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ABSTRACT 

A CLASSICAL STUDY OF COLLISIONS OF 
RYDBERGS WITH POLAR MOLECULES 

by 

STEVEN CRAIG PRESTON 

Cross sections for state changing collisions of Rydberg atoms with polar 

molecules have been calculated using a classical trajectory Monte-Carlo 

technique. Although the dynamical problem was restricted to two 

dimensions, useful insights into the full three dimensional system were 

obtained. 

For example it was found that at thermal velocities the Rydberg 

electron can collide with the molecule many times during a angle trajectory. 

This implies that the impulse approximation, which is commonly used for 

many Rydberg collision problems, is not valid for this problem, since it 

cannot account for this effect. 

Finally, a finite effective range for the dipole interaction was observed, 

which can be used to make the calculation of three dimensional cross 

sections more tractable. Without these insights, the three dimensional 

calculation would have been much more difficult and costly. 
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INTRODUCTION 

The Rydberg Atom 

Since the invention and development of the laser, research in atomic and 

molecular physics has been accelerating and much progress has been made. 

The ability to produce an intense, nearly mono-chromatic beam of light has 

enabled detailed studies of atomic and molecular structure. Such studies 

typically measure the attenuation of the laser beams by atoms or molecules. 

When the photon energy hV exactly equals the energy difference between two 

states of the atom or molecule, photons will be absorbed by the lower of the 

two states. 

The process by which photons are absorbed is the optical excitation 

process: 

A(Q + hv —» A(i') m 

‘1 
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where i and i* are excited states of the system A. In addition to obtaining 

precise spectra of the system A, this process can also be used to increase 

the population of the state i'. It is then possible to study the dynamical 

properties of a single excited state, which could not have been done before 

the appearence of tunable lasers. In particular, it has become possible to 

study the collision dynamics of the highly excited states of atoms, called 

Rydberg states. 

Rydberg States 

The understanding of Rydberg states is important to astrophysics, since the 

recombination lines in the radio spectrum of certain regions are caused by 

transitions between excited levels of hydrogen. An important application of 

Rydberg physics is in the detection of weak, long wavelength radiation, 

where the close energy spacing of high Rydberg states matches the low 

photon energies. Accompanying the increased experimental study of Rydberg 

collisions has been a number of theoretical investigations. 

Rydberg atoms produced experimentally usually have one electron 

occupying a highly excited orbital while the remaining electrons remain in 

their ground configuration. The "size" of the excited orbital is generally 

much larger than that of the other orbitals, so the excited electron spends 

most of its time far from the nucleus and other electrons (collectively called 

the core). In a neutral atom, this implies that the pure coulombic potential 
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2 
(e /r) dominates the interaction between the excited electron and the core 

(which contains N protons and N-l electrons). As would be expected 

therefore, highly excited states of atoms lie very close to those of hydrogen. 

The method of labeling hydrogenic states (i.e. the nlm notation) is therefore 

applied to Rydberg states of any atom. Thus a Rydberg state is specified 

by, 

(i) a principle quantum number n, by definition large compared to 

1? 

(ii) an angular momentum quantum number 1; 

(iii) a magnetic quantum number m. 

In addition, the state of the core could be specified using a standard atomic 

state scheme, but because the electronic state of the core is riot changed by 

most collisions of interest, it is generally unnecessary. 

Rydberg collisions are interesting for a number of reasons. Because the 

principal quantum number n of Rydbergs is large, these atoms display many 

classical characteristics. For example, they emit radiation with frequencies 

approximately equal to the orbital frequencies of the excited electron, which 

subsequently falls to a lower energy state, just as classical electrodynamics 

would predict. Furthermore, the excited electron spends most of its time 

2 2 far from the core r = n aQ with very small kinetic energy KE = (Ry)/n . 

This allows one to probe low energy electron scattering phenonema, while 

sidestepping the inherent experimental difficulties of producing low energy 

electron beams. 



The Free Electron Model 

If the interaction between electrons and target atoms or molecules is of 

short range compared to the dimensions of a Rydberg atom, then it is 

reasonable to believe that most collisions will be due to interactions 

involving the Rydberg electron only, with the core acting as a spectator. It 

is quite tempting to believe that the Rydberg electron, as seen by the 

target, behaves like a free electron. In this way, information about low 

energy electron scattering might be obtained (Matsuzawa 1977). 

Under conditions where such a model is valid, the Rydberg scattering 

problem is reduced to a free electron scattering problem (Flannery 1980a). 

Thus if one could solve for the scattering amplitude f(j’,p' <-j,p) for free 

electrons of initial momentum p scattering off some target in initial state j 

into final momentum p' and final target state j*, then the amplitude for the 

Rydberg scattering process is written 

where Q=P-P* is the momentum transferred from the target to the Rydberg 

electron (P is the momentum of the target relative to the Rydberg atom) 

and g(p) is the momentum space wave function of the Rydberg orbitals. 

This free electron treatment has been successfully used (Flannery 

1980a, and references 1,2,and 3 therein) to calculate Rydberg ionization cross 

sections. It has also been applied to fast collisions where the relative 

velocity of the atom-target system is much greater than the orbital velocity 

of the Rydberg electron. The validity of the model for slower (e.g. thermal) 

collisions is a matter of some question (Matsuzawa 1981 and Flannery 1980b), 
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especially when the target interaction distance is large, as for polar 

molecules, but the model may still produce reasonable results for inelastic 

(n-changing) collisions (Matsuzawa 1978 and Hickman 1978), and even for 

elastic (1-changing) collisions involving small targets (Gersten 1976, 

Matsuzawa 1979a, Olson 1977), such as rare gas atoms. 

The validity requirements for application of the free-electron model 

outlined above can be stated as follows (Matsuzawa 1979a): 

(i) That the range of the electron-target interaction be small 

compared to the size of the Rydberg orbital 

(ii) That the time of the electron-target interaction be small 

compared to the orbital period of the electron. 

In order to ignore the electron-core (coulomb) interaction during the collision, 

the collision time should ideally be zero or infinitesimal, whence this model 

is sometimes called the impulse approximation, since it is strictly valid only 

when the target interacts impulsively with the electron. In reality, of 

course, the interaction has a finite duration and an additional requirement is 

(iii) that the total impulse given the electron from the target be 

large compared to the (neglected) impulse due to the core 

during the interaction. 

It is thus understandable that ionization cross sections calculated in the 

impulse approximation would be more reliable than state-changing and 

especially elastic cross sections, where the impulse given to the electron can 

be very small However, there is evidence that due to the enhanced 

probability for multiple encounters between the target and the bound 

electron, the total impulse imparted to the electron due to the core cannot 

be neglected during these encounters (see below). A more realistic 
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treatment is therefore needed for such cases. 

Other Approaches 

Since the greatest departure from requirement (iii) above accurs in 1-changing 

collisions defined by the process 

RM) + M(J) -» R(ni') 4- M(J) (3) 

where the principle quantum number is unchanged, these processes have 

received a good deal of theoretical and experimental attention (Hickman 

1981). A number of approximations have been used to calculate cross 

sections for 1-mixing of Rydbergs with rare gas collision partners. For 

example, Gersten (1976) has used an impact parameter method, where the 

rare gas atom is assumed to move uniformly in a straight line, along with a 

perturbation theory calculation of transition probabilities. Olson (1977) has 

used a two-state quantum close coupling method, where the Rydberg is 

assumed to be a superposition of oily 2 states, his reasoning being that the 

dominant 1-mixing reaction is between the parent state and the one with the 

smallest energy defect (i.e. the state closest in energy to the parent state). 

A coupled channel approach for small n's, and a Born approximation approach 

for larger nfs, was used successfully by Hickman (1978). Omont (1977) used 

JWKB wave functions for the Rydberg states of the atom to calculate 1- 

changing cross sections. 



In all of these studies involving small collision partners, the interaction 

potential used involves only the interaction between the excited electron and 

the atom. Not all approaches assume that this is the major interaction. 

Janev and Mikajlov (1979) developed a theory in which the incoming atom 

and the Rydberg core form a quasi-molecular ion which interacts as a whole 

with the Rydberg electron. Resonant energy transfer between the electronic 

states of the ionic core "molecule" and the Rydberg electron will then result 

in a net change of state by the Rydberg atom after the "molecule" 

dissociates. For this mechanism to dominate, it is essential that the 

incoming atom be small so that it does not interact directly with the 

Rydberg electron as it passes through the Rydberg orbit. 

The interaction potentials used in all these studies were highly 

simplified ones (the only exception being the study of Janev and Mikajlov) 

such as the Fermi potential. These potentials include delta functions in at 

least some of the relative position coordinates, so that they are, in effect, 

impulsive potentials. Hence these techniques are formally equivalent to the 

impulse approximation (Matsuzawa 1979a). 

For the case of somewhat larger targets, the use of the impulse 

approximation becomes more difficult to justify. For the particular case of 

polar molecules at thermal velocities, the non-free nature of the electronic 

motion is quite significant, so that one might expect that a free electron 

model would not produce good results. Calculations done by Matsuzawa 

(1979b), however, are in good qualitative agreement with experiment, mainly 

because his method is very sensitive to the energy defects of the reactions. 

Thus, for instance, in his calculation for the reaction 

Xe(27f) + HCJ{(t) -> XeU'JT) + HU(5) (4) 
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the dominant contribution to the total cross section (summed over nO comes 

from n' in the range 66 to 70. If the amount of rotational energy given up 

by the reaction HC1(J=6)— HC1(J=5) is added to the energy of the Xe(27f) 

Rydberg state, the result is an energy between the n=68 and n=69 levels of 

Xe. The experiments of Stebbings' group (Kellert, Smith, Rundel, Dunning 

and Stebbings, 1980) have likewise shown this resonant energy transfer from 

rotational energy to electronic energy. Furthermore, the total reaction rate 

for two particular cases calculated from Matsuzawa's cross sections agree 

with the corresponding experimental data, but the experimental numbers have 

rather large uncertanties, so this agreement is not too compelling. 

Furthermore, the two reactions chosen for study by Matsuzawa involve rather 

large exchanges of energy where the impulse approximation is more nearly 

valid. Clearly, theoretical calculations for smaller energy exchanges need to 

be carried out, and more detailed and more accurate reaction rates need to 

be measured experimentally to assess the validity of the impulse 

approximation. 

If the impulse approximation is no good for these larger targets, then a 

more exact theoretical method will be required. However, the quantum 

mechanical methods that have been applied to rare gas targets in 1-changing 

collisions quickly become intractable as the form of the interaction potential 

becomes more complicated. A practical alternative which suggests itself, 

then, is a classical approach. 



THEORY 

Classical Mechanics 

In a purely classical treatment, the equations of motion are simple; 

Hamilton's equations: 

where H is the hamiltonian of the system. These are 2N coupled, first 

order, ordinary differential equations. They are convenient to work with 

because they are first order, as contrasted with Newton's second order 

equations, and there have been many computer programs written for the 

numeric solution of first order differential equations. 

A major difference between these and the equations obtained in 

quantum mechanics are: the classical equations are finite in number; they are 

local (i.e. they are not integro-differential equations); there are no boundary 

conditions imposed upon their solution. 

Since the present problem involves a Rydberg atom, it is close to the 

"classical limit". One might therefore be encouraged to pursue a purely 

classical approach. To be sure, such an approach does not take into account 

» 
(5) P 

9 
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coherence effects or quantization, and while there is some evidence (Miller 

1974) that the former is not an important effect in the present problem 

(because of orientation averaging and other effects), the latter is a very 

striking feature of experiment. 

As was mentioned above, the equations to be solved in a purely 

classical treatment are Hamilton's (5). The solutions to these equations are 

the coordinates and momenta as functions of the time, q(t) and p(t). A 

particular solution is called a trajectory. For a collision problem, the range 

of times t for which the coordinates need to be given extends from well 

before the collision to well after the collision. At these times the target 

and projectile can separately be assigned to initial and final states. 

Monte-Carlo Approach 

The results of a single trajectory are clearly dependent on the choice of 

initial conditions q(tQ), P^Q) and since few of the initial conditions are fixed 

in an actual experiment, one needs many trajectories corresponding to a 

range of possible initial conditions to make meaningful predictions. Since the 

initial conditions may be continuously varied, there is no way to obtain 

trajectories for every possible choice. Thus, a reasonable way to proceed is 

to obtain a large number of trajectories with their initial conditions chosen 

in some suitably random way. Such a treatment is called a Monte-Carlo 

approach. A very appealing feature of this kind of calculation is its 
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similarity to an actual scattering experiment. In both cases a large but 

finite collection of scattering events is obtained and various quantities are 

calculated. The quantities that are calculated (e.g. cross sections and 

reaction rates) are averaged quantities and have statistical errors associated 

with them. 

All that is usually required of a classical trajectory for the calculation 

of cross sections are the initial and final values of the coordinates and 

momenta. These are used to assign to each trajectory an initial and final 

state. To illustrate how cross sections are calculated from this information, 

suppose we enumerate all the possible states of the non-interacting system: 

Sj, Sg,.... For each trajectory there is then an initial state S. and a final 

state S. (not necessarily different from S.). Such a trajectory is therefore 

called an i-> j trajectory. If we have generated a total of N trajectories, 

then let N.j be the total number of i-^j trajectories. If the initial values 

were chosen in a "random" way, then the number 

P. -Ü Li 
(6) 

is, to within a statistical error, the probability that the system initially in 

state S. will be found in state Sj after the collision. Since the incident 

position of the projectile is randomly chosen (for each trajectory) within a 

finite range of impact parameters, the probability P.j can be multiplied by 

the area of this range to obtain a corresponding cross section, To 

illustrate suppose we take the z-axis as the collision axis; i.e. the initial 

velocity of the projectile is along the z-axis. Then among the initial 

conditions that must be chosen are the initial x-y positions of the projectile. 

Suppose we simply choose the x and y coordinates randomly from a fixed 
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range, say -B ■£. x,y ^ +B. This corresponds to choosing, at random, a point 

2 within a square of side 2B and of area 4B . Thus we would multiply the 

2 2 probabilities P.. by the area 4B to obtain the cross sections = (4B ) P.j. 

This, then, is a technique for obtaining cross sections from classical 

trajectories. It is the technique used here to calculate cross sections for 

collisions of Rydberg atoms with polar molecules. 

The Validity of Classical Mechanics 

A major weakness of a classical technique is its almost total disregard of 

quantum mechanics; the only quantum aspect is the assignment of a 

continuous range of classical states to discrete states S.. It might be 

argued, therefore, that a classical study would be inappropriate for any 

microscopic system. However, in the present case we have a Rydberg atom, 

which consists of a small ionic core and a nearly free electron in a very 

large orbit, whose characteristics are in many respects classical, and we have 

the molecule, which is fairly large and quite heavy. If the collision velocity 

is not large enough for the molecule or atomic core to be electronically 

excited, then both the molecule and the core can be approximated quite well 

as classical rigid bodies. 

If one takes as the validity criterion for classical mechanics (as applied 

to a angle particle in a potential field) the condition X ~ lvvk<)> 

where X= h/p is the deBroglie wavelength (i.e. that the potential energy V 
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not change significantly over one deBroglie wavelength), then only when the 

electron is close (within a few a0’s) to either the core or the molecule does 

classical mechanics break down. This breakdown manifests itself as a 

spreading or splitting of the quantum wave packet describing the electron. 

When this occurs one is forced to invoke the probabilistic nature of quantum 

mechanics, since the "particle" is now spread out in space. 

For scattering problems, however, such non-classical results are not 

troubling. Since a wave packet is a superposition of states to begin with, it 

represents more than one classical state; that is to say, it has a finite 

extent in phase space. The very best one can do with a wave packet, 

according to the uncertainty principle, is to localize it within a reqion of 

phase space of volume h , where N is the number of degrees of freedom. 

It just might be that classical trajectories that start out close together in 

phase space, compared to h, diverge as they evolve in time, and end up 

widely separated. This can occur, for instance, if the electron encounters 

large forces more than once on a single trajectory. The criterion given 

above for classical mechanics is violated in this case, since the large forces 

imply that the potential is rapidly changing. But it is evident that if one 

attempted in an experiment to reproduce one such classical trajectory, i.e. if 

one tried to reproduce one set of initial conditions over and over, because of 

N the uncertainty principle one could only hope to come within h of the 

exact initial conditions, and so the actual trajectories would be quite 

different. The spreading of the quantum mechanical wave packet would 

therefore have a quite natural classical explanation. 

The point of this discussion Is that the criterion given above is 

sufficient but not necessary for the validity of classical mechanics. If one 
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accepts that the initial conditions cannot be controlled exactly, then the 

spreading of wave packets does not by itself invalidate classical machanics 

for making predictions. What does invalidate classical mechanics is its 

failure to account for coherent interference and quantization. However, it 

has been observed (Miller 1974) for some systems involving Rydberg atoms, 

that for averaged quantities, like cross sections, quantum mechanical 

interference effects are quenched in the averaging process and classical 

methods can be quite adequate. 

Approximations 

Typically, in experiments involving Rydberg atom collisions with molecules, 

only one atomic electron is excited and neither the atomic core nor the 

molecule is electronically excited. Moreover, the molecules are not 

vibrationally excited, so we may approximate the core and the molecule as 

rigid or "almost rigid" bodies. An example of an "almost rigid" body is one 

which is polarizable but otherwise rigid. If we choose as our molecule the 

simplest choice, a diatomic molecule, then this will be approximated as a 

rigid rotor. The non-interacting hamiltonian for this rotor is just = J /2I 

where J is the angular momentum and I the moment of inertia of the 

molecule. If we consider the atomic core of the Rydberg to be rigid, and 

assume it to be small compared to the size of the excited orbit, then the 

atomic hamiltonian will be 
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u = nR 2K\ y* (7) 

where p and p are the momenta of the core and electron respectively, M 
V V 

and m their corresponding masses, and r their relative separation. 

Thus our full hamiltonian is given by H = HM + + Hj, where Hj is 

the interaction between the Rydberg and the molecule. If the molecule has 

a permanent dipole moment and we neglect polarizability or higher order 

interactions, then Hj will consist of electrostatic point dipole interactions of 

the form 

R-D 
v= K (8) 

where q is the charge and R the position vector of the dipole relative to q. 

In the present case, there will be 2 contributions of this type: one from the 

electron (q = -e) and one from the ionic core (q = +e). 

Let us now consider the number of degrees of freedom, and therefore 

the number of coordinates, in the model we are considering. The core and 

electron are treated as particles and so require 3 coordinates each. The 

rotor requires 2 angular coordinates to specify the orientation of its axis 

(e.g. the conventional polar coordinates) in addition to the 3 position 

coordinates. The total number of coordinates is therefore eleven. By 

working in the center of mass reference frame we can reduce this by three 

to give eight coordinates. There are therefore 16 Hamilton's equations for 

this problem. 

In order to reduce this number further we can recognize that the core 

and molecule are three to four orders of magnitude heavier than the 

electron. Moreover, since the orbit of the electron is so large (n aQ) 

compared to the size of the core (a few aQ's), the majority of scattering 
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events will involve electron-molecule encounters, and any deflection of the 

molecule will generally be negligible. It might therefore be expected that by 

assuming that the molecule and core are infinitely massive, so that the 

molecule travels with constant velocity with respect to the core, only small 

errors will be introduced. This assumption further reduces the number of 

coordinates to five, which requires 10 differential equations. A further 

reduction to three coordinates (6 equations) results if the motion is restricted 

to 2 dimensions. 

This restriction is a rather severe approximation which precludes any 

direct quantitative comparison with experiment, but we can, with this model, 

3 expect to see some qualitative similarities. Since a very large number (10 

to 10 ) of trajectories will be required in a full three-dimensional 

calculation, there is good reason to start off with a very simple model. 

Having reduced the degrees of freedom to three we can search for a 

convenient set of coordinates. The angle, call it 4>, of the molecular axis 

with respect to a fixed direction is an obvious choice for one coordinate. 

The other two coordinates must specify the position of the electron with 

respect to the core, which is taken to be the origin of our coordinate 

system. Two obvious choices for these coordinates are cartesian coordinates 

and polar coordinates. The polar coordinates r and 9, are the natural 

coordinates when the interaction Hj vanishes, but the form of Hj is 

somewhat simpler when cartesian coordinates (x,y) are used. Since the initial 

time tQ is chosen so that the Rydberg and molecule are far enough apart 

for Hj to be very small, it is clear that the interaction will be negligible for 

much of any given trajectory. For this reason, polar coordinates were 

chosen. One might be tempted in this vein to use action angle variables, all 
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Figure 1 

The coordinates and geometry of the problem. 
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of which are constant when Hj=0, and indeed such a choice warrants further 

consideration, but in the interest of keeping the equations as simple as 

possible, polar coordinates were used. 

Thus the hamiltonian consists of three parts: H = HR + + Hp 

where 

H R 2 W 

X 
Kvir1 r (9) 

H 32 
21 

(10) 

Hx Iff-rl3 (11) 

and there are six Hamilton's equations (5), for the three variables and 

the three momenta p,l,J. 

With a choice of initial values of the six coordinates and an appropriate 

choice of the initial time t, impact parameter b, collision velocity v, and 

dipole moment D, the equations of motion can be integrated numerically 

through the collision to a time t^ when the interaction is again negligible. 

The result is a angle trajectory. Many such trajectories with different 

choices of initial conditions are then used to calculate cross sections. 

A rather unpleasant aspect of this problem comes to light, however, 

when the version of Hj given above (8) is used. For values of V and J 

which are representative of actual thermal molecules, the molecule moves 

very slowly with respect to the electron. Therefore the attractive side of 

the dipole potential has ample time to draw the light electron into the deep 
o 

l/r potential well. This singularity in the potential causes significant 
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computational difficulties. Furthermore, the pure dipole potential is not very 

realistic at close ranges. To resolve the computational problem, the 

interaction potential was modified by an exponential factor which removed 
3 

the singularity. Thus, the potential V = -qR.D/R is replaced by 

(see Figs. 2-4) where n is an integer (£2) and d is a somewhat arbitrary 

cutoff distance. For values of R d, this modified potential agrees with the 

pure dipole potential, but as R approaches zero, this potential approaches a 

finite value. 

This potential is still not an accurate representation of the close range 

structure of the molecule, however. The only way to improve this situation 

is to use a more realistic and therefore more complicated interaction. 

However, since there is evidence from studies of free electron scattering 

from polar molecules (Mukherjee and Smith, 1978) that the averaged 

quantities are not particularly sensitive to the close range form of the 

interaction, the simple form of the interaction was used. 

It is now possible to write down the hamiltonian in detail, and to 

derive from it Hamilton's equations. The actual equations are quite 

cumbersome and may be found in the appendix. The next step is to code 

the equations and incorporate them into a computer program which will 

numerically solve for trajectories. Before attempting a full-blown Monte- 

Carlo run, however, the computer routine that integrates the equations needs 

to be tested. 
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A pure dipole potential. 

Figure 2 
2 

Notice the 1/r singularity. 
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Figure 3 

A dipole potential with a exponential cutoff. In this case, n=2 and the 
potential approaches a finite value as R-> 0. Niether this potential nor the 
one of Figure 2 has a well defined value at R=0. 
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Figure 4 

A dipole potential with an exponential cutoff. In this case, n=6 and the 
potential approaches zero as R-* 0. This potential is well defined and 
smooth everywhere. 
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Bubbles 

The routine used is a FORTRAN subroutine, DREBS, written by IMSL (IMSL 

1980). There are a number of parameters required by this routine, and 

suitable values need to be determined. This was done in this study by fixing 

all of the initial conditions except the impact parameter and generating a 

number of trajectories. The dependence of various final conditions, such as 

energy and angular momentum, on impact parameter can then be determined. 

Examination of these plots (see Fig. 5) reveals a fortunate 

characteristic of the Rydberg-polar molecule system. It is found that the 

dipole moment of the rotating molecule has an effective range, outside of 

which the interaction is too small to cause an appreciable effect. That is to 

say, one can construct a sphere about the molecule and only when the 

electron is inside of this sphere will it deviate appreciably from its non¬ 

interacting motion. Another sphere can also be constructed for the dipole- 

core interaction. 

If the dipole potential is completely ignored outside these spheres then 

the motion of the system when both the core and electron are outside of the 

bubbles is analytically solvable; the rotor rotates uniformly and the electron 

moves on a classical Keplerian orbit. Hamilton's equations do not need to be 

numerically solved during this part of the trajectory. The trajectory can be 

easily continued along its analytic path until either the electron or core 

enter the sphere. The full trajectory would then be reduced to a small 

number of electron-molecule encounters and at most one core-molecule 
/ 

encounter. 

This method, if used in a full three dimensional problem, would save 
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Figure 5 

Notice how the final energy is nearly unchanged whenever the distance of 
closest approach between the electron and molecule (RELMIN) is greater than 
about 100. 
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enough computing time so as to make tractable the calculation of three 

dimensional cross sections. Another major benefit from this bubble technique 

is that highly eccentric orbits are as easily handled, when the electron and 

core are outside of the bubble, as circular orbits. This is quite an advantage 

since the numerical solution of the Kepler problem is much more difficult 

for highly eccentric orbits due to the very rapid motion close to the nucleus. 

Only when both the electron and core are both inside their respective 

bubbles is there a need to numerically solve for this rapid motion. 

Before concluding this section, the possible objection of the reader 

concerning the above statement that Kepler trajectories are "analytically 

solvable” should be given. The reader might recall that it is not in fact 

possible to write down the coordinates v,Q, of the electron as analytic 

functions of the time. One can obtain the equation of the orbit, r as a 

function of Ô, and also the time as a function of r (Landau and Lifshitz 

1976), but the function t(r) cannot be analytically inverted to give r(t). One 

could, of course, numerically invert this function, but this is totally 

unnecessary, since there is no urgent need in this problem to obtain values 

of r and & for prescribed values of the time. Since we can write the 

coordinates r, and the time t as analytic functions of another parameter*, 

this parameter can be incremented and the time and coordinates evaluated. 

This is the meaning of the above statement "analytically continue the 

trajectory". 

* 
In this case the parameter is & itself, but there is a more 
convenient parameter by which we can parametrize the orbit. 
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Binning 

Now that suitable coordinates have been chosen and equations of motion have 

been succesfully coded into a computer program, all that remains before 

cross sections can be calculated is to define the states S. of our system. In 

anticipation of comparing the results to experiment, the states should 

correspond somehow to the actual states of the experimental system. In this 

case, the quantum numbers n,l, and m^ would label the states of the Rydberg 

atom, and the angular momentum quantum number J (and Mj) would label 

the states of the molecule. The classical states of this study should 

therefore be labeled with these same numbers, but how is this accomplished? 

The four quantum numbers ^m^J, and Mj have natural classical 

2 2 analogs, and if we equate the classical atomic energy = (l/2)mv - e /r 

to the expression -<l/2n ), we then have classical analogs for each quantum 

number. These classical "quantum numbers", however, can take on a 

continuous range of values unlike the real quantum numbers. The simplest 

scheme would be to round the classical numbers up or down to the nearest 

integer and identify the classical state with the corresponding quantum state. 

With this method, all classical states whose classical "quantum numbers" are 

within certain bounds would be lumped into one quantum state. Such a 

technique is called binning since we divide all of phase space into bins and 

identify a quantum state with each bin. 

An alternate technique to binning is to associate with each classical 

state a wave function which is a linear combination of quantum states in 

such a way that the expectation values of the quantum operators H, 1, etc. 

equal the classical values. With this technique, a single trajectory will 
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contribute to a number of reactive cross sections 

Having decided upon binning, it is possible to choose different bin 

boundaries than the ones indicated above, and there is good reason for 

preferring one binning scheme over others. For example, the bin boundaries 

might be arranged so that the volume of phase space associated with a given 

state is equal to the multiplicity of the corresponding quantum state. Thus 

the bins for the principle quantum number n would have volume in phase 

2 2 space of n , since the multiplicity of each n-shell is n . 

All binning schemes become equivalent as the quantum numbers get 

large, so the results shouldn't be sensitive to the applied method of n- 

binning. On the other hand, low angular momentum quantum numbers will 

need to be dealt with in this study, since the experimental Rydberg states 

populated by optical excitation have small l's, and since the thermal 

distribution of rotational states of the molecule is significant for small «Fs. 

The bin boundaries for these quantum numbers should therefore be carefully 

chosen. In three dimensions, the bins for angular momentum are given by 

1ft S 1 j - (l+l)ft and (mj-.5)fi mQ ■£ (mj+.5)ft. In two dimemsions there is 

only one angular degree of freedom and the angular momentum, although 

written here as 1, can take on negative values and really corresponds to m^. 

The bins were therefore taken to be those for m, which is equivalent to the 

simple rounding scheme mentioned above. Analogous statements also apply 

to the angular momentum of the molecule. 



RESULTS 

Method of Computation 

In the previous chapter, the equations of motion and method of binning were 

discussed. In this chapter, the calculation of the cross section Oy for the 

processes 

RM) + M(J) -* R(nT) + M(r) (is) 

will be discussed. In three dimensions, of course, we could also specify the 

initial and final values of m and M, but since these quantities are not easily 

controlled in actual experiments, they are not usually specified in theoretical 

calculations. 

The experimental procedure of determining cross sections consists of 

producing Rydberg states by optical excitation using a pulsed laser. The 

Rydberg atoms then interact with the collision partners for a short time, and 

then the final state(s) of the Rydberg atoms are determined. The initial 

Rydberg state is fixed during a particular measurement. 

Any theoretical calculation should proceed along similar lines. For the 

present study, the following values are the input to the program and remain 

28 
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constant for the particular run: initial n,l, and J; collision velocity V, dipole 

moment D, and moment of inertia I of the molecule. The computer program 

generates a large number of trajectories using these values and the final 

conditions of each trajectory will determine the final n,l, and J of that 

trajectory. Cross sections o^nTJ1 *-n 1 J) for various values of n,l, and J are 

then obtained. If these are summed over two of the three final quantum 

numbers, then delta-n, delta-1, and delta-J cross sections can be calculated. 

It is these cross sections which are the primary output of the calculation. 

The dependence of these cross sections on the choice of initial values can 

then be determined. 

Preliminary Results 

Before the final version of the computer program could be run, some test 

programs needed to be run. As discussed above, it was from these test runs 

that an effective interaction range was discovered, which allowed the bubbles 

to be constructed about the molecule. Some other interesting results were 

obtained from these tests which will be discussed below. 

After verifying that the differential equations had been coded correctly 

and that the trajectories being produced by the intergrating routine were 

realistic, the test program that generates trajectories with different impact 

parameters was run. Graphs of any trajectory dependent quantity versus 

impact parameter can thereby be made. The dependence of such quantities 
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on the initial values and on the constants of motion, such as collision 

velocity, can also be examined. 

The dipole moment and moment of inertia chosen are appropriate to 

ammonia, a common polar molecule. For most of these runs the input initial 

conditions correspond to a 25f Rydberg state and a J=3 molecular state. 
2 

Plots of the final atomic energy (p /2 - 1/r) versus impact parameter are 

shown in Figure 6 for 3 velocities. 

At the largest velocity the molecule is going faster than the electron 

and can actually fly through the atomic orbit without effecting the electron 

much. Only when the molecule is pointed right at the electron does it ever 

interact with the electron, which accounts for the single feature on this plot. 

When we slow down the molecule somewhat, we begin to see a more 

complicated structure. Now the molecule has a smaller velocity than the 

average electronic velocity, so now for almost all impact parameters, the 

electron has time to find the molecule before it moves away. It appears 

also that there are three critical impact parameters for which the effect 

upon the atom is at an extreme. It is easily confirmed that these extrema 

are caused by timing coincidences, because they can be moved around on the 

impact parameter plots by just changing the initial position of the electron 

in its orbit. 

There are still trajectories at this velocity for which the molecule 

passes through the atomic orbit without disturbing the electron much. 

Because the values of n and 1 are initially 25 and 3, respectively, the orbit 

is a highly eccentric one, so when the electron is at its farthest point in its 

orbit, it is moving very slowly, giving the molecule time to get through the 

orbit. 
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Figure 6 
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Before further slowing down the molecule, there is one other 

characteristic at this velocity which deserves notice: the dependence of the 

final conditions on impact parameter is smooth. At this velocity, the 

molecule and electron have just one or two encounters per trajectory, 

because the molecule is going fast enough to move a significant distance 

while the electron is in the portions of its orbit far from the molecule. 

This is not the case for smaller velocities. 

At the lower velocities, the molecule is moving so slowly that it can 

never get through the atomic orbit without having a significant interaction 

with the electron. In fact, there are typically many electron-molecule 

encounters per trajectory at this lower velocity. This helps explain the 

disturbing lack of smoothness in the plots. It seems reasonable that a small 

change in impact parameter would not drastically affect the results of the 

first one or two electron-molecule interactions but that even a tiny change 

would become more crucial come the fifth or sixth encounter. Indeed, a 

small change in almost any parameter might be expected to significantly 

alter the results of a many encounter trajectory. 

Thus, on the one hand, one can feel confident that a classical technique 

is valid, since it is probably true that a small change of initial conditions 

produces a large change in the action integral 

and the criterion derived from the path integral formulation of quantum 

mechanics (Feynman and Hibbs, 1965) for the validity of classical mechanics 

is just that this integral depend sensitively on the trajectory. 

On the other hand, such sensitivity to initial parameters causes worry 

(14) 
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that numerical "solutions” to Hamilton’s equations might not be good 

approximations to the exact solutions. In fact, this is almost certainly the 

case, since no numerical solution can exactly solve such complicated 

equations and even a very small error in a trajectory will be magnified by a 

large number of encounters. How, then, can any results obtained at these 

low velocities be reliable when none of the trajectories are reliable? To 

answer this, we must examine the numerical process. 

At each step in the computer’s "solution", the values obtained for the 

coordinates place us CHI a nearby but different exact trajectory. Since the 

equations of motion are invariant under time reversal, one can in principle 

follow this other trajectory backwards in time and obtain a different set of 

initial conditions for which the exact solution would evolve into the current 

position. Thus each step of the computed trajectory in effect induces a 

change of initial conditions. 

One might hope that these changes would be small since, as we have 

seen, small changes in initial conditions can account for drastic changes in 

the trajectory. 

On the other hand, consider this argument at a point of the trajectory 

after a few encounters have already taken place. Since the time reversed 

equations of motion are unchanged, the "initial conditions" gotten by evolving 

the system backwards in time, through a few eletron-molecule encounters, 

will display the same sensitivity on initial conditions as the forward solution. 

In particular, the new initial conditions might be nowhere near the original 

choice. It appears then that one cannot possibly generate a numerical 

trajectory that is a good approximation to an actual trajectory. How can 

this be tolerated in a calculation? 
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Suppose now, that instead of inducing changes only on the initial 

conditions, one (more symmetrically) adjusts both the present coordinates as 

well as the initial ones, searching for an exact trajectory whose initial and 

present coordinates are close to those of the numerical trajectory. If this 

could be done, and it seems likely since one has 12 coordinates which can be 

adjusted, then because of the binning procedure, there exists an actual 

trajectory with the same initial and final states. 

Even if the changes induced on the initial conditions turn out not to be 

small, however, one can hope that they are somewhat random, so that 

systematic errors are not produced. Furthermore, since the initial conditions 

themselves are chosen randomly, changes induced by the computer will not 

be particularly upsetting. 

Before discussing the actual Monte-Carlo results, one other aspect of 

the low velocity should be discussed. Toward the upper end of the range of 

impact parameters, there is a rather sudden cutoff in the final atomic 

energy, which rapidly approaches the initial energy of the Rydberg atom. 

Similar cutoffs are seen in plots of final J and L This is the most obvious 

evidence for a maximum dipole range. To further test the validity of such 

an hypothesis, we decided to keep track of how close the electron was 

getting to the molecule on each trajectory (see Fig. 5). If the distance of 

closest approach is plotted versus impact parameter, one finds that indeed 

the interaction of the rotating dipole has an effect only when either the 

electron or core gets within a certain distance. Thus was born the idea of 

using bubbles, as well as a good estimate of their size. 
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Re-examining the Approximations 

Upon further examination of this plot, one can see that the electron is 

sometimes coming quite close to the molecule, where the simple dipole 

potential is clearly unrealistic, so one could question the validity of our 

model. At the smallest velocity, in fact, the distance of closest approach 

was frequently smaller than 1 aQ. Since the resulting force upon the 

molecule during such close encounters is rather large, one also becomes 

suspicious of the assumption that the molecule travels uniformly in a straight 

line. 

The only way to decide how crucial the close range form of the 

potential is to the cross sections is to change it. This was done during the 

later Monte-Carlo runs and the cross sections were found to be insensitive to 

these changes. The only way to determine the validity of our assumption of 

uniform motion is to allow the molecule to recoil. This was done during the 

impact parameter runs and the results were unchanged (see Fig. 7) for all 

but very small impact parameters, where the molecule collides with the 

atomic core. 

The Monte-Carlo Runs 

Having obtained about as much information as is possible from the test runs, 

we are now ready to discuss the running of the Monte-Carlo code and the 
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INITIAL V-t.5x10* CH/S 

Figure 7 

As can be seen, the velocity and direction of the molecule remain essentially 
unchanged for all impact parameters greater than 10 a.u. 
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resulting cross sections. Because of the existence of our bubbles, one can 

easily count the number of times the electron enters the bubble and thus 

how many encounters the electron has with the molecule during a given 

trajectory. As was mentioned above, this number increases as the collision 

velocity decreases. In order to understand why this happens, one needs to 

examine the situation in detail. In the following discussion atomic units will 

be used. 

It has been determined from the test runs that the radius of the bubble 

for the J=3 state of the molecule should be 100. The major diameter of the 
2 

elliptical orbit corresponding to an nl-state is 2n and the width or minor 

diameter of the orbit is 2nL The average velocity of the electron in its 
3 

orbit is 1/n and the period of its motion is 2irn . Consider for the moment 
5 

a collision velocity of .0007 (=1.5x10 cm/s). If n equals 25 initially, the 

3 5 period of the electron is 2ir(25) =10 , during which time the molecule will 

have traveled a distance of 2irn (V) = 70a.u. Since the diameter of the 

bubble is 200, one can see why at this velocity the molecule will always see 

the electron if it passes through the atomic orbit. 

After an interaction, as the electron exits the bubble, it moves along 

another elliptical orbit, corresponding to a different nr and 1*. After a time 
3 

interval of 2-jrn' , the electron will have come back to the place where it 
\ 

exited the bubble. But if the molecule has not moved very far during this 

time, the electron will find itself back inside the bubble and so there will be 

another encounter. This reasoning would then account for the large number 

of encounters per trajectory (see Fig. 8). 

Another more obvious reason is the restriction of the motion to a 

plane, and one might think that in three dimensions, the electron would be 
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Figure 8 

The trajectory of the electron is plotted here. There were 5 encounters 
during this trajectory and one can easily see 6 different ellipses. The initial 
and final orbits are indicated. As is evident from the diameters of the 
ellipses this event resulted in further excitation of the Rydberg atom. 
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able to "get out of the molecule's way" and avoid further encounters. While 

it is clear that restricting the motion to the plane does force extra 

encounters, if the bubble approximation is still valid in three dimensions, 

then the above argument concerning the slowness of the molecule will still 

hold, and one can expect there still to be multiple-encounter trajectories. 

Delta-n Cross Sections 

The above argument can also help explain our delta-n cross sections. A look 

at those cross sections (see Fig. 9) shows a striking feature of both this 

calculation and experimental results: the tendency for the Rydberg atom to 

be further excited. The cross sections for delta-n > 0 are significantly 

larger than those for delta-n < 0. The asymmetry of delta-n becomes even 

more pronounced as the initial J is increased (see Fig. 10). As was 

mentioned above, the period of the electron is 2itn and if in this amount of 

time the molecule has not moved far enough, the electron will re-enter the 

bubble and interact again with the molecule. So the higher the principle 

quantum number n is, the more time the molecule will have to get away. 

Thus even if it is just as likely for the atom to be excited as to be de- 

excited after a single encounter, the de-excited atoms are more likely to 

have further interactions than the excited ones so that they are less likely 

to stay de-excited. 

The tendency for atomic excitation can be explained by another 
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Notice how the cross sections are skewed toward positive delta-n. 
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argument. Since the initial state in the laboratory has a small angular 

momentum 1, the corresponding classical orbit is very eccentric and the 

electron therefore spends a lot of time far from the core with very small 

velocities. Since it is moving so slowly, any interaction out there will 

almost always increase its speed and therefore increase - its kinetic energy. 

The atom will therefore tend to be excited. If this were the major cause 

for the skewness of the delta-n cross sections however, one might expect the 

cross section to be different for higher angular momentum states. Such 

higher 1 states cannot be easily obtained in the laboratory so we don’t know 

experimentally whether this is the case. But we can make some computer 

runs with n=25 and 1 large, say 20, which represents a nearly circular orbit. 

The delta-n cross sections obtained are not significantly different for the two 
3 

values (3 and 20) of L Thus we find the argument based on the period 2im 

of the electron more compelling. 

However, in a three dimensional calculation, the dependence of the 

cross sections on initial angular momentum will probably be greater, because 

larger impact parameters are more likely than small ones. This is in 

contrast to the two dimensional case, for which all impact parameters are 

equally likely. The reasons for atomic excitation will therefore need to be 

re-examined for three dimensional calculations. 

Delta-J Cross Sections 
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When one compares the delta-n cross sections of this calculation to the 

experimental results, there is one obvious difference. The experimental cross 

sections consist of several peaks at different values of final n, whereas the 

calculated cross sections vary relatively smoothly over this region, without 

any prominant peaks. The experimental peaks in the final n* distribution are 

seen to correspond to particular molecular transitions. For the experiment, 

the molecules have a thermal distribution of rotational states which peak (for 

ammonia) at about J=3-4. If it is assumed that the energy lost by a 

rotational de-excitation (J -*■ J-l) of the molecule is given up to the 

Rydberg atom, and a value of n' is calculated for this final Rydberg state 

according to 

+■ AE(J—*J-I) (15) 

then these values of n' will fall right on the experimental peaks. Hence 

each peak can be associated with a particular rotational transition. One 

would not expect to see these peaks in a classical calculation because they 

are caused by the quantization of the molecular energy states. Peaks 

corresponding to rotational excitation and therefore atomic de-excitation are 

much smaller. In fact, they are very difficult to see experimentally and 

have been seen only in collisions of Rydbergs with HF, and then only for 

specific initial states (Higgs, Smith, McMillian, Dunning and Stebbings, 1981). 

Because of the resonant energy transfer from the rotational energy of 

the molecule to the Rydberg electron, one could calculate del ta-J cross 

sections from the peaks in the delta-n cross sections, even though no direct 

measurement is made of the molecular states. Such cross sections will 

clearly be skewed towards de-excitation. 
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The calculation of delta-J cross sections made in this study (see Fig. 

11) is a direct calculation, since one can make any "measurement" one 

desires on a numerical trajectory. As expected, cross sections for delta- 

J = -1 are much larger than for delta-J = +1. The explanation for this is 

simply that delta-n tends to be positive, so by conservation of energy, delta- 

J ought to be negative. 

Implicit in this argument, however, is the assumption that the relative 

kinetic energy of the molecule is separately conserved; the resonant energy 

transfer that is seen experimentally. This assumption is built into our 

system, since the molecule emerges with the same speed as it started with, 

but it makes our hamiltonian time-dependent. Energy is therefore not 

necessarily conserved. To what extent then is the increase in atomic energy 

correlated with the decrease in molecular rotational energy in this model? 

This is answered by the plots shown in Fig. 12, where for a number of 

trajectories the change in atomic energy is plotted versus the change of 

molecular rotational energy. It is clear that at the lower velocity the 

energies are much better correlated than at the higher velocities. This 

shows that, for lower velocities, there is indeed a resonant transfer in the 

classical system which accounts for the calculated delta-J cross sections. 
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SUMMARY AND OUTLOOK 

Cross sections for state-changing collisions of Rydberg atoms with polar 

molecules have been calculated using a classical trajectory Monte-Carlo 

technique. Although the problem was restricted to two dimensions and there 

was considerable difficulty in the numerical solution of individual trajectories, 

useful insights into the real scattering problem were obtained. 

The magnitude of the dipole interaction range is now known and is 

small enough to enable three dimensional calculations to be performed more 

cheaply. The magnitude of this effective range is not expected to change 

much in the transition from two dimensions to three because the two 

dimensional problem is not completely unrealistic. This is because one could 

classically place the incoming molecule in the plane of the electronic orbit. 

Under such circumstances, the three dimensional equations of motion reduce 

to the two dimensional ones used in this study. Thus the set of two 

dimensional trajectories is a subset of the set of three dimensional 

trajectories. Therefore, a maximum range obtained from such a subset is 

expected to be a realistic estimate for the larger set, especially since the 

trajectories not included in the subset are expected to have softer 

interactions (since the molecule can be outside of the orbital plane of the 

electron). 

Of much greater importance, this calculation has shown the likelihood 

of multiple electron-molecule encounters, which can help explain the 

47 
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prevalence of positive changes in n. In addition, one can see that the 

quantum transition J— J-l does not have to occur during just one electron 

molecule interaction. On the other hand, the fact that multiple encounters 

are so common casts grave doubts on the validity of the free-electron model, 

the only approximation so far which can make quantum mechanical 

calculations tractable. 

Furthermore, the numerical difficulty caused by these multiple 

encounters is apparently an inherent aspect of this problem. In fact, the 

situation is so bad that just changing the input step size of the integrator 

produces widely varying trajectories. So far, all efforts to increase the 

accuracy of the integrator, including quadruple precision runs, have failed to 

decrease this variance. 

One concludes that for certain regions of phase space the motion of 

the system is almost chaotic, so that no matter how close two trajectories 

start out, they will diverge after a few electron-molecule encounters. This 

behavior is characteristic of thermodynamic systems, and this might indeed 

allow one to apply the principles of thermodynamics to this problem in a 

valid way. Thus, for example, detailed trajectories for multiple encounter 

situations would not be needed. It is not clear, however, how this might be 

done, and even though the system might be chaotic, one still can reasonably 

hope to do a good job using numerical trajectories. 

There is some hope, then, that a completely classical technique will 

produce good results, especially for the averaged quantities that are actually 

being measured in the laboratory. Semi-classical calculations, such as the 

classical S-matrix theory, based upon classical trajectories would be a major 

improvement over the present technique, and one which for this problem 
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would surely produce very accurate cross sections, but the tractability of 

such approaches remains to be established. 

In order to assess the validity of the various models, experimental 

results will need to be made more accurate as well as more detailed. 

Because of the complex nature of this problem, only those approximations 

which simplify the quantum mechanical problem, at least to the extent that 

the impulse approximation has done so, will be able to produce reliable 

results. 
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APPENDIX 

Using the coordinates illustrated in Figure 1, the hamiltonian 

written as follows: 

H - £. £ .1 + 2!' + jLir,. ,£*'•'•] - [i-e 
H r it R» U e J 1 J 

where 

R = (vt , b) 

r — (rco$,Q} rsimô) 

D = DCcos j>} sm <^>) 

Consider the following expressions which appear in H: 

j?*D “ 0(vtco^ +■ 

(R-r )*D 5=1 Dj],(vt-rcos^)c®s^ + (b-rsm©) sm^J 

iR-fl - [(vt-rco-s#)1 + (b-rsm0)zJ 

can be 

(Al) 

(A2) 

(A3) 

(A4) 

(A5) 

(A6) 

(A7) 

52 



53 

One can see that the first interaction term 

depends only on f and its derivitive with respect to is 

SVc.,^ _ +D £vtsm^ + bcos /] J 
^ R3 

(A3) 

(A9) 

Consider the following expressions which will be required in the equations of 

motion: 

-n6ie)f-«s9) .. 
J (A10) 

= -m \K-rP 2 £(vt-rcosfî)co.$Æ *-(b-rsm£) swpj 

3_ 
3e 

=• J” \(vt- r&sB)2 + (b-rsw 0)^] * 

_ (kCvt -'rcoL&) r.Si«5)-*’2(b-rsm£)r<cs^] 

~ rnr l&-rf [Cvt-rcoi0) si*\8 - (b-fSw0)cos0j 

(All) 
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Now we can write down the derivitives of the last term in (Al), using the 

above formulas: 

ve e-rv\ 
-CÎt-rVO 

(A12) 

  — 0 \~C6i6 <«S 4> ~ 6, 

, ,-5(ê-fVD &-e-,lMrl )-D je"*'*'f 'r] 
+ < T5-TÎ + ' i£-n 

(A13) 
IP!-?! 

)( |^(vt-rcos&) &>* & 4- (b~rsmfr) 

5\4-M _ -DGrs.rt&coî - v'cosôîtn^J r* J 
38 " S1?? 

+ Av- çg-fVo g-e ltVr] ^rCg-FVg[^l£'?rJ (A14) 

|£-rlr-" 
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3\4.)A __ -Ofrcos® Sw ^ “'fsmfîcas^] r' ] 

If [S-?!3 
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Finally, the equations of motion can be written in terms of these 

expressions: 

r * P 

i. 

r3- 

4> 
J 

I 

A - X - 1 - 
P ' r' ^7 

n S Ve-N^ 
^ ~ 36 

T » _ ^Vç-M _ 2ye-M 
J it ^ 

(A16) 

(A17) 

(A18) 

(A19) 

(A20) 

(A21) 

These, then, are the equations of motion which were used in this study. 


