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ABSTRACT 

ANISOTROPIC SCATTERING IN THE CLOUDS OF VENUS 

JOHN PATRICK LESTRADE 

Many of the past analyses of the infrared spectra for 

Venus have adopted an isotropically scattering, homogeneous, 

atmospheric model. In this work, the anisotropic scattering 

phase function w* (1+a*cosO) has been used to demonstrate the 

effects of anisotropy on observable quantities. 

L.D.G. Young's equivalent width data for the 7820Â band 

has been used to calculate combinations of C02 specific 

abundance, pressure, continuum albedo, and anisotropy. These 

combinations give values for the atmospheric parameters of 

mean free path, aerosol number density, and total optical 

thickness of the clouds. 

Approximate similarity relations are employed to deter¬ 

mine the "true" atmospheric parameters from the isotropic 

calculations. These extrapolated values agree well with the 

recent Venera probe data. The analysis indicates a total cloud 

optical thickness of 30 with a continuum single scattering 

albedo near unity. The derived aerosol number density, 405 

cm"3, and mean free path, 0.76 km., liken the clouds of Venus 

to the strato-cirrus clouds of Earth. 
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I. Introduction 

The fact that Venus has a thick cloud cover was well 

established by the beginning of this century. It was natu¬ 

ral, if not justifiable, to attribute to these clouds the 

same properties of density and composition as were found in 

the Earth's troposphere. Thus it was not until early in this 

decade .that most hopes for Cytherean aqueous clouds vanished. 

(This is not to say that a proponent for such a theory can 

not still be found!) Similarly, the process of absorption 

line formation on Venus was assumed to occur in a clear at¬ 

mosphere above a dense, cumulus-type, cloud layer. Van de 

Hulst (1952) and Chamberlain and Kuiper (1956) were the first 

to propose a theory to test this reflecting layer model. 

Their "phase curve" theory, relating the amount of absorption 

to the planetary phase angle, demonstrated that the path 

lengths of the photons above the clouds are not as important 

as the random-walk path lengths iji the clouds, in determining 

the amount of absorption. This theory, if not the birth of 

the hazy atmospheric model for Venus, was certainly its 

christening. 

The path followed by a photon during its "reflection" 

from a hazy atmosphere can not be known. The theory of radi¬ 

ative transfer must be used to determine the emergent 
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intensity from the cloud tops. The exact solution of this 

problem is presently unobtainable. As a first approximation, 

most theorists have previously assumed a semi-infinite, homo¬ 

geneous, isotropically scattering atmosphere. In this case 

the problem can be solved analytically (Chandrasekhar, 1950). 

As computers are becoming larger and faster, more theorists 

are attacking only slight variations of the exact problem 

with promising results (e.g., Plass et al. (1973), Hansen 

and Travis (1974), and Regas et al. (1975)), 

In this work the atmosphere is assumed to be semi-infi¬ 

nite, homogeneous, plane-parallel, and anisotropically scat- 

tering. The purpose is to show the effect of varying the an¬ 

isotropy on observable quantities. The scattering phase func¬ 

tion used, G(l+a*cos0), is not representative of the Mie- 

scattering of Venus. Despite this, three advantages warrant 

its use. First, the problem can be solved analytically. The 

emergent intensity will be shown to be a function of the 

Chandrasekhar H-functions. Second, the effect of anisotropy 

is demonstrated. This effect will not be as great as would be 

expected from the Mie calculations--but the trend will be the 

same. Third, the results can be adjusted to give approximate¬ 

ly the same results as would be obtained from the Mie-scat- 

tering calculations. The adjustment is made through approx¬ 

imate similarity relations* 
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II THEORY 

A. RADIATIVE TRANSFER 

The standard treatise on this subject is the often 

quoted work by Chandrasekhar (1950) . Here it will suffice to 

summarize the basic points and present the equations used 

in the calculations. 

The equation of transfer is an integro-differential 

continuity equation which relates changes in the radiation 

field to the radiation absorbed and re-emitted or scattered. 

Schematically it takes the form 

dIv(T,y,<j>) 
Ug^— = -IV(T,U,$)+SV(T,P,$) (1) 

where I is the intensity of radiation of frequency v, and 

Sv is the source function. The direction of radiation is 

specified by u,<J>; p being the cosine of the angle between 

the normal to the atmosphere and the direction of radiation, 

and <$> the azimuthal angle between the direction of radiation 

and a suitably chosen axis. The quantity TV is the optical 

depth measured from the top of the atmosphere. The source 

function is given by 

Sv = —/ / p(p,<j>;p',<j>')I(p',<|>')dQ' 
4TT o o 

F "T/uô . 
p(u»<J>;-y0 ,<f>0) (2) 
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where TTF is the unattenuated incident flux and y0 is the 

cosine of the local solar zenith angle. For a scattering 

atmosphere „SV represents the rate at which radiation is scat¬ 

tered from all directions (^",40 into the direction (y,<{>). 

The factor p(y, <f> ;y <JO is the scattering phase function. 

For isotropic scattering 

p (y, 4>; u' = constant = Si. (3) 

The single scattering albedo, Si, is the probability of scat¬ 

tering, while (1-Si) is the probability of absorption. In 

terms of the coefficients of scattering and extinction, Si 

for the cloud particles is given by 

Sic = a/ (O+K) 

where a is the scattering coefficient and K is the extinction 

coefficient. This is referred to as the "continuum albedo". 

The presence of an absorbing gas, C02 for example, decreases 

the single scattering albedo. It is then given by 

wv 
= cr/(cJ+K+av) . 

where v is the frequency and av is the gaseous extinction 

coefficient. 

For purposes of demonstrating the effects of anisotropy, 

the simple scattering phase function, 

w(l+a« cosG), (4) 

has been chosen, where 0 is the angle of scattering. The 

case a = 0 gives isotropic scattering while a > 0 or a < 0 
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gives forward or backward scattering, respectively. Figure 

1 presents scattering diagrams for selected values of a. The 

disadvantage of this function is that it is unrealistic when 

applied to Venus. The one micron particles at Venus' cloud 

tops cause more highly forward scattering in the near infra¬ 

red (Mie theory).One advantage is that it yields analytical 

solutions to the equation of transfer. 

Chandrasekhar (1950) has shown that the emergent inten¬ 

sity can be formulated in terms of a scattering function, 

I (y, <)> ;y#, <f>0) . The relationship is (with the v subscripts 

understood) 

l(0,p,<j>) = F»E(y,<J>;y0,<|>0)/ (4*y) . (5) 

For an atmosphere with a finite optical thickness, the scat¬ 

tering function also depends on the total thickness, T0. 

The 1/y factor in equation 1(5) forces the scattering func¬ 

tion to be symmetric in the incident and emergent angles. 

This is Helmholtz's principle of reciprocity. 

For phase functions, p(cos0), that can be expanded in a 

series of Legendre polynomials, both the scattering function 

and the emergent intensity can be expanded in series, namely 

Z(y,<J>;y0 ,$„) = S«Jb^ (y ,y0) «cos (nu|>) 
m 

and 

1(0,y,*) = (y,y„) *cos (mij>). (6) 

where b^ ' are constants and ÿ is the azimuthal scattering 
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angle. The dependence of the functions, £^m^(y,y0), on the 

Chandrasekhar H-functions is given by 

where are constants. Note the symmetry in y and yQ. The 

integral equations obeyed by the H-functions are given in 

Appendix 2. The resulting expression for the component inten- 

To calculate the emergent intensity of radiation for any 

frequency, at any point on the illuminated planetary disc, 

the needed input includes: the continuum scattering albedo, 

3Ç, the anisotropy of scattering, a, the line (or gaseous) 

absorption, a^, and the geometrical angles (Appendix 1). From 
r \ / \ 

this the constants C1- J and J and the required H-func¬ 

tions (Appendix 2) can be calculated. The result of these 

calculations is 1^. To synthetically construct an entire line 

or spectrum, I must be calculated over a frequency range. 

sities, 1^ (y,y0), is 

I ^ (y ,y0) = w*F*b (m).C(m).H(m)(l0.H ̂ (y„)*u0/[4(y+y0)]. 
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B. VIBRATION-ROTATION ABSORPTION SPECTRA 

1. BASIC THEORY 

When energy is absorbed by a polyatomic molecule, its 

presence is seen in increased electronic, vibrational, rota¬ 

tional, or translational energy. In the analysis of infrared 

absorption spectra from the atmosphere of Venus we are con¬ 

cerned with vibration-rotation absorption. Instead of there 

being a single spectral line to indicate such an absorption 

however, there is a "band*' of lines corresponding to transi¬ 

tions from rotational levels near the vibrational ground 

state to rotational levels near the final state. 

An example of a band spectrum is shown in Figure 2. 

Several characteristics are demonstrated in this figure. The 

"P and R branches" are notations for transitions for which 

AJrot equals -1 or +1 respectively, where AJ for absorption 

is the rotational quantum number of the upper state minus 

the quantum number of the lower state. The rotational energy 

levels are given by (Herzberg, 1945) 

Er/hc = BJ(J+1)-DJ
2(J+l)2+.,.. (7) 

where B is the rotational constant (cm-1) and D is the 

stretching constant (cm-1). The second term on the right hand 

side of equation (7) is the first order correction to the 

energies for the rigid rotor. It allows for the changed mo¬ 

ment of inertia due to centrifugal stretching. The constant 
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D is always much less than B, Depending on the relative 

values of B and B' , lower and upper levels respectively, 

there will be a reversal in the spectral line positions in 

either the P or R branch. This point of reversal forms the 

band head. 

The amount of absorption in each line depends on the 

number of molecules in the lower energy level and the Ein¬ 

stein absorption coefficient. The number distribution is 

governed by the Boltzmann distribution. Therefore, the line 

absorption is proportional to 

(2J+1)•exp[-J(J+l)hcB/kT] 

The (2J+1) cofactor is due to the M-degeneracy of the rota¬ 

tional levels. In both branches an increase in intensity is 

observed as J increases, rising to a maximum near J = 16, 

and decreasing as J increases further (see Figure 2), 

The missing odd J lines indicate a center of symmetry 

for the molecule and a zero nuclear spin for the oxygen 

atoms. If one of the 016 atoms were replaced by an isotopic 

species, ejg, 018, the symmetry would be lost and all the 

lines would be present. 

Finally, absorptions which do not involve Z-E electronic 

transitions relax the selection rules to allow AJrot= 0. This 

gives rise to a Q branch between the P and R branches. 
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2. LINE PROFILES 

The absorption profile of a single molecule consists of 

many very sharp lines, each one corresponding to a rotation¬ 

al level transition with the line width determined only by 

the quantum-mechanical uncertainty. It is obvious from Fig¬ 

ure 2 that this sharpness is not the case in a real situation. 

The lines are broadened by different mechanisms. The most im¬ 

portant of these, at the pressures where C02 absorption main¬ 

ly occurs, is pressure broadening. This phenomenon is due to 

collisions by neighboring molecules. 

Weisskopf (1933) showed that for pressure-broadened 

lines the absorption coefficient line shape is of the form 

% = Ca0p[(v-v0)
2+(a0p)

2]-1, (8) 

where a0 is the line halfwidth at one atmosphere of pressure, 

p is the pressure (atm.), v0 is the frequency of the line 

center, and C is a constant that is dependent on the number 

density of absorbing molecules and the Einstein absorption 

coefficient, as mentioned above. Equation (8) is known as 

the Lorentz profile. 

A second broadening phenomenon is that of Doppler broad¬ 

ening. The Doppler effect produces a shift in the frequency 

of the absorbed photons due to the motion of the absorbing 

molecules. Assuming a Maxwellian distribution of velocities, 

the resultant line shape is Gaussian. 
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At very low pressures Doppler broadening dominates, 

while at higher pressures, pressure broadening is the more 

important. There is a transition region in which the two ef¬ 

fects are comparable. In this case the profile of the absorp 

tion coefficient reflects the combination of the Lorentzian 

and Gaussian shapes. The final shape is a Voigt profile. In 

the analysis that follows, a Lorentzian profile is used even 

though there is a slight contribution from Doppler broaden¬ 

ing. This simplification does not cause any systematic error 

3. MEASURABLE QUANTITIES 

The three parameters most widely used to characterize 

the lines of a spectrum are 

1) the relative depth of the line, I0/Ic 

2) the area between the line and the continuum absorp¬ 

tion level, the equivalent width,W, and 

3) the line shape itself. 

The first of these is the easiest to calculate as the inten¬ 

sity is required at only one frequency, namely v=v0 (line 

center). The principle fault of this method is the lack of 

information in the singular calculation. A broad line gives 

the same measurement as a narrow line of the same depth. For 

this reason this parameter is seldom used. (For exceptions, 

see Young et. al., 1974; Iwasaki, 1976.) 

The second quantity, the equivalent width, has been 



11 

used extensively as a measure of the total amount of absorp¬ 

tion produced by a line. Most believe this the best way, at 

present, to compare theory with observation. The error in 

determining W from experimental spectra comes from the over¬ 

lap of neighboring lines and from an inaccurately drawn con¬ 

tinuum level. The third parameter, or method, is a direct 

comparison of the observed spectrum to a synthesized one. 

Theoretically this is the most accurate method. There are two 

drawbacks. The first is the long computational times needed 

to synthesize a complete spectrum. The second is the fact 

that, as of yet, no band spectrum has been recorded where the 

resolution of the spectrometer is good enough to record true 

line shapes. The spectral line widths are smaller than the 

instrumental line width, so the latter dominates the line 

profiles. 



12 

III ANALYSIS 

A. PHASE CURVES 

Van de Hulst (1952) and later Chamberlain and Kuiper 

(1956) pointed out the basic differences in phase curves for 

reflecting and scattering atmospheres. Figure 3 depicts the 

two situations. In a reflecting atmosphere, a pure gaseous 

layer above a dense reflecting cloud deck, the optical path 

length for radiation incident at large phase angles is long¬ 

er than that for radiation incident at small angles. Longer 

optical path lengths imply higher probability for gaseous 

absorption therefore larger equivalent widths. The resulting 

phase curve is a strictly increasing function of phase angle. 

In a scattering atmosphere the upper layer is assumed to be 

a homogeneous mixture of gas and cloud particles. Radiation 

incident at large phase angles scatters off the top of the 

atmosphere and the absorption lines are formed from short 

path lengths resulting in small equivalent widths. At the 

other extreme, radiation incident at small phase angles pen¬ 

etrates to greater depths, longer path lengths--due to the 

random walk nature of the problem, giving larger equivalent 

widths. Here the phase curve is a strictly decreasing func¬ 

tion of phase angle. An extensive series of spectra obtained 

by Kuiper (1952) clearly indicated the scattering nature of 

the Cytherean atmosphere. 
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This section presents results of calculations which show 

the sensitivity of the phase curve to variations in the ani¬ 

sotropy of scattering and the continuum absorption. In all 

cases discussed, larger equivalent widths are seen to be the 

result of increased optical path lengths. 

Figures 4 and 5 show the phase curve variation for 

changes in the anisotropy factor, a. At full phase forward 

scattering produces the largest equivalent widths. Radiation 

incident normally on the atmosphere with forward scattering 

has a higher probability of scattering to greater depths than 

with backward scattering. In the latter case the incident 

radiation is scattered back at a higher level in the atmos¬ 

phere. At large phase angles the reverse is true, with back¬ 

ward scattering producing the largest equivalent widths and 

forward scattering producing the smallest. In this geometry 

radiation forward scatters off the top of the atmosphere with 

very little penetration. Here, it is the backward scattered 

radiation which random walks to greater depths. 

Figures 6 and 7 present phase curves for weakly and 

strongly absorbing lines and for forward and backward scat¬ 

tering with variations in the continuum albedo, £5C. The most 

noticeable difference is the increase in the equivalent 

width with decreasing continuum absorption. As the continuum 

absorption decreases the photon mean free path increases 
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leading to more absorption by the line (gas). This difference 

is greatest for the non-saturated weak lines. The strong 

lines are nearly saturated and the small increase in photon 

mean free path does not significantly increase their equiv¬ 

alent widths. It should be noticed that this effect due to 

the continuum albedo variation is less pronounced at large 

phase angles. The level of line formation rises with increas¬ 

ing phase angle. Therefore, at oblique incidence, the radia¬ 

tion is scattering off the top of the atmosphere and the 

continuum absorption is negligible for any value of 2C. 
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B. CURVE OF GROWTH 

Figure 8 presents the equivalent widths of the P-branch 

lines of the 8689Â band as a function of the integrated ab¬ 

sorption. The total or integrated absorption for a spectral 

line is obtained by integrating the absorption coefficient 

over frequency (-« to +«), For a Lorentz profile (equation 8) 

the integrated absorption equals the product of the C02 num¬ 

ber density, N, and the line strength, Sm. Here the abscissa 

is the product of the C02 specific abundance, M, and the line 

strength, Sm. The abundance is the product of the normalized 

CO2 number density and the photon scattering mean free path, 

X. The density normalization factor is Loschmidt's number, 

LQ= 2.687X1019cm"3*atm"1. The units of M are cm*atm. The 

quantity, M»LQ is the number of molecules in X cm
3. (N.B. 

this is one of the difficulties with radiative transfer the¬ 

ory for X is usually not known, so the density can not be 

determinedJ) 

The curves of Figure 8 are known as curves of growth. 

The effects of varying the continuum albedo and the anisotro¬ 

py of scattering are shown. It is important to note that as 

the line absorption becomes much weaker than the continuum 

absorption (l-wc) the curve of growth approaches linearity 

(dashed line). This asymptotic limit was demonstrated by 

Regas (1967). 
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In the first case (upper two curves) the continuum al¬ 

bedo has been varied from 0.999 to 0.995. The equivalent 

width decreases with the lower albedo, as expected. In ad¬ 

dition, for the 0.995 curve the weak lines more quickly 

approach the linear limit. In the second case (lower two 

curves) the anisotropy has been changed from forward to 

isotropic. Since the calculations were done at full phase, 

the equivalent widths decrease for isotropic scattering. 

There is no appreciable difference in slope. 
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IV. OBSERVATIONS 

One of the earliest recordings of the absorption spec¬ 

tra for Venus 1 atmosphere was taken by Adams and Dunham in 

1932 using the 100-inch reflector at the Mount Wilson Obser¬ 

vatory, The spectral dispersion was 2.8 to 5.6 Â/mm. From 

the density tracings of their photographic plates they dis¬ 

covered three molecular absorption bands at 7820,7883, and 

8689Â. Their spectral resolution was high enough (estimated 

X/AX « 2,5x104) so that they could make accurate measurements 

of the line positions and thereby identify the absorber as 

carbon dioxide. 

The most thorough observations of Venus' spectra were 

performed from 1965 through 1972 by Louise Young et al. at 

Table Mountain and McDonald Observatories. Their dispersion 

was the same as that of Adams and Dunham, 2.0-5.4 Â/mm. They 

have published equivalent width data for several bands at 

several different phase angles. Part of their analysis of 

this equivalent width data is a determination of the rota¬ 

tional temperature and C02 equivalent abundance for each 

plate. According to A. Young (private communication) there 

still remain "hundreds" of plates to be analyzed. 

The highest resolution spectra available (excluding 

those by Traub and Carleton (1975) of the P(16) line of the 
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8689Â band) are the interferometric spectra of Pierre and 

Janine Connes (1969). The frequency range of this work is 

only 4000 to 8600 cm-1 but their resolution is 1*105. Four¬ 

ier spectrometry is the state of the art for analyzing the 

light reflected from other planets (Hunten, 1968) . It will 

undoubtedly be used to a greater extent in the future as 

the many technical difficulties are more easily overcome. 

Table 1 summarizes the important facts of the investi¬ 

gations mentioned above plus others of interest. The list is 

not comprehensive--just representative. 
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V. CONCLUSION 

A. Comparison of Theory with Observation 

Young’s observational data for the equivalent widths 

of the 7820Â band were chosen as the basis for this compar¬ 

ison. The data from three photographic plates were selected 

(Young et al. 1971). On each of the plates (nos. 176,188, 

196) each spectral line equivalent width had been measured 

three or four times by different persons to ensure a reli¬ 

able mean value. Theoretical curves of growth were generated 

for the average phase angle, 51°, and for the average rota¬ 

tional temperature, 248° (value determined by Young). Given 

the curve of growth and the experimental equivalent width, 

the C02 specific abundance can be derived by interpolation. 

Table 2 presents the derived C02 abundances for varia¬ 

tions in the pressure, anisotropy, and continuum albedo. The 

values are plotted in Figure 9. Each abundance in Table 2 is 

the average of 180 measurements (3 for each spectral line, 

20 lines on each plate). So each set of values (p^^,u£^, 
V 

M^^,a^^) when used as input to the theory of radiative 

transfer with the atmospheric model chosen, gives equivalent 

widths which match the observations. Figure 10 shows an 

example of the data as reported by Young. Also shown are the 

equivalent widths calculated for different parameters. 
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It is possible to place limits on the abundance-pres¬ 

sure values through reasonable assumptions. For example, we 

can assume from the recent Russian Venera probe data (Moroz, 

1976) that the atmospheric pressure is about 80 mbars at the 

cloud tops. This narrows down the C02 abundance possibilities 

to nine values corresponding to the three values of wc (0.999, 

0.997, 0.995) and for forward, isotropic, and backward scat¬ 

tering. Table 3 presents these abundances, M(wc,a) as read 

from Figure 9. From the ideal gas law, we can calculate the 

C02 density at a pressure of 80 millibars and a temperature 

of 248°K. Knowing the density, N, and the specific abundance, 

M, allows us to calculate the mean free path of the photons 

at the level of line formation from the relation 

A(cm) = [M(atm»cm)*L0(cm'3»atm"l)]/N(cm"3). (9) 

Once the mean free path is known, the aerosol number density 

and the optical thickness of the cloud layer can be approxi¬ 

mated. The equations are 

x = Ah/A, and 

N = l/(o^»A), where 

Ah = thickness of the cloud cover, 

A = mean free path (assumed constant through Ah) 

a' = aerosol scattering cross-section (cm2). 

The Russian data gives Ah as approximately 20 kilometers 
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(Marov, 1976). For the scattering cross-section, Chamberlain 

(1965) states that the isotropic component of a' "for the 

Venus particles important in the visual and near infrared" 

is approximately equal to the geometrical cross-section. 

We assume that the radii of the aerosols is one micron 

(Hansen and Hovenier, 1974) and that the geometrical cross- 

section is valid for all values of the anisotropy, a (-1 to 

+1). 

The calculated values of X, T, and N are shown in 

Table 3 for the different values of <3C and a. As the aniso¬ 

tropy changes from -1 to +1, the mean free path decreases. 

The reason for this decrease is evident from the phase 

curves in Figure 5. At fifty degrees a higher abundance 

of CO2 is required for backward scattering to give the 

same equivalent width. For constant C02 number density, 

this higher abundance gives a larger mean free path. 

Subsequently, smaller aerosol number densities and smaller 

total cloud optical thicknesses are derived for backward 

scattering. 
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B. Extrapolation to Mie Scattering 

Approximate similarity relations were published by 

Hansen (1969) relating the cloud optical thickness and the 

continuum albedo when calculated from an isotropic scatter¬ 

ing theory to the values derived from a Mie-scattering 

model. The basis for the relationship is the average 

anisotropy, <cos0>, defined by 

<cosO> = (l/2)£*p(cos0) • cos0*d(cos0) . (12) 

The similarity relations are 

T = /(1-<cos0>) and 

(1-SC) = (l-w£i))•(1-<COS0>) 

where i denotes isotropic. 

Since T and S>c have been calculated from an isotropic 

theory (a=0) and an anisotropic theory (a^l) the oppor¬ 

tunity arises to check these approximate similarity 

relations. Table 4 presents values of T and wc from Table 3 

and as calculated from the isotropic value using the 

approximate similarity relation. The percentage differences, 

10 to 15$ are acceptable considering the assumptions in the 

theory and the fact that the calculations were done at the 

limit of the "allowed” phase angle range given by Hansen 

of $ < 50°i. 
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Let it be assumed that the value of <cos0> for the 

actual Mie scattering at Venus' cloud tops is 0.8. This is 

an estimate based on the values cited by Potter (1969) and 

Hansen (1969) and could be off by 10 or 151. With this value 

of <cos0>, the similarity relations indicate that the iso¬ 

tropic cloud optical thickness and aerosol number density 

should be increased by a factor of five, while the mean free 

path should be decreased by the same factor. These projec¬ 

tions are included in Table 3. 

The Russian data (Keldysh, 1976) can be used to 

narrow down the range of S5C. The cloud optical thicknesses 

reported by Marov of 25 to 50 cover the entire range of pro¬ 

jected values of 28.4 to 54.5 (Table 3). Therefore, no one 

value can be selected as more favorable. However, the repor¬ 

ted aerosol number density of 300 to 400 cm”3 at the cloud 

tops is in general agreement with the extrapolated N of 

405 cm”3 for a continuum albedo of 0.995. The corresponding 

mean free path of 0.76 km. implies a visual range of 3 km! 

If we apply the second similarity relation then, to the con¬ 

tinuum albedo of 0.995, we have 

l-wc = (1-0.995)x(l-0.8) = 0.001, therefore, 

wc - 0.999 

This analysis then, in conjunction with the Russian data,in¬ 

dicates a hazy atmosphere with an optical thickness of 

approximately 30 with a continuum albedo near unity. 
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APPENDIX 1 

SPHERICAL GEOMETRY 

From equation (2) of Section II-A it is seen that the 

cosines of the angles that the incident and emergent light 

make with the normal to the atmosphere are important to the 

theory of radiative transfer. It is worthwhile, therefore, 

to spend some time investigating the behavior of these co¬ 

sines and the other angles involved in the context of spher¬ 

ical geometry. 

1. ANGLES OF INCIDENCE AND EMERGENCE 

Following the method set forth by Chamberlain (1970), 

we use an x-y coordinate system with the origin at the 

center of the fully illuminated disc and x measured positive 

towards the sub-solar point. Here y0 and y are the cosines 

mentioned above; 0 is the colatitude; <|) and <f>0 are the longi¬ 

tudes of the point, measured positive from the sub-earth 

point and the sub-solar point, respectively; $ is the phase 

angle (Earth - Venus - Sun) (see Figure 11). We find 

y = sin0cos<f> = (l-x^y2)*5 (13) 

yfl = sin0cos<j>o = (l-x2-y2) ^cosS + xsin$ (14) 

It is obvious from equation (13) that, at any phase, lines of 

constant y are concentric circles with radii r where 

r = (l-y2)\ 

Similarly, as viewed from the sun, lines of constant y0 are 
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concentric circles with radii r, 

r - (l-»;)'". 

These circles of constant y0, as they follow the sub-solar 

point, appear to be ellipses of increasing eccentricity. In 

particular when $ = 90°, the y0-constant lines appear as 

straight lines perpendicular to the brightness equator. The 

equations of these ellipses can be derived from equation 

(14), 

yQ = (l-x2-y2) cos$ + xsin$, 

rearranging and squaring, we have 

y2 + x2sin*$ - 2yQxsin$ = (l-x
2-y2)cos2$. 

Collecting terms in x and completing the square gives 

(x-y0sin$)
2 + y2cos2$ = (l-y2)cos2$, or 

(x-yQsin$) 
2/[(1-y2)cos2$] + y2/(l-yj) = 1. 

This is the equation of an ellipse whose semi-minor and 

semi-major axes are cos$« (1-y2) ** and (l-y2)3*, respectively, 

and whose center is located at x = y0sin$, y = 0. Figure 12 

shows examples of these y,V0~constant lines. 

2. AZIMUTHAL SCATTERING ANGLE 

Figure 11 shows the angles involved in scattering from 

a planetary atmosphere. Of prime importance is the angle ij>, 

which is the azimuthal angle between the incident and emer¬ 

gent light. It is the cosine of this angle which appears in 
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the expansion of the intensity in Section II, equation (6). 

To put cosÿ in terms of y, yQ, and $, the reader's attention 

is drawn to the two spherical triangles containing <f>^ and 

<j>p in Figure 11. From the equations of spherical trigonometry, 

sin^ = sin<j>/(l-y2) and sin<j>p = sin<j>0/(l-yj) ; 

therefore, 

cos<f>' = [ (l-y2itsin2^))/(1-y2) ] ^ 

This gives 

costj)^ = [(l-sin28»cos2<j>-l+cos24>)/(1-y2) J*5 

ls 

- cos0*cos<f>/(1-y2) . 

A similar equation holds for cos<|>^. Furthermore, we have 

COSlf) *» COSÜTT- (<J>^ + 4>o) } = -COS(<j>^ + <J>p) 

= sin<j>^*sin<J>^ - cos<J>'*cos^'. 

Substituting for and gives finally 

cosÿ = [yy0 - cos$]•[(1-y2)(1-yJ)] 

Figure 13 shows the +/- behavior of cosip. The cosine 

is negative at all points on the disc at full phase as the 

azimuthal scattering angle is always 180°. As the phase an¬ 

gle increases the region in which cosift is positive grows 

until at 90°, where cosip is positive in the entire illumina¬ 

ted region. 
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APPENDIX 2 

A. CALCULATION OF H-FUNCTIONS 

There have been several H-function approximations em¬ 

ployed in past radiative transfer calculations. The need for 

a quick method of calculation is most apparent when synthe¬ 

sizing a band profile in which thousands of H-functions are 

involved. It is the purpose of this section to present and 

compare exact and approximate methods of calculation. 

1. EXACT CALCULATION 

Chandrasekhar (1950, p.107) derived the following inte¬ 

gral equation satisfied by the H-functions; 

[H(vQ ] " 1 = [l-2-/1nu)dy]îï + J1Ç-'l'(Ç)*H(0-(p+Sr1dÇ. 
0 0 ...(16) 

For phase functions that can be expanded as a series of 

Legendre polynomials, the characteristic function, ¥(y) is 

given by 

^(y) = a+3*y2, 

where a and 3 are known functions of the sihgle scattering 

albedo, w, and the scattering anisotropy, a. It is implicitly 

stated, therefore, that 'F(y) and H(y) are functions of y, w, 

and a. The H-functions are calculated from equation (16). 

The first integral in equation (16) is integrable and gives 

/o
l,F(y)dy = a + 3/3. 
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The second integral is determined by a seven-point Gaussian 

quadrature, viz. 

r1 gY(g)H(g)d£ _ l WiHi^CPiOHCtij) (17) J
0 y+£ 

= \ y+hi 

It is necessary to make a first guess at the H(y^) to 

subsitute into the summation of equation (17). New H(p^), 

(i=l,7), are then calculated individually from equation (£6) . 

The first moment of the H-functions, 

a = f1 H(y)dy = £ w^Cyi) , 
0 o i 

is calculated after each iteration. The difference in 

successive a^'s is used as the convergence criterion. For an 

"exact" calculation we require that aQ be correct to the 

seventh decimal place. On the order of ten iterations are 

usually required for the calculations to converge. 

2. APPROXIMATIONS 

a) First Approximation 

Chandrasekhar (1950, p. 114) shows that the unique, 

non-zero solution of the integral equation is 

l (y+yj.) (y+y2) • • • (y+yn) 
Htu) - yr..iin (l+k1M)a*k2y)...(l+knv) CIS) 

where the k^'s (j = l,n) are the non-negative roots of the 

associated characteristic equation, 
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1 = 2 
(19) 

and the y^’s are Gaussian division points. Considering the 

first factors in equation-(18) we have the first approxima¬ 

tion to the H-functions, i.e. 

The constant y^ is the first Legendre polynomial zero, 1//3. 

At worst, this approximation is off by about 8%. 

b) First Approximation -- Fitted 

Chamberlain (1976) points out that a closer approxima¬ 

tion is obtained by considering y^,not as a constant 1//3, 

but rather as a function of w and a. This approximation 

takes the form 

Through a trial-and-error procedure H-functions are calcu¬ 

lated and a fit of the resulting zeroeth moments is made to 

exact values. The polynomial representation for A(25,a) is 

given by Chamberlain (1976). This approximation can differ 

from the correct value by as much as 4%, 

c) First Approximation -- Integrated 

In the same paper Chamberlain describes a third method 

1 U + hi 
H(V) = TT[ 1 + ky (20) 

(21) 
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of approximation. He substitutes equation (21) into the in* 

tegral of equation (16) and analytically integrates it. 

After some mathematical manipulation, we have finally 

[H(y)]”1 = (l-2a-23/3) + Z(y) - Z(l/k) (22) 

where 

Z(x) = G(x)•[T(x)*{l-x»ln(l+l/x)}+3{2-3»x}/6] 

G(x) = [1-A(£5,a)•y]/[l-k»y], (compare with eq. 21) 

Y(x) = a + 3x2 = characteristic function. 

The form of this solution for the H-functions is different 

from, but equivalent to, that of Chamberlain's. At it's 

worst, this method has an error of 0.7%. 

Figure 14 shows a comparison of the errors associated 

with these three approximations. The calculations were per¬ 

formed for £5 = 0.995 and a = +1. Most H-function approxima¬ 

tions are weakest near £5 = 1.0 and y = 0. Their error is 

relatively insensitive to variations in the anisotropy, 

d) Early Termination of the Exact Calculation 

A very good approximation can be obtained through an 

early termination of the iterations in the exact calculation 

outlined above. This termination is achieved by relaxing the 

convergence criterion on a0 to, for example, 10-1* instead of 

10*7. The number of iterations is reduced from ten to two. 

This method takes slightly longer than the other methods, but 
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its largest error is only 0.3%. 

e) Polynomial Fit 

Stibbs and Weir (1959) have calculated coefficients for 

polynomial fits to H-functions as functions of £5 with a = 0. 

The principle disadvantage here is the large number of coef¬ 

ficients needed for each combination of p and a. The accuracy 

claimed (0.01%) was felt to be unnecessary considering the 

amount of computer storage that would be required. 
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TABLE 2 

DERIVED ABUNDANCES 

p(atm) 1.0 0.1 0.01 

a c \ + 1 0 -1 +1 0 -1 + 1 0 -1 

0.995 0.14 0.17 0,20 0.21 0.27 0.32 0.84 1.20 1.54 

0.997 0.11 0.13 0.15 0.17 0.21 0.25 0.68 0.94 1.20 

0.999 0,06 0.08 0.09 0.11 0.14 0.16 0.46 0.62 0.79 

TABLE 3 

80 MBAR VALUES 

Sc 0.995 0.997 0.999 

a + 1 0 -1 +1 0 -1 +1 0 -1 

M(km- 0.23 0.30 0.36 0.18 0.23 0.28 0.12 0.15 0.18 
LA ■ d £.111 J 

X(km) 2.75 3.53 4.28 2.18 2.79 3.32 1.43 1.83 2.15 

T 7.27 5.67 4.67 9117 7.17 6.02 14.0 10.9 9.30 

N (cm" 3) 104 81 67 133 103 87 202 158 135 

X(Mie) (km) 0 J 76 0„56 0.37 

x(Mie) 28-4 33-9 54.5 

N(Mie)(cm- 3) 405 515 790 

TABLE 4 

TEST OF APPROXIMATE SIMILARITY RELATIONS 

to 
c 0.995 0.997 0.999 

a +i 0 -1 + 1 0 -1 +1 0 -1 

T 7.27 5.67 4.67 9.17 7.17 6.02 14.0 10.9 9.30 

T1 4.85 5.67 6.23 6±11 7117 8.03 9.33 10.9 12.4 

error 14% 10% 15% 12% 14% -- 14% 
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FIGURE 3 

REFLECTING ATMOSPHERE 

PHASE ANGLE 

SCATTERING ATMOSPHERE 

PHASE ANGLE 
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FIGURE 11 

Spherical Geometry of the Scattering Problem 
(Sub-solar and sub-earth points are marked.) 



FIGURE 12 

Lines of constant y (circles) and y„ (ellipses) 
appear to an observer on Earth. The shaded areas 
darkened hemispheres. 
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FIGURE 13 

+/- BEHAVIOR OF COS(i|>) 
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