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ABSTRACT 

In this study, several new models were developed for diffusion in 

porous media. These models all use a simple unit pore which consists of 

a single large spherical cavity connected to smaller neck pores. A 

single pore model was developed to compare predicted diffusivities with 

measured effective diffusivities in beds of glass spheres. These compari¬ 

sons show that the unit pore can be used to accurately model diffusion in 

porous media where the pores vary in cross section. 

Several different network models were developed using the unit pore. 

The simplest of these approximates the porous media as a regular network 

of unit pores. To find the effective diffusivity, a mass balance was 

performed at a node in the network. The concentration terms in the mass 

balance were then expanded in Taylor series about the node. This yielded 

a differential form of the mass balance i.e. the equation of continuity. 

The effective diffusivity is extracted from this differential form of 

the mass balance. Three dimensional networks were used to find a rela¬ 

tionship between the effective diffusivity and macroscopic properties 

e.g. porosity and surface area. 

An electrical network model is developed to study networks of non¬ 

identical pores. The sinple technique of extracting the effective diffu¬ 

sivity frcm the mass balance at a single node does not work for networks of 

nonidentical unit pores. The electrical network model allows the predic¬ 

tion of effective diffusivities by solving the analogous electrical 

network problem. This technique is used to model effective diffusivities 

in porous media where the pore geometry varies considerably. 
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Finally, the network pore model is used to predict the rate of drug 

release from a polymer-drug composite as the drug dissolves in water. To 

be released, the drug must first dissolve and then diffuse through the 

polymer matrix. A simple network model was used to predict the effective 

diffusivity in the polymer matrix. The prediction of release also involves 

the solution of a Stephan problem. The predicted results are compared 

with experimentally measured rates of drug release. 
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CHAPTER ONE 

INTRODUCTION 

Many porous solids exhibit a pore structure characterized by large 

cavities interconnected by smaller neck pores. Modeling diffusion through 

such a porous solid poses a particularly difficult problem, since the 

pores do not have uniform cross sections. Many previous models of diffu¬ 

sion through such porous media consider cylindrical pores with uniform 

cross section. This type of a model is clearly inadequate for porous 

solids characterized by large variations in the cross sectional area of 

the pores. 

Experimental investigations of coal char particles show that these 

particles have many large vesicles, on the order of microns, connected 

through smaller neck pores. Determining effective diffusivities of 

gaseous reactants in the chars will allow better modeling of the gasifi¬ 

cation process. 

A similar pore structure is exhibited by the polymer matrix used in 

the controlled release of drugs from hydrophobic polymers. Spherical 

particles of a water-soluble crystalline drug are imbedded in the polymer. 

When the polymer-drug composite comes into contact with water, the exposed 

drug particles start dissolving. The dissolution of drug creates a 

moving front in the polymer matrix at which point the solid drug dissolves 

into the water phase. The release of drug from the matrix is determined 

by the effective diffusivity of the drug through the polymer matrix. An 

accurate prediction of effective diffusivities for such a diffusional 

release system will allow determination of how the drug loading, solubility, 

particle size, etc. affect the drug release fran the matrix. 
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Ballal and Zygourakis (1983) have studied the diffusion problem for 

a model pore which may be used to simulate the porous solids characterized 

by large cavities interconnected by smaller neck pores. This pore con¬ 

sists of two cylindrical neck pores connected to a large spherical cavity. 

The investigation resulted in a relationship between the flux through the 

pore and the pore's geometrical dimensions. This pore structure is the 

basis for the models of effective diffusivity which are developed in the 

following chapters. 

To model an actual porous medium, an idealized pore structure can be 

constructed frcm networks of model pores. Predicting effective diffusivi- 

ties is equivalent to finding the diffusion flux through networks of such 

pores. The diffusional flux is found by solving the mass balance equations 

for the network of unit pores. The following chapters illustrate how 

these effective diffusivities are found and how they can be used. 



CHAPTER TWO 

TOE UNIT PORE MODEL 

The basic unit pore considered, consists of two equal sized axi- 

synrnetric cylindrical neck pores and a spherical cavity. The unit pore 

is shown in Figure 2.1. The mass flow, q, through the unit pore, can be 

determined by solving the mass balance equations in each of the separate 

pore sections. 

The mass flux is determined by Fick's First Law. 

nA " ” dAB V cA (2.1) 

Where 

NA = mass flux of component A 

E*AB = diffus ivity of A in B 

cA = concentration of component A 

The cylindrical portion has a small radius relative to the spherical 

portion. Because of this it will be assumed that no radial concentration 

gradient exists. Fick's Law can be rewritten as: 

dcA 

NA = “ 
D
AB    (2.2) 

dx 

Thus the total flow through the left cylindrical neck pore, shown in 

Figure 2.1, is given by: 

CQ - ci 

^A = nA vr2 ~ dAB jT 11 (2.3) 

The problem of finding the mass flow through the spherical portion 

is similar to the classical problem of the Vfeisz diffusivity cell, (Wêisz, 

1957). weisz described a method for measuring effective diffusivities in 

spherical catalyst pellets. The Vfeisz cell is shown in Figure 2.2. 
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According to Wiesz, a catallyst pellet is forced into slightly undersized 

Tygon tubing. The concentrations cA and cB of the diffusing gas (Fig. 

2.2) and the steady-state flux through the cell are measured. The effec¬ 

tive diffusivity can then be calculated from the relationships 

q = D€ 

irlv (cA ~ CB) 

2R 
(2.4) 

Where 

R is the radius of the pellet. 

aw is a geometric correction factor. 

^ is a factor which corrects for the spherical geometry of the 

pellet. This factor is a function of the radius of the pellet and the 

Tygon tubing. Finding the spherical correction factor, aw, is import¬ 

ant since the flow, q, through the spherical cavity of a unit cell may 

be calculated from a^ 

Meyer, Hegedus, and Aris (1976) and Mills and Dudukovic (1983) have 

solved the mathematical problem of calculating aw for the weisz dif¬ 

fusivity cell. A differential mass balance was solved in a sphere. 

The symmetric problem was considered with zero flux boundary condition 

on the equatorial zone of the sphere between the latitudes of 9 and 

ir - 9, (see Fig. 2.2), while it was assumed that the spherical caps were 

exposed to constant concentrations cA and cB. The results were presented 

for values of the latitude larger than 10°. 

However, the Wiesz diffusivity cell model is not directly applicable 

to the unit pore model. The conputed correction factors do not exhibit the 

proper asymptotic behavior. Moreover, the unit pore model will be used in 

cases where the latitude 9 is less than 10°. 
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Ballal and Zygourakis, (1983), used a different method for calcula¬ 

ting the geometric correction factor. Their method produces values of 

which are directly applicable in the unit pore problem. The method assumes 

a zero flux equatorial zone of the sphere between the latitudes 0 and 

and U — 0. Unlike the previous methods, flux boundary conditions are 

used in the spherical caps, along with the assumption that no radial con¬ 

centration gradient exists in the cylindrical neck pores. This 

solution exhibits proper asymptotic behavior and is available when 

the latitude is less than 10°. The correction factor calculated by this 

method is given by the following expression: 

A(0) 1 - cos^ 0 

Cty =   +   (2.5) 
sin 0 sin^ 0 

Where 

A(0) is an infinite series of Legendre polynomials given by: 

A(0) = 2 I 
n=l 

(n + 1) 

(2n + 1)(4n + 5) 

p2n+3(003 + 

(4n + 3) 

2(2n + 1)(4n + l)(4n + 5) 

p2n+l<cos 0) 

p2n-l<cos 

2(4n + 1) 

(2.6) 

The geometric correction factor calculated by this method allows 

the flow through the spherical cavity to be calculated from an expression 

similar to (2.4): 

irR^ (Cj — ^2) 
<3A = dAB   —   (2.7) 

aw 2R 

This expression will be used to find the diffusional resistance of 

the spherical cavity. .The concept of diffusional resistance allows the 
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flow through the whole unit cell to be found. Ihe diffusional resistance 

is defined by: 

ACA 

Fd =  (2.8) 

Where 

Pd is the diffusional resistance. 

The unit pore in Figure 2.1 consists of three diffusional resistances 

in series. These resistances are summed to yield the total diffusional 

resistance of the unit pore. Thus, 

(Rd)up - (*d)s + 
2<*d>c (2.9) 

Where 

(Pd)Up is the diffusional resistance of the unit pore. 

(Rd)s is the diffusional resistance of the spherical cavity. 

(Rd)c is the diffusional resistance of the cylindrical portion. 

Using the previously derived results the spherical cavity and cyl¬ 

indrical diffusional resistances are: 

(Rd>c = ; (2.10) 
DABTrr 

2aw 

(Rd)s =   (2.1D 
D^RTTR 

Fran the definition of diffusional resistance, the flow through a 

unit pore is: 

Ac 

(^d^up 

AC 

2L 

*r2n 
'AB irR -'AB 

(2.12) 
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Other mathematical models for pores of nonuniform cross section have 

been developed. Peterson (1958) represented the pores as a series of hy¬ 

perbolas of revolution, with constrictions at the vertices of the hyperb¬ 

olas. Currie (1960) represented the pores as a series of tubes of sinu¬ 

soidal form. Michaels (1959) represented the pores as a repetition of 

two cylindrical capillaries, each with different diameters and lengths. 

For each of the above pore models, a shape factor can be developed. 

This shape factor will be used as a means of comparing the different 

pore models. The shape factor, S, is defined as the ratio of mass flow 

through the unit pore, to the mass flow in an equivalent cylinder, of 

equal volume and length, i.e.: 

(q equivalent cylinder) 
S    (2.13) 

(q unit pore) 

This can be rewritten in terms of the diffusional resistance defined 

earlier. 
Ac/(R(])ec (^d)tp 

S       (2.14) 

Ac/(Rc[)t.p (^d)ec 

Where 

(Rd)tp is the diffusional resistance of the test pore. 

(Rd)ec is the diffusional resistance of the equivalent cylinder. 

The shape factor for the unit pore of Figure 2.1 was calculated and the 

results are shown graphically in Figure 2.3 along with those for the other 

pore models. The shape factor is an indication of how readily material 

will diffuse through a pore. The unit pore model of the present study 

is a three parameter model (r, R, and L). Because it is a three para¬ 

meter model, the shape factor is determined by specifying two paramet¬ 

ers. In the graph, the ratio of r/L was specified. It is interesting 
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to note two things. First, that higher ratios of maximum to minimum 

cross section result in a larger shape factor value. Second, that a high 

ratio of r/L also results in a larger shape factor. 

A literature survey of diffusivity data has been conducted, lb date, 

no data has been found which includes all of the measured parameters need¬ 

ed to test the model. This would require a photcmicrographic analysis to 

determine the distributions of bulge and neck diameters. Dullien (1975) has 

determined a bivariate pore size distribution, using a combination of mer¬ 

cury porosimetry and photomicrography. Ihis is the type of data needed 

to calculate the dimensions of connecting unit pores. However, Dullien 

did not measure effective diffusivities. 

Another way of determining the required parameters, is to find a 

material in which a pore structure may be assumed from the method of 

preparation. Currie (1960) has measured effective diffus ivities in beds 

of unconsolidated porous media, including beds of glass spheres. 

For beds of uniform spheres, two ideal packing geometries can be 

assumed. Frcm the ideal geometries, the unit pore dimensions can be ob¬ 

tained. One ideal packing is the spherical closest packing. The other, 

is a cubic packing. Two dimensional diagrams of the ideal packings are 

given in Figures 2.4 and 2.6. Both ideal packings have void spaces which 

are connected by smaller constriction spaces between cavities. 

Fick's First Law in one dimension is given by equation (2.2). This 

can be rewritten as: 

q AC 
  = Dfe  (2.15) 

A I® 

Where 

A is the area associated with a flow channel. 

AC is the concentration difference across the media 
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% is the length of the media. 

The dimensions in equation (2.15) can be chosen to correspond to a 

single pore. This gives: 

Qsp 
De     (2.16) 

AC Agp 

Where 

1^ is the effective length of a single pore, 

qgp is the flow through a single pore. 

Agp is the area associated with a single pore, see Fig. 2.4 and 2.5. 

The flow, qSp will be calculated from the unit pore model. Before 

this can be done, the unit pore dimensions must be found. The following 

assumptions have been made. 

a) The area of a constriction is the area of a cylindrical pore 

section of the unit pore. 

b) The maximum radius of a sphere which can be inscribed in the 

void space, corresponds to the unit pores spherical cavity 

radius. 

c) The distance between cavities is one pore length. 

These assumptions, give rise to the following set of three equations in 

the three unknowns r, R and L: 

(2.17) *r2 = ^min 

R = R xnsc 

Ip = 2L + 2R — 1^. 

(2.18) 

(2.19) 

Where 

Rinse is the maximum radius of a inscribed sphere. 

Lç is the distance between cavities. 

Table 2.1 lists the required geometrical parameters for the ideal 
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packing. 

The values in Table 2.1 were used in connection with equations (2.17), 

(2.18), and (2.19) to calculate the unit pore dimensions. These unit pore 

dimensions were then substituted into equation (2.12) to find the flow 

through a unit pore. Finally, the effective diffusivity was calculated 

from equation (2.16). The effective diffusivities calculated for the two 

ideal packings are given in Table 2.2. 

These values are plotted in Figure 2.6 along with Currie's measured 

values. Figure 2.6 shows that there is a close correspondence between pre¬ 

dicted and measured diffusivities. The model slightly under predicts ef¬ 

fective diffusivities. This is to be expected, since the assumptions made 

to obtain the unit pore dimensions yield a unit pore with less open area 

than in the actual packing. The close correspondence between predicted 

and measured diffusivities shows that the unit pore model can be a prac¬ 

tical representation of pores in a real porous media. 
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Re 
— e 
dAB 

Close 
pack .1142 .2595 

Cubic 
pack .3106 .4764 

De effective Diffusivity 

D^g bulk Diffusivity 

e = void fraction 

TABLE 2.2 PREDICTED EFFECTIVE DIFFUSIVITIES 
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Ma xi nui m <*ross MM! ion 
Minimum truss scrlmn 

FIGURE 2.3 SHAPE FACTORS FOR DIFFERENT PORE MODELS 
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FIGURE 2.4 THE SPHERICAL CLOSEST PACKING 
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Single Layer Geometry 

FIGURE 2.5 THE CUBIC PACKING 
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CHAPTER THREE 

THE CONTINUUM MODEL 

3.1 DERIVATION 

In the previous chapter, a single pore model was developed to repre¬ 

sent the pore space between packed spheres. This single pore model pro¬ 

vided an accurate prediction of effective diffusivities. Two ideal pack¬ 

ing structures were used to obtain the unit pore dimensions. Both of the 

ideal packing geometries have a regular repeating structure of identical 

pore units. Because of the regularity of the media, a single pore model 

was adequate. A single pore model may not be adequate in the case of a 

porous media with a less regular pore structure. 

Porous media may contain pores with large variations in size. 

Dullien (1975) has measured a bivariate pore size distribution for various 

sandstones. These measurements indicate large variations in pore structure 

throughout the media. These pores may be connected in a variety of 

ways. A unit pore may dead end, or connect with several other pores. 

This type of media can be represented by a network of different sized 

unit pores connected at different nodal points. 

Simple network models are needed to represent actual porous media. 

These networks will have a repeating pattern of nodes and connections. 

Each network is characterized by two fundamental properties: dimension¬ 

ality and number of unit pores joined at each node. Fatt (1956) has 

shown that the number of connections at a node has an effect on predicted 

properties, when modeling flow in porous media. Another fundamental 

property is network dimensionality. Networks can be constructed in one, 

two, or three dimensions. 

The networks in Table 3.1 were chosen in order to investigate how net- 

19 
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work properties effect model predictions. These networks were chosen for 

their simplicity. Each network contains a repeating pattern of nodes and 

connecting elements. The entire group also contains representatives of 

one, two, and three dimensional networks, as well as networks with differ¬ 

ent numbers of nodal connections. 

For each of these networks, the mass balance will be written at a sin¬ 

gle node. The concentration tents in the mass balance equation will be 

expanded in a Taylor series, about the nodal point. This will lead to an 

equivalent continuum représentât ion of the network, i.e. a differential 

mass balance. The terms of the mass balance will be compared with Fick's 

second law of diffusion. This comparison will give the effective diffus- 

ivity. 

First, the cubic network will be considered. A cubic network of unit 

pores can be constructed of repeating unit blocks. Each of these blocks 

contains a node and its associated pores. Figure 3.1 shows a repeating 

unit for the cubic network. The repeating units fit together to form the 

entire network of unit pores. 

A mass balance is performed on a repeating unit. The mass balance has 

the following form. 

rate of rate of rate of 
mass - mass =s mass 

flow in flow out accumulation 

The flows are the mass flows across each face of the repeating unit. The 

mass balance equation is: 

(q|-L /2 + <2IL/2)X 
+
 (QI-L/2 + ÇlL/2)y 

P P P P 

+
 (QUL /2 

+
 <3IL/2>Z " _9 / c dv <3*2> 

9t cv 
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Where 

q| i is the mass flow into the repeating unit across face i. 

CV is the control volume, or repeating unit volume. 

Ip is the length of a pore. 

In the previous chapter, the concept of diffusional resistance was devel¬ 

oped, with the result that a flow term, q, may be written as: 

Ac 
q    (3.2) 

(Rd>up 

Where 

Ac is the concentration difference across a unit pore. 

(Rd)Up is the diffusional resistance of a unit pore. 

The flow terms can therefore be replaced by the concentrations of neighbor¬ 

ing repeating unit nodes. Appendix A shows the cubic repeating unit along 

with the coordinates of neighboring nodes. Replacing the flow terms 

yields: 

(clx=L ” clx=o)/(^d)x+ + (°lx= -L - clx=o)/(Kd)x- 
P P 

+ (c|y=L^ “ c|y=o)/(K(3)y+ + (c|y=Lp “ c|x=Q)/(^d)y— 

+ (c|Z=L ” c|z=o)/(^d)z+ (c12=—L ” c|z=0 )/(R(f|)2— 
P P 

8 
= — /cv cdV (3.4) 

3t 

The concentration terms are expanded in Taylor series about the point 

x = 0, y = 0, z = 0 to yield partial derivatives in concentration: 
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<%>X+ 

—ir (Rd)x- J L 
3 ~3 V 3 

3
x 3! 3X' 

+r L «Wx-f <%> r][ V* *2c V* 3*c 

2! 3x2 4! 3x4 

»„] 
+ HOTXJ 

32 33 d c d c 
+ 0   + 0  — + HOTxy 

3x3y 3x3 y 

*r~ L <%>y* < Vy 

.r 
yr 

l l 
+ 

L (%*y 

h>~ + 

3y 

2 „2 

V* a3c 
+ HOTy 

3! 3., ] 
.ir^llc ♦ Üïîs + 
-JL 21 3y 4i 3V ] 

»2C .*e 
+ 0 + 0    + HOTyZ 

3y3z 
3y3z 

L (Rd)z+ (Rd) 

+r_i_ + 
L (V» <%> 

a-î 
a 

3 «3 

3! 3, 
+ HOTz ] 

4 34 Lp2 32c , - 
    + --   + HOTZ 
2! 3Z

2 41 3Z
4 

V -C ] 

dt 
/ cv (3.5) 

The continuity equation in a porous media has the following form 

De Vc - ev . VCA = e. 
3ÇA 

3t (3.6) 
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The Taylor series expansions contain first order derivatives. In the 

continuity equation, first order terms appear only when there is a net 

mass flow through the media. In order to avoid the problem of bulk 

flow in the media, these terms must cancel. This requires: 

(^d)x+ = (^d^x- = (^d)x (3.7) 

(^d)y+ ~ (^d)y— “ (Rd)y (3.8) 

(Rd>z+ = (Rd>z- = (Rd)z (3.9) 

Substituting these quantities into the mass balance equations yields: 

Lp2 32C Lp2 32C I^2 32C 
 —x + —- + —" + a (L4) 
(%)x 3xz (F^y 3* (R^z 

= /cv cdV 
dt 

(3.10) 

Each of these repeating units is alike so that the right side of (3.10) 

may be written as: 

d dc 
— /cv cdV = eVru — (3.11) 
dt dt 

Where 

e is the porosity of the network. 

Vj-u is the volume of a repeating unit, 

c is the average concentration in a repeating unit. 
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The final form of the mass balance is: 

Lp2 32C Lp2 a2c L^2 a2c 

VnJ(Rd)x ax2 Vrui^y ay2 Vru(Rd)z 3z
2 

ac 

at 

(3.12) 

Canparing this to the continuing equation shows that the network is aniso¬ 

tropic and there are three effective diffusivities: 

Dex (3.13) 

®ey = 
V^ru'Vy (3.14) 

Dez = ^ru'Vz (3.15) 

The unit pore network can be made isotropic by requiring that the resis¬ 

tances are all equal. 

Effective diffusivities can be found in any network of repeating 

units, by a similar method. Repeating units have been defined for each 

of the networks given in Table 3.1 and are shown in Appendix A. Like the 

case of the cubic network, the mass balance will be written at a node and 

expanded in Taylor series to yield the equivalent continuum representations 

of the media i.e. a differential mass balance. The terms of the differen¬ 

tial mass balance will then be compared with Pick's second law of diffusion. 

This comparison will result in the effective diffusivities. A general case 

is considered. In the general case, the repeating unit will be assumed to 

have n pores in the repeating unit, leading to a node. 

The observation has been made that some of the networks contain more 

than one type of nodes. For example, the hexagonal network contains two 

types of nodes. The connections are in different directions for these two 
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types of nodes. Of the networks considered, only the hexagonal and 

tetrahedral networks have more them one type of node. 

The mass balance must be performed at both of these types on nodes. 

If the Taylor series expansion terms are the same for both of the node 

types, then the effective diffusivity can be predicted by this method. If 

the Taylor series expansion terms are different, then the mass balance 

must be performed in a different manner. 

For the general case of the mass balance on a repeating unit, the 

mass balance has the form: 

n d 

I Qi “ / cv c tiv 
i=l dt 

Where 

n is the number at pores connected at a node. 

is the mass flow into a repeating frem pore i. 

CV is the control volume or repeating unit volume 

(3.16) 

Previously, the concept of diffusional resistance was developed. Using this 

concept, the flow terms can be rewritten as: 

c(xif yif zj_) - c(x0, y0, z0) 

Qi =   (3.17) 

^^d^up 

Where 

c(xi, yf, Zi) is the concentration at the ith pore entry. 

C(XQ, YQ, ZQ) is the concentration at the central node of a repeating 

unit. 

(Pd)Up is the diffusional resistance 
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Substituting these into the mass balance equation (3.16) yields: 

1 n 

  [.I c<xi' yi' 
z0 ~ nc(x0, yo» zo>] 

d 

=   lev cdV (3.18) 
dt 

The concentration terms c(x^, y^f z^) are expanded about the point (XQ, YO, 

ZQ) . For simplicity, the nodal point was assumed to be (0, 0, 0). The 

Taylor series expansions of the concentration terms in (3.18) yields: 

Inn 3 3 3 i 
  [.I .1 <xi   + Yi   +' zi  ) c(xi, yi, Z£) 
(^d^up i—lj—1 3x 3y 3z 

d 

- nc(XQ, yo/ ZQ)] =   jcv cdV (3.19) 
dt 

Expanding (3.19) and combining like derivatives yields: 

(%) 

1 3C n 3c n 3c n 

 [ Xxi +  J Yi + — J zt + 

up 3x i=l ay i=l 3z i=l 

3
2
C n 

—2 I xi 
3x2 i=l 1 

+ 
32c n 

  .1 xiYi 
3xsy 1=1 

+ 
3
2
C n 

—; I y? 
3y2 i=l 

x 

3zc n 

+ .1 Yi2! + 
3y3z 1=1 

3
2
C n 

—I I z? 
3z2 i=l 1 

3
2
C n 

+ l xiZi ] 

3z3x i=l 

d 

lev °dV 
dt 

(3.20) 

For each repeating unit, a coordinate system was set up with a node 

at the origin. Diagrams of these repeating units are included in Appendix A. 

For each of these repeating units, the sunmation terms were found, and the 

results are tabulated in Table 3.2. 
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The summations in Table 3.2 show that the first order derivations and 

cross terms in (3.20) are zero. The first order derivatives are zero since 

the repeating units include equal resistances. The regularity of these 

networks ensures that the properties are isotropic. Skewed networks would 

result in anisotropic behavior. Cross terms and nonequal resistances 

would appear in the x, y, and z directions. 

The transient term in (3.20) may be rewritten in the form of equation 

(3.10) with first order derivatives and cross terms eliminated to yield: 

Table 3.2 also shows that for each of the networks with multiple node types, 

the terms in (3.21) are identical. This means that the mass balance will 

yield identical differential mass balance terms for both nodes. The dif- 

fusivies can then be extracted from the mass balance. 

By matching the terms (3.21) with the differential mass balance in 

equation (3.6), the effective diffusivities are computed as: 

+ HOT = e (3.21) 

n 

Pex (3.22) 

2(Rd)up Vru 

n 

Pey (3.23) 

2(Kd)up vru 

n 

Pez (3.24) 

2(^d)up vru 
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The effective diffusivities for each of these media were calculated fran 

equations (3.22), (3.23), (3.24) and Table 3.2. The results are shown 

in Table 3.3. The observation has been made that: 

2d (Rd)Vru 

Where 

n is the number of connections at a node, 

d is the dimensionality of the network. 

As yet there is no known way to produce this result a priori. Perhaps it 

can be deduced fran sane simple rules of geometry. 

Diffusivities must be related to sane known meaningful parameters. 

In the next section, diffusion coefficients are correlated in the three 

dimesional networks. 
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3.2 PREDICTION OF THE EFFECITIVE DIFFUSIVITY 

The following equation was used in the previous section to express 

the effective diffusivity De in terms of the network properties and the 

pore resistances: 

L 2 

De = kx  -=  (3.26) 
Vru^^d^up 

Where 

kj is a network property deduced fran Table 3.3. 

The terms of the right hand side of equation (3.26) are given in 

terms of unit pore and network parameters. It is necessary to relate these 

parameters to the pore dimensions r, R, and L (see Fig. 2.1). A set of 

equations can also be created to relate the physical properties of a porous 

medium (like porosity and surface area) to the unit pore dimensions. 

The parameter equations will be solved for the unit pore dimensions and 

these dimensions will then be used to calculate effective diffusivities in 

a unit pore network. Thus, a correlation between the physical properties of 

the porous medium and the effective diffusivity will be obtained. 

First, the three terms in equation (3.26), (Ip, V^, and (Rd)up) will 

be related to the unit pore dimensions. The following equation relates the 

volume of a repeating unit to the length of a pore: 

vru * k2 V* (3-27) 

Where 

k2 is a network property 
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Every network has a different value of k2. The diffusional resistance of 

the unit pore was derived in Chapter 2, as: 

2L 2a^ 

(Rd)Up =  5  +   (3.28) 
irr D
AB ^AB 

The unit pore length, Ip, was also derived in Chapter 2: 

Ip = 2R + 2L (3.29) 

Substitution of these into (3.26) yields the relationship between effect¬ 

ive diffusivity and unit pore dimensions: 

kiir 

D
AB 

4k2 ((ayR) + (I/r2))(R + L) 

(3.30) 

The diffusivities will be compared to network porosity e. The 

porosity is given from repeating unit parameters by: 

k3 Vup 
c = (3.31) 

V, ru 
Where 

k3 is the number of pores in a repeating unit. 

VUp is the volume of a unit pore. 

The volume of the unit pore is obtained by finding the volume of the cyT 

inders and spherical cavity, separately. 

vup = 2VC 
+ vsc (3.32) 

Where 

Vc is the volume of an extended unit pore cylinder (see Fig. 2.1). 

Vsc is the volume of a truncated unit pore sphere (see Fig. 2.1). 
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These two volumes are given in terms of the unit pore dimensions by: 

Substitution of (3.27), (3.29) and (3.35) into (3.31) yields a relation¬ 

ship between the porosity and the unit pore dimensions: 

At this point, calculation of the effective diffusivity from equa¬ 

tions (3.30) and (3.37) requires the specification of three parameters 

r, R, and L. However, a two parameter model can be created. Dividing 

the numerator and denominator of equations (3.30) and (3.36) by r yields 

the following two equations: 

Re kl 11 

V, 

V, 

c 

sc 

(3.33) 

(3.34) 

The extended unit pore cylinder length, L*, is related to the previously 

used unit pore dimensions, (r, R and L) by: 

L* L + R - - r2 (3.35) 

Combining these relationships yields the unit pore volume VUp. 

V, up (3.36) 

3 

(3.37) 

(3.38) 
dAB ^k2 + 2)(aw/{5 + a) 

k3 ir 2a* + / 62 - 1 (4$2 - l)/3 
e 

(2a* + 2/ p2 - 1 )3 

(3.39) 
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Where 

a = L/r (3.40) 

e = R/r (3.41) 

★ 
a - a + ft + / ft2 - 1 (3.42) 

A second physical property is needed to calculate the reduced para¬ 

meters a and ft. One proposed property is the surface area per unit 

volume of the porous medium. Like the porosity, the surface area per unit 

volume, Sy, is given by the repeating unit parameters: 

Sv = ^3 Syp/Vj-jj (3*43) 

Where 

k3 is the number of pores in a repeating unit. 

Sup is the surface area of a unit pore. 

The surface area of the unit pore is obtained by the surface areas of the 

unit pore cylinders and spherical cavity, separately: 

Sup — 2SC + Sgc (3.44) 

Where 

Sc is the surface area of a unit pore cylinder. 

Ssc is the surface area of a unit pore spherical cavity. 

These two surface areas are given in terms of the unit pore dimensions by 

Sc = 2irr L* 

Ssc = 4 Trr /R
2 - r2 

(3.45) 

(3.46) 

Combining these relationships yields the surface area per unit volume of 

a unit pore. 

Sv = 4irr L* + 4*r Â2 - r2 (3.47) 
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Substitution of (3.27), (3.29), and (3.47) into (3.43) yields a relation¬ 

ship between the surface area per unit volume, and the unit pore dimen¬ 

sions: 

Sv 
k3 4nr L* + 4nr /R

2
 - r

2 

k
2
 (2L + 2R)3 

(3.49) 

Equation (3.47) can be put in terms of the reduced parameters a, and 3. 

Dividing the numerator and denominator of (3.47) by r yields: 

k3 4ir a* + 4* / f}2 - 1 
Sy =      (1/r) (3.50) 

k2 (2a + 2g)3 

Unlike equation (3.38) for the diffusivity, and equation (3.39) for the 

porosity, equation (3.50) is not dimensionless. The form of equation 

(3.50) shows that the diffusivity is independent of the surface area. 

This is true because the predicted diffusivities depends only on the re¬ 

duced parameters a and 3. Equation (3.50) for the surface are per 

unit volume, shows that this equation includes the reduced parameters plus 

a dimensional parameter, the unit pore cylinder radius. If the models re¬ 

duced parameters are chosen, the diffusivity can be obtained, but the 

surface area can be made any arbitrary value, simply by choosing a differ¬ 

ent r. 

A second physical parameter is still needed to calculate the reduced 

parameters. One parameter of same physical significance is the ratio of 

the sphere volume to the cylinder volume, y, for a unit pore. This is 

given by the ratio of equations (3.33) and (3.34): 

7r /R
2
 - r2 

3 

Y “ 
irr

2
 L* 

(3.51) 
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Dividing the numerator and denominator of (3.51) by r yields the equa¬ 

tion in terms of the reduced parameters. 

TT J p^ “ 1 
3 

Y -  ;  (3.52) 
TT a 

Before calculating diffusivities frcm the parameters e and y, the 

values of the network k constants must be specified. Table 3.4 shows the 

k values for the tetrahedral and cubic networks. 

The reduced parameters, a and p can now be found frcm equations (3.39) 

and (3.51). The porosity and the ratio of sphere volume to cylinder vol¬ 

ume were specified. The two nonlinear equations were then solved for the 

reduced parameters a and p. The diffusivity was then found frcm the re¬ 

duced parameters. The results are shewn in Figure 3.2 which is a plot of 

effective diffusivities. The graph shows the effective diffusivity versus 

the sphere to cylinder volume, for lines of constant total porosity. 

As y approaches zero, the sphere volume in the unit pore approaches 

zero. The pore becomes a cylinder. Figure (3.2) shows that for cylindri¬ 

cal pores, the effective diffusivity is D^gG/3. This can be shown frcm equa¬ 

tion (3.38), for the effective diffusivity, De, equation (3.39) for the 

porosity, e, and equation (3.52) for the ratio of the sphere volume to the 

cylinder volume, y. Equation (3.52) shows that when Y becomes one, the 

reduced parameter p, becomes zero. This will reduce equation (3.38) to 

the following form: 

e 
kj TT 

k2 4(a*)2 

Solving this equation for the reduced parameter a yields: 

k3 * 

(3.53) 

* 
a 

k4 4e 

(3.54) 
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Substituting the reduced parameter a from equation (3.54) and one for 3 

into equation (3.38) for the effective diffusivity yields: 

dAB k3 

Notice that Table 3.5 shows that kiA3 is 1/3 for both the cubic and 

tetrahedral networks. This is more than a coincidence. Johnson and Stewart 

(1965) created a capillary model of a porous media. This model included 

randan cylindrical pores and predicted a tortuosity factor of 3, which 

corresponds to the derived network model for cylindrical pores. 

Figure 3.2 also shows that as more and more pore space is allocated 

to the spherical cavities, the effective diffusivity decreases. This is 

easily explained by examining the spherical correction factor. As more 

pore space is allocated to the spherical cavities, the ratio of the cyl¬ 

inder radius relative to the sphere radius, decreases. This results in a 

larger spherical correction factor a„ and hence, smaller effective diffusiv- 

ities. 

At this point, a few of the model limitations should be noted. There 

are two points to elucidate. First, the assumption is made in the equa¬ 

tions for porosity, that the unit pores do not overlap at a node. Second, 

the equations do not show that there is an upper limit on the porosity. 

The assumption of no overlap at nodes was made in equation (3.37) for 

the porosity. Figure 3.3 shows a set of unit pores joined to a node. The 

terms in the equation do not take into account the overlapping volume. The 

assumption was made that each pore has its full associated volume. Unfor¬ 

tunately, there is no simple way to account for the overlap of these unit 

pores, since the volume of the overlap will depend on the geometry of the 

pores, connecting at the nodes. 
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In order to find out over what range of reduced parameters the model 

is accurate, the case of the cubic network of unit pores is examined. Fig¬ 

ure 3.3 shows a node with overlapping unit pores in a cubic network. If 

the assumption is made that the region where the pores overlap is a cube 

of side length 2r, then the volume of this region is roughly 8r3. Ihis re¬ 

gion is covered three times by pores from each of the three principal di¬ 

rections. The model assumes that the pore space in this region is rough¬ 

ly 6r3. The porosity in this network is corrected by taking into account 

the overlapping volume. The equation for the porosity will be: 

k3 VUp ~ 2 Vov 

k2 V1 

(3.56) 

Where 

VUp is the volume of a unit pore. 

Ip is the length of a unit pore. 

Vov is the volume of the cube assumed to be the region of overlap. 

k2 is the ratio of the repeating unit volume to the pore length cubed. 

k3 is the number of pores in a repeating unit. 

Substituting previously derived expressions for the volume of a unit pore 

VUp, the length of a unit pore and the volume of the region of overlap 

VOVr into (3.56) yields the following expression. 

3 [2irr2 L* + TT/3/R2 - r3 (rR3 - 2r^)] - 8r3 

e = 
(2L + 2R)3 

(3.57) 
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dividing by r to obtain the reduced parameters yields: 

6ir a* + TT A2 - 1 (4g2 - 1) 
z =  ...  ,    

(2a + 2B)3 

2 

(2a + 2B)
3 

Where 

a = I/r, B = B/r, a* = a + g ~ 1/3^ — 1 

There are two terms on the right hand side of this equation. The 

first term corresponds to the porosity equation used earlier, i.e. equa¬ 

tion (3.39). The second term corrects for the overlapping region at the 

node. The porosity equation used earlier, equation (3.38) will becane 

significantly different from equation (3.55) when the second term in 

(3.55) is large enough to be of the same order of magnitude as the first 

term in (3.55). Taking the ratio of these two terms will yield a criter¬ 

ion for the accuracy of disregarding overlap at nodes. If the ratio of 

these two terms is larger than seme arbitrary value, then the assumption 

can be considered to be accurate. This criterion translates to: 

2 
     -■  < T (3.59) 

(6ir a + TT 4 2 " 1 (4(52 - 1) 

Where 

T is the threshold for the constraint violation. 

By examining this criterion, it is obvious that the constraint will be 

violated when a* approaches zero and 3 approaches one. If either a* 
or 

3 are large, then disregarding the overlap will not lead to any signifi- 
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cant errors. 

The second limitation to the model is that the porosity has an upper 

limit. From the basic definition of porosity, it is possible to show that 

the porosity is less than one. However, below this value, the unit pore 

model pores will begin to touch in the networks. 

There is sane threshold porosity, above which the unit pore spherical 

cavities in a network, will begin to touch one another. Unit pores with 

spherical cavities larger than the threshold size can not fit into the 

network. Figure 3.4 shows the configuration of the unit pores at the poros¬ 

ity limit. A criterion for the porosity limit can be formed from geometri¬ 

cal considerations. This criterion states that the ratio of the sphere rad¬ 

ius, to the unit pore length can not exceed a certain value which is de¬ 

termined by the angle between pores in the network. By examining Figure 3.4, 

it is evident that this criterion iss 

R 
 p-=rr- < sin (e^) (3.60) 
L* + /R2 - r2 

Where 

©c is the angle between pores in the network. 

This equation can be put in terms of the reduced parameters: 

6 
   B» < sin (0C) (3.61) 

a* + /(3^ ~ 1 

Since the maximum porosity occurs when the spherical cavities touch, 

the minimum porosity at which this occurs, will correspond to the unit pore 

cylinders having a very small volume. Small cylinder volumes are obtained 



39 

by letting r approach zero. Setting r to zero in equation (3.60), will 

create a criterion for the porosity of coalescing spherical cavities. At 

this least upper bound: 

R 
  = sin (6C) (3.62) 
L* + R 

Solving for L* yields: 

L* = R t(l - sin ©c)/(sin 0C)] (3.63) 

Equation (3.36) gives the porosity in a network of unit pores. Setting 

r to zero and substituting (3.62) into (3.36) yields an equation for the 

least upper bound for the porosity of coalescing spherical cavities: 

k3 it sin ec 

Table 3.5 lists ec for the cubic and tetrahedral networks. 

The Table shows that for the cubic network, at a porosity 

of .5554, the unit pores begin to coalesce. The same is true of the 

tetrahedral network and a porosity of .7405. Any time these maximum 

porosities are exceeded, the model is no longer valid. 

Networks with nonidentical unit pores, have not been considered 

so far. This requires the development of methods for finding the 

mass flux through these networks. This problem is considered in the 

next chapter. 
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NETWORK 
CONNECTIONS 
AT A NODE DIMENSIONALITY 

Linear 2 1 

Hexagonal 3 2 

Square 4 2 

Triangular 6 2 

Tetrahedral 4 3 

Cubic 6 3 

TABLE 3.1 NETWORKS STUDIED 
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&i2V iViVy5 hV ixizi>V 

Linear - - - - 

Hexagonal #1 3/2 - - - 

Hexagonal #2 3/2 - - - 

Square 2 - - - 

Triangular 3 - - - 

Tetrahedral #1 4/3 0 4/3 0 

Tetrahedral #2 4/3 0 4/3 0 

Cubic 2 0 2 0 

TABLE 3.2 SUMMATIONS OF NEIGHBORING NODE CENTER LOCATIONS 
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NETWORK 

Linear 

Hexagonal 

Square 

Triangular 

Tetrahedral 

^ex Dey 

1 — 

3/4 (Lp2^!^) 3/4 (y2/^!^) 

1 (^/VruRfl) 1 V/Wd' 

3/2 (y2/^) 3/2 (Lpî/V^) 

2/3 (Lp2/^^) 2/3 (LpVv^E^) 

1 (Lp2/VruRd) X (L^/Vj^I^j) 

Dez 

Cubic 

TABLE 3.3 EFFECTIVE DIFFUSIVITIES 

2/3 (yW^) 

1 
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ki k2 k3 

Tetrahedral 
Network 2/3 8/3/ï" 2 

Cubic 
Network 113 

ki is a constant used to compute the effective diffusivity. 

k2 is the ratio of the repeating unit volume to the pore 

length cubed. 

k3 is the number of unit pores in a repeating unit. 

TABLE 3.4 NETWORK PROPERTIES 



Network 

Cubic 

Tetrahedral 

ec 

v/2 

4 

ir/2"* 

6 

.5554 

.7405 

TABLE 4.5 CRITICAL POROSITIES 
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Combined Repeating Units 

FIGURE 3.1 THE CUBIC REPEATING UNIT 
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FIGURE 3.3 OVERLAPPING UNIT PORE CYLINDERS IN A NETWORK 
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Sin 0 
c 

Æ. 
2 For a cubic network 

For a tetrahedral network 

FIGURE 3.4 THE UPPER LIMIT OF POROSITY 



CHAPTER FOUR 

ELECTRICAL NETWORK MODELS 

4.1 THE ELECTRICAL ANALOGUE OF STEADY STATE DIFFUSION 

Eullien (1974) has conducted experiments which show a wide distri¬ 

bution of pore entry and cavity sizes within sandstones. This is also 

the case with all porous media. 

The properties measured for the porous solid are average values for 

the sample i.e. the overall porosity may be an average of many local por¬ 

osities. It has not been determined how these nonuniformities affect the 

effective properties of the media. Only idealized solids with identical 

pores have been considered so far. Network representations for solids 

with pore size distributions must also be developed. 

In the previous Chapter, the mass balance was written for a single 

repeating unit. The mass balance was then expanded in Taylor series form 

to yield the equivalent continuum model (Fick's 2nd Law). For networks 

with randomly sized unit pores, the mass balance has a different form at 

every node. The continuum model must take into account the differences. 

For networks with nonidentical randomly distributed pores, an equiv¬ 

alent continuum model is difficult to develop. As an example, consider 

the case where there are two nonidentical resistances connecting linearly 

to a single node. A mass balance at the node will be similar to equation 

(2.2): 
d f c dV 

(<9 I -L + <3 I L )x = cv (4.1) 
P/2 p/2 dt 

49 
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Where 

q | i is the mass flow into the repeating unit across face i. 

CV is the control volume or repeating unit. 

Ip is the length of a pore. 

Substituting in the expression for the diffusional resistance of a unit 

pore transforms this equation into: 

(clx=L “ clx=0)/(^d)x+ “ (Clx=-L " clx=0)/(Rd)x- (4.2) 
P P 

- JL /CV 
C
 W 

dt 

Where 

c is the concentration. 

Rd is the diffusional resistance. 

Expanding the concentration terms in Taylor series results in the follow¬ 

ing differential equation: 

(1/(1^+ - 1/(I^)X-) (Ip 3c/3x + Ip3/3! 3
3
C/3x

3 '+ H0Tx) 

(1/(1^+ - V(Ifc>x“) (Ip2/2! 32C/3X2 + L4p/4i 34C/3x
4 + H0Tx) 

= /cv c dV (4.3) 
dt 

This equation does not have the same form as Fick's Second Law. The 

presence of the first order partial indicates that this method can not be 

used as before to extract effective diffusivities from the difference equa¬ 

tions. 

The continuum model was developed for networks of identical unit 

pores. A method is needed for the simulation of networks with regularly 

distributed randomly sized unit pores. 
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Another approach to finding the effective diffusivity, would be to 

construct an electrical analogue of diffusion in the pore network. The 

electrical analogue of a pore structure will consist of different valued 

resistances and capacitances in an electrical network. A voltage differ¬ 

ence can be placed across the network and the current flow measured. 

This is the equivalent of measuring the effective diffusivity in the 

analogous porous medium. 

Wyatt, Mikulecky, and Desimone (1980) used an electrical network 

simulator SPICE, to solve reaction-diffusion problems. The reaction- 

diffusion problems were formulated as equivalent electrical network 

problems. For the purposes of this investigation', SPICE will be used to 

simulate a network of nonidentical diffusional resistances. For example, 

Kirchoff's Law requires that the sum of the currents entering any node, 

be zero. This is the electrical equivalent of a steady state mass balance. 

The first step in developing SPICE experiments will be to test the 

previous results with networks of equal resistances. The initial tests 

will be performed at steady state. For the steady state analysis, the 

mass balance equation can be formulated in terms of Fick's First Law: 

NA = - De AC&/AX (4.4) 

Where 

NA is the mole flux of A 
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Integrating this across the diffusional area, A, yields the total mass 

flow, q^: 

qt = -ADe Ac/Ax (4.5) 

The area, A, and the length, Ax, can be related to repeating unit dimen¬ 

sions by: 

A = NJJAJ-U (4.6) 

Ax = Nj^Lru (4.7) 

Where 

NH is the number of repeating units orthogonal to the 

current flow. 

A^j is the area associated with a repeating unit. 

NL is the number of repeating units aligned with the 

current flow. 

is the length associated with a repeating unit. 

Substitution of these quantities into equation (4.5) yields the following 

equation in terms of the effective diffusivity: 

De = [NL ITU/WH ArJJ (qt/Ac) (4.8) 

For each of the mass transport parameters, an analogous electrical 

parameter must be introduced. The following two equations represent 

electrical conduction and diffusion respectively: 

(4.9) Ohm's Law 

Diffusion in a pore 

i = v/R 

q = Ac/Ra (4.10) 
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For each of the mass transport parameters, an analogous electrical para¬ 

meter is given in Table 4.1. Substitution of these quantities into 

equation (4.8) results in an equation for the effective diffusivity in 

terms of electrical parameters: 

NL LCU i 

De    (4.11) 

% Aru V 

SPICE can be used to solve the electrical network problem. Figure 

4.1 shows a simple network consisting resistances and a voltage source. 

The current supplied by the voltage source is unknown. The SPICE input 

listing shows the input file the user must provide. This input file 

contains a circuit name for each element, the nodes it is connected to, 

and the value associated with that element. The output listing give all 

of the unknowns desired. 

For the steady state analysis, a simple resistor network can be 

used. The first step towards solving the network problem is to write a 

SPICE input file that describes the topology of the simulated network. 

Execution of SPICE will then determine the unknown current flow needed in 

equation (4.11) to find the effective diffusivity. Using a preprocessor 

is a fast and efficient way of producing SPICE input files. 

SPICE requires that each resistance element be specified by name, a 

resistance value, and two connecting node numbers. A simple method of 

producing SPICE networks was needed. The preprocessor was designed to 

automatically generate a SPICE input file frcm the dimensions of the 

network. The preprocessors used to write SPICE input files, incorporate 

the following programing structure. 
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a) A network length dimension is specified. 

b) A set of network nodes is generated and numbers are assigned to 

the proper nodes. 

c) Specified resistances are connected to the proper nodes by ref¬ 

erencing node numbers. 

d) A voltage difference is set up across the network by connecting 

a voltage source. 

Execution of SPICE will determine the unknown current flow across the gener¬ 

ated network defined by the SPICE input file. 

Appendix B gives a detailed report of how complex SPICE networks can 

be generated from preprocessors. To simplify the presentation, only the 

cubic network will be considered. 

It is not known whether the size of a network will have any effect 

on the prediction of effective diffusivities frcm equation (4.11). An 

experiment can be performed in which the effective diffusivity is predicted 

fran several differently sized networks. 

The networks used in this test were constructed of the basic cubic 

repeating unit shown in Figure 4.2. Cubic repeating units were placed 

together to form a network. For simplicity, this network was constructed 

as a cube. To construct a network cube of Ng2 cubic repeating units, 

requires: 

NH = Ns
2 (4.12) 

NL = % (4.13) 
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% is the number of repeating units orthogonal 

to the current flow. 

NL is the number of repeating units alligned 
with the current flow. 

Ng^ is the number of repeating units on one side 

of the network cube. 

The pore length Ip, and diffusional resistance of a unit pore (Pci)ru' 

were both set to one for this test. This transforms equation (4.11) 

into: 

Dfe = i/Ns (4.14) 

The effective diffusivity is predicted by the équivalant continuum 

model for the cubic network (R^ =1, Ip = 1) as De = 1. Table 4.2 shows 

the results of SPICE tests for values of Ns ranging fran one to nine. 

Ihese tests show no difference between the differently sized networks. 

In addition these tests show that for the case of identical unit pores, 

the continuum model and the electrical network analogy of a unit pore 

network, will predict the same effective diffusivities as expected. 

Unlike the continuum model, these electrical analogies, in conjunc¬ 

tion with SPICE, can be used to predict effective diffusivities in network 

with randonly sized unit pores. 
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4.2 THE ELECTRICAL ANALOGUE OF TRANSIENT DIFFUSION 

So far, only a steady state electrical analogy to diffusion in a 

unit pore network has been developed. An electrical analogy to transient 

diffusion can also be developed to handle transient diffusion problems. 

Electrical network models for transient diffusion will have the same re¬ 

sistance structure as the steady state analysis network. In addition to 

the resistances, capacitance elements will have to be added to the elect¬ 

rical analogue of a repeating unit of the pore structure. A capacitance 

element in the electrical network allows for the accumulatien of charge 

in an electrical network. Figure 4.3 shows a resistance-capacitance 

network which will serve as the electrical analogy to a repeating unit. 

The capacitances are connected between a node in the network and ground. 

A transient experiment will yield mass accumulation terms. In an electrical 

network, this is analogous to the charge accumulated in a capacitor. A 

new concept of diffusional capacitances. This concept is defined by the 

following relationships 

Sc 
Cd dc (4.15) 

dt 

Where 

Qj is the diffusional capacitance of a region. 

TOQ is the rate of accumulation (in moles per unit time) 

For a repeating unit, the diffusional capacitance is related to the 

pore volume of the repeating unit. The accumulation term mc is related 

directly to the concentration change in the repeating unit by: 

Ac 
dt 

(4.16) 
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Where 

(Cç^ru is the diffusional capacitance of a repeating unit. 

vru is the volume of a repeating unit, 

e is the porosity of the network. 

Therefore the diffusional capacitance of a repeating unit is given by: 

(Cd>ru = e (4.17) 

The electrical analogy can be used to find the flux or effective dif¬ 

fus ivity in a transient diffusion problem. A series of tests will be 

made to measure transient diffusivities. The tests will be performed on 

cubic networks of repeating units as in the last section. Again it is 

assumed that the network consists of cubic repeating units of unit pores 

each with diffusional resistance of one unit. This time a capacitance of 

.1 F is added at each node in the network. This corresponds to repeating 

units with porosities of .3. The voltage across the network will change 

with time. At time t=0 the voltage across the network will 

jump frcm zero volts to became one volt. 

A preprocessor was again used to gererate the electrical networks in 

the form of SPICE inputs. Unlike before, the current through the network 

is now a function of time. Since the current is an unknown quantity, 

SPICE must be used to derive the current. 

SPICE tests were run for these differently sized networks to derive 

the current flow as a function of time. Sane experimentation had to be 

performed to determine a time increment for the transient tests. Choosing 

too large of a time step created inaccuracies in the predicted current 

flow. The time step was allowed to diminish until no variation in the 

current flow versus time was observed. At this point the time increment 

was assumed to be sufficiently small enough to produce accurate results. 
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These currents were then used in equation (4.14) to obtain diffusivities 

as a function of time for each of the differently sized networks. Figure 

4.2 shows effective diffusivities versus time in cubic networks. The 

larger cube networks take longer to achieve steady state. This is exactly 

as would be expected since larger networks contain more capacitors and 

hence more current will accumulated in a larger network. This is analogous 

to the diffusion problem. For a larger region, the transient experiment 

described will take longer to reach steady state. 

The electrical analogy to diffusion in a unit pore could be expanded 

tb include bulk flow and reaction terms in the analysis simply by adding 

more electrical network elements. Wÿatt, Mikulecky, and Desiitone (1980) 

used SPICE to solve reaction-diffusion problems where bulk flow was also 

involved. This analysis was not for a porous media but this type of 

analysis could be done with SPICE to find out how the pore structure 

affects reaction rate in the areas of heterogeneous catalysis or coal 

gasification. 



Ohm's Law Diffusion in a pore 

Current 

Voltage 

Resistance 

TABLE 4.1 - 

i Flow q 

V Driving Force Ac 

R Diffusional Re¬ 
sistance Rd 

ANALOGY BETWEEN DIFFUSION AND 
ELECTRICAL CONDUCTION 
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Effective Diffusivity Ns 

1.00000 1 

1.00000 2 

1.00000 3 

1.00000 4 

1.00000 5 

1.00000 6 

1.00000 7 

1.00000 8 

1.00000 9 

Ns is the number of cubic repeating units on one side of 

the network cube. 

TABLE 4.2 - EFFECTIVE DIFFUSIVITIES IN DIFFERENTLY SIZED NETWORKS OF 
CUBIC REPEATING UNITS 
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4.3 THE RANDOM PORE MODEL 

Actual porous media show a large variation in the size of pores. 

Dullien (1974) has conducted experiments to determine the entry diameter 

and pore volume for the pores of various sandstones. This experimental 

data shows wide size distributions for the pores within the different 

sandstones. 

To model diffusion in this type of a porous media, networks of unit 

pores can be constructed with differently sized spherical cavities and 

cylinders. Since the actual media has differently sized pores randomly 

interspersed in the media, so should the idealized pore network. This 

type of an idealized model will result in randomly interspersed dif- 

fusional resistances within the network. As has been shown in the pre¬ 

vious section, Taylor series expansions of the concentration terms in a 

mass balance about a single node, will not yield the effective diffusiv- 

ities in networks with randomly distributed resistances. The electrical 

analogy to diffusion in a pore was developed so that networks with ran¬ 

domly interspersed diffusional resistances of different values, could be 

modeled. 

Fatt (1956) has considered the electrical network analogy to flow in 

a porous media. Fatt's models consisted of networks of randomly inter¬ 

spersed resistances. The z factor (connections at a node) was shown to 

have a large role in determining the characteristics of the network. At 

the two extremes are the case of all resistances in series (z=2) and the 

case when all resistance are in parallel (z= »). It was found that the 

series resistance model resulted in the lowest predicted permeability, 

while the parallel resistance model yielded the highest one. 
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Problems of randomly interspersed nonequal resistances in networks 

are also condidered in percolation theory. Percolation theory is the 

study of transport properties in randan interspersions of conductive and 

nonconductive componenets. Mohanty, Ottino and Davis (1982) discuss 

methods of modelling reaction and transport properties in disordered 

composites, through the use of percolation theory. Kirkpatrick (1973) 

developed an electrical resistance model to study percolation problems. 

Dullien (1974) has devised a method for producing bivariate pore 

size distributions for porous media. These distributions give the 

fraction of pore volume characterized by the diameter range D + D + dD 

and pore entry diameter range De De + dDe. The distribution is 

obtained from a combination of Wood's metal porosimetry and 

photomicrography. Porosimetry data is used to derive a characteristic 

diameter for the pore. Dullien has produced these distributions for 

several types of sandstones. One such distribution is shown in tabular 

form in Table 4.3. 

Porosimetry or photomicrography alone do not provide a complete 

description of the pore geometry. Porosimetry provides a good charac¬ 

terization of the pore entry diameters, but not of the pore cavities 

which the entries lead to. Photomicrography provides a good 

characterization of the cavities, but does not provide a complete 

characterization of the pore entry sizes. 

This type of characterization of the pore structure is the most 

complete characterization available in the literature. Frcm this 

bivarate pore size distribution, an accurate unit pore network model of 

effective diffusivities can be created and the effective diffusivity of 

a media accurately predicted. 
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In this section, the unit pore model will be extended to create an 

ideal model of a media characterized by a bivariate pore size distribu¬ 

tion. Dullien's bivariate pore size distribution will be used to shew 

how effective diffusivities can be computed from such a distribution. 

The ideal unit pore model will consist of a regular network of unit pores. 

The unit pores will be of equal length so that they will fit in the 

regular network structure. For each entry in the table of pore size 

distributions, there will be a single type of unit pore with dimensions 

to be determined by the characteristic diameters and void fraction cor¬ 

responding to that entry. 

In general, a bivariate pore size distribution will be characterized 

by a table similar to Table 4.3 with M rows and N columns. The rows of this 

table correspond to the entry diameters of different pores while the columns 

correspond to the largest pore diameters Dj. Thus, every entry (i, j) of 

such a table would give the total void space of pores having entry diameters 

di and largest diameter Dj. For each pore the reduced parameters <*ij and 

must be determined along with the fraction of pores corresponding to 

this entry ®ij* The values of can be assumed to be the ratio of the 

cavity diameter to the pore entry diameter. Therefore the values can be 

derived directly from the table. The values of aij and 0jj are not 

known and must be determined from some other means. Since there are M rows 

and N columns, this corresponds to MN total pore types. There are two 

unknowns for each pore and therefore 2MN equations are needed in order to 

compute these 2MN unknowns. 

The pore length will be assumed to be constant for all pore types. This 

created the following set of equations: 

2ri( °ij + 2/ Bij2 " 1) = Lp 
(4.18) 
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ri is the entry size for the ith column of the table, 

aij is the « value corresponding to the (i, j) entry of 

this table. 

Bij is the 3 value corresponding to the (i, j) entry of 

the table. 

Lp is the pore length. 

There are MN equations of this type. An extra unknown is introduced Lp. 

Therefore there are still MN + 1 unknowns left to be determined. 

The volume fraction, eij, of the pores corresponding to the (i, j) 

entry of the table should also correspond to the volume fraction in the 

unit pore model. This implies: 

il 
©ij (V^ij/L p (4.19) 

Where 

£ij is the void fraction corresponding to the i, jth entry 

in the table. 

©ij is the fraction of ideal unit pores of this type. 

(Vup)ij is the volume of the (i, j) unit pore type. 

Substituting for the unit pore volume and pore length in (4.19) yields; 

k-f TT [/eij2 - 1 (43ij2 + 2)/3 + 20ij] 
eij = ®ij ^ 

21*2 (ay + 26ij)
3 

There are MN equations of this type. One more equation is still needed 

in order to determine all of the unknowns. This is easily taken care of by 

M N 

Z Z ©ij = 
i=j j=i 

1 (4.20) 
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These equations were solved for the data given in Table 4.2 and a 

cubic network. Fran these dimensions, the resistances of the unit pores 

can be computed for each entry from the equation derived in Chapter Two 

for the resistance for a unit pore. In order to simplify the analysis, a 

row average resistance is computed for each row. The row average resis¬ 

tance is computed for a row by weighing the resistances in the following 

manner. 

Where 

(**d)ij = 

N 
Z 
i=l 

®ij (^dHj 

N 
Z 
i=l 

e ID 

(4.21) 

(^dHj is the average diffusional resistance corresponding to a 

single row. 

The fraction of resistances corresponding to this row was computed by: 

N 
©i = I ©ü (4.22) 

i=l 

A scheme needs to be devised for computing the effective diffusiv- 

ity from the row average resistances and the fraction of resistances. A 

SPICE electrical network problem can be solved to find the currents in a 

network. From this current, an effective diffusivity can be computed 

from equation (4.11). The major problem is in constructing the electri¬ 

cal network. The resistances must be placed in the network in such a way 

as to produce an isotropic network and assure that the fraction of resis¬ 

tances corresponding to a row, is the same as the computed value. 
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This problem is simply taken care of by constructing- a random net¬ 

work of resistances. In this random network, the probability of a 

resistance having a value of (R^)^ is equal to the fraction of resistances 

for that row. The SPICE network is generated with the aid of a random 

number generator. The preprocessor generates a random number which is 

then used to determine which row average resistance will correspond to a 

certain location in the network. 

Generation of two networks of the same size, will not result in two 

identical networks. The two networks will have a different configuration 

of resistances. These differences should result in slightly different 

currents flowing through the network and hence different values for the 

effective diffusivity. To get some idea of how much the diffusivity can 

vary, a simple experiment was performed. This experiment involved generating 

many cubic networks of a given size described in section 4.1. 

The average diffusivity and the variance of diffusivity were determined 

for the different values of N . Before these experiments could be con- 
L 

ducted, a set of resistances and the corresponding fraction of resistances 

was needed. 

Dullien's data was used as a test case (Table 4.3). From this data, 

diffusivities were canputed in different sized networks. Twenty networks 

of a given network size N were generated for values of N ranging from 
L 

3 to 7. The average effective diffusivity was computed for each value of 

N along with the variance in the values canputed. The results are given 
L 
in Table 4.4. 

The results show that as the network size increases, the variance in 

the predicted effective diffusivity decreases. This is expected since 

increasing the network size will tend to average out any local properties 

in the network. 
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Kirkpatrick (1973) has produced an effective medium theory for 

predicting effective properties in networks of randomly distributed resis¬ 

tances of different value. The theory is based on seme simplifying as¬ 

sumptions and therefore does not predict the effective properties exactly. 

Kirkpatrick has derived the following equation for the effective resistance 

of a random resistance network: 

jelg f(g)(gm - g)[g + (z/2 - 1)%,] = 0 (4.23) 

Where 

g is the conductance 1/R. 

gm is the effective conductance. 

f(g) is the probability distribution associated with g. 

z is the number of connections at a node in the network. 

For a ternary distribution of resistances, f(g) is simply given by: 

f(g) - e • 6(g - i/(Ra)i) + e26(g - i/(^)2) - e 6(g - i/(Rd>3) 

Where 

5 is the delta function. 

Substitution of this equation into the previous equation, yields an 

equation for the effective conductance. Fran the effective conductance, the 

effective diffusivity can be computed from equation (3.26) derived from the 

equivalent continuum model. 

This method was used to find the effective diffusivity from the row 

average resistance and fraction of pores corresponding to a row, which 

were computed from Dullien's data. These results are shown in Table 4.4. 

As the table shows, there is close agreement between the effecive diffusiv- 

ities predicted by the SPICE generated networks and effective diffusivities 

d^rivpd frm Xirknatriric' R mpriiiim theorv. 
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Since Dullien did not compute effective diffusivities in these sand¬ 

stones, it is impossible to compare the predicted diffusivities with actual 

diffusivities. The random resistance model does provide a realistic 

means of modeling porous media. 
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Bartlesville Sandstone e = .27 

Pore Diameter uM. 

Entry 

TABLE 4.3 - PORE SIZE DISTRIBUTION FOR BARTLESVILLE SANDSTONE 
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NL AVERAGE VARIANCE 

2 .6552E-02 .3268E-02 

3 .7270E-02 .1544E-02 

4 .7393E-02 .1064E-02 

5 .7331E-02 .3752E-03 

6 •7450E-02 .5980E-03 

7 .7512E-02 .4713E-03 

Effective Diffusivity Ratio Predicted by Kirkpatrick's 

Effective Medium Theory is .7225E-02 

TABLE 4.4 - EFFECTIVE DIFRJSIVITY RATIO FOR DIFFERENT SIZED NETWORKS 
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Node 0 

1 a 

INPUT LISTING 

.OPT 
RES 1 0 0 1. 
RES 2 0 1 1. 
RES 3 11 1. 
RES 4 10 1. 
VDIFF 0 1 1. 
.END 

SMALL SIGNAL BIAS SOLUTION 

NODE VOLTAGE 

(1) -1.0000 

VOLTAGE SOURCE CURRENTS 

NAME CURRENT 

VDIFF -1.000D + 00 

TOTAL POWER DISSIPATION 1.00D + 00 

Node 1 

WATTS 

FIGURE 4.1 EXAMPLE OF A SPICE NETWORK PROBLEM 
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ELECTRICAL ANALOGY OF A REPEATING UNIT 

FIGURE 4.3 RESISTANCE-CAPACITANCE NETWORK 



CHAPTER FIVE 

DIFFUSIONAL RELEASE OF DRUG FROM A POLYMER MATRIX 

5.1 DERIVATION OF THE MASS BALANCE EQUATIONS 

Matrix release systems have been developed for the controlled re¬ 

lease of drugs into the human body. Spherical particles of a water-sol¬ 

uble crystalline drug are imbedded in a hydrophobic and initially non- 

porous polymer. When the polymer-drug matrix cones in contact with water, 

the exposed drug particles start dissolving in it. The water can then 

penetrate the polymer and dissolve adjoining drug particles. Thus, à net¬ 

work of pores of varying cross-section is formed. The computation of the 

rate of diffusional drug release necessitates the correlation of the effec¬ 

tive diffusivity of the drug with the structural parameters of the porous 

polymer formed by the drug dissolution process. 

Miller and Peppas (1983) have conducted experiments to determine the 

rate of drug release fran such a system. Their experiments involved the 

release of theophylline and bovine serum albumin monomer from a copolymer 

of ethylene and vinyl acetate (EVAc). The samples were prepared by the 

mixing of spherical drug particles into solutions of EVAc dissolved in 

dichloromethane. The solution was then allowed to dry, leaving the solid 

drug - polymer matrix system. 

Miller, Peppas, and Winslow (1982) indicate that the pore network 

formed during the drug dissolution process consists of spherical cavities 

interconnected through small neck pores. These cavities correspond to the 

original grains of drug in the polymer. 

The model developed in previous chapters for the prediction of effec¬ 

tive diffusivities in three-dimensional pore networks can be applied to the 

study of diffusion through the polymer matrix. In this case, the unit pore 

74 
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can be considered to consist of a spherical cavity (corresponding to the 

void left behind by a disolved drug particle), and two small cylindrical 

neck pores that connect it to neighboring cavities. Before the diffusion- 

al process can be studied, the mass balance equations must be developed 

for the dissolution and diffusion of the drug through the polymer. The 

problem is complicated by the moving boundary between the part of the 

matrix that contains undissolved solid drug particles and that with pores 

left behind by the particles that have dissolved. 

The release experiments begin with a flat plate of drug-polymer com¬ 

posite as shown in Figure 5.1. At the beginning of an experiment, one 

face of the composite is exposed to water. The drug in the matrix begins 

to dissolve, thus creating a moving front in the polymer matrix. On one 

side of the front is drug-saturated water, i.e. the drug concentration is 

at it's maximum. On its other side, the matrix contains solid drug part¬ 

icles. As the drug dissolves, the drug diffuses through the polymer 

matrix to the water-polymer matrix interface, where it is released into 

the liquid phase. The water outside the polymer matrix is well mixed and 

constantly refreshed so that the concentration of the drug at the water- 

polymer matrix interface can be considered to be essentially zero. The 

amount of drug released is measured experimentally at various time 

intervals. 

In modeling the release problem, the continuity equation will be 

written for the drug in the polymer matrix. If the assurrptions of con¬ 

stant diffusion coefficient and constant density are made, the mathemati¬ 

cal analysis can be greatly simplified. Table 5.1 shows the physical pro¬ 

perties of the bioactive agents, monomer albumin and theophylline, as 

measured by Miller and Peppas. The albumin is highly soluble in water 

(its solubility is .5850 gm/cc). Since the density of the saturated sol- 
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ution is not known, the assumption of constant density does not seem to be 

a reasonable one in this case. In addition, Kozinski and Lightfoot (1972) 

indicate that the diffusion coefficient of monomer albumin in water shows 

a strong concentrâtional dependence. Therefore, the assumptions of con¬ 

stant diffusivity and density will probably not be strictly valid in the 

case of albumin. 

The theophylline-water system, however, is different. The solubility 

of theophylline in water is relatively low (0.0127 gm/cc). This means that 

the density will be approximately that of pure water since, even at the 

maximum concentration, the percentage of theophylline is small. The diffu¬ 

sion coefficient will not vary significantly, because the range of theophyl¬ 

line concentration is relatively small (0.0 to .0127 gm/cc). In modeling 

the theophylline experiments the simplifying assumptions are more accurate. 

The general equation of continuity for a homogeneous drug-water sys¬ 

tem is given by Bird, Stewart and Lightfoot (1960) as: 

3Pd 
  + (v • P d v) = (v • P Aüw V ud) + rd (5.1) 
at 

Where 

p<j[ is the density of the drug in solution. 

v is the mass average velocity of the solution. 

p is the overall density. 

is the diffusion coefficient of drug in water, 

is the mass fraction of drug in water. 

r is the rate of drug appearance due to reaction. 

The reaction term in the above equation is obviously zero. The sol¬ 

ubility of the drug in water is assumed to be low, and hence the total den¬ 

sity and diffusion coefficients are constant. There are no pressure grad- 
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= Ddw? p( (5.2) 

dients in the system, and thus the mass average velocity will also vanish. 

These assumptions lead to the following equations 

3Pd 

at 

For the porous matrix release system the equation of continuity 

beccmes: 

3pd 

at 
= Dev*P( (5.3) 

Where 

P<3 is the concentration of the drug in the polymer matrix. 

De is the effective diffusivity of the drug in water, 

e is the porosity of the matrix. 

In order to conpletely define the problem, the boundary and initial 

conditions must be defined. So far these conditions are given as, (see 

. 5.1): 

i) X = 0 Pd = 

ii) X = Xi(t) pd = 

iii) t = 0 Xi : 

l 

= 0 

Where 

Pi is the solubility of the drug in water. 

Xi is the x location of the moving interface. 

The problem is not conpletely defined as it stands, since is 

as yet an unknown function of time. The function Xj_(t) will be found 

by performing a mass balance over a pill-box control volume that in¬ 

cludes the moving interface. This control volume is shown in Figure 

5.2. By integrating the continuity equation (5.3) over the control 
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volume, one obtains: 

e 
a 
at *cv 

p d dV pd dV (5.4) 

The divergence theorem is now used to convert the integral on the right- 

hand side of this equation into a surface integral. This yields: 

3 -»• 
e   / pddv = Def N*vPddS (5.5) 

3 t 
J CV u e J cs u 

Where 

N is the unit vector orthogonal to and pointing away from the con¬ 

trol surface. 

Only one face of the control volume has a nonzero concentration grad¬ 

ient across it. This face is on the liquid side of the moving interface. 

The right side of (5.5) is evaluated as: 

Where 

A is the area of the interface. 

Xi_6 is the control volume face on the liquid side of the 

interface. 

I is the unit vector pointing in the x direction. 

Since the unit vector N is pointed away from the control surface, 

i.e., it is pointed in the direction of the negative x-axis, N • i has 

the value of negative one. Therefore (5.6) becomes: 

De Jcs 5 * V Pd <as -D-. A 
3Pd 

ax x.- 
i 6 

(5.7) 
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The drug content of the control volume is given by integrating 

the density of both phases separately: 

f Pt<3V = f Prf^ + f pgtfv (5.8) 
J CV J CV- J CV+ 

Where 

CV- is the volume of the sector between X-[_g and X^. 

CV+ is the volume of the sector between Xj and Xi+$. 

The drug density on the liquid side of the control volume is p£. The 

drug density on the solid side of the control volume is Pg. Therefore, 

(5.8) becomes: 

/ Pt dV = A [ Pi(Xi - 6) + Ps(6 - Xi)] (5.9) 
CV 

Taking the time derivative of (5.9) yields; 

3 3Xi 
  / Pd dV = A(Pi - Ps)   (5.10) 

at at 

Substituting this expression and (5.7) into the mass balance at the inter¬ 

face (5.5) yields: 

3 Xi 3pq 
= Qe/(PS *" pi) (5.11) 

3t 3X 
Xi - 6 

The mass balance equation for the drug release problem is new completely 

defined. Since diffusion takes place in one direction only, the continuity 

equation is expressed in one dimension. Summarizing these equations yields: 

9pd a2Pd e   = De   
3t 3X2 

with the following boundary and initial conditions, 

i) X = 0 Pd = 0 

ii) X = Xi(t) Pd = Pi 
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iii) 3Xi 

at 

a pd 

De/(
ps - pi)   

ax x. 
i 6 

iv) t = 0 Xi = 0 
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5.2 SOLUTION OF THE MASS BALANCE EQUATIONS 

The mass balance equations have now been completely defined. Since 

Peppas and Miller (1983) give the fraction of drug released fom the poly¬ 

mer matrix versus time, our theoretical model should also predict these 

values. The total amount of drug released is the area of the polymer in¬ 

terface times the flux of drug from the interface integrated over the time 

length of the experiment. This can be computed by: 

Mt A T 

- "   /. Ndlx = 0+ (5.12) 
M. M. 0 

where 

Mt 

M» 

A 

Ndlx = Ot¬ 

is the total amount of theophylline released since 

the beginning of the experiment. 

is the initial amount of theophylline in the sample, 

is the area of water - polymer matrix interface, 

is the flux of drug evaluated at X = 0+ 

i.e. the water - matrix interface. 

The drug flux is given by Fick's first law as: 

3pd 
Nd = De   (5.13) 

3X 

Therefore, the fraction of drug released is given by: 

Mt A T 3Pd 
-- »   De J   dt (5.14) 

M» 0 ax x = 0+ 

The total amount of drug in the experimental sample, M°° is given by: 

Moo = e<f| ps A L (5.15) 
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Where 

e<3 is the volume fraction of drug (in general different from 

the total porosity e). 

ps is the density of solid drug. 

A is the cross sectional area of the sample, and 

L is the sample thickness. 

Substitution of this equation into the right side of (5.15) yields; 

Mt 

edPsL 

3Pd 

ax x = o+ 
dt (5.16) 

The partial derivative must be evaluated from the mass balance equations 

previously derived. Evaluation of this partial derivative will allow the 

amount of total drug released, Mt, to be evaluated. 

Newman (1912) showed that problems of this type have an analytical so¬ 

lution. Carslaw and Jaeger (1959) have studied the Stephan problem defined 

by equation (5.3) with the boundary conditions (5.11). They indicate that 

a similarity solution of the following form exists; 

Pd - f<n) (5.17) 

where 

f is an unknown function, and 

X 

n = ✓ 4 Efe t/e (5.18) 

Substituting the similarity form of equation (5.11) into the continuity 

equation yields; 

df [” d2f f dn \ * df 32n n 

= Dc (5.19) 

dn 3t _ dn2 \ df J dn 3X2 

Evaluating the partial derivatives of n and substituting these into equa¬ 

tion (5.18), transforms it into the following ordinary differential equation 

d2f 

dn2 

df 
  = 0 

dr, + 2n (5.20) 
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Integration of equation (5.20) will yield df/dn and thus: 

df 
  = Ke-n 2 (5.21) 

dn 

where 

K is sane unknown constant. 

The evaluation of K will have to come from the boundary conditions. The 

boundary condition at the water - polymer interface is: 

i) Pt = 0 @ X ■ 0 

or in terms of f and t)r 

i) n = 0 @ f = 0 

Evaluation of K will involve finding the function f. When (5.21) is 

integrated, f is found to be given in terms of the error function as follows: 

where K and K' are as yet unknown constants. 

The error function vanishes at zero. Then the boundary condition 

implies that K' is zero, and therefore f is given by: 

f(n) = K /Ï72 erf(n) + K' (5.22) 

f(rç) — K /TT /2 erf(n) (5.23) 

The boundary condition of the moving interface is: 

ii) Pd = Pi @ X = Xj- 

Fran the definition of f, n, and X^ this becomes: 

f(x) (5.24) 
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Combining this equation and equation (5.23) for f yields K: 

Pi 
K = (5.25) 

UST/2) erf(\)) 

where x can be evaluated from the condition for the movement of the inter¬ 

face, namely: 

3xi Pe 3 pd 
iii)   =     

3t (Pg ” pi) 3X 

Substitution of the equation (5.22) for f and of the partial derivatives of 

n into this expression yields: 

2 e P 4 

X4 

Ae X erf(A) ■ (5.26) 

/¥"(PS - Pi) 

The solution of the mass balance is now completely defined. Successive 

substitutions of the derived values into equation (5.15) will allow the 

calculation of the fractional release of the drug. It was shown 

before that the partial derivative, 3pd/aX, is needed to evaluate the total 

drug release Mt. Finding this partial derivative is equivalent to finding 

the first derivative of f since: 

3Pd df an 

dn 
(5.27) 

ax dn ax 

The derivative dn/dx is easily obtained from the definition of n« 

Substitution of equation (5.20) into equation (5.15) yields: 

Mt 1 T 3f 3t> 
=   De L  

3X M £d psL 0 
3n 

dt (5.28) 
X ■ 0+ 

Substitution of the defining equation (5.17) for n and the equation for df/dn, 

(5.21) yields: 

Mt 1 1 

M £d PsL 

DeK J 
0 /4D t/e dt 

(5.29) 
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Equation (5.25) gives the value of K. substitution of this expression 

and evaluation of the integral yields: 

where Mt/Mo„ is the fraction of the drug released. 

e is the total porosity of the polymer matrix. 

£<3 is the volume fraction of the drug in the sample. 

Ps is the density of solid drug. 

is the solubility of the drug in water. 

L is the length of the sample. 

De is the effective diffusivity of the drug through the polymer 

matrix. 

X is a root of equation (5.27) 

This is the expression which will be used to calculate the drug 

release. The predicted release will be compared with the release 

measured by Peppas and Miller (1983). The value of De must cane from 

the models developed earlier, for the effective diffusivity. 

“t 
(5.30) 
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5.3 PREDICTION OF THE DRUG RELEASE 

In earlier chapters, a method was developed for calculating the ef¬ 

fective diffusivity in networks of identical unit pores. The effective 

diffusivity was calculated frcm the porosity, e, and the ratio of 

the sphere volume to cylinder volume. The two parameters used for the 

drug release problem will be the porosity, e, and the reduced parameter 

g. When these two parameters are specified, the effective diffusivity 

ratio DQ/DçJW can be calculated by solving the nonlinear equation (3.39) 

for a, and substituting a and g into equation (3.38). 

Peppas and Miller (1983) show that the effective diffusivity is a 

function of the weight percent loading of drug in the polymer matrix. 

If the assumption is made that the porosity of the matrix is created by 

the dissolution of the drug particles in the matrix, then the porosity of 

the matrix can be easily calculated fran the weight fraction of drug, 

the density of the solid drug, ps, and the density of the polymer Pp 

by the formula: 

ed = 1/(1+ Pg/Pp d/o)d - D) (5.31) 

The porosity predicted by this formula does not correspond to the actual 

porosity of the matrix, since the matrix has seme initial pore volume. 

In a separate paper, Peppas, Miller, and Windslow (1983) character¬ 

ized the pore structure of the polymer matrix. This paper includes the re¬ 

sults of photcmicrographic and mercury porosimetry analyses of the polymer 

matrix. These studies indicate that the matrix contains cavities corres¬ 

ponding to the particle size. The size of the constrictions between 
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cavities may also be obtained from mercury porosimetry data. Peppas 

(1983) has indicated that the constriction diameters vary over a wide 

range. The cavity size is assumed to correspond to that of the unit 

pore spherical cavity for our model. The constriction size may be assumed 

to correspond to the radius of the cylindrical neck pores. These assump¬ 

tions imply that the reduced parameter g, can be approximated by the 

ratio of the particle size to the constriction size. 

The effective diffusivity was computed from the porosity of the 

matrix, the cavity size and the constriction size. The effective 

diffusivity values were then used in conjunction with equations (5.27) 

and (5.30) to obtain the predicted release values, Mt/f^,. The results 

are shewn in the form of the following graphs. 

Figures 5.3 shows the experimental and predicted release of 

Theophylline in a cubic network. These graphs show the predicted release 

for several different constriction sizes. Because no experimental data 

was given to indicate the porosity of the matrix, the matrix porosity was 

assumed to be equal to the volume fraction of drug. The release is shown 

to have a strong dependence on the constriction size. The predicted 

release was found to be much less dependant on the size of the cavities. 

The release was also predicted in the tetrahedral network and the results 

were found to be almost identical to the predictions of the cubic network. 

Figure 5.4 shows the predicted release of Theophylline in both 

the cubic and tetrahedral networks. The tetrahedral network predicts 

a larger rate of release than the cubic network. The difference 

between the two models also increases with increasing porosity. These 

are the same tendicies indicated by Figure 3.2 which shows effective 

diffusivities in cubic and tetrahedral networks. 
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Figure 5.5 show the predicted release of Albumin in a tetrahedral 

network for a weight fraction loading of .2104. These curves show 

the predicted release for several different constriction sizes. Again, 

the release rate is very dependant on the constriction size. 

Figure 5.6 show the predicted release in a cubic network, obtained 

by using both the measured porosities and assuming that the matrix 

porosity is equal to the volume fraction of drug. The predicted release 

using the volume fraction of the drug as the porosity of the matrix, 

underpredicts the rate of release of drug. This is because the 

porosity of the matrix is actually much higher than the volume fraction 

of drug. 

Figures 5.7 and 5.8 show the predicted release of albumin in 

a tetrahedral network. These figures are for different loadings of 

albumin. These figures, along with Figure 5.6, shew that in order for 

the predicted release to match the experimental data, larger constriction 

sizes must be used at higher loadings. This phenanina should be 

investigated experimentally. 

This simple model seems to provide a good approximation to the 

actual drug release process. If more accurate model predictions are 

desired, a ccnplete characterization of the pore structure is necessary 

in order to develop a more realistic model. The distributions of the 

pores with a certain constriction and cavity sizes must be determined and 

the possible existence of dead-end pores should also be taken under 

account. Such a detailed characterization of the pore structure would 

allow the development of a more realistic network pore model with 

nonidentical and randomly distributed pores. This pore model should 

result in more accurate predictions of the effective diffusivity and 

hence in a better prediction of the drug release. 
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PHYSICAL PROPERTIES 
OF 

MONOMER ALBUMIN AND THEOPHYLLINE 

Solute Molecular Weight Solubility at 37°C 

(daltons) (gin/arP) 

Monomer 
Albumin 69,000 .5850 

Theophylline 180.17 .0127 

Solute Diffusivity in 
Water at 37°C 

Density 

Monomer 

•107 (cm^/sec) Ps(gm/cm
3) 

Albumin 9.09 .8955 

Theophylline 24.0 1.448 

Table 5.1 
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Liquid 
Phase 

pd pb 

Polymer-Water 
Phase 

X _ V x 
/ X x X 

x x 
X X x 
X x x 
X V x 
A V X 
x Sc x LXJ 

******** 

Polymer-Drug 
Phase 

Pt = Pi 

CKKtKKMxMX^ 
****^2<**< 
gassgssass»»» 
sasssssagasassssi 

X 

pd = pi 

Pb is the concentration of drug in the bulk water phase. 

Pi is the drug concentration at the interface. 

Ps is the concentration of solid drug. 

Xi is the position of the interface. 

FIGURE 5.1 THE DRUG RELEASE EXPERIMENT 
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Polymer- 
* Water 

Phase 

Pd = Pi 

Polymer- 
Drug 
Phase 

Pd = Ps 

J 1 1  

Xi-6 Xi Xj+ô X 

FIGURE 5.2 THE MOVING INTERFACE CONTROL VOLUME 
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APPENDIX A 

DIAGRAMS OF REPEATING UNITS 

This appendix contains diagrams of repeating units for the 

following networks; 

HEXAGONAL 

SQUARE 

TRIANGULAR 

TETRAHEDRAL 

CUBIC 

Heavy lines represent the connections between repeating unit 

center nodes, while light lines represent the boundaries of the repeating 

unit. Each repeating unit is shown with the center node of the repeating 

unit at the zero location of a cartesian coordinate system. Locations 

of neighboring repeating unit center node locations are given. 
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Neighboring Repeating Unit Central Node Locations: 

1 ( 0 , Lp ) 3 ( 0 , -Lp ) 

2 ( Lp / 0 ) 4 ( —Lp , 0 ) 

SQUARE NETWORK AND REPEATING UNIT 

X
T
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Neighboring Repeating Unit Central Node Locations; 

1 ( -Lp/2 > /3Lp/2 ) 3 C -Lp/2 r -/3Lp/2 1 

2 ( Lp , 0 ) 

HEXAGONAL NETWORK AND REPEATING UNIT - ONE 
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Neighboring Repeating Unit Central Node Locations : 

1 ( ~Lp t 0 ) 3 ( Lp/2 r ~/3Lp/2 ) 

2 ( Lp/2 , /3Lp/2 ) 

HEXAGONAL NETWORK AND REPEATING UNIT - TWO 
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Neighboring Repeating Unit Central Node Locations: 

( 0 , Lp ) 

2 ( /3Lp/2 , Lp/2 ) 

3 ( /3Lp/2 , -Lp/2 ) 

4 ( 0 , -Lp ) 

5 ( -/3Lp , -Lp/2 ) 

6 ( -/3Lp/2 , Lp/2 ) 

TRIANGULAR NETWORK AND REPEATING UNIT 
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Neighboring Repeating Unit Central Node Locations: 

1 ( 0 , 0 , Lp ) 3 ( /273Lp , -/2Lp/3 , -Lp/3 ) 

2 (0,2/2Lp/3,-Lp/3) 4 (-/273Lp , -/2Lp/3 , -Lp/3 ) 

TETRAHEDRAL NETWORK AND REPEATING UNIT - ONE 



Neighboring Repeating Unit Central Node Locations: 

1 (0,0/ -Lp ) 3 (-/273Lp,/273Lp,Lp/3) 

2 ( 0 f-2/2Lp/3,Lp/3) 4 (/273Lp,/2Lp/3,Lp/3) 

TETRAHEDRAL NETWORK AND REPEATING UNIT - TWO 
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Neighboring Repeating Unit Central Node Locations: 

1 ( Lp , 0 , 0 ) 

2 ( -Lp , 0 , 0 ) 

3 ( 0 , Lp , 0 ) 

4 ( 0 , -Lp , 0 ) 

5 ( 0 , 0 , Lp ) 

6 ( 0 , 0 , -Lp ) 

CUBIC NETWORK AND REPEATING UNIT 
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APPENDIX B 

FORTRAN ROUTINES 

This appendix contains all of the FORTRAN routines used to 

calculate predicted rates of drug release in CHAPTER FIVE. Each routine 

contains a header with a desciption of the routines function, variables 

used and FORTRAN subroutines called. 



ccc 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
ccc 

function afunct(t) 107 
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 

Title 

Author 

Abstract 

Variables 

Subroutines 

A< theta) 

Mike Wheeler 

This routine computes the function 
A(theta) described t<Y Ballal and 
Zvsourakis. This routine currently 
uses 1000 terms in the computation. 

t ans le subtended bY the neck 
connecting to the sphere of 
a unit pore. 

p2np3 evaluates Lesendre 
polynomials 

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
implicit real*8 (a-h»o—z) 
afunct=0. 
podd=t 
peven=l. 
afunct=afunct-t/10. 
afunct=afunct-4./135.*p2np3(1 * podd»peven» t) 
do 10 i = l» 1000 

rn=df1 oat(i) 
afunct=afunct+((rn+1.)/(2.*rn+l.)/<4.*rn+5. ) + 

$ <4.*rn+7.)/2./<2.#rn+3.)/<4.*rn+5.)/<4.*rn+9.>- 
$ .5/<4.*rn+9.>)*p2np3(2*i+l»Podd» peveru t) 

10 continue 
return 
end 
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subroutine awfact 

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 

Title 

Author- 

Abstract 

Variables 

Au» Factor 

Mike Wheeler 

This routine computes the spherical 
correction factor siven bv Ballal 
and Zvsourakis. 

c 
c 
c 
c 
c 
c 
c 
c 
c Variables au» 
c beta 
c 
c 
c 
c Subroutines afunct 
c 
c 
c 
c 
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 

spherecal correction factor 
ratio of sphere radius to 
cylinder radius of a unit 
pore. 

a function used in computing 
the spherecal correction 
factor 

implicit real*8 <a-h»o-z) 
include ''common, ins' 
theta=asin(1./beta) 
atheta=-afunct(cos(theta)) 
sum1=2.«atheta/(sin< theta))**2 
sum2=.5*((l.-(cos(theta))**3)/sin<theta)*#2+ 

*(l.-(cos(theta))**3)/sin(theta)**2) 
au»=suml+sum2 
return 
end 
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subroutine dratio 

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
c 

Diffusivity Ratio 

c 
c 
c 
c 
c 
c 
c 
c 

Title 

Author- 

Abstract 

Variables 

Subroutines 

Mike Wheeler 

This routine computes the ratio of 
the effective diffusivity to the 
bulk diffusivity for the esuivilant 
continuum representation of a 
a network of unit pores. 

aui 
beta 

drat 

rkl 
rk2 

rk3 

None 

spherecal correction factor- 
ratio of sphere to cylinder 
dia. for a unit pore 
effective diffusivity ratio 
De/Dtw 
used to compute drat 
volume of a repeating unit 
per 
unit pore length cubed. 
no. of pores in a repeating 
unit 

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 

implicit real*8 (a-h»o-z) 
include •'common, ins1' 
dr-at=rkl*pi/rk2/ (aw/beta+al pha) / 

$(beta+alpha)/4. 
return 
end 



function erf(x) HO 
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
c 

Error Function Title 

Author 

Abstract 

Subroutines 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 

implicit real*8 (a-h»o-z) 
Pi = 3.141592654 

Mike Wheeler 

This routine computes the error 
function of a siven number» x» bv 
a recurrsive formula. 

None 

sum = x 
term = x 
do 10 n=l » 1000 

term = -l.*term*x#x/df 1 oat(n) 
sum » sum+term/df1 oat<2*n+l> 

10 continue 
erf = 2.dO/dsprt(pi)*sum 
return 
end 



subroutine fcn(nix?fvec*iflas) 
111 

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
c 
c Title Function 
c 
c Author Mike Wheeler 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

Abstract This subroutine must contain the 
system of nonlinear equations to be 
solved by the IliSL Minpack software 
package. 

Variables beta 

epsi 

Ec 

Es 

fvec <i) 

x<l> 

ratio of sphere to cylinder 
dia. for a unit pore 
the porosity of the matrix 
unit pore length cubed, 
porosity due to the unit 
pore cylinders, 
porosity due to the unit 
pore spheres. 
Is the ith nonlinear e«=in. 
in the system of nonlinear 
equations. 
The quantity that Minpack 
is solving for. In this 
case it is a1pha2. 

c Subroutines None 
c 
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 

implicit real«-3 <a-h»o-z) 
dimension x(n)»fvec<n) 
include ''common, ins-' 
x<1)=dabs<x<1)) 
Es=rk3/rk2*pi/3.*dsqrt(beta**2-l.)*(4.*beta**2+2.)/ 

$<2.*dsqrt<beta**2-l.)+2.*x<l))**3 
Ec=2.*pi*rk3/rk2*x<1)/ 

$<2. ■M-dsqrt < beta**2—l. ) +2. #x< 1 ) ) 
fvec <1)=Es+Ec-epsi 
return 
end 
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U
 

U
 

U
 

U
 

U
 

U
 

U
 

U
 

U
 

U
 

U
 

U
 

U
 

U
 

U
 

U
 

ccccc 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

112 
ccccccccccccccccccccccccccccccccccccccccccccccccccccccc 

Title 

Author 

Abstract 

Main 

Mike Wheeler 

This routine is the main driver for 
predicting the rate of Theophylline 
release for a polymer matrix system 
from the data SUPPIied by Peppas 
and Miller. 

Variables in File Common.ins 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

/drat/ alpha 

au 
beta 

drat 

epsi 
f norm 
rkl 
rk2 

rk3 

/drus/ cavity 

constr 
diffu 

i time 

relese 
rhoi 
rhop 
rhos 
r 1 oad 

r1 samp 
time 

/stph/ pi 
r 1 am 
tol 

Subroutines awfact 

blkdat 

r1arnda 

hvbrdl 

ratio of cylinder lensth to 
radius for a unit pore 
spherecal correction factor 
ratio of sphere to cylinder 
dia. for a unit pore 
effective diffusivity ratio 
De/Dtui 
the porosity of the matrix 
returned from imsl minpack 
used to compute drat 
volume of a repeating unit 
per unit pore lensth cubed, 
no. of pores in a repeating 
unit 
diameter of a theophylline 
particle 
constriction dia. 
bulk diffusivity of 
theophyl1ine 
no. of experimental data 
points. 
experimental release 
solubility of theophylline 
density of evac polymer 
density of solid theophylline 
wt. percent loading of 
theophyl1ine 
sample depth 
the experimental time 
pi = 3.141592654 
1ambda 
the error tolerance for 
1ambda 

computes the spherical 
correction factor 
initialises the common 
block with experimental 
data. 
computes lambda which 
arises from the Stephan 
problem 
an IMSL supplied routine 



113 which solves a system 
nonlinear equations, 
computes the ratio of 
effective diffusivitY 
bulk diffusivitY 
contains the system 
nonlinear equations 
solved bY hYbrdl 
< IliSL Minpack). 

of 

the 
to the 

of 
to be 

c 
c 
c dratio 
c 
c 
c f cn 
c 
c 
c 
c 
c 
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 

implicit real*S (a-h»o-z) 
include 'common, ins*' 
dimension x( 1 ) » fvec ( 1 > »wa( 16) 
external fen 
rmtmi(t) = 2. *ds«=irt ( t*def f /epsi*pi )/rl samp/rhos*rhoi/ 

Serf < r1 am) 
1wa=16 
tol=dpmpar(1)*1. d4 
ne=iua=l 
Pi = 3.141592654 
epsi = 1./<1.+rhos/rhop*<1•/rload-1.)) 
beta = cavitY/constr 
cal 1 awfact 
cal 1 r1amda 
x(l)=dsqrt(rk3/4./rk2/epsi) 
cal 1 hYbrdl (fern ne«iua» x> fvec» tol » inf o» wa» 1 wa) 
f norm=enorm( ne«iua» fvec ) 
alpha2=x(1) 
al pha=al pha2-beta+ds«=irt < beta**2-l. ) 
call dratio 

alpha '»alpha»' beta '.beta 
drat '»drat»' rlam '»rlam 

rk3 ' » rk.3 
constr '»constr» cavitv '»cavitY 
rload '»rload»' epsi 
diff '» diff 

» epsi 

write <6» *) 
write(6» *) 
write(6»*) 
write(6» *) 
write (6» «•) 
write(6» *) 
write(6» *) 
deff = drat*diffu 
write<6» 200) 
do 10 i = l»itime 

predet = rmtmi(time(i)*3600.) 
write <6»210) time(i)» relese(i)» predet 

10 continue 
write(6»205) 
stop 

200 format(/»10x»' TIME <Hr)'»13x.' Mt/Moo'»12x» 
S' Mt/Moo'»/) 

205 format </,30x, 'EXPERIMENTAL',9x,'THEORETICAL'»/) 
210 format(lOx,f11.2,5x,2s20.4) 

end 
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function p2np3<n» podd» peven» t) 
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 

Title Lesendre Polynomial 2n+3 

Author Mike Wheeler 

Abstract This routine returns the next 
succive odd numbered Lesendre 
Polynomial from the previous one. 

c 
c 
c 
c 
c 
c 
c 
c 
c 
cc 

Variab1 es even previous even Lesendre 
polynomial 

odd previous odd Lesendre 
polynomial 

rn the desree of the polynomial 

Subroutines None 

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
implicit realms (a-hio-z) 
rr»~df 1 oat(n) 
peven=(2.*rn+l•>/<rn+l.>*t*podd-rn/(rn+1.)*peven 
rm*rn+l• 
podd35(2* *rm+l * ) / < rm+1 • )#t*peven—rm/ ( rm+1 • )**podd 
p2np3=Podd 
order-rm+1. 
return 
end 
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cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
c 

Lambda Title 

Author- 

Abstract 

Mike Wheeler 

This routine computes the value of 
Lambda which arises from the Stephan 
problem as a transendental equation 
in Lambda. The routine uses an 
interval halving method to converse 
on the final value of lamda. 

c Variab1 es rlam 1ambda 
c tol the error tolerance for 
c 1ambda 
c 
c Subroutines erf computes the error function 

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
implicit real*8 (a-h»o-z) 
include 'common, ins'' 
funct<x) = x*exp<x*x)*erf(x)-ePsi*rhoi/ssrt(pi)/ 

$< rhos-rhoi) 
r1 am = .5 
del 1 am = .25 
do 10 i = 1» 100 

zero = funct(rlam) 
if(zero.st.O.) rlam =rlam - del lam 
if(zero.11.0.) rlam «rlam + del lam 
de 11 am = del lam/2. 

10 continue 
tol = dellam#4. 
return 
end 



U
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block data 

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
c 

Block Data 

c 
c 
c 
c 
c 
c 

Title 

Author- 

Abstract 

Mike Wheeler- 

This routine 
block /drus/ 
and Peppas. 
unit except 

initializes the common 
with the data of Miller 
all values are in CGS 
time which is in hours. 

Variables Initialized 

/drat/ rkl 
rk2 

/drus/ 

Subroutines 

rk3 

cavity 

constr 
dif f u 

i t ime 
relese 
rhoi 
rhop 
rhos 

r 1 oad 

r1 samp 
time 

None 

used to compute drat 
volume of a repeatins unit 
per unit pore lensth cubed, 
no. of pores in a repeatins 
unit. 
diameter of a theophylline 
particle 
constriction dia. 
bulk diffusivitv of 
theophyl1ine 
no. of experimental points 
experimental release 
solubility of theophYl1ine 
density of evac polymer- 
density of solid 
theophylline 
wt. percent loadins of 
theophyl1ine 
sample depth 
the experimental time 

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
implicit real*8 <a-h»o-z) 
include •'common, ins'' 
data rkl /1.0/ 
data rk2 /1.0/ 
data rk3 /3.0/ 
data cavity /250.d-4/ 
data constr /.5d-4/ 
data diffu /24.0d-7/ 
data itime /15/ 
data relese /.0531 
*, .0385 

.1270 
*, .1686 

.2070 
*, .2496 
*, .2910 

.3569 
*» .4368 
*, .5422 



117 
.6812 
.7499 
.7841 

** .8155 
.8590/ 

data r h o i /.0127/ 
data r h o p /.965/ 
data rhos /1.448/ 
data rl oad /.1932/ 
data rlsamp /. 1/ 
data time /2.25 

11.50 
29.00 
54.75 
86.00 

** 126.25 
174.25 
267.25 

*> 410.25 
627.50 

*> 1043.00 
•** 1325.50 

1494.50 
1632.00 

•K-» 1848.00/ 
end 
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APPENDIX C 

SPICE PREPROCESSORS 

This appendix contains a preprocessor used to generate SPICE 

input files. This preprocessor generates a network of resistors with 

a voltage source across the network. SPICE is used to determine the 

current across the network. 
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cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
c 
c Title SPICE PREPROCESSOR 
c 
c Author 
c 
c Abstract 
c 
c 
c 
c 
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 

character- * 13 file 
character^ num(20)/'01', '02','03','04','05','06','07','03', 

*'09','10','11','12','13','14','IS'.'16'»'17','18','19','20'/ 
dimension node(20»20»20) 

Mike Wheeler 

This routine writes a SPICE input file 
of a given size. The dimensions of the 
network are determined bv the number of 
nodes in the x, Y, and z directions. 

c read in the spice input file name and the network dimensions, 
c 

read<5,*) 1 
1pl=l+l 
mpl=l 
m=mpl-l 
npl = l 
n=npl—1 
write<l,*> ' CUBIC NETWORK OF VARIABLE SIZE' 
wr-ited,*) '.OPT ' 
nbatt=lpl*mpl*npl+l 

c 
c prepair the node map. 
c 

do 10 i = l,1 pi 
do 20 j=l,mpl 

do 25 k=l,HPI 
node(i,j,k)=i+lpl*(J-l)+lpl*mpl*(k-l) 
if(i.eq.l) node<i,J,k)=0 
if<i.ea.1P1) node(i,J,k)=nbatt 

25 continue 
20 continue 
10 continue 

c 
c write the x resistors, 
c 

do 30 i=l,1 
do 40 j=l»mpl 

do 45 k=l,npl 
write(1,210)num(i),num(J),num(k), 

* node(i,J,k),node(i+1,J,k) 
45 continue 
40 continue 
30 continue 

c 
c write the Y resistors, 
c 

do 50 J = 1,m 
do 60 i=l»lPl 

do 65 k=1,nP1 
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wr ite(1>220)num<i> » num<J)>num(k)« 
$ node(i»j>k)>node(i»j+1 »k) 
65 continue 
60 continue 
50 continue 

c 
c write the 2 resistors, 
c 

do 70 k=l,n 
do 80 i=l,lpl 

do 85 J=l»mpl 
write(l*230)num(i),num(j)* num(k)» 

$ node<i,J,k)*node<i>J»k+1> 
85 continue 
80 continue 
70 continue 

c 
c set UP the potential difference in the network, 
c 

vdiff=l./f1 oat(1) 
writed,#) 'VDIFF 0 '» nbatt, vdiff 
write<l,*) ''.END'' 
stop 

100 format<al3) 
210 format('RX',3A2,216,' 1.') 
220 format("RYX,3A2T216." 1.") 
230 format < ''RZ,%3A2»2I6> * 1.') 

end 
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