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Abstract 

Total cross sections for radiative charge transfer 

4 ++ 
during collisions of He ions with H(ls) atoms leading 

to He+(ls) and H+ ions have been calculated at center of 

mass energies ranging from 0.01 to 1000 eV. Since it is 

known from coupled-states calculations that non-adiabatic 

coupling effects are small at these energies, the problem 

is formulated in the adiabatic approximation where the 2p<? 

molecular state is represented by an optical model poten¬ 

tial. In this treatment, the radiative decay of the 2pa 

state of the HeH++ molecule is described by the imaginary 

part of the optical potential, which incorporates the 

2pa -* Isa transition rate (Einstein A coefficient) . This 

transition rate for fixed intemuclear separations was cal¬ 

culated using ab initio wavefunctions of the HeH++ molecule 

For energies in the range where penetration of the 

centrifugal barrier is unimportant (E ^ 1 eV), cross sec¬ 

tions were estimated via the JWKB approximation. At lower 

energies, the effect of tunneling is more important, and 

resonances associated with the predissociating states of 

the HeH++ molecule will dominate the structure in the cross 

sections. At these energies, cross sections are calculated 



iii 

by integrating the radial equation using the Numerov algo¬ 

rithm. 

-19 2 
The calculated cross sections vary from 4x10 cm at 

-20 2 
0.1 eV to 1.4x10 cm at 100 eV. The radiative contri¬ 

bution to the total charge transfer cross section probably 

dominates at energies below 50 eV. 
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Chapter I 

Introduction 

Electron transfer in low energy atom-atom collisions 

is a problem of great intrinsic and practical interest, and 

has been the object of numerous experimental and theoretical 

investigations. The study of specific charge transfer pro¬ 

cesses, and even the fundamental theory of such processes, 

form a quite active area of present-day research in atomic 

collision theory. 

It is fortunate that a great deal of work has been done 

on the theory of low energy collisions, for such efforts have 

provided us with the basic methods necessary for handling 

problems such as charge transfer. Likewise, atomic and 

molecular structure calculations necessary for the practical 

use of such methods have progressed to such a degree that 

highly accurate results are now available for most simple 

atoms and molecules. 

It is desirable to restrict initial investigations of 

charge transfer processes to relatively simple systems. Be¬ 

sides the above noted fact, one obvious reason for this is 

that the computational effort required for "testing" theo¬ 

retical methods for practicality is minimal. We also expect 

that the results obtained will be quite accurate, this accur¬ 

acy being restricted mainly by the limitations of the approxi¬ 

mations involved, which are not severe for simple systems. 
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One such simple process is single-electron transfer in 

collisions of doubly-ionized Helium with Hydrogen: 

He++ + H - He+ + H+ . (1.1) 

1 2 
Recently, Winter and Lane and Winter and Hatton have 

studied this process using a semiclassical impact parameter 

approach. Their results indicate that the non-adiabatic 

couplings which contribute to charge transfer in this pro¬ 

cess fall off very rapidly below a center of mass energy of 

approximately 1 KeV. This leads us to the question: To 

what extent does the radiative mechanism contribute to the 

total charge transfer cross section below this energy? (By 

"radiative mechanism" we essentially mean the process of 

spontaneous emission, whereby an atomic system, in this case 

the HeH system, can spontaneously undergo a transition to 

a state of lower energy.) That is, assuming that diabatic 

effects can be ignored, what is the total cross section for 

the process 

He+++ H(Is) - He+(Is) + H+ + hv (1.2) 

below an energy of 1 keV? 

This is the question to which this thesis is addressed. 

Based upon the results of Winter, Hatton, and Lane mentioned 

above, we expect that this radiative coupling is comparable 

to, and eventually dominates, the non-adiabatic coupling as 

the collision energy drops below 1 keV. In this respect, the 

results we obtain will be complimentary to those of previous 
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studies; together they should give us some idea of what the 

total charge transfer cross section looks like at all col¬ 

lision energies. 

A basic idea we shall employ in our study of this pro¬ 

cess, and indeed an idea that forms the backbone of many 

approaches to low energy collisions in general, is the ex¬ 

pansion of the total wave function in terms of adiabatic 

molecular states. This idea has as its origin the method of 

3 
perturbed stationary states, developed by Mott and Massey. 

In this method, the total wave function of the collision sys¬ 

tem is expanded as 

, = a
-3) 

where the comprise a complete set of orthonormal Born- 

Oppenheimer wave functions of the "frozen” molecule formed 

by the two atoms, and the Fn are translational functions 

describing the relative motion of the nuclei. Starting with 

such an expansion, one may proceed to investigate how per¬ 

turbations due to the relative nuclear motion induce tran¬ 

sitions between the adiabatic states This can be done, 
n 

for example, by the impact parameter method. 

In the radiative process, of course, the transitions 

are not caused by kinematic, but by electromagnetic, pertur¬ 

bations. If we assume that non-adiabàtic effëcts are negli¬ 

gible, then the initial and final states of the system are 

represented by single terms of the expansion (1.3). We must 
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then calculate the scattering amplitudes for the transition 

from the initial to the final state, in terms of which the 

cross sections are defined. 

Conceptually, the most straightforward way of doing this 

is via perturbation theory. One defines a transition rate by 

forming the matrix element of the interaction Hamiltonian of 

the electromagnetic field between the initial and final 

states of the system; Fermi's Golden Rule is then applied. 

The details of such a calculation for an emission process are 

4 . . 
given, for example, by Doyle. Having found the transition 

rate, one then calculates the flux in the incident channel 

and defines the cross section in the usual way. 

Another method, which we shall employ in this work, is 

fully described in Chapter II, and may briefly be described as 

follows. If wë assume that non-adiabatic effects are negli¬ 

gible, then the function Fn describes the motion of the nuclei 

as the HeH++ system develops adiabatically in the state n; 

i.e., it describes the motion of the nuclei in an elastic 

collision for which, of course, the initial and final states 

are n. However, it is well known that inelastic effects can 

be described phenomenologically by the use of a complex (or 

"optical model") potential. This is, in fact, exactly what 

we do; by adding to the adiabatic molecular potential a 

purely imaginary component, we can describe the effect of the 

electromagnetic perturbation on the system. The solution Fn 

then totally describes how the state of the system is altered 
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by the interaction and contains all information necessary for 

obtaining the cross section. The latter method, used in this 

5 . . 
work, was used by Cohen and Lane in a study of ionization 

processes in collision of He with H2* the codes used by them 

were applicable in the present work with only slight modifi¬ 

cation. 

The JWKB approximation is easily applied in both meth¬ 

ods. This approximation is of value at collision energies 

such that purely quantum effects such as tunneling are unim¬ 

portant. At these energies it turns out that the JWKB and 

quantum mechanical results are in excellent agreement; it is 

then of obvious advanatage to use the semiclassical method, 

which is much simpler. 

This thesis is divided into two main parts, which com¬ 

prise Chapters II and III. In Chapter II we present those 

portions of atomic collision theory which have a direct 

bearing on the present work. This includes the method of 

perturbed stationary states, the impact parameter method, 

and the adiabatic approximation. The last portion of this 

chapter is devoted to the theory of radiative charge trans¬ 

fer via the complex potential approach. A partial wave 

analysis is applied and cross section formulae are obtained. 

In Chapter III we present the numerical methods of 

solution and the results. The results of the JWKB and quan¬ 

tum calculations are compared, and the resonant structure of 

the cross sections is explained and examined in detail. 



Chapter 2 

Theory 

A. Introduction 

In this chapter we shall discuss the theory of charge 

transfer in a general form. Thus, the problem of "non- 

radiative", as well as radiative, transfer will be treated. 

This is necessary because comparison with results of the 

non-radiative theory will be made, and, more importantly, 

because the radiative theory that we shall develop is essen¬ 

tially a modified form of the non-radiative formalism. 

Before looking at the theoretical methods used in the 

study of charge transfer, we shall first consider some 

general ideas which are important in the theory of atom-atom 

(or ion-atom) collisions. Other, more complete discussions 

along the same lines as what will follow, as well as most 

of the theory presented in this chapter, can be found in 

numerous papers and texts dealing with the theory of atomic 

collisions 

We can arbitrarily divide collisions of atoms into two 

classes: "slow” and "fast"; if the relative velocity of the 

nuclei is large compared with the average velocity of the 

electrons bound in the colliding atoms, we then say the 

collision is "fast." If we introduce the ratio T/T, where 

T somehow measures the duration of the collision and T is 

the average period of internal motion (i.e., the motion of 

the electrons about the nuclei), then, as above, if T/T is 

a small quantity the collision is fast. 
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The ratio t/T also tells us, in a crude way, whether 

or not an electronic transition is likely to occur in an 

atomic collision. Thus, when T/T is very small the electrons 

will for most of the time be associated with either of the 

nuclei; since the actual collision is of short duration we 

expect that a transition will not be likely and, in fact, 

the wave function which describes the state of the system 

prior to the collision will only be slightly perturbed by the 

interaction. This is the basis of the well-known Born 

Approximation. Conversely, when T/T is large, the collision 

is so gradual that the internal motion will adjust itself 

at all stages of the collision, so that no transition is 

likely to occur. In this case, we can proceed in a manner 

similar to that of the Bom-Oppenheimer approximation, used 

for molecular structure calculations, and formulate the prob¬ 

lem in terms of adiabatic molecular states (this is, in fact, 

the procedure that we will follow, and it will be discussed 

in detail in this chapter). Perturbations due to the finite 

velocity of the nuclei are then responsible for electronic 

transitions, and are incorporated into the theory via semi- 

classical or quantum methods. 

In the present work, the relative velocities of the 

He++ and H nuclei range from approximately 7xl0-^ to 0.22 

atomic units (the atomic unit of velocity is the classical 

speed of the electron in the ground state of Hydrogen). 

Thus, based on the above criteria, we are dealing with slow 



8 

collisions over most of the energy range considered, and 

treatment* of the problem in terms of Born-Oppenheimer molecu¬ 

lar states is justified. 

In this chapter we will first discuss the formulation of 

the problem, and then describe a method of solution based on 

the molecular states discussed above. Difficulties will be 

pointed out, and some approximations will then be introduced 

which make solution of the problem practical. Finally, we 

shall address the topic with which we are primarily inter¬ 

ested, namely, charge transfer by means of interaction with 

the electromagnetic field, and shall develop the theory neces¬ 

sary for handling this problem. 

B. General Theory. The Method of Perturbed Stationary States 

1. Wave Equation and Boundary Conditions 

For simplicity, we consider a three-body process, jin 

which a bare nucleus A (mass M^) is incident upon a one- 

electron atom or ion composed of nucleus B (mass M^) and 

electron (mass MQ). In the type of process we will even¬ 

tually consider the electron is captured by the incident 

nucleus, but for the moment we will include both the possi¬ 

bility of charge transfer and excitation of the target atom. 

The coordinate system which is most convenient for 

describing the motion of this system is shown in Fig. 2.1. 

Ha and are the position vectors of A and B relative to 

the center of mass of the electron and B and to the center 

of mass of the electron and A, respectively; r is the 
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Fig. 2.1 

Coordinate system for description of ion-atom collisions. 
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e~ 

A 



position vector of the electron relative to the center of 

mass of A and B. 

As usual, we are interested only in the relative motion 

of the system. As is well known, the kinetic energy T of this 

relative motion can be expressed as 

T » ?
2
/2H + p2/2m (2.1) 

where P and p are the momenta conjugate to coordinates B and r 

respectively, and H and m are reduced masses given by 

H = 
¥B_ 

m = 
me (MA+MB> 
me+MA+MB 

me (MA+MB) 

M, 
T 

(2.2) 

where Mm is the total mass. T 
Rewriting the second of these as 

m = me - me/MT 

we see that we can, with negligible error, replace m with me 

(this is equivalent to treating the center of mass of the 

nuclei as the true center of mass). Assuming that the poten¬ 

tial energy of the system can be expressed in terms of R and r 

the Hamiltonian is then given by 

H = ?2/2|i + p2/2m + V(r,R) (2.3) 

The corresponding Schroedinger equation for the relative 

motion of the system is then, in atomic units,* 

{” tjl 7R " 7 vr + -E} = 0 (2.4) 

^Atomic units will be used throughout unless otherwise noted. 
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As usual, the asymptotic form of the wave function Y 

completely determines the scattering process. In general, we 

must impose two types of boundary conditions on Y, since two 

distinct processes, excitation and charge transfer, may occur. 

3 ID 
Let Ur and ilr be the wave functions for the atomic states, Tn Tn 

with energies Ea and E*5, in which the electron is bound to 
n n 

the isolated nucleus A and B, respectively. The subscript n 

represents all quantum numbers necessary for specifying the 

state. Now, since the electron is initially bound to B, with 

wave function \|Io, the asymptotic form of Y for the case of 

th 
excitation into the n— state of the target atom is 

., b* „ 
lk n*R 

Y (r,R) (ônQ
e ° 3 + 

R-« L nu 

iknRa n 3 

•}^tsb) no (2.5) 

Here n is a unit vector in the direction of the relative 

3D 3D 
motion? k£ and kR are the center of mass wavenumbers, given 

by 

k£ ■ [2M(E-E£))^ 

k£ = [2M (E-E^) ] ^ , 

(2.6) 

where 

M = 
M
A (
M
B
+1

) 

M. 
(2.7) 

and E is the total energy of the system. Likewise, for the 

th 
case of charge transfer into the nr=— state of the atom 

(A+e~), we have 

Y (r,£) 
R~>oo 

ikaR 
n b 

WV*b>-^ (2.8) 
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The total cross sections for collisions in which the electron 

is afterward found to be hound to the nucleus. A and B are, 

respectively, 

As we shall see, the effectiveness of an adiabatic molecular 

states treatment is often limited by the asymptotic condi¬ 

tions (2.5) and (2.8). 

2. Expansion in Molecular States 

As we discussed in the introduction, at very low ener¬ 

gies the collision is nearly adiabatic, meaning that the 

internal motion can gradually adjust itself, without great 

probability of quantum transitions, as the collision occurs. 

This reminds us of the procedure developed by Born and Oppen¬ 

heimer for the determination of molecular structure. Recall 

that they treated the nuclei as stationary to a first approx¬ 

imation and then solved the Schroedinger equation for the 

electronic eigenfunctions and eigenenergies of this "frozen" 

molecule. The next step in the approximation was then to 

use these electronic energies for the formulation of the 

potential in which the nuclei move and solve the resulting 

Schroedinger equation for the nuclear motion. 

o 
(2.9) 

o 
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For the treatment of our collision problem we now see 

that we can do exactly as did Born and Oppenheimer in the 

first stage of their approximation; since the nuclei are 

moving so slowly, to a first approximation we neglect their 

motion, and at each internuclear separation & solve 

C- h Vr2 + Ve(r,R) - en(R) )%n(r,R) = 0 (2.10) 

to obtain the complete, orthonormal set of eigenfunctions 

and corresponding eigenvalues en. We now expand the full 

wave function if in the form 

Y(r,R) = 2 F^(R)Xn(r,R) + 2 F^(R)xb(?,R) (2.11) 
n mm 

where the superscripts denote the center to which the elec¬ 

tron is bound in the asymptotic or "separated atoms" limit. 

The functions F describe the nuclear motion, and have 

asymptotic forms 

F 
a 
n 

R-*» 

iknR 

R 

n 
R-*CD 

no 

ik^n-R 
e ° + 

iknR 

e R 

(2.12) 

Thus, the first term in the expansion (2.11) corresponds to 

charge transfer and the second to excitation. Such an 

approach is called the perturbed stationary states (PSS) 

3 
method, and has been the basis for most treatments of low 

energy ("slow") collisions. 



However, the simplicity of the PSS method is spoiled 

when modifications must be made due to the inherent inade¬ 

quacy of the expansion (2.11). This inadequacy can be seen 

by considering the asymptotic conditions imposed on indi¬ 

vidual terms of the expansion. Thus, while ^ -* i|r^ and 

ID ID 
Xn \(rn as R -* », we see from Eq. (2.12) that the asymp¬ 

totic conditions (2.5) and (2.8) cannot be satisfied. This 

7 
defect was first pointed out by Bates, Massey, and Stewart, 

who modified the PSS method by multiplying each term in the 

expansion (2.11) by an appropriate plane-wave factor so that 

the asymptotic conditions are consistent. These factors are 

m 
exp(-i ka fi*r ) 
^ M_ n a' 

(2.13) 
m (• c i b A » ÏÇ km n,V 

for the first and second terms in (2.11), respectively. 

The importance of such factors in low energy collisions has 

been the object of some controversy. It was originally 

thought that corrections such as (2.13) are unnecessary for 

low energy collisions, since they essentially correct for 

the fact that the electron momentum is neglected in the PSS 

theory, which is a reasonable approximation at low energies. 

However, rigorous treatments have shown that such factors 

(now called electron translation factors, or ETFs) may be 

important even for near-adiabatic collisions, as both short- 

.and long-range problems can occur if the. PSS theory is used. 
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The corrections (2.13), which really only correct asymptotic 

difficulties, are not totally satisfactory, but recent work 
q 

by Thorson and Delos has established a rigorous theory 

which includes the ETFs in a natural way and seems to correct 

the problems inherent in the PSS formalism. 

Though ETFs are necessary for rigorous treatment of 

low energy collisions, we shall not discuss them further 

here. As will become clear later, the unmodified PSS theory 

provides an adequate basis for the development of a radiative 

charge transfer theory. 

3. Coupled Equations 

Assuming that the expansion (2.11) is satisfactory for 

our purposes, we shall now concentrate on the process of 

charge transfer. For this purpose, we will expand the total 

wave function as 

Y(r,R) = 2 Fn(R)Xn(r,R) (2.14) 
n 

where it is now understood that ^ represents the molecular 

state n such that asymptotically the electron is bound to 

the nucleus A. 

Having found the molecular eigenfunctions xn, the 

solution of the problem (i.e., the solution of the Schroe- 

dinger equation (2.4)) now consists of finding the transla- 

tional functions Fn(R). To do this, we substitute the ex¬ 

pansion (2.14) into the Schroedinger equation. Using Eq. 

(2.10) we then have 
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S C- ^ VR + Vn(R) - E} Fn(R)Xn(r,R) = 0 (2.15) 

where z z 

Vn(R) = ~R~^ + ®n
(R) (2.16) 

is the molecular potential. Now, by multiplying on the left 

by and integrating over r, we arrive at the coupled 

equations 

C- t? 7R + vm<R>-EJ VS) 

“ b £ C2<*ml7Rl*n>-7R + <*J 7£l *n> 3pn <5> <2’17> 

where 

<*J7RIV = l *£<;'s>7RX„<?'R>a3r <2-18> 
2 

and likewise for VR . A proper treatment of the collision 

problem would then be the solution of the set of coupled 

equations (2.16) after truncation of the number of molecular 

states used in expanding Y. However, even after trunca¬ 

tion, such a procedure is impractical, as seen when we con¬ 

sider the number of partial waves contributing to the total 

cross section. The maximum value of the orbital angular 

momentum quantum number & which contributes is approximately 

l - ka, where k is the wave number of the incident particle 

and a is the impact parameter beyond which the interaction 

is negligible. Thus, taking the example in which the inci¬ 

dent particle is He++, we see that the maximum value of i 
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is about 90 times that for an electron of the same energy and 

impact parameter. Thus, in general, a very large number of 

partial waves is involved? the number of coupled equations 

that results from Eq. (2.17) clearly makes this procedure an 

impractical (i.e., expensive) computational task. However, 

for collisions at very low energies, we expect nearly adia¬ 

batic behavior, in which case the coupling terms on the 

right hand side of Eq. (2.17) are negligible? this obviously 

leads to a vastly simplified computational task. At higher 

energies the coupling terms must be retained, of course, but 

simplifications can still be affected. One important example 

is the impact parameter approximation, in which the nuclear 

motion is treated classically. We shall now discuss these 

two procedures in more detail. 

C. Two Relevant Approximations 

1. The Adiabatic Approximation 

As we have just mentioned, at very low relative veloc¬ 

ities the terms on the right hand side of Eq. (2.17) are, in 

general, negligible. Exceptions arise in the case of cross¬ 

ings or nearly avoided crossings of the molecular potential 

curves, or in the case of exact or nearly exact energy 

resonance. That non-adiabatic couplings are negligible at 

low energies m He -H collisions has been borne out m a 

study by Winter and Lane.*- Their results, which shall be 

presented in the next chapter, show that the total cross 

section for charge transfer decreases rapidly at center of 
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mass energies below approximately 1 keV. Thus we shall not 

be concerned with the above noted exceptions in the present 

s tudy. 

If we drop the terms due to non-adiabatic couplings 

altogether, Eq. (2.17) becomes 

{" 7
R
2 + VR> - E} pn<5) “ 0 (2-19) 

The solution of this equation will then describe, of course, 

the nuclear motion in a purely adiabatic collision. One may 

wonder of what use this approximation is in the study of 

charge transfer, which is, after all, a non-adiabatic pro¬ 

cess. The answer lies in the fact that another mechanism 

for charge transfer, the radiative mechanism, can be incor¬ 

porated into the adiabatic formalism by use of a complex 

potential. Since radiative charge transfer is expected to 

be significant only at very low collisional energies, at 

which the collision is otherwise adiabatic, the usefulness of 

this approach is then apparent. We shall defer further dis¬ 

cussion until Section D, in which this radiative process, and 

the formalism based on the complex potential, will be dis¬ 

cussed in detail. 

2. The Impact Parameter Method 

In the next chapter we shall compare results of studies 

of radiative (present work) and non-radiative charge trans¬ 

fer in He++-H collisions. The non-radiative results were 

obtained by Winter and Lane,^ who employed a semi-classical 
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technique known as the impact parameter method. This method, 

which we shall now briefly describe, is an important approxi¬ 

mation by which one can obtain useful results from the per¬ 

turbed stationary states (PSS) theory. 

For atom-atom collisions of sufficiently high energy, 

9 
the motion of the nuclei may be treated classically. In the 

impact parameter approximation,^ one assumes that the effect 

of nuclear repulsion has a negligible effect on their motion 

and thus that their trajectories are rectilinear. At lower 

energies this approximation is unrealistic and one must solve 

the classical equations of motion, which include either the 

Coulomb potential or a molecular potential, to obtain the 

trajectories. For the purposes of this discussion, however, 

we shall assume rectilinear motion. 

Let R, as before, be the position vector of the inci¬ 

dent nucleus A with respect to B, and let r_ and r. be the 

position vectors of the electron relative to A and B, re¬ 

spectively. If A is incident along the z-axis with speed v, 

then we can measure the time t such that 

where p, the impact parameter, is the component of R perpen 

dicular to the z-axis. The time-dependent wave function 

•■4 

Y(rb»t) satisfies the Schroedinger equation 

where H is the electronic Hamiltonian. In the PSS approxi¬ 

(2.20) 

(H - i f^) Y(rb,t> = o . (2.21) 

mation, the wave function is expanded as 11 
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Y(rb,t) = Z an(t)xn(rb,R)exp(-i En (R(t‘ ) )dt ' ) (2.22) 

^ —00 

where the ^ are Born-Oppenheimer wave functions which satisfy 

(H-E^R))^^,!) = 0 . (2.23) 

Substituting the expansion (2.22) into the time-dependent 

Schroedinger equation gives rise to coupled equations for the 

expansion coefficients an(t) 

= -i G- (t)a(t) , (2.24) 

where 

[a (t) ] n = 
a
n(t) 

G' (t) = G (t)P (t) nmv ' nm' ' nm' ' 
(2.25) 

Gnm(t) = <*n(rb'R)J - i(ôt^ l*m(rb'R)> 

t b 

Pnm(t) = l [En(R(t
,))-Em(R(t

,))]dt') 

By using the vector rb as the position vector of the electron, 

the molecular states which correlate to bound states of B 

in the separated atoms limit (R -* ») will also satisfy the 

Schroedinger equation (2.21) in this limit (t *• •) . This 

means that problems associated with asymptotic conditions can 

be avoided in determining direct scattering probabilities. 

If the initial state (t •>* -•) is that labeled by n = 1, then 

the boundary condition for the coupled equations is 

In * 
lim a (t) = 6 
t~-« 
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After truncation of the basis set xn 
to a manageable size, 

the coupled equations (2.24) are then solved for the coeffi¬ 

cients an« If the molecular states ^ (n = 1 to N) correlate 

to bound states of B, then the quantity 

I(">i2 

is the probability for elastic scattering, while the quanti¬ 

ties 

|an(®) |2 n = 2,3 N 

are the probabilities for excitation into the molecular states 

n = 2,3,...,N. The total probability for direct (elastic 

plus excitation) scattering is then 

pdir = ", I an ‘“J 12 ' <2'27> 

If we assume that the probability of ionization is negligible, 

then the total probability for electron transfer is 

' trans 
= 1 - P 

dir 
(2.28) 

The total cross section for electron transfer is given by 

atrans 2n $ dp p Ptr£ms(p) (2.29) 

Having now discussed the two approximations of the PSS 

theory relevant to the present work, we shall proceed to 

formulate the theory necessary for handling the problem of 

radiative charge transfer. 
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D. Radiative Charge Transfer 

1. Introduction 

So far in our treatment of low energy collisions, we 

have assumed kinematic perturbations to be the only mechanism 

for charge transfer. However, there is, as we have previously 

discussed, another mechanism, the "radiative" mechanism, which 

we expect to become significant at low energies. 9 As discussed 

in Section C, the diabatic couplings of the PSS theory are 

not significant at low energies and the collision is other¬ 

wise adiabatic. In this section we shall first describe what 

is meant by radiative charge transfer, and then go on to de¬ 

velop a formalism, based on the adiabatic approximation 

(Section C.l) and incorporating a complex potential, by which 

we may describe this process. Finally, we shall use a par¬ 

tial wave analysis to extract equations for the total cross 

sections. 

2. A Qualitative Description of Radiative Transfer 

Radiative charge transfer can occur, from a purely for¬ 

mal point of view, because the matrix element of the inter¬ 

action Hamiltonian of the electromagnetic field between the 

initial and final states of the HeH++ system is non-vanishing. 

However, we would like to describe this process in a quali¬ 

tative, intuitive way. One such description is as follows. 

The quantum theory of radiation tells us that, even in 

the absence of incident electromagnetic radiation, an atomic 
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system has a certain probability per unit time of making a 

spontaneous transition from some state A to a lower-lying 

state B. This probability per unit time is just the Einstein 

A coefficient for spontaneous emission. To see how this 

process might occur in an atomic collision, we consider the 

example of interest to us: the collision of an He++ ion with 

a Hydrogen atom at low energy. Relying now on the molecular 

states picture we have developed, we imagine that in the 

"interaction region" an HeH++ molecule is formed—or at least 

that the electronic properties of the system in this region 

are, to a first approximation, the same as an HeH++ mole- 

++ 
cule. Now the separated atoms He and H(ls) correlate to a 

2 pa HeH++ state. Since there is a lower lying ISCT state, 

there is a probability per unit time A that the spontaneous 

transition 2pj ^ ls<j will occur. After such a transition, 

the Isa state correlates to He+(ls) and H+ in the separated 

atoms limit. Thus, the net effect of such a process occurring 

in the collision is that the electron is transferred from the 

Hydrogen to the Helium nucleus: 

He++ + H (Is) -► He+ (Is) + H+ + hv . 

This, then, is what is known as radiative charge transfer. 

3. Use of the Adiabatic Approximation: The Complex Potential 

As we have just described the mechanism of radiative 

transfer, it is clear that it can only contribute signifi¬ 

cantly to the cross section at low collision energies, where 

the stoms are in the "interaction region" for significant 
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amounts of time. We now wish to develop a theory for very 

low energies, where in fact this radiative mechanism is ex¬ 

pected to dominate the contributions to the cross sections. 

For this purpose it is reasonable to assume that diabatic 

couplings, mainly responsible for charge transfer at higher 

energies, are now insignificant. As we have mentioned, this 

assumption is well founded by previous studies of Winter, 

Hatton, and Lane. 

Proceeding now with such an assumption, we need to de¬ 

velop a formalism for charge transfer at low energies in 

which the only mechanism is radiative. This can be done by 

incorporating a complex (or "optical model") potential in the 

adiabatic approximation. Recall that inelastic scattering 

corresponds to an absorption of the incident flux. Such an 

absorption process can be described phenomenologically by 

the introduction of a negative imaginary potential into the 

Schroedinger equation, giving a complex potential which we 

write as 

w = VR - i Vj . (2.30) 

By calculating the current density in the usual way, we find 

that the imaginary component gives rise to a modified conser¬ 

vation equation for the probability density p: 

+ v-j = - 2VIP , (2.31) 

where 3 is the usual current .density. The term on the right 

hand side of this equation represents a sink of current if 
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Vj is positive; this means that must be one-half the proba¬ 

bility per unit time that a particle will be "absorbed." 

In our collision process A + (B+e”), the removal of 

flux from the incident beam of nuclei A is equivalent to the 

decay, via spontaneous emission, of the molecular state n 

formed in the collision to a lower lying state m. To describe 

this decay, we replace the molecular potential Vn(R) (see 

Eq. (2.16)) with a complex potential of the form 

Wn(
R) = Un(R) -■ h i rn(R) » (2.32) 

where Tn(R) is the rate (Einstein A coefficient) for the 

n -* m transition. (We assume that m is the only lower lying 

state and hence label r by n alone.) Equation (2.19) now 

becomes 

{- h ?p + W (R) - E}F (R) = 0 (2.33) 
rv II II 

The transition rate Tn is easily found by application 

2 
of Fermi's Golden Rule. By using the dipole approximation 

for the interaction Hamiltonian, the rate of transition from 

state n to state m with photon emission into all directions 

and polarizations can be shown to be 

Tn = -3 eu31 <m|r|n>|2 . (2.34) 
3c 

In our case, n and m are Born-Oppenheimer molecular states 

calculated at a fixed internuclear separation R, so that we 

can write 
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rn(R) =^3 Un<R)-em<R)]3 lî(R>i2 

(2.35) 

iï(R) = <m|r|n) 

where c and e are the energies of the states n and m. 
n m 

4. Partial Wave Analysis. Cross Section Formulae 

The complex potential Wn of Eq. (2.33) is spherically 

symmetric. Thus we can apply a simple partial wave analysis 

to solve the equation and define total elastic and charge 

transfer cross sections. In what follows we shall drop the 

subscript n for notational clarity. 

We expand F (8.) in a series of angular momentum eigen¬ 

states (Legendre polynomials), viz.. 

«4 

F(R) = R 2 u (R) P, (cos6) . (2.36) 
l=o 1 

Substituting into Eq. (2.33) and using the orthogonality 

property of the Legendre Polynomials, we find that the 

radial functions u#(R) satisfy 

1 ^21*' + 2|j[E-W(R)] }UA(R) = 0 . (2.37) 

When the complex potential W is identically zero, two lin¬ 

early independent solutions of this equation are kRh^(kR) 

and kRh* (kR), where h, is the spherical Hankel function 
* 

h^(x) = (j^(x) + in^(x))x 

-1 

-1 

(2.38) 

- ix exp(ix-ijjtr/2) , 
X_eo 
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and h* its complex conjugate. The wavenumber k is given by 
i 

k2 = 2|jE . (2.39) 

Thus any solution of Eq. (2.37) must satisfy the asymptotic 

condition 

u. (R) ~ kR[A,h*(kR) + Bh(kR)] , (2.40) 

where A and B are constants. As usual, the "S-matrix" is 
i l 

defined by 

Bi " stAi ■ (2-41) 

in terms of which (2.40) takes the form 

u. (R) ~ A kR[h* (kR) + S h (kR)] . (2.42) 
1
 k-»œ ^ 1 * * 

From Eq. (2.38) we see that, in the asymptotic region, 

h* is an outgoing wave, while h is an incoming wave. Proba- 
& 1 

bility conservation requires that the outgoing radial flux not 

exceed the incoming radial flux. This requirement is satis¬ 

fied only if |S I as 1. If the potential is real (r = 0), then 

the scattering is elastic and the outoing and incoming fluxes 

are equal. Then we must have |S^| =1, and it follows that 

we can write 
iT1l 

Sj = e * , (2.43) 

where is real and is called the phase shift of order l. 

In the case that potential is complex, we then see that we 

can write 
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S I 
i(«Jt

+i^) 
(2.44) 

with p real, 
JL 

which defines a complex phase shift 

(2.45) 

As is well known, the elastic and absorption cross sections 

can then be expressed in terms of S. (or, equivalently, in 
* 

terms of the complex phase shift r\j), viz.. 

°el =72 ? <2i-H> 11-s/ 
K JL 

"abs “5rç (2441) (1-|S |2) . 
k l 

The total cross section for all types of scattering is given 

by 

a tot = H 2 (2«4+1) d-Re(Sx)) . (2.47) 
k l 

For purposes of numerical computation it is convenient 

to work with real quantities. This is accomplished by intro¬ 

ducing the R (reactance) matrix as follows. We rewrite Eq. 

(2.42) in terms of the spherical Bessel and Neumann functions 

as 

u((R)^ A kR[ (j -in ) + S (j +in )] 
* R_„ * l * III 

= (1+S )A kR[j. (kR)-R n (kR) ] , 
It l l l 

where the R-matrix has been defined as 

(1-S ) 
R - i  t— 
l (1+S ) 

l 

(2.48) 

(2.49) 
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and is real only if the phase shift r| is. 
A 

We now break up the solution u (R) into real and 
A 

imaginary components, 

= u^ (R) + iu2^(R) (2.50) 

and substitute into the radial equation (2.37). After 

separating the real and imaginary parts, we arrive at the 

coupled equations 

2 

^dï? ~ + 2ji[E-V(R)]}ulx(R) = |ir(R)u2x(R) 

(2.51) 

2 
|d__ _ ASÂ+il + 2u[E-V(R)]}u2x (R) = -Mr(R)uu (R) 

dR R 

Each solution component u..(R) is matched in the asymptotic 
J-Ju 

region to a linear combination of spherical Bessel and Neumann 

functions. 

u. (R) ~ kR[A. i (kR) - B.n.(kR)] (2.52) 
* R-*« 1 * 1 * 

to determine the constants A^ and B^. Upon recombining these 

asymptotic solutions to form the complex solution u. (R) and 
it 

comparing with E<3* (2.48), we find that the R-matrix is given 

by 

R 
Jt 

B.+iB 
+iRn — T— . 

21 A^+iA 
2 

2 

B1A1+B2A2 . B2A1~B1A2 
2 2 + 1 2 2 

AX + A2 AX + A2 

(2.53) 
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The S-matrix can then be expressed in terms of the coefficients 

and by inverting Eq. (2.49) to obtain' 

1+iR, 
s _  L 
* 

(2.54) 

The total elastic and reaction cross sections are then found 

by using Eq. (2.46). 



Chapter III 

Methods of Solution and Results 

A. Preliminary Considerations 

In this chapter we shall describe calculations and 

results, based on the formalism of the previous chapter, for 

the radiative charge transfer process 

4He++ + H(Is) 4He+ (Is) + H+ + hv (3.1) 

at center of mass collision energies ranging from 0.01 to 

1000 eV. Calculations of total cross sections were performed 

in two ways: via the JWKB approximation and by direct solu¬ 

tion of the coupled equations (2.51). As discussed in 

Chapter I, the former method is the simpler of the two, and 

for this reason it was chosen for initial calculations of the 

cross sections. This method was expected to provide quite 

accurate results at the higher collision energies, where 

tunneling through the "centrifugal barriers" is not important. 

The subsequent numerical solution of the coupled equations was 

performed via the Numerov algorithm. These calculations were 

necessary for checking the validity of the semiclassical re¬ 

sults, and for investigating the effect of tunneling on the 

cross sections at lower energies. These two procedures will 

be discussed in detail in Sections C and D, respectively. 

As was briefly discussed in Chapter II, the molecular 

++ ++ 
state of HeH which correlates to He and H(ls) in the 
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separated-atoms limit is the 2pff state. The only lower lying 

state is, of course, the ground state, Isa. Thus,-in the 

radiative charge transfer process we are only considering a 

2p<7 -* Isa transition. The relevant equation for this process 

is the Schroedinger equation for the relative motion, Eq. 

(2.33), which incorporates a complex potential to describe 

the radiative decay of the 2pa state. 

We shall repeat here the main results of Chapter II, 

Section D, for convenience. The Schroedinger equation for 

the relative nuclear motion is 

{- h 7n2 + VR> - I 1 rn(R> - El Pn<S> ‘ 0 ' <3-2> 

where now n =* 2pa. The decay rate T is given by 

r(R)2PCT 
=_13 EAe(R)]3|£(R)|2 » (3.3) 3 c 

where 

ic(R) = c(R)2p(J - e(R)lso (3.4) 

and 

M.(R) = <lsa|r|2pa> . (3.5) 

The partial wave analysis results in the radial equation, 

2 
_ i.U+1)- + 2[i[E-V (R) + i i r (R)]} u (R) = 0 , 

<-dRZ n n j l 

(3.6) 

which, upon separating into real and imaginary parts by intro¬ 

ducing the complex solution u^ + i results in the coupled 

equations 
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fe - + ^[E-Vn<R)]} UU(R) = urn(R)u2i (R) aR R 

+ 2u[E-Vn(R)l} u2i(R) = -^(Rlu^fR) 

(3.7) 

R 

where, as above, n = 2pa and T is given by Eq. (3.3). 

Solving the problem and defining total elastic and charge 

transfer cross sections then consists of solving Eq. (3.6) or 

(3.7) to obtain the "R-matrix," as described in Section D of 

Chapter II, from which we can get the "S-matrix" and then 

apply Eq. (2.46). 

++ 
B. Potentials. Eigenvalues, and Matrix Elements for HeH 

Before solving Eq. (3.6) we must first, of course, for¬ 

mulate the complex potential. This requires accurate calcu¬ 

lation of the 2pa and Isa molecular wave functions and the 

associated eigenvalues, in terms of which the molecular 

potential and the 2pa decay rate are expressed. Fortunately, 

several such calculations have been done, the most complete 

13 
being those of Winter, Duncan, and Lane. They have calcu¬ 

lated the electronic wave functions and eigenvalues, as well 

as their derivatives with respect to internuclear separation 

R, for the 20 lowest states (lsj, 2s<j, ... 4fqj) of HeH++ for 

R = 0.1(0.1)20 and 20(0.2)80 aQ. 

■ |n ( 

Since HeH is a one electron molecule, the motion re¬ 

duces, for a fixed internuclear separation, to a two-centers 

problem; thus the wave equation can be separated in spher¬ 

oidal coordinates X., |j, and where ji is the azimuthal angle 

and 
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* “ <ra + rb>/R 

(3.8) 

H " (ra - rb>/R • 

The total electronic wave function x is factored as 

= C(R)A(X,R)M(|i,R)§0O (3.9) 

where C is a normalization constant. The explicit forms of 

we merely note that § has a trivial analytic form, while A 

and M can be expressed as series expansions and can be cal¬ 

culated to any desired degree of accuracy. In Fig. 3.1 we 

show the electronic energy curves of the 20 lowest states, 

as calculated by Winter, Duncan, and Lane. Only the Isa 

and 2po states are relevant to the present work? in Fig. 3.2 

we plot the energy separation Ae of these two states. 

For a given value of the angular momentum quantum 

number X, the quantity which, in addition to the decay rate 

r, determines the nuclear motion is the effective potential, 

which is given by 

where we have subtracted off the separated-atoms energy so as 

to make U.(R) vanish asymptotically. The effective poten¬ 

tials for the 2pa state are shown, for various values of X, 

in Fig. 3.3. 

13 14 
the functions A, M and $ will not be reproduced here ' ? 

U (R) = V (R) + ÂlÂÿl 
1 n
 2\xRZ 

= % + e (R) - e (») + 
R n' ' nv ' (3.10) 
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Fig. 3.1 Electronic energies e of the 20 lowest states 

(Isa, 2sa, ... 4fcp) of the HeH++ molecule. 

Also shown are the 5grr and 5ga states. 

(from Ref. 1) 
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Fig. 3 .2 Electronic energy separation, te f°r 2pa 

and Isa states of the HeH++ molecule. 
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Figure 3. 3 Effective molecular potentials for HeH 

(See Eq. (3.10) .) 
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The only remaining quantity needed before v/e can pro¬ 

ceed with the solution of Eq. (3.6) is the dipole matrix 

element, which appears in the transition rate r* Calculation 

of this matrix element is facilitated by noting that, since 

the 2pcr and Isa states are azimuthally symmetric, we must 

have 

This matrix element may also be expressed in the "velocity 

formulation" by use of the commutation relation 

for this reason we shall use the velocity formulation. In 

this formulation the transition rate is given by 

<lsa|r|2pa> = <lsa|z|2pa)z . (3.11) 

(3.12) 

Thus 

r<R>2pT “A (R)l<ls°lfel2P'’>|2 

J c 
(3.14) 

and is shown in Fig. 3.4. 

C. Solution via JWKB 

In this section and the next, we shall discuss the 

solution of Eq. (3.6) via the semiclassical JWKB method and 

the Numerov method, respectively. Initial calculations of 



Figure 3.4 2pa -► Isa transition rate (Einstein A coef¬ 

ficient) for HeH"*”"*". 
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the cross sections were carried out via the JWKB approximation 

because it is a relatively simple procedure, involving only 

numerical integration, and because, as shown by Cohen and 

Lane, it gives very accurate results (i.e., as compared to 

fully quantum calculations), except at lower collision ener¬ 

gies where tunneling effects become important (this will be 

discussed in detail in Section D). 

1. Theory for Elastic Scattering 

We shall briefly review here the JWKB theory for deter¬ 

mining phase shifts in elastic (or "single-channel") scatter¬ 

ing.^^ Consider the motion of a particle in one dimension. 

If the potential V (x) does not vary appreciably over one de 

Broglie wavelength, then the JWKB approximation is applica¬ 

ble. If we write the Schroedinger equation as 

.2 
■p-j + F(x)| \jf (x) =0 , (3.15) 
'■dx J 

where 

F (x) = 2}i[E - V(x)] , (3.16) 

then the above criterion for the validity of the approxima¬ 

tion is satisfied if 

li  dF(x), i 
• F (x) dx I « x (3.17) 

Assuming this condition is satisfied, then it is well known 

that an approximate solution of Eq. (3.15) is 

-h x 
t (x) = CF(x)”*5 sing + ^ F (x‘)^ dx1 } , x » X. o 9 

(3.18) 

9 
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where C is a constant and xQ is the classical turning point, 

defined by the equation 

We now wish to apply the JWKB approximation as out¬ 

lined above to the radial Schroedinger equation, 

However, a difficulty arises because of the singularity at 

r = 0 in the effective potential. Thus, if the classical 

turning point xQ is too near this singularity, it cannot be 

treated as isolated, and the connection formulae necessary 

to obtain Eq. (3.18) cannot be established. This was first 

pointed out by Langer, who suggested the substitutions 

which removes the singularity to - ». Equation (3.20) now 

becomes 

F(xQ) = 2|-i[E - V (xQ) ] = 0 . (3.19) 

(3.20) 

(3.21) 

(3.22) 

where 

F (x) = e2x[k2-u (ex) - U + h)2 e"2x] . (3.23) 
A A 

Substituting Eq. (3.23) into Eq. (3.18) and returning to the 

variable r, we have 
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u^(r) = CF^(r)“4 sin{™ + Fj(r') 2dr'j- , r » rQ , 

° (3.24) 

where 

F* (r) = k2 - U(r) - U + h)2/r2 . (3.25) 

For large r, F' (r) = k , so that we can write Eq. (3.24) as 
i 

u^ (r) ~ CF^(r)“^ sinjj + J [F^ (r ' )^-k] dr ' j. + k(r-rQ) 

(3.26) 

Comparing this result with the asymptotic solution 

u (r) ~ sin(kr - + n.) • (3.27) 
r-*» 

we see that the phase shift t)^ is given in the JWKB approxi¬ 

mation by 

n = [F^ (r1 )^-k] dr ' + (* + h)j ~ krQ . (3.28) 

r o 

2. Phase Shifts for the Complex Potential 

The above steps for obtaining an integral formulation 

of the phase shifts in the JWKB approximation can be applied 

++ 
to the radial equation for the HeH system, Eq. (3.6), 

which includes the complex potential. Let us define 

Fje(R) = 2u[E-U^(R) + h i T (R) 1 , (3.29) 

where we have omitted the subscript n = 2pa and U (R) is the 
Jv 

effective potential, defined in Eq. (3.10). The connection 
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formulae required to obtain an integral equation for the 

phase shifts are complicated by the presence of the imagi¬ 

nary component of the potential. However, the analysis has 

been carried out by Chen,^ who gives the complex phase shift 

as 

n, = <* + *>? - kRo - Dl(Ro> + Di(R0) 

, h + ^ [P^ (R) 2 - k] dR (3.30) 

with 

D>o> - - r(R
0)
3/2 {(dR1 ± * 5R) X 

x [(dR1)2 + ^(S)2]'1^ o R <3-31> 

2 
where i(x+l) is replaced by U+ %) in U^, and RQ is the 

classical turning point. The terms D* appear in Eq. (3.30) 
JL 

because of the imaginary component of the potential, and 

this equation is equivalent to Eq. (3.28) when p = 0» as it 

must be. Separating the integral in Eq. (3.30) into real 

and imaginary parts, we obtain 

’ll! = U+ h)Tl/2 - kRo - D+(Rq) + $ [|r*{[ (E-ux)
2+r2/4]^ 

+ (E-U ) } 2 - k] dR 
l 

(3.32) 

and 

r\2i = Dï(Ro) + $ ^([(E-U^)2 + r2/4lh - (E-U^)}*5 dR (3.33) 
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as the components of the complex phase shift ^ = r^+ir^g* 

In the present work we are only concerned with the cal 

culation of cross sections for the charge transfer process, 

and shall therefore concentrate on the evaluation of the 

imaginary part of the phase shift, r\2l* However, the method 

used is the same for both components, and the technique we 

shall now describe is applicable to both Eqs. (3.32) and 

(3.33). 

3. Numerical Integration 

The integral in Eq. (3*32) was evaluated numerically 

18 
using Gauss-Mehler quadrature. The substitution x = Rq/R 

brings the integrals into the form 

A 
\ F (x) dx 

o 

which, in Gauss-Mehler integration, is approximated as 

1 N 
\ F (x)dx = s wj f(X.a) , (3.34) 
<3 i=l 1 1 

o 

where 

f (x) = F (x) (l-x)a a > - 1 • (3.35) 

For the value a = - H used in this work, the points and 

weights are simply expressed in terms of Gauss-Legendre 

19 
points and weights by 

Xi = 1 - <xfN>)2 

W. = 2W.*2N* 
1 1 

» (3.36) 
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where X^ and are the Gauss-Legendre points and 

weights of order 2N. The value N = 32 was found to be satis¬ 

factory; a reduction of the number of points and weights to 

25 produced no significant change in the results. 

For each value of l, the classical turning point RQ 

was found by applying Newton's method to the function 

E-Uj (R). The iterative series of approximations to RQ thus 

produced was terminated when AR» the difference between sue- 

—8 
cessive iterations, was less than or equal to 10 aQ. For 

each Gauss-Mehler point X^, the integrand F of Eq. (3.32) was 

then evaluated at the internuclear separation R = RQ/X^. 

This required accurate interpolation of the molecular poten¬ 

tial V(R), the decay rate T(R), and their derivatives, which 

20 
was accomplished via Legendre's method. Each term in the 

sum (3.34) was evaluated in this way and the results summed 

to give the integral. 

4. Results 

For each collision energy E, the phase shifts were 

evaluated in this way for values of t ranging from 0 to some 

maximum which we shall denote by The value of l is 

determined by a user-specified convergence criterion for 

is input to the code. We chose a convergence cri- 
_9 . 

terion of 10 , which means that A is determined by 
max 

^2 A !S 10 
-9 

max 
The total charge transfer cross sections were then 

found by applying Eq. (2.46). The results are shown in Fig. 
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3.5. It is interesting to note in this figure that the cross 

sections show some structure; this is apparent in the energy 

region below ~ 0.4 eV. To resolve some of this structure, 

the calculations were repeated for a small energy range (0.20 

to 0.25 eV) at a higher energy resolution (0.002 eV). The 

results are shown in Fig. 3.6. Here we clearly see that the 

cross sections exhibit a prominent "sawtooth" structure. 

This is due to the sudden contributions to tiie cross section 

as the collision energy surmounts each potential barrier. 

Thus, the "peaks" seen in Fig. 3.6 occur at approximately 

0.208, 0.222, and 0.240 eV, respectively; the maxima of the 

centrifugal barriers for i = 44, 45, and 46 are 0.207, 0.223, 

and 0.240 eV, respectively. We see, then, that for each par¬ 

tial wave for which there exists a local maximum in the 

effective potential, there will be associated a peak in the 

total cross section. 

To illustrate this more clearly, we plot in Fig. 3.7 

the partial cross sections for i = 43, 44, and 45; the energy 

range is such that it includes the maximum of the l = 44 cen¬ 

trifugal barrier only. In this figure we clearly see the 

discontinuous jump in the jt = 44 partial cross section as 

the energy surmounts the barrier maximum at 0.207 eV. Thus, 

the l = 44 partial cross section will dominate the total cross 

section structure at this energy, giving rise to the peak seen 

in Fig. 3.6. 

The semiclassical approach we have used here does not, 

of course, admit the possibility of tunneling. In the next 



Figure 3.5 Total charge transfer cross section as cal¬ 

culated in the JWKB approximation. 
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Figure 3.6 Resolution of some of the structure seen in 

Fig. 3.5 below ~ 0.4 eV. The peaks are 

caused by a sudden increase in the contribu¬ 

tion of a particular partial wave to the 

cross section as the collision energy sur¬ 

mounts the maximum of the "centrifugal 

barrier." Thus it is largely a classical 

phenomenon and virtually disappears when tun¬ 

neling is allowed in a purely quantum mechanical 

treatment. 
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Figure 3.7 Partial cross sections for Z =43, 44, and 

45. The behavior of the i = 44 partial 

cross section at ~ 0.207 eV gives rise to 

the structure seen in the total cross 

section at this energy (see FigJ 3.6). 
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section we shall see that when a purely quantum mechanical 

approach is used, the structure seen in the JWKB cross sec¬ 

tion virtually disappears. However, there appear "shape 

resonances", associated with quasibound states of the HeH++ 

molecule. 

D. Solution via the Numerov Method 

Rigorous treatment of the radiative problem involves 

explicit solution of the coupled equations (3.7). This is 

desirable for obtaining accurate results at lower energies, 

where we expect tunneling effects to become important and 

the semiclassical JWKB method is not suitable; more gener¬ 

ally, the fully quantum mechanical results are needed to 

test the accuracy of the JWKB results at all energies. As 

we have mentioned, the structure seen in the JWKB cross sec¬ 

tions is smoothed in the quantum treatment, and resonances 

associated with predissociating states of the HeH++ molecule 

appear. Also, as expected, the JWKB results will be seen to 

be quite accurate at higher collision energies where tunnel¬ 

ing through centrifugal barriers no longer occurs. 

1. The Numerov Method 

In what follows, we shall drop the subscripts 2 pu and 

l from the coupled equations (3.7) for notational convenience. 

Let us define 

T(R) = 2 |j.[ V (R) -E] + . 
R^ 

(3.37) 
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The coupled equations can be written in matrix form as 

^-5-U(R) = G(R)U(R) , (3.38) 

dR 

where 

G(R) 
T [if 

r nr T J 
(3.39) 

and 

u(R) (3.40) 

21 
The Numerov method is well suited to equations of the form 

(3.38), in which there is no first derivative. As usual, we 

divide the integration region into a "mesh," the points of 

which are separated by a suitable interval h. If we denote 
i.1. 

by ^ the solution of Eq. (3.38) at the n— point of the 

s t 
mesh, then the solution at the (n+1) point is given by the 

Numerov algorithm: 

(i- 
h 
12 ^n+l)^n+l S( = ( 2 + 5h

2 „ h2 

6 ^n)^n (X " 12 ^n-lj^n-1 

(3.41) 

22 4 
Sloan has shown that the propagated error goes as h . Thus, 

by specifying two initial values of the solution u, we can 

apply the algorithm point by point to obtain an asymptotic 

solution, from which the R and S matrices can be defined and 

cross sections obtained, according to the theory of Chapter 

II. 
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In practice it is often necessary to divide the inte¬ 

gration region into several regions of differing mesh inter¬ 

vals h. In the present work two regions were found to be 

sufficient: 2.0 to 5.0 aQ with a stepsize of h = 0.05 aQ, 

and 5.0 to 20.0 a with a stepsize of h = 0.1 a . The 
o o 

starting point of 2.0 aQ was chosen by performing test runs 

with successively smaller starting points until the results 

(i.e., the phase shifts or partial cross sections) were con¬ 

verged. 

2. Resonances 

The effects of tunneling on the cross sections can be 

quite significant. That this is so can be seen by consider¬ 

ing the effective potential of the system. For certain 

values of the angular momentum quantum number l, this poten¬ 

tial will possess a "centrifugal barrier", as we have seen 

(see Fig. 3.3). Now let us consider the continuum eigen¬ 

functions Fn(R), which satisfy Eq. (3.2), at energies below 

a barrier maximum. Due to the possibility of tunneling, these 

eigenfunctions will have finite amplitudes in the potential 

"well" formed by this barrier; the main effect of the bar¬ 

rier is repulsion, so that these amplitudes are, in general, 

small, and the close approach of the nuclei is prevented. 

However, in certain narrow energy ranges, tunneling through 

the barrier is enhanced and the continuum wavefunctions have 

large amplitudes in the potential well; in these cases the 

system behaves as if it were in a bound state. They are not, 
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of course, truly bound since they eventually decay due to 

tunneling outward to the continuum, and are thus termed 

"quasibound." (In our case this decay corresponds to rota¬ 

tional dissociation of the HeH++ molecule; for this reason 

quasibound states of this sort are often called "predissoci¬ 

ation states.") It is then clear that the finite lifetimes 

of these states will cause significant contributions to the 

radiative cross sections, i.e., resonances will appear. In 

general, the interaction of a bound state with a continuum 

state will lead to resonance. In the above example, the 

continuum and bound states are actually a single state of 

the system, and the resonances are said to be of the "shape" 

type. 

A quasibound state of a diatomic molecule is specified 

by its angular momentum quantum number J and vibrational 

quantum number v. If TvJ is the lifetime of this state, then 

the width rvJ of the associated resonance is given by the 

Heisenberg relation 

The lifetime of a quasibound state in the HeH system is 

determined by two processes. The first and most dominant is 

the dissociation of the state as described above. The second 

is radiative decay to the lsg state. Thus the total width 

Fvj is given by 

^vJ rvJ + *vJ 9 (3.43) 
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where the first and second terms are widths corresponding to 

the radiative and dissociative processes, respectively. As 

is well known, the cross section at an energy E near the 

24 
resonance takes the so-called Breit-Wigner form 

‘
7
VJlE> 

TT 
2pE (2J+1) 

<E-EVJ>2 

(3.44) 

Several methods have been developed for the estimation 

of the energies and widths of shape resonances. LeRoy and 

25 
Liu have studied the applicability of various methods; a 

good review of the methods, and of the subject of predissocia- 

26 
tion resonances in general, has been presented by Child. 

These methods can be grouped into the usual "exact", or quan¬ 

tum mechanical, and semiclassical categories. The exact 

methods consist of examining certain properties of the exact 

quantum mechanical wavefunctions, such as the behavior of the 

phase shifts r) (E) . These methods are relatively tedious, 
l 

since they require exact solutions of the radial Schroedinger 

equation. This is clearly undesirable for cases in which 

large numbers of partial waves are involved, and for this 

reason various semiclassical methods were developed. These 

are exemplified by the so-called "boundary condition" methods, 

in which, at resonance, the wavefunction is required to be¬ 

have in a certain way (e.g., like an Airy function of the 

25 
second kind) at some outer boundary, and by the WKB method, 

in which the well-known quantization condition of this approx¬ 

imation is applied. These semiclassical methods seem to give 
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excellent results when restricted to the narrow resonances 

which lie well below the barrier maxima; the "bounday condi- 

25 
tion" methods give good results even right at the maxima, 

and thus there appears to be no reason for employing the 

exact quantum mechanical methods. 

Two simpler methods, of less but sufficient accuracy, 

were considered for the present work; both consist of modi¬ 

fying the effective potentials so that tunneling is prevented 

and the rotational-vibrational states are truly bound (see 

Fig. 3.8). The energies of these bound states are then ex¬ 

pected to approximate the actual quasibound state energies. 

The first method consists of fitting each effective potential 

(more exactly, the "well" formed by each effective poten¬ 

tial) with a Morse curve. The energy levels for this poten¬ 

tial are easily calculated and are exact. The second method 

consists of extending the maximum of each barrier so that 

the asymptote of the effective potential is equal to this 

maximum; the bound state energies are then calculated numer¬ 

ically. The former method was chosen because of its sim¬ 

plicity; the accuracy was sufficient for our purposes. 

27 
The Morse potential is given by 

-p(R-R ) 2 

U (R) = De(l-e 
e ) , (3.45) 

where De is the dissociation energy, measured from the mini¬ 

mum of the curve, p is a constant, and Re is the equilibrium 

point. For a given value of J, the values of D and p were 
w 
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Figure 3.8 Two methods for estimating the energy levels 

of the predissociating states of a diatomic 

molecule. In (a) the effective potential 

is fit with a Morse curve. In (b) the 

peak of the barrier is extended to infinity; 

the levels are then determined numerically. 
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determined by a least-squares fit to the effective potential. 

27 
The vibrational levels are then given by 

2D ^ fl2 9 
G(v) = pO-j^) 2 (v + h) - |“ (v + h) (3.46) 

with no higher anharmonic terms. 

To illustrate the accuracy of this method in estimating 

the resonance energies, we shall give the results for the 

1 = 41 (J = 41) partial wave, which is a fairly representative 

case. After making the least-squares fit to determine p, R , 

and then the energies G(v), a very rough estimate was made of 

the corresponding widths. This was done by replacing the 

centrifugal barrier with a square barrier of appropriate 

height and width for each energy level, and then calculating 

the tunneling probabilities, which are known exactly. Since 

the vibrational frequencies are known, an estimate can then 

be made of the lifetimes T , of each state, from which we 
VJ 

calculate the widths according to Eq. (3.42). (This estima¬ 

tion can also be made by using the JWKB approximation, which 

involves numerical integration across the centrifugal barrier. 

We did not use this approach.) 

In this manner we obtained the following estimated 

widths for the 3 lowest vibrational levels (given with the 

associated energies): 

J = 41 p = 0.660 D = 0.010 
e 

V EVJ (eV> r T(estimated, eV) 
VJ -12 

4x10 0 0.052 

1 0.111 2xl0"6 

2 0.161 2xl0-3 
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From this exercise it is clear that only those bound state 

energies which lie close to the maxima of the potential bar¬ 

riers (the maximum for 1 = 41 is 0.165 eV) will have associ¬ 

ated resonances of sufficient width to merit calculation of 

the cross sections. Thus, restricting our attention in the 

present case to the v = 3 level, we expect from the above 

estimates to find a resonance in the l = 41 partial cross 

section at a collision energy of approximately 0.16 eV and 
_3 

with a width on the order of 10 eV. The calculated partial 

cross section is shown in Fig. 3.9. The resonance occurs at 

approximately 0.155 eV, and thus the error in the estimate 

is approximately 4%. We also see from the calculated cross 

-3 
section that the width is on the order of 10 eV, as ex¬ 

pected. 

To Siam up, we have shown that by fitting the effective 

potential with a Morse curve we can estimate with fair 

accuracy the locations of the resonances. Furthermore, we 

have seen that the widths of most resonances will be ex¬ 

tremely narrow, the exceptions being those associated with 

bound states whose energies lie close to the maxima of the 

potential barrier. 

3. Results 

Having discussed the Numerov algorithm and a method for 

locating narrow resonances, we shall now present the results 

of the calculations. These were done with a program aptly 

named NUMEROV, which solves the coupled equations (3.7) via 
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Figure 3.9 Resonance in the i = 41 partial cross sec¬ 

tion. This resonance was located by 

fitting the i - 41 effective potential 

with a Morse Curve. 
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the Numerov algorithm, matches the solutions to spherical 

Bessel and Neumann functions, and determines the phase 

shifts, partial cross sections and total cross sections. 

The user input to NUMEROV includes the complex potential, 

the integration regions and step sizes h, the points at 

which the asymptotic matching is to be done, and the con¬ 

vergence criteria for the phase shifts and partial cross 

sections. All calculations were performed on a CDC Dual 

Cyber 170/750 computer at the University of Texas at Austin. 

To determine the extent (i.e., the energy range) of 

the resonant structure and the accuracy of the JWKB results, 

initial cross section calculations were performed in the 

range 0.1 to 1.0 eV. Recalling the results of the JWKB 

calculations, we expect the structure to extend to approx¬ 

imately 0.4 eV, beyond which there are no local maxima in 

the effective potentials. In Fig. 3.10 we plot these re¬ 

sults, along with the JWKB results from 0.4 to 1000 eV. In 

the range 0.4 to 1.0 eV, where the results overlap, the 

Numerov and JWKB cross sections are indistinguishable on this 

scale; thus we see that, as expected, the two methods give 

results which are in excellent agreement at the higher ener¬ 

gies where tunneling through the centrifugal barriers does 

not occur. 

As for the structure, we clearly see that it extends to 

approximately 0.4 eV, as expected. However, due to the rela¬ 

tively low energy resolution (0.004 eV), none of this struc¬ 

ture is resolved. We saw in the preceding section that the 



Figure 3.10 Total cross sections as calculated by 

numerical integration of the coupled 

equations (3.7) and via the JWKB approx¬ 

imation (Section C). The quantum results 

(solid line) extend to 1.0 eV; the JWKB 

results (broken line) extend from 0.4 to 

1000 eV. Note excellent agreement in 

the overlap region. 



T
o

ta
l 

C
ro

s
s
 

S
e

c
ti

o
n
 

C
a

 
72 

1.0 10 100 
CM Energy CeV) 

0.1 1000 



73 

widths of the broadest of these resonances will typically be 

-3 
on the order of 10 eV; thus m order to resolve the struc¬ 

ture of an individual resonance, an energy resolution on the 

-4 
order of 10 eV is required. 

For the purpose of resolving only the widest of the 

resonances, the calculations were repeated for the energy 

. . -4 
range 0.01 to 0.4 eV, with a resolution of 2.5x10 eV. The 

results are illustrated in Figs. 3.11s and b. Here we see 

in detail the complex structure in the cross sections cor¬ 

responding to the predissociating states of the HeH++ mole¬ 

cule. Each resonance in these figures can be assigned rota¬ 

tional and vibrational quantum numbers J and v which specify 

the predissociating states. In Table 3.1 we list these 

quantum numbers for the resonances which are numbered in 

Figs. 3.11a and b. These assignments were made for J = 37 

to 45 by fitting the associated effective potential with a 

Morse curve and then proceeding as in Section C. The effec¬ 

tive potentials for values of J out of this range could not 

be accurately fit with a Morse curve. However, from the 

pattern established in the assigned values of v and J, the 

assignments for the other resonances could be guessed. In 

all cases, the assigned values of J were verified by calcu¬ 

lating the partial cross sections Oj for a very narrow range 

of energies centered about each resonance. With our methods 

there is, of course, no way to verify the vibrational quan¬ 

tum numbers v other than via the fitted Morse curves. We 

merely note that for values of J lying between 37 and 45 the 



Figures 3.11a and 3.11b (overleaf) Resolution of struc¬ 

ture seen in Fig. 3.10. Only the widest 

resonances are resolved here. Those which 

are numbered are assigned rotational and 

vibrational quantum numbers for the associ¬ 

ated predissociating states; these are 

listed in Table 3.1. 
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Table 3.1 Rotational and Vibrational Quantum Numbers (J,v) 

• Resonances 

No. 

Numbered in Figures 

Approx. 

Enerqy (ev) 

3.11a 

(J,v) 

1 0.014 20,9 

2 0.023 23,8 

3 0.030 24,8 

4 0.035 26,7 

5 0.044 27,7 

6 0.050 29,6 

7 0.053 31,5 

8 0.062 30,6 

9 0.069 32,5 

10 0.074 34,4 

11 0.083 33,5 

12 0.092 35,4 

13 0.100 37,3 

14 0.109 36,4 

15 0.121 38,3 

16 0.131 40,2 

17 0.141 39,3 

18 0.155 41,2 

19 0.168 43,1 

20 0.178 42,2 

21 0.195 44,1 

22 0.212 46,0 

23 0.221 45,1 

24 0.242 47,0 

25 0^271 48,0 
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vibrational numbers assigned are accurate to the extent that 

the Morse fits are; for other values of J the assigned vibra¬ 

tional quantum numbers are reasonable guesses. 

It is interesting to note that there is a series of low- 

lying, broad resonances (nos. 3, 5, 8, etc., in Figs. 3.11a and 

b). These are associated with quasibound states the energies 

of which are almost coincident with the peaks of the centrif¬ 

ugal barriers. In this case these energies correspond to 

the series of quasibound states which lie above the barrier 

maxima. Most of the methods mentioned earlier for the esti¬ 

mation of the levels and widths of resonances fail in this 

. 25 
region; the so-called "exact" methods which examine the 

behavior of the radial wavefunction still apply, of course, 

but are, as we have noted, relatively tedious. Thus, of the 

various theories developed to date, none seems to provide a 

simple method for the estimation of the levels and widths of 

these broad resonances. On the experimental side of the 

picture, the broad resonances are the ones most readily ob¬ 

served in molecular beam scattering experiments. They were 

first observed in H-Hg scattering by Schutte _et al. in 

28 29 
1972 ; for more recent results see Toennies et al_. and 

the references contained therein. 

As mentioned in Section C, the sharp structure seen in 

the JWKB cross sections is smoothed in the quantum calcula¬ 

tions. This can be seen by comparing Figs. 3.11 and 3.6. 

In Fig. 3.12 we plot the I - 44 partial cross sections as 

calculated by both methods for a range of energies about the 



The Figure 3.12 Partial cross sections for A = 44. 

quantum mechanical results show no be¬ 

havior analogous to the semiclassical 

results as the energy surmounts the 

barrier maximum at /JD-.207 eV; thus the 

“orbiting" resonances seen in Fig. 3.6 

disappear in the quantum treatment. 
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maximum of the I = 44 barrier. As we have seen before (Fig. 

3.7) the JWKB partial cross section possesses a discontinuity 

at an energy corresponding to the barrier maximum, '0.207 eV. 

However, due to tunneling through the centrifugal barrier, 

the quantum mechanical result exhibits smooth behavior over 

this energy range; as a result there is no structure in the 

total cross section analogous to that seen in Fig. 3.6. 

4. Comparison with Non-Radiative Cross Sections 

Several experimental"^-^ and theoretical^'2#11 #36,37 

studies have been carried out for the process 

He++ + H(Is) - He+(n,/) + H+ (3.47) 

at center of mass energies ranging from 0.2 to 20.0 keV.. Be¬ 

low approximately 0.2 keV both experimental measurement and 

theoretical calculation of cross sections for this process 

become difficult, the former simply because the low energies 

and small cross sections strain the current experimental 

techniques, and the latter because the methods used, such as 

the impact parameter approximation, become complicated due to 

non-rectilinear trajectories. In Fig. 3.13 are shown several 

of the experimental and theoretical results. 

Winter and Lane^ have calculated total cross sections 

for the process in Eq. (3.47) down to center of mass ener¬ 

gies of 20.0 eV (see Chapter II, Section C for the theory 

involved). These low energy calculations were actually 

performed to determine the range of validity of the 



Figure 3.13 Total cross sections for electron transfer 

4 + 
into all states of He in collision of 

A 4.J. 
He ions with H(ls) atoms; solid line, 

the coupled-molecular-state results of 

Winter and Lane, Ref. 1; dashed line, the 

3-molecular-state results of•Piacentini 

and Salin, Ref. 11; ■ , Fite, Smith, and 

Stebbings, Ref. 30 (3He++); □ Shah and 

Gilbody, Ref. 31 (3He++); • , Bayfield 

and Khyrallah, Ref. 33; O , Olson, Salop, 

Phaneuf, and Meyer, Ref. 34 (3He++); 

A , Lockwood, Hoffman, and Miller, Ref. 35; 

A , Ref. 35 (3He++). The data noted are 

for He projectiles at velocities equiva- 

4 ++ 
lent to those for He pro3ectiles (from 

Ref. 1). 
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rectilinear trajectories approximation assumed in their im¬ 

pact parameter treatment? thus they calculated the cross 

sections for 2p<j, Coulombic, and rectilinear trajectories 

for comparison. Below the energy for which the three meth¬ 

ods produce results which are in agreement (~600 eV), we 

cannot be certain of the accuracy of the cross sections. 

However, they should provide a qualitative description of 

how the cross sections behave at very low energies. For 

this purpose we plot these results, along with the radiative 

cross sections as calculated in the present work, in Fig. 

3.14. We see first of all that the assumption of rectilinear 

trajectories produces poor results? the cross sections are 

"large" and apparently non-decreasing at the lower energies. 

When non-rectilinear trajectory effects are taken into 

account, however, we see that the cross sections die off 

quite rapidly. Based upon these results, we can state with 

reasonable certainty that the radiative mechanism for charge 

transfer probably dominates below a center of mass energy of 

approximately 50 eV. Future experimental and theoretical 

studies in the range of 10 to 100 eV will be necessary before 

the energy at which the radiative mechanism begins to dominate 

can be accurately determined. 

E. Summary and Outlook 

Our calculations have shown that, in collisions of 

doubly-ionized Helium atoms (alpha particles) with ground- 

state Hydrogen atoms, the radiative mechanism for electron 
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Figure 3.14 Comparison of radiative and non-radiative 

total cross sections for electron transfer 

4 ++ 
in collisions of He ions with H(ls) atoms; 

solid line, the radiative cross sections of 

the present work; □ , A , o , the coupled- 

states results of Winter and Lane (Ref. 1). 

The coupled-states calculations were car¬ 

ried out to determine the range of validity 

of the rectilinear-trajectories approximation. 
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transfer is dominant at low energies; from comparisons with 

charge transfer studies in which non-adiabatic couplings 

were considered, it is apparent that electromagnetic coup¬ 

lings probably dominate below a center of mass collision 

energy of approximately 50 eV. 

The JWKB approximation was shown to give results in 

excellent agreement with purely quantum mechanical calcula¬ 

tions at ~ 0.4 eV and above. Below this energy, resonances 

appear in the quantum mechanical cross sections; these are 

due to the interaction of the quasibound states of the HeH++ 

molecule with the continuum states. Most rotational and 

vibrational quantum numbers of these states can be con¬ 

veniently assigned by fitting the effective potentials of 

the system with a Morse curve. However, this procedure is 

only accurate for the narrower resonances (r ^ 10- eV). 

As is true in most cases, we have of necessity omitted 

many topics which would "complete" this investigation or, at 

least, compliment it. We will mention a few of these here. 

It would be interesting to calculate the spectrum of the 

emitted radiation in this charge transfer process, i.e., to 

determine the photon intensity as a function of frequency 

for a given collision energy. This work is currently being 

done and will hopefully be completed in the near future. 

Also of interest is the possibility of laser assisted charge 

transfer processes. As is well known, the presence of elec¬ 

tromagnetic . radiation of the proper frequency gives rise to 

"induced emission" which compliments the spontaneous emission 
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process. The use of lasers to provide such radiation is the 

most practical way of achieving this, and theoretical 

studies are needed to determine how the radiative cross 

sections might he enhanced by such a method. 

Finally, we mention the need for accurate approxima¬ 

tion methods for the determination of quasibound levels, the 

energies of which lie above the centrifugal barrier maxima. 

At present, there appears to be no method available other 

than by exact quantum mechanical calculation which, as we 

have noted, is not usually practical. 
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