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ABSTRACT 

The recent discovery of naturally occurring radio¬ 

active niobium isotopes, of atomic weight 92 and 94, in 

commercially prepared niobium admits an explanation in 

terms of production by the capture of cosmic ray muons by 

terrestrial molybdenum, and encourages the examination of 

(jj-jXn) mechanisms for their possible role in the origin 

of other trace isotopic effects. 
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Errata 

Page 8, equation (b):, for f^(A) read f ^(A+x) 

Page 15, equations (21) and (22) : for p read p 

Page 30, last line: for differentiates read differences 

Page 37, equation (78): supply a missing factor of 1/2 

Page 37, equation (79): for read P^n 

Page 43, line 5: the sentence ending on this line is 

94 
incomplete; add "for Nb." 

Page 43, line b: for 92Nb(e",v)92Zr read 92Nb(e+ , v)92Zr 

Page 43, line 7: for 
94 94 yNb(e_, v; ^Zr read 

0
 

O
N
 1 CD. 

£ ON 
Page 44, line lb: for states read stated 

Figure 8: for 9Sïb/92Nb read logj^Sîb/^Nb 

Page b5, line 4: for Wolecka read Walecka 

Page b5, line 18: for Monta read Morita 
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I. General Considerations 

Introduction 

In recent years, several investigators have attempted 

to find isotopic anomalies in terrestrial matter caused by 

cosmic ray muon bombardment. Unambiguous demonstration of 

such anomalies could shed light on diverse questions such as 

the constancy of the cosmic ray flux throughout the earth's 

existence (Takagi, Sakamoto, and Tanaka, 19b7) and the 

shielding history of old geological samples (Takagi, Hampel, 

and Kirsten, 1974). The search in nature for sufficiently 

exposed samples of known shielding has led not only to the 

"obvious" sites such as mines and the bottom of Boston Har¬ 

bor (Fireman and Steinbrun, 1973), but also to the slopes 

of Mt. Fuji and, most recently, a chemical warehouse (Ham¬ 

pel and Kirsten, 1975). While early radiochemical surveys 

(Winsberg, 195b; Rama and Honda, 19bl) were no more than 

suggestive, by 19b7 Tanaka and co-workers could make a 

strong case for assigning excess ^^Xe and ^"Sce found in 

old tellurium ores (first reported by Ingraham and Reynolds, 

1950) to this origin. More recently, a qualitative advance 

has come from the application of low-level y-spectroscopy 

1 



2 

to the problem; one can expose a sample for some years (or 

even months), detect the induced radioactivity, and confi¬ 

dently ascribe it to muon interactions. 

The detection of anomalies resulting from muon expo¬ 

sure over long periods of geological time remains in a 

nascent state, but shows promise of vigorous advancement. 

7 129 
A recent development is the detection of 1.7 x 10 yr I 

g 
in association with excess xenon in old (> 10 yr) tellu- 

rides (Takagi, Hampel, and Kirsten, 1974), which clinches 

129 
the case for ongoing production of the Xe excess. A 

most striking discovery has been made by Apt, Knight, Camp 

and Perkins (1974), who have found 1.7 x 10^ yr ^^Nb and 

4 94 
2.03 x 10 yr Nb in nature. The present work will attempt 

to account for these findings, and to yield insight into 

the nature of muonic anomalies in general. 

Muons, which account for some 8(K of the sea-level 

cosmic ray flux, can cause transmutations in rock by the 

93 
following reactions: (1) u -capture, e.g. Mo (|a“,n\>|i) 

92 93 94 
Nb, (2) secondary neutron capture ( Nb (n,y) Nb), or 

93 
(3) electromagnetic interactions of fast muons ( Nb(g“,i_x n) 

^^Nb). (For clarity, I will generally omit the neutrino 

and neglect y-emission when referring to these reactions 

in what follows.) The model developed in this work neglects 
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reactions of type (3) and assumes the neutrons in mode (2) 

are thermal. Estimates of the effect of (|j",|i"n) reactions 

made in a slightly different context (Hampel and Kirsten, 

1975) indicate that their omission should not cause grievous 

error. Some authors consider the contribution from fast 

neutrons, but the energy of secondaries from reactions such 

as (1) is « typical 2n separation energies, for example, 

so thermal capture appears plausible (although epithermal 

capture might conceivably occur). 

The remaining part of this chapter will be devoted to 

describing the model and method of calculation in general 

terms. Surprisingly, little experimental data exists 

regarding muon-induced nuclear reactions such as (1) in 

the nuclear mass range of interest. It is, however, pos¬ 

sible to calculate the pertinent branching ratios with 

fair confidence. These calculations occupy the bulk of 

chapter II. In chapter III, I present my calculations of 

the anomalies found by Apt et al. and Takagi et al. 

Muon Stopping Rate 

Figure 1 shows the stopping rate of negative muons 

in gm-^ r ^ as a function of depth in standard 



Figure JL. Stopping rate of negative muons per year per gram 

of rock as a function of depth, from Hampel and Kirsten 

(1975). 
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rock. This graph is a composite of a variety of observa¬ 

tions, and so has only an average validity (Tanaka et al., 

19b8). Negative muons comprise 44$ of the total. If one 

considers only those nuclear reactions caused by u- cap¬ 

ture and any secondary neutrons, the production rate of a 

stable nucleus is proportional to the muon stopping rate. 

As I will typically invoke a suitably chosen, constant stop¬ 

ping rate, and exposure times long compared to the lifetimes 

of any radioactivities produced (an exception is ^^Nb), a 

small notational simplification results upon defining a 

fictitious "muon exposure" 

in terms of which 

T = X t 
u" 

(1) 

_d_ _d_ 
dt dT 

(2) 

I will usually follow this usage for convenience while 

acknowledging the implausibility, for any given sample, 

of constant muon irradiation at constant depth through¬ 

out geological time. 
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Deceleration and Atomic Capture of Muons 

Fermi and Teller (1947), in examining the fate of 

energetic negative muons in condensed matter, found that 

the entire process of slowing-down and capture occurs in 

a time much shorter than the 2.2 |jsec. lifetime of a muon 

at rest. In the earliest stage, a muon of, say, 100 Mev 

slows from relativistic motion to energies characteristic 

of valence electrons in the target (~2 kev) within 10 ^ - 

-9 
10 sec. It next suffers capture into a high-lying bound 

-14 
state about some target nucleus in a further 10 sec.; 

the object so formed is closely analogous to an excited 

hydrogen atom. The subsequent cascade down to the ground 

-13 
state consumes a final 10 sec. Virtually all stopping 

muons attain the muonic "K. orbital" before decaying or 

otherwise vanishing. 

On the basis of crude theoretical arguments, Fermi 

and Teller suggested that in chemical compounds or mixtures 

of different elements the relative probability of muon cap¬ 

ture varies as Z of the competing nuclei. Thus one takes 

for the relative capture probabilities of elements Z and 

Z' in a compound Z^Z'^ 

P(Z)/P(Z') mZ/kZ' (3) 
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Although experiments bear out this prediction for noble 

gasses or other mechanical mixtures of atoms, it fails in 

general for capture taking place in chemical compounds, 

sometimes by as much as a factor of two (Ponomarev, 1973). 

Alloys and metallic halogen salts obey the Z-law, while 

metallic oxides do not. To a man, investigators of muon- 

induced anomalies use the Z-law in the absence of any other 

simple procedure. It is difficult to say just how much 

error the Z-law introduces into these calculations. The 

Fermi-Teller law tends to overestimate the stopping power 

of heavier nuclei in oxides, and granite, for example, is 

a mixture of such compounds. This circumstance obscures 

the division of stopped muons between target element and 

matrix quite apart from any difference between the captur¬ 

ing efficacy of, say, B^Te^ and native Te. 

Curiously, many of the thermal (n,y) cross sections 

needed in this work also have large uncertainties, but of 

an experimental nature. The point of the foregoing discus¬ 

sion is that the calculations of this thesis have inherently 

large errors. They do not destroy the approximate validity 

of my models, but isotopic ratios and the magnitudes of 

anomalies may easily be off by factors of order unity. How¬ 

ever, in attempting to account for the factors needed to 
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match theory with praxis, I will proceed as if these ambi¬ 

guities did not exist so as to gain insight into the kinds 

of physical circumstances which affect muonic anomalies. 

Nuclear Capture and Resultant Transmutations 

Once residing in a ground state muonic orbital, a 

captured muon experiences competition between two modes 

of disappearance: 

Decay |i~ e" + ve + vu (4) 

with a lifetime close to that for free decay, and 

Nuclear Capture (A,Z) + |j- -> (A,Z-1)* +v^* (5) 

Both processes are weak interactions. In particular, 

equation (5) is an analog of electron capture and dominates 

the disappearance rate for Z > 12. For A % 100 the 

branching ratio approaches unity in favor of nuclear capture 

(Tiomno and Wheeler, 1949; Sens, 1959). 

A variety of particle emissions accompany nuclear 

capture. Up to five neutrons may appear, with an average 

multiplicity of 1-1.5 per capture. There is also a small 

probability (~2$) for emission of single protons or alphas. 

Consider the transmutations caused directly by muon capture 



8 

and/or particle emission; by (^,xn ) for example. If 

one denotes the branching ratio for emitting x neutrons 

following nuclear capture in (A + x, Z + l) by I , the 

rate of production of species (A,Z) from (A + x, Z + l) 

may be written 

P (Z+l)P . (A+x,Z+l) f_ (A) I (b) 
A+x,Z+l C Û Z Xn 

Here the probability of atomic capture by an atom 

of element Z is, following the Fermi-Teller law, 

PC(Z) 

c z 
Z 

Z 
i 

(7) 

where C is the numerical concentration of element Z in 
z 

the target (f (A) is the isotopic fraction of (A,Z) present 

in element Z in the target). If S C. = 1, then the 
X 

weighted sum in the denominator of equation (7) may be 

regarded as the mean value of Z in the target; 

<Z> = L C Z (8) 
i 1 1 

The probability of muon disappearance by nuclear capture 

is, to good (~2$) accuracy (Sens, 1959) 
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Pd(A,Z) 
A(A,Z) (9) 

A(A,Z) + AFree 

where A(A,Z) represents the rate of nuclear capture and 

%ree t^ie ^ree decay rate for muons at rest. 

The production rate of a given nucleus from secondary 

neutrons depends on the mean multiplicity/nuclear capture, 

In a target of mixed composition the interesting quantity 

is an effective neutron multiplicity per muon stopped in 

the target. One obtains this as an average of v over 

the target composition, weighted by the elemental proba¬ 

bility of nuclear absorption and by the relative atomic 

capture efficacy: 

If (assuming validity of the Z-law) experimental 

values for and v are used, equation (11) is exact, 

as workers report multiplicity data in the literature in 

terms of measurements on targets of ordinary isotopic com 

positions, corrected for an average muon disappearance 

(10) 

(11) 
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probability in the target. In this case P^(Z) is obtained 

by using the elemental nuclear capture rate in equation (9). 

By equation (7), equation (11) has the form of an "expec¬ 

tation value" of Pdv with respect to Z for the target 

constituents, 

<Z Pdv> 

veff " (Z) 
(12) 

The rate of production per stopped muon of nucleus (A,Z) 

takes the form 

_d_ 

dT 

[A,Z] 

A-1,Z 
veff 

P 
n> Y 

(A-1,Z) 

where 

Pn (A,Z) - n, y 

Cz£ °n.v<A'Z> 

(13) 

(14) 

is the probability that a thermal neutron will undergo cap¬ 

ture by nucleus (A-1,Z), with f the isotopic fraction of 

element Z with atomic weight A-l, a the elemental 
cl 

thermal neutron absorption cross section, and a the 
n, y 

isotopic (n,Y) cross section. The average in the denomi¬ 

nator is taken over the isotopic as well as elemental com¬ 

position of the target. 
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The total production of a given isotope per muon 

stopped is obtained by combining equation (13) and the sum 

of equation (b) over contributing parents (including the 

branchings for charged particles as appropriate). If 

irradiation times are much longer than any radioactive 

lifetimes, then the total production of stable daughters 

is given by multiplying with the muon exposure T. Only 

stable isotopes or very long-lived radioactive nuclei are 

considered eligible parents for muon-induced species. Like¬ 

wise, only stable or long-lived species are of interest as 

daughters over geologically meaningful times. Thus in the 

case of 

13°Ba(n, Y) 
131Ba( p", v) 131Cs (p“, v) 131Ke (15) 

the intermediate members of the chain have half-lives on 

130 
the order of ten days, so Ba effectively has the role 

of parent to 131Xe. In what follows, I shall not discuss 

the short-lived intermediate states produced as, (again, 

with the exception of ^^Nb) they all decay "instantaneously” 

and shall sometimes use the shorthand 

130Ba(n,Y)131Xe (15.5) 

to designate the parent nucleus and mode by which the decay 
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chain to the stable daughter commences. In this sense, 

some isotopes achieve parenthood by more than one route: 

132 130 
Ba contributes to Xe by 

132^ , _ _ s130„ . - . 130v Ba(ji ,2n) Cs(p ,y) Xe (lb) 

and by 

132_ , _ N 130„ Ba(jj ,np) Xe (17) 

Table 1 lists all the parents, daughters, and reaction 

modes used in this work. Figures 2 and 3 show the perti¬ 

nent stable isotopes in the vicinity, respectively, of 

niobium and xenon, along with various sorts of useful infor- 

94 
mation. In addition, Figure 2 displays the parents of Nb 

explicitly in relation to the daughter in the plane of the 

nuclides. 



T
a

b
le

 

CO 
<U 
P-. 
O 
•U 
O 
CO 
M 

X) 
CU 
a 

£ 
o 
5-1 

ÇU 

h 
o 

ê 
o 

CO 
U 
c 
a) 
M 
cd 
P 

d 
•s 

îi 

a 
a 

•> 
i 
n 

a 
m 

•v 
I 
n 

5 

d 
CO 

d 
CM 

•* 
d 

co 
5-4 
(U 
4J 
Æ 
60 
3 
P 

cd 
PQ 

O 
CO 

o 
S 

r^ 
ON 

co 
u 

co 
co 

o 
2 *o 

o\ 

o 
2 

oo 
ON 

CM 
CO 

o o 
2 2 

m fN* 
ON ON 

o 
2 

o cd 

«o o 
ON co 

m 
ON 

o 
s 

w 

ON ON 

O 
2 

cd 
PQ 

CO 

cd 
PQ 

co 
U 

CO 
CO 

CM 
CO 

Cd 
PQ 

O 
co 

o 
co 

(U 
H 

CM 
ON 

cd 
PQ 

uo 
CO 

cd 
.PQ 

co 

cd 
PQ 

co 
O 

co 
co 

cd 
PQ 

CM 
CO 

cd 
PQ 

O 
CO 

êcu 
M H 

CO fs* 00 I 
ON CM CM 

rÛ (U <U (U 
.55 X X X 

<1- 00 ON o 
ON CM CM CO 

cd 
.PQ 

co 

co 
co 

cd 
PQ 

CM 
CO 

cd 
PQ 

O 
co 

eu 
JH o 

co 

eu 

co 

cd 
PQ 

LO 
CO 

co 
o 

co 

co 
CJ 

co 
CO 

CM 
co 
rH 

cd 
PQ 

eu 

co 

cd 
►4 

00 
co 

eu cd 
*< J* 

<t -O 
co co 

cd 
PQ 

cd cd 
PQ PQ 

x> 
co co 
i—l TH 

cd cd 
PQ PQ 

m & 
co co 

cd 
.PQ 

eu 
J* c'i* 

CO 

i
S

b
v
.
 
_
 
.
 

1
3
8

, 



Figure 2. Portion of the chart of nuclides in the vicinity 

of niobium. The atomic weights and fraction of each isotope 

present in material of solar system composition appear for 

the parents of 92Nb and ^Nb. In addition, the relation 
94 between Nb and its parent is shown explicitly. 

Figure 3_. Portion of the chart of nuclides in the vicinity 

of xenon. 
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II. Muon-Induced Nuclear Reactions 

Nuclear Capture 

As first conjectured by TIomno and Wheeler (1949), 

the elementary process involved in nuclear muon capture 

is a form of weak interaction, 

4 + p -> n + v 
4 

(18) 

With this knowledge, one can motivate the gross features 

of the nuclear capture rate for medium and heavy nuclei 

by a simple argument. The rate of reaction (18) for an 

isolated proton Is proportional to the muon density in 

the vicinity of the proton, |^ (0)| . Similarly, for a 

muon in a IS hydrogenic state about a nucleus with charge 

O 

Z, this factor goes as Z (Schiff, 1968) on the assump¬ 

tion that the muonic wave function may be regarded as 

essentially constant over the small dimensions of the 

nucleus. The transition rate is further proportional to 

the square of a nuclear matrix element which, it is argued, 

goes as Z. This dependence follows from the supposition 

that all protons interact with the muon independently. 

13 
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The momentum transfer to the nucleus approximately equals 

the neutrino momentum of ~100 Mev/c, since the muon contri¬ 

butes minimally to momentum balance. As this transfer cor¬ 

responds to a Compton wavelength of <2 fm, roughly the 

interparticle distance in the nucleus, transitions involv¬ 

ing coherent motion of more than one nucleon appear implaus¬ 

ible. Therefore, one expects the capture rate to go 

approximately as 

A ~ kZ4 (19) 

as first described by Wheeler (1949). 

This result must be corrected for two effects in 

order to obtain a realistic capture rate. First of all, 

the Pauli principle restricts the final states available 

to the created neutron. One expects that the resulting 

suppression of equation (19) should be proportional to the 

fraction of the nucleus composed of neutrons, (A-Z)/A, 

so that 

A ~ kZ4 (l - s') (20) 

where the parameter ô accounts for the overlap between 

the wave function of the nuclear neutrons and that of the 

newly-minted neutron. 
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Next, the muon wave function is rather poorly repre¬ 

sented as hydrogenic for heavier nuclei. For one thing, a 

relativistic treatment is required, but more importantly, 

the muonic "Bohr radius" lies within the nucleus for suf¬ 

ficiently high Z; the muon spends the greater part of its 

time inside the nuclear surface. In consequence, the muon 

samples a smaller effective charge. The assumption that 

the muon wave function varies little inside the nucleus 

also requires patching. A more realistic calculation by 

Wheeler (1949) shows the capture rate to be proportional 

to the expectation value of the nuclear charge with respect 

to the muonic wave function, 

<p> = (IS |P|IS > (21) 
U u 

leading to the definition of an effective charge, 

Zeff 17 a0 

to be used in place of Z in equation (20). a^ is the muon 

Bohr radius. 

Primakoff has derived a version of equation (20) with 

considerably more care than employed here (the foregoing 

paraphrases an argument in deShalit and Feshbach, 1974) and 

relates the constant K to the capture rate in hydrogen, 



lb 

A(l,l). This is the Primakoff formula (1959), 

AP(A,Z) ■= YA(l,l)Z*ff (1 - (^)6) (23) 

Both 6 and y prove insensitive to A or Z. Sens (1959) 

has found that the values 

6 = 3.15 

YA(1,1) = 188 sec 
(24) 

reproduce experimentally determined capture rates in the 

mean across a wide range of elements, given appropriate 

values for Z 
eff 

Where possible in the following calculations I take 

nuclear capture data from the extensive collection of Sens. 

His experiment measured capture rates on targets of natural 

isotopic composition only. Where no experimental data 

exists, as for many individual isotopes, I use equation 

(23), taking Zeff either from Sens or from a formula 

given by Wheeler (1949) 

eff - z(l + < 41.87 
)Vi.47vyV1.47 (24) 

where the constants chosen yield a smooth interpolation 
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between the values of Z calculated by Ford and Wills 
eff J 

(I960). Table 2 contains the effective charges so obtained, 

and the corresponding disappearance probabilities gotten 

from equations (8) and (23) which find use in this work. 

One sees that these latter differ little from unity. 

Particle Emission 

Of the energy release in the elementary process (18) 

l_r + p -» n + vQ » (25) 

which approaches 100 Mev in most nuclei, the lion's share 

generally goes to the neutrino. The residual excitation 

does not suffice to disrupt the nucleus. Historically, 

the failure of muon capture to dissociate the capturing 

nucleus played a major role in persuading Tiomno and 

Wheeler (1949) to propose equation (18) as the responsible 

mechanism. In the relevant energy range (roughly 15-20 Mev) 

the mean free path of the recoiling neutron is smaller than 

the dimensions of the nucleus; the neutron suffers multiple 

scattering, and a compound nucleus forms which deexcites 

mainly by emission of y's and neutrons. However, a non¬ 

zero fraction of captures will result in the neutron exiting 

the nucleus without exchanging energy with any other nucleons. 



Table 2 

Nuclear Capture Probability Data 

Isotope Zeff pa 

92MO 26.39 0.962 

94MO ft 0.957 

95M Mo ft 0.954 

9bM Mo tv 0.951 

97MO If 0.948 

98MO ft 0.944 

130Te 28.91 0.941 

127I 29.14 0.931 

133Cs 29.58 0.960 

130Ba 29.79* 0.972 

131Ba If 0.969 

134Ba ft 0.965 

135Ba ft 0.963 

13bBa ft 0.961 

137Ba ft 0.958 

138La 30.00 0.962 

From Ford and Wills (1%0) 
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In addition, muon capture at the nuclear surface can occur 

with associated particle emission. 

Singer (19bl, 19b2, 1974) and McDonald et al. (19b5) 

have assembled a composite theory of muon-induced nuclear 

reactions which incorporates these three main effects. The 

picture is one of independent particle motion, with the 

nuclear wave function taken in Hartree form as the product 

of individual nucleon states. Two-body and higher order 

interactions enter through an average background potential 

taken from the Breuckner theory of nuclear matter, which 

also validates this general framework (Gomes, Walecka, and 

Weisskopf, 1958). 

The nuclear Hamiltonian for a single particle in infi 

nite nuclear matter cannot depend on spatial coordinates. 

Instead, it takes the form 

Extensive field-theoretic calculations by Breuckner and col 

laborators (Breuckner, Eden and Francis, 1955) reveal that 

the average momentum-dependent potential in nuclear matter 

has a quadratic dependence on momentum: 

H p2/2M + V(p) (2b) 

V(p) = V0 + YP
2 (27) 
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which leads to the concept of an effective mass for parti¬ 

cles inside the nucleus; 

Equations (28) and (29) comprise the effective mass approxi¬ 

mation. Singer (1974) finds M* =0.4 Mp gives best 

results for (JJ-, xn) reactions. 

When a muon and a proton at rest undergo reaction (18) 

the neutron receives an average of b Mev. Inside a nucleus, 

the protons will have a distribution of momenta which leads 

to a different momentum spectrum for the created neutron. 

A knowledge of the ground state wave function in the momen¬ 

tum representation provides the one-proton momentum distri¬ 

bution : 

H = p2/2M* + VQ (28) 

where 

1/M* = 1/M + 2y (29) 

Approximating the ground state by the equivalent quantity 

for nuclear matter, Breuckner et al. (1955) obtain 



20 

p(p) * ~3'3/2 exP(”P2/a2) (31) 
a TT 

Experiment (Wilcox and Moyer, 1955) indicates that in the 

regime of low excitation, 

a2/2M ~ 20 Mev (32) 

I shall use this value throughout. 

Nuclear Excitation 

Singer (19b2) assumes an elementary form of the weak 

interaction Hamiltonian, as the finer details do not greatly 

influence the results of this model; 

H = G T TTô(r -r )ô(r -r ) (33) 
w n L v n v p h ' 

where the nucleonic and leptonic ladder operators have 

their usual function: 

(pUJn) = 1; <n|Tn|n> = <P|TJP) = 0 

(34) 

(VJTIJU-) “ <|i“|TLl,j-> - <v^|TL|v(i) = 0 

The nonrelativistic interaction equation (33) corresponds to 

the low-energy limit of Fermi's theory of p-decay, extended 
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to include muons (Morita, 1973). 

The transition rate is given by the Golden Rule; 

A (35) 

In the present instance, = (n^H^I Pjj-). As usual, 

is a final states density. Following the procedure 

outlined for the capture rate calculation, the muon wave 

function is set equal to its value at the origin (using 

Ze££ to make it look hydrogenic) : 

♦ (0) 
h 

_1_ s Zeff Pe 

^ h2 
(3b) 

The reduced mass y, equals the muon rest mass to sufficient 

accuracy. The proton density comes from equation (31), and 

the neutron distribution is assumed identical: 

h(q) = ' 3 3/2 
exP (-q2/a-2) (37) 

a TT ' 

The neutrino is described by a plane wave. Using equations 

(31), (33), (3b), and (37), the transition rate equation 

(35) becomes, when averaged over initial spins and summed 

over final ones, 
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* ■ (àM 3, ,3 ,3 
Zeff J d kd Pd q 

3 3/2 
-a TT 

energy v 
omentunv 

(38) 

where the fourth factor of kas its earlier meaning, 

p, q, and k represent, respectively, the proton, neutron, 

and neutrino momenta. The density of states factor in the 

integrand of equation (38) includes, besides the delta-func- 

tions, a factor d k/(2rTh) for the neutrino and a factor 

3 3/2 1 - a TT h(q) which takes into account the effect of the 

Pauli principle in preventing neutrons from entering already 

occupied states. 

Consider now energy and momentum conservation. By 

assumption the capture reaction involves a single proton; 

none of the remaining A-l nucleons participate in momen¬ 

tum balance, so 

le + q - p = 0 (39) 

Energy conservation takes the form 

7 9 9 
> + me" - B = kc + c2 + Q (40) 

where the ground state muonic binding energy is B and 
d 

the nuclear excitation in the final nucleus is Q. It will 

prove useful to define a quantity EQJ 
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EQ = Q + kc (41) 

EQ represents a kind of "endpoint" energy for the excita¬ 

tion the nucleus can receive. A tabulation of E~ and B 0 u 

for the cases of interest in the present problem appears 

as Table 3. The values for B come from the extensive 
M 

work of Ford and Wills, while the atomic masses used to 

calculate E^ come from Wapstra and Gove (1971). The 

transition rate equation (38) now becomes 

The constant k is of no importance to this calculation, 

as the final results will appear in terms of branching 

ratios. 

One obtains Q in terms of the nucleon variables by 

supposing that it equals the difference in kinetic energies 

of the initial proton and final neutron, 

„ 1 , 2 2. 
Q = ai* <q -p ) (A3) 

using the same effective mass for both particles. Incorpo 

rating this change, and integrating over d^q removes the 



Table 3 

Muon Capture Energetics 

Isotope Ba A(Z-1,Z) Eo 

V
O
 

sT
0 

O
 3.9b Mev 3.5b Mev 98.14 Mev 

94 
Mo tv 2.04 99. b5 

95M Mo If 0.925 100.77 

9b 
Mo It 3.19 98.51 

97 
Mo ft 1.94 99.7b 

98 
Mo If 4.b0 93.09 

133Cs b.04* 4.27 99.19 

130
Te 5.55* 5.49 94. b2 

130Ba b. 21 0.44 98.18 

132Ba tl 1.27 97.39 

134Ba ft 2.0b 99.24 

135Ba II 2.09 9b.90 

13bBa II 2.55 98.28 

137Ba If 1.17 94.05 

138Ba It 5.39 99.01 

* These values interpolated from Ford and Wills (19b0). 
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de It a-function in momentum, with the aid of the law of 

cosines : 

A = k/Jk2dkp2dpd(cose)exp(-p2/a2) [l-exp(^ ^ +P ,-2kp(cose)Nj 

(44) 

x 6(EQ-kc-l/2M*[k2-2pk cose]) 

Converting the argument of the remaining delta function to 

cose by use of the identity (for a function with one simple 

zero x.) 
l' 

6(£(*)) 6(x-xt)/ 
df 
dx x. 

i 

(45) 

and integrating over e yields 

A = k,,j‘kdkj"pdp[exp[-p2/a2] - exp(-(2p2+2M*(EQ-kc))/a
2) ] 

0 
(4b) 

Examination of equation (4b) reveals that the delta function 

constrains p to be greater than or equal to 

P 
0 

k 
2 

M*(EQ-kc) 

k 
(47) 

Thus, after integration over p one gets 
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= k'//j’kdk|exp(-p2/a2) - %expC" ̂ p^+ZM^-lre))/^ (48) 

Finally, making the change of variable 

kc = E
0 ' 

Q 

the transition rate assumes the form 

A - k f 0 I(Q)dQ Jo 

where 

(49) 

(50) 

KQ) - (E0-Q)exp(-f1(Q)) - %(E0-Q)exp(-2f2(Q)) (51) 

in terms of 

f2(Q) - A(E0-Q)
2
/Eq

2 + BQ2/(EQ-Q)
2 

fx(Q) = f2
(Q) “ CQ/E0 

with 

2M* E0 . 2M* M*c2 2M* 

2 
a 8M*c2 2 2» 

a 
2 2 

a 

(52) 

(53) 

Figure 4 shows I(Q) for an isotope of iodine. I(Q) may 

be interpreted as the relative probability for muon capture 

to impart an excitation Q to the capturing nucleus. 



Figure 4. The nuclear excitation function equation (51) for 
127 

negative muon capture on I (EQ = 98.74 Mev) as a function 

of energy. The units on the abscissa are multiples of EQ/10 

in Mev, while those on the ordinate are arbitrary. 
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Neutron Emission 

Muon capture generally results in the formation of a 

compound nucleus. Singer (19b2) estimates the mean free 

path inside a nucleus of a neutron created with energies 

favored by I(Q) with the data of Lane and Wandel (1955), 

and finds an average value 

X ~ 3.5 fin (53) 

A very crude estimate of the probability for an energetic 

neutron to travel to the nuclear surface without suffering 

secondary collisions comes from 

Pno = exp(-r/x) (54) 

scattering 

where the average distance the neutron traverses is approxi 

mated in the simplest possible way: 

r = \ R (55) 

the average value of r over a sphere of constant density 

with radius given by the familiar formula 

R = 1.4 A 
v3 

fm (5b) 

For A = 125, roughly typical of the atomic weights of 
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interest in this problem, P = .223, so in the majority of 

captures the recoiling neutron will share its energy with 

the rest of the nucleus. 

Equation (54) also yields an estimate of the proba¬ 

bility of a neutron appearing after muon capture in a 

direct process: 

where T is an average transmission coefficient for the 

exiting neutron, which in general has a nonzero impact 

parameter in the nucleus and thus confronts an angular 

momentum barrier. Singer estimates T a* 0.9. Direct 

neutron emission thus occurs in roughly 20$ of the captures 

in this mass range. 

Consider the case where multiple scattering does occur, 

and a compound nucleus forms. According to a hypothesis of 

Bohr, once the energetic neutron shares its energy with the 

rest of the nucleus, one can treat the subsequent decay of 

the excited nucleus independently of the mode of its excita 

tion. In a sense, the compound system loses any "memory" 

of the way it formed (other than any constants of the 

motion) before it can deexcite (Blatt and Weisskopf, 1952, 

(57) 



28 

p. 340). The resulting particle emission is a statistical 

process; neutrons emitted from nuclei with excitations 

characteristic of muon capture have an isotropic distribu¬ 

tion in the C.M., and typically follow the energy spectrum 

for sufficiently poor energy resolution. Thus, in the sense 

of a broad energy average, the emitted neutrons follow a 

Boltzman spectrum, as if they "evaporate" from the excited 

nucleus. 

As it happens, this qualitative picture of the experi¬ 

mental facts has good credentials, for the "nuclear tempera¬ 

ture" approximately possesses its statistical interpretation: 

if a nuclear "entropy" is defined in terms of the nuclear 

energy level density w dE, without the conventional factor 

of Boltzman's constant 

then calculating the nuclear temperature as in statistical 

mechanics (Blatt and Weisskopf, 1952, pp. 3bb-3b9), 

n(E)dE * const x E exp(-E/e) (58) 

S = log w (59) 

e (b0) 

gives good agreement with experimental values, at least 

for low emission energies. The nuclear temperature can, in 
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general, be a function of excitation, but the emission in 

the present case proves insensitive to the exact value 

employed. These calculations use 8 = 0.65 Mev; a numeri¬ 

cal experiment with one of the isotopes using 0 = 0.75 

showed only minor changes in the emission branching ratios. 

Two specific assumptions about the compound de-excita¬ 

tion are made at the outset: charged particle emission is 

supposed negligible (< 3$) to first order, and, if energeti 
/•v 

cally permitted, neutron emission will always occur. De¬ 

excitation by y-rays is assumed to take place only after 

the residual excitation no longer suffices for neutron 

emission. 

Now consider the probability, as a function of energy, 

of emitting at least v neutrons, N . For v = 0, Nrt = 1   v u 

and 

fl, Q-S, > 0 
N1 - < (bl) 

[0, Q-St < 0 

where is the pertinent neutron separation energy. In 

this case, the compound nucleus has a charge one unit less 

than the capturing nucleus: e.g., for capture on barium, 

one uses the neutron separation energies for cesium. For 

v > 2, it is necessary that 
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Q-S > E- + E„ + ... + E (b2) H v “ 1 2 v-1 

Here S is the sum of the separation energies for the v 
v 

neutrons, and the are the kinetic energies of emission. 

Equation (b2) expresses the requirement that the residual 

excitation less the energy carried off by the first V-1 

neutrons at least equal the separation energy for the final 

neutron. For v = 2, an integration over the thermal spec¬ 

trum equation (58) of the first neutron emitted, with energy 

endpoint Q-S2, leads to a probability for emission of at 

least one succeeding neutron of (Blatt and Weisskopf, 1952, 

p. 379) 

/-1+(Q-S2) N /"-(Q-S») S 
N2 - 1 - l —-- ) exp L ) (b3) 

For v > 2, this formula generalizes (Singer, 19b2) to 

\ * 1 - Ï n! (^T (64) 

0 n=0 0 

To obtain the branching ratio for a particular multi¬ 

plicity following muon capture, one averages equations (bl) 

and (b4) over the excitation distribution equation (51) for 

successive values of end differentiates them: 
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P 

k° N^(Q)I(Q)dQ - N .1 (Q)I(Q)dQ 
(b5) 

V 

J I(Q)dQ 

I have evaluated equation (65) for those stable isotopes 

of molybdenum, tellurium, iodine, cesium, and barium listed 

in Table 1 as potential parents of muonic anomalies for 

multiplicities ranging up to v = 5 by Gaussian integration 

on a 20-point grid (an integration with 40 points differed 

negligibly from that done on the smaller grid). Neutron 

separations come from Wapstra and Gove (1971) and appear 

in Table 4. The resulting branching ratios appear indepen¬ 

dently of the other processes in Table 5. Oddly enough, 

nuclear systematics, which enter this calculation solely 

through the experimental separation energies, manifest 

themselves noticeably in Table 5, in addition to the secular 

trends with A and Z. 

Surface Emission 

Combining appropriately weighted statistical neutron 

emission with the probability for direct emission estimated 

earlier gives generally poor agreement with experiment, as 



Table 4 

Neutron Separation Energies for Compound Nuclei 

compound system S 
n 

compound system S 
n 

88Nb 10.2 Mev 134Cs b.89 Mev 

89Nb 12. b4 135Cs 8.82 

9°Nb 9.74 13bCs b.77 

91Nb 12.05 137 Cs 8.38 

92Nb 7.89 138Cs 4.38 

93Nb 8.83 127Xe 7.22 

94Nb 7.23 128Xe 9. bl 

95Nb 8.50 129Xe b.90 

9bNb b. 89 130Xe 9.2b 

97Nb 8.07 137Xe b. bO 

98Nb 5.98 132Xe 8.94 

125CS 10. bO 133Xe b.45 

12bCs 8.1b 125Sb 8.72 

127CS 10.13 12bSb b. 14 

128CS 7.80 127Sb 8.44 

129Cs 9.71 128Sb b. 07 

130CS 7.33 129Sb 7.9b 

131cs 9.27 130Sb 5.83 

132 
i]s 7.19 

133 ^Cs 8.98 
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noted by several Investigators (Kaplan et al., 1958; Singer, 

1962; Backenstoss et al.. 1971). Moreover, the compound 

nucleus picture indicates virtually nil chance of proton 

emission, whereas some 2.2$ of the muon captures in AgBr 

result in the appearance of a proton (Morinaga and Fry, 1953; 

Singer, 1974). Statistical model predictions of the alpha 

emission agree well with experiment (0.005 alpha/capture 

from Morinaga et al.) t however. 

Experimentally, it is know that near the nuclear surface 

correlations between nucleons become much more important 

than in the volume of the nucleus. Calculations show that 

because of the sharp decrease in density near the surface, 

the "healing length" (Gomes, Walecka, and Weisskopf, 1958), 

which limits the distance over which internuclear correla¬ 

tions can perturb single particle wave functions in (highly 

degenerate) nuclear matter, becomes much longer, so that 

nucleons near the nuclear surface have a good chance to be 

found in clusters. The experimental data from a variety of 

investigations indicate that a surface nucleon spends 

roughly 40$ of the time in a cluster, with two-particle 

combinations predominating. 

Singer (1961) presents a model of the particle emission 

following muon capture in the nuclear surface via the 
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elementary process 

|jr + 2N -> 2N' + v (bb) 

where the coherently capturing pair may consist of two pro¬ 

tons, or may contain one neutron. After capture, both of 

the resulting energetic particles will have a good chance 

of escape from the nucleus so long as the capture occurs 

externally to the large nuclear potential; internal reflec¬ 

tion at the surface (defined by vanishing of the potential) 

effectively presents protons from escaping the volume of 

the nucleus. Thus the process is truly a surface phenome¬ 

non, taking place in the classically forbidden exterior of 

the nuclear boundary. 

The nuclear part of the potential seen by protons in 

this picture is taken to be of Woods-Saxon form, 

Vr> " -vo[1 + exKj?) (b7) 

1/3 
with VQ = 40 Mev, d = 0.5 fm, and R = 1.35 A fin. 

Ford and Wills (19b0) have numerically calculated muonic 

bound-state wave functions for a wide range of elements, 

assuming the nuclear protonic charge distribution is des¬ 

cribed by a "Family II" (Hill and Ford, 1954) function 
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chosen to be consistent with electron scattering data on 

the nuclear distribution; 

Vc(r) = (e'-Z/rpjCr/rj) (08) 

with 

N 0 

1 1 1 2 , e_nr l-e”* . 1 nx 
“2 + 

_n 
2 " bX + 2 L 

n L _nx 
+ 2e J , x<l 

J(x) = < 

1 
X N 0 

-n(x-l) n -i 
— P= + - 

3 lx 2 
•n l— -J 

x>l 

(09) 

As a function of the parameter n, 

NQ = *6 + + exp(-n)/n^ (70) 

Ford and Wills provide n and r^ for numerous nuclei. 

By finding the finite zero of V = Vc + (which is 

123 
plotted in Figure 5 for Sb), 

0 - VC(RC) + VN(Rc) (71) 

one can evaluate the number of protons, on the average, at 

radii greater than the classical boundary of the nucleus: 



Figure 5. Total (nuclear plus Coulomb) potential for protons 
123 

in Sb in Mev according to the model used by Singer (19b2). 

The shaded area represents the classically forbidden region 

exterior to the nuclear "surface". 
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N = 4TT f r2p(r) dr (72) 
R 
c 

where p(r) is the charge distribution giving rise to 

equation (b9). Singer finds that N — 1.5, and varies 

little with Z or A. 

Among two-nucleon clusters, only those containing at 

least one proton can capture a muon, the "pseudodeuterons", 

[pp] and [np]. The capture rate for such an assembly can 

be related to the capture probability for an isolated 

deuteron. First, the deuteron capture calculation (Ueberall 

and Wolfenstein, 1958) assîmes the muon wave function equals 

its value at the origin, 

|^(0)|* = l.bl x 10"8(foi)'3 (73) 

for the reasons advanced earlier (in this instance, the 

deuteron volume is small enough that the approximation is 

a good one). At the surface of a medium-weight nucleus, 

2 
however, the appropriate muon density is rather |(R )|. 

p. c A,Z, 

by virtue of the rapid fall-off of nuclear density beyond 

Rc, it happens that the most eligible clusters are those 

nearest the surface. The capture rate therefore contains a 

factor 
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a A,Z /U (0)1 M 
(74) 

Second, the wave functions of the pseudodeuterons depart 

from that for an isolated deuteron in two regards: (a) the 

difference in spatial form may be accounted for by multi¬ 

plying the result of Ueberall et al. by a constant, which 

Singer derives as 5.2; (b) the angular momentum states 

available to the pseudodeuterons, combined with the require 

ments of the exclusion principle, lead to differing matrix 

elements for the capture in triplet [np], singlet [np], 

and singlet [pp]. Singer presents the following expres¬ 

sions for the capture rates, incorporating these factors: 

A[pp]0 

Atnp]0 

A[npl1 

1.74 x 5.2 x a(A,Z) A<J 

0.87 x 5.2 x a(A,Z) Ad 

5.2 a(A,Z) 

(75) 

Only clusters in relative S-states are considered, as 

nuclear correlations are greatest there. The pseudodeuteron 

capture rate leading to the production of two neutrons takes 

the form, upon averaging over spin configurations, 
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'2n ■ b 87 3 4 + 4 x 5»2 x oi(AjZ) ^ (7b) 

For capture by [PPIQ, 

\ip “ 1,74 * 5.2 x a(A,Z) Ad (77) 

Using the figure quoted earlier for the average number of 

protons in the surface region, N = 1.5, one has on the 

average 0.75 proton pairs. Assuming that equal numbers of 

protons and neutrons inhabit the nuclear surface, one 

2 
expects to find (1.5) = 2.25 np pairs. Of these, one-half 

are assumed in an even parity state and thus eligible to 

contribute to the capture rate. Recalling the 40$ cluster¬ 

ing probability, the chance for 2n emission becomes 

P2n - 0.4 x 2.25[^+ H x 5.2 x a(A,Z)Ad/Ap(A,Z) (78) 

If the energetic proton in IPPIQ capture has (roughly) a 

50$ chance of escaping the nucleus, as Singer argues, then 

= 0.4 x 0.75 x x x 5.2 x a(A,Z)Ad/Ap(A,Z) 

(79) 

Ueberall and Wolfenstein give the deuteron capture rate 

-1 
M » 88.23 sec (80) 
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The Primakoff formula provides the total capture rate for a 

given nucleus. Properties of a given nucleus otherwise 

affect only a(A,Z), the ratio of muon density at the 

capturing nucleus' surface to that at the center of a 

capturing deuteron. One can obtain a directly for selec¬ 

ted nuclei whose IS muonic wave functions appear in the 

compendium of Ford and Wills (I960). Using the value cited 

2 
by Singer for | è (0) I , , equation (73), 

U d 

7 3 [F
2
(R )-K;

2
(R )] 

a(A,Z) = 6.21 x 107 (fm; x  —~ — (81) 
4TTR/ c 

where G/r and F/r, respectively, are the large and 

small radial parts of the Dirac wave functions tabulated 

by Ford and Wills. 

Singer (19bl) performs the calculation outlined above 

for the isotopes of Ag, and finds a 14.4$ probability for 

two neutrons, and a 2.2$ probability for a neutron and a 

proton, to appear following muon capture. In addition, I 

have calculated these probabilities for two elements whose 

muonic wave functions appear in Ford and Wills in order to 

gauge the amount of variation of surface emission in the 

mass range relevant to this problem. The data utilized for 

this purpose appear with the resulting surface emission 
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parameters in Table b, using mean values for A (for a 

given value of Z, the variation among isotopes will not 

be great). It is seen that the variation with Z in the 

interesting range is slight. Lacking a better procedure, 

I take a mean estimate of 14$ surface two-neutron emission 

for elements in the vicinity of xenon, and 12$ for the 

isotopes of molybdenum. 

Finally, in the calculations to follow, I use a 2$ 

probability for np emission for the parents of xenon. 

Alpha emission contributes to the production of one iso- 

138 134 
tope only, La(|j-,a) Xe, for which I take the 0.5$ 

branching ratio reported by Morinaga and Fry. 

Unified Particle Emission 

The neutron emission branching ratios for compound, 

direct, and surface processes combine as follows. 

P0 - - ^direct ' P2n>P0 

*1 ^ ^direct P2n^Pl + ^direct 

I*> " (1 “ ^direct " P2n^P2 + P2n 

(82) 

I = (1 - P 
v direct " P2n^Pv' v > 2 
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Including the branchings for charged particles (g 3$) does 

not significantly alter these numbers, so this refinement 

has been omitted in equation (82). The muon capture rates, 

neutron branching ratios and charged particle branchings 

used in this work appear together in Table 7. Table 7 also 

displays the direct emission probabilities as estimated by 

equation (57). 

Figures b and 7 compare the predictions of this model 

for neutron emission with various experiments; Figure b 

127 
shows the branching ratios for capture in I alongside 

the radiochemical measurements of Winsberg (1954) and the 

recent measurements based on detection of de-excitation 

y-rays in the daughter nuclei by Backenstoss et al., (1971). 

Predicted and measured multiplicities for natural silver as 

detected by McDonald et al.(19b5) appear in Figure 7. This 

experiment detected emitted neutrons directly; the branching 

ratios have been corrected for a detector efficiency r\ - 

0.545 by defining the composite quantity 

NJ vmax 

f
v - l (83) 

i-V 

where is the highest multiplicity considered. One 

can see that an assessment of the (imperfect) agreement 



Figure jj. Neutron emission branchings following negative 
129 

muon capture in I as measured by Winsberg (1954, open 

circles) and Backenstoss (1971, crosses) compared with 

calculated values. 

Figure 1_. Neutron emission branchings following negative 

muon capture in natural Ag (51.82$ ^^Ag; 48.18$ ^^Ag) as 

measured by McDonald et al. (19b5), compared with calculated 

branchings corrected for a detector efficiency of 54.5$. 
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with experiment manifest in Figures 6 and 7 presents prob¬ 

lems. One can, however, make some qualitative comments. 

Backenstoss et al. point out that the formation of meta¬ 

stable excited states following the capture process will 

cause some daughter nuclei to be underrepresented. In 

127 
particular, the existence of metastable states in Te 

precludes detection of every Ov and 2V branching. 

Additionally, particle emissions leading directly to the 

ground state will go undetected, although these authors 

deem this effect unlikely. As the total of observed 

branchings adds up to only 72.8$, some effect such as 

these must operate. The large errors reported for Wins- 

berg's work prevent any decisive comparison, but the 

general agreement seems promising. Finally, the necessity 

to correct for finite detector efficiency in the extensive 

work of McDonald and coworkers (McDonald et al. , 1965; 

Kaplan et al., 1958) introduces its own ambiguity which is 

not reflected In the error bars. 

Granting the crudity of the nuclear model employed, 

these investigators consider the overall agreement fair 

when surface and direct emission are included. This model 

provides good values for the average multiplicity per cap¬ 

ture, also. 
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The problem remains of what uncertainty to associate 

with the branchings I . It becomes a potential concern 
vn 

only for v = 1 or 2, as fairly large errors in the other 

(small) branchings hardly affect the amounts of the daugh¬ 

ter nuclei produced. The numerical errors in the calcula¬ 

tions add up to about 5$, though the relative discrepancies 

seen in Figure b typically run to 15-20$. Assuming the 

latter values bracket the relative uncertainty of these 

calculations, then the various particle emission branchings 

contribute far less to the net uncertainty of these calcu¬ 

lations than the Fermi-Teller law or experimental errors in 

(n,y) cross sections. Unfortunately, a 15$ error suffices 

to wash out all but the grossest effects of nuclear systema- 

tics found in Tables 5 and 7. However, this model should 

prove suitably accurate for this work, given the current 

state of experimental knowledge of muonic isotopic anomalies. 



III. Muonic Anomalies in Nature 

Niobium 

Apt, Knight, Camp, and Perkins (1974) have discovered 

92 94 
Nb and Nb in commercially produced metallic niobium 

using very low level y-ray coincidence methods. Apt et al. 

find a disintegration rate of 0.058 + 0.035 min ^(kg Nb) 1 

for 92Nb and 0.32+0.03 min"1(kg Nb)"1. 92Nb has an ill- 

92 92 
known half-life against Nb(g“,v) Zr presently thought to 

be 1.7 x 10® yr; the half-life of 9^Nb(p“,v)9^Zr is a short 

2.03 x lO^- yr. The disintegration rates reported thus cor¬ 

respond to an isotopic fraction for 92Nb of 1.2 x 10 12, or 

7.78 x 1012 atoms (kg Nb) 1, and a fraction of 7.6 x 10 lb 

9 -1 94 
(4.9 x 1(T atoms (kg Nb) ) for Nb. 

94 
It is immediately clear that the occurrence of Nb in 

nature requires an ongoing process of production. The pos- 

92 
sibility exists that the Nb observed dates from the period 

of galactic nucleosynthesis preceding the formation of the 

solar system. If so, it would make a valuable chronometer. 

92 
However, Nb lies to the proton rich side of the s-process 

path in the chart of the nuclides (i.e., the line of maximum 

43 
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p-stability; cf. Clayton, 19b8, Ch. 7), and such isotopes, 

called p-process nuclei, occur rarely in nature as a rule. 

In particular, currently favored scenarios of p-process syn¬ 

thesis produce virtually no (Clayton, Woosley, private 

communication). Ongoing production of ^^Nb from molybdenum 

in the earth's crust should be investigated, and cosmic ray 

muon capture seems a likely candidate for the mechanism. 

Unfortunately, almost nothing is known of the provenance 

of Apt et al.'s sample. This circumstance necessarily limits 

any attempts to model the production. I will consider a 

fictitious niobium bar of unimpeachable antecedents, made of 

metal extracted from a single deposit, assuming that prior 

to the chemical events which formed the ore, the target 

molybdenum was dispersed in material of granitic composition 

with roughly its solar system abundance. In addition to the 

basic assumptions about exposure states earlier, this pic¬ 

ture forms the model used to reproduce the experimental 

data. 

The production of isotopic anomalies in nature depends 

on the physical environment in which the parent isotopes 

reside during their exposure. In this model, the target 

matrix influences anomalous production through its mean 
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values of Z and thermal neutron absorption cross section, 

and through its effective neutron multiplicity per stopped 

muon. To estimate what these quantities might be in plausi¬ 

ble geological circumstances, I adopt a simple model for 

"natural’' targets (similar to the procedure of Takagi et al. 

1967) in which the primary constituents of the rock in which 

the irradiation takes place have a composition characteris¬ 

tic of either granite or average chondritic material (taken 

respectively, from Taylor, 1968, and Stacey, 1968). Table 8 

displays these compositions in elemental form. Except when 

noted otherwise, I take the concentrations of the (much less 

common) parental isotopes to have the same values relative 

to silicon as reported by Cameron (1968) for solar system 

abundances. 

Physical properties of interest for granite, basalt 

(also taken from Taylor, 1968), and chondritic material 

appear in Table 9: veff> <Z), (aa>, and (A). These quanti¬ 

ties perhaps deserve a comment. If one discusses a mole of 

granite as opposed to 21.01 grams one may do so at the 

expense of creating a fictitious entity, call it a "granite", 

such that Avagodro's number of them have the properties 

tabulated, and 100<£ of one has the makeup listed in Table 8. 

The uses of this admittedly clumsy conceptual tool may 
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become evident when I consider variable composition of the 

target material. 

ve££ was calculated according to equation (12) using 

for the elemental neutron multiplicity experimental data 

from McDonald et al. (19b5), explicit calculations from 

Chapter II, or an empirical formula given in Singer (1974), 

V3 

v - (0.3 ± .02)A J 

as appropriate, together with capture rate data from Sens 

(1959). 

The basaltic and granitic elemental makeup seem enough 

alike to lead to similar gross physical features, so a 

granitic matrix is taken to mock up "crustal" rock. Thus 

I take ve£f ~ .425, the mean thermal neutron cross section 

(a ) = .158 barn, and (Z) = 10.41. From Cameron's table, 

the abundances of molybdenum and niobium are 2.52 and 1.15 

on a scale Si = 10°. As silicon makes up .220 of my mean 

granite by number, the concentration of molybdenum in gran¬ 

ite is taken to be C^ “ 5.5b x 10 ^ and that of niobium to 

be C^£ = 2.54 x 10 ^. The isotopic makeup, also from 

Cameron, appears in Figure 2. Upon inserting these values 

into equation (b), with the neutron branching ratios from 

Table 7, and into equation (13) using the thermal (n,y) 
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cross section a_ = 1.15 *= .05 given by Bartholomew et al. 
n,Y o y   

(19b7) the production rate figures shown in Table 10 emerge 

in units of atoms per muon stopped. The corresponding 

productions for chondritic composition appear for compari¬ 

son, along with the production per concentrations of target 

atom, labled l/C^ d/dy. This last quantity, with its 

bizarre units, gives the niobium production in a form 

independent of the concentration of the parent isotopes in 

granite, so long as they may be considered greatly diluted. 

With all parent species included, the growth of 9^Nb 

94 and Nb in granite thus follows 

^[92Nb] = 1.59 x 10"7\ 
2.45 x10 yr 
^t92Nb] 

(84) 

and 

£:[94Nb] = 1.08 x 10_bx 
2.93 x10 yr 

(85) 

-1 -1 
where, if \ is measured in JJ- yr (g granite) , 

￼Equations (84) and 

(85) have elementary solutions; if neither isotope is sup¬ 

posed present at the start of irradiation: 
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[92Nb] = 38.72 x _fl - expf ——0—■N)_| ; (8b) 
^ *- ^2.45 x 10 yir-* 

[94Nb] = 3.18 x l(f2x \l - expf ' Y~~U (87) 
^2.93 x 10 yir 

giving the isotopic ratio 

94Nb/92Nb = 8.21x10‘4 

t 

2.93 x104 

t 

2.45 x108 

(88) 

Equation (88) appears in Figure 8. The qualitative features 

of the time evolution of the anomalies offer no surprises; 

each species tends to an equilibrium concentration. Note, 

however, that equation (88) does not quite attain the 

observed ratio, 

94Nb/92Nb = b.33 x 10"4 
(89) 

and only approaches it after 10y yr. 

,12 

92Nb 

The value of x required to produce 7.78 x 10 atoms 

-i 
(kg Nb) comes from the following argument. One kilo¬ 

gram of niobium (atomic weight 92.9b) contains 10.7b moles, 

11 92 -1 
so the anomaly is 7.23 x 10 atoms Nb (mole Nb) . Using 



94 92 
Figure jî. Nb/ Nb ratio as a function of time in years 

for exposure at constant depth. 
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Cameron's Mo/Nb ratio of 2.2 and the assumed concentration 

5.5b x 10 ^ moles Mo (moles granite) \ this becomes 1.82 x 

10"* atoms 9^Nb (mole granite)^=8.b7 x 10^ atoms (g granite)”'*’. 

Equating this value to equation (8b) as t -» », one has a 

stopping rate for negative muons 

\ = 224 u-/(g granite)/yr (90) 
U“ 

This exceeds slightly the maximum average stopping rate 

observed in rocks at the present time as given by Figure 1: 

X s* 140 n-/yr/(g granite) (91) 
M" 

for approximately 2 MWE exposure depth. 

In view of the limited information available concerning 

the history of Apt et al.'s sample, and the crudity of the 

calculation, even this rough agreement is encouraging. One 

can make some post hoc comments on the assumptions adopted 

at the outset of the calculation. The low 94Nb/92Nb found 

in "nature" requires both long exposure times and a substan¬ 

tial dilution of parental molybdenum in its geological mat¬ 

rix. One might suppose this last constraint enters because 

the relatively high neutron multiplicity of molybdenum muon 

93 94 
capture would enhance the rate of Nb(n,y) Nb in signifi- 
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cantly enriched environments, asstiming Mo/Nb does not differ 

drastically from the value Cameron assigns. The requirement, 

however, is a loose one; the concentration of molybdenum 

could increase by as much as 10° without affecting veff 

A more telling limitation comes from the amount of the ano¬ 

maly found, given that very long exposure times seem called 

for. Enriching the target in molybdenum and niobium amounts 

to increasing the muon stopping rate in an unenriched sample, 

92 
as the equilibrium production of Nb in this model depends 

on the product \ C/0. One can in fact postulate some 

such enrichment in order to avoid the necessity of long 

exposure at very shallow depths — awkward in a real world 

with cosmic ray neutrons in shallow rock, and erosion. The 

hypotheses of diluted target material, long exposures, and 

constant (average) cosmic ray muon flux are thus mutually 

consistent at this simple level. Once niobium samples of 

known background become available for examination, those 

which seem to fulfill the requirements of the present model 

may provide a monitor of the average cosmic ray flux over 

9 
the past 10 yr. 

One can speculate on the cause of the discrepancy 

between equation (89) and the limit of equation (88). A 

possible explanation lies in relaxing the requirement that 
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Mo/Nb = 2.2 in the target material. Upon reducing the con- 

94 93 94 
tribution to Nb from Nb(n,y) Nb by about 32<£ but making 

no other changes in the calculation, one reproduces the 

observed ratio equation (89). Since (n,y) reactions on 

93 94 Nb account for some 77i of the Nb made in granite with 

Mo/Nb = 2.2, this ruse is equivalent to taking, instead, 

Mo/Nb = 3.2; at least as realistic an assumption as the one 

it replaces. An interesting thing happens when one tries 

the same trick to reduce the muon flux requirement, imagin¬ 

ing that one mole of niobium, in the course of the geologi¬ 

cal events that form the deposit from which our gedanken 

bar comes, acquires the anomalous niobium produced in more 

than one mole of material with niobium depleted relative to 

molybdenum; an enhancement of 3.5/2.2 = 1.60 over the 

anomaly per mole Mo in the niobium allows one to reproduce 

Apt et al.'s measurements of ^^Nb concentration with \ - 
ur 

140 yr (g granite) , the observed stopping rate at ~ 2 
9 

MWE. Thus, > 10 years of cosmic ray muon bombardment, at 

present levels, of granitic rock with niobium depleted by 

a 32$, relative to molybdenum, from its mean value in the 

solar system reproduces with surprising precision the amounts 

and isotopic ratios of radioactivities reported by Apt et al. 
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The foregoing discussion, of course, has only heuristic 

value; in view of the arbitrary assumptions invoked, inher¬ 

ent uncertainties in the calculation, and the unknown his¬ 

tory of Apt et al.1s sample, the good agreement with experi¬ 

ment must surely be fortuitous. The scenario is neverthe¬ 

less suggestive, and serves to buttress the plausibility of 

muon-induced nuclear reactions as the cause of naturally 

occurring radioactive niobium. 

Xenon Anomalies in Tellurium Ores 

The search for muonic excess xenon in old tellurium 

ores has also benefitted from the application of low-level 

y-ray coincidence techniques. Takagi, Hampel, and Kirsten 

7 129 
(1974) report the discovery of 1.7 x 10 yr I in associa¬ 

tion with excess amounts of ^29Xe and 131xe in tellurium 

ores from Moctezuma, in Sonora, Mexico (radiometric age 

130 8 
using Te double g-decay: 1.1 x 10 yr) and from the 

a 
Boliden Mine in Sweden (2.b x 10 yr), and of detectable 

xenon anomalies in ores from two other mines. Their data 

appear in Table 11 and include information such as ore 

concentration as well as magnitude of excesses and excess 

129Xe/131Xe ratios. As the samples have all resided at 
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129 
depth for several I half-lives, this work represents the 

first explicit demonstration of ongoing production of xenon 

excesses in such ores. 

Takagi et al. (19b7) point out that an explanation of 

the anomalies in terms of cosmic ray muon irradiation has 

advantages over scenarios involving fission and secondary 

neutrons from uranium or thorium. If the neutrons therma- 

lize, then the excess ^^Xe/^^Xe ratio is 0.55, irrespec¬ 

tive of the irradiation history, whereas this ratio always 

exceeds unity in these ores (in the 1974 paper the authors 

state that epithermal neutron capture will not explain the 

discrepancy). In any event, the heavier xenon isotopes 

show no sign of a fission-related anomaly which would argue 

for such a neutron source. Cosmic ray muons suffer from 

neither stricture, and can in principle reproduce the 

observed quantities and ratios. 

Modelling the production of these anomalies realisti¬ 

cally requires a method of accounting for variable concen¬ 

tration of the parent isotopes in the target matrix. 

Following Takagi et al. (19b7), I assume that the various 

ore minerals occupy a molar fraction F of the ore sample 

in question, the balance (1-F) taken to be granitic in this 

case. As before, the mean properties of granite come from 
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Table 9. 

Variation in F affects the mean neutron multiplicity 

veff aS as t*ie r&tio of neutron and muon capture pro¬ 

babilities to those of the ore as a whole. One may express 

values of a and 
a 

Z in the target as 

(Z> = F<Z> + s 'ore 
(92) 

<CTa> F^aa^ore + ^ F^°a\natrix 
(93) 

leading to 

veff " (F<ZV>ore + <ZIV Wrix) • 
(94) 

(F<Z>ore + 

PC(Z) - FC2Z/(F<Z>ore + (l-F)<Z>I„atrlx) (95) 

Fn, v
(A’Z>FCzfZ<

A>°n, Y
/(F<°a>ore+(1-F> <°aWrix) 

(9b) 

As before, neutron absorption cross sections come from 

Nuclear Data Table (of Bartholomew et al., 19b7). Neutron 

multiplicities for ore matrices were calculated with experi¬ 

mental multiplicities from McDonald et al.(19b5; cf fig. 9). 

Here Cz changes its meaning slightly from that used in the 
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niobium discussion, in order to remain consistent with the 

definition equation (8) of mean quantities when applied to 

the ore mineral and granitic matrix separately. The quan¬ 

tity FC now corresponds to C in the niobium calcula- 

tion, i.e., the concentration of the parent element in the 

target. It is worth noting that other workers do not de¬ 

fine an analog of ^eff* instead taking v — 1.5 for all 

nuclei. A plot of veff for the ore minerals B^Te^, PbTe, 

AgAuTe^, and native tellurium in granitic rock, and of 

B^Te^ in chondritic rock illustrates that compositional 

effects cause ve££ to vary by as much as a factor of 

three (Figure 9). 

The following reaction sequences convert isotopes of 

tellurium into 
129 

I 129Xe, and 131Xe: 

(97) 

(98) 

(99) 

Assume 
129 

I has had time to equilibriate. Then 



ro QF 
,0) h- 
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£ i129i] - o - x. 4z i129n i- dr 130, 
Te 

(100) 

+ x ft
129i] 

|JT dr 
. JL [129H 

128le ‘ 1 

or 

- v -, [£[■».. 
130 Te 

(101) 

+ £ [129u dr 128, 
Te ] 

The growth of the xenon isotopes (henceforth, I shall omit 

the qualification "excess") obeys 

£ [129xel 

and 

1 ,129^ 
,129T, V l) 

(102) 

à I131**’ - X £ I131Xel 
[X~ dT 130 (103) 

Te 

One sees immediately that 

t129-> - ft t
129n + -i[129n 

130Ie
+ dT

l 11 128, 
Te ] T (104) 
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and (104) 

[131Xel - T£[
U1X.] 

Te 

yielding the ratio 

129xe/131xe (105) 

The d/dT are calculated as before, taking Pc and veff 

from equations (94), (95), (9b) and Figure 9, and the one- 

neutron multiplicity 1^ from Table 7. The availability 

of sampling depths for all the ore specimens examined by 

Takagi and coworkers led to the following procedure for 

choosing stopping rates in the targets: dividing the observed 

amounts of anomalous production by t^[ ], which is a 

normalized production per muon stopped, one gets a value 

for x which will yield the experimental anomaly. One 
u" 

can convert this to a stopping rate for both charges and 

invert with the aid of Figure 1 to obtain an "exposure 

depth" for the sample. 

The exposure depths and ^^Xe/^*Xe ratios calculated 

for the ore specimens of Takagi et al. (1974) appear along- 
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side the sampling depths in Table 12. To the extent 

that the sampling and exposure depths coincide and iso¬ 

topic ratios agree with experiment, the basic theory and 

the specific assumptions regarding the exposure receive 

joint support. Any discordances, however, can correspond¬ 

ingly lay claim to multiple exculpation. As Table 12 shows, 

this problem is a genuine concern for the present calcula¬ 

tions . 

In some cases one can explain the discrepancy manifest 

in Table 12 by judicious waffling. A possibility is that 

geological processes have modified the ore composition in 

the past. Relaxing the assumption that F has had its 

present value throughout geological time actually changes 

the isotopic ratios little; the effect of this modification 

appears in Figure 10 for the four ores In question. Since 

the observed ratios fall outside the range of variation for 

all ores but AgAuTe^ it seems that varying the composition 

is not the answer. The large discrepancy for AgAuTe^, 

however, does admit this explanation. Another scenario 

involves erosion or other uncovering processes acting over 

129 
times much less than the I lifetime to remove shielding 

rock; if the burial depth of the Moctezuma sample decreases 

suddenly, thereby increasing x _ sharply, then ^*Xe 



Figure 10. 129Xe/131Xe versus ore fraction F for four 

minerais: 10a, native Te; 10b, B^Te^; 10c, PbTe and lOd, 

AgAuTe^. The points represent isotopic ratios measured by 

Takagi et al. (1975). Note the change of scale in 10d. 
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129 
production will jimp while Xe remains essentially 

unaltered, with all the extra production at mass number 129 

locked up in iodine. The Moctezuma sample, with its dis¬ 

cordant sampling and exposure depths, invites interpretation 

129 
in terms of some such mechanism, for it cannot have I in 

129 
equilibrium. One can see this directly, as [ Xe] = 

T[^^l]eq. But while T = 4.4 for the 1.1 x 103 yr-old 

i 129„ ,129T 0 n ,rt-2 sample, Xe/ I = 2.9 x 10 

A crude procedure for approximating the effect of rapid 

erosion is to assume the sample resided a time t^ at a 

depth corresponding to an exposure T-, = t-, and then a 

7 
1 “■ 1 

time t2 « 1.7 x 10 yr at a shallower depth equivalent 

2 129 
to T0 

= X t0. If essentially none of the I produced 
L \±~ 

129. 
at the shallower depth has a chance to decay to Xe, then 

129 
'xe/131Xe ~ A [129Xe]/(Tl+T2> ^ [131Xe] (10b) 

Clearly, the sole effect of rapid erosion will be to depress 

the 129Xe/131Xe ratio, which would improve the situation for 

the Moctezume sample and the Cripple Creek AgAuTe^. As an 

O 

example, if the Moctezume A ore spent ~ 1.1 x 10 yr at 

100 MWE, experiencing a muon stopping rate of 1.1 yr’^(gTe)\ 

then rapidly moved to a depth of about 10 MWE by whatever 
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process, and spent the last 8.8 x 10"* yr experiencing the 

muon flux at that depth (roughly 100 times greater), then 

the sample today would have 

129Xe/131Xe = 1.59 (107) 

to good (~ 4<$) accuracy. However, the Boliden and Red Cloud 

samples have ^29Xe/^3^Xe ratios which are too high for this 

model (indeed, the Boliden ratio exceeds that for pure 

metallic tellurium), and do not admit such adjustments. 

The source of their discrepancy with theory, if it is not 

an artifact of the method of calculation, remains problema¬ 

tical. 

Xenon Anomalies in Other Environments 

The hope of researchers in the field of cosmic ray muon 

induced nuclides is that, once these have been shown to 

exist, they will provide insight into other problems. Per¬ 

haps the most striking example is the early attempt of 

Takagi et al. (19b7) to find evidence of an explosion in the 

nucleus of our galaxy in the xenon excesses of tellurium 

ores. The heartening ability of muon irradiation in ex¬ 

plaining such xenon anomalies (even if without explosions) 
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suggests that muonic mechanisms may play a role in the 

astonishing variety of anomalies in the distribution of 

xenon isotopes within the solar system, many of which defy 

classification. Problems arise in the interpretation of 

xenon abundances in terrestrial matter, certain meteorites, 

and in lunar samples (Trimble, 1975; Huneke et al., 1971; 

Reynolds, 19b8). In general, the xenon patterns are so 

Byzantine as to lie wholly out of the scope of this work, 

which is dedicated primarily to assembling pertinent nuc¬ 

lear data, and applies it only to the simplest problems 

available. Nonetheless, for purposes of future work I have 

assembled muon-related reaction data and production rates 

for the various isotopes of xenon, which appear in Tables 5, 

7, and 13 in the format used for the niobium data. In view 

of the complexities mentioned above, I would like here only 

to discuss the general features of xenon production in 

undifferentiated material of mean granitic and chondritic 

composition, without reference to any particular problem. 

The production rates in Table 13 were obtained using 

the same method as in the niobium problem, with the extra 

assumptions for charged particles described elsewhere. I 

suppose the exposure time to be long compared to the life- 

129 
time of I, so that all these rates become actual 
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production upon multiplication by the muon exposure. 

Figure 11 shows a histogram of the relative sizes of 

the anomalies. The patterns produced in either chondritic 

or granitic compositions manifest the same qualitative 

features. One notes immediately the range in size of 

128 134 
anomalies — the ratio Xe/ Xe due purely to (|j-,x) 

3 
and (n,y) reactions is 1.1 x 10 . Also, the lightest 

isotopes, of atomic weights 124 and 12t* are not produced 

at all. Nor do ^^Xe and 131Xe dominate the spectrum, as 

in material enriched in tellurium. There is a systematic 

trend towards smaller amounts produced, the heavier the 

nucleus. Examination of Table 13 reveals that this does not 

correlate well with the availability of barium parents, as 

one might expect; the bulk of ^^Xe and ^^Xe comes from 

128 
cesium, while Xe owes its commanding presence to 

127 ,128 
I[n,y] Xe. 

This example can at best only crudely reflect the ano¬ 

malous patterns that can occur in undifferentiated material 

in meteorites or in the earth's crust. It should, however, 

indicate that muonic anomalies will depend in a distinctive 

manner upon the chemical environment of their birthplace. 
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Figure 11. Relative production rates of xenon isotopes for 

negative muon capture in material of chondritic or granitic 

(shaded) composition. For exposures long compared to the 
129 7 

half-life of I, 1.7 x 10 yr, these equal the relative 

size of the anomalies. 
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Conclusion 

Cosmic ray muons are capable of producing measurable 

isotopic abundance anomalies in terrestrial rocks. It 

appears that the occurrence of excess ^29Xe and ^*Xe, and 

of 129I in tellurium ores, and the recent discovery of 92Nb 

94 
and Nb in nature represent instances of such production. 

Simple models of the process give reasonable agreement with 

experiment. In particular, the average muon stopping rates 

required to reproduce the observed magnitudes of the anoma¬ 

lies are consistent with present-day measurements of the 

stopping flux. Finally, the necessary data are assembled 

for investigation of anomalous xenon production in more 

general environments, and indicate that muonic anomalies 

will strongly reflect the composition of their birthplace. 

b 3 
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