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Abstract 

A sodium di-2-ethyl hexylsulfosuccinate (AOTj/H^O/ 

decane (in the weight ratio of 3:5:95) system is believed 

to be a solution of micelles consisting of AOT coated water 

droplets dispersed in decane. A recent experiment of light 

scattering from such a system showed a diffusion coefficient 

strongly dependent on the scattering wave vector q. We 

examine several mechanisms which are known to cause q- 

dependence in diffusion coefficient. These include inter¬ 

micelle interactions and mode-mode couplings. If the 

micelles are rigid, theories can not reproduce the data. 

In order to be consistent with data, the micelles should be 

deformate and stressless. That means the relative motion 

between parts of a micelle is hydrodynamic. The theory is 

tested by comparing the correlation length ? determined from 

the scattering intensity with the § independently determined 

from the diffusion coefficient. We also found the "bare" 

diffusion constant to be negative. 



A cknowledgment 

I would like to express many thanks to H. W. Huang 

for numerous discussions on this research. Thanks also to 

J. S. Huang for making his data available to me before 

publication and for valuable suggestions. 



TABLE OF CONTENTS 

Page 

I- Introduction 1 

II. Inter-Micellar Interactions and Mode-Mode 
Coupling 4 

1. Inter-Micellar Interactions 5 

2. Mode-Mode Coupling 11 

III. Deformable Micelles 16 

References 21 



I. Introduction 

In a solution such as sodium di-2-ethylhexylsufo- 

succinate (AOT)/H^O/decane (in the weight ratio of 3:5:95) 

2 
system studied by Huang and Kim, it is believed that AOT 

coated water droplets (micelles) are dispersed in decane. 

The spectrum of light scattering from such a micelle 

solution is proportional to 

XC4 ,u>) * L - r«t ( -r$’r ( / , \ 
£ W& Avur.oMtc.»)/1-1» 

The gn(r,t) is the density fluctuation of scattering ele- 

ments (electrons) of micelles, defined as 

Snti.t) = 2 HX -£•?>)- * (I-2) 

cx 
where r^ is the position of element in the i-^- micelle, 

and n is the mean density. The bracket, ( ), denotes the 

ensemble average. The light scattering spectrum (1.1) de¬ 

pends on both static and dynamic properties of micelles. 

For example, the total intensity, I (q) = ^ I (q, uu) dm, is pro¬ 

portional to the density susceptibility. The diffusion coef¬ 

ficient D, defined as the spectrum line width p divided by 

2 
the square of scattering wave vector q , depends on the 

dynamics of micelles. 

In most cases previously studied before,'*' D was found 

to be a constant independent of q, implying that micelles are 

rigid and sufficiently dilute so that diffusion is a result 

of independent random walk of the micelles. However, the light 



2 

scattering from the AOT/E^0/decane solution mentioned above 

2 
gives a very interesting spectrum. While the spectral 

intensity has a normal feature (Fig. 1), the D is a linearly 

2 2 
increasing function of q and the slope dD/dq increases with 

temperature (Fig. 2). In order to explain the data in Fig. 1 

and Fig. 2, we review the mechanisms which are known to 

cause q-dependence in D. These include inter-micelle 

interaction and the mode-mode coupling between the solvent 

velocity and micellar diffusion. We found that as long as 

the micelles are assumed rigid, the q-dependence of D would 

not agree with the experimental data. Accordingly we study 

the dynamics of deformable micelles. At this stage, we 

assume that micelles are very flexible and stressless so 

that the relative motion of scattering elements in each 

micelle can be,described by hydrodynamics. It is under 

this condition that the data in Figs. 1 and 2 can be well 

explained. The correlation length of light scattering, §, 

measures the size of the deformable micelles. In a crude 

way we are able to deduce the size distribution of these 

micelles from the correlation length. 

In Section II, we review and discuss the renormaliza¬ 

tion of the diffusion coefficient due to the inter-micellar 

interactions and mode-mode couplings. We derive the 

diffusion equation for the interacting rigid micelles from 

3 
Zwanzig's Fokker-Planck equation. The interactions include 

direct inter-micelle interaction and the hydrodynamic 
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interaction through backflow. The result is compared with 

4 
that of Altenberger and Deutch. For an estimate of the 

order of magnitude, we consider only the contribution of 

the linear terms in concentration fluctuations to the 

diffusion coefficient. In subsection II.2, we discuss the 

mode-mode coupling between the solvent velocity and micellar 

diffusion. The nonlinear equation is converted into a 

. . . . 5 
closed equation by using the method of Mon and Fujisaka. 

It turns out that the effect of this mode-mode coupling is 

of no significance for the non-interacting rigid micelles. 

In Section III we discuss the deformable micelles and 

compare the theory with experiment. 
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II. Inter-Micellar Interactions and Mode-Mode Coupling 

In this section we assume that the micelles are rigid 

spheres and discuss two mechanisms which can cause q- 

dependence in the diffusion coefficient D. 

In Fig. 1 we fit the Ornstein-Zernike form, 

2 2 . 
const.(1+5 q ) to the inverse of the total scattering inten¬ 

sity I(q) . We note that data points for each temperature 

fall on a straight line (the fitting correlation r ~ 0.99), 

even for large q~. Recall from (1.1) that the total inten¬ 

sity I (c^) is proportional to the density susceptibility £ , 

ICI) = 

àX £n(r,^> s 
(ii.l) 

The excellent fit means that v satisfies the form 

90 = Ccrv^t. ( | -f ) (II.2) 

2 2 6 
up to 5 q S 6.0. It has been shown that a system of mono- 

dispersed spherical particles would not lead to a ^ in the 

form of (II.2). Instead, (II.2) requires a polydispersed 

system. The number of micelles with radius in the range 

from R to R+dR is given by f(R)dR with 

/ -r —4. -3 -2 \ —^ 
-^(£) = ((fc/$) )£ (ii.3) 

In view of Fig. 1, this expression is valid at least for 

R s 400Â. 
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In comparison with Fig. 1, the linear fits of D (q) in 

Fig. 2 are not as good. Particularly, at 35.97°C, the data 

points bend downward at large q. This means the D(q) should 

2 . 
be a power expansion of q and the linear fit of q is valid 

only for small q. For this reason, we only fit the data 

2 
up to q =4 for 35.97°C. It turns out that the theory m 

Section III is consistent with this argument. We should 

mention that since the micelles treated in this section are 

assumed to be rigid spheres, we are considering the diffusion 

of the centers-of-mass of the micelles. As we compare theories 

with the data, we shall find that large q-dependence in 

Fig. 2 excludes each of the two mechanisms as a possible 

explanation for the data. 

1. Inter-Micellar Interactions 

There are two kinds of interactions between particles: 

one is the direct interactions and the other is the hydro- 

dynamic interactions through backflow. The following 

Fokker-Planck equation for diffusion including both kinds 

of interactions was derived by Zwanzig,^ 

(II-4) 

where P = P (}^, . . .,R^, t) is the probability function of 

finding the 1st particle at R^, the 2nd particle at R^, 
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etc. at time t, N is the total number of particles, F, is 

the force on the k-^- particle derived from the potential 

energy between particles, is the Boltzmann's constant 

times temperature T, DQ is the ordinary diffusion constant, 

and T.. is defined as 
»3k 

T - 
STrtJR -B j 

T = o . % 
~)1 

I R. - R, I (11*5) 

(II.6) 

Integrating Eq. (II.4) over all the N particles except for 

the 1st one, we obtain 

X 

-KN-.) ^ 1|3- ,Uh) f eg,, ^ ,t) J 

(II.7) 

(n) 
where p ' (R.,R_,...,R ,t) is the reduced n-particle dis- 

^JL r*z 

tribution function, and we have expressed the force F^ in 

terms of the pair-interaction energy U^: 

£; = - (II.8) 



Notice that if there are no direct interactions, the diffusion 

equation reduces to that of independent particles, despite 

the hydrodynamic backflow. This was first pointed out by 

particle distribution function, Eq. (4.4) of Ref. 4, lacks 

the last term of our Eq. (II.7). We shall estimate the 

effect of pair-interactions on the diffusion coefficient by 

using the first two terms on the right hand side of 

Eq. (II.7) : 

(II-9) 

where we have also used the fact N » 1. This equation is 

bility function in a non-equilibrium state is difficult to 

assess. Let us, for the purpose of estimation, approximate 

the correlation factor due to interactions by the 

(equilibrium) Boltzmann factor, 

The non-equilibrium concentration of particles is defined 

4 
Altenberger and Deutch. However their equation for the one- 

1 /s-t 

not soluble unless we find a relation between p^ and p^. 

(2) If there are no interactions between particles, pv 1 

would be equal to p^ (R^,t)p^ (ït^t). The joint proba¬ 

as 
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ca.t)=W,--^ '2S0C-£|0 !(&,, ,-t) 
' J (II.11) 

Substituting (II.10) into (II.9), we obtain a hydrodynamic 

equation for C(r,t), 

> — \cu,t) = v. ccr,t) 

r _ ( , -euu-f) 
■c»7rU(I,^-?r V>re r cX*,t) 

. (11-12) 

Define the spontaneous fluctuation of concentration as 

follows, 

Sc(.x,t) = c-ci.-t) - c (11.13) 

where C(r,t) is the micro-concentration operator of 

particles, 

and C is the mean concentration, 

(11.14) 

(11.15) 

V is the volume of the solution. According to the Onsager 

7 
hypothesis, the operator, c(r,t) should obey the same equa¬ 

tion as the non-equilibrium variable, C(r,t), namely, 

Eq. (11.12). Consequently, we have 
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\ÎCU,t) = \ Yr ÏCU.t) 
-y 

(11.16) 

4 
In comparison, Altenberger and Deutch approximated 

and consequently did not obtain the last term of (11.16) 

in their corresponding equation. We will use the 2nd term 

to estimate the contribution of inter-particle interactions to 

the diffusion coefficient. For the subsequent analysis we 

introduce the following notations: 

(II.17.1) 

(II.17.2) 

(II.17.3) 

(II.17.4) 

=T>.O
N
 \ ) 

(11.17.5) 
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Taking the Fourier transform of (11.16) (without the non¬ 

linear term), we get 

ai.ie) 
*** rsf 

2 
D. (q)q is then the spectral line width T. Thus we have 

t>d) s v/t = TUD 
(11.19) 

As far as we know, there are no direct long-range interactions 

between micelles. The simplest short-range interaction is 

the volume exclusion, 

( *© , r ^ *R 
~ \ (11.20) 

[ o , r> 

where R is the radius of a rigid micelle. The potential 

(11.20) substitùted in (II.7.4) gives 

B 
* 

AT . CùS /(^V) 

_?f/N 4 Ofc) (4/rt) RV 4 0(^
4
) 

(11.21) 

where 0 = N4TTR^/3V is the fraction of volume occupied by the 

micelles. This gives a diffusion coefficient 

) = T>, (_ I + S f - (Il>fs)f RV -f ooft) (H.22) 

Thus volume exclusion leads to a q-dependence in D(q). As 

was pointed out at the beginning of this section, the 
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scattering intensity data, Fig. 1, indicate that the AOT 

micelles are polydisperse. Since micelles of different 

sizes have different diffusion constants, it is not clear 

if a polydispersedsystem can be described by (II.4) which 

was derived for a monodispersed system. However, we believe 

that an order of magnitude estimation with an effective 

radius is reasonable. According to the size distribution 

8 
(II. 3.), the effective radius is about % or less. With 0 

2 
being about 5%, and ? from Table I, Eq. (11.22) gives too 

small a q-dependence to account for the data in Fig. 2. 

2. Mode-Mode Coupling 

The diffusion equation (11.16) is not invariant under 

the Galilean transformation. The Galilean invariant equation 

includes a term expressing the rate of change of 6C(r,t) 

due to the solvent velocity v(r,t), 

2tSC(£,tr) -f v-(SC(I,t) V (£,*) ) - (H.23) 

If we keep all other independent thermodynamic variables, 

such as temperature, constant and ignore the inter-micellar 

interactions, we have J = -D vC(r,t). 

For an incompressible solvent, the diffusion equation 

(11.23) reduces to 

\ Sc(z,t) -+ v • v fccr.t) = (n.24) 
The convection term, v-VôC, is neglected in most cases, be¬ 

cause it is second order in smallness. However this term 
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allows energy and momentum to be exchanged between the 

solvent velocity mode and the micellar diffusion mode, 

which, as will be shown below, causes a q-dependence in D. 

We define the Fourier transform ac^‘> ct = x,y,z, as 

(11.25) 

so that we have (a aa a) = 1 according to the Boltzmann 
N q q ‘ y 

/*w <■*-> 

distribution. However the condition of incompressibility 

restricts the direction of velocity to being perpendicular 

to q. Therefore we have 

5 <<<*> = * 

(11.26) 

The pQ is the density of the solvent. From the Fourier 

transform of (11.24), we have 

£ X g. Û 
A. | ' 

. * % 

S- - - ' ^ TÇ CLCV fret) 
A*| Al J i». J* 

(11.27) 

Its formal solution can be written as 

e,(t) = («' e-'>’ 

(11.28) 
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From (11.28), one obtains the equation for the correlation 

function 

Ko(t) = < Vt) 

~ ~ z (11.29) 

A t 

dt' 

XL 
-Ï>A\ (tl-l't'O 

** ~i ~4 X (11.30) 

where we have assumed that in equilibrium there is no cor- 

GC CL 
relation between 9 and a so that we have (0 9 a ) = 0. 

q q v ii q? qv 
«s/ <*V ^ »W *- 

Using the method of Mori and Fujisaka, one can convert 

the Eq. (11.30) into a closed equation. This is achieved by 

-DQq
2(f tJ-|t1|) 

i) replacing e by K (t-t1), and ii) approxi- 
q 
rw 

mating the four-point correlation by products of two-point 

correlations. In the second step we further ignore the 

correlation between 9 and a a, so that 
q q 

23 *4 « S’ „ 

& t0)> ^ &%\ /&<*'> &<o) > 

(11.31) 

With these approximations, Eq. (11.30) can be Laplace- 

transformed to the following form 

(S -+3>„^ + £(%,*)) 1^,'U = I (11.32) 

with 



(11.33) 

z(*.s>= s (i-d/v') 
a, 

\ <*t e 4c-e) « (.* ) 
~ l| J> *i, 1-1, 

(11.34) 

and q = q/|q|. In (11.34), we have defined (t) as 

<Ÿ’«» = cy-^J»-, y> (11.35) 

%\ 

We note from (11.26) that g^CO) = 1. 

Z(q,s), usually called the self-energy leads to a q-dependence 

correction to the diffusion coefficient. g (t) can be ob- yq 

tained from the Navier-Stokes equation for incompressible 

fluid, 

(A •+ ■= -z P«,+)+*,yVtt.t}II. 36) 

where P(r,t) is the pressure. To evaluate Z(q,s), we shall 

use the lowest order solution of g (t) from Eq. (11.36), 

(11.37) 

where v = n /Q . The lowest order solution of K (t) is 
o o' HO q 

easily obtained from (11.32) without Z(q,s), 

(11.38) 

Thus the lowest order correction to the diffusion constant 

K^(t) ^ -2 v° * * 

becomes 
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■z<*.*>A* = x ci-4,4)5) 
1, 

'*|.1|(S + v,«03>Jâ:'21
|T 

(11.39) 

Recalling defined by (II.17.3) and 5C(r) given by (11.13), 
r'W 

we- have for non-interacting micelles, 

- N/v (11.40) 

Substituting (11.40) into (11.39), we finally obtain 

A 

*•& T \AQ t ^ A- I ail.s) L-t /’N/. m. (11.41) 

V 
where the £ has been replaced by  -—y \ dq. . It is easy 

q (2n)J l ^ 
to show theft the q-dependent part of Z/q in (11.41) is 

about (D0/v0) times the q = 0 part. In the experimental 

2 • 
temperature range and for a Brownian particle of radius 10 A, 

DQ/VQ i-s typically 10 or less."*" Therefore we conclude 

that the effect of mode-mode coupling in a rigid-micelle 

solution is negligible. 



III. Deformable Micelles 16 

In the previous section we treated the micelles as 

being rigid and showed that two mechanisms known to cause 

q-dependence in D do not agree with the data. Consider then 

deformable micelles. For example we may ask if the diffusion 

coefficient of elastic micelles is any different from that 

of rigid micelles. We can answer this question in the 

following way. Suppose that the internal elastic motion of 

a micelle is independent of the motion of its center of mass. 

Then the center-of-mass motion is exactly the same as for 

rigid micelles- The difference brought about by elasticity 

is contained in the correlation function due to the internal 

motions, 

r* _T^ .it AO) 
(in.i) 

where u.. is the position of i— scattering center relative 

th 
to the center-of-mass of i— micelle. However elasticity 

only brings about acoustic modes and hence it would not 

contribute to the quasielastic light scattering. We found 

that in order to be consistent with the data we have to 

assume the micelles to be deformable and stressless. 

That means the relative motion between parts of a 

micelle should be described by hydrodynamics. The diffusion 

equation (11.24) of the last section is still applicable 

here. However while &C(r,t) denoted the concentration 



17 

fluctuation of micellar center-of-mass in the last section, 

here it should be replaced by 5n(r,t), the density fluctua- 
?» 

tion of small scattering elements of deformable micelles. 

Accordingly, the results of (11.32) and (11.34) are also 

valid, but the susceptibility y should be replaced by X' > 

~ 10 ** 
defined in (II. 1). According to Landau's theory, one 

expands the free energy of a system as a power series of the 

density fluctuation ôn (r) and their spatial gradients. 

Consequently one obtains the Ornstein-Zernike form for X , 

06 — ^ j+ (III.2) 

T1 

?» 

Recall that X Œ I(q) and the fit of (III.2) to the total 
CJ ?» 
?» 

intensities is in excellent agreement with data. The value 

of § so determined is shown in Table I. 

With (III.2) replacing Xg in (11.34), we can evaluate 
?» 

the lowest order Z(q,s) for deformable micelles, 

4 2 
■hT 

°0 OTT)
5 

2 
/ A ^ | -f ^ 3. 

)  ; (III.3) 

where we have used D « v (see section II.2) . Since we are 
o o 

interested in the long time limit, we calculate Z(q,0) and 

3Z(q,0) 
 ^  

as : 

2(1°) _ M 

2QO)/2S 
— —-  z*' 

(14f 1 

2 „ Z 

1 % 00>./P.) 

(HI.4) 

(III.5) 
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The term (III.5) is clearly negligible. The term (III.4) 

is identical to the diffusion constant renormalization for 

tween a binary liquid and a micellar solution, this 

similarity is surprising. In the case of a binary liquid, 

the critical light scattering is due to the appearance of 

local phase separations in the one-phase state. For a 

micellar solution, the micelles and the' solvent are believed 

to be two separated phases, and light is primarily scat¬ 

tered by micelles. 

Before we compare the result of (III.4) with the 

data, we recall van Hove's theory for transport coef- 

12 
ficients. The Dq, appearing in (11.24), has the follow¬ 

ing q-dependence. 

where LQ is a constant independent of q. From (III.4) and 

(III.6), the diffusion coefficient D(q) now has the following 

q-dependence, 

a critical binary fluid.'*''*' Considering the difference be¬ 

(III.6) 

= HO4 1*4*) + "E(t4_| 

(III.7) 



-E = ^TA ir*.f 
(III.9) 

Compared with the data in Fig. 2, we have 

l'hTer cep't 

) 

(III.10) 

(III.11) 

From (III.10) and (III.11) we can solve for § for each 

temperature (Table II). The agreement between the values 

of § in Table I and Table II indicates that the micelles 

under consideration are deformable and stressless. We can 

also calculate the "bare diffusion constant" D, from 
b 

(III.8) (see Table II). Interestingly, is negative. 

Perhaps it reflects the fact that AOT and water molecules 

aggregate to form micelles. The net result of micelle- 

solvent interactions of course gives a positive renormalized 

diffusion. We should, however, point out that the values 

of D^, obtained as the differences between two comparable 

numbers, DQ and E, involve a considerable uncertainty. 

2 
For example, should be inversely proportional to ç , 

but the values in Table II show only the correct tendency. 
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Finally, we note that the shape of the deformable micelles 

must be irregular, but the function (II.3) gives a crude 

idea about the size distribution of large micelles, which 

are responsible for the scattering at small q. 
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Figure 

Fig. 1 

Fig. 2 

Captions 

The inverse of light scattering intensity, I-^ 

2 vs. q at various temperatures, A = 29.18°C, 

B = 32.98°C, C = 34.61°C, D = 35.66°C and 

E = 35.97°C. The data points of E are denoted by 

» ■ » # The linear fits are the Ornstein- 

2 2 
Zernike form const. (l+§ q ). The data are from 

Huang et al^. (1980) . 

The diffusion coefficient D, defined as the 

2 2 spectral half-width divided by q , vs. q at 

various temperatures, A = 29.18°C, B = 32.98°C, 

C = 34.61°C, D = 35.66°C and E = 35.97°C 

(denoted as " ■ "). For each of temperatures 

A, B, C and D, the slope at q = 0 is obtained 

by a linear fit to all the data points from 

2 2 
q = 0 to q —6.2. For temperature E, the slope 

at q = 0 is obtained by a linear fit to data 

2 
points below q =4. The data are from Huang 

et al. (1980). 
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