5 crystal is hydrated (KBe0o.4Ho0) and will change 
DO Z 

structure if exposed to very high or very low humidity. It 

is thus mounted in a hermetically sealed cell equipped with 

fused quartz windows, 

o 
A 60 fused quartz prism is used to separate the sum 

frequency output from the remaining input radiation. The 

output is then detected by an EMR model 541G-08-18 solar 

blind photomultiplier (PMT). The cathode quantum efficiency 

and current gain of this tube are shown in Figure 6. 

Neutral density optical attenuators are used as appropriate 

to reduce the SFM signal to levels lying in the linear 

response region of the tube. The PMT output is amplified 

by a current sensitive preamp and displayed on an oscillo¬ 

scope. That the signal is in fact due to SFM and not a 

spurious reflection is verified by independently blocking 

either of the inputs and noting the disappearance of the 

signal. 

The average powers of the input beams are measured 

with an Eppley thermopile calorimetric radiometer. Pulse 

average powers are then inferred from the known pulse rate 

and duration. The mixed output was not detectable with 

the thermopile and so was estimated using the performance 
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Figure 6a: Quantum efficiency of the solar blind PMT 

cathode vs. wavelength of the incident light. 
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curves of Figure 6 for the PMT. The time dependence of the 

input pulses was measured with a fast ITT biplanar photo¬ 

diode and a 0.7 ns risetime Hewlett-Packard oscilloscope. 

The dye laser wavelengths were measured with a Jarrel Ash 

model 82-020 1/2 meter scanning monochromator. This 

instrument was calibrated using a mercury lamp and has a 

resolution of 0.02 nm. All data were taken with the 

apparatus at room temperature which was normally 20-25 °C. 

D. The Ruby Laser 

The frequency doubled ruby laser used in the latter 

stages of this investigation is a Holobeam Inc. model 624. 

The ruby rod employed in the laser is a cylinder 6 inches 

in length and 3/8" in diameter, one end of which is 

polished and coated for 50% reflectance and serves as the 

output mirror. The rod is surrounded by a helical xenon 

arc discharge lamp which is in turn surrounded by a high 

efficiency reflector. Distilled water is circulated over 

the rod-lamp assembly for cooling. The lamp is energized 

by a 100 JJF capacitor charged to between 5 and 6 kV. The 

energy dissipated in the flashlamp is thus ~ 1500 Joules. 

The cavity is completed by a Pockel1s cell Q-switching 

device. 

The fundamental output energy is measured with a 
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Quantronix model 501 calorimetric radiometer. This energy 

is variable up to a maximum of about 2 j per pulse. The 

shot to shot variation in output energy at a given control 

setting is 5 to 10 percent. The maximum pulse repetition 

rate is ~ 0.5 Hz. 

The pulses were observed to have a FWHM duration of 

roughly 40 ns. The pulse shape is nearly Gaussian, 

slightly modulated by nsec scale oscillations. Thus at 

2 j per shot the pulse average power is on the order of 

50 MW. The manufacturer's specifications indicate a 

nominal pulse duration of 15 to 30 nsec and corresponding 

powers of up to 150 MW. The source of the discrepancy 

was not determined. 

The manufacturer did not specify the spectral line- 

width of the output, however the ruby laser line has been 

(34) 
reported to have a width of 0.01 nm. 

The fundamental output is directed unfocused through 

an angle tuned potassium dideuterium phosphate (KD*P or 

DKDP) crystal which converts 10-15 percent of the energy 

to the second harmonic at 347.2 nm. The crystal is 

temperature stabilized by circulating temperature controlled 

water through a collar on the mount. 
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E. The Ruby Pumped Dye Laser 

This dye laser is similar to those previously 

described though it differs in that the quartz output 

mirror is replaced by a high reflectance (R > 0.99) multi¬ 

layer dielectric mirror and the output is taken from the 

prism face. This laser configuration has been investigated 

/OC\ /or\ 

by Meyers' and Hanna' and is illustrated in Figure 7. 

Under nitrogen laser excitation physical damage to the 

dye cell was rarely observed. However the energy in the 

ruby laser second harmonic pulse is sufficient to damage 

most optical components so no focusing of the pump beam 

was attempted. The volume of dye excited is a cylinder 

of 3/8" diameter and a few tenths of a millimeter estimated 

depth. With such an excitation the Meyers design provides 

much narrower linewidths than the laser described above 

at comparable conversion efficiencies. At a pump energy of 

60 mj the dye laser output pulse energy is 3 mj, as measured 

with a Scientech thermopile, and the linewidth is 0.01 nm. 

The pulse duration was measured, again by photodiode, to 

be 20 ns FWHM implying a pulse average power of 150 kW. 

F. The Single Dye Laser System 

The complete laser system is shown in Figure 8. A 

dichroic mirror, Ml, is used to separate the fundamental and 
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second harmonie outputs of the ruby laser. The dye laser 

second harmonic is generated in an angle tuned ADP crystal. 

As before the polarization of the dye laser fundamental is 

rotated via a Spectra Physics 310-21 polarization rotator 

from a horizontal into a vertical plane so that the second 

harmonic is horizontally polarized and can be mixed with 

the horizontally polarized ruby fundamental beam. The dye 

laser fundamental is focused into the ADP crystal by a 

170 mm focal length cylinder lens and the second harmonic 

beam is collimated by a 3" focal length fused quartz 

cylinder lens. The fundamental is again removed by a 

Corning 7-54 glass filter. The ruby fundamental and dye 

laser second harmonic outputs are superimposed by a 

dichroic mirror and focused by aim focal length spherical 

fused quartz lens into the KB5 crystal. To avoid damage 

to the crystal it was not placed at the focus of the beams 

but was positioned 750 to 850 mm from the 1 m lens. 

Initially the KB5 crystal was not thermally stabilized. 

During the experiment however small inconsistencies were 

observed in the data which seemed correlated to wide 

fluctuations in the laboratory temperature. To remedy 

this problem and to investigate the temperature dependence 

(37) 
of the phase matching curve a temperature control device 

was installed which allowed fine adjustment of the crystal 
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o o 
temperature from -15 to +40 C. This temperature was 

measured with a Yellow Springs industries model 44004 

precision thermistor to an absolute accuracy of _+ 0.2 °c. 

The energy in the ruby fundamental input to the KB5 

crystal is measured with the Quantronix 501 detector and 

the dye laser second harmonic energy is measured with the 

Eppley thermopile. Because of noise and saturation 

problems with the solar blind PMT the mixed output power 

is estimated from a comparison of the fluorescence produced 

by the mixed and second harmonic beams on a sodium salycilate 

phosphor. The brighter second harmonic spot is attenuated 

with neutral density filters until the two spots are of 

equal intensity. Since the fluorescence efficiency of 

sodium salycilate is constant over a wavelength range 

(38.39) . . 
encompassing both wavelengths the relative intensities 

of the two beams can be estimated within a factor of two 

from the known attenuation. 
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Chapter IV 

Results and Conclusions 

A. The Phasematch Curve and the Principal Indices 

Initially the investigation of SFM was conducted 

using the twin nitrogen laser pumped dye laser system with 

beams propagating along the y axis of the KB5 crystal. The 

SHG point was established and then one laser was tuned 

to wavelengths slightly shorter than the SHG wavelength 

while the other laser was tuned to lower energies. 

Wavelength combinations which resulted in phasematched 

SFM were recorded for output wavelengths from 217 to 207 nm 

and are shown in Figure 9 . The dotted curve in Figure 9 

shows the phasematched wavelength combinations calculated 

from equation (35) using the refractive index data of 

(27) 
Cook and Hubby which are seen to disagree with the 

experimental points. A small difference between the 

experimental points and the predictions of (35) is 

expected since, as noted in section II.G, the optimum out¬ 

put power is obtained for non-zero values of the phase 

mismatch, Ak. However the optimum mismatch was seen to be 

and so the difference between (35) and experiment should be 
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smaller than the plane wave acceptance bandwidth of approx¬ 

imately 0.06 nm which is much smaller than the observed 

discrepancy. 

Thus the refractive index data were assumed to be in 

error and the Sellmeier constants of Cook and Hubby were re¬ 

vised as shown in Table I. A calculation using (50) and the 

revised constants produced the solid curve in Figure 9 which 

is seen to be in excellent agreement with the experimental 

points for output wavelengths above 207 nm on which the re¬ 

vised constants are based. It is remarkable that the solid 

curve is also in excellent agreement with the point at = 

201.6 nm, subsequently measured with the ruby laser system, 

and with the point at X^ = 196.6 nm, recently reported by 

Kato,v ' since the Sellmeier equations (13) used to repre¬ 

sent the x and y indices are only approximations. This close 

agreement between the revised Sellmeier parameters and data 

far removed from points on which the revised constants are 

based suggests that the revised predictions may be accurate 

for much shorter output wavelengths. Appendix 3 includes the 

phasematched wavelength combinations predicted by the revised 

Sellmeier constants for output wavelengths from 217 to 173 nm. 

It can be seen that phasematched SFM using input wavelengths 

conveniently available from dye lasers.and SHG should be 

possible for output wavelengths as short as 179 nm, provided 
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n 
x 

n 
y 

n z 

A. 

0.852 497 

0.972 682 

1.008 157 

B. 
 1  

8.7588 x 103 nm2 

3 2 
8.7757 x 10 nm 

9.4050 x 103 nm2 

n 
x 

0.848 117 

B 
X 

7.4477 x 103 nm2 

n. 
î { i + 

1/2 

A± - B.X 

Table I: Sellmeier constants for the principal 

refractive indices of KB5 from Cook 

(27) 
and Hubby except A*, B* revised 

as explained in text. 



the crystal is transparent to the frequencies involved. The 

transmission characteristics of the KB5 crystal were meas¬ 

ured using a Cary spectrophotometer and no significant ab¬ 

sorption was detected for wavelengths from 1 /.jm to 186 nm, 

the lower limit of the instrument. 

(27) 
The refractive indices measured by Cook and Hubby 

are shown in Figure 10 with curves calculated using the 

Sellmeier constants of Table I. The n curve was derived 
x 

from the revised constants and is seen to agree with the 

data within the quoted uncertainties. 

B. The Efficiency and Power Obtained 

The N2 pumped dye lasers were focused into the KB5 crys¬ 

tal by a single 100 mm focal length lens. The resulting 

focal spot radius was calculated as in Appendix 2 to be 

~ 30 jim implying a confocal parameter of b « 0.18 m. Since 

the crystal is 10 mm in length the focusing parameter is then 

§ 0.6 and the Boyd and Kleinman function, h, takes the 

value h « 0.6. Equation (45) thus predicts that the powers 

should be related by 

P P 
*12 

« 1.5 x 10"5 w"1 

At input powers of 3.7 kW (§> 420 nm and 650 W @ 449 nm the 

output at 217 nm was observed to be approximately 1 W whence 
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Thus the conversion factor realized experimentally is 

roughly 40 times less than that predicted theoretically. 

There are several factors which may account for this 

reduced conversion efficiency. Firstly the linewidth of 

the dye lasers was about 0.3 nm or ~ 5 times the acceptance 

linewidth of the crystal as given by equation (40). Thus 

as discussed in Chapter II a consequent reduction in 

conversion efficiency is to be expected. Secondly the 

theory assumes the inputs to be optimally superimposed 

Gaussian beams. The multimode outputs of the dye lasers 

were not Gaussian and since they were focused by a common 

lens had neither equal confocal parameters nor the same 

focal position. It is therefore not surprising that the 

output power is less than that predicted by (45). 

Measurement of the output power was very difficult 

and consequently the measured values may be in error by as 

much as a factor of three. The input powers were on the 

3 
order of 10 W while the output was near 1 W so the signal 

-3 
to noise ratio was less than 10 . In addition considerable 

electrical noise was generated by the N_ laser. As seen 

from Figure 6a the spectral response of the solar blind 

PMT is well suited for discrimination against the longer 

wavelength inputs. However to produce output pulses from 

the PMT which could be detected over the radio noise from 
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the laser it was necessary to operate the tube near 

saturation and consequently the absolute detection 

efficiency was suspect. 

Though the PMT is not entirely effective as an 

absolute detector for this application other common radio- 

metric devices may be no more appropriate. Thermopile 

detectors are useless as the average output power is on 

_8 
the order of 10 W. Pyroelectric detectors have 

sufficient sensitivity and output signal level but also 

have spectrally flat response and cannot discriminate 

against the laser wavelengths, photodiodes offer the 

wavelength selectivity of the PMT and are much less subject 

to saturation problems. However they are far less sen¬ 

sitive than photomultipliers. Clearly though for use as 

a photon source in absolute experiments the system must 

incorporate an improved detector. 

When using the ruby laser system the KB5 crystal was 

damaged slightly by the strongly focused ruby laser 

output so optimum focusing was not employed. Instead the 

crystal was placed 750-850 mm from aim focal length 

lens. In this configuration the input beams could be 

regarded to a good approximation as plane waves in the 

crystal and equation (28), based on the plane wave model, 
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was thus used to estimate the output powers to be anti¬ 

cipated. The beams had a radius of ~ 2 mm at the lens and 

consequently in the crystal the beam radius was ~ 0.5 mm. 

-7 2 
Thus the area of the interacting beams was ~ 8 x 10 m 

and from (28) a conversion factor of 

P P 
12 

« 6 x 10 % ^ 

was expected. With inputs of 2.5 MW @ 694.3 nm and 2.5 kW 

@ 284.2 nm an output of 125 W @ 201.6 nm was produced. 

The experimental conversion factor was therefore 

P P 
*12 

2 x 10"8 W-1 

-7 -1 
This efficiency is below the earlier result of 4 x 10 W 

as a consequence of the non-optimal focusing but is in 

much better agreement with the expected plane wave value. 

“8 —1 
It also compares well with the efficiency of 2.6 x 10 W 

(18) 
very recently reported by Kato. In that work the 

average output power was 2 mW which was measured with a 

thermopile and so is known with reasonable accuracy. 

In contrast to the laser system where the two inputs 

to the crystal are of the same order of magnitude in power, 

the ruby laser power is much greater than that of the dye 

laser second harmonic. Thus the mixed output power is 
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limited almost entirely by the second harmonic input, P^. 

In this case a useful measure of performance is the 

upconversion efficiency 

P3 -8 -1 
—- « (2 x 10 W ) P. « 0.05 . 
p2 1 

The results obtained with the ruby laser system are 

in much better accord with the appropriate theoretical 

predictions than are the laser system data. This 

improvement is due in part to the narrower linewidths of 

the lasers, ~ 0.01 nm. Also since the beams were not 

strongly focused, the mode characteristics and focal 

positions were not as important as in the earlier experi¬ 

ments . 

As discussed in Chapter II it is possible to obtain a 

tunable output using only one tunable input by changing 

the propagation direction of the beams in the crystal. 

Angle tuning of the crystal was investigated using the 

ruby and nitrogen lasers as fixed frequency sources. The 

beams were directed through the crystal at angle 0 to the 

x axis, in Figures 11 and 12 are shown the combinations 

of tunable input wavelength and propagation angle for 

which phase matched SFM was observed. It is evident that 

a considerable range of wavelengths may be obtained in this 
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manner. In addition to the data of Figure 12, Chen and 

(43) 
White have reported doubling of the ruby laser in 

this configuration at an angle 0 = 26.5°. Table II lists 

several common single frequency laser lines and the shortest 

wavelength output that may be generated using each one 

as an input. 

Because of double refraction effects discussed in 

Chapter I the three beams do not travel in the same 

direction inside the crystal except when propagation is 

along a principal axis, AS a result the beams do not 

remain perfectly superimposed over the length of the 

crystal and the mixing efficiency is expected to decrease 

as the beam direction is rotated away from a principal 

axis. This prediction agrees with experimental observa¬ 

tions in general and in particular for mixing the ruby and 

frequency doubled dye lasers at 0 = 68° the conversion 
wX L 

factor was observed to be 

P P 
12 

-9 -1 
« 4 x 10 W or 0.01 . 

This reduction in conversion efficiency is most evident 

for tightly focused beams as they are easily demerged, for 

propagation angles near 45° at which the double refraction 

angle is largest and for widely separated input wavelengths 
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Laser 
Fixed 

Wavelength 
(nm) 

Mixing 

Wavelength 
(nm) 

Output 

Wavelength 
(nm) 

Nitrogen 337.1 568 212 

Ruby 

Fundamental 
694.3 284 202 

Ruby 

2nd Harm. 
347.2 550 213 

Ruby 

3rd Harm. 
231.4 919 185 

Nd:YAG 

2nd Harm. 
532 357 214 

Nd:YAG 

3rd Harm. 
354.7 539 213 

Nd:YAG 

4th Harm. 266 755 197 

Nd:YAG 

5th Harm. 
213 1038 177 

KrF 

Fundamental 248 829 191 

Table II: The shortest output wavelengths available through 

SFM of common fixed frequency laser lines with tunable lasers 

in KB5. Longer output wavelengths may be obtained by angle 

tuning as described in text. 
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for which dispersion effects are greatest. 

Temperature tuning of the output wavelength was 

investigated in an attempt to generate shorter wavelengths 

and to determine the dependence of the phasematching 

conditions on crystal temperature. The temperature tuning 

curve for mixing with the ruby laser is shown in Figure 13. 

It is evident that no significant extension of the output 

frequency range results from cooling the crystal, however 

the data indicate that a change in the crystal temperature 

o 
of 1 C shifts the phasematched input wavelength by 

0.04 nm. For input linewidths of 0.01 nm and an acceptance 

bandwidth of 0.05 nm as given by (40) a change of 1 °C 

should thus significantly reduce the conversion efficiency. 

The observed decrease in optical power was in fact a factor 

of 5 to 10. Because of this effect the crystal temper¬ 

ature must be maintained constant within a few tenths of 

a degree for reliable operation of the system as a 

spectroscopic source. 

C. Summary 

The present experiments have demonstrated that sum 

frequency mixing in KB5 is a convenient technique for the 

generation of wavelengths in the range 180 to 217 nm by 

frequency conversion of readily available lasers. Output 
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SUM FREQUENCY WAVELENGTH (nm) 

201-2 201-4 201-6 201-8' 

Figure 13: Temperature tuning curve for sum frequency mixing with 694.3 nm 

radiation in KB5. The interacting beams propagate along the 

y axis of the crystal. 
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fluxes of 10^0 to 1013 photons per second have been 

generated over the range 201-217 nm and subsequent 

investigationshave yielded outputs of up to 2 x 10^ 

photons per second at wavelengths from 197 to 199 nm. 

These fluxes exceed those obtainable with any other 

existing light source in this spectral region. 

In the optimum configuration two focused input beams 

are propagated through the KB5 crystal along the y axis. 

The output frequency is tunable by changing both input 

frequencies or one input frequency and the propagation 

direction. The crystal temperature must be closely 

controlled to ensure stable conversion efficiency. 

Combinations of input wavelengths which yield 

phasematched SFM for propagation along the y axis have 

been determined for output wavelengths from 201 to 217 nm. 

A discrepancy between these data and previously published 

measurements of the principal refractive indices of 

(27) 
KB5 has been discovered and revised values of the 

indices which agree with the data are presented. Pre¬ 

dictions based on these revised indices and on measurements 

of the transmission characteristics of KB5 indicate that 

output wavelengths below 180 nm should be attainable with 

input wavelengths readily available from dye lasers and 

SHG. 
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Angle tuning curves for mixing a dye laser with a 

nitrogen laser and with a ruby laser have been determined 

experimentally. A temperature tuning curve for mixing 

ruby and dye lasers has also been measured. 

Theoretical considerations suggest that higher powers 

may be obtained by using lasers with better mode structure 

than those available for this study and by using a more 

elaborate lens system to focus the interacting inputs 

into the KB5 crystal. Nevertheless the output powers 

achieved are higher than those available from any other 

technique. 
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Appendix 1: Solution of Three Coupled Plane Waves 

in a Crystal 

A field of the form 

SA ■ 

1-* - -» 1 - -» -, 
3 2 a eK1E> i^k1*

r “ ^t) + 2 b 6X5 i^k2*r " 

+ c.c. 

where 

a = a(x sin 0^ - y cos 0^) 

X
i 

H
 II 

nl(JUl A 
(x cos 0 + y sin 0X> 

—♦ 
b = b(x sin 0^ - y cos 0£) 

and 

*2- 

n2(A)2 A A 

(x cos 02 + y sin 02) 

is applied to a crystal of class mm2 or 42m. The induced 

second order non linear sum frequency polarization, after 

Boyd and Kleinman, is 

P = z p exp i[(k +S2)»^ - (u^ + ou2)t] + c.c. 

The amplitude P is given by 

P = X ab 

where for class mm2 

= 2 d^ sin 0^ sin ^ + 2 d X cos 0^ cos 0^ 
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and for class 42m 

X 2 d36(sin 0^ cos 0^ + cos 0^ sin 0p 

2 d36 sin(0| + 03) 

This polarization gives rise to a wave 

E, 
R 

where 

(x cos 03 + y sin 0 ) 
3 

3 

It is further assumed that a and b are constant. This 

assumption is known as the small signal approximation as 

the transfer of energy from the applied field to the sum 

field is neglected. The amplitude a is spatially dependent 

-4 —> 

in the k3 direction. Since the traveling plane wave P is 

the source of the traveling plane wave E_ the two are 

assumed to have parallel wave vectors or that k3 is parallel 

to k^ + k^. The angle 03 can then be determined from 

nx u) sin(03 - 01> + n2 i«2 sin(03 - 02) 0 

The total field in the crystal is thus 

E 
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and 

-♦ çi -> ç2 -* 
D = — a exp i(f ) + — b exp i(f2) 

f3 /v . . _ . - 
+ — z a exp î ( f ) + P 

where 

m 
k .r - oo t 
m m 

Substitution of these fields into the wave equation 

2 
2 —* ’•*■*”"* * ^ ^ 

V E - V(V.E) = jU  , D + n   J 
ôt^ ôt 

under the assumption J = 0 yields, after separation of the 

frequency components 

2 —* .—» 2 —♦ —► 
Va+2ik3.va = - n P exp i(Ak.r) 

where 

Ak = k.^ + k^ - k^ 

The amplitude a is now assumed to vary slowly in space and 

the second derivatives of a are neglected in comparison to 

the first or 

|v2a| « k3.va . 

—* 
The remaining expression is then integrated along k3 from 

one end of the crystal to the other. Using & to represent 

distance along k3, 
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A = x cos 0 + y sin 0 

k .va = ^ fS 
3 G 9 A 

Ak.r = - [n1«J1 cos(03 - 0 ) + nu> cos (03 - 02) 

and 

thus 

- n3u)3] A = — A Ak 

M c «h X a b 1 
a = 

i 2 n. TôL i1 • ^p'1 L Ak)} 

aa* = 

aa* = 

2 2 2 2 
(j, c ou3x aa* bb* i 2 

     4 sin — L Ak 
4 n3 (Ak)2 2 

2 2 2 2 2 1 
jU c uu3x L 22 sin — L Ak 2 

 =— ab {~rr z—) 
4 n. 2 X. Ak 

where L is the length of the crystal along the k3 direction. 

Now the time averaged amplitude of the Poynting vector 

for a plane wave 

E = a cos(k.r - out) 

is 

so 

c c 2 
S = ^ a 

2 n 

2n. 
2 2 2 2 2 1 

H c uu3 x 
L .sin — L Ak^2 2n^ 2n, 

C3C 3 s~ ■ —~ v -= s. — s 
4 n. •J L Ak 

elc 1 f2C 2 

or assuming fi = 
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S1S2 

V 
P1P2 

= 2" c x‘ 
nl"2n3X3 

sin jr L Ak 2 

(■ ï 

where 

and 

is the time averaged amplitude of the Poynting 

th 
vector for the m component wave 

P^ is the time averaged power contained in a 

cross sectional area A of the m wave, 

P = S A 
m m 

-7 -1 fj,Q = 4rr x 10 ft.s.m 

_ .08 -1 c = 3 x 10 m.s 

_ 2
îTC 

ID- 
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Appendix 2: Gaussian Beams 

A Gaussian beam propagating in the z direction is a 

_ _ . (40) wave of the form 

E_. w 
_, 0 0 f. . . nouz . E(r,t) = — œp{i(«it- — +0) 

2, 1 inuu r (77— + 2^ w (z) 
) j" + C . < 

where 

w - "ol1 + (-^2) } rrnw. 

2 . 
rrnw v 2, 

R = z {x + ("ir1)} 

0 = tan_1{-^j} 
■nrnw 

2 2 2 
r = x + y 

and n is the refractive index of the medium. 

This wave, shown schematically in Figure A2-1, is seen 

to consist of spherical wavefronts of radius R. The in¬ 

tensity profile for any cross section normal to the beam 

axis is Gaussian, falling to 1/e of its axial value at a 

radial distance w(z) from the axis. The 1/e boundary 

spreads with distance along the axis, asymptotically 

approaching a cone of half angle 



79 



80 

ô 
 X_ 2c 

Tinw0 “ nwQuu 

known as the far field divergence half angle. Thus the 

beam is seen to be completely specified by the direction 

of the axis, the position of the minimum 1/e radius 

(waist or focus) along the axis, the minimum radius (w^), 

the frequency and power. 

Figure A2-2 depicts the effect of a simple thin lens 

(41) 
of focal length f on a Gaussian beam. The parameters 

of the transmitted beam, w^ (the minimum radius) and d^ 

(the distance from the lens to the waist) are related to 

(41) 
the corresponding parameters of the incident beam by 

_1_ /. _1\2 _1_ / 

2 \ f / + 2 V 
w. f 

rrnw 

and 

d — f = 
2 

(dx - f) f 

(dy-f) + 

/TTnw y 

V“ ' 

Note that according to the lens maker's equation if f 

and n^ are the focal length of a lens and refractive index 

of the lens material at a given wavelength, then at any 

(42) 
wavelength 

f ' 

e 

1 

T ) f 
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Appendix 3 : Data 

The following is a list of wavelengths \ > \ > \ 
JL » O 

which satisfy the phasematch condition 

W nx(X2> W 
' +   = ___ 

where 

_1_ 1_ 
X, 

for sum frequency mixing in KB5 as described in the text. 

The values were calculated numerically using the revised 

Sellmeier constants of Table I. The wavelengths are 

measured in nm 
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435.0 

437.5 

440.0 

442.5 

445.0 

447.5 

450.0 

452.5 

455.0 

457.5 

460.0 

462.5 

465.0 

467.5 

470.0 

472.5 

475.0 

477.5 

480.0 

482.5 

433.6 

431.2 

428.7 

426.3 

423.9 

421.6 

419.3 

417.0 

414.8 

412.5 

410.4 

408.2 

406.1 

404.0 

401.9 

399.8 

397.8 

395.8 

393.8 

391.9 

217.2 

217.2 

217.1 

217.1 

217.1 

217.1 

217.0 

217.0 

217.0 

216.9 

216.9 

216.8 

216.8 

216.7 

216.6 

216.6 

216.5 

216.4 

216.3 

216.2 

485.0 

487.5 

490.0 

492.5 

495.0 

497.5 

500.0 

502.5 

505.0 

507.5 

510.0 

512.5 

515.0 

517.5 

520.0 

522.5 

525.0 

527.5 

530.0 

532.5 

389.9 

388.0 

386.2 

384.3 

382.5 

380.7 

378.9 

377.1 

375.3 

373.6 

371.9 

370.2 

368.5 

366.9 

365.3 

363.6 

362.0 

360.5 

358.9 

357.3 

216.2 

216.1 

216.0 

215.9 

215.8 

215.6 

215.5 

215.4 

215.3 

215.2 

215.1 

214.9 

214.8 

214.7 

214.5 

214.4 

214.3 

214.1 

214.0 

213.8 
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535.0 

537.5 

540.0 

542.5 

545.0 

547.5 

550.0 

552.5 

555.0 

557.5 

560.0 

562.5 

565.0 

567.5 

570.0 

572.5 

575.0 

577.5 

580.0 

355.8 213.7 585.0 328.5 210.4 

354.3 213.5 587.5 327.3 210.2 

352.8 213.4 590.0 326.0 210.0 

351.3 213.2 592.5 324.8 209.8 

349.9 213.1 595.0 323.7 209.6 

348.4 212.9 597.5 322.5 209.4 

347.0 212.8 600.0 321.3 209.3 

345.6 212.6 602.5 320.2 209.1 

344.2 212.4 605.0 319.0 208.9 

342.8 212.3 607.5 317.9 208.7 

341.4 212.1 610.0 316.8 208.5 

340.1 211.9 612.5 315.6 208.3 

338.7 211.8 615.0 314.6 208.1 

337.4 211.6 617.5 313.5 207.9 

336.1 211.4 620.0 312.4 207.7 

334.8 211.3 622.5 311.3 207.5 

333.5 211.1 625.0 310.3 207.3 

332.2 210.9 627.5 309.2 207.1 

331.0 210.7 630.0 308.2 206.9 

329.7 210.5 632.5 307.1 206.7 582.5 
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635.0 306.1 206.5 

637.5 305.1 206.3 

640.0 304.1 206.1 

642.5 303.1 205.9 

645.0 302.1 205.8 

647.5 301.1 205.5 

650.0 300.2 205.3 

652.5 299.2 205.1 

655.0 298.3 204.9 

657.5 297.3 204.8 

660.0 296.4 204.5 

662.5 295.5 204.3 

665.0 294.6 204.1 

667.5 293.7 203.9 

670.0 292.8 203.7 

672.5 291.9 203.5 

675.0 291.0 203.3 

677.5 290.1 203.1 

680.0 289.2 202.9 

682.5 288.4 202.7 

685.0 287.5 202.5 

687.5 286.7 202.3 

690.0 285.8 202.1 

692.5 285.0 201.9 

695.0 284.2 201.7 

697.5 283.3 201.5 

700.0 282.5 201.3 

702.5 281.7 201.1 

705.0 280.9 200.9 

707.5 280.1 200.7 

710.0 279.3 200.5 

712.5 278.6 200.3 

715.0 277.8 200.1 

717.5 277.0 199.9 

720.0 276.3 199.6 

722.5 275.5 199.4 

725.0 274.8 199.3 

727.5 274.0 199.0 

730.0 273.3 198.8 

732.5 272.5 198.6 
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735.0 

737.5 

740.0 

742.5 

745.0 

747.5 

750.0 

752.5 

755.0 

757.5 

760.0 

762.5 

765.0 

767.5 

770.0 

772.5 

775.0 

777.5 

780.0 

271.8 198.4 785.0 258.4 194.4 

271.1 198.2 787.5 257.8 194.2 

270.4 198.0 790.0 257.2 194.0 

269.7 197.8 792.5 256.6 193.8 

269.0 197.6 795.0 256.0 193.6 

268.3 197.4 797.5 255.4 193.4 

267.6 197.2 800.0 254.8 193.2 

266.9 197.0 802.5 254.2 193.0 

266.2 196.8 805.0 253.6 192.9 

265.5 196.6 807.5 253.0 192.7 

264.9 196.4 810.0 252.4 192.5 

264.2 196.2 812.5 251.9 192.3 

263.5 196.0 815.0 251.3 192.1 

262.9 195.8 817.5 250.7 191.9 

262.2 195.6 820.0 250.2 191.7 

261.6 195.4 822.5 249.6 191.5 

260.9 195.2 825.0 249.1 191.3 

260.3 195.0 827.5 248.5 191.1 

259.7 194.8 830.0 248.0 190.9 

259.0 194.6 832.5 247.4 190.7 782.5 
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835.0 246.9 190.5 

837.5 246.4 190.4 

840.0 245.8 190.2 

842.5 245.3 190.0 

845.0 244.8 189.8 

847.5 244.3 189.6 

850.0 243.7 189.4 

852.5 243.2 189.2 

855.0 242.7 189.0 

857.5 242.2 188.9 

860.0 241.7 188.7 

862.5 241.2 188.5 

865.0 240.7 188.3 

867.5 240.2 188.1 

870.0 239.7 187.9 

872.5 239.2 187.8 

875.0 238.8 187.6 

877.5 238.3 187.4 

880.0 237.8 187.2 

882.5 237.3 187.0 

885.0 236.9 186.8 

887.5 236.4 186.7 

890.0 235.9 186.5 

892.5 235.5 186.3 

895.0 235.0 186.1 

897.5 234.6 186.0 

900.0 234.1 185.8 

902.5 233.6 185.6 

905.0 233.2 185.4 

907.5 232.8 185.3 

910.0 232.3 185.1 

912.5 231.9 184.9 

915.0 231.4 184.7 

917.5 231.0 184.5 

920.0 230.6 184.4 

922.5 230.2 184.2 

925.0 229.7 184.0 

927.5 229.3 183.9 

930.0 228.9 183.7 

932.5 228.5 183.5 
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935.0 228.1 183.3 

937.5 227.7 183.2 

940.0 227.3 183.0 

942.5 226.8 182.8 

945.0 226.4 182.7 

947.5 226.0 182.5 

950.0 225.6 182.3 

952.5 225.3 182.2 

955.0 224.8 182.0 

957.5 224.5 181.8 

960.0 224.1 181.7 

962.5 223.7 181.5 

965.0 223.3 181.3 

967.5 222.9 181.2 

970.0 222.5 181.0 

972.5 222.2 180.8 

975.0 221.8 180.7 

977.5 221.4 180.5 

980.0 221.0 180.4 

982.5 220.7 180.2 

985.0 220.3 180.0 

987.5 220.0 179.9 

990.0 219.6 179.7 

992.5 219.2 179.6 

995.0 218.9 179.4 

997.5 218.5 179.3 

1000.0 218.2 179.1 

1002.5 217.8 178.9 

1005.0 217.5 178.8 

1007.5 217.1 178.6 

1010.0 216.8 178.5 

1012.5 216.4 178.3 

1015.0 216.1 178.2 

1017.5 215.8 178.0 

1020.0 215.4 177.9 

1022.5 215.1 177.7 

1025.0 214.8 177.5 

1027.5 214.4 177.4 

1030.0 214.1 177.3 

1032.5 213.8 177.1 
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1035.0 213,4 176.9 

1037.5 213.1 176.8 

1040.0 212.8 176.6 

1042.5 212.5 176.5 

1045.0 212.1 176.3 

1047.5 211.8 176.2 

1050.0 211.5 176.1 

1052.5 211.2 175.9 

1055.0 210.9 175.8 

1057.5 210.6 175.6 

1060.0 210.3 175.5 

1062.5 210.0 175.3 

1065.0 209.7 175.2 

1067.5 209.4 175.0 

1070.0 209.1 174.9 

1072.5 208.8 174.8 

1075.0 208.5 174.6 

1077.5 208.2 174.5 

1080.0 207.9 174.3 

1082.5 207.6 174.2 

1085.0 207.3 174.0 

1087.5 207.0 173.9 

1090.0 206.7 173.8 

1092.5 206.4 173.6 

1095.0 206.1 173.5 

1097.5 205.9 173.3 

1100.0 205.6 173.2 
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