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ABSTRACT 

A Static Model Bootstrap 

For An Infinitely Rising Regge Trajectory 

By 

Bun-Woo Bertram Chang 

Motivated hy the works of Carruthers and Nieto, 

Mandelstam,and Sivers, ''a self consistent bootstrap 

of the infinitely rising f Regge trajectory is 

studied. We first examine the self bootstrap of the 

^ particles in the elastic reactions 'Tr + 'lTj—>7r+*1r; 

(j=2,4,6,...). The crossing matrices are obtained 

using the static model approximation taking the 

advantage of the mass difference between 'ir and 'Tfj* 

The analysis of the crossing matrices reveals the 

result that more particles are required to be in¬ 

cluded in the bootstrap. This indicates that our 

original plan to bootstrap the entire f Regge 

trajectory by coupling the various inelastic 'TT'h’j 

channels into the 'fr'TT reaction through unitarity 

requires more sophisticated consideration than has 

been done. Basics on S-matrix theory and Regge 

poles essential to the understanding of this problem 

are also presented. 



TABLE OF CONTENTS 

I. Introduction 1 

II. The S-matrix 5 

A. Analyticity 5 

B. Unitarity 7 

C. Principles of Maximal Analyticity 
of the First and Second Kind 
(and Bubble Diagrams). 9 

D. The Singularities in the S-matrix. 12 
(i) Poles. 12 

(ii) Normal Branch Points. 14 
(iii) Prescription and Hermitian 

Analyticity. 15 
(iv) Landau Singularities. 17 
(v) Crossing. 18 

III. The Partial Wave Amplitudes, Regge Poles 
and Regge Trajectories. 21 

A. Partial Wave Amplitudes. 21 

B. Froissart-Gribov Projections and 
Amplitudes of Definite Signature. 22 

C. Singularities of the Partial Wave 
Amplitudes. 27 

D. Asymptotic Behaviors. 30 

E. Sommerfeld Transformation and Regge 
Poles. 33 

F. Regge Trajectories. 40 

G. In the Presence of Spin. 44 

H. Examples of Regge Trajectories. 47 



IV. The Hadron Bootstrap Hypothesis. 52 

A. The General Idea. 52 

B. The N/D Equations. 56 

C. The Input Force. 64 

D. The Approximations. 66 
(i) The Elastic Unitarity 

Approximation. 66 
(ii) The Approximations for Solving 

the N/D Equations. 67 

E. The Crossing Matrices. 70 

P. Examples of Bootstrap Calculations. 76 
(i) The f Self-bootstrap. 76 

(ii) The N-N* Reciprocal Bootstrap. 81 

V. Bootstrap of the f Trajectory. 89 

A. Introduction. 89 

B. Self-bootstrapping the . 92 

C. The Crossing Matrices. 94 

D. Result and Analysis. 114 

Appendix A. C.D.D. Poles. 129 

Appendix B. N/D Equations in the Case of 
L Coupled Channels. 132 

Appendix C. Balazs Approximation. 135 

Appendix D. Crossing in the Static Model 
Approximation. 137 

References. 139 

Acknowledgements. 146 



CHAPTER I 
INTRODUCTION 

Considerable experimental evidence exists to 

support the idea of the infinitely rising Regge 

* 1 —7 
trajectories. ' Families of particles with dif¬ 

ferent spin (spins of consecutive members of a 

family differ by two) but identical quantum numbers 

seem to constitute trajectories that rise inde¬ 

finitely linearly with the energy. In the recent 

years, great attention has been given to explain 

both the infinitely rising Regge slope and the group¬ 

ing’ of the Regge ocvcurences by dynamical models. This 

thesis is such an effort in which we examine the poss¬ 

ibility of a self-consistent bootstrap of the 

f 3=2» 4-,..., in the reaction TT+TTj—>7T + 
and ultimately bootstrapping the entire f trajectory 
by coupling all the 7T7JJ channels through unitarity. 

Here a member on the ,f-trajectory with 

the leading member and, likewise, 7T. is a member on 
u 

the 7T -trajectory with 7T the leading member. 
The consideration of the ^+-j bootstrap is motivated 

by the works of Carruthers and Nieto, Mandelstam, and 

Sivers. ~ * ** Carruthers and Nieto considered the in¬ 

elastic reaction f +Nj+—♦ f +Nj+ (where Nj+ is a 

*Very recently, experimental data seem to indicate 
that Regge.behavior is violated at the very high energy 
region. 15 
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member on a nucleon Regsre trajectory with even parity) 

and concluded that such a reaction gave a dominant 

resonance (where is a member on 

another nucleon Regee trajectory with odd parity) 

and, furthermore, 1he replacement of Nj+ bv N
(J+2)+ 

in the given inelastic reaction would lead to 

Thus we see that (members of) a Regge trajectory can 

be considered as a consequence of (those of)another. 

In our f bootstrap, we investigate whether each 

member on the f trajectory ( ) can be similarly 

associated with the corresponding member on Jbhe 

trajectory. 

Carruthers and Nieto further coupled the various 

?
N
J+ channels through the unitarity condition and 

obtained members of nucleon trajectories as composites 

of the system. Mandelstam generalized this result and 

suggested that the inclusion of a Regge trajectory as 

external particles scattering with another particle 

might produce another Regge trajectory as the composite 
11 1 ? of the system. ' Sivers also showed that the infin¬ 

itely rising slope of Regge trajectories might be 

explained by coupling infinite number of channels of 

increasing spin. ' Thus, it is logical that we would 

couple all thefr^T^ channels through unitarity and hope 

to bootstrap the entire f -trajectory. But there is 

one thing we need to ascertain first — that is to 
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determine whether f..+.j can bootstrap itself in the 

7TTrj elastic scattering, or in other words, whether 

f ^+.j is the dominant resonance of the ‘ïrTTj channel. 

It turns out that, from examination of the crossing 

matrices calculated, fis not the dominant resonance 

of the Drnt .j » and, in fact, more particles have to he 

brought into the bootstrap instead of ?j+1 bootstrapping 

itself. Thus, our simple dynamic sfeheme to bootstrap 

the entire ,f-trajectory is not valid. Instead, a 

more sophisticated model is required. 

An interesting observation can be made when the 

angular momentum crossing matrix is calculated for the 

asymptotic j values. We find that it is possible to 

account for a member on the f -trajectory by the exchange 

of the member immediately below it. Therefore, if 

such a process is valid for all j values, the whole 

S -trajectory minus f can be explained by repeating 

application of the process, f* , the first member on 

the f-trajectory, has to be assumed from another 

dynamical scheme such as the f bootstrap for example. 

In chapter two, we give a brief discussion on the 

S-matrix theory with amphasis on anal.yticity and unitarity. 

The Froissart-Gribov projection and its importance such 

as in analytic continuation of the partial wave amplitude, 

in requiring signatures for Regge trajectories and in 

boundary behavior of the scattering amplitude are 
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discussed. After that Regge poles are shown to he a 

consequence of the principle of Maximal analyticity of 

the second kind through the use of a Sommerfeld-Watson 

transformation. We then give examples of Regge tra¬ 

jectories from both potential model calculation and from 

experimental data. 

Chapter three starts out with the distinction 

between the elementarity and compositeness of particles 

(hadrons) leading to the bootstrap calculations. It 

is shown what some of the approximations are when trying 

to calculate the input on the output of a bootstrap. 

The importance of crossing matrices are emphasized. 

Finally practical bootstrap calculations are discussed 

in the cases of the f bootstrap and the NN reciprocal 

bootstrap. 

The motivation and outline of our proposed boot¬ 

strap of the f trajectory and the j bootstrap are 

discussed in the last chapter. The crossing matrices 

are calculated in this case using, the L-S coupling 

states and in the static model approximation. Analysis 

of bootstrap follows and indicates what some 

of the difficulties in getting a self-consistent boot¬ 

strap are and what can be done about them. Then the 

result from the angular momentum crossing for large 

values of j is discussed. Finally, suggestions are 

made as to how our results can be used in other consider¬ 

ations than just the bootstrap 
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CHAPTER II 

THE-S-MATRIX 

(A) Analyticity 

One fundamental principle in the formulation of 

the S-matrix theory is analyticity. Intuitively, it 

is reasonable to connect the smooth variations in the 

S-matrix as the energies and scattering angles are 

changed with analytic functions. Historically, it 

was generally a derived concept until Chew and many 
1 £_ O O 

others proposed using it as a fundamental principle.* 

Ironically, most of the recognition of its importance 

stemmed from studies of field theory, which has suf¬ 

fered much opposition from proponents of S-matrix f 

theory who maintain that, though local field theory 

has been very instrumental in discovering symmetry 

principles such as charge conjugation and analyticity, 

the latter through the use of the microscopic causality 

condition, field theory is no more productive with 

respect to strong interactions and that the future 

lies in the study of the analytically continued 

S-matrix. Nevertheless, it should be noted that the 

latter is not void of difficulties. One of the basic 

difficulties is that the precise physical basis for 

analyticity is not yet understood. So analyticity 

has to be presented as a postulate, the formulation 



6 

of which is based on much intuition and justification 

is to he obtained from subsequent comparison with 

experimental results. Stapp was able to obtain 

analyticity in the physical region by using a macro- 
A9 Ai 

scopic causality condition. ^ And it is hoped that 

analyticity at large can be proven to be a result of 

some causality condition. 

There were a number of approaches concerning 

analyticity before analytic S-matrix theory. One of 

them was the use of theorems on analytic functions 

to analyticity in as large a region as possible start- 
pC pc 

ing from axiomatic field theory. Another method 

was the use of perturbation theory and the singularity 

structure of the Peynman diagrams in local field theory 

27—20 
to demonstrate analytic properties. Yet another 

method was found in non-relativistic potential theory, 

where the use of the Poincare's theorem requires the 

solutions of the Schroedinger equation to be analytic 

in the physical variables which are its parameters.^ 

Analyticity is useful because it is very restrictive 

and it introduces useful theorems concerning analytic 

functions. We know that an analytic function can be 

completely determined by either its singularities or 

by a complete knowledge of the values of the function 

over a finite real region in the parameters. Thus, 

ideally the analytic S-matrix could be constructed by 
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experimentally determining all singularities or by 

determining the S-matrix exactly in a certain region 

of the physical variables. The difficulties are 

obviously the impossibility 6f determining all sing¬ 

ularities and the finite experimental errors which 

give rise to increasing uncertainties in the S-matrix 

the further it is analytically continued. This is 

where approximations, to which we will come later on, 

prove useful. Theorems on analytic functions can lead 

to useful results. For example, dispersion relations 

can be obtained from Cauchy's theorem and analyticity 

to relate the real and imaginary parts of the function.^ 

Analyticity is also useful in that it enables us to 

write any unitarity equation as an analytic equation 

which is called an extended unitarity equation.^9^ 

(B) Unitarity 

Unitarity equations come from another basic postulate 

in S-matrix theory, which requites that the S-matrix be 

unitarÿy1^”1^' 32-34 postulate is a statement of 

probability conservation, i. e. the probability for an 

initial state to arrive at some final state in a scat¬ 

tering process is unity. If we define the S-matrix 

element between the initial state ! a> and the final 

state |b> by Sal;) , then unitarity is given by the 

equations 
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(2-1) 

or equivalently 

SS+ = S+S = t 12-2) 

We now restrict ourwelves to the S-matrix with 

two incoming and two outgoing particles and make us 

of the postulate that the S-matrix is disconnected 

and thusbluster-decomposable (i.e. the S-matrix can 

he broken up into disconnected parts due to short 

range forces}, we can write 

S*b= U + (2-3) 

where represent the process in the S-matrix such 

that the initial state goes through without scat¬ 

tering, is due to the four-momentum 

conservation and Aab is called a four-lined connected 

part. We can similarly write S+ as 

& = U.4J 

(2-3) and (2-4) leads to the result 
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(2-5) 

Putting (2-3) and (2-4) into (2-1), we obtain the 

unitarity equation 

with pa = implied. 

As mentioned before, unitarity equations such as 

(2-6) can be analytically continued away from the 

physical region where the equations are valid to give 

extended unitarity equations. 

(C) Principles of Maximal Analyticity of the Pirst and 
Second Kind (and Buble Diagrams) 

So far, two of the postulates of S-matrix theory 
* 

have been mentioned. They are analyticity and unitarity. 

♦There are many ways to state the postulates of 
S-matrix theory.18»19,32,35 One possible way is the 
following: (1) Principles of Quantum Mechanics, especially 
the super-position principle. (2) Unitarity for the 
S-matrix requiring a complete orthonormal set of free 
particle states. (3) Lorentz invariance. (4) S-matrix 
being diseonnected. (5) Maximal analyticity of the first 
kind. (6) Maximal analyticity of the second kind. 



10 

The latter was shown to he obtained from quantum 

mechanical requirements concerning probabilities, 

while the former is not so physically obvious, as 

we have already mentioned. In fact, analyticity is 

generally specified in two different postulates, the 

principles of maximal analyticrity of the first and 

second kind.17»22»36,40 

The principle of maximal analyticity of the first 

kind says that the S-matrix contains only those 

singularities which are required by unitarity. 

Chew and Frautschi further proposed the principle of 

maximum strength which means that the singularities 

should be such that the associated forces of inter¬ 

action are as strong as possible while satisfying 

both unitarity and analyticity. In other words 

strong interactions saturate the unitarity condition.3^“3^ 

In this way, arbitrary dimensionless constants are 

eliminated from the theory. Singularities required 

by unitarity for a given set of stable and unstable 

particles can be found using the Landau and Cutkosky 

♦♦Unitarity generates singularities. As energy 
increases new intermediate states may occur and cause 
abrupt changes in the physical region of the S-matrix. 
Theqe abrupt changes manifest themselves as singularities. 
From looking at the unitarity equation such as (2-6), 
we can say that there are additional terms contributing 
on the right hand side due to the new intermediate 
states giving rise to more singularities. 
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rules. The landau rules locate the .positions 

of singularities and the Cutkosky rules determine the 

discontinuities associated with the singularities. 

The unitarity equations can be cumbersome, so 

that bubble diagrams are frequently employed to give 

a physical picture of what the interaction processes 

are and to indicate how intermediate states of one 

or more particles cause singularities. ^ For 

example, the bubble diagrams for (2-1), (2-4) and 

(2-6) are 

=©□©=1 =   (2-1’) 

© ' = . +Z3+EZ (2-3*) 

z=©=z = ^-zi3n (2-4,) 

zn+iz-i3= = —ffr©—(2-6') 

for the scattering involving two incoming and two 

outgoing particles with energies such that the inter¬ 

mediate states are all two-particle states. 

The principle of maximal analyticity of the second 

kind says that the S-matrix should be continuable ih 

the whole of the complex angular momentum plane with 
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only isolated singularities. This is where Regge Poles 

come in, hut we shall defer discussion that until later. 

(D) Singularities in the S-matrix 

Prom now on we talk about singularities in the 

S-matrix, we actually refer to the connected parts 

with the kinematic delta functions removed in the 

S-matrix. Let{s discuss what some of them are and 

also what their physical significances are.1^*^*^ 

There are three important types of singularities in 

the S-matrix: 

(1) Poles associated with stable or unstable 

particles. 

(2) Branch points associated with normal threshold. 

(3) Singularities in more than one channel 

invariants from unitarity. The fact that poles in 

energy variable might correspond to bound states or 

to resonances was known long before S-matrix theory. 

(i) Poles 

Let us first define what we mean by a channel 

invariant. A channel invariant is the square of the 

total energy in the centre of momentum system of the 

channel. Por a four-line connected part, channel 

invariants s,t,u can be defined such that 
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S = <.p,*fd + 

■t = (ft + Pt) + (2-7) 
ft. = Cft + ft,)' =(Pv+ft)1 

correspnnding to the s, t, and u channel reactions 

S-cha.r\r\eC 1+2 —y 3 +4 

i-cA&nnet 1 + 3 —> 2 + 4 

11-cha.mel / + ¥ —* 2 +3 

respectively. 

In S-matrix theory, the positions of a pole in 

a channel invariant is equated with the square of 

the mass of the associated particle. On the physical 

sheet below the physical region, the mass is real 

and corresponds to a stable particle. Near the physical 

region on an unphysical sheet the mass has a small 

imaginary part equal to -JLi, and the pole corresponds 
£ 

to a resonance, where p is the resonance width. As 

the pole position moves further away from the ^physical 

region, the less its effect on the physically observable 

amplitude. In the bubble diagram representation, a 

pole in a four-line connected part Y 0+) f has a 
3 j—L » T? 

contribution equal to _JW-T—(+) or - „ ' - 
* ' S — rn* 

with R factorizable into two factors. Thus when S is 

close to W* theniithe value of the four-line connected 

part is obviously dominated by the pole contribution. 
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A very good discussion on resonance-particle-pole 

relationship can he found in (fef. 45) where different 

kinds of poles and the "wooly cusp" are discussed. 

(ii) Normal Threshold Branch Points. 

The simplest singularities are branch points for 
19 32 normal thresholds. * A normal threshold is a 

point where the energy is a given invariant just 

becomes sufficient for.a new channel to open up. The 

physical threshold value of the channel invariant for 

a particular channel <L , is equal to square of the 

sum of all the masses in the channel. The channel 

is open or closed depending on where $«. is above or 

below • For a connected part Ag’ between 

channels a and b , (due to four momentum conservation, 

S^^Sb^S ), there are thresholds and . 

The greater of these two thresholds is where the phy¬ 

sical region for will begin. The other will fall 

in anrunphysical region. will also contain 

the thresholds of all other channels communicating 

with a and b. Those having values larger than 

will be in the physical region. And the 

others will be in the unphysical region. 

It is natural to expect some sort of singularity 

to occur when a new channel opens up just as it is 

natural to expect the occurance of a simple particle 
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intermediate state to "be replaced by a pole. When 

new inelastic channels become available, there is 

a sudden change in the scattering process and it is 

resonable that this should mathematically in a singu¬ 

larity, as we intuitively think of smoothness in terms 

of shalyticity and conversely abruptness in terms of 

singularity. That the singularities are branch points 

is a result of the unitarity condition. Appropriate 

use of the unitary equation can give the discontinuity 

across a branch cut such as (2-6) and can also show 

how singularities propagate from one connected part 

to others. 

(iii) Prescription and Hermitian Analyticity. 

The cut corresponding to the branch point can 

be drawn in any direction in the complex plane. But 

the usual practice is to draw it along the real axis 

from the branch point to infinity. And the "iû H 

prescription says that the physical sheet is the sheet 

reached by analytic continuation above the cut along 

the physical region. (It can be shown that the Rie- 

mann surface of a two particle branch cut is two-sheeted, 

♦This is consistent with theterm in the Feynman's 
rules concerning the internal mass, so that the physical- 
region singularities are displaced out of the real 
physical region. Normal thresholds divide the physical 
into sectors. The " " prescription indicates how 
to analytically continue from one physical sector to 
next. As the path of analytic continuation along a 
physical sector meets a branch point, it goes above 
and around that branch point to reach the next physical 
sector. 
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one physical, the other unphysical.) The positioning 

of the cut and the " i€ M prescription allow to write 

(2-8) 

and 

^2-9) 

in the physical region with = 

"below the lowest physical threshold, i.e. is a 

boundary value of A^taken from above the "branch cut and 

\b is another boundary value of A^ taken from 

below the "branch cut. In other words,and Aa.b 

are boundary values of the same function. Chew calls 

17 
this property hermitian analyticity. *J 

Another equivalent statement of hermitian analyticity 

is that Atb is analytically continuable from above 

the real s axis along the path of "Hermitian analyticity", 

which encircles all threshold and other branch points 

counterclockwise, to give Ao,b on the other side of 

the real s axis. Proofs of this property have been 

given in perturbation theory, in potential theory and 

in S-matrix theory. in the last one, the proof 
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is based on the M it " prescription and the fact that 

stable particles have real masses (or equivalently, 

that stable particle-poles occur on the real s axis). 

Hermitian analyticity is a result of the extended 

unitarity relations. Thus proof of any of the extended 

unitarity relations will be similar to that of Hermitian 

analyticity. Incidentally, some authors define Her- 

mitian analyticity condition as A (S)=A(S ) in the 

complex s plane where A(S) is analytic.^8 That is 

actually a consequence from our definition and the 

application of Schwartz reflection principle.-*® One 

important consequence of Hermitian analyticity is that 

unitarity equations become formulae for discontinuities 

associated with normal threshold branch points, i.e. 

we can write (2-6) as 

J 2 c n 

For the case of elastic scattering, 

D/Sc[ Aab] = IM A<tb (2-11) 

.4 .+ 
in (2-10), since na.b~~ *'b<L 

(iv) landau Singularities. 

As was pointed out before, besides particle-reson- 



18 

ance poles and threshold branch points, unitarity generates 

other singularities. They are generally called landau 

singularities^*and can he distinguished from particle- 

poles and normal threshold branch points by the fact 

that their location depends on both energy and momentum 

transfer variables. A true particle-pole or threshold 

appears in only one channel invariant. 

(v) Crossing 

Besides the cuts associated with normal thresholds 

in the physical region of a given channel there are 

alio cuts due to crossing. let us first draw an analogy 

from non-relativistic potential scattering, where we 

find the existence of right hand and left hand cuts 
*0 SO—8? 

in an energy variable E. *J J The right hand cut 

in E , also called physical cut or unitary cut, is 

the same as the ones we have been discussing and, has 

its origin in the unitarity conditions. The left 

hand cut in E is also called a dynamic cut because it 

arises from the interaction due to the potential (see 

fig. 2-1). 

One important aspect of the non-relativistic lêft 

hand cut in E is that it is quite arbitrary. Its 

position, for example, depends on the range of the 

potential chosen. The magnitude of the discontuity 

increases with the strength of the potential. 
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This is not so in the relativistic case where 

s is used as the energy variable instead. It is true 

that the right hand cut in s still comes from the 

unitarity conditions. But, as for the left hand cut 

in s, unitarity is still the cause, due to the 

crossing relations which comes into effect when we 

17 20 12 
are in the relativistic regime. * Crossing 

requires the unitarity conditions to hold in t and 

u channels. The result is that we have cuts in both 

the t and u channels. And due to the relationship 

$ +£ + te + WJ (for a four-line connected 

part) the t cut will appear as the left hand cut in 

the s plane for fixed u. Similarly, the u cut will 

be the left hand e cut for fixed t. Thus the arbi¬ 

trariness of the left hand cut has disappeared and 

all the cuts now have an equivalent physical basis. 
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POLE DIAGRAM CONTRIBUTION TO 
S-CHANNEL 

s-channel 
pole 

t-channel 
pole 

u-channel 

pole 

R.H.C. 
(Unitarity 
or Physical 
cut) 

L.H.C. 
(Dynamic 
cut) 

y 

EXAMPLE 

t-channel 

pole 

u-channel 
pole 

Fig. 2-1 

A + $ - A + 3 Non- 
relativistic 
notation: 

from 
direct 
potential 

A, from 
exchange 

© potential 

The Contributions of Various Channel 
Singularities to the s-channel Amplitude. 



21 

CHAPTER III 

THE PARTIAL WAVE AMPLITUDES, 

REGGE POLES AND REGGE TRAJECTORIES 

(A) Partial-wave Amplitudes 

The "basic singularity structure in the connected 

part of the full wave scattering amplitude having 

been discussed, it will he nice to see how much of 

that singularity structure is carried over to the 

partial-wave amplitude. Another reason for looking 

into the particle-wave amplitudes is that much reward 

will come from the study of their limiting behavior, 

such as the threshold and asymptotic behavior and we 

confine ourselves to the four-line connected part 

A(a,t) with external spinless particles, and begin 

with the familiar partial wave projection as follows* 

A/s) =i{<11 ^A 7= o, i, 2,-■ ■( 3
-1 > 

The above equation can be inverted to give the full 

wave amplitude as an infinite sum of partial waves 

amplitudes 

A£,«Z,S] = ï.(»+0 A/»’ ( 3-2) 
T*o 

due to the orthoganality condition of pT(z) 

*Some authors introduce a constant factor to the 
right hand side of the equation to simplify the partial 
wave unitarity formul. 



(3-5) f'PjWPj.W^ 
-1 

We note that (3-2) cannot converge everywhere 

in z because p^(z) is an entire function for integral 

J. If we were to assume convergence everywhere, then 

A(s,t(z,s)) would not have the t and u singularities 

it acturally possesses. Nevertheless, it can be 

shown from analying the large J behavior of Aj(s) and 

Pj(z) that the series converges within an ellipse, 

S3 
called the Lehmann ellipse, which is defined in the 

comples z plane withz*ilas the foci and the nearest 

singularity, Zn , as the semi-major radius. 

(B) Froissart-Gribov Projection and Amplitude of 
Definite Signature. 

It is desired to analytically continue the 

partial wave amplitude, Aj(s) to the complex J-plane. 

But (3-1) is not a valid candidate for much continuation 

because it has bad asymptotic behavior in J and does 

not satisfy the required bound for the full wave 

amplitude. So Froissart and Gribov projection as a 

satisfactory candidate for such analytic continuation.J^ 

The Froissart-Gribov projection requires the 

existence of the Mandelstam representation for A(s,t).^ 
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Without going into the validity of this assumption*, 

we write out the Mandelstam’s double dispersion re¬ 

lation for A(s,t) as follows 

AM)* 
1T*JJ(S 

* (kMAtP'A 
iJJtt'-iKu'-ar 

where the double spectral functions, Afit , Atu , Agu , 

are real and intregrals are taken along the real axes 

over the regions where they are non-zero. 

We can, by defining single spectral functions 

and 

•nj (s'-s) 

W (s'-$) 

t fdu'AtuM 
*) (U'-tO 

. t fctt'Aj 
•*} <*'-<) 

(3-5) 

(3-6) 

*See Ref.33. The form given in (3-4) requires 
A(s,t) to go to zero as s and/or t to go to infinity 
in any direction in their respective complex plane. 
Subtractions are required if this asymptotic behavior 
is not realized and A(s,t) is power bound. The latter 
condition is essential in the Mandelstam representation. 
The subtractions (say N subtractions are needed) will 
not cause any trouble in getting the Froissart-Gribov 
projection if N is not bigger than J. This comes from 
the introduction of an additional term proportional 
tb 3dM"° and the property that 

if n<T ^ Possible pole terms are negl'ected in 
(3-4). Their presence will result in the Froissart- 
Gribov projection additional terms which are simple 
and proportional to Qj(z). 
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write (3-4) as 

A,« _ / fdi'Atfc*) | t f du! A$& (3.7) AC^) ;rj (t'—t) 7rj (juJ-u.) 

Prom the t-plane singularities at fixed s, and 

the relationships with t and z with u, e.g. fcssi+jL-s-n+itj 
Jfr* \ *%! 

for the equal mass four-line case, we can deduce thé 

singularity structure of A(s,t(z)) in the z plane at 

fixed s. We see that right hand singularities at 

z >1 in the z plane correspond to t-channel singulari¬ 

ties and that the left hand singularities at z< -1 

correspond to u-channel singularities. Thus the right 

hand and left hand singularities in the z-plane are 

represented by the first and second integrals in 

(2-18) respectively. We will come back to this point 

when we discuss signature in amplitudes. 

Keeping the relationship between z and t (and 

z and u) in mind we can change variables of integration 

in (2-18) 

A(s t) _ I fdz'AtC^) jfdz A ( 3_g) 
(Z'-Z) + (*-*> 

z„ *2*o 

where zQ is min(z(s,to),z(s,u0)), tQ and uQ being 

the lowest branch point values in their respective 
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channels. 

Putting (3-8) hack into (3-1) and, using 

Neumann's formula 

T-o,..l,...<3-9> 

plus the property that 

a/-z) =(-if*‘(ajz) T=i,2,... (3-io) 

we get 

aft) '(*’>) ( 3- 11) 

The first term in (3-11) is well behaved for 

large J because Qj(z), as opposed to Pj(z) in (3-1) 

is well behaved. But the (-1)** factor of the second 

term in (3-11) causes trouble. Its analytic continuation 

is exp(tirX), which blows up exponentially with increase 

in Im J and which terefore does not satisfy the 

conditions for Carlson's theorem^'^  this 

theorem is very important in determining if the analy¬ 

tic continuation is unique. 

In order to remedy this situation, even and odd J 
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values of Aj(s) are separated into partial wave 

amplitudes of definite signature ±i . Two amplitudes 

are defined; 

- AiSS' ^ (3-12) 

each of which has the good asymptotic behavior in J 

required. Thus (3-12) called the Froissart-Gribov 

projection is valid for analytic continuation. 

A» and are called partial wave amplitudes 

of definite signature, signature being the name 

given to the label -*. (This label is not to be con¬ 

fused to those we had before coming from the bubble 

diagram notation having to do with connected parts 

and their hermitian conjugates.) 

From the above definition, we find that 

Aj =Aj 

Af = Aj- 

•^OY 0" s •• • 

•for J« 1,3,*,.* • 
(3-13) 

*An equivalent approach to this problem,^® 
though not as obvious as the one used, is to first 
define full wave amplitudeswhere 
A
R and A"0 represent the right and left hand singu¬ 
larities in z-plane respectively discussed_ on p,1+ 
It can be shown that A<*A>=-i [A+ feta))+Aft,<HO)+PCfotCVj-Atestt'H) 
Thus the even part of A+(s,t) in z is equal to the 
even part of A(s,t) in z, while the odd part of 
A“(s,t) in z is equal to the odd part of A(s,t) in z. 
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demonsttrating the separating of the even and odd J 

values. This has important consequences which we 

shall come to later. 
-t 

Using Aÿs> , the amplitude of definite signature 
± 

AiCtAùS) then defined by the equation 

•I» Do ^ 

= (3-14) 
T*o 

which can be inverted to give 

y\4«> »-L| (3-15) 
J 2. J 

-I 

(compare (3-1) and (3-2). 

(C) Singularities of the Partial Wave Amplitudes. 

(3-12) and (3-15) can be combined into a single 

expression 

A *Cs> =- 'rr f ^ A (>M^>) (3-16) 
* XTT A J 

C, 0+Cx 

where c^ and Cg are contours in the z plane, c^ 

being the contour anticlockwise around the branch 

cut from z=-1 to z=+1, and Cg being the contour 

going clockwise around the branch cut from z-zQ to 

infinity. The former cut is due to Qj(z), the dis¬ 

continuity of which is 
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L * * ^ (3-17) 

= 0 Z»<-l «»• Z.>l 

The latter cut is due to A*(s,t), the discontinuity 

of Which is =■ . /?<*& 

has only a right hand cut. (see Fig.3-1) This is more 

u A f*. 

Fig.3-1. The contours C. and c?, 
corresponding to (3-16). d 

obvious from the foot note bn 

Having obtained (3-16), we are ready to examine 

the singularities of the partial-wave amplitudes. First 

of all, we see from (3-16) that Aj&) has the same 

normal threshold branch cut is s as in /iki/t) extending 

along the positive real s axis to infinity. Particle- 

resonance-poles in also occur in if the 

corresponding particle have spins equal to J. An 

these constitute to the right hand singularities. 

There are also left hand singularities in s which 

originate from the singularities (including all poles 

and branch points) of the t and u-channels pinching 

the contour against the branch points of Qj(z) at z=tl . 
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The general result is that as t-channel singularity 

of A tejt) at t& will give a branch point in A?#) at 

s corresponding to z=ll and t=t_, usually there are 
<X 

four such corresponding positions of s, one at s=o, 

one at s=ao and two more* The first two are usually 

connected to give one cut, and the last two a short 

cut. ^ 

We note from (2-17) that (3-16) is valid for 

integral J only. In order to validate (3-17) for 

non-integral J, a change has to be made on the de¬ 

finition of contour c^ in (3-16). As shown in (3-17), 

Im (Qj(z))«0 for integral J in the region Jz>l 

But when we go to non-integral J, Im(Qj(z)) is equal 

to sin*TJQj(-z) for z <-1 and zero for z>1. Thus 

contour c^ has to enclose anti-clockwise together the 

two cuts, one going from z=-eo to z=-1 and the other 

z=—1 to z=1. This extra cut, z=-oo to z=-1, can be 

removed if we have used the reduced partial amplitude 

&5(s)s Ar& is also free ©f kinematic 

zeros and branch points which nj&J may have besides 

the above dynamical singularities. 

The discontinuity (unitarity) equations for the 

partial amplitude is similar to that of the full 

amplitude because partial wave projection keeps s fixed. 

But it is also simpler because during projection, the 

angular integration present in the full amplitude 
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equation is removed. Usually the reduced partial 

amplitudes are used in the partial wave unitarity 

equation because they are both simplify the equation 

and are free of the kinematic zeros. 

(D) Asymptotic Behavior. 

We have mentioned that it will be rewarding to 

study the asymptotic behavior of the partial wave 

40 
amplitudes. This can be discussed in three cases: 

(1) threshold limit, (2) large J limit, and (3) Fro¬ 

issart bound. last case is largely a conse¬ 

quence of the second one. 

By the threshold limit, we mean the condition 

that s —*■ s& or s —> s^ (in other words q^->o or 

q^—o). At either limit we find that z-»«» be- 
D -I 

csuse z fZjJcwlfaM where f(s,t) is well be¬ 

haved iif"sS&round threshold. Since QT(z)   « 
, * . \ d Z-»oo 

z-W+i/ ^ we that if the Froissart-Gribov pro¬ 

jection is assumed to hold, then the threshold be¬ 

havior of Aj(s), as a result of equation (3-12), is 

changed the variable of integration in equation (3-12) 

from z to t.) 

(A factor of |qa(s) ^(sjQ came in when we 
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For large J, Qj(z) behaves as follows 

e 
-Cx+-£) £ (*) 

(3-19) 
T-»*® fx 

where 

Again, assuming the Froissart-Gribov equation, 

it can be shown that for physical values of s, 

where f(s) is some function of s, and zQ, corresponding 

to the nearest t or u singularity, is larger than one. 

Thus we see that the asymptotic behavior of partial 

amplitudes in J is controlled by the nearest t or u 

singularities. These singularities from the notion 

of interaction range, are thus characterized as long 

range forces, whereas the distant singularities are 

characterized as short range forces. If the long 

range forces play the most significant part in an 

interaction, then the interaction is described as 

peripheral. 

In assuming the validity of the Froissart-Gribov 

projection, we are actually assuming a power bound 

on which is essential in the definition of the 

± -T £(&.) (3-20) 

Mandelstam representation. Froissart has shown that 

under the assumption of such a bound and unitarity it 
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is possible to impose a limit on the high energy behavior 
£ 

Of A (S/t> such that 

< (Ctn<hvd) s JUÿS ( 3-21 ) 

This is called the Froissart bound. If we neglect the 

logarithmic factor, we can write 

A(S,i> = 0 (*"“’) 

udk Nth 4 I * 

Crossing forces similar results in other channel in¬ 

variants. 

As was pointed out on p.2£ , the Froissart-Gribov 

projection can be used to analytically continue Aj ^ 

into the complex J plane.** We write Ajfe)as A &T) 
to illustrate its functional dependence in J. 

The Froissart bound certainly does not tell us 

the asymptotic behavior for in s for t y 0. But 

it can be shown that the exchange of a particle of spin 

J and mass m will give a contribution to the scattering 

♦Recent experiments indicate that the logarithmic 
term in (3-21) may be important. 

♦♦This, of course, is subject to the validity of 
the Froissart-Gribov projection. Also, from the result 
of the Froissart bound, N^1 for s^O, ^e have used 
the Froissart bound for large t, if any, are in z(or t). 
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amplitude of the form 

A%*> - 
C6 -*i*^ 

(3-23) 

where g is the coupling constant, and z(=cosfy ) 

corresponds to scattering anglein the t-channel and 

20 21 
has a value proportional to s if t is kept fixed. ' 

Thus (3-24) has the asymptotic behavior. 

—— s* 

o* A/«> = J 
OO (3-24) 

which violates the Froissart bound if J is larger than 

one. So, we have the different asymptotic behaviors; 

N(t)^1 for t<0 and N(t)=J for ta m^ if the particle 

exchanged as mass m and spin J. This dependence on 

t in N(t) has important cosequences. 

(E) Sommerfeld-Watson Transformation and Regge Poles. 

Regge demonstrated in potential theory that this 

kind of asymptotic behavior of the scattering amplitude 

can be explained by what has been called Regge 

pèles. * * J The investigation was done by means 

of a Sommerfeld-Watson transformation.^ The trans¬ 

formation was performed on the partial wave expansion, 

(3-14), and is discussed in what follows. 
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As we have mentioned on pAX , the partial wave 

expansion has a region of concergence for z limited 

to the Lehmann ellipse, and thus a limited range of 

validity in t. In order to investigage the asymptotic 

behavior of âW > it is necessary to obtain a repre¬ 

sentation for the scattering amplitude, which is valid 

in the entire t-plane. This is one place where the 

analytic continuation of Aj(s) into A(s,J) in the com¬ 

plex J-plane becomes useful. And we assume that this 

continuation is valid in the entire right hand J plane, 

even in the region to the left of N except for isolated 

singularities, (see the footnote on P.2.3.) This 

assumption is essentially the principle of maximal 

analyticity of the second kind. 

We replace the sum over J in (3-14) by a contour 

integral over the path c in Fig.(3-2), 

A**-* = 

i 
rfTfta.oAwifr'w*) 

Sin ITT (3-25) 

C0>Hj»fex T-p-k**. 

-f '(( f * Jt 1 ** 1 « * 

l  
   

Fig. 3-2. Conto IT of intergration, c, in 
complex angular momentum plane with singularity 
of Afof) denoted by a. 

The contour c^ is drawn such that any singularities 

of A (*/*> are avoided, (see diagram for example.) 

The factors (2J+1) and Pj(-z) have no singularities 
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at finite J. So that the integrand has only poles when 

J=n , a positive integer, in which case 

=   (3-26) 

T ^ (r'f n (T-n) TT CT- *0 
h* 0} l,2,« * * 

which, together with the application of Cauchy's 

Theorem andtthe fact that contour c taken anti-clockwise 

introduces a minus sign, shows that (3-25) is equivalent 

to (3-14). 

The contour c can be displaced to c^ as shown in 

Fig. 3-3. 

Fig. 3-3. The new contour c1 with contours 
c2,c, around poles. A cut is present in this 
exâmple. 

Then the contour integral over c may be replaced by a 

sum consisting of a contour integral over c^ and those 

over c2 and c^ arising from the pole singularities of 

In relativistic scattering, there may 

also be branch points of present in the com- 
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107 plex J-plane. w' They are drawn with their cuts running 

to the left as in the diagram. (3-25) becomes 

£ £ 

fat)a » » <tTftT+oA*fo,rt<Sfrfc) 7 ir3<(&+iA6yJZ*(~$ 
ilj Si*\ Try tp,Ui s(v%7rc(*(*) 
•X.M » 

<£J(*T4»)A ^/TTT^-Z) 

SIK 7r T 
(3-27) 

where o^.gj) and are the positions and re¬ 

sidues of the poles in A(sity , and we have left out 

the terms involving an integral around a semi-circle 

at infinite because the integrand |^*$1 ^ 
0 

as |Jl —•foir/Re'3‘>““Jr The reason for choosing the 

vertical line in contour c1 to have is to 
2* 

minimize the contribution of the first integral in 

(3-27) called the "background integral"/ ka%-*0Q , 

we have 

<£ 1*^ | 

1^(aO (X 2» -► t Zi as Tx-^oo ( 3-28) 

where a, b are functions of ©(. only. Asymptotically, 

the first or the second term will dominate depending 

on whether 7k is bigger or smalller than -i. As 

we have chosen ReJ=£ in the background integral, this 

integral vanishes as z~^ as z—, leaving a sum of 

pole and cut contributions. These poles and cuts are 

called Regge poles and Regge cuts respectively. Through- 
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out our subsequent discussion, we shall refer to Regge 

poles only because many simple models do not give Regge 

cuts. Regge cuts occur when many-particle channels 

are considered and is thus most likely absent in the 

physical region we are interested in. 

We noted that in the asymptotic z limit, the back¬ 

ground integral vanishes. Furthermore, we observe 

from (3-27) that in such a limit, the pole with the 

largest value of Ue °L(s) will be the dominating term. 

If we denote the rightmost pole in the J-plane by 

then the asymptotic behavior of A(S/*> will be 

(3-29) 

Because of this property, is usually called the 

leading Regge pole. By using (3-29), Regge poles, 

especially the leading one, can be shown to be very 

important in high-energy scattering because z is 

proportional to the t-channel invariant t. Experiment¬ 

ally, the forward diffraction peak at high energies 

is found to have an exponential shape. One of the 

successes of Regge pole theory is that it gives such 

a shape by the use of (3-29) and predicts that the 

width of the diffraction peak decreases with increasing 

energy (as log s). 

Besides its importance in high energy scattering 

(t-channel), Regge poles also have important physical 
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significance in the s-channel, They give rise to poles 

of A±(s,t) at values of s such that = integer 

"because of the factor sinfroL &) in (3-28), which goes 

to zero as 0L fc)-»integer. As the notation suggests, 

Regge poles are functions of s and are thus moving poles 

on the J-plane. Any Regge poles occuring in the region 

to the right of ReJ=1 on the J-plane when s > 0 will 

have to move out of that region as s-> 0 because of 

the Froissart bound which allows no singularities in 

the J-plane for ReJ > 1, when s$0. Thus, as s is 

varied, the position of a Regge pole traces out a 

path, •(.(*) , in the J-plane. This path, *4(s) is called 

the Regge trajectory. 

We want to find the contribution of a Regge pole 

to the physical amplitude, To do that, we go to the 

equation given in the foot-note under p.2£ , which re¬ 

lates the physical amplitude to the amplitudes with 

definite signatures. Together with (3-27), we find 

Aft*»— (3.30) 
2 s<V> 7r*rOO 

where the + or - sign is taken depending on whether 

the Regge pole comes in from the amplitude of even or 

odd signature, A (*>£> ^20,40 £ecause 0f the factor 

f&w ±'5*(^)J in (3-30), Regge poles of even (odd) 

signature can contribute only to even (odd) partial 
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•A 

waves and thus to A(s,t) when JL = even integer ( J, 

=odd integer). 

Putting (3-30) into equation (1), and using the 

formula 

<=->■> 
T * 

we get 

A& 
■ < i t(-oT) •*•') 
1 (J^co -iX^M+T +' ) (3-32) 

Now, the discussion following (3-32) "becomes more 

*7 
apparent from the factor ( 11 (-o ; in (>3-32), which 

ià called the signature factor. In some equations, 

the signature factor may appear as f / ± 0 J 

We can now relate Regge poles with bound states 

or resonances. We have explained that will 

have a pble at sR when »4(s*> ®T , an integer. For 
± 

s close to sp , o4,&)may be expanded as, 
+ ±' + 

(s) = T + (*-$0+ * • * • + <Vx(Sn) 
where (3-33) 
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Putting (3-33) into (3-32), we get for a close to sR, 

the Regge pole contribution to the partial wave is 

(3-34) 

This corresponds to a Breit-Wigner resonance with mass 
l *p 

equal to sR and width | «, * "by comparing 

with the standard Breit-Wigner formula in terms of 

s.m. energy, E(=J? ). We mention here that ©^($0 —O 

for sR lying below the lowest threshold. This means 

that for such values of sR, (3-34) will represent a 

bound state or particle pole instead; 

(P) Regge Trajectories. 

Many of the properties of (£) and^5”<ÿ) are known 
co CC 

and proved in potential theory.3 * On the other 

hand in relativistic scattering, only some of these 

properties can be proved, so, many of the remaining 

have to be handled on a conjectural basis in order to 

allow further investigation. 
à i 

The Regge trajectory dc$ and the residue &) 

can be shown to be real analytic functions in the 

s-plane with a cut going from the lowest threshold to 

A A 
infinity. Thus o^OO»o and^j<*)»0 for s below the 

threshold as we mentioned above. o^jCS) ^0 has been 

proved everywhere in potential theory. This is 
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shown only in a region just above threshold in the 

relativistic case and it is believed to hold everywhere 

because, from the extended unitarity relation for partial 

wave amplitudes, a Regge trajectory cannot cross the 

real J axis for physical s unless /&<$) vanish at the 

crossing point. The fact that can be factorized 

into a product of coupling constants is another 

important property that has not been proved completely. 

Pig.3-4 gives some idea what the typical Regge 

trajectory looks like for a Yukawa potential. Only 

•fio is shown. But pwill be similar. So the 

following discussion will refer to both J?CS) and©(*fo) 

In Pig.5-4(a), the trajectory is shown in the J 

plane as function of s. Pig.3-4(b) is called a Chew- 

Prautshi plot, and shows how a can be separated into 

regions in connection with the real part of the Regge 

trajectories. We have discussed all the regions 

except the part of the curve at large s with •Les) <» ■ 

The latter region corresponds to a falling phase shift 
* 

and will not produce resonances. This can be seen by 
£ 

observing that J* becomes negative, since (s) 

is believed to be positive everywhere for a above 

threshold. 
±' 

Unfortunately, for a Yukawa potential, oV*> 

*Wigner has shown that phase shift falling through 
i'ïrwill not give rise to resonance peak.°° The same is 
shown using S-raatrix theory.70 
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■becomes negative very soon. Thus the Regge trajectory 

generally has only one associated particle at most. 

Fig. 3-4(c) shows that is positive everywhere ex- 

71 
cept for s<sQ and S=PO 

For relativistic scattering, there are indications 

that Regge trajectories look very different from 

Fig.3-41“7,67,68,72,73 Fig.3-5 is a Chew-Frantschi 

plot for the relativistic case and is a straight line 

going up to very high energies. For all we know, Regge 

Trajectories may he straight lines, running from s=-n* 

to s= o® . Thus the name, (infinitely) rising trajectories, 

is associated. This also implies that associated with 

each trajectory there is a family of particles, whose 

number may be infinite. 

Particles within a family will have the same quan¬ 

tum numbers except spin. In the latter case, two 

consecutive members of the family will differ in spin 

by two due to existence of signature, which has become 

an additional quantum number (labelled as ) in Regge 

theory. As noted in Fig.3-5» the slope of the Chew- 

Frautschi plot is generally close to 1(Gev.) be¬ 

cause it can be related to the interaction range which 

-13 
is approximately 10 cm. This has good agreement with 

experimental results. 
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(a) 

(b) 

Fig. 3-4. The behavior of a typical Regge trajectory 
(with odd signature) for a Yukawa potential, (with 
two associated particles, a bound state and a resonance) 
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slope 5r / (érev) 

t 
$«cKA***t 

\r«ohft.wce fejiov) 

^ fcttttewn^ y'Cateti **3,,v* 

Fig. 3-5. Chew-Frautschi Plot for the Relativistic 
Case: A Rising Regge Trajectory with Even Signature, 

(G) In the Presence of Spin. 

Before, we show some Regge trajectories for known 

particles, a comment is appropriate here. We note that, 

so far, we have "been discussing spin zero scattering, 

for example1r-Tf scattering. When spin is present in 

the scattering particles, a case which is especially 

important when we are constructing baryon Regge 

trajectories, a number of problems come in. But in¬ 

spite those problems, it is still possible to define 

a Froissart-Gribov projection in which the concept of 

signature again arises, and to obtain a Sommerfeld- 

Watson transformation in the complex J plane such 

that the concept of Regge poles and Regge trajectories, 
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which have the same essential characteristic as in the 

spin zero scattering case, again emerges. Instead of 

going through the developement for the scattering of 

particles with spin, which will he similar to the spin 

zero scattering case, we are going to mention some 

of the problems involved and to highlight some re¬ 

sulting differences. 

To begin with, instead of just one function A(s,t) 

which simulataneouslydescribes the reactions in s, t, 

and u channels demanded by crossing in the spin zero 

case, we have in the spin case, more than one ampli¬ 

tudes, which can be invariant amplitudes, or helicity 

amplitudes or canonical amplitudes, etc, and crossing 

symmetry will result in a crossing matrix connecting 

those amplitudes. 

If we work with the helicity amplitude Ac^ t) 

where a,b,c,d indicate the helicity of the various part 

icles introduced by Jacob and Wick,*^*^*^ we will 

find that there are kinematic singularities in t at 

the physical region boundary. They are removed by de¬ 

fining new amplitudes from helicity amplitudes in 

order to use the Mandelstam representation. After that 

the Mextended,,Froissart-Gribov projection can be ob¬ 

tained. In doing so, we note that the equation cor- 

responding to (3-2) involves the functions 
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(see for example-Edmonds (I960) and Rose (1957) for 

definition and properties)"^*instead of Pz(z), 

And, as a result, the extended Froissart-Gribov pro¬ 
s’ . 

jection involves é? (the second kind function of 
*T ** rjrj 

first introduced by Andrews and Gunson (1964)'') 

instead of Qj(z) (the second kind function of Pj(z)). 

There are also a factor (-1)^ appearing in the process 

necessitating the definition of amplitudes with de¬ 

finite signature. It is also necessary to define 

amplitudes of definite parity in view of the fact that 

physical particles, with which Regge poles associate , 

have definite parities. Then, a Sommerfeld-Watson 

transform will lead to Regge pole contributions as in 

the middle term of (3-27) except the factor is 

now replaced by <3-z) , which is combination of 

functions JL.<0> and is associated with the amplitudes 

of definite signature T , and definite parity y . 

In addition to the Regge pole contribution to the 

scattering amplitude, there is also a background in¬ 

tegral and possibly cuts giving contribution as in the 

spin zero case. Furthermore, there are extra contributions 

coming from summation of sense-nonsense and nonsense- 

77 
nonsense values of J. They are there because in the 

original particle wave expansion for the helicity 

amplitude ACd>a-b(s>t) 
t^ie lowest J value summed is 

M=Max (Ayi* ) (A-O^-b } - O-JL ). So, in the process 
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of deforming the contour to the one as in Pig.3-3» we 

pick up singularities at J=0 or positive integers less 

than M (sense-nonsense and nonsense-nonsense particle 

amplitude contributions) which have to subtracted out 

in the final result. 

(H) Examples of Regge Trajectories. 

In Fig.3-6 and Pig.3-7» some meson and baryon Regge 

trajedtories are drawn. We have put in Pig.3-6 a 

hypothetical trajectory, called the Pomeranchon 

trajectory, which has the quantum numbers of the 

vacuum. The Pomeranchon, P, is supposed to have 

great significance in high energy diffraction scat¬ 

tering, but its trajectory does not seem to have 

any particles associated with it. The f(1260) which 

has same quantum number as P was once thought to be 

on the Pomeranchon trajectory until it was found that 

the trajectory associated with f(1260), P', has 

and not equal to one as would be the 

case if it lies on the Pomeranchon trajectory. We 

note that we get a 0 (notation J ) state on the P’ 

trajectory on when we extrapolate it to the negative s 

axis. Such a state does not correspond to a physical 

particle and is called a Mghost state". The other 

♦Data for Pig.3-6 and Pig.3-7 are obtained from 
A.H. Rosenfeld et al.:,» Review of Particle Properties, 
Particle Data Group. (1973)' 
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two trajectories besides P and P’ areals 1, G=-) 

and (1=1, G=+) trajectories where I represents the 

isotopic spin and G the "G parity"/ Regge occur¬ 

ences with well determined quantum numbers are drawn 

with solid dots. The hollow dots represent particles 

with known I but wither spin or parity (or both) 

undetermined. 

Some baryon trajectories are shown in Fig.3-7. 
7.1 

For baryons, the signature is defined by '£:»£-*) , 

and the subscripts eJyS,Y, S are used to denote the 

four different sets of states according to their spin 

(J) and parity (P).* The Regge trajectoies shown on 

Fig. 3-8 are ; The nucleon trajectory (,/) , the^trajectory 

, the trajectory (tf) and & trajectory (£) . 

We note that all the trajectories have slopes 

equal to 1 Gev approximately as expected. We also 

see that we have more known occurences on the baryon 

trajectories than on the meson trajectories. This is 

because baryon states (for example Y=1) have been 

observed in formation reactions such as TT-f A/—N , 

whereas meson states have mostly been observed in 

production reactions such as7T+K/-*tf+anything. It is 

easier to determine quantum numbers of states coming 

from formation reactions than from production reactions. 

* stands for P=even, =even states, /3 for P= odd, 
*ÎT=even states, Y for P=odd, T =odd states, and £ for 
P=even, =odd states. ° 
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Nevertheless, there are indications, such asFig. 3-8 

there is a large number of mesons whose spins increase 

with mass. 

Incidentally Fig.3-8 is a good example of signature 

degeneracy, in which case Regge trajectories of the same 

quantum numbers but opposite signatures coincide. 
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CHAPTER IV 

THE HADRON BOOTSTRAP HYPOTHESIS. 

(A) The General Idea. 

Together, the principle of maximal analyticity 

of the first kind and the principle maximal analyticity 

of the second kind form a basis for a dynamical S-matrix 

theory. In fact, they present a self-considering con¬ 

dition, which suggests the "Bootstrap” concept. 

As pointed out before, the principle of maximal 

analyticity of the first kind requires that once par¬ 

ticle poles are given then all the singularities of the 

connected parts can be determined through the use of 

the unitarity equations (the Cutkosky rules). It can be 

shown, in the case of a four-line connected part, that 

it is possible to determine the double spectral function 

in the Mandelstam representation from a knowledge of the 

particle poles.But there is an undetermined number 

of arbitrary substractions. By using the Proissart 

bound, we can limit the maximum number of possible sub- 

tractions to two (for negative s)*. These, if present, 

will contribute only to J=0 and J=1 partial waves. 

Thus, these arbitrary subtractions actually correspord 

to Kronecker deltas (not Regge poles) in the J-planef 

But, by postulating the principle of maximal 

*Efforts have been made with partial success to 
prove the Froissart bound for all s. 
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the Bootstrap hypothesis, all particles are dynamical. 

And they are composite of each other with binding forces 

coming from the exchange of the particles themselves. 

(The word Bootstrap is taken from the phrase "to pull 

oneself up by ones own bootstraps".) 

The ideal that all strongly interacting particles 

have the same footing, i.e. they are all composites , 

is very appealing, especially when we are confronted 

with the huge number of experimentally observed part¬ 

icles, which continues to increase rapidly. At the 

present time, it is an impossible tafek in deciding if 

each particle is elementary or composite. A certain 

group of particles may be called elementary, but the 

choice is usually quite arbitrary and is usually made 

from the fact that those particles have been known for 

a 4$ng time, (Incidentalyy, the quark model is an 

example of the other extreme where the elementary 

particles in the theory are not yet found.) 

The bootstrap idea as was given above is only 

philosophical and is ijpossible to be tested. This 

is because a complete bootstrap calculation involves 

the solution of an infinite number of integral equations 

which are non-linear, singular and coupled to each other. 

Thus the word bootstrap has taken on slightly 

*G.F. Chew uses the term "nuclear democracy", 
which originated from Gell-Mann, to describe this 
hypothesis that all strongly interacting particles are 
composities. 
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analyticity of the second kind, which requires that the 

low partial wave amplitudes can he obtained by analytic 

continuation from the hifeh partial wave amplitudes, we 

have eliminated those undetermined subtractions, since 

the Kronecker deltas are not analytically continuable. 

And, since the high partial amplitudes are completely 

determined by the double spectrsl function, the low 

partial wave amplitudes are also ^provided the prin¬ 

ciple of maximal analyticity of the second kind is 

accepted. 

Thus we have a self-consistency situation. Double 

spectral functions are dètermined by given particle 

poles because of the principle of maximal analyticity 

of the first kind. On the other hand, particle poles 

are determined by the double spectral functions be¬ 

cause of the principle of maximal analyticity of the 

second kind. 

Prom the above observations come the Bootstrap 

Hypothesis which says that particles (hadrons) in nature 

form the only set of particles consistent with the two 
* 

principles in discussion. And since Kronecker deltas, 

corresponding to particles with arbitrary spin, mass 

and coupling constant i.e. corresponding to elementary 

particles, are excluded, all particle poles are Regge 

poles-corresponding to dynamical .'particles. So under 

♦Prom now on, the word particle refers to hadrons 
only. Since bootstrap principle does not apply to 
lepton and photons. 
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different meanings with various degrees of practical 

calculations. The first meaning is the general theor¬ 

etical idea which maintains that all particles are 

composites with binding forces coming from exchange 

of particles which must be themselves composites. We 

call this the complete bootstrap idea. Then, bootstap 

also refers to practical calculations in which we focus 

on a subset of the particles in nature and hopefully 

show that subset is (approximately). self-consistent. 

This can be calleda partial bootstrap. In general, a 

person doing a partial bootstrap calculation will 

assume the bootstrap idea on the outset and try to 

obtain quantitative results for the masses and coupling 

constants of the particles involved in tie subset he is 

working with. These quantitative results are then 

compared with the experimental values as a test of the 

partial bootstrap. In doing such a bootstrap calculation, 

intuition is needed to pick a subset of particles in 

nature such that the L subset of integral equations in¬ 

volved are (hopefully) sufficiently decoupled from the 

rest in the set, so that a meaningful partial bootstrap 

can be performed. Ingenuity is needed in employing 

approximation to solve the subset of coupled integral 

equations in order to obtain quantitative results. The 

approximations are usually so rough (and are often based 

on intuition) that one is not sure whether it is the 
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bootstrap idea that is being tested. But in practice, 

people tend to be optimistic and ignores such concerns, 

so quantitative results which only very roughly agree 

with experimental data are deemed acceptable in sup¬ 

porting the bootstrap idea, hoping that better agreement 

will be possible through "improved" approximations. 

Because of the above mentioned uncertainties, a 

cautious person would be satisfied with qualitative 

informations obtainable from a partial bootstrap with¬ 

out forcing quantitative results by the use of quest¬ 

ionable approximations. 

(B) The N/D Equations. 

The most common method employed in bootstrap 

calculations is the N/D method. * Many compared 

its importance to that of the Schroedinger equation 

in non-relativistic quantum mechanics. The N/D method 

is formulated to embrace both unitarity and analyticity 

which are then guaranteed even if approximations are 

used in the calculation of the scattering amplitude. 

The N/D method also linearizes the non-linear integral 

equation due to unitarity and gives two coupled linear 

integral equations instead. 

Again, we work in the spin-zero case for simplicity. 

We write a dispersion relation for the reduced partial 

wave amplitude first given on p. zl 
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as 

(i.4 
ir J (s'-*) 

IH.C. 

+ 
i fUs’ 

7r J (j-s) (4-1) 
K.W.C. 

where we note that from its definition has a left 

hand cut and a right hand cut, the latter goes from 

sQito infinity. We use the reduced partial wave 

amplitude instead of the usual partial wave amplitude 

A* 
because of the threshold behavior of ment¬ 

ioned on p.3o (5-18). The kinematic zeros involved in 

the threshold limit may be shown to correspond to 

branch points for odd partial waves when s^s^ . In 

that case, a dispersion relation for Ag(s) such as (4-1) 

is not valid. 

As was pointed out before, the discontinuity of 

the right hand cut of A (s) can be calculated using 

unitarity relations, The same can be done for Bj(s). 

And the elastic unitarity condition for Bj(s) is 

s0<s<
sx (4-2) 

ITM 

where and sT is the lowest inelastic 
/T 

effects (or Sj-**» ), then we can put (4-2) into (4-1) 

and get 

**<s Vj—^T> * IT J («'-.) u_3) 
X.H.C. 
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(4-3) illustrates what we meant when we said that 

unitarity introduces non-linearity into the integral 
* 

equation for w 

To linearize the above equation by the N/D method, 

we decompose into 

Nt& 
2>7CS) (4-4) 

where Nj(s) has only the left hand cut and Dj(s) has 

only the right hand cut of BL(S) . * We will further 
«J 

put restrictions on Nj(s) and Dj(s) such that Nj(s) 

does not have any poles and Dj(s) is asymptotically 

equal to a constant as s-*co . This is possible 

because we can multiply both Nj(s) and Dj(s) by any- 

factor without changing 3ij(s). 

Since Ar<” is real on the real s axis in the 

region between sQ and the beginning of the left 

hand cut, we thus have the same phrase for both Nj(s) 

and Dj(s) in that region. If we choose them to be 

real in that region, then they are both hermitian 

analytic. 

Prom the definition in (4-4) 

Jm /VT(S) = S<SL (4.5) 

♦That the decomposition is possible is to be 
demonstrated by explicit construction of NT(s) and 

Vs)* 
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where s^ is the beginning of the left hand cut of and 

Try, Tits) « WT« (4-6) 

By using the elastic unitarity condition, (4-2), the 

above becomes 

(4-7) 

Now, we can write dispersion relations for Nj(s) 

and Dj(s). The asymptotic behavior of Dj(s) is already 

known. That of NT(s) is NT(S)<-N»^ O because 
« « f-»M «(/t) 

Dj(s). and BT(S) - The 

latter result is true because from appendix A, 

where is the number of poles that Dj(s) has. Using 

Ate> 

, we get 

, ? 0^)1^', d.i 
(4-8a) 

—Oo 

2 ~ *Tr 1 
(4-8b) 

where the normalization for Dj(S)=1 has been used. 

( S $ where Dj(s) is real and s is usually taken 

to be s„). And it is assumed that there is no C.D.D.®^ 

poles, i.e. no pole terms of Dj(s) (see Appendix A). 

Here it is sufficient to note that CDD poles introduces 

into the partial wave amplitudes elementary particles 
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with arbitrary spin, mass and coupling constant, i.e. 

ODD poles corresponds to the Kronecker deltas in the 

J-plane for the scattering amplitude and are thus 

ruled out by the principle of maximal analyticity of 

the second kind. 

We have written the dispersion relation of Dj(s) 

with one subtraction. Another frequently used normali- 

zatopm fpr Dj(s) is Dj(o» )=1 , in which case no sub¬ 

traction is required in writing the dispersion relation. 

Thus we have obtained a pair of coupled linear 

integral equations through the N/D method. By sub¬ 

stitution one into the other, we can obtain a Fredholm 

type integral equation which can be solved if the 

84 
kernel is square integrable. 

But in practice, it is more convenient to deal 

with another Fredholm type integral equation obtained 

by considering the function where 

We have, on the left hand cut 

(4-10) 

Thus the function has no left hand cut. On the right 
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hand cut, 

= - 3Te)I«^o or. 

writing out the dispersion relation for 

and using (4-10) and (4-11), we obtain 

I ( & 
ITJ (^-s) 

(4-12) 

This now replaces (4-8a). Substituting (4-8b) into 

(4-12), we get 

(4-13a) 

where (4-7) was used. Rewriting (4-8b) again, 

- I - <s-J> (4-13b) 
ir J («-«(s'"*) 

* 

Providing that the kernel of (4-13a) is square integrable, 

one can solve for Nj(s). The solution can then be put into 

(4-13b) to solve for Dj(s). (4-13) are called the N/D 

equations (also (4-18)). And it is thus demonstrated 

that N/D equations are capable of giving solutions for 

N/D equations gives rise to particle poles (bound 

state and resonances) very simply. We note that the 
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poles of come only form simple zeros of Dj(s), 

since Nj(s) does not have poles. If we analytically 

continue (4-13) and solve it for complex J values, then 

a Regge trajectory can he obtained implicity 

from the following equation 

(4-14) 
oL*&) 

± 
As was mentioned before when, at s=sR , oUS0~7 

then the Regge pole will correspond to physical particles 

provided the signature is correct. We can expand Dj(s) 

close to that pole to see how gw behaves at s ~sR . 

There are two ways of doing the expansion : one is to 

expand Dj(s) about J= and the other is to ex¬ 

pand Dj(s) about s=sR . 

The first expansion (about 3**o^*s*) ) gives 

Thus, using (4-4) and (4-14), we get 

(4-15) 

jÇts) it 
IJAS.) 

Where the residue of 3^(1) 

reduced residue) is equal to 

SsrS* (4-16) 

iTfk} (called the 
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2^ (SR) 
(4-17) 

AR> 

i* i 
and can be related to^e; , the residue of AJs> by 

± t r -T 
T 

the relation 

On the second expansion (about s=s^)t we get 

3^e>= (i-fR)^'R.irej + i=^(4-18) 

Note that for SR<î* , we have bound state particles 

and ImDj(sR)=0. 

Using (4-4) and (4-7), we get 

± ^ A/3cs«)/r^^
/ 

/ J ^ stSfc, 

Where =g_1^ . This corresponds to the 

Bret-Wigner equation with resonance width 

r -.%(?»?) 
(4-20) 

Where is negative, so that T7* is positive. 

Comparing (4-19) with (3-34), we obtain 

[K*T>fhS\' (4-21) 
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Also comparing from (4-20) and that from (3-34), 

we get 

(C) The input Force. 

Returning to the N/D (4-13), we see that we need 
_ L L 

to know 3jCS) in order to solve them. XvC*) includes 

the left hand cut singularities of and comes from 

the singularities of the cross-channels, as was dis¬ 

cussed previously. It is analogous to the potential 
_ L 

in the Schroedringer equation. Oj&J is called the in¬ 

put force which gives rise to the particle poles in 

the physical s-channel through the N/D equations. 

To calculate , we apply the principle of 

crossing symmetry. We first confine ourselves to the 

spin-zero scattering case with only one channel 

available. That is we neglect any internal quantum 

number such as isospin. 
± , 

According to (4-9), we can first calculate 

on the left hand cut. According to (3-15) and the 
± 

definition of 3^.(5) , we get 

(4-23a) 



65 

If we assume that the scattering particles have equal 

mass, m, as in the case of ir-'Tf scattering, we can 

change variable of integration quite simply 

o 

(4-23b) 

because Zt- - . Replacing A&& by from 
.f 

crossing symmetry, we can then expand /{(%*) into partial 

waves in the t-channel. The result is 

(4-24) 

4 
Then the discontinuity of across the left hand 

cut will be 

,(4-25) 

_ ± 
Having obtained for the left hand cut in 

i ^ 
terms of 1*2.® , 3i® can be obtained as the dis* 

persion integral (4-9) 

, [ T^S^&cU' 
*J (s-t) 
LUX. 

(4-26) 
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(D) The Approximations. 

(i) The Elastic Unitarity Approximation. 

Now a word about approximationsis appropriate 

here. In trying to set up the N/D equations (3-8) or 

(3-13). We have used the elastic unitarity condition 

and have assumed it to hold for all values of s above 

the threshold, sQ . Effectively, we have ignored 

inelastic effects. Some support for this kind of 

approximations comes from .the argument of the import¬ 

ance of the nearby singularities. It is reasoned that 

due to the denominators (s'-s) which appear in dis¬ 

persion integrals involving the right hand or the 

left hand singularities, contribution of the nearby 

singularities is made more significant than those in 

the far away (high energy) regions. Thus contribution 

from the high energy region is often ignored.when we 

are considering low mass particles. And the elastic 

unitarity approximation is often used on the right hand 

cut. On the left hand cut, the same argument of nearby 

singularities are often approximated by singularities 

closest to the physical region corresponding to the 

long range forces. Prom the discussion on p.3/ , we 

saw that this kind of approximation works better for 

higher partial wave amplitudes. And if the left hand 

singularities are to be calculated from exchanged 

particles, then low mass exchanges. In the same 
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spirit, single particle exchanges are more important 

than multi-particle exchanges. 

People try to improve on these basic approximations 

ty trying to include as many inelastic effects as 

possible. Appendix B shows how the N/D formulating can 

OC 

be extended to multiple two-particle channel scattering.5* 

Due to our ignorance in handling many-particle states, 

improvements towards including that aspect of inelasticity 

is mainly done by means of the quasi-particle concept, 

such as the replacement of a. 4lr state by &7r (appro¬ 

ximating 3H by tO ). 

Going back to (4-25). we see tfcat tfce variable 

of integration t goes from zero to values greater than 

4m since s<o. Thus we can replace 

which is the elastic unitarity condition in the t-channel 

(compare (4-2)). 

(4-25) involves an infinite number of partial 

waves, but in practice, only a few partial waves with 

significant contributions are used. 

± 
X»i Bj., 64) by 

(ii) Approximations Used to Solve the N/D Equations. 

There are two frequently employed approximation 
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used in the application of the N/D equations. One is 

the determinatal approximation which consists in solving 

the N/D equationshy iteration and keeping only the first 

term in the D equation (i. e. J>&) fs I ) to start off the 

due to Balazs who replaces the input force "by a number 

of pole terms, such that the N/D equations can he solved 

is given in Appendix C. 

When we start the iteration procedure in the 

determinantal approximation, we ignores the integral 

term in (4-8) such that D(s) is approximated by 1. 

Putting this into (4-8a), we get 

Then we put the above result back into equation (4-8b), 

and obtain 

Further iterations are certainly possible. But 

Q O 

iteration procedure. The other is the approximation 

87 
exactly. 1 ' The discussion on the Balazs approximation 

(4-28a) 

equations obtained from further iterations are much 

more complicated and it is not sure if more accuracy 

will be obtrained inview of the crudeness in the input 
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Thus it is deemed advisable to stop at (4-28) 

which constitutes the determinantal approximations for 

Nj(s) and Dj(s). 

As a result of the approximation, 4TCS) becomes 

dependent on the subtraction point s, and time reversal 

invariance is violated (for example the multiple two- 

particle channel case discussed in Appendix A) even if 

a symmetric input force is assumed. But, the properties 

of prime concern in the N/D formulation - analyticity 

and unitarity and still valid. That validity of the 

unitarity condition is seen from (4-28) where we have 

Jyn “ ~4r~ HsJ& (4-29) 

Since the determinantal solution of N/D equations 

is dependent on the subtraction point, s, a choice of 

s has to be made. We know that 

~ (^ (4-30) 

from (4-28a) and the normalization that Dj(s);=1. Thus 

the best choice of s is such that (4-30) is best appro¬ 

ximated. This leads to the conclusion that I is in 

the nearby part of the left hand cut. 

Prom (4-28), we see that if J^CO is to become 

zero, giving rise to particle poles in the scattering 
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amplitude, then JîyG) has to he positive. Thus a 

positive input corresponds to an attractive 

force which is needed to produced a composite particle. 

(E) The Crossing Matrices. 

Before, we go on to actual examples in+the boot¬ 

strap calculations, we have to discuss crossing matrices 

because of the presence of intrinsic quantum numbers, 

such as spin andisospin in practical calculations. For 

example,when isospin is introduced into spin-zero scat¬ 

tering (as in the case of 7r-7T scattering), there appears 

as number of internal channels each corresponding to a 

definite total isospin. Since total isospin is con¬ 

served in scattering reactions, there corresponds to 

each possible value of total isospin, a scattering 

amplitude. And such a scattering amplitude is denoted by 

isospin and usual signature superscript (1") is omitted. 
lb xiv 

Crossing relates the various ^C*/t)and /\ CtjO 

(in the cross-channel) through the isotopic crossing 

matrix as follow 

Where ( Cs: ) is a crossing matrix. 

The isospin crossing matrix for the scattering 

, where the superscript (i) denotes the total 

(4-31) 
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where the two incident particle has arbitrary isospin 

1^ and Ig , and the two scattering particle has isospin 
fifteen 

12 and I. has been worked out ~J and is 

AM) 

t+j-X+It 2_ H) 
3 

fell A- (4-32) 

for the crossing between the s and t channel, where 

{]U^T 5 ] is a 6-j symbol.^ Por the crossing 
between the s and u channel, the crossing relationship 

is 

(4-33) 

Going through the steps from (4-23) to (4-25) using 

the crossing relation given in (4-31) , we obtained 

&>--A 

0 

IMA. 
(4-36) 
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To illustrate how we can proceed to calculate 

and thus the input^(s) using (4-34) dr (4-35), 

the single pole approximation is used. An exchange 

particle (say a resonance) with spin , isospin 

I=3t and mass mt in the t-channel will give the follow 

contribute to the reduced partial wave amplitude with 

total isospin in the t channel 

(4(1 

3 ct) = - f 

(£-W£+LT»A^ 
(4-37) 

p 
where g is the coupling constant and is positive, and 

"P is the resonance width. 

We note that the elastic unitarity condition in 

the t-channel is from (4-2) 

I -2?' 1» - 4te«, * Jt 
(4-38) 

So*- if we compare (4-38) with (4-37), we see that the 

negative sign in (4-37) is needed in order to satisfy 

(4-38). 

Using (3-2) and the definition of 3 (£) » we 

obtain for Ac*, 

(4-39) 
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Jll 

Patting (4-39) Into (4-34), the discontinuity of 

across the left hand cut is 

IA*® 
I (r l-ft7/*-03\ 4 N 

75Sj ^(* - *<? * 7r*j] (4~40) 

5 -4f 

where only the amplitude for the channel (Isospin=jt) 

in which the exchange particle occurs is kept. 

If we assume the width *T to he narrow such that 

Y-+o* then we can use the relationship appearing in 

equation (C2) to obtain 

4"'j~è%7r(lT^Ï\^(4-41.) 

-*! 
2 2 

Noting that -4q is actually bigger than 4m for s<0 

^ (4-41b) 

s<St 

Putting this result into (4-36) and using (3-17), 

it can be shown (via a change of variable of integration) 

that 

U)L *&*) % *£) 
,rj-+x (4-42) 

The same result obtained above can be obtained if 
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instead of putting (4-39) into (4-34), we put (4-37) 

into an equation similar to (4-35) but with derivation 

using the Froissart-Gribov projection (3-12) instead 

of the usual partial wave projection formula (3-2). 

The same kind of approximations used are also employed 

to obtain (4-42). 

If we only consider s-waves in both the s and 

t-channels. then (4-42) eives 

t 
Fig.4-1. An Exchange Particle Pole in the t-channel 

And if we consider only p-waves, then we get 

Xy    (4-44) 

C. ■ ([ [o « Ajtyfr (Jt 9-f* L t " *V 

atfiA 
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(4-43) and (4-44) are common expressions for the 

input forces in bootstrap calculations, the former 

corresponds to s-wave force coming from the exchange 

of a spinless particle and the latter corresponds to 

p-wave force derived from the exchange of a spin 1 

particle such as f 
One important feature of (4-42) is that the sign 

of the input force is dependent on the sign of the 

isospin crossing matrix element concerned, since all 

the other terms on the right hand side of the (4-42) 

are positive. (Both arguments of 'R (l +—^"“77») 

and £} ( I •+—are bigger than one for the region 

we are interested in s on the right hand cut from 

(4-28b), thus TçO and ^l(' 

are both positive.) 

We have previously argued that, the input force 

has to be positive (attractive) in order to produce 

particîès in the s-channel. So, whether an exchange 

particle in the t-channel can give rise to an attract¬ 

ive force to bind together particles in the s-channel 

to form composites depends on thrè sign of the crossing 

matrix elements^ •* Thus a knowledge.-of ^the ieoâpin ' 

crossing matrix is most important in a bootstrap 

calculation where intrinsic quantum numbers are in¬ 

volved. And considering the amount of approximations 

that go into the Bootstrap calculation, one is not sure 
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if one gets more useful informations by going further 

than calculating the isospin crossing matrix. Besides 

being qualitatively important in determining whether 

the bootstrap in question is possible, a crossing 

matrix also shows what relative contribution to the 

various internal channels an exchange particle pole 

has. 

(P) Examples of Bootstrap Calculations. 

(i) The f Self-Bootstrap. 

Now we are ready to test the bootstrap hypothesis 

by applying what has been developed so far to practical 

calculations (at least we hope that the approximations 

we make still yield a valid test!!). First we shall 

begin with the bootstrap of the ÿ meson ( 1* '(/)C =!(>•)- 

which appears in the J=1 and 1=1 channel of the 'Tr-Tr 

scattering. * 
J* Under the Bootstrap hypothesis, 

we say that / is a composite particle coming from the 

combination of two 7r in a state having the same 

quantum numbers as the ? itself. Unfortunately, there 

are also other particles such as (2n)ft ,2,3,4..., 

KK, and NÎÎ, which when combined give channels with the 

quantum numbers of the ? . Thus to be precise, the 

J* should be considered as a composite particles 

consisting of all these states besides the 27T state 

with J=1, 1=1. But in order to simplify calculation, 



77 

it is argued that we can neglect all the heavier channels 

and keep the lightest one (2*7r ) which will give rise toi*. 

Again, to be precise we should include all particle 

exchanges in order to calculate the input force, but 

as was discussed we shall use the nearby singularity 

approximation and keep only the lightest exchange 

channel which is 27T . 27T is then replaced by f 

resulting in bootstrap system which is pictured in 

Pig. 4-2. 

Pig. 4-2. Thef* -Bootstrap: S* exchange pole 
in t-channel gives rise to force which binds 
21Ï to give composite ÿ in s-channel. 

We can formulate the self-consistent equations 

so that the f mass and coupling constant can be cal¬ 

culated. We obtain the appropriete input force by 

putting i=jt=1 and mt=rap in (4-44). We also need 

to know the value of C^. This can be obtain from the 
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isospin Crossing matrix of the fr-Tr scattering hy putting 

So, is equal to £ and the bootstrap is qualitatively 

possible. 

The input force obtained is then put into (4-28b), 

that 3^(0 in the determinal approximation can be 

calculated. By requiring the f to appear in the 

s-channel, we obtain from previous discussing p. 

the first consistency equation 

where d denote the determinantal approximation used. 

The same equation applies where other approximations 

(4-45) 

=0 
A 

(4-46) 

are used. is equated to zero instead of 

3>(wf) because for a resonance 3>(s)»0 for S = »*?- 

where m and J* is the mass and width of the resonance 

respectively. So is not zero, but 'GtCrf) is. 

By comparing (4-37) and (4-38), g2 is found to 

be ' T*M 

(4-47) 
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(4-47) together with (4-20) 

equation 

gives the second consistency 

(4-48) 

Thus hy applying the consistency condition that the 

input mass and coupling constant will he equal to those 

in the output, we obtain the so called bootstrap (4-46) 

and (4-48). Other bootstrap calculations will have 

similar» bootstrap equations. 

Each of the two bootstrap equations will define 

a curve in the (1*1^3*" ) plane. And the intersection 

on the two curves gives the bootstrap result which 

turns out to be 

CL 3 &0 M«\/ 

*T —3 oo Mev 
(4-49) 

The experimental values are 

Yrt? cz Hw T* AfCtf. 

Thus the bootstrap result in this case is off 

by approximately a factor of 2, and the conclusion is 

that although a particle with the P quantum number 

can bootstrap itself within the approximations made, 

one cannot get the correct mass and width. But as 

a test the bootstrap hypothesis is concerned, the 

results are deemed encouraging, considering the 
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crude approximations used. 

There has been many efforts to improve the above 

result by either putting more intermediate particles 

in the nootstrap or by trying to take into account 

some of the inelastic effect in scattering. 

If we look at the crossing matrix, we see that the force 

from the ? exchange in 1=0 channel is twice the strength 

as that in 1=1 channel. Thus it is possible to include 

a particle in the 1=0 channel and try to bootstrap 

two particles simultaneously. One example of such an 

attempt is the double bootstrap of & and f (f has 

quantum numbers I^(J^)C=0+(2+)+ see Pig.3-7. Other 

particles which can be exchanged between two pions 

can also be included in such as bootstrap scheme. 

There are paramenterization methods to include 

inelastic effects such as the attempt where the ratio 

of the total scattering cross-section to the elastic 
QA 

cross-section is used as a parameter or the other 

attempt where inelastic contribution to the unitarity 

equation is separated from the elastic contribution 

and is approximated by higher order graphs. Some 

other assume that J7 is a composite make up of other 

states besides the Wr , such as' the w and KK 

states. Inclusion of these states in the P bootstrap 
93 97 

has been attempted. * Sil(3) symmetry has also 

98 
been incorporated into the r and other bootstrap. 

Finally, we note that if no approximations were 
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used on solving the N/D equation, then as the input 

force (4-44) is inserted into (4-13), a cut-off is 

needed in order for the integrals to exist.^ This 

reflects on our ignorance of the high energy region, 

(ii) The N-N* Reciprocal Bootstrap. 

The next example of a bootstrap calculation 
* 

comes from the static model N-N reciprocal of boots¬ 

trap baryons in It-iJ scattering and is more successful 

than they bootstrap. ** It also serves to illus¬ 

trate what a "reciprocal bootstrap" is, and also how 

the static model is employed.^ 

In the static model, the nucleon N is considered 

to have infinite mass that its recoil in a scattering 

process is negligible. Instead of s, the pion energy 

w is used as variable such that U®W-M where W is 

the total energy and M is the nucleon mass. The 

mass is equal to 1. A 1T-N state is specified by 

(2J, 21) where J and I are its spin and isospin 

respectively. Here we consider only the P-wave 

scattering, thus spin J of the 'ir-f/ states can be 

. At the same time, the total isospin 

can be Jssi-or -2- . Thus four states (1,1), (1,3), 

(3,1) and (3,3) can be exchanged in the u-channel 
* 

to give the input force. The ? can also be exchanged 

*In the static model, an exchange particle in a 
state of orbital angular momentum 1 contributes to 
the direct channel states with the same orbital 
angular momentum. 
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in the t-channel. (See Fig*4-3) hut its contribution/1 

is considered to he small to the low-energy “Jr-A/amplitude. 

Fig.4-3. Input Forces Coming from t- and u- channels 
for a nucleon bootstrap. 

The isospin and angular momentum crossing matrices 

* 
in this case are the same and equal to 

*■*■*>* Of) 
JL 
3 

JL 
3 

(4-50) 

From (4-50), the total crossing matrix is calculated to 

he (lujjwftt) (»,3),aO(J,3) 

< -4 -4 n \ 

-Z 

-l 

4 

-l * 

% -I 

4- 

* 
(4-51) 

*The isospincrossing matrix in this case can he 
obtained from (4-33) and the angular momentum crossing 
matrix can he obtained from (5-57) derived in chapter 5. 
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Chew confined his attention to the "bootstrap of 
•ft 

N and N (now called A ) only, corresponding to the 

(1,1) and (3*3) TrN states. And the total crossing 

matrix,in this case becomes 

CL,!*)* O.I) 

Û./W* CM) 
/ 

(3.3) 
a 
? 

i 

? 

(4-52) 

In order to solve the N/D equations, we need to 

know the elastic unitarity condition which for the 

p-wave scattering in the static model is 

% (4-53) 
«AL 

One nice feature of the static model is that one 

goes from the s-channel to the crossed channels by 
ft 

changing CO into -O . ùo the N and N exchanges in 

the u-channel contributes poles to the amplitude in 

the s-channel atos--6>„ and where M 4 and 
•ft 

M+°a is the mass of N and N respectively, thus 
ft 

we obtain that (j|,eo . Thus the input force 

becomes 

ft 
*If the contributions from the N and N exchanges 

are calculated exactly, we find that they give rise to 
two short cuts positioned, at around o«© and 
respedtively. Thus the static model approximates those 
short cuts by poles. 
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^ 4-C... jr5 
S. * 2_ ™ l lJ 

■* AJ ■+ iJj (4-54) 

which i=1 stands for (1,1) 7rN states and i=2 stands 

for (3,3) state. (5-4) can then he put into the 

N/D equation (3-8). Following similar steps as those 

going from equation (C1) to equation (C6), we obtain 

= 7* 
Ô9* (AJ + Oj ) 

(4-55a) 

I -<üÆ 
V 

2 U'% oto' 

•21 OàUL.A! ^ ^^(o'-GXo'-oXw-A)/ 4-55b) 
j*i *J i 

There are a few approximations that can be used to 

solve ( 4-55), and they all give satisfactory results 

when comparisons with experiment are made. 

The first of these approximation involves keeping 

only the term which has the largest crossing matrix 

elements under the summation in (4-55) and linearly 

approximating the D function, by writing 

3Xto)= ( 4-56) 

where a^ given -foy (4-58) then the bootstrap 

(consistency) equations (see (4-46) and (4-47) are 

employed to obtain the ration of coupling constants 
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As is evident in the crossing matrix, we find in 

this approximation that the force that hinds and 

N together to give N comes from the exchange of N and 

the force that hinds 7T and N to get N .comesfrom the 

exchange of N. Due to this property, the N-N boot¬ 

strap is called a reciprocal bootstrap and is represented 

in Fig.4-4. 

The justifica/tion for the next method of appro¬ 

ximation to solve (4-55) comes from the observation 

that the integral in (4-55b) is divergent. So a cut¬ 

off is required and most of the contribution to the 

integral comes from (o' close to the cut-off which is 

expected to be of the order of the nucleon mass M. 

Since M is 

Fig.4-4. N-N Reciprocal Bootstrap. 
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much bigger than A?t- the integral will not depend much 

on ty *. ’ So we can replace the integral by a constant 

which is independent of . The D functions can 

then be solved algebraically. And the subsequent 

application of the bootstrap equations will give the 

required results. 

There is one interesting self-consistency condition 

which can be obtained as follows. If we expand 

in ( 4—55b) in powers of (/J— 73 ) and keep only 

up to first order in ( te-Jo ) (cf. effective range 

expansion), we have effectively approximated the D 

functions by a straight line, 

By requiring to be zero at (first 
« 

bootstrap equation), we obtain 

= / - (o-3Mi (4-57) 

(4-58) 

and so 

(4-59) 

Using the second bootstrap equation, we get 

(4-60) 
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where is the output coupling constant (residue) 

Prom the requirement that oupput coupling constant 

should he equal to the input coupling constant aà 

discussed before, we have in the matrix notation 

(4-61) is thus a self-consistency condition which says 

that it self consistency solution to a bootstrap 

problem is to exist, the crossing matrix must have 

an eigenvalue equal to 1 with the coupling constants 

forming the eigenvector. This self-consistency condition 

is the basic for generalization from SU(2) bootstraps 

to SU(3) bootstraps. 

We have mentioned that due to the divergence of 

the integral, a cut-off is required. Nevertheless 

this is not unique with the static model, the same thing 

occurs in a relativistic calculation. We again attribute 

this necessity of a cut-off to our ignorance of the 

high energy behavior, and it is reasoned that if 

Reggeism is included, i.e. high energy behavior being 

accounted for according to Regge behavior, then the 

integral concerned will not diverge, and so no cut-off 

is required. We find that the results for the above 

bootstrap is quite good, but, unfortunately, is cut¬ 

off dependent. 

(4-61) 
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•ft 

Another criticism of the N-N bootstrap is that 

the gound for ruling out (1,3) and ( 3,1 ) TfN states 

in the bootstrap is not clear. Actually it can be 

shown by using the coupling constant consistency 

(4-61) and the total crossing matrix in (4-51) that 

if we have included all four P-wave states, then (4-61) 

leads to the following conditions on the coupling con¬ 

stants (wher and are written more explicitly 

a s Ï33 3. 

37s — 
(4-62) 

* K, = K + 
Thus there can be an infinite number of solutions to 

the bootstrap of P-wave *irN states. And Chew's 

solution is just one of infinite possibilities. Act¬ 

ually if we let in (4-62), then we get the 
•ft 

NN bootstrap result, 

2 Ô33 m 3/1 (4-63) 

We note that only the ratio of the coupling con¬ 

stants and ^ can be obtained in this static 

model calculation. The ratio obtained agrees well with 

experiments which has determined ^ and to be 

0.24 and 0.11 respectively. 

One improvement we can make on the above bootstrap 

is to include the contribution to the input force due 

to the f -exchange in the t-channel. 
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CHAPTER V 

BOOTSTRAP OP THE ^TRAJECTORY 

(A) Introduction. 

Now we are going to formulate a bootstrap problem 

which besides being interesting in its own right will 

be useful, if it is shown plausible, in that it can 

be applied to another bootstrap — the bootstrap of 

the entire f -trajectory in the IfOf scattering. The 

problem we are going to consider is motivated by the 

works of Carruthers and Nieto, Mandelstam, and Siver. ^ 

Carruthers and Nieto first examined a family of two- 

channel models in which the channel 1rAL+ was coupled 

to?A/,* by transitions of the typewhere 

fs/_+ was one of the positive-parity resonance with spin 

J on the N(939) on the A (1236) trajectories (shown on 

Pig.3-7 

The resulting ftL ♦states had odd-parity and spins 

equal to J+1, J, and J-1 when s-wave was considered. 

The maximum spin J+1 state was shown to be dominant. 

Thus it was concluded that the ^ channels gave 

a resonance ^+0“ on a negative-parity nucleon 

trajectory such as the trajectory shown on 

Pig. 3-7. If ^j.+ was replaced by » then 

example, the ?N channel would give the resonance 

woiild lead to the resonance. Por 



90 

and the channel would give the resonance G^ , 

where P^c and G.r, are the second member on the Nucleon 
1 î? -i. 11 

Regge trajectory and the D Regge trajectory respectively 
13 

(we have represented the nucleons asTrhi states with the 

notation Lgj 2j » suc^ that L is the orbital angular 

momentum, I is the isospin and J is the total angular 

momentum of the 
/Tfh) state.) Carruthers and Nieto 

then coupled the S>A/ and P/^-channels together and ob¬ 

tained ^ together with G^. 

From the above result, Mandelstam suggested that 

a more complicated model could be considered and was 

to include all the particles on the nucleon Regge 

trajectory in the external particles and to obtain 

all the members of the Regge trajectory as a 

composite system.^ Mandelstam further introduced 

a more general case in which an external particle was 

combined with a Regge sequence of external particles 

and another Regge sequence would be produced from the 

system as the composite particles. It was hoped that, 

with this type of dynamics based on the rising 

trajectories, their infinitely rising slopes could be 

explained. 

In a similar spirit, Sivers examined a crude 

dynamical potential model for a system of two coupled 

channels.13 Each channel consisted of two natural- 

parity meson. One channel had spin zero and the other 
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had spin one. It was found that, in the absence of 

coupling, the leading singularities in each channel 

gave a trajectory which turned over shortly above 

the threshold and could not reach a high value of 

orbital angular momentum. Whereas, when coupling is 

present, a trajectory reaching higher orbital momentum 

was produced. Siver's two channel model can be logically 

extended to include an infinite number of channels 

with increasing spin. And it is reasonable .to believe 

that such an extension of Siver’s two channel model 

can account for an infinitely rising Regge trajectory. 

Thus motivated, we propose to examine the possi¬ 

bility of bootstrapping the entire S* -trajectory (shown 
on Fig. 3-7) by including all the inelastic channels 

in the iFTf scattering, where 'Ttj is a riucleon with spin 

J on the -trajectory (shown on Fig.3-7). 

The plan of this problem is the following. We 

first look at the elastic reaction7r + T>5  * 

and hope to show that the dominant Trirç state would b'e 

resonance where •Ç+t is a member with odd spin 

=j+1 on the f -trajectory by performing a successful , 

then we can couple all their^ channels together with 

the nrtr channel through unitarity and hope to obtain 

the entire 9 Regge trajectory as composites of the 

system by bootstrapping the & -trajectory. In so doing, 

we would also have taken inelastic effects into consider¬ 

ation 
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From the analysis of the crossing matrices obtained 

in this chapter, it is found that our dynamic scheme 

to bootstrap the entire P -trajectory is not valid, 

being too simple. Meanwhile, there are interesting 

results obtainable from the crossing matrices. One 

interesting result comes from studying the angular 

momentum crossing matrix for large J values. It is 

found that ? will contribute toQ will contribute 

to , and to and so on, giving the entire 

-trajectory. The contributions becoming more and more 

dominant as J becomes large. 

(B) Self Bootstrapping the 

The ^*j+i self-bootstrap to be examined is 

actually a generalization of the P-bootstrap. In the 

? -bootstrap, the scattering particles are ‘îrW and it 

was hoped that the input force from a ?-exchange in 

the crossed channels would bind *ir1r together to form 

a resonance, again ? , in the s-channel. It was found 

that qualitatively the J*-exchange did provide the binding 

force for irlr to form f . We generalize the bootstrap 

by allowing one of the T7T scattering particles to become 

TT) and allowing the bootstrapped particle to become 

ft*» .* Analogous to the j* - bootstrap, it is 

hoped to show that the force binding together to 

give a resonance , comes from the exchange of 

*The negative signatured ^-trajectorv appears 
as an intermediate state in both the s- and u-channels 
of the trw scattering. 



93 

in the u-channel. This is represented in Pig.5-1. 

Experimentally, only two lowest members on each of 

the 7T and f -trajectories are firmly established. 

But the masses of the higher members can be estimated 

from the linearly rising behavior of the Regge tra¬ 

jectories. In Pig. 5-1, for j=0, we got back the 

? -bootstrap. But for j ^ 2 we see that Trj will have 

a mass *v much larger than that of ?T . Por example 
TTZ (standard name Aj) has a mass *1^ =1640 Mev where¬ 

as the mass of 7T is M* =140 Mev. This suggests the 

use of the static model as was employed in the *W“A/ 
* 

scattering for the NN bootstrap. 

Pig. 5-1 bootstrap: exchange pole 
in the u-channel gives rise to force which binds 
7r7ij together to give composite PjH in the s-channel. 

♦u-channel is chosen instead of the t-channel as 
was done previously in f -bootstrap because of the 
fact that in the u-channel the scattering is still 
Tr vïrj-* Tr+'îrj whereas in the t-channel the scattering 
^ ® -Tr+Tr -v Tfj + 7ij* . 
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(C) The Crossing Matrices. 

We have previously argued thatin doing a boot¬ 

strap calculation, the crossing matices are the most 

important. They tell us qualitatively whether the 

forces coming from the exchange particle poles in the 

crossed channels are attractive or not. (Attractive 

forces are needed to bind particles together to form 

a resonance.) The crossing matrices can also tell us, 

to a rough approximation, the relatives forces that 

an exchange particle pole in a crossed channel 

contributes to the various internal direct channels. 

Because of the gross uncertainties introduced from 

the crude approximations used, we perhaps cannot 

expect to learn anything more. 

So with the above discussion in mind, we are going 

to get the crossing matrices. The quantum numbers, 

ia(JP)C , for the particles involved are : 1”(0~)+ 

for 7r ,l”(j“)+ for t)j and 1+(3+1)“)- for j^+| . So 

we see that the isospin crossing matrix is the same 

as that for TrTr scattering in the £ -bootstrap 

except we have to be careful because in our previous 

discussion for £ -bootstrap crossing was performed 

from s-channel to t-channel. Now crossing is from 

s-channel to the u-channel. And it can be shown that 

for this case the isospin crossing matrix is from (4-33) 
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II * 
H
 (o) (0 Cx) 

I*31 C°) * -i 
£ 
3 

3 
i 
X 

$* 
T 

u X 
j- 
ù 

(5-1) 

To calculate the angular momentum crossing matrix 

for OrTr. , we use the two-particle 1-S coupling states 

belonging to irreducible representation of the Inhomo- 
20, 102 

geneous SL(2,C) (covering group for the Poicare group). 

They are formed from the direct product states 

lfM,> ® ( 5-2) 

where is a single particle state in the 

canonical convention (denoted by the subscript c) 

and belonging to an irreducible representation of the 

Inhomogeneous SL(2,C), P^ stands for the four-momentum 

of the i particle (i=1 or 2), Oj stands for the third 

component of spin of the i particle and t^ stands for 

the particle type such that ti=(m^, qA) with m^j^.q^ 

being the mass, spin and the additive quantum numbers 

(electric charge, baryon number and lepton number) 

respectively. We have ignored isospin because spin is 
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a space-time quantum number and isospin is an "internal” 

quantum number and thus can be treated separately when 

the respectively crossing matrices are to be calculated. 

The relationship between the L-S coupling states and 

the direct product states is 

iffvoius (5-3) 

where L and S stand for the values of orbital angular 
p 

momentum and total spin in the L-S coupling, and W 

is the eigenvalues of the squâre of the four-momentum 

operator. The Clebsch-Gordon coefficients in this 

case , can be shown from the definition />.»! f.*i If-ï\ 
Ui.3. /e 

* 
of the L-S coupling to be 

- ^ *\/!*'*• , c\\ 
(5_4a) 

*(fP‘^(^j, MV4\|WTL7J 

with 

a 
If 

i *1» ja. |W X 

— W 

)). 

♦Briefly» the L-S coupling scheme starts out with 
the definition of states with definite orbital angular 
momentum L and total spin S under rotation in the 
centre of mass (C.M.) system from thedirect product 
states in (5-2). The orbital angular momentum L and 
total spin S are then coupled together to give new 
states. These can then be transformed to the required 
reference frame to give states given on the left hand 
side of (5-3). 
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where -(«,-M^ 
(4i> 

* < 

conies from the transformation of the single-particle 

state of the i particle in the C-M system with 4- 

momentum q^ to a reference frame with 4-momentum p^ by 

a boost i(P), the D^i^ matrices belong to an irreducible 

comes from the transformation of the single particle 

state of the i particle in the C-M system with 4-momentum 

q^ to a reference frame with =4-momentum p^ by a boost 

L(P) the D^i^ matrices belong to an irreducible 
representation of SU(2) and belongs to SU(2) 

and is equal to associated with a 

Wigner rotation Cfo)LV Lty) in R(3)» and ê(fof) 
is a unit vector in the direction of Cf-f) and lastly 

(irlS etc, are the usual Clebsch Gordon (or Vector¬ 
coupling.) Coefficients having the same phase assumptions 

as is found in Ref.75. Where the notation for 

is Cji^i | Jiix J o*) . They are from now on referred to 

as V-C coefficients. 

(5-3) can be inverted to give 

If.»;;=£^WJLS)cl
f^JWT)LS^ (5-5) 

T,»~ 

Using (5-4a), we obtain after integrating over the delta 

function 

♦Sometimes a convenient way to handle the Clebsch 
Gordon coeficients is through the use of the 3-j symbols 
(see Ref.75) which has the maximum symmetry. 
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(fê IWW3} LS 
T,** us 

(5-5») 

Now we can form the four-line connected part 

c</^i SC\ i f> * fU}>t 

Since the total four-momentum total spin J and its 

three-component are conserved in scattering, we can 

define amplitude with definite total spin J, as a 

function of total four-momentum P, 

as "by the following 

equation, 

fw'l} l-'s'ffjie} | S' |f ^ / W3} 

The newly defined amplitude £&%!*■} |%) | LSft |4}^ has 

no dependence in "because of the Wigner Eckerd theorem. 

Whereas, for the connected part, 

ifih) ffatf | s' | 

= i wf S(f-f') f*<>i (5~8^ 

(5-6), (5-7) and (5-8) together give 
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(5-9) 

T.ft' 
itf 
L, S 

Using (5-4b) we get 

c<fA'> •» \uu) | s*| r-<t 

# tf«É M 
(5-10) 

x (4) Ç^X^X* ^IA‘)(^^Ir) 
X Y(£Cft-A>) Y feCMO) ^*lt>u}\ *f|ts^*i)c 

As was discussed previously, we are going to use 

the static model, this means that the C-M system will 

he the reference frame with the heavy pion 'ft- being at 

the centre of mass since its mass is taken to be 

infinite comparing with that of the light pion Or . So 

we need to write (5-10) in the C-M system. This turns 

out to have a simple form. Since in the 1-S coupling, 

as was mentioned in the foot-note on P. , states are 
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defined first in the C-M system, which are then boosted 

to the required reference, so remaining the C-M system 

would mean that there is no boost required and thus 

all the D(;j) matrices become the unit matrix. 

We also have, in the C.M. system 

f 
1 

(5-11) 

and 

(5-12a) 

and 

(5-12b) 

and f>.= W 
(5-13) 

(5-12a) comes from considering Fig.5-2 and the fact 

that the unit vector is in-'the direction of 

mentioned before. 

z direction 

4> is azimuthal angle 

Fig.5-2 Scattering in the Centre of 
Mass System. 
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Thus using the above properties in the C-M system, 

(5-10) becomes 

= l *)| * H *>!><. 

where the flight pion energy w-n, has been used 

instead W and all the Pi(i=1,2,3»4) are represented 

by (j j $ and é (Pig. 5-2) ,, 
' ' mis 
With the definition of a function W such 

that 

" H,(h 

(5-15) 

we can write (5-14) as 

\i\U\ I S(VJGJ?) 1 
(5-16) 

It can be shown that 
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J o L>S';L''S «■a Y ÇA) 

LW;IS 

“V CeA) JV& ~ <WAï" 
(5-17) 

and so (5-16) can be inverted to give 

= ui~L 
r,<r> 

ft' 

(5-18) 

X c<?i «.ftt»] | S(«, « V ^ ft ^>< 

For scattering, we have 

(5-19) 

We note that the total spin S in the L-S coupling comes 

from the coupling of the individual spin of the two 

particles involved (initial state involves particles 

1 and 2, final state involves particle 3 and 4). Thus 

from (5-19) we deduce that for 'JfTfj scattering, 

S = S' = j (5-20) 

in (5-16) and (5-18). 

Our aim is to calculate the angular momentum 
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Crossing matrix C such that 

(5-21) 

where in the s-channel and 

u-channel are defined as 

C in the 

(5-22a) 

£Lj {t-ij| 5^)| fV*})e (5-22b) 

where denotes the particle type of the anti-particle 

of 1. As was mentioned previously, crossing s—>u 

implies b)—>-cJ . (See also Appendix D. ) in the static 

model. This is the reason for the —in (5-22b). 

Here we apply a general result in S-matrix theory 

with respect to crossing symmetry when spin is present. 

By using the pole factorization theorem and analytic 

continuation of the amplitude, one can show 

(5-23) 

- H) H) -9ï ; f4
s hfr*i 
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Note that the above applies to the particle states in 

the canonical convention such that Ch is the spin pros¬ 

pection on the 3 axis in the rest frame of the particle. 

In the static model, (5-23) is represented as 

& o* HtU] | S /or 0* &«•*»] )c 

- e.r itTi,)|sc-»s4)h°i <5'24> 
where angle (/***• ft are given in Fig. 5-3. 

Since the crossed particles (<?r) are spinless in 

our problem, we have = o (refer to (5-19), 

(5-24) becomes 

ft / OiHMX 
(5-25) 

= | Os îifHX 

where and (both=0) have been suppressed. 

Fig.5-3. Crossing in the Static Model. 
(a) s-channel (b) u-channel 
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Prom our result in (5-16), the left hand side of 

(5-25) in this case is 

where we have used the properties 

(n »lp) = V (l tl|p = hr <5-27> 

and 

V ’ >f = t (5-28) 

For the right hand side of (5-25), we need to be 

caustious. Instead of directly applying (5-16), we 

rewrite I 

in an equation in the form of (5-10) (not repeated here) 

and note that in the static limit the situation is 

much the same as before except. 

(refer to Pig.5-3) 
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Thus going through similar steps as we did to 

obtain (5-26) from (5-10), we get 

M 

Putting (5-26) and (5-30) back into (5-25), we get 

LL! 
M 

To isolate any one term from the left hand side 

of (5-31) from under the triple sum (over J, L and Lf), 

we multiple (5-31) by V (&p) , then integrate over 

the solid angle ( J[fl ) and sum over Oj and 0^ , on 

both side. Afterwards, we find that the left hand 

side of (5-31) gives 

(t-iO—» (-À)4 j¥li}{¥]I 5 fo/li jiftâfy (5-32) 

by the use of (5-17), whereas the right hand side 

becomes, by using (5-15), 
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R.H.S. 
of 

(5-31) 

*I^Ï I3(H*I3|§ «P 
jo- 
U'M 

X <L'i* fiJu] | ST(-*»I L k l*s 4 

(5-33) 

where the last line follows from the use of the equation 

* 4V &*'-M 
(5-34) 

Result on (5-32) and (5-33) is 

| S 6*>)| Lk 

(5-35) 

fr*' M 
7 ?* 

Let’s consider the term appearing on the right hand side 

of (5-35) 

tT*VLij|xWL'HT' 
|°7\° ^Jfry\° 

0» (T~ 
li 

Lf JzI T\ 

rH^|®V (5-36) 
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Introducing the matrix C such that 

C - •*p (-A 

(3) with the corresponding DNJ/ matrix 

2? (c) = 'ft-ZlfJ 

we can write 

(5-37) 

(5-38) 

_ tf*» (%) (i) &> A* \ -r\/t|,i»|T\ ■ i wipiwn ï|î)(.k W 
*:< 

It can he shown that for any A & S(S@-)* we ^ave the 
following 

(5-39) 

(5-40) 

Using (5-40) in (5-39) (hy putting A=C”^) 

/L I^ 

2- Lo 0% I *J y-H ot |°7 

we obtain 

(5-41) 
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But it can be shown that 

(5-42) 

The last equality is pbtained from (5-27) and a symmetry 

relation of the V-C coefficients 

CSISM (5-43) 

Thus (5-41) becomes 

(5-44) 

where and L in one of the V-C coefficients has 

also been interchanged using another symmetry relation 

H> 

113» “T3 

(5-45) 
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It can be shown that 

zfii|5)&i'!►)&►! Ô) 
C'ff'1' 

=Z. (a„M(i/)T. «I (tf.W f.LK «) 

With (5-44) and (5-46), expression (5-36) 

becomes 
I'+JVJ 

(5-46) 

0^0»' 
M 

(5-36) = ftp (¥ (i (5-47) 

xj> (c) j)cc) 

ÇiPXiW?l'0 
Using the fact that 

if 3li +M ç 

1)(C) =H) ( 5-48) 

* (5_46) is in the form 

of ((j.j»)i.o(^)Lij|a,^j^JCi»i*)^vJ) which is a transformation 
connecting two types of state vectors built up from 
four single particle states, and its symbolism suggest 
what the two coupling schemes for the two types of 
states vectors are (See Ref.75, section 9.4 for its 
relation to the 9-3 symbols.) 
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We obtain on summation over d, , we get 

Applying the unitary property for the U-C coefficients 

such that 

fi.fi 

iwjas- J+T». 
(5-49) becomes on summations overand Mt 

Oi 9*41 \ * » / Oi+l 

(5-50) 

T'/i 

X ((I* jJT,( j„L')}01(if, o) 

X (>' L> \f7°7' 
U»l/3 

(5-51) 

which gives 

tj+j^-T-Ox-Ajp 
I c-o (2T+0

A
(

2
TO + 0*“ 

X («, jdJ, (j*,t!)T^(V.)X,a,l%-4) (am. | ?)(* ip) 

(5-52) 
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on using (5-19), (5-45), (5-27), (5-43) and (5-48) 

and then summing over of* 3* and . Finally, we apply 

the symmetry relations (5-43) and (5-45) on the re¬ 

maining V-C coefficients in (5-52) appropriety such 

that the unitary equation (5-50) can be applied to 

give 

(5-53) 

-pÿ-*-T4*(Wi:W i , (^°) 
Gti*0 ' 

M 

where it can be shown that 

s CIT+OC^+O 

If J T 
J U 7 

(5-54) 

The 9-j symbol 

To To o 

can te expressed in terms 

of a 6-3 symbol such that 

l4 i 7 
j UT 
X To 0 

H)  
fa+fCiXo+ij*’ (5-55) 

Putting (5-53) back into (5-35), the following 

equation is obtained after simplification, 
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where (-l)^+230 has been equated to one because j 
* 

and J are simultaneously integral numbers. 

(5-56) is the result we want. It has the form 

of (5-21) and so Cj j turns out to be (by putting 
0 sJu 

J =J and J=J in (5-56) 

which is a square matrix with dimension n, such that 

n is the number of possible values for J or JQ formed 

from coupling between .1 min and j, where ^in^minCLpl^). 

The above conclusion comes from the triangular rule 

for angular momentum coupling which, in this case, is 

the L-S coupling. Thus J or JQ can have values ranging 

*In our derivation, we have not limited j to 
integers only, so the derivation is applicable to 
scattering in which ^=^=0 and j2=34=half-integer. 
This is a nice side product of our problem in question. 

(5-57) 
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trow |j+Lmin| to |j-Lmln| 

Before we go on to numerical calculation it is 

worthwile to mention that the results obtained (5-56) 

and (5-57) have similarities with the general result 

for isospin crossing matrices, in (4-33). 

(D) Result and Analysis. 

Now we want to see what information do our results 

give with respect to the bootstrap scheme we have in 

Big. 5-1. Since we require that appears in both 

s- and u-channels, we shall only be considering odd 

values for and in our angular momentum crossing 

matrices. This result comes from consideration of parity. 

We know that the L-S coupling states has parity equal 

to the product of the intrinsic parities of the two 

particles involved times (-1)1, , i.e. 

* folrtlf+lU7}LS [*,*})> 

(5-58) 

The intrinsic parity for 9Tand 'fTj are both (-1), and 

so to have a state corresponding to JÎ , which also 
JT 

has intrinsic parity equal to -1, I is required to 

be odd. So we conclude 

If — 1,3,5,.. (5-59) 
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We expect that the low values of 1^ and 

will contribute more to the total scattering amplitude 

given in (5-14) (or (5-16)) than will the higher 

values bf and because the 'ir has to be closed 

to the “Hj in order for them to be bound to give 

resonance ij+i and intuitively a short impact par¬ 

ameter corresponds to low angular momentum (L) 

values. Thus low Li and values are more import¬ 

ant and we start with 1^=L^=1(P-wave). Before the 

angular momentum crossing matrix is calculated for 

general j, a couple ofspecial cases are considered. 

They are 3=2 and 3=4. 

For 1^=L^=1, and 3=2, the angular momentum 

crossing matrix is calculated from (5-57) to be 

Ju=1,2,3* 

x*« (0 to (3) 

(0 -/* n \ 

(?) -57: 2*- 
3V3U, 3 0 j 

j 

(3) w fo 

(5-60) 

♦Numerically calculation of the 6-3 symbols 
were carried out using Table 5 in Ref.75. This is 
then checked out by comparing with Manuel Rotenberg, 
etc. el. "The 3-3 and 6-1 symbols".In cases 
where Edmonds is not useful, then Rotenbbrg is 
used alone, (e.g. when L.=L.=3) 
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Prom (5-60), we see that a pole in the u-channel 

amplitude with total spin J=3, corresponding to the 

particle jj , will give a positive force to the 

J=3 amplitude in the s-channel. And due to the pro¬ 

perty 

C=C“1 (5-61) 

which we shall later demonstrate, we see that the 

reverse is also true, i.e. a pole in the s-channel 

amplitude with total spin J=3 will also give a positive 

force to the J=3 u-channel amplitude. 

But from looking at the other crossing matrix 

elements in (5-60) for J =3 , we see that 

C„:C„o:C„=18:10:2 which tells us that if we include 

exchanged particles with J=1 and J=2 in the u-channel, 

then their contribution to J=3 amplitude in the s- 

channel.will he much bigger than that from fj exchange. 

This means that although^ exchange in the u-channel 

will contribute to a positive force to bind 'trTx 

together to form Jj in the s-channel, its contribution 

is likely not be exclusively significant. So, we are 

likely not able to obtain correct quantitative 

results with this simple bootstrap model in which only 

♦To be absolutely correct we need to incorporate 
isospin into consideration which we are going to do 
later. At the present time, we can ignore isospin, 
because Cj^ is positive when 1**1**/ 



the is to bootstrap itself. An inclusion of 

other particles with J-1,2 appears to be necessary 

to give a self-consistent model. 

Let's consider another case where 1^=L^=1 and 

j=4. Prom (5-57), we get 

G) m (Sr) 

V(3) / 22 0 

-3$- /?/ 

/So 1 

\ i¥o 3é ¥ 

(5-62) 

We seeftom (5-62) that the same analysis given 

to is applicable to in this case, i.e. 

exchanged in the u-channel contributes only a(small) 

part of the force to bind 'tr'tr# together to form 

in the s-channel. So inclusion of other particles 

in addition to J§- as the particle being bootstrapped 

is also indicated. 

The same sort of result is obtained when we 

consider the bootstrap problem for any particle on 

the f rising trajectory. The angular momentum 

crossing matrix for general j and l^L^I is 
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I 
* * 

c - 
JsTu. 

(i-0 

O') - 

Jh.* O-l) (j) (j+0 

Cj+O -G+*)C»j+0 

j(j+«)(2j+l) 

(i+i) 

—O+OOj+O (*j+0(i+«H iCai+3) 

jfo-OM J (*i*0 

(5-63) 

by using table 5 in Edmonds (I960). 

Combining the angular momentum crossing matrix 

(5-63) and isospin crossing matrix (5-1), we obtain 

the total crossing matrix such as (4-51) to be 

C 
Chil)JCiVkz^ 

(5-64) 
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c / ?<? 

M <v) (0,3) 0,0 0,2) 0,3) 6,0 (V) G,i). 

(J{fr c»,o 6 ~î° W -a fo -v i$T2 3o 42 P 

(op -Ifr to -/fo -Sfc /fo 

(0,1) 3* 20 X -foX -6* -/2. /fo too 2.0 

0,0 -£ 3o -n f -4ft /»* /t -It 2/0 

* 0,>) a -to -28 -27 It f2 -fS- /it 7o 

0,3) 

VO 
T
 -2o -L ** 30 6 ?o to fo 

M c -io H ? Htf A* 3 -/$- *2. 

to 28 -27 7t £2. -J 2t 
0,3) % 20 2, 3o a /O 

(5-65) 

Now it is worthwhile to identify each of the 

states that appear in (5-65) by the observed particles 

if possible. In order to do so, we observe that 

C (-!>“ |f'•{Wl} US (5-66) 

and 

£ |f.o- f*JT} = ‘’'/WT} (5-67) 

Both of the above equations can be found in Ref.20. 
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Since S=j= even, and L is odd as indicated 

on P.//3 , the change conjugation parity C is going 

to be (-1) for all (T1Tj ) states under consideration. 

Whereas the G-parity of the ) states is going 

to have an opposite sign to that of the isospin of 

the ( nriTj ) states. 

With C and G determined, we can write the ( TrtTj ) 

states explicitly as in Table 5-1, by using the 

particle tables in Ref. 78. 

From the total crossing matrix appearing in 

(5-65), we observe that we may need to bring in 

resonances corresponding to the (1,1), (1,2), (1,3), 

(2,1), (2,2) and (2,3) ( r states 

into the bootstrap. But if we make the assumption 

that we can ignore the (1,2), (2,1), (2,2) and 

(2,3) states because they are not observed resonances,, 

then we are left with the states (J,1) and (1,3) 

i.e.f*(770) and J(1680), the first two members on 

the f -Regge trajectory. And the contribution from 

j* (770) and 2 (1680) ( % ) is in the ratio 9:1. 

Thus even under this assumption of neglecting the 

unobserved particles, we still need to bring the 

? into our bootstrap with f being the dominant 

particle. 
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states 

(*,') 

(0,2) 

(ot i) 

0,0 

(1,2) 

COS) 

(2.1) 

(2.2) 

(2,S) 

p 
Quantum No.s I 

o~( r) - 

0*0> 

o*(s")- 

«♦ co¬ 

in 2> 

i+0> 

2*(r)' 

2* (O- 

2Cr)- 

Ot) served 
P)C Particles 

PCrto) ,9'Oioo) 

Table 4-1. States and Corresponding 
Observed Particles. 

With the situation as it is, we cannot carry out 

the next step, i.e. to bootstrap the entire 

S -trajectory, as we have planned using the model 

we have proposed. But we are going to demonstrate 

later that the result we have obtained can be useful 

in other respects. 

We may now ask if the same kind of result is 

obtained in higher wave scattering. Let's take 

L^=L^=3 and j=2, then we obtain 
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JS“- <o 

a> a) 
-*© /« 

(♦> 

-u* 

(>) •u no -m i7o 

Ci) 
1 n •i(0 i S3 3* 

*X0 

00 •no /to 2 4* /z3 

it) no no 7© ft 

(*> 

a* 

J30 

//o 

(5-68) 

21 

a. 

(5-68) still indicates that the force provided by 

JP=3- (ft ) exchange in the u-channel is attractive 
p _ 

in the J =3 amplitude in the s-channel.inAnd 

actually the S3 exchanges seem to have a bigger 

relative contribution than before. And if we argue 

that J=4 and 5 channel can be ignored. When we try 

to consider l^L^I and L^=Lf=3 terms together 

since those channels do not appear in the 

term, we see that the relative contribution from 

is increased. 

To demonstrate that the angular momentum crossing 

matrix C is its own inverse, i.e. (5-61), we look 

r 

(5-69) 
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Using the symmetry properties of the 6-j symbols 

(5-70) 

and the orthogonality relation 75 

T. (u 4,)(* A o 
(5-71) 

(5-69) can he shown to he 

X £JT' 

or C =1 

(5-72) 

The same relation is true for the isospin crossing 

matrix (5-1). 

There is an interesting result which one can 

obtain by studying the angular momentum matrix (5-63) 

for large values of in which case we obtain 

C ’ 
ci*o 

Û) (J+0 

0 I V 

! o 

o / 

(5-73) 

o 
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From this matrix, we see that, for large enough 

values of 3» the exchange of the (3-1) state will 

give rise to the force required to form the (3+1) 

state in the *1TTTj scattering. And the (3+1) state 

will give rise to the force to "bind nrlr^ to give the 

(3-1) state. Possibility of such a reciprocal boot¬ 

strap also exists in cases where 3 is small. See 

p./a$" for example. But it is even more interesting 

to observe that when the J* meson is assumed, 

for example, from the P -bootstrap in the scat¬ 

tering, it is possible to obtain from it the entire 

f tra3ectory. (We are making a crude approximation 

to use (5-73) for small 3 values in our discussion 

here). We notice from (5-73) that the exchange bf P 

in the scattering gives rise to thej| resonance, 

which, in turn, when exchanged in the 'ir'ty. channel 

contributies to £ and so oh* giving rise to the entire 

3 tra3cetory. 

Our calculàtion for the crossing matrices are 

done in die static model approximation which is better 

at higher values of 3» If we assume the same slope 

for both the Tr and f Regge tra3ectories then we have 

hi - + ci j a 0, 2, V, 4, ... 

-^0+0+Ci 3 5 ot *# 4»' ' ' 
(5-74) 



125 

where h is the mass of the -meson with spin j, 

and M^+( is the mass of the .f-meson with spin j+1. 

From (5-74) we obtain the ratio 

M/H-ZV’ _ cL+Ct-c, 
j 

0 jor j-+<* 
(5-75) 

Therefore, the above ratio is small for large 

This tells us that the static model approximation 

improves as the value of j gets bigger. As a result, 

the crossimg matrices obtained are more accurate 

for higher values of j. 

There is one thing we have ignored and that is 

isospin crossing. If isospin is taken into consideration, 

the total crossing matrix for asymptotic j values 

can be obtained from (5-73) and (5-1) similar to what 

was done on p.n7 . We observed that particles 

with isospin 2 will come in and, therefore, interfere 

with the above discussion. Here, we offer no convincing 

argument why they should be ignored. 

(5-64) and (5-65) and similar equations contain 

a lot of information. For example, guided by the 

result that a self-consistent model calculation 

for the channel elastic scattering would require 

the inclusion of at least the (1,1) and (1,3) 

( ) states (P-wave only) if we ignore 
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the other states not observed in the laborator, we 

can attempt a reciprocal bootstrap between the (1,1) 

and (1,3) states ( £ and ^ ). From (5-65) we obtain 

the total crossing matrix to be 

c - 
a,o 

(W 
/S» 

(5-76) 

In order to examine if the reciprocal bootstrap is 

plausible, we calculate the eigenvalues of the above 

crossing matrix by solvingthe secular equation 

<t«t(C-Al) = 0 (5-77) 

The eigenvalues are calcualted to be ^ , and 

. Since * is in the order of 1, the possibility 

of a reciprocal bootstrap between the (1,1) and (1,3) 

states in the channel is indicated. 

Likewise, we can see if the (1,2) and (1,3) 

states shown on (5-65) can form a reciprocal bootstrap. 

The total crossing matrix in that case is 

0,*) (1,1) 

r = j_ 
y no 

( ft$y 

7S“ 4* 

o
 61 

(5-78) 
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We find by solving the secular equation that 

the eigenvalues of the above matrix are <4- and —L. 
v £0 

thus possibility of reciprocal between (1,2) and (1,3) 

is indicated. 

Similar calculation can be done on the reciprocal 

bootstrap attempt on (1,3) and (2,1) states and a 

positive value of the eigenvalue is obtained to be 

approximately 0.61 and indicate favorably that a 

reciprocal bootstrap between (1,3) and (2,1) state 

is a possibility. 

likewise other bootstrap schemes can be considered 

using the crossing matrices we have developed. And 

we have mentioned before, in our derivation for (5-56) 

and (5-57), we are not limited to integral j only, so 

we can use them for cases when j has half integral 

values. For example we can apply the matrix in (5-57) 

to pion-nucleon ( *7rA£ ) scattering in which case 

the isospin crossing matrix is given in (4-50) 

instead. If we try to consider a bootstrap as 

represented by the following diagram 

Fig. 5-4. Nj Bootstrap inWN.. Scattering. J > £ 
is required in order to use (5-63) 



128 

Using the isospin crossing matrix in (4-50) and 

the angular momentum matrix in (5-63), with 3 y we 

see that the bootstrap fails because the force supplied 

from exchange in the u-channel to the J=j s-channel 

is repulsive. can be replaced by N^. or , and 
«I 

same result applies. 

Other variation in bootstrap scheme is again 

possible, for example, we can consider A/ 
<}+i 

bootstrap in 7rWj scattering, in which case we need 

to have L^, L^=even numbers from parity considerations. 

We can also generalize NN* bootstrap to Aj+i 

bootstrap using our results. All these demonstrate 

how much information is obtainable from the results 

in crossing matrices found in (4-50), (5-1), (5-57), 

(5-60) and (5-63), etc. 

A recent bootstrap calculation of rising J* Regge 

trajectory is reported using the Balazs' method with 

left-hand out approximated by 7 poles. The input 

force is due entirely to the 9 . The 9 -trajectory 

is sought in the output. Good results for the mass 

and width are obtained. But there is a question of 

validity of the scheme, since only 9 is used in 

the input and inelastic effect is ignored. 
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APPENDIX A 

C.D.D. POLES 

It is possible to construct Dj(s) in terms of 

its phase, poles and zeros on the physical sheet by 

a method due to Wiener and Hopf (T’itehmarsh (1937)^^). 

Since Nj(s) is Hermitian analytic (p.$7) and contains 

only left hand singularities of 3Sj.Cs) (which has a 

phase Sj.(s) on the right hand cut), we conclude that 

Dj(s) will have a phase equal to - tyi) . Let's 

suppose that Dj(s) has pj poles at z^ , i=1,... 

pj and qj zeros at s^, 3=1,... Then Wiener 

and Hopf's prescription is to write Dj(s) as 

exp I ^ J (s'-sX*'- V 

(A1) 

where we can use the same normalisation Dj(i)=1 

as on p. 5* , in which case %» “> . Equation A1 

ensures the right phase-^Cs)(which is assumed to be 

asymptotically constant when the dispersion relation 

is written with one subtraction) and also the correct 

poles and zeros. 

If we choose s=s0 as in usual jpractice, then 

it can be shown that asymptotically 
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JÇ(S.) S (A2) 

But we already restricted Dj(s) on p.$$ such that 

Dj(s) constant. Thus we have 

Sj<*o - Sj(s*) = (A3) 

in agreement with Levinson* s Theorem. The usual 

convention is to let 

(A4) 

where qj is the number of zeros of Dj(s) on the physical 

sheet and thus corresponds to the number of bound 

state particles in the s-channel. 

As a result of the convention (A4), 

Sjf60) = 

In the presence of poles of Dj(s) given in equation 

(4-8b) will have additional pole terms as V —% 
7* s- 

where ^ are pole residues. These poles of Dj(s) 

are at s=z. i=1,... p. are called CDD poles named 

after Castillejo, Dalitz and Dyson who discovered 

them.8^ From equation (4-4) we see that they corresponds 

to zeros of 33^6) . Due "to the presence of non-zero 

terms in the dispersion relations besides the pole 

terms in the dispersion relations besides the pole 
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terms (sufch as the term 1), there are zeros of Dj(s) 

at positions s close to z^ , i=1,.... Pj . The close¬ 

ness of those zeros to z. depends on N.(s), and z,. 
J- J X 

Thus, related to the CEE poles, there are particles 

of arbitrary mass, and coupling constants (elementary 

particles). Referring to previous discussion on the 

possible subtractions in the Mandelstam represention, 

we see that the CDD poles actually correspond to the 

Kronecker deltas in the J-plane in the scattering 

amplitude. 
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APPENDIX B 

N/D EQUATIONS IN THE CASE 
OF COUPLED CHANNELS. 

The first step in trying to include inelastic 

effect into the scattering amplitude can he done hy 

extending the number of two-particle channels (say 

L channels). The unitarity relation in that 

case will simply be (comparing to equation (4-2)). 

** J n ( B1 ) 

where s_ is the threshold of channel n. In matrix n 

notation 

Im “Bj = Bj * T7 * (32) 

where ^ is a diagonal matrix containing the 

function, such that 

(?,U- K *<S~M lB3) 

We define matrix function, such that 

Sj = (B4) 

where Nj and Dj are both L x L matrices and contains 

left hand and right hand singularities respectively. 

It can be shown from unitarity condition (B2) 

that on the right hand cut 
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'R.U.C. (B3) 

Thus 

l*av?) - -^N »«»*** <B6a> 
On the l.H.O. on the L.H.C. 

1 (B6b) 

Then we can write dispersion relations for Nj and 

Dj such as equation (4-8) or (4-13) by using equation 

(B5). Note that the 1 in equation (4-8) or equatioh 

(4-13b) becomes the unit matrix in this case. 

We can add that Bj(s) computed by the N/D 

method as presented above for the multiple two- 

particle channel case conforms to time reversal 

invariance provided the input force 

(B7) 

-oo 

(or ImBj(s)) is symmetric. To prove the last state¬ 

ment, we need only look at 

(superscript T means transpose). It can be very 

easily shown using equation (B6) and the assumption 

of a symmetric input force that 

equals to zero on both the right hand cut and the left 

hand cut. Thus it is identically zero leading to 

the conclusion that which is a statement 

of time reversal invariance. 
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The bootstrap equations corresponding to equations 

(4-46) and (4-48) can be obtained by noting that 

A/«£)
T 

Ai[T>] (B8) 

where the subscript J is suppressed, andoB is a L x L 

matrix such that is the cofactor of m . So in 

component form. 

■a _ [^L (B8? ) 
'D*1> ' <Mf>] 

Treating (Mie ) and det(D) as the previous single¬ 

channel N and D functions respectively, the bootstrap 

equations are obtained to be (cf(4-46) and (4-48)). 

MM = 0 (B9a) 

and 

(Tfe chltog)' 

where is defined as in equation (4-37) 

(B9b) 

(B10) 
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APPENDIX C 

BALAZS APPROXIMATION 

The Balazs approximation consists in trying to 

obtain a simple form for the input force so 

that the N/D equations can be solved exactly,8^’^ 

The form of obtained by Balazs has a finite 

number of poles (on the left hand cut of course) with 

positions being free parameters. 

n 
(01) 

where sA are negative. Using the relationship 

I 

s-st±lé 
 !  - iiré(S-Si) 1 £ - * (02) 

where p denotes principal ..value, we get 

I„#> • ■ -4*< 
(03) 

on the L.H.C. 

Substituting into equation (4-5) and applying the 

property that 

r> . v f,,.\ CV- p.\ 

(04) « fed SCS-Si) 

we obtain 

C-1 

(05) 
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Reversing the argument which leads equation (C1) to 

(C3), (C5) leads to 

A4» ■ 
Putting (06a) into equation (4-8)., 

3}» ■, -s&t-Vtofegl&cn 

(C6a) 

(C6b) 

Thus the N/D equations are solved exactly, 

But we have not discussed how the residues 

are to he determined. To this end, we notice that 

in the nearby left hand cut region, ^y^is reasonably 

well approximated by the exchange of a particle with 

the lowest mass. Thus we can determine R^ by matching 

•E&) and its first (n-1) derivatives obtained from 

equation (C6) with those obtained from particle 

exchange at a matching point in the region between 

the left-and right-hand cut. The derivatives of each 

^fe)are also matched, because n equations are re¬ 

quired to determine all R^ . 

The free parameters s^ reflects ours ignorance 

about the high energy region, whereas the matching 

point has functions analogous to the subtraction 

point in the determinatal method. 
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APPENDIX D 

CROSSING IN THE 
STATIC MODEL APPROXIMATION 

Sometimes, 6J the energy of the incident particle 

in the laboratory frame is used as energy variable 

instead of s, because 6J possesses a simple property 

under crossing. When s is crossed into u, then OJ 

goes to-*/ , when -to* is the energy of the incident 

particle in the laboratory;frame for the u-channel 

scattering. (See diagram D1) s- and u-channel 

scatterings are defined as 

(s-channel) 1+2 3+4 
(D1) 

(u-channel) 3+2 T + 4 

Particles 3 and 1 are crossed in the s-channel to 

get the u-channel instead of particles 2 and 4, 

so that we remain in the laboratory frame. Actually 

the scattering amplitude for 3+2-+T+4 is the same 

as that for l+?-»3+2 because of the PCT theorem. 

'Ns 
(a) (b) 

Pig. D-1.: (a) s-channel Scatterihg in Laboratory Frame, 
(b) u-channel Scattering also in Laboratory Frame. 



The channel invariants s andu are 

s=(P1+P2)2 

u=(p2+p2)2 =(P2-P3)2 
(D2) 

where the values of P2*P2*P3»P^ in the laboratory- 

frame are (s-channel) 

where M is the target mass,^ and 

momenta such that 

$ - 0* ' 

are the three 

(D4) 

Using equations (D3) and (D4), (D2) becomes 

0 » *(D5) 
«-• Cf.-ftf = (M-W/-£')* =<M■+*>-£ =if-M'n «"3 

Thus, we see that the crossing s*-* u implies 

In the static model the target mass is considered 

to be infinitely heavy comparing with the incident 

mass and so any recoil by the target can be neglected 

leading to the result that 

P2 = P4 (D6) 

which implies from (D3) that 

CJ'=(J (D7) 

So the crossing s-» u implies J in the static model. 

*The reference frame in the static model is 
simultaneously the C-M frame and the laboratory frame 
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