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Abstract 

ELECTRON-MOLECULE SCATTERING STUDIES USING BOUND STATE 

VARIATIONAL METHODS: APPLICATION TO SSCP SCATTERING 

AND s-WAVE ELASTIC e+H2 COLLISIONS 

Michael Alfred Morrison 

The general problem of scattering of an electron 

from a homonuclear diatomic molecule is reviewed. Coupled 

equations, with and without exchange, are derived and 

scattering amplitude and cross sections obtained in the 

fixed-nucleus approximation. Application of standard 

bound state procedures to the problem of scattering from 

a Static Screened Coulomb Potential produces results which 

suggest a useful approach to the more complicated problem 

of elastic e+H2 scattering. This method requires extrac¬ 

tion of scattering information from variational wave- 

functions in the continuum. It is developed for the 

elastic e+H2 collision problem, and results are obtained 

which are in good agreement with those of close-coupling 

calculations. The procedure also provides insight into 

the physical nature of the collision. 
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Introduction 

A problem of considerable interest, both practical 

and fundamental, to physicists and chemists today is that 

of electron-molecule scattering. In spite of a substantial 

expenditure of effort over the last 20 or so years and some 

success in the solution of the analogous though simpler 

problem of electron-atom scattering, accurate theoretical 

analysis of electron-molecule collisions remains elusive. 

A great deal has been accomplished in solving related 

problems of molecular structure. Indeed, highly accurate 

results have been obtained in the study of simple homo- 

nuclear diatomic molecules such as ^ and 0^. In 

addition, reliable calculations have been performed for 

more complicated systems such as CO, NO, CO2# ^0, etc* 

It can safely be said that theoreticians are very close to 

having a good understanding of the nature and properties 

of the simpler molecules and molecular ions. 

We would like to use this knowledge to tackle the 

less tractable problem of electron-molecule collisions. 

In particular, we have developed a method which uses a 

standard bound state procedure in the study of continuum 

(or scattering) states of species for which the scattering 

problem itself is highly complicated. 

Of course, we could just attack the problem "head-on" 

and try to improve on existing techniques, such as the close¬ 

coupling method. However, such an approach would probably 
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prove to be (1) complicated, (2) expensive, and (3) not 

especially interesting. We prefer instead to adopt a 

strategy which extracts scattering information from con¬ 

tinuum wavefunctions calculated using a linear variational 

computer code. 

The questions we seek to answer are: What is the 

quality of these variationally obtained scattering functions? 

If they are "good," in the sense of containing useful 

scattering information, over what range of values of r 

(the radial coordinate of the scattering electron) are 

they "good"? How can we best extract this scattering in¬ 

formation (e.g. cross sections)? Can we use the answers 

to these questions to develop an approach to the problem 

of electron-molecule scattering which is at least as 

accurate as those developed to date, is hopefully simpler 

to carry out and reveals some physical insight into the 

nature of the collision problem? We have examined these 

questions in the context of electron-diatomic molecule 

scattering and in this report shall discuss them and the 

answers as we see them. 

Chapter 1 presents an introduction to the problem 

of principal interest to us, namely that of obtaining 

s-wave cross sections for elastic e-^ collisions. Some 

of the motivations behind our approach and a brief des¬ 

cription of it also appear in this chapter, which should 

be viewed as a preparatory overview of the theory to be 

discussed. 
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This introductory material is followed in Chapter 2 

by a brief but (hopefully) rather thorough survey of 

work to date on the problem of e-K^ scattering. Special 

attention is given to those methods which are related to 

the theoretical analysis we have performed. 

Chapter 3 is somewhat in the nature of an aside and 

deals with preliminary studies carried out using the SSC 

potential (Static Screened Coulomb Potential) in the con¬ 

text of simple potential scattering. We examine varia- 

tionally obtained continuum wavefunctions for this poten¬ 

tial and develop a procedure for the extraction of 

scattering information from such functions. Although 

ancillary to the main thrust of this report, these pre¬ 

liminary calculations are important because they address 

and partially answer some of the above questions. Moreover, 

the results of these studies provide a basis for the 

theoretical development and calculations of the remaining 

chapters. 

The theory of electron scattering from a homonuclear 

diatomic molecule is developed in Chapter 4 in a general 

framework which employs the fixed-nucleus approximation. 

We obtain coupled equations (with and without exchange) 

and cross sections, differential and total, for elastic 

and inelastic collisions. This theory goes beyond the 

comparatively simple applications in the remainder of the 

thesis and represents an extension of the theory available 

in the current literature. 
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Chapters 5 through 9 lay the groundwork for our 

calculations. In Chapter 5, molecular structure calcula¬ 

tions for and are discussed in the context of the 

configuration interaction (Cl) method using modified 

valence bond wavefunctions. The results of two such cal¬ 

culations are presented and briefly discussed. These wave- 

functions are used in later scattering calculations. 

The matrix elements required for the calculation of 

scattering parameters form the topic of Chapter 6, which 

focuses on the short-range terms due to attractive 

(Coulomb) forces. Long-range effects due to quadrupole 

and polarization interactions and their inclusion in the 

potential are taken up in Chapter 7. 

The Cl calculations of Chapter 5 produce wavefunctions 

centered on the two nuclei of the molecular species under 

consideration. In Chapter 8 we show how to extract a 

radial scattering function from this variational wave- 

function, convert it to one-center located midway between 

the nuclei, and project out the desired J? -component (in 

our calculations, ^ = 0 for s-waves). This radial function 

must be orthogonalized to the corresponding projection of 

the core wavefunction; the reason for this procedure and 

the method by which it is performed form the subject matter 

of Chapter 9. 

Finally, in Chapter 10, we present and discuss in 

some detail, the results of scattering calculations we 

have performed in an effort to obtain s-wave elastic e-H^ 



5. 

cross sections. Particular attention is paid to the 

scattering wavefunction (in 10.D). In this chapter, the 

results of Chapters 4-9 are restricted to s-wave elastic 

scattering. 

The conclusions and limitations of the theory and 

procedures in this report are summarized briefly in 

Chapter 11, which also contains suggestions for future 

research along these lines. We address both ways of im¬ 

proving the calculations of Chapter 10, all of which would 

require considerable computer time, and various paths 

along which these calculations could be extended to 

related problems. 

Thus the work here reported subdivides into three 

principal categories: 

I. General theory of electron-diatomic molecule 

scattering (Chapters 2 and 4) 

II. Study of extraction of scattering information 

from variationally obtained continuum wave- 

functions (Chapters 3 and 10) 

III. Calculation of (s-wave) elastic scattering 

cross sections for e-I^ scattering (Chapters 

1, 5-10) . 



Chapter 1. Description of the Problem and an Approach 

to Its Solution 1 

The scattering theory context of the electron- 

diatomic molecule collision problem is a familiar one. 

The full stationary state wavefunction Y for a system 

consisting of an electron incident on a diatomic molecule 

must satisfy the time-independent Schroedinger Equation, 

(•*(- E *> Ç * 0 , 11 

subject to the familiar asymptotic scattering boundary 

conditions,^ 

i If .r 

<?, +5 V- , (1-2> 

where r is the spatial coordinate of the scattering 

electron with incident wavenumber k Here f„ _ is the a. a 
o 

scattering amplitude for target excitation from an initial 

state, denoted by the set of quantum numbers aQ, to the 

final state, denoted by cc. Also appearing in Eq. (1.2) 

are eigenfunctions corresponding to stationary states of 

the target molecule. For channel d , the target wave- 

function is the product of an electronic part, 

labelled by electronic quantum number na, a vibrational 

part, labelled by va, and a rotational part, labelled by 
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Once the wavefunction Y, and hence the scattering 

amplitude, has been determined, the differential and total 

cross sections for any particular scattering event are 

easily calculated from the familiar formulas 

Unfortunately, the situation is complicated by a 

number of factors. The molecular potential is not spheri¬ 

cally symmetric, which means that the simple central-force 

analysis usually employed as a starting point in electron- 

atom collision theory, cannot be easily applied. Indeed, 

one often chooses to resort to the use of prolate spher¬ 

oidal coordinates, which explicitly take account of the 

two-center nature of the potential (see 2.E). Also, a 

large number of excitations are possible as a result of 

the collision: rotational, vibrational, electronic exci¬ 

tations, and combinations of these can all occur provided 

the incident electron supplies enough energy. In addition, 

there are long-range effects due to quadrupole and polari¬ 

zation interactions which must somehow be taken into 

account, and these affect even the simplest case, elastic 

scattering! 

and 

(1.5) 
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A popular tactic for solving this problem and ob¬ 

taining the system wavefunction Y is based on an expansion 

of it in the complete set of target states of the molecule 

i.e. 

î ), (1-6) 
et 

where We sum over all molecular states. This sum is anti- 

pymmetrized by the operator Jk . The coefficients F (r) 

represent continuum electron orbitals and are obtained by 

substitution of Eq. (1.6) into the time-independent 

Echroedinger Equation, (1.1). This substitution and some 

subsequent algebra leads to a forbidding set of coupled 

second-order integrodifferential equations for the scatter 

ing functions, i.e. 

. a-7) 
ot' 

There is one such equation for each channel a. Here V , 

is the direct matrix element of the electron-molecule 

interaction potential taken between target states a and a' 

Kaa, is the exchange matrix element, an integral operator 
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involving integration over the scattering orbital F^. 

The solution of these equations proceeds by a partial- 

wave expansion and need not concern us here*. Understand¬ 

ably, the resulting infinite set of coupled radial equa¬ 

tions must be truncated before solution, leading to the 

so-called "close-coupling approximation." [In Chapter 4 

we have carried out a somewhat similar analysis in the 
3 

context of the fixed-nucleus approximation .] 

Our approach differs in several respects from this 

standard method. We have concentrated on scattering of 

electrons from Hj at energies less than 10 eV. At low 

energies s-wave scattering is dominant and reflects the 

principal effects of exchange, so we here report s-wave 

elastic cross sections. First, due to the non-central 

nature of the electron-molecule interaction potential the 

space-fixed laboratory system, in which measurements are 

made, is not always the most convenient frame for theo¬ 

retical analysis. When the incident electron is close to 

the target the intemuclear axis provides a more convenient 

z-axis, since the projection of the orbital angular momen¬ 

tum of the incident electron along that axis is quantized. 

Hence it is best to work in a body-fixed frame at small r, 

• 4 “ 5 transforming to the lab frame at large r. Fano and 
5 

Chang have developed a frame transformation theory which 

*See the discussion of 2.F for further details and a dis¬ 
cussion of results which have been obtained by applying 
this method. 
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enables us to switch frames at some intermediate radius. 

However, this transformation is not necessary for s-wave 

scattering since the l = 0 part of the interaction 

potential is spherical. 

6—8 
Second, the work of Temkin, Chang, and others on 

the fixed- and adiabatic-nuclei theories suggest that at 

low energies it isn't necessary to explicitly consider the 

dynamics of molecular rotation or vibration to obtain 

inelastic cross sections. This being the case, we can con¬ 

centrate on the electronic aspects of the scattering, secure 

in the knowledge that we can use the adiabatic nuclei theory 

to obtain cross sections for rotational and vibrational 

excitation. 

Now, except for the (clearly important) asymptotic 

scattering boundary conditions, the electronic features of 

the electron-^ scattering problem physically resemble a 

molecular structure problem of the corresponding ion. 

9 10 Taylor and others ' have studied the structure of the 

H2 ion using variational methods. We have adopted the 

strategy that since this negative ion has no bound states, 

the properly symmetrized wavefunction in the continuum 

(E > 0) corresponding to the lowest root in a variational 

calculation represents an approximation to the continuum 

(or zero energy) ^ state function of the same symmetry 

and hence provides information about the system wave- 

function for the electron-molecule collision. If the basis 

functions used in the variational calculation of the ion 
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wavefunction are Slater-Type-Orbitals or Gaussian-Type- 

Orbitals, both of which die off exponentially at large r, 

then the resulting continuum wavefunction will, of course, 

be useless in the asymptotic region where the boundary con¬ 

ditions of Eq. (1.2) must be imposed. However, if this 

function _is accurate at small r, then it is a straight¬ 

forward matter to use standard scattering theory techniques 

to extrapolate into the region of large r. The region close 

to the molecule is the most complicated, for here short- 

range exchange and correlation effects come into play. 

This approach is suggested by the work of Taylor, 

11 12 Hazi, and others ' , who have performed model calcula¬ 

tions employing the stabilization method. Their studies 

indicate that, at least for simple potential scattering, 

approximate variational functions in the continuum do con¬ 

tain scattering information, both for resonant and non¬ 

resonant states. However, we have made no attempt to 

stabilize our energies and are not studying resonant states. 

Further support is lent to these ideas by the work 

. 13 14 of Reinhardt and others on the Fredholm determinant ' 

15 and Burke and his colleagues on the R-matrix 

Figure 1.1 shows how we apply these ideas to the 

calculation of cross sections for s-wave elastic scatter¬ 

ing. Using Slater-Type-Orbitals as basis functions, we 

first obtain a simple single-configuration wavefunction 

for the + state of the Hn molecule, g 2 
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fKÇ/CEUWB 

1. 

Figure 1.1 

An approach to the calculation of cross sections for 
e-I^ scattering at low energies. 
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Working in the static-exchange approximation, we then 

use this wavefunction as the core in a variational 

structure calculation using modified valence bond wave- 

functions. These wave functions, which are discussed in 

Chapter 5, are constructed by forming properly symmetrized 

linear combinations of configurations, each of which is the 

product of the same core function and one continuum 

electron orbital. Thus the core is kept "frozen," and 

scattering orbitals are built up on it. 

Because the incident and molecular electrons are 

identical particles, the Pauli Exclusion Principle is in 

force and forbids the incident electron from occupying the 

bound molecular orbital. To ensure that this is reflected 

in our scattering orbital, we orthogonalize the spherical 

part of the wavefunction corresponding to the lowest 

2 + - 
Eg H2 root to the core la^ orbital. This procedure 

results in the placing of a node in the radial function, 

namely the "first zero" after the one at r = 0. 

This node turns out to be particularly important. 

Recall that our premise is that the variational wave- 

function accurately approximates the system wavefunction 

for the e-K^ scattering event at small r, where exchange 

is known to be most important. Outside this "exchange 

region," we expect both exchange and coupling of various 

partial waves to have negligible influence on the cross 

sections. Moreover, we anticipate that the quality of the 

continuum function will decrease as the basis functions die 
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away. Hence, taking the position of the node as a reason¬ 

able choice for the boundary of the "exchange region," we 

there start a simple numerical integration of the single¬ 

channel s-wave radial scattering equation, using a static 

e-H2 potential, and thus obtain cross sections for elastic 

s-wave scattering. 

Before further explicating these ideas, let us briefly 

consider some of the work which has been done to date on 

this problem. 
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Chapter 2. Survey of Electron-Molecule Scattering Studies 

(Primarily H2 Targets) 

Since the early twentieth century, experimental 

and theoretical studies of electron-molecule scattering 

have proceeded at a fairly regular pace. With the advent 

of digital computers in the 1960's, however, this pace 

dramatically increased, so that an enormous amount of re¬ 

search on this problem has been carried out to date. The 

fact that it is still not solved and thoroughly understood 

merely reflects its not inconsiderable difficulty. 

The purpose of this chapter is multifold. It is not 

meant to be a "review" of electron-molecule scattering 

studies. There have already been a number of excellent 

articles which serve this purpose, and these are discussed 

in $ 2A. We shall concentrate on scattering of slow 

electrons from homonuclear diatomic molecules, particular¬ 

izing (most of the time) to H2. An attempt will be made 

to provide a rather complete survey of work to date on 

this specific problem, concentrating on studies which are 

especially relevant to the research being reported here. 

Thus, for example, 5 2B, which deals with applications of 

the Born Approximation to this problem, will contain very 

little detail, while $ 2F, which treats the close-coupling 

calculations against which our results are ultimately com¬ 

pared (cf.. Chapter 10) will contain some comment on 
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relevant equations and results. Finally, it is hoped that 

the accompanying "bibliography" will prove useful to future 

students of e-H^ scattering*. 

A. Reviews of Electron-Molecule Scattering 

Most of the reviews which have been published on 

electron-molecule scattering are in some way specialized. 

The earliest (and most inclusive) survey is that of Craggs 

16 and Massey , which contains a wide ranging report of 

experimental and theoretical work up to 1959. A more recent 

survey limited to diatomic molecules is that of Chandra and 

17 Joshi , which discusses the theoretical analysis of reso¬ 

nant and nonresonant scattering from homonuclear molecules 

and excitation scattering by polar molecules. 

18 Moiseiwitsch , in a 1968 review article,- briefly outlined 

theoretical approaches to elastic scattering by molecules as 

part of a lengthy analysis of elastic scattering of electrons. 

Rotational excitation by slow electrons was the subject of 

. 19 
a review by Takayanagi , who has also surveyed all non¬ 

resonant processes due to the impact of slow electrons on 

. . 20 diatomic molecules . Both treatments discuss one- and 

two-center methods, and the former includes results obtained 

via the Born Approximation, the distorted wave method, the 

close-coupling method, and the adiabatic approximation. 

*The topic headings under which the work to be discussed 
is organized are not meant to be exclusive. They are 
merely designed to give some overall structure to this 
presentation. 
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The topic of resonant scattering will not be treated 

at all in this thesis. A recent review of resonances in 

21 
atomic and molecular scattering events by Burke is 

recommended to the interested reader. 

22 
The most recent review article is by Golden et al. 

and is somewhat more limited in scope than the above. 

However, it does contain discussion of experimental methods 

and results, the close-coupling approximation, and the 

fixed- and adiabatic-nuclei theories. 

Finally mention should be made of a rather extensive 

.23 bibliography by Takayanagi , part of which deals with 

electron-molecule scattering. 

24 B. Low-Energy e-^ Scattering Experiments 

The earliest successful electron-molecule scattering 

experiments appear to have been performed in 1921 by 

25 Ramsauer . Since then a number of experimental techniques 

have been developed and agreement among different investi¬ 

gators is sufficiently good to indicate a high degree of 

reliability in the available cross sections, at least for 

low incident energies. A readable though lengthy discussion 

of experimental techniques and results may be found in 

26 
Massey . Here we shall merely indicate the principal 

methods employed and particularly important references. 

There are two classes of experiments which supply 

useful data on electron-molecule scattering, direct methods 
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and indirect methods. As its name implies, a direct method 

is a measurement of the flux of electrons resulting from 

the interaction of a monoenergetic parallel electron beam 

and a monoenergetic line gas target. For incident energies 

greater than 100 meV, such experiments have been carried out 

27 
by Golden e_t al^. ; they measured the attenuated current 

of the electron beam (which passed through a scattering 

cell) as a function of energy and scattering angle and so 

obtained absolute cross sections, some of which are shown 

in Fig. 2.1. In the figure, their results are compared to 

earlier experimental values and the results of the theoreti- 

28 
cal analysis of Fisk 

A second type of direct measurement actually uses two 

beams, one of molecules and one of electrons. Such experi- 

29 
ments are restricted to energies greater than 500 meV 

and have a greater percentage of probable error 25%)than 

those performed via the Ramsauer technique (± 3%) . 

Unfortunately, direct measurements at low energies 

are plagued by problems of variable detection efficiency, 

. . . 24 finite energy resolution, and space charge . To circumvent 

these difficulties, several indirect methods have been de- 

30 veloped, of which swarm experiments yield the best results. 

The analysis of swarm data is nontrivial, since cross 

sections must be derived from measured transport properties 

such as the electron drift velocity v^ and the ratio of 

diffusion coefficient D to mobility |1. As if that wasn't 

enough, the latter quantity is measured as a function of 
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Figure 2.1 

Experimental and theoretical total cross sections from 
references 27, 101, and 28. [from Golden et al.; Rev. 
Mod. Phys., 43, 642 (1971), Fig. 16] 
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the ratio of electric field strength to gas density. At 

any rate, the analysis, which proceeds via a numerical 

solution of the Boltzmann equation, was initially carried 

31 out in 1962 by Frost and Phelps . Swarm experiments on 

electron-molecule systems yield excellent results for 

elastic scattering and for inelastic scattering provided 

24 
only one inelastic process is possible 

A number of measurements have been performed using 

high sensitivity techniques which permit the study of 

resonances in e-^ scattering. Probably the best of these 

to date is the experiment of Weingartshofer, Ehrhardt, 

32 Hermann, and Linder , who studied, among other things, the 

compound state of at 13.6 eV. 

Interest in experimental measurement of low-energy 

elastic and inelastic cross section remains high to the 

33-37 
present day . The best available results for elastic 

scattering and rotational excitation ( j =0 j * =2) are 

those derived from the electron drift and diffusion measure- 

33 ments of Crompton et aJL. on parahydrogen. We utilize 

their cross sections in some of the analysis of our results 

(see Chapter 10). 

C. The Born Approximation 

At first glance, it is certainly not to be expected 

that the Born Approximation, traditionally a "high-energy 

approximation," is well suited to low-energy electron- 

molecule scattering studies. In point of fact, however. 
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the Born Approximation _is valid provided the ratio of the 

interaction energy of the system to the initial kinetic 

energy is small"^. Gerjuoy and Stein^'^® showed that this 

is indeed the case for e-^ (or e-E^) scattering because 

of the long-range "quadrupole tail" of the electron-molecule 

potential (see Chapter 7). The consequent interaction term 

is proportional to the molecular quadrupole moment, Q, 

-3 
and falls off asymptotically like r . Because of it, the 

principal contribution to the matrix element for rotational 

excitation occurs at large values of r. This is especially 

true for low incident energies (i.e. large wavelengths). 

A detailed proof of these assertions may be found in the 

. 39 first 1955 paper of Gerjuoy and Stein . These authors and 

others have used the Born Approximation to calculate elas¬ 

tic and rotational and vibrational excitation cross sections 

for e-H^ scattering. 

The Born Approximation was first applied to this 

41 problem by Carson , who (incorrectly) chose to neglect 

the long-range interactions. Essentially, it asserts that 

the distortion of the incident wave by the attractive 

interaction potential of the target is negligible. The 

differential cross section is given by 

J<r ' , (2-D 

where is the scattering amplitude for the transition 

from the initial state (labelled i) to the final state (f). 

Initial and final state wavenumbers are k^ and k^, 
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respectively. If the electron is incident along direction 

n^ and outgoing along direction n^, then in the Born 

Approximation, the scattering amplitude is given by 

m 

airW ;* Jj? e"‘k>î’f %* (rj ) V (?, ) q>. ( ) (2.2) 

where -r is the coordinate of the incident electron, r^ 

are the coordinates of the molecular electrons, V(r,Tj) 

is the electrostatic interaction potential, which may be 

written 

V(?,^ 
S: e' 

(2.3) 

and IJK (r^) and ^(r^) are initial and final molecular states. 

. 40 
Gerjuoy and Stem found that evaluation of da in this 

approximation led to a cross section for rotational exci¬ 

tation which is proportional to the square of the quadru- 

pole moment. Their cross section is in good agreement 

with results obtained from analysis of swarm experiments 

2 
(for N0) if Q = -1.04 ea is used. Unfortunately, current 
Z o 

44 
indications are that the quadrupole moment for ^ is 

2 
-1.10 eaQ (to within ± 2%). The discrepancy is due to 

the distortion of the electron wavefunction and is re¬ 

solved by using other approximation methods (e.g. distorted 

wave, § 2D). 

The particular significance of these calculations is 

that they demonstrate that the process of rotational 
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excitation can account for energy losses in excess of 

those which are predicted if only elastic scattering is 

allowed* and that at low energies it is the long-range 

part of the anisotropic electron-molecule interaction 

potential which is responsible for this excitation. 

A further refinement to these calculations was made 

45 . -4 
by Dalgarno and Moffet , who included long-range r 

polarization terms in their electron-molecule interaction 

potential. (Some discussion of their work will be found 

in Chapter 7.) These terms represent a polarization 

interaction which is due to the induced dipole moment of 

the target**. They found that in the polarization of 

the target by the incident electron increases the cross 

sections and that this effect becomes important just above 

threshold. Their results are in good agreement with the 

31 measurements of Frost and Phelps 

The Born Approximation has also been used to calculate 

cross sections for electronic excitation in electron- 

diatomic molecule collisions, first by Massey and Mohr^, 

47-49 and later by Khare . The latter work includes exchange 

50 by means of the Ochkur approximation and uses Huzinaga's 

51 . 52 one-center wavefunction for H2* In addition, Rozsnyai 

* Bailey4^ observed this phenomenon in an experiment in which 
he passed electrons with insufficient energy to induce 
electronic or vibrational excitations through a molecular 
gas. Bennet and Thomas43 suggested rotational excitation 
as a possible source of the consequent observed energy loss. 

**Homonuclear diatomic molecules have no permanent dipole 
moment. 
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has used the Born Approximation together with both Heitler- 

London (or valence bond) wavefunctions and molecular orbital 

wavefunctions in the calculation of scattering of electrons 

from H2 and N2 targets, again employing the Ochkur 

approximation. 

In conclusion, it should be noted that there is con¬ 

siderable interest in the application of the Born Approxi¬ 

mation to intermediate energies (greater than 10 eV but 

less than, say, 100 eV). Especially intriguing is the work 

53 55 of Truhlar e_t al. which uses models to study electron 

scattering by H2 with and without vibrational excitation. 

D. The Distorted-Wave Approximation 

If the distortion of the electron wavefunction is 

appreciable, one must abandon the Born Approximation. A 

number of investigators have carried out distorted wave 

calculations for electron-molecule scattering with some 

success. As pointed out by Mjolsness and Sampson^' 

this method should be valid because (1) the elastic cross 

section is much larger than the inelastic cross sections, 

and (2) the diagonal matrix elements of the interaction 

potential are larger than the non-diagonal elements for the 

important range of r. They assumed that the target could be 

treated as a rigid rotator*, the wavefunctions of which are 

*The first detailed formal treatment of scattering by a rigid 
rotator was carried out in an important paper by Arthurs and 
Dalgarno6-1-. Ignoring vibrational degrees of freedom, they 
expanded the scattering wavefunction in a coupled basis set 
and obtained explicit expression for elastic and inelastic 
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simply the spherical harmonics Yjm(0,cp). Taking into 

account only 1=0 and & = 1 distortions, Mjolsness and 

Sampson obtained impressive agreement with the analysis of 

44 2 
swarm experiments and with the value of -1.10 eaQ for 

the quadrupole moment of N2. These authors cut off the 

correct asymptotic form of the potential, choosing the 

"cut-off radius" Rc by determining variable "cut-off 

parameters." These were obtained in turn by fitting calcu¬ 

lated elastic cross sections to results of low-energy 

momentum transfer measurements. 
/- Q j- 

At about the same time, Takayanagi and Geltman 

carried out very similar calculations using a different 

form for the electron-molecule interaction potential which 

explicitly included short-range terms. Like Sampson and 

Mjolsness, they included distortion due to the spherical 

part of the potential using an interaction which simply 

66 cuts off at some value r = Rc. Finally, Dalgarno and Henry 

carried out distorted-wave calculations for H2 targets, but 

they neglected the polarization interaction. 

The distorted-wave calculations of these investigators 

give results which, when compared to those obtained via the 

Born Approximation, make it clear that polarization effects 

are important in e-H2 scattering and must be included to 

give useful cross sections. 

cross sections. Their analysis was later modified by Ardill 
and Davidson® to include exchange effects. (Both papers 
contain distorted wave calculations which neglect polariza¬ 
tion. ) 
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In closing, it should be noted that however well the 

distorted-wave approximation may work for systems where 

the interactions are rather weak, it neglects, for example, 

changes in the elastic scattering cross sections due to 

coupling to inelastic channels (e.g. rotational excitation), 

and must be applied with some care to systems of heavy 

particles where the interactions and hence the coupling 

may be strong. 

E. Electron-Molecule Scattering in Prolate Spheroidal 

Coordinates 

Since the hydrogen molecule is, after all, a two- 

center system, the usual spherical coordinates may appear 

to be inappropriate to electron-I^ scattering. Arguably, 
/■ 

a system of ellipsoidal (prolate spheroidal) coordinates0 

would be preferable (see Fig. 2.2), since it would ex¬ 

plicitly take account of the asymmetrical nature of the 

molecular potential. Indeed, much important work on this 

problem has been carried out in a two-center coordinate 

system. 

In fact, the earliest analysis of the general theory 

of electron-diatomic molecule scattering was performed by 

68 28 Stier and Fisk using spheroidal coordinates. These 

are defined by 



/ 
/ 

Figure 2.2 

Prolate Spheroidal coordinate system [from Fisk, J. B. 
Phys. Rev. 49, 167 (1936)]. 
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n * r*~ r± t-l <7 <11 
R» ' 

CoS4«lirlj 

(2.4) 

where r and r. are the distances to the nuclear centers 
cl iD 

a and b, R is the internuclear separation, and cp is the 
-4 

usual polar angle about R. Fisk made the fixed-nucleus 

approximation, i.e. he assumed that elastic scattering 

amplitudes could be calculated by assuming that the nuclei 

remained frozen in space throughout the scattering event. 

In ellipsoidal coordinates, the interaction between 

the scattering electrons and the target nuclei is (for I^) 

With this interaction, Schroedinger's equation is separable. 

To preserve this highly desirable property and yet take 

into account the interaction of the scattering electron 

and the molecular electrons, Fisk employed the following 

empirical interaction potential: 

Now, the wave equation in spheroidal coordinates may be 

(2.5) 

(2.6) 

written 
69 

[is -17 H
1 )]$ » o (2.7) 
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where 

(2.8) 

and 

E being the eigenvalue of 3C. Fisk solved this equation 

neglecting exchange completely and obtained total cross 

sections for e-^ scattering which agreed reasonably well 

with observed data* below about 5 eV. 

equation be separable and so permitted much more flexi¬ 

bility in the form of the electrostatic interaction 

potential. He too ignored exchange and chose to represent 

the effect of the molecule on the incident electron by a 

static potential field. 

An especially important piece of work is that of 

71 . . . Massey and Ridley , who, using the variational methods of 

y 72 73 
Hulthen and Kohn , demonstrated that the effects of ex¬ 

change are not negligible, at least for electron energies 

below 15 eV*Ÿ. [Their analysis was restricted to elastic 

* Use of the empirical parameter $ to fit experimental data 
yields the total cross sections shown in Fig. 2.1. 

♦♦Subsequently, Carter, March, and Vincent^ found a conveni¬ 
ent approximate way to take exchange into account. These 
authors expanded the wavefunction and potential in Legendre 
polynomials and used simple SÇF target wavefunctions in 
their scattering calculations. [Note, however, that they 
employ spherical, not spheroidal, coordinates.] 

Nagahara^' ^ dropped the requirement that this 
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74 
s-wave scattering, but Chang later demonstrated that ex¬ 

change is important in calculating excitation cross sections 

even if only one rotational level is involved.] Massey and 

Ridley obtained s-wave cross sections which were too "flat" 

at low energy, suggesting the need for including induced 

polarization effects. 

This conclusion was further substantiated following 

the non-exchange close-coupling calculations of Lane and 

83 
Geltman discussed in^2F. Two years after these authors 

calculated rotational excitation cross sections for 

j =0 -• jy= 2 in the close-coupling framework, observations 

33 
of Crompton et: ai. were reported which suggested that 

the close-coupling results were too small. Upon inclusion 

of exchange effects (and an improved polarization potential) 

79 in the formalism, Henry and Lane were able to obtain re¬ 

sults in good agreement with the measured values of Q. 

These calculations conclusively demonstrated the importance 

of both polarization and exchange for elastic scattering 

as well as rotational excitation. 

The most recent two-center calculations for the e-^ 

system are those of Hara, who has calculated an adiabatic 

polarization potential for this problem by a variation 

perturbation method' using the James-Coolidge wavefunction 

for the target. He subsequently used this potential in 

calculations of differential and total elastic scattering 

. 77 cross sections , again employing the fixed-nuclei approxi- 

78 mation. Finally he has calculated cross sections for 
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rotational excitation ( j = 0 -* j 1 =2; j = 1 -* j ' =3), 

obtaining results which agree nicely with the close coupling 
79 

calculations of Henry and Lane and with various experi¬ 

mental measurements. 

71 
Massey and Ridley pointed out the enormous alge¬ 

braic simplifications that ensue if spherical rather than 

spheroidal coordinates are used in the analysis of e-^ 

scattering. In fact, it turns out that in spite of the 

non-spherical field of the target, spherical coordinates 

. . 75 work quite well. To verify this. Carter e_t ad.. performed 

a harmonic expansion of the LCAO molecular orbital for the 

ground state of and calculated some of the coefficients. 

They found that the square of the coefficient of the 

(spherical) s-term was ~ 0.98 while that of the d-term was 

~ 0.02. This suggests the validity of such an expansion*, 

and we have adopted one in the theoretical research reported 

here (cf., Chapter 4). 

3 6 These observations led Temkin ejt al. ' to consider 

expansions in spherical rather than spheroidal coordinates. 

The former system is also employed in the close-coupling 

approximation. The principal disadvantage of spherical 

coordinates is that many spherical harmonics are required 

to take account of the singularities in the molecular 

 :  . 20 ♦Moreover, spheroidal analysis, such as that of Takayanagi 
and Nagahara®® ±s misleading if not carefully interpreted 
because®^ of the dependence of spheroidal harmonics upon 
the internuclear separation, R, which cannot be observed 
in scattering experiments. 
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potential at the nuclei. This is not a problem if the 

incident energy is low enough that the scattering electron 

only slightly penetrates the core. 

F. The Close-Coupling Method 

Quite impressive results have been achieved by 

80 
applying close-coupling theory to the problem of electron- 

H2 scattering when exchange and long-range polarization 

and quadrupole effects are included. A useful review of 

theory and results obtained in this formulation may be 

82 found in Golden et _al. However, because a similar for¬ 

malism is introduced in our analysis (cf.. Chapter 4), and 

because the results of close-coupling calculations are used 

for comparison purposes (cf.. Chapter 10), it is worth 

presenting here an abbreviated survey of these studies. 

The objective of the work to date in this area is 

the development of a method for ab initio calculation of 

cross sections for elastic scattering and rotational exci- 

83 89 79 tation. Lane and Geltman ' and, later, Henry and Lane 

studied these processes, making the adiabatic approximation 

that the molecular electrons move (essentially) in the 

field of a fixed incident electron. [This approximation 

is valid at low incident energies and will be discussed 

further in Chapter 7.] They employ a "coupled represen¬ 

tation" described below. It is worth pointing out that in 

this thesis, in addition to using an "uncoupled repre¬ 

sentation," we have made the fixed-nucleus approximation 

(cf., Chapter 4). 
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83 

Lane and Geltman neglected exchange effects and 

used a semi-empirical effective polarization potential. 

This long-range potential, which included a quadrupole 
_3 

(r ) term, was cut off in a manner similar to that of 

59 Mjolsness and Sampson , i.e. through the introduction of 

a variable “cut-off radius" R which was determined by 

fitting to elastic scattering cross sections at about 5 eV. 

They treated the molecule as a rigid rotator*^ 

attached to which was a polarizable charge distribution, 

and, including only E states, solved the consequent coupled 

equations, obtaining elastic cross sections which were in 

satisfactory agreement with the results of swarm measure- 

82 
ments . However, their rotational excitation cross 

sections were too small in the energy range where p-waves 

dominate (~ 5 eV), implying that their polarization poten¬ 

tial was unsatisfactory. Moreover, at very low energies, 

their calculated s-wave elastic scattering cross section 

was too large, suggesting that exchange should have been 

taken into account. 

These defects were remedied in subsequent papers. 

79 . Henry and Lane included exchange effects by antisymme¬ 

trizing the system wavefunction and used an adiabatic 

8 5 effective polarization potential . Again treating the 

molecule as a rigid rotator and working in the lab frame, 

they expanded the wavefunction for the system in terms of 

coupled basis functions jr vi2-> 
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ü> Ta* (?,<H * .2. ,f 5 V W «.2 ' -f. , 
TJM 

(2.9) 

where x is the doublet spin function, cpQ is the molecular 

wavefunction* for the ground state of u^^r) is the 

(unknown) radial function appearing in the coupled equations, 

and the angular basis functions ^ are obtained by 

coupling** the orbital angular momentum of the incident 

•«4 

electron, l, to the rotational angular momentum of the 

«"4 

target molecule, j, viz.. 

(2.10) 

The radial functions are obtained by solving a set of 

coupled equations drawn by truncation from the infinite set 

/ «J* i) . i \ ... _ . 

(r* ~ (2. 

+1 ji- î k (i'J'H "-1 *;31 .r 1 “$* <r' 'J r- > 

11) 

where k. . . is defined by 
3 3 * 

Vi H * * 
(2.12) 

I being the moment of inertia of the rigid rotator. De¬ 

tailed discussion of the calculation of the direct matrix 

element, (j ’ V ; j|v| j", JL" ; j), and the exchange kernel 

* Lane and Henry employed the single-center wavefunction 
of Joy and Parr®^. 

**The usefulness of this particular_expansion lies in the 
rotational invariance of 3C, i.e. J commutes with 5C so the 
coupled equations are diagonal in the quantum number J. 
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k ( j 1 A ', j” 4" * j| r^, r) may be found in ref. 79. It is worth 

noting, however, that Henry and Lane avoided some of the 

computational difficulties associated with evaluating the 

exchange kernel by assuming that the radial scattering 

function was orthogonal to the wavefunction cpQ for the 

ground state of H2- [We shall discuss this assumption 

further in Chapter 9.] 

By requiring the solutions of Eqs. (2.11) to satisfy 

the usual asymptotic scattering boundary conditions, Henry 

and Lane obtained differential cross sections, i.e. 

dor f 4 

d© “ xta.j+1) feV 

SO 

(cos 6) ) 
A-o 

(2.13) 

where P^(cos0) are the Legendre polynomials and the coef- 

61 
ficients A^ were introduced by Arthurs and Dalgarno , and 

total cross sections, i.e. 

<T i (2.14) 

where TJ( jl, j '&' ) is an element of the T matrix defined by 

T = 1 - S (2.15) 

Using these formulae, Henry and Lane obtained results 

whose agreement with experiment is excellent (see Fig. 2.3). 

In fact, when polarization and exchange are included, the 

close-coupling cross sections for the rotational transition 
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Figure 2.3 

Experimental and theoretical cross sections for electron¬ 
ic scattering; from Henry and Lane79, Hara78, Wilkins and 
Taylor^7, Massey and Ridley7 , and Tully and Berry98, 
[from Golden est jtl. ; Rev. Mod. Phys. 43, 642 (1971), 
Fig. 36] . 
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j = 0 -♦ j ' =2 agree with the observed values to within 

2% from threshold to 0.5 eV. Henry and Lane's cross sections 

for the j = 1 j1 =3 transition also agree with experimen¬ 

tal data, though not quite as well, and suggest that their 

82 polarization potential may be too large . We shall 

comment further on this in Chapters 7 and 10. 

87 
This work was subsequently extended by Henry , who 

calculated total and differential cross sections for 

vibrational excitation and rotational-vibrational excitation 

induced by the impact of slow electrons on H2 targets in 

the ground state. Other recent close-coupling studies in- 

88 elude application to e-D2 scattering and a model ealeu- 

89 
lation which substitutes various square wells for the 

short-range potential in the analysis of Lane and Geltman. 

G. The Adiabatic-Nuclei Theory 

The adiabatic-nuclei theory enables one to obtain 

cross sections for rotational and vibrational excitation 

in e-H2 collisions knowing only the amplitude for elastic 

scattering. This quantity can be obtained by means of the 

theory's precursor, the fixed-nuclei approximation, pro¬ 

vided the energy of the incident electron is large enough 

-4 + (> 10 eV). These theories have been applied to e-H2 

collisions and to e-H2 collisions with impressive success 

and can, in some sense, be viewed as competitive with the 

close-coupling method discussed in$2F. The latter starts 

from a more "fundamental" point of view than does the adia- 
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batic nuclei theory; nevertheless the adiabatic theory 

entails less computation. 

The relative merits of the two approaches are dis- 

90 
cussed briefly in the review by Golden eh a_l. , which also 

contains a review of methods used and results obtained in 

applying the fixed- and adiabatic-nuclei theories to 

electron-molecule collisions. The fixed-nuclei theory is 

employed in our work but is discussed elsewhere (cf., 

Chapters 1 and 4). We do not make use of the adiabatic- 

nuclei theory. Hence we shall have to be content with 

presenting the basic ideas and a few references. 

At the heart of the fixed- and adiabatic-nuclei theo¬ 

ries' is the expansion in spherical harmonics of the electron- 

molecule interaction potential and of the system wavefunc- 

tions. (Indeed, if it turns out that to accurately 

represent the scattering so many terms in the harmonic 

expansions must be kept that the resultant equations become 

unwieldy, then these approaches lose one of their advantages 

over close-coupling.) 

The early work on the fixed-nucleus approximation was 

4 6 + performed by Terrikin ^t _al. ' in studies of e-^ scattering 

91 
using the method of polarized orbitals . They found that 

the dependence of the amplitude for elastic scattering on 

the spatial orientation of the target could be factored 

out so that it appeared only through the presence of rota¬ 

tional harmonics. Scattering information was then contained 

in the coefficients of the resulting summation, which, in 
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the approximation that various partial waves do not couple, 

yields directly phase shifts which are dependent on A and 

m, the azimuthal and magnetic quantum numbers, but which 

do not depend on the spatial orientation of the molecule. 

Making a partial-wave expansion of the system wave- 

function, Temkin and Vasavada found that spherical coor¬ 

dinates do work well for e-I^* collisions and that few terms 

are required to yield rather accurate cross sections. 

Rotational excitation cross sections were calcula- 

7 92 93 ted ' ' in terms of the expansion coefficients of the 

factored expression for the elastic scattering amplitude 

obtained in the fixed-nuclei approximation. This result 

arose from the so-called "adiabatic-nuclei theory," 

which was based on a similar theory developed by Chase for 

94 95 scattering in nuclear physics ' . The central assumption 

here is merely that the rotational motion of the nuclei 

is slow compared to the motion of the incident electron. 

The scattering amplitude for rotational excitation from 

rotational state j to state j1 is obtained by sandwiching 

the elastic scattering amplitude between the appropriate 

spherical harmonics, written as functions of the Euler 

angles of the orientation of the target, and then inte¬ 

grating over these angles. 

The adiabatic nuclei theory has very recently been 

applied to the calculation of vibrational excitation cross 

8 sections by expanding the phase shift in a Taylor series. 
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The adiabatic-nuclei theory seems a promising way to 

avoid the extensive numerical problems associated with 

close-coupling calculations, although the questions of the 

quality of spherical harmonic expansions have not yet been 

satisfactorily resolved. 

H. Other Studies 

In conclusion, we would like to briefly call attention 

to a variety of other disparate approaches to the problem 

of electron-diatomic molecule scattering. 

One of the earliest assaults on the problem was made 

96 
by Morse , who solved the integral equation for e-H2 

scattering to obtain cross sections for vibrational and 

rotational excitation. Neglect of electron-quadrupole 

interactions in this analysis led to cross sections which 

were much too small. 

The more direct approach of solving the Hartree-Fock 

. . . 97 equations was taken by Wilkins and Taylor . However, they 

incorrectly solved their equation, leading to spurious 

results. This work was improved upon by that of Tully and 

98 
Berry , who studied elastic scattering including the non¬ 

local exchange interaction and correlation within the 

scatterer. Unfortunately, they chose to neglect polariza¬ 

tion effects. 

Other studies include the application of the first- 

. . 99 order exchange approximation by Khare and Moisewitsch to 

obtain cross sections for electronic excitation and calcu- 
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lation of rotational-vibrational excitation cross sections 

by Henry and Chang^^ using the frame-transformation 

theory of Fano and Changé- 

If nothing else, this brief survey should provide 

convincing evidence of the intense interest, both theoreti¬ 

cal and experimental, in the study of scattering by electrons 

from diatomic molecules. In spite of the difficulties 

involved due to the non-spherically symmetric molecular 

potential and the complexity of the structure of the 

states of the system, considerable progress has been made 

towards an understanding of this problem. We shall now 

turn, in subsequent chapters, to a discussion of our efforts 

to contribute to that understanding. 
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Chapter 3. Preliminary Studies: The Static 

Screened Coulomb Potential 

A. Introduction 

As suggested in the introduction, central to the 

approach to electron-diatomic molecule scattering adopted 

in this work are the questions: What kind of scattering 

information is contained in variationally obtained con¬ 

tinuum wavefunctions, and how can that information best 

be extracted? Approaching these questions at the outset 

in the e-I^ system seemed inadvisable for several reasons: 

(1) the molecular potential is not spherically symmetric; 

(2) exchange, correlation, and polarization effects are 

present in this problem; (3) "exact" bound state wave- 

functions for the H2 target are not known; (4) exact phase 

shifts for e-^2 scattering are not obtainable. Of these 

factors, (1) and (2) contribute an appreciable increase 

in the mathematical complexity of the problem beyond what 

was felt necessary to gain insight into the answers to 

these questions. In addition, (3) and (4) mean that there 

is no convenient way to assess the validity of the varia¬ 

tionally calculated continuum wavefunctions*. 

For these reasons, a preliminary "model study" seemed 

in order. In particular, potential scattering studies were 

*It turned out to be necessary to use the calculated phase 
shifts obtained from these functions to check their validity. 
This is pursued further in $ 3D. 
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performed employing the static screened Coulomb potential 

(SSCP). This particular choice of potential seemed 

reasonable since considerable analysis of "structure" and 

scattering problems had been carried out using it, and it 

was not too dissimilar to the target (compared, say, to 

an oscillator or a well potential). 

Before discussing the details of our work, we shall 

briefly examine the SSC potential and our general method 

of attack to the scattering problem. Following these dis¬ 

cussions will be a presentation of the theory employed in 

each stage of the analysis and of the primary results thus 

obtained. The chapter ends with a brief summary of the 

conclusions we reached and the justification for proceeding 

to the actual e-I^ problem. 

B. The Static Screened Coulomb Potential 

The screened (or shielded) Coulomb potential was 

first found to be useful in studies of the nuclear poten¬ 

tial which were aimed at obtaining an understanding of the 

102 nature of the nuclear force . In addition, the effective 

two-particle interactions in a classical plasma can be 

described'*'^ by such a potential*. 

*It is irritating to note that the same potential (Eq. (2.1)) 
is called the Debye-Huckel potential by plasma physicists, 
the Yukawa potential by nuclear physicists, and the screened 
Coulomb potential by atomic physicists. We reveal our 
healthy bias in the choice of the title for this section. 
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The form of this potential is simply 

(3.1a) 

sometimes written as 

Mir) * - A ^ 
-è* 

(A >0) • (3.1b) 

As V(r) is spherically symmetric, its quantum mechanical 

bound state wavefunctions. V(r) falls off exponentially 

as r so .that it supports a finite number of bound 

generate with respect to orbital angular momentum. The 

screening length is 1/X, and V(r) reduces to the omni¬ 

present Coulomb potential for the special case of infinite 

screening length (X = 0). 

Because of the wide applicability of the SSC potential 

a number of calculations of its bound state wavefunctions 

have been per formed"^ ^ Harris^^ has carried out 

variational calculations using a basis set consisting of 

hydrogen-like wavefunctions with the exponential "nuclear 

charges" X^ as nonlinear variational parameters. Hydro- 

107 
genic wavefunctions were also used by Smith to obtain 

first-order perturbation theory estimates of the bound 

state energies and eigenfunctions for this potential. He 

also derived an approximate expression for the number of 

bound states as a function of the screening length. Rauls 

108 
and Schütz , in a rather unusual piece of work, obtained 

analysis is standard 104 at least for the angular part of 

states provided X is finite 105 These states are not de- 
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approximate bound state energies using the Bohr theory of 

the atom! Asymptotic expansion theory has been applied to 

105 
the SSC potential by Iafrate and Mendelsohn 

The best available bound state energies are those 

109 
obtained by Rogers, Graboske, and Harwood , who performed 

a simple numerical integration of the time-independent 

Schroedinger equation for 45 states, from (n = 1, l = 0) 

through (n = 9, & = 8)! Extensive tables of their results 

are presented in ref. 109. 

In addition to these studies, two modifications of 

the SSCP, the CSCP (Complete Screened Coulomb Potential) 

and the exponentially screened Coulomb potential^^ have 

been studied and are proving to be useful. 

A typical SSCP potential and its bound states* are 

presented in Fig. 3.1. 

The number of bound states in the potential (obviously) 

depends on the screening length. Table 3.1 shows bound 

109 
state energies for several values of l/\. Clearly, 

increasing the screening length makes the well wider, 

lowers the (negative) energies of the bound states; and, 

provided the change is great enough, can increase the 

number of bound states. There is nothing surprising about 

the structure of the bound state wavefunctions of this 

*The results shown in this figure were calculated by a 
bound state program which was adapted from the book by 
Hermann and Skillman-'-^^. It obtains negative energy solu¬ 
tions to the Schroedinger Equation by numerical integration 
of the corresponding radial equation. 
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h typical SSC potential V (r). The screening length is 9. 
The graph is in atomic units and shows 3 bound s-states 
and 1 bound p-state. Inset shows the energies of these • 
bound states. 
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potential, several of which are shown in Figs. 3.2-3.4, 

where functions u (r) = rR(r), the radial parts of the wave- 

functions, are graphed. 

In addition to the aforementioned "structure calcula¬ 

tions," some scattering theory has been applied to the 

. 113 
screened Coulomb potential. Gerjuoy and Saxon and 

115 » 
Moisewitch used the Born approximation (see à 2C) to 

obtain scattering phase shifts. Numerical integration 

(at small r) and the WKB approximation (at large r) have 

116 
been used by Rogers to calculate phase shifts and their 

weighted sums over angular momentum states for the SSC 

potential. 

Our interest in the Static Screened Coulomb poten¬ 

tial is focused mainly on its continuum wavefunctions. 

We are concerned with potential scattering from the SSCP 

and wish to carry out a detailed analysis of the quality 

of variationally obtained wavefunetions. This analysis 

proceeds via a comparison (a la" the phase shifts) of 

variational versus numerically integrated continuum 

wavefunctions. 

C. Method of Solution 

There are two phases to the approach we use to study 

potential scattering from the static screened Coulomb 

potential. First, a linear variational calculation is 

performed using a finite basis set composed of Slater-Type- 

Orbitals (STO). By including more basis functions than 



49. 

Figure 3.2 

Is state of SSCP with X = 1/9. The energy of this state 
is -0.7950 Ryd. 
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Figure 3.3 

2s state of SSCP with X = 1/9. The energy of this state 
is -0.0883 Ryd. 
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Figure 3.4 

2p state of SSCP potential with X = 1/9. The energy of 
this state is -0.0803 Ryd. 
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the (known) number of bound states, continuum eigenenergies 

and corresponding eigenfunctions are obtained. Second, the 

Numerov algorithm is used to obtain "exact" wavefunctions 

at incident energies corresponding to the positive energy- 

roots of the calculations of step one. By comparing these 

latter wavefunctions and their phase shifts to those of the 

variational calculations, we can study the nature and 

quality of the scattering information contained in variation¬ 

al continuum wavefunctions. 

In the first phase, a linear variational (Rayleigh- 

Ritz) calculation is performed, i.e. we solve 

C«-E)H-t=o 
(3-2) 

with 

ft * T+ V * V M, (3.3) 

where m is the mass of the particle in the screened Coulomb 

potential V(r) of Eq. (3.1). The trial wavefunction 

^trial ^ exPan^e(^ in a set of n^ basis functions, viz. 

\ult) * (3.4) 

where u^(r) are STO's of the form 
117 

^  —    

(3.5) 

In this definition, is a normalization constant, and 

is the nonlinear variational parameter. We choose as basis 



53. 

functions only STOs with the desired angular dependence 

for the particular problem being studied; thus for s-wave 

potential scattering calculations we need only STOs with 

j&i = m^ = 0. The expansion coefficients c^ are obtained 

from solution of the secular equation, as discussed in 5 3D. 

From numerical integration of Schroedinger's 

114 equation for E < 0 we can determine the actual number of 
4 ^ -f 

bound states of angular momentum i in the well, n^. 

Suppose we are studying s-waves and that there are three 

bound s-states for a particular value of X. If three basis 

functions with the correct !> and m dependence are used in 

a variational calculation, the roots obtained will be 

approximations to the three bound state energies (see Fig. 

3.5) . If we now include in the trial wavefunctions more 

than three basis functions so that n >. n, , we are assured 
p~ * bs 

of obtaining at least (n -n^s) continuum roots*. In Fig. 

3.5, variational roots Ei and E' lie in the continuum; 4s 5s 

both are approximations to E = 0. 

Clearly the values of these continuum energies cannot 

be "well controlled"—they merely pop out of the linear 

variational calculation. Moreover, it is to be expected 

that as the number of basis functions included in the ex¬ 

pansion of Eq. (3.4) is altered (always > n^g) the location 

in energy of the continuum roots will also change; the roots 

*It is possible to get more than (np-n^g) continuum states 
if one of the n^g variational roots is so poor an approxi¬ 
mation to the corresponding bound state energy that it 
lies above E = 0. 
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Schematic showing actual and approximate (variational) 
energy levels for a hypothetical system with three hound 
states (unprimed energies). Five (primed) approximate 
levels are obtained, two in the continuum (E > 0). 
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will "move about." Nevertheless, while i|r^s, the variational 

wavefunction corresponding to E^s, is probably not too good 

an approximation to I'g-g' it is not unreasonable to ask 

what relationship it bears to the "exact" continuum wave- 

function at the energy E^g, which arises from direct solu¬ 

tion of Schroedinger1s equation and whether a range of 

energies about E^g can be determined for which is a 

"good" scattering function*. 

In summary, the questions which step 1 provokes us 

to consider are: (1) How "good" a continuum wavefunction 

is ^ ? (2) If we add several more basis functions to our 

trial wavefunction, is the new variational wavefunction 

corresponding to the eigenenergy E^g a clear improvement 

over the old one, and can some quantitative measure of 

the improvement be determined? (3) How closely is the form 

of ^ tied to the specific value of the energy eigenvalue 

El ? 
4s 

To answer these questions, we must have a method for 

solving the scattering problem exactly at a given incident 

energy. More precisely, we wish to solve the continuum 

problem for energy 

k 
V ÎM f. 

(3.6) 

*We make this assertion because both wavefunctions have 
identical form (oscillatory) until the variational function 
begins to die away, and because at low incident energies, 
we expect the strong attractive potential to dominate the 
wavefunction to the extent that it will be (more or less) 

independent of energy. 
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i.e. we must solve 

*u£i!l 
r®- 

- Utr)] Cr) =0, (3.7) 

where 

U £r) ^ V(r) , (3.8) 

for the radial function u . (r). An alternate radial nx> 

function Rnjj(
r) which is also useful may be defined by 

Rn* s r* • (3'9) 

Mathematically, this is just the problem of a par¬ 

ticle of mass m and energy E . being scattered by a poten- 

tial V (r) . Hence we can use the Numerov algorithm to 

solve for the desired "exact” wavefunctions and, in the pro¬ 

cess, also obtain phase shifts and cross sections. 

Once the two wavefunctions, variational and "exact," 

have been obtained, some care must be exercised in com¬ 

paring them. This problem will be discussed further in 

the sequel; suffice it to say for now that the methods which 

immediately come to mind, such as a comparison of the 

functions' logarithmic derivatives at several points, are 

not particularly applicable because of the extreme sensi¬ 

tivity of this quantity to small variations in the wave- 

functions*. Since after all we are most interested in the 

*The variational wavefunction is not precisely "smooth” on a 
small scale since we cannot use extremely large basis sets, 
the number of basis functions being limited by the expense 
of the resulting computer calculations. 
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scattering information contained in these variational 

wavefunctions, a comparison can conveniently be made by 

studying phase shifts and cross sections (see £3F). 

Consideration of precisely this question led us to 

the development of a method for obtaining rather accurate 

phase shifts from continuum variational wavefunctions. 

This approach uses the variational continuum wavefunction 

not as the direct source of scattering parameters but 

rather as an "initializer" for a numerical integration 

into the asymptotic region where phase shifts can be 

obtained. Such a procedure conveniently circumvents a not 

inconsiderable difficulty: at r values sufficiently large, 

i.e. in the asymptotic region where we might be justified 

in matching the variational wavefunction to a phase shifted 

sine function, said variational function has begun to die 

away to zero. This effect is a consequence of the limited 

spatial extent of the basis functions used*. We shall dis¬ 

cuss this method and its applicability to the SSC potential 

in detail in 5 3F. It is worth noting, however, that this 

also turned out to be the best approach to the e-I^ 

scattering problem (see Chapter 10). 

D. Linear Variational Method: Calculation of Approximate 

Continuum Wavefunctions 

One of the most widely applied approximation methods 

118 119 of quantum mechanics is the variational method ' 

*For a brief discourse on Slater-Type Orbitals and their 
properties, see Appendix A. 
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Stationary state eigenvalues (and eigenfunctions) are ob¬ 

tained by the solution to Schroedinger's equation, Eq. (3.2). 

In particular, the energies of the system are given by the 

expectation value of_3C, viz. 

<ny in i^c > 
We > 

(3.10) 

If Schroedinger's equation cannot be solved exactly, we 

can nevertheless obtain approximate eigenenergies by 

"guessing" a trial wavefunction ♦ and substituting it 

for tyg in Eq. (3.10). The variational principle assures 

us that the resulting energy, E', is an upper bound to the 

actual eigenenergy, E, i.e. that 

e'ss. (3.1D 
. . 120 

The linear variational method merely specifies 

that the trial wavefunction must be a linear combination 

of a finite number (n ) of basis functions, u., as in Eq. 
P 

(3.4). The linear variational parameters are the expansion 

coefficients, c^. In this method, the techniques of linear 

algebra are called upon, e.g. the energies E^ are obtained 

by solution of the determinantal equation 

(3.12) 

where H is the matrix of the Hamiltonian with elements 

s \M lu j V 

and S_ is the overlap matrix with elements 

(3.13) 

S;- * IU3 > . (3.14) 
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The roots of Eq. (3.12) satisfy the pleasant property that 

E,*E.',S.ï E.; . (3.15) 

The expansion coefficients c^ and hence the varia¬ 

tional wavefunctions, are calculated by solution of the 

secular equations 

Zc:(H.j;«£#Sf:) = 0 (< * •> *•/•'• i*V ^ (3.16) 
}*i * 4 

which minimize the energy* with respect to the variational 

parameters c^. 

In applying this procedure to the static screened 

Coulomb potential, it is useful to note that, since it is 

a central (spherically symmetric) potential, the eigen- 

104 
functions of 3C may be written as 

Vitf)» (?)* (3-17) 

where we have introduced the familiar quantum numbers (ntoi) 

to label the eigenfunctions. The angular functions Y^m(r) 

121 
are the well-known spherical harmonics , and the radial 

function solves the radial equation, 

R«. M 
(3.18) 

where 3C^ is a radial Hamiltonian defined (in atomic units) 

by 

*It is not possible to minimize all of the roots of Eq. 
(3.12) simultaneously. Rather we select one to focus on 
at a time; e.g. in the calculations reported in $3F we 
minimize on the lowest root. 
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n Cr>_ .X X ± tx i \ 
“ 2. r*- Jr ^ «i«* ' 

We choose a trial function 

(3.19) 

;«w* jf; c; R•■<r,, 
(3.20) 

where (r) is the radial part of the STO introduced in 

Eq. (3.5). The determinantal equation becomes 

|H?J -e;4 sci|.o (3.2D 

where H^j is simply the matrix element of Eq. (3.13) with 

the radial Hamiltonian of Eq. (3.19) in place of the full 

Hamiltonian 3C„. The energies E^ are substituted one at a 

time into 

X (£r 1,2,...,"f) . (3.22) 

These equations are then solved for the radial part of the 

SSCP eigenfunctions. 

We shall consider s-wave scattering, for which 

Y"(SH Y* (#)1 , (3-23) 

and the "centrifugal barrier term" % A.(A+1 ) Hamil- 
r 

tonian is zero. 

Evaluation of the elements of the Hamiltonian and 

overlap matrices is a tedious but straightforward exercise 
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in algebra and integration. Mercifully, all of the elements 

involve integrals of the standard form (or simpler) 

oo 

5 r^V ardr « 
(wt > *• 1 j «. > o) 

(«>(| tM ptiUiv* 

(3.24) 

and m is always an integer £ 0, so we need not fool with 

Gamma functions. Using STOs of the form of Eq. (3.5) with 

normalization constant 

N.» r •)*■ L (a.;V. J , 
(3.25) 

tîl 
we find that the ij— element of the Hamiltonian matrix is 

< 8 'J [ i] [nJ*ol(n
i - 

■I (n,I) ! 1 

tÎl 
and the ij— element of the overlap matrix is 

o 
(3.26) 

W;N 
W»i ) 

. I\i • —■ — (3.27) 

As required, both H and are symmetric. 

Using the results of this section, a computer program 

LINEVATl was prepared which calculates the matrix elements 

H.. and S.. (i,j-1,...,n ) given values of the quantum 
1J 1J P 

numbers and nonlinear parameters for the basis functions. 

This program employs the numerical method of Moler and 
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Stewart to solve the determmantal and secular equations 

for their eigenvalues and eigenfunctions. In this way*, we 

obtained variational energies and wavefunctions 

It is worth pointing out that a phase shift- can be 

calculated directly from the resulting variational wave- 

function. If we are lucky enough to be able to find a 

region of r in which the potential is no longer strongly 

affecting the wavefunction to(r), but it has not yet begun 

to die off due to the exponential decrease in the basis 

functions from which it was constructed, then** we can fit 

(r) to a phase shifted sine curve at some point rQ, viz. 

sin (I*»*** (3.28) 

to determine Tl^(r0)» i.e. 

1 * (3.29) 

E. Calculation of "Exact" Continuum Functions 

To obtain continuum wavefunctions directly from 

Schroedinger's equation (3.2) we must numerically solve the 

radial equation (3.7). For energies EnJ^ > 0, the Numerov 

* We choose the nonlinear parameters a^,otby anal¬ 
ogy with the appropriate hydrogenic radial functions. 
These values were retained throughout the calculation; we 
did not minimize these parameters. 

♦♦Unfortunately, calculations revealed that to span a region 
of r large enough for these conditions to hold requires a 
prohibitively large number of basis functions. 
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algorithm * is an appropriate way to approach this 

problem since the radial equation contains a second but no 

first derivative. 

Let us rewrite the radial equation (3.7) as 

«„w - 8„.lr) Cr), <3-30) 

where we have introduced 

W T r - V Cr) V (3.31) 

To solve for the wavefunction unJ^(r) it is necessary to 

subdivide the r axis, dividing the range r = 0 to r = «° 

into steps of size* A. This process introduces points 

rQ = 0, r^ = = r^ + A,... The solution to Eq. (3.28) 

124 is then written (by the Numerov algorithm ) as 

’ tl- > 
(3.32) 

i 2 3 f\ 

The error in this algorithm is of the order A . 

To begin the solution of the radial equation using 

this result we must specif/ the value of u «(r) at two 

points, r and r , or, equivalently, the values of u «(r) 
P (J ^ ^ 

*In the actual program (NUMEROV), it was found to be useful 
to introduce a graduated series of step sizes, A^, A2,..., 
A, each "covering" a different region of the r range. 
This cuts down on computation because it is only in the 
region very close to r = 0 that extremely small step sizes 
are required. [As a general rule it is necessary to have 20 
to 30 steps between consecutive nodes of the wavefunction. 
At large r, the spacing between nodes is given (approximate¬ 
ly) by the Broglie wavelength X- = 2n/knji for wavenumber 
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and its first derivative at one point. If* we are starting 

the integration at r = 0, then, in the former case, we may 

write 

0) rO 
(3.33) 

the latter being an arbitrary but hopefully reasonable 

choice. The second constant u . (r=à) will determine the nJ& 

slope and hence the "normalization" of the wavefunction to 

be calculated. 

As we churn our way out to larger values of rR via 

Eq. (3.32), we shall eventually reach a range of r where 

the potential term U(r) in the radial equation is negligi¬ 

ble compared to the other terms. Then Eq. (3.7) becomes 

à t « ^ A 

S 0 . (3.34) 

. 125 
This is simply the spherical Bessel Equation , which has 

solutions j^(kr) and n^kr). The radial function unJ^(r) 

must therefore satisfy the boundary condition that 

u„c,> ln4 tWl ^CfcMr) + H4r ^ 
(3.35) 

*The program was designed to permit the numerical integra¬ 
tions to be started at any preselected value of r or 
severally at different values of r . In either c§se, 
the "starting values" of the wavefunction could be 
internally calculated or supplied as data, the choice 
being left to the user. 
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By forcing the radial wavefunction, calculated above 

by the Numerov algorithm, to match this condition at two 

points in the "far region," say, ra and r^, we can solve 

for the phase shift*, Th, viz. 

4ett 
T«s - e rb n4 ) * 

where k = k „ and we have introduced 
n *> 

UirJ 
C = 'kC^b') 

for convenience. 

(3.36) 

(3.37) 

F. Results and Discussion 

Two computer programs alluded to in earlier sections 

were designed for this analysis. LINEVAT1 calculates 

matrix elements H.. and S.. for a particular basis set and 
x] in 

solves the eigenvalue problem for energies and wavefunctions. 

The program, coded in "FORTRAN IV for an IBM 370/155, was 

tested by performing several calculations employing basis 

sets of various sizes and values of X which permit com- 

. . . . 109 
parison with the variational results of Rogers ej: al. 

In all cases, agreement was found to be satisfactory, and 

the program gave results for the approximate bound state 

*In actual computer calculations, we solve for ^(r , r^) 
at a series of points equally spaced. If successive values 
of Ti^ are identical (to within reasonable limits of 
accuracy), then the integration has proceeded far enough 
and the phase shift is "stable." 
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energies which did, in fact, lie above the "exact'' bound 

state eigenvalues as calculated by numerically integrating 

114 Schroedinger's Equation 

To show the distribution in energies resulting from 

a typical test run of LINEVATl, we present in Table 3.2 

the results of a 7-basis function* test with X = 1/9. For 

this value of X there are three bound s-states, and hence 

we obtain four continuum wavefunctions at the energies 

shown. Also shown in Table 3.2 are the results of a 12- 

basis function run using the same value of X. Note that, 

as expected, increasing the number of basis functions 

improves the quality of the approximate energies and pro¬ 

duces more continuum roots whose (positive) energies are 

small. 

The second program, NUMEROV, simply calculates "exact" 

continuum wavefunctions for a particular energy. Input 

information consists of the values of the incident energy, 

the orbital angular momentum quantum number A, the step 

sizes in the various regions of r, a tolerance value for 

stability tests of the phase shifts, values of r for which 

boundary matching is to be performed, and a cutoff value 

of r. In addition, the user may specify starting values 

other than r = 0. Given these data, the program numerically 

  n _ 
*We introduce the shorthand notation nA e.g. 2s7, where 
n is the "principal quantum number" assigned to order the 
energies of a particular variational calculation, A is the 
azimuthal quantum number of the states under consideration, 
and n is the number of basis functions. 

P 
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Table 3.2 
g 

Variationally Obtained Energies for SSCP Potential 

State 
Energy 
(7 Basis) 

Energy 
(12 Basis) 

Exact 
Enerqyk 

ls -0.7951 -0.7951 -0.7951 

2s -0.0860 -0.0883 -0.0883 
l 

3s -0.00288 -0.0032 -0.0032 

4s +0.00194 0.00185 

5s +0.00972 0.00258 

6s +0J0277 0.1348 

7s +0.1760 0.4722 

8s 0.8925 

9s 0.8925 

10s 0.2133 

Ils 0.6378 

12s 0.3295 

aScreening length = 9 in these calculations. Energies 
are in Rydbergs. 

^Calculated by BNDSTATE114. 
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integrates the radial scattering equation. Once in the 

"asymptotic region,” it calculates phase shifts and 

fcïl 
cross sections for the partial wave. 

This program was tested by replacing the SSC poten¬ 

tial with a spherical well. The results were compared to 

126 
known cross sections and agreement was satisfactory. 

Although our interest here is with s-waves, calculations 

were performed for several different A-values. 

Test runs using various SSC potentials revealed that 

it was useless to begin boundary matching until the 

numerical integration had reached a value of r such that 

-4 -5 
the magnitude of the potential was ~ 10 to 10 . For 

longer ranges of V(r), it was necessary to integrate to 

larger values of r*. For this reason, we selected a value 

for the inverse screening length (X = 0.6) which did not 

give rise to a particularly long-range potential but which 

nevertheless contained one firmly bound s-state. The cal¬ 

culated energy of this state turned out to be -0.2123 

Rydbergs. 

Initial studies employed two sets of 7 and 12 basis 

functions respectively. The values of n^ and cu for these 

basis sets are shown in Table 3.3 together with the roots 

*Some useful properties of phase shifts for the SSCP which 
were observed during these calculations: (1) if X is 
increased, for a fixed (positive) energy, the potential is 
"weakened” and the phase shifts increase in value? (2) if 
the incident energy is increased but X is fixed, the phase 
shift increases in value; (3) in the latter case, one must 
integrate out further to obtain "stability" of the phase 
shift. 
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Table 3.3 

Variational Parameters and Energies for SSCP with X = 0.6 

i 
Set 

n. i 

l9 

a. i Energies0 ni 

Set 2 
a. 
i 
’ . c Energies 

i i 1.0 -0.2117 1 1.0 -0.2122 

2 2 0.5 0.00112 2 0.5 0.0011 

3 3 0.3333 0.00626 2 0.25 0.0044 

4 4 0.25 0.02267 2 0.75 0.0047 

5 5 0.20 0.07553 3 0.3333 0.0153 

6 6 0.6667 0.3423 3 0.5 0.03876 

7 7 0.1428 0.6497 3 0.6666 0.03876 

8 4 0.25 0.07908 

9 4 0.5 0.1722 

10 5 0.2 0.3842 

11 6 0.6667 0.9824 

12 7 0.1428 4.0700 

a 7 basis functions 
1_ 

12 basis functions 

c Energies in Rydbergs 
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of the corresponding linear variational calculations. The 

only pathological result observed was the degeneracy in 

the energies of the "6s" and "7s" states. This is believed 

to be due to near linear dependence of the basis 

127 
functions , a problem which can also lead to the appear¬ 

ance of "anomalous bound states." 

If we concentrate on the "3s" state, the energy of 

which is +0.004339 Ryd., we can observe the effects of 

calculating the phase shift directly, i.e. via Eq. (3.29). 

Table 3.4 shows a selection of phase shifts obtained by 

matching the logarithmic derivative of the variational 

wavefunction to a phase shifted sine function at the point 

rQ and so calculating “H (r ) . A numerical integration a la 

NUMEROV revealed that the correct phase shift at this 

energy is = -0.17648 rad., and a glance at the table 

shows that this approach does not yield satisfactory re¬ 

sults. Of course, the effect seen in the table occurs 

because the 12 basis functions chosen did not adequately 

span "r space" out to a region where Eq. (3.29) was valid. 

Different choices of the 12 basis functions didn't improve 

the value of r^(ro) (in most cases the approximate bound 

state energies were considerably worse than those in Table 

3.3, indicating that our initial choice of parameters was 

fortuitously good). In addition, later tests using 14 and 

25 basis functions produced the same poor results. 

This particular "failure" is dealt with here because 

it led us to a much more successful method. Studies on the 
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Table 3.4 

Phase Shifts from 3s Variational Wavefunction3 

b r 
o 

t) (r ), 
o o' r o 

r\ (r ) 
o o 

r 
o 

T) (r ) 
o o’ 

1.0 -0.0065 20.0 -1.6470 55.0 -2.4324 

3.0 -0.1557 25.0 -0.2643 60.0 -5.2893 

5.0 -0.3514 30.0 -1.3415 65.0 -5.3584 

7.0 -0.3550 35.0 -3.2318 70.0 -5.5648 

9.0 -0.8742 40.0 -2.9881 75.0 -5.8250 

11.0 -0.8860 45.0 -3.0348 80.0 -6.1090 

20.0 -1.6470 50.0 -2.9218 85.0 -6.4080 

aEnergy = 0.0044 Ryd 
•j^ 

value of rQ where “n was calculated by Eq. (3.29) 
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2s, 3s, and 5s states using sets of 7 and 12 basis functions 

suggested the possibility that rather good phase shifts 

might be obtained by starting a numerical integration of 

the s-wave scattering equation at r / 0 and thereby cal¬ 

culating phase shifts. As Table 3.5 reveals, even for a 

7 
lowly 7 basis function calculation on the 2s state, a 

promising region of "stable phase shifts" occurs for start¬ 

ing values from about 3.0 aQ to 5.0 aQ. The actual phase 

shift T) for this state, whose energy is 0.00112 Ryd., is 

T] = -0.088437 rad. If we plot the phase shift T] (rQ) 

versus the starting value rQ, this phenomenon manifests 

itself as a "flat region," shown in Figure 3.6 lying 

slightly above the exact value of “H . This suggests the 

presence of a range of r values, albeit rather small, for 

which the variational wavefunction is "good" in the sense 

that it contains scattering information. The rest of our 

SSCP studies concentrated on trying to understand these 

"flat regions." 

It is not unreasonable for this region to occur at 

a small rather than a large r, even for calculations using 

sets consisting of a large number of basis functions. We 

would expect the phase shifts to be best, of course, in 

the region where the trial function most resembles the 

exact function. This will be precisely in the region of 

r which most greatly influences the energy of the wave- 

function, (cp|K|cp>. The nature of the SSC potential (cf., 

Fig. 3.1) indicates that this region is restricted to some 

small r. 



Table 3.5 

Phase Shifts Obtained by Numerical Integration 

from 7 Basis Function Calculation3 

r , . T| 
start o 

1.0 -0.0813 

1.5 -0.0822 

2.5 -0.0870 

3.0 -0.0876 

3.5 -0.0876 

4.0 -0.0877 

4.5 -0.0887 

5.0 -0.0909 

5.5 -0.0955 

6.0 -0.0964 

6.5 -0.0992 

7.0 -0.1016 

in • 

r- -0.1035 

o
 • 

00 -0.1048 

aEnergy of this (2s) state = 0.00112; X = 0.6. 
Nonlinear parameters as in Table 3.3. 

°Step size = 0.1 to second initial point. 

cActual phase shift T)o = -0.08844. 
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Figure 3.6 
7 

Phase shifts versus starting value r for 2s state of 
SSCP with X = 0.6. Energy = 0.0011 Ryd. 
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A word should probably be said about the oscillations 

which are seen in Fig. 3.6. The calculated phase shift 

T) (r ) appears to oscillate about its "true value" as r 
o o o 

increases, which suggests that the variational wavefunction 

in some sense oscillates about the true wavefunction. This 

turns out to be the case and shows up most clearly in the 

actual e-I^ calculations, which employ precisely this 

method (see also Figs. 3.18-3.21 and discussion of these). 

Further discussion will therefore be deferred to Chapter 10. 

Subsequent analysis of other states arising from the 

7 basis function variational calculation revealed the 

presence of similar "flat regions," sometimes lying above 

the true values of T)Q and sometimes below but always nearby 

(see Figs. 3.7 and 3.8). 

At this point the obvious question arose—what happens 

to these regions when the number of basis functions used 

in the variational calculation is increased? Ever respon¬ 

sive to such questions, we considered sets of 14 and 25 

STOs, the parameters for which appear in Table 3.6 along 

with the resulting energies. Sure enough, a similar 

phenomenon was observed. In Figs. 3.9-3.11, phase shift 

data are presented for the 4s, 5s, and 6s states. The 

energies of these states (in Rydbergs) are 0.00257, 

0.00262, and 0.00119, respectively, and their "exact" 

phase shifts (in radians) are -0.1345, -0.1360, and 

-0.2879. The curious behavior of the 4s state, in which 

several "flat regions" occurred, was thought to be due to 
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Table 3.6 

Variational Parameters and Energies for SSCP with \ = 0.6 

i n. l 

Set 
a. 
l 

ia 

Energies0 ni 

Set 
a. 
i 

2° „ . c,d 
Energies 

i i 1.0 -0.2123 1 1.0 -0.2123 

2 2 0.25 -0.0017 2 0.05 0.0001 

3 2 0.5 0.0026 2 0.25 0.0006 

4 2 0.75 0.0026 2 0.5 0.0017 

5 3 0.3333 0.0027 2 0.75 0.0039 

6 3 0.5 0.0119 2 0.9 0.0082 

7 3 0.6667 0.0341 2 2.0 0.0162 

8 4 0.25 0.0818 3 0.1 0.0299 

9 4 0.5 0.1801 3 0.3333 0.0828 

10 4 0.75 0.4162 3 0.5 0.1334 

11 5 0.2 0.5027 3 0.6667 0.2072 

12 5 0.4 0.5027 3 0.9 0.3135 

13 5 0.6 1.2964 3 2.0 0.4758 

14 5 0.8 5.3405 4 0.05 0.7209 

15 4 0.25 1.1048 

16 4 0.5 1.7377 

17 4 0.75 2.8430 

18 4 0.9 4.9533 

19 4 2.0 9.6205 

20 5 0.05 23.2200 

21 5 0.2 99.1799 

22 5 0.4 — 

23 5 0.6 — 

24 5 0.8 — 

25 5 1.0 — 

a 14 basis functions 

25 basis functions 

c Energies m Rydbergs 

Degenerate pairs are omitted 
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Figure 3.7 

n 
Phase shifts versus starting value r for 3s state of 
SSCP with X = 0.6. Energy = 0.0063 Ryd. 
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Figure 3.8 

Phase shifts versus starting r for the 4s7 state of the 
SSCP with X. = 0.6. Energy = 0.0227 Ryd. 
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Figure 3.9 

Phase shift versus starting r for the 4s^ state of the 
SSCP with X = 0.6. Energy = 0.0026 Ryd. Anomalous 
behavior due to near degeneracy with 3s^4 level. 
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Figure 3.10 

14 
Phase shifts versus starting r for the 5s 
SSCP with X = 0.6. Energy = 0.0027 Ryd. 

state of the 
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) 
Figure 3.11 

14 Phase shift versus starting r for the 6s state of the 
SS CP with X = 0.6. Energy = 0.0119 Ryd. 
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its near degeneracy with the 3s state*. However, the 5s 

and 6s states clearly reveal the familar "flat regions." 

Note, however, that the regions are much wider than were 

those which arose from calculations which used smaller 

basis sets**. 

There is revealed in these figures a "fine structure" 

of oscillation within the "flat region." The presence of 

this phenomenon suggests that on a very small scale the 

wavefunction is not smooth but rather contains little 

wiggles. These are due to the fact that, after all, the 

variational wavefunction _is_ a rather complicated linear 

combination of dissimilar orbitals. In Figs. .3-12 and 

3.13 we show the variational wavefunctions for the 5s and 

6s states as calculated by LINEVATl. Portions of the cor¬ 

responding "exact" continuum wavefunctions at the energies 

of these states are shown in Figs. 3.14 and 3.15. (The 

scale in these figures is not small enough to show the 

detailed fine structure alluded to above.) The small r 

behavior of these functions is especially interesting—note 

the similarity in all four functions out to about r = 5 aQ. 

The behavior shown in these figures was found to occur 

in 7s, 8s, 9s, and 10s states as well, although it was 

♦Studies of a large number of other states using 12, 14, and 
25 basis functions showed that this sort of behavior occurred 
only in cases of near (or exact) degeneracy. 

**NB: The scale in these figures has been expanded over that 
of Figs. 3.7 etc. to show the structure of the flat region 
more clearly. To help in judging these figures, one tenth 
of a unit of phase shift is marked in each figure. 
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U(r* 

Figure 3.12 

14 Linear variational wavefunction 5s (LINEVATl). Energy = 
0.0027 Ryd. SSCP with \ = 0.6. Compare to Fig. 3.14 (exact 
continuum function at this energy); 



84 

V(r> 
l* 10 **) 

Figure 3.13 

14 
Linear variational wavefunction 6s for SSCP with 
X. = 0.6 (LINEVATl). Energy = 0.0119 Ryd. Compare to Fig. 
3.15 (exact continuum function at this energy). 
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C*io‘» 

Figure 3.14 

Continuum wavefunction at E = 0.0027 Ryd. Calculated by 
numerical 'integration (NUMEROV) . Phase shift is 
T| rue = 00.1360 rad. The function continues to decrease 
to r = 32 a where it turns up again. 
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Figure 3.15 

Continuum wavefunction at E = 0.0119 Ryd. Calculated 
by numerical integration (NUMEROV). Phase shift is 
rjtrue = _0.2879. 
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observed that as the energy of the state increased the 

width of the flat region decreased and it usually moved 

away from the true value of TJ , though never by more than 

~ 0.05 rad. 

Similar analysis was also performed on several s- 

states arising from the 25 basis-function calculations; 

however, there is no point in reproducing all the results 

here since they merely reinforce the conclusions suggested 

by the previous ones. It is interesting, though, to com¬ 

pare two levels of very similar energy, one (the 3s^) 

which arose from the 14-basis-function calculation; the 

25 
other (the 6s ) which arose from the 25-basis-function 

calculation. 

The energies of these two states are E ^4 = +0.00827 
3s 

Ryd. and E 25 = +0*00825 Ryd. Their true phase shifts are 
6s 

-0.24044 rad. and -0.24022 rad., respectively. Inspection 

of Figs. 3.16 and 3.17 reveals a distinct improvement in 

25 14 
the quality of the 6s results over those of the 3s 

calculation. Examination of the relevant wavefunction re¬ 

veals how substantive this improvement really is. The 

14 wavefunction for the 3s state (Fig. 3.18) shows the 

oscillatory character alluded to earlier; the function is 

seen to be wobbling about the true radial wavefunction for 

this energy (Fig. 3.20). [This is reflected in the small 

ill-defined "flat region" in Fig. 3.16.] In contrast, the 

25 
much smoother 6s variational function (Fig. 3.20) sits 

right down on its "exact" counterpart (Fig. 3.21), and 
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(r^> 

Figure 3.16 

Phase shift versus starting r for 3s14 state of SSCP 
with X. = 0.6. Energy = 0.00827 Ryd. 
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Figure 3.17 

. . 25 Phase shift versus starting r for 6s state of SSCP 
with X = 0.6. Energy = 0.00825 Ryd. 
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Figure 3.18 

14 Linear variational wavefunction 3s for SSCP with 
X = 0.6 (LINEVAT1). Energy = 0.00827 Ryd. Compare to 
Fig. 3.20. 
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Figure 3.19 

25 
Linear Variational wavefunction 6s for SSCP with 
X = 0.6 (LINEVAT1). Energy = 0.00825 Ryd. Compare 
to Fig. 3.21w 
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nul 

Figure 3.20 

Continuum wavefunction at E = 0.00827 Ryd. calculated 
by numerical integration (NUMEROV). Phase shift is 
^true = _0#2404 rad. 
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nM 

Figure 3.21 

Continuum wavefunction at E = 0.00825 Ryd. calculated 
by numerical integration (NUMEROV). Phase shift is 
ntrue = -0.2402 rad. 
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the "flat region" in Fig. 3.17 is broad, well-defined, and 

rather close to the true value of the phase shift. All this 

tends to verify our expectation that, just as is the case 

for bound states, increasing the size of the basis sets 

used in a variational calculation improved the quality of 

the resulting continuum wavefunction. 

G. Conclusions 

Having obtained the results of the preceding section, 

we decided that enough encouraging phenomena had been ob¬ 

served to justify moving on to the e-^ problem. It is 

clear from the calculations of this chapter that, at least 

for small r (< 5.0 aQ), variationally calculated continuum 

wavefunctions do indeed contain accurate scattering data 

and are valid approximations to continuum wavefunctions. 

Careful inspection of the structure of the wavefunctions 

in a range of energies suggests that, again at small r, 

they are all rather similar. 

Recall that because the quality of phase shifts com¬ 

puted directly from the variational wavefunction was found 

to be rather poor, a method had to be devised for obtaining 

phase shifts (and hence cross sections) using the variation¬ 

al wavefunction as an "initializer" for the numerical inte¬ 

gration of the s-wave radial scattering equation. Tests 

showed that the quality of the phase shifts obtained by this 

procedure and of the related wavefunctions could be improved 

by increasing the size of the basis set of Slater-Type- 
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Orbitals. Nevertheless, it was not found to be necessary 

to use ridiculously large basis sets in order to obtain 

rather accurate phase shifts. 

Of course, there are substantial differences 

between the problem of potential scattering from a SSC 

potential and that of electron scattering, so care 

must be exercised in interpreting these results lest too 

much be read into them. They do seem to provide sufficient 

support for the ideas behind the theoretical approach 

introduced in Chapter 1 to clearly justify applying that 

approach to the full electron-diatomic molecule problem. 

We shall now attack that problem in all its glory. 
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Chapter 4. Theory of Electron-Diatomic 

Molecule Scattering 

A. Introduction 

In this chapter, we shall present the formal theory 

of scattering of a low energy electron from a homonuclear 

diatomic molecule, particularizing to targets where 

appropriate. The analysis will first be carried out in a 

body-fixed frame shown in Figure 1. The three Cartesian 

coordinate axes are chosen so that the z-axis coincides 

with the orientation of the internuclear axis of the tar- 
A 

get molecule, R. In this figure, the molecular electrons 

are designated "1" and "2." The scattering electron is 
*4 

"3" with incident wavenumber k^. 

In the derivation of the coupled radial scattering 

equations (Sections 4B and 4C), we shall eventually refer 

all particles to the origin of this body-fixed system, 

which is located at the midpoint between the nuclei, and 

employ spherical coordinates. For this reason, our 

approach is referred to as a single-center analysis. 

This type of analysis is particularly reasonable for low- 

energy incident electrons in cases where the internuclear 

separation of the molecular nuclei, R, is near its equi¬ 

librium value, for then the electron is not sufficiently 

energetic to penetrate deep into the molecule and to probe 

the detailed structure of the molecular core. Instead, it 
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‘Figure 4.1 

System consisting of an electron incident (with wavenumber 
k ) on a diatomic molecule with internuclear separation R 
(body-fixed frame). 
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sees a distorted charge cloud due to the encircling of 

both nuclei by the molecular electrons. 

We shall be working in a fixed nuclei approximation 

3 . 
similar to that employed by Temkin e_t aJL. in their study 

of the Ü2+ ion. Thus the orientation of the internuclear 

axis, R, is assumed to be fixed in space, so that the 

molecule is not allowed to rotate during the collision. 

Of course, since we are in a body-fixed reference frame 

we cannot know which particular orientation characterizes 

the molecular axis, so, when all is said and done, we 

shall average the differential cross section over all 

allowed orientations to obtain cross sections in a space- 

fixed "lab" system (see^4D)*. 

This assumption is valid provided the velocity of 

the incident electron is large compared to the angular 

rotation velocity of the molecule. For targets, the 

condition merely requires that the incident energy be 

-4 » 10 eV, a criterion easily met by our problems. 

Quantum mechanically, the fixed-nuclei approxima¬ 

tion described above clearly forbids specification of the 

initial (or final) rotational state of the molecule. 

Thus the target is viewed as initially occupying any one 

of the available rotational states (not necessarily the 

*From fixed nucleus calculations, we obtain elastic cross 
sections. If desired, we can then use the elastic scat¬ 
tering amplitude in the adiabatic nucleus approximation 
to obtain rotational94 and vibrational8 excitation cross 
sections. 
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ground rotational state)*. However, to permit detailed 

analysis of vibrational excitation, we shall impose a 

less stringent requirement on the system and so permit 

designation of particular vibrational states of the 

molecule. 

Therefore we allow the nuclei to vibrate, but only 

within the framework of the Born-Oppenheimer Approxima- 

128 
tion . All calculations of target wavefunctions are 

obtained at a fixed value of R by solving the elec¬ 

tronic Schroedinger equation (see Chapter 5), but after 

one such calculation is completed, we allow R to change 

and the system to adjust. Then we repeat the calculations. 

The molecular wavefunctions thus obtained clearly depend 

parametrically on R. 

Formally, the system (electron + ^ molecule) may 

be described by its Hamiltonian**, viz. 

* Of course, we have no way of knowing (in this approxima¬ 
tion) which rotational state the target is in. Statis¬ 
tically, this viewpoint is that of a distribution; all 
rotational states may be allowed, each with an occupation 
probability <1. 

**Atomic units are used throughout this chapter, so = e = 
m = 1. Energy is measured in units of hartrees 
(27.192 eV) [or rydbergs (13.596 eV)]. 

‘Vi,( (4.1) 

where 

(4.2) 
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is the molecular Hamiltonian, 

U. * - X- 
(4.3) 

is the Hamiltonian of the (free) scattering electron, and 

V-. a - ér - 4. -H-L ♦ i. 
^ fM> r»3 

(4.4) 

is the electrostatic electron-molecule interaction poten¬ 

tial due to the Coulomb force*, depends on r^ and 

the coordinates of the molecular electrons, and paramet¬ 

rically on the internuclear separation, R. M is the re¬ 

duced mass of the nuclei, and r^j is the distance between 

particles i and j, e.g. r^ = ]r^ - r^l- Coordinates are, 

of course, referred to the center of mass of the nuclei 

(cf., Fig. 1). 

The stationary state eigenfunctions of 1C, denoted 

( Y) 
by , satisfy the time-independent Schroedinger 

Equation 

(4.5) 

where E is the total energy of the system (conserved 

throughout the collision)**. The superscript (y) appended 

* All weaker interactions (e.g. magnetic interactions) are 
neglected. 

**The argument (1,2?3 R) means that depends (in 
general) on spatial and spin coordinates of the molecular 
electrons, 1 and 2, and the scattering electron, 3, and 
(parametrically) on R. 



to Y is a channel index representing the initial quantum 

numbers of the system. In general, these include 

n,v electronic (n) and vibrational (v) quantum 
numbers of the target molecule 

Y S,MS total spin of the system, S, and its pro¬ 
jection along the internuclear axis (R=z) 

s spin of the target molecule. 
v_ 

Since the orientation of the internuclear axis is assumed 

fixed in space, rotational quantum numbers j and m^ need 

not (indeed, cannot) be specified. 

The eigenfunctions of the target molecule are some¬ 

what simpler in form than those of the entire system. The 

former are denoted X, v (1,2|R) for channel Y‘ and 

satisfy 

*°> (4.6) 

where E^, is the total energy of the molecule in station¬ 

ary state (n,v,s) ,. The nature and structure of these 

target wavefunctions are important to the study of the 

electron-molecule scattering problem and will be discussed 

in Chapter 5. For the present, it is sufficient to note 

that they can be written as the product of an electronic 

part "TT" (1,2) and a vibrational part v (R), ■ ■■■'■ n^.| s. , 
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There are, in fact, two stages to the analysis of 

an electron-molecule scattering problem: (1) how to obtain 

accurate target wavefunctions, and (2) what to do with 

them once we have them. The latter question concerns the 

calculation of scattering wavefunctions and cross sections 

and will be discussed in this chapter. 

The object of our endeavors is to solve Schroedinger's 

Equation (4.5) subject to the appropriate asymptotic scat¬ 

tering boundary conditions introduced in Chapter 1. For 

multichannel scattering, these require that as the radial 

coordinate of the scattering electron becomes very large, 

the system wavefunction must approach the sum of a plane 

wave times the initial molecular state and a linear com¬ 

bination of outgoing scattered waves times various target 

states, viz. 

. (4.8) 
* f^io f 3 V r 

( v) * 
fy' -*-s t*ie scattering amplitude for excitation from 

initial channel Y to final channel Y'. Note that the sum 

in the second term of (4.8) is taken over all target 

states, so there is included in this linear combination a 

1 ±kYr3 (Y) - term -p— e f^ ^r3^XY for e^-ast;*-c scattering. This 

term will be of considerable subsequent interest to us. 

As long as the scattering electron remains in the 

(somewhat unexciting) region far from the nucleus, it is 

possible to find eigenfunctions of 3C which are also 
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eigenfunctions of the square and z-component of the elec- 

2 
tron's orbital angular momentum, Lg and Lgz. However, 

because of the non-spherical nature of the electron- 

molecule interaction potential [cf., Eq. (4.4)], these 

eigenfunctions must be mixed together to correctly 

describe the situation close to the target. Moreover, 

such an eigenfunction clearly cannot satisfy the all- 

important boundary conditions of Eq. (4.8). However, we 

can form a linear combination of degenerate eigenfunctions 

and then choose the coefficients to force the resulting 

combination to satisfy Eq. (4.8). 

Denoting these new eigenfunctions by* 

V w*' ■ n. w .x %i, : '.J;3 > 
we form the aforementioned linear combination: 

(4.9) 

x t 
*7"7 Vi I 

(4.10) 

The sum over the orbital angular momentum quantum number 

l runs over integral values from 0 to », and the sum over 

the magnetic quantum number m^ = m runs from -A to +A. 

Thus we have set up the problem, and all that remains 

is to solve it. That will be the topic of the next several 

*The subscript i) is a new channel index denoting a set of 
quantum numbers which includes all quantum numbers pre¬ 
viously designated by Y plus the angular momentum quantum 
numbers l and m^ =; m. We have dropped the argument R 
from these eigenfunctions. 
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sections. First, it is necessary to simplify the 

Schroedinger Equation for the scattering problem. This 

is done in 5^B, where coupled equations are obtained, 

both ignoring and taking into account the effects of the 

antisymmetrization restriction on . Next, expressions 

are derived in §4C for scattering amplitudes and cross 

sections in three cases: (1) elastic scattering without 

coupling of orbital angular momentum partial waves; 

(2) elastic scattering with this coupling; and (3) ine¬ 

lastic scattering. The effects of rotation are included 

in 54D and transformation to a laboratory, or space- 

fixed, reference frame is accomplished, completing the 

treatment of "what to do with the molecular target 

functions." 

B. The Coupled Radial Scattering Equations 

It is not possible to solve Schroedinger1s Equation, 

(n-E)y£ (4.U) 

g 
directly for the eigenfunctions ÿ . It _is^ possible, how¬ 

ever, to reduce the number of variables in the unknown 

part of the scattering function by a succession of ex¬ 

pansions in complete sets of functions and so to obtain 

a slightly more reasonable set of coupled radial scatter¬ 

ing equations. 

The first set of equations, to be derived in $B.l, 

will not incorporate the effects of exchange, since the 
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calculations reported in Chapter 10 were done using such 

equations, and their physical content is not difficult to 

understand. More perplexing are the corresponding equa¬ 

tions, to be derived in $B.2, which do take into account 

exchange. However, these represent necessary extensions 

of the theory, since after all we cannot really neglect 

the Pauli Exclusion Principle. 

1. The Radial Equations (Without Exchange) 

In this section, the system electrons are (in effect) 

regarded as distinguishable particles. However false this 

assumption is in literal fact, the resulting equations 

turn out to be useful in any region of space where exchange 

effects are negligible*, such as large r. 

The method which will be used to simplify Eq. (4.11) 

is akin to that used by Percival and Seaton in their treat¬ 

ment of the partial wave theory of electron-hydrogen atom 

129 collisions . The technique itself is familiar and is 

130 called the eigenfunction expansion method 

E 
We first expand the system eigenfunctions in a 

"4 >4 

complete set of functions in the coordinates ^ and of 

♦Exchange acts like a short-range attractive potential in 
its effect on the scattering wavefunction. In fact, ex¬ 
change effects have been mocked by just such potentials 
with some degree of success. We shall examine the 
behavior of the scattering function in the presence of 
exchange in detail in $ 10D for s-wave elastic 
scattering. 
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the molecular electrons*. Such a set happens to be 

available, namely the target eigenfunctions of 5Cmol, 

and so we can write 

(4.12) 

(Tl) 
The expansion coefficients F' (r_) physically repre- 

nr\' TV 
sent continuum electron orbitals. Although these func¬ 

tions have considerable utility, it is easiest to go one 

step further and expand them in a complete set in the 

angular coordinates, 0^ and cp3« This j>artial_wav£ 

expansion may be carried out using spherical harmonics, 

viz. 

where the expansion coefficients 

describe the radial part of the scattering orbitals. It 

is these coefficients which will appear in the coupled 

equations and whose nature we study in detail. 

E 
Substituting the full expanded eigenfunction , 

formed from Eqs. (4.12) and (4.13), into Schroedinger1s 

Equation (4.11) and introducing the molecular target state 

energy E , [cf., Eq. (4.6)], we obtain 

(4.13) 

(r,) 

rV • 
 L _* 

14) 

^e have returned to the coordinate notation, i.e. r., 
r^, in function arguments in this section since thexspin 
dependence of the Hamiltonian eigenfunctions is being 
ignored. 
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2 . 

The Laplacian is now expressed in spherical coordinates 

and the radial derivative expanded, yielding 

E>'VM*V^7' ?v V V J (4.IS) 

where we have introduced the wavenumber k^ via the simple 

relation 

* er, *i ky, . (4.i6) 

Both sides of Eq. (4.15) are now multiplied by 
mn" r,Y. 1 X, \ )» and the whole thing is integrated over 

*3 ^/qil jjll 

dT = dr^dr^dr^. Thus we obtain an infinite set of coupled, 

second-order, ordinary differential scattering equations, 

i.e. 

(ky+1y 
(?) 
-tt (4.17) 

where we have assumed that the target eigenfunctions are 

orthonormal, viz. 

Si ytf,7.w Ir (?„?*>« JnJi =î 
W 

(4.18) 

a situation which, if not already the case, can be enforced 

2 
by orthogonalization (see Chapter 9). In Eq. (4.17), k^, 

is the channel energy, the energy (in hartrees) of the 

scattering electron after an event in which the target is 

excited from initial state Y to final state Y*• The mixing 
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of different scattering functions is due to the direct 

matrix V, a typical element of which is 

vrr j ï;>'vir Y;;; I,. J*. (4.i9) 

Thus V represents an average of the electron-molecule 

interaction potential taken over target states and angu¬ 

lar parts of the various scattering wavefunctions. 

There is one equation in the set (4.17) for each 

channel Y'• For the energetically accessible (open) 
2 

channels, the channel energy % k^ is positive. For 

energetically inaccessible (closed) channels, it is nega¬ 

tive. Notice that even for elastic scattering, the set 

of equations to be solved can contain more than one 

element because of the coupling of orbital angular 

momenta. In practice, the set (4.17) for any scattering 

problem is truncated, resulting in the close-couplincr 

83 approximation . 

2. The Radial Equations (With Exchange) 

Since the analysis of the last section completely 

ignored exchange, the coupled scattering equations which 

resulted are not strictly correct, to say the least. 

The electrons are indeed indistinguishable particles, and 

therefore the Pauli Exclusion Principle demands that the 

system wavefunction be antisymmetric under pairwise 

interchange of electrons. As will become unpleasantly 

apparent shortly, this restriction introduces considerable 
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complexity, both into the form of the coupled equations 

and into the problem of their physical interpretation. 

It comes as a relief to observe that precisely the 

same type of analysis employed in obtaining the "exchange¬ 

less" equations of ^Bl can be brought to bear on the 

problem when exchange is included. Now, the full eigen- 
•p 

function ^ must include a spin function for the three- 

electron system. We shall denote this function by 

^T|’ = ^(nsSM ) an<^ ^or conven;’-ence shall restrict the S T|1 

discussion to the doublet state of the system (S = %) for 

which the normalized spin function is* 

[oKHpU). çd)^C2)] 4(3), (4.20) 

th 
where a(i) and P(i) indicate that the i-=— electron is in 

a spin-"up" (Mg = + h) or a spin-"down" (Mg = - h) state, 

respectively. This function clearly corresponds to a 

state which arises from a singlet core (e.g. + for H9) . g z 

Introducing and the requirement of antisymmetry 
E 

into the familiar expansion of i|f , we obtain 

(4.21a) 

(4.21b) 

*0nly this state will be considered in the research report¬ 
ed herein. Thus the target is initially in its ground 
state. 
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In Eq. (4.21a), the second summation is over all cyclic 

permutations of the electron indices and takes account of 

exchange. Exchange is included via the particle inter¬ 

change operators in Eq. (4.21b). In evaluating and 

manipulating , it is useful to note that the spin 

functions satisfy* 

TfCj.i;»0, (4.22) 

and the target molecular state functions satisfy 

X,,(5,3 MO* (4.23) 

We now substitute the expansion of Eq. (4.21) into 

Schroedinger's Equation (4.11), multiply the expanded 
m<n« * , 

result by r3 X (nvs) Y^ (1,2; 3), integrate over 

dT = dr^dr^d^, and sum over the spin coordinates, ob¬ 

taining, after an enormous amount of algebra**, a set of 

coupled, second-order integrodifferential equations for the 

unknown radial scattering equations ^ Cn) 
«. # viz. 

co * 

1 A » 

(4.24) 

* The argument (i,j?k) is any set of three indices formed 
by cyclic permutation from (1,2;3). 

**Most of the manipulations involved in deriving these 
equations is merely tedium. See, however, Appendix C 
for details of the spin integrations. 
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In deriving these equations we use in addition to the 

assumed orthonormality of the molecular target functions 

[cf., Eq. (4.18)], the fact that the spin functions for 

the system are orthonormal, i.e. 

= SnSsyS}* S|S,MS» * 
(4.25) 

The direct matrix V and channel energy k^ are the same as 

in the non-exchange equations and were defined by Eqs. 

(4.19) and (4.16), respectively. New to our coupled equa¬ 

tions are the inhomogeneous terms on the right-hand side 

of Eqs. (4.24). K(‘n', t|" |r^,r^) is the j|xchange_kernel; 

defined by 

” i|v 1X? 

4 "% % I g*. 

»***,«; > “ 

i 

(4.26) 

The coordinate dependence of the various functions in this 

integral is important; examination reveals that K clearly 

incorporates, albeit in a rather complicated fashion, the 

effects of exchange on the coupled equations and can have 

a considerable influence on the scattering functions re¬ 

sulting from the solution of Eqs. (4.24). 

The exchange kernel can be put in an alternate form 

more often encountered in the literature* by using the fact 

  ^ 2 
*Ardill and Davidson performed an analysis similar to ours 
for a rigid rotator using a different coupling scheme. As 
a check on the structure of our result, we note that our 
coupled equations (4.24) agree with their Eq. (12) in form 
and our exchange kernel in Eq. (4.28) agrees with their 
Eq. (16) . 
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that K . of Eq. (4.2) is Hermitian and introducing the 
mol 

auxiliary wavenumber k via 

The algebra is worth it; because K must be integrated in 

Eq. (4.25), this form is easier to work with. 

Clearly, if the exchange kernel is zero, then the 

inhomogeneous terms in Eqs. (4.24) vanish, and we are left 

with the coupled equations (4.17) of § Bl, derived without 

considering exchange. This would also be the case if the 

integral over the exchange kernel happened to be zero. 

3. Simplification of the Exchange Kernel 

For the problem of electron scattering from a closed- 

shell diatomic molecule, the Pauli Exclusion Principle re¬ 

quires that the incident electron cannot occupy any of 

the bound molecular orbitals (see Chapter 9). Therefore 

we are justified in assuming that the scattering wave- 

function is orthogonal to that of the target molecular 

79 
state , x.e. 

(4.27) 

After some algebra, the exchange kernel K becomes 

(4.28) 

(4.29) 
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This results in a considerable simplification of the 

exchange kernel, (4.28). 

To see this, we first must rewrite Eqs. (4.24) as 

i\% “ ^rî +b>' W s fyv “ K7*7" ^ ^» (4.30) 

where we have introduced 

(4.31) 

By orthogonality, we know that 

si;. WYv <4-32) 

2 2 1 
so that the matrix elements of - % , - % k , - —— , 

, and —— in K will be annihilated by the dr^ 
- 3a 

3b "23 
integration, leaving 

Krr t'>v- «if r*?v;K I <o[ i I <o Y’r«. ) <4-33> 
r ’*3 

Therefore the exchange kernel reduces* to 

X (r\\ry . 

'r«r3 \ (ty (4.34) 

* Xiy, <0 <**.<* ^ • 

*Henry and Lane70 carried out a mathematically analogous 
simplification of Ardill and Davidson's^2 Eg. (16). 
Our result (4.34) agrees in form with their Eq. (10). 
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C. From Boundary Conditions to Cross Sections 

We shall now suppose that we can somehow solve the 

coupled equations of $4B and ask how to use the resulting 

£) 
eigenfunctions . To obtain scattering amplitudes and 

hence cross sections, we need to insert these functions 

into Eq. (4.10) and then examine the asymptotic limit of 

( v) \ 
the full scattering function, Y^w, a la Eq. (4.8). We 

shall first obtain the expansion coefficients which force 

(Y) . . . Yg to satisfy the correct boundary conditions and then 

use the resulting amplitudes to obtain cross sections in 

the body-fixed system. 

• ( Y * E ) 
1. Expansion Coefficients A; 
  ^ 

The angular momentum eigenfunctions of Eq. (4.13) 

2 
satisfy the boundary condition 

to**1
 -1(4.35) 

which introduces the familiar S-matrix, _S. The elements 

of S_ are labelled by the channel indices, viz. S 
rin' * 

Substituting this limit into Eq. (4.13) and then into 

Eqs. (4.12) and (4.10), we obtain the asymptotic limit 

of Y. (Y) 
E 

(T,Or) y A4’*6' YJ.Y’V/^V T -«(*«*«• ?) 
* * 5- ^ r * v 1 wLe 

(4.36) 

(Y) 

( V • E ) We must define the coefficients A, ' so that 
•n ri 

Ye'
t/ will satisfy the boundary conditions of Eq. (4.8). 
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To this end, we equate Eqs. (4.8) and (4.36). Since we 

have assumed that the target functions, X^, are linearly 

independent and form a complete set, we can equate the 

coefficients of any particular excitation channel. For 

convenience, we choose the channel* for elastic scatter¬ 

ing without coupling of various partial waves (ri = 'H'). 

The resulting equation will be used to trap the coef- 

ficients A iT' ': 
T) T\ 

At«“rtf T. $ x? 
3 * 7 i 7 

(4.37) 

-s„ x 
Now, by substituting the familiar partial wave expansion of 
ijVr3 

0 # 

A'i . -i— x (4.38) 

into Eq. (4.37), equating the coefficients of incoming 

"ikYr3, spherical waves (e ) , and using the Addition Theorem 

of Spherical Harmonics, 

(Y;E) 
we can derive the expression for A:'' ', viz. 

■n TI 

A"
1:’ v Y? 
7 « *1 r * 

(4.39) 

(4.40) 

♦Similar analysis will show that this result [Eq. (4.40)] 
is independent of the channel chosen in this step; for 
example, we can derive the same expression from the ine¬ 
lastic scattering channel's coefficients. 
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Notice that this coefficient is independent of the quantum 

numbers of the initial target state, Y, but not of the 

i 2 energy, % k^ * of the incident electron. 

2. Elastic Scattering Cross Section (No Coupling 

of Partial Waves) 

By performing precisely the same sort of manipula¬ 

tions but equating the coefficients of the outgoing spheri- 
ik r3 

cal waves (e ) in Eq. (4.37), we obtain the scattering 

amplitude for elastic scattering in the approximation of 

"no coupling of higher partial waves,"* viz. 

O'V'- TT 2 V^~> b-]. H.41) 

Coupling of higher partial waves (e.g. d to s) has a 

negligible influence on the cross section for large r be¬ 

cause the coupling matrix elements die away exponentially 

(see Chapter 6, esp. Fig. 6.1). It is only when there is 

reason to believe the off diagonal S matrix elements to 

be small that Eq. (4.41) is expected to be useful. 

In such a region, the differential cross section may 

be obtained from this scattering amplitude by the familiar 

equation^, 

(4-42) 

since r^ is the scattering angle. Using Eq. (4.41) in 

this relation, we obtain 

*Note 
e.g. 

that S in Eq. (4.43) is diagonal in all quantum numbers 
n , 

T) 
v , 

T1 
A m , so that S , = S . .6 ,6 

TYn’ Am, A'm' AA' mm' 
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doy, • ^\n‘ HJ \ Y,:* (fe*, i Y;
J
VS 1 

/1* %* V % '%'/ ,A -v v "’J 7 - \ 

x U-s^7 Hi'îyy I J»® . 
(4.43) 

To verify this result, we can average over £ , the 

incident direction, viz. 

" ‘lir 5 , 
(4.44) 

Hr 

(4.45) 

use the orthogonality of the spherical harmonics, 

f £■*(*> 

and integrate the result, dQyy> over all scattering 

directions dr^ to get the familiar expression 

for the total elastic cross section. Using the definition 

of the T-matrix, = 1-S , and the well-known relation- 
2 (Ti 'm ^ 

(4.45) 

Am 
(true for elastic scattering S matrices), 

we can write this result in the more familiar form 

ship = e 

•Hr (4.46) 

[Note that this result depends only on the magnitude of 

the incident wavevector k^ and not in its direction.] 

3. Elastic Scattering Cross Sections (With Coupling) 

In this more complicated case the target index y 

still remains unchanged throughout the collision, so S_ is 

diagonal in the quantum numbers n^ and v^. However, 

various X-waves are allowed to couple, so we must begin 
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with Eqs. (4.8) and (4.36) and equate the coefficients of 

X^. Doing so yields 

X f- ;kre-M,Sp(<*6)4- 
<3, JC~ZO e e u^v31 rsc ?r vrai 

1< T A<t>6^ T TV^V-^r 5 -il*»* 
"i?, Aj)-, 4,. S'('i)isWV-ve Je î i. 

(4.47) 

( v*E) 
Using Eq. (4.40) for A)w and the addition theorem Eq. 

A/ „Ill 

(4.39), we obtain 

lrf% 

C’v- %r K % (4.48) 

As a check, we note that when we ignore coupling, we have 

S„ , = S „ ., , Ô...Ô , and f,^ (r_) agrees with Am, J&'m' Am, A'm' II' mm1 Y 3' ^ 

Eq. (4.41). 

The differential cross section is again derived 

from Eq. (4.42) and after some algebra is found to be 

‘K,-- z z,2 2.,Yj"(g'Y/(kv)rx“(^iKï
V 

** Am 4'm* xHi I'm * * J* * JL * A * (4.49) 

Integrating over dr^ and averaging over as in Eq. 

(4.44), we obtain the total cross section for elastic 

scattering, 

(4.50) 

which, for the special case which neglects coupling of 

partial waves reduces to Eq. (4.45). Further simplifies- 
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tion of Eq. (4.50) at this time would be gratuitous at 

best, since we have yet to incorporate the effects of 

rotation (see 5 4D below). 

4. Inelastic Scattering Cross Sections 

The last case is the most complicated one'1 inelastic 

scattering (Y1 ^ Y) including full coupling of partial 

waves. In this case the higher vibrational and electronic 

levels are coupled to the ground state. To handle such 

scattering events, we match the two boundary conditions, 

equating Eqs. (4.8) and (4.36), pick off the inelastic 

terms (X^,) in the resulting equation, and thereby obtain 

the scattering amplitude for inelastic scattering. The 

result is simply 

(kj.lv) 1 1 iu’*',Yjr (V* Y."k) S. 
4**t A'm/ ??'* (4.51) 

The differential cross section is calculated from 

the scattering amplitude via the familiar formula 

(4.52) 

from which obtains the rather complicated result that 

HIT 
Jr„.* St 1 irY kj. iM j.-* U 

Sv. s;--, . 

(4.53) 



120. 

Notice that, in general, £ depends on all quantum numbers 

denoting the initial and final states ri and r\' ; there are 

no nice 6-functions to provide diagonality of the S-matrix. 

Averaging dcr^. over and integrating over r^ 

yields the familiar expression for the total cross section 

for inelastic scattering from initial channel y to final 

channel Y', viz. 

V V1* 11 (4.54) 

D. The Effects of Rotation of the Target Molecule 

Of all the cross sections derived up to this point, 

only the total cross sections a , of Eqs. (4.45), (4.50), 

and (4.54) could be compared with direct experimental data 

because only they take into account the fact that the 

target molecule can be rotating. As discussed earlier, we 

shall now transform our results from the body-fixed frame 

used previously to a space-fixed frame described below. 

In deriving the elastic and inelastic cross sections 

of the last section, we have assumed that the additional 

degrees of freedom due to the possibility of nuclear 

rotation have been "frozen out" so that the nuclei are 

fixed in space at one specific orientation. This is 

clearly unrealistic. In point of fact, the molecule can 

initially be in any of a number of rotational levels*. 

Remember that we are working in the fixed-nucleus approxi- 

*This was the approach taken in averaging over in, e.g. 
Eq. (4.44) to obtain the total elastic cross section. 
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mation. We shall obtain cross sections summed over all 

final rotational levels assuming that the target starts in 

one (unspecified) level*. 

1. Transformation from Body Frame to Lab Frame 

To obtain scattering amplitudes and differential 

cross sections in the fixed-nuclei approximation, it is 

necessary to transform from body-fixed reference frame 

of Fig. 4.1 to a space-fixed laboratory frame. The new 

coordinates and their relation to the old ones are shown 

in Fig. 4.2. In the figure is the body-fixed system 

(unprimed axes), whose z-axis is coincident with the 

internuclear axis R as in Fig. 4.1, and a space-fixed 

(or laboratory) system (primed axes), whose z-axis is 

coincident with the direction of the incident electron 

wavenumber, i.e. z = The relevant angles are 

r^ S i*e* the angular coordinates of the scat¬ 

tered electron as measured in the (non-rotated) body- 

fixed system, and r^' - (©21,^')• i*e. the angular coor¬ 

dinates of this electron as measured in the (rotated) 

laboratory system, in which measurements are made. 

The space-fixed axes are obtained from the body- 

fixed axes by rotating z (= â) into z' (= lc^) . This is 

effected via the Euler angles**, a, £, and y. From 

* Note that this is not the same as pure elastic scattering 
with Aj=0, i.e. scattering with no change of rotational 
state. However, the sum over final rotational state quan¬ 
tum numbers is usually dominated (at low energies) by the 
Aj = 0 elastic term. 

**The conventions and. formulae used throughout this section 
are those of Rosel^l. 
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Figure 4.2 

Body-fixed and laboratory frames for e-Ç^ system. 
Unprimed system is body-fixed with z = R7 Primed system 
is space-fixed with z1 = £ . 
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Fig. 4.2, it is clear that a = cp^, P = 9^, and Y is arbi¬ 

trary (we take Y = 0) . Mathematically, the transformation 

between frames requires use of the eigenfunctions of a 

We shall see how this relationship is used in the sequel. 

2. Elastic Scattering Cross Sections (No Coupling 

of Partial Waves) 

The differential cross section in this case is given 

in the body-fixed frame by Eq. (4.43) with the nuclei 

held in one orientation. We want to use the D-matrices 

of Eq. (4.55) to re-express this result in the laboratory 

frame. The result will then be averaged over all molecu¬ 

lar orientations, &, to yield fixed-nuclei cross sections. 

The transformation between frames is achieved by 

using Eq. (4.55) to transform Ytf
m(r->) and Y™ (r.,) in 

Eq. (4.43). The resulting differential cross section is 

simply 

symmetric top Hamiltonian, the D-matrices (a, P, Y) = 

mm, (cp^,0^,O). These are used, for example, to relate 

the spherical harmonics in the two frames, i.e. 

A * Up'WYjT'ceiA)- (4.55) 

(4.56) 
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Note that the angles describing the orientation of the 

internuclear axis with respect to the direction of the 

incident wavenumber appear in Eq. (4.56) only as geo- 

metrical factors via the constants , an<3 Jï , and 
mm' 

so the dynamical problem can be made independent of these 

angles. This is one especially nice feature of the fixed- 

nuclei approximation and will be seen to appear in other 

cases below. 

We now average this result over the three Euler 

angles, viz. 

d<ry|.Cliyj^') ’ 7irl jf3 ^ • (4.57) 

This averaging process, of course, amounts to averaging 

over all possible molecular orientations as required by 

our approximation. Evaluation of the integral yields, 

after considerable effort*, the desired differential cross 

section for elastic scattering without coupling of partial 

waves, viz. 

I — ^ -f. +■ n . A„ (W"*l 

(4.58) 

* £c (JUJ';O0|* C CCAJEV d?,, 

where the C(ii' A";m'm") are the omnipresent Clebsch-Gordan 

coefficients. 

Using the definition of the T matrix for this case, i.e. 

*The details of this derivation will be found in Appendix D. 
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-r - 1 - e3‘7-*m (4.59) 

this result can be expressed in terms of the phase shift: 

^[c<-"ï’1*tc Ul'-i; «'i1 
^ (4.60) 

X ^ *** *[4m ^ 7-*'**' ^Cl"* ^ 1 

3 
which agrees with Temkin and Vasavada's Eq. (2.8a). 

As a further check, let us obtain the total elastic 

scattering cross section, 

(T 
W <*> 

(4.61) 

Evaluating the integral yields 

* 
°rr (M *«ÎLJ 5. h T/a>« tU*0tt£*n 

* Ccaio*;oo)3
,'ica5‘o;13^ 

(4.62) 

where we have used the fact that 

5 s 2-ir 2JP'+I (4.63) 

132 
and the orthonormality of the Legendre Polynomials 

Carrying out the indicated summations over 1 and m and 

introducing once more the S_ matrix, we can reduce Eq. 

(4.63) to the familiar form 

2 

‘ ky ^ l^-‘ ^twijfi»*i I > (4.64) 

which agrees with Eq. (4.45), which was derived from the 

body-frame expression for da,^. 
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3. Inelastic Scattering Cross Sections 

Equation (4.53) was found to describe the differen¬ 

tial cross section for an inelastic scattering event in 

which the target is excited from state Y to Y' in the 

body-fixed reference frame. To convert this result to the 

laboratory frame, we begin as in §D2, using Eq. (4.55) 

to transform the spherical harmonics in Eq. (4.53), viz. 

H* 

•• • 3 K|r JL*» Jim iV 

Y/ U;I J£ «..*.,<» w-esi 

We now must average this cross section over all 

possible molecular orientations. The result, obtained 

after considerable manipulation*, is 

****»*' Am *V î'ifi* S* i~ 

,^w(lV 3üf*l + + M 

x TL^6')C(Ari'L;00)C(JliLi -ymSHUjtL*, Oo) 

v CU'lV, cir, . (4.66) 

The inevitable verification of Eq. (4.66) proceeds 

by the calculation of the total cross section for inelastic 

scattering. Integrating over dr^1 as precisely as in^D2, 

we obtain 

*The machinations used to derive Eq. (4.66) are very similar 
to those used in obtaining Eq. (4.58), although more com¬ 
plicated. See Appendix D for the steps proceeding to the 
latter result. 
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W * A TX.l? .{-a1 *r r *'m JM <£'m >41*1^1^' 

L^+Ddi^ociJHîdX'+i)^^-^,^^ C O'-tOjOOj 

x COMO}-*! jR)CCJiO;O0) C fÜ'tf; »H'). (4.67) 

Now, L — 0 m-m =0. Use of this fact, together 

with application of the properties of the Clebsch-Gordan 

131 coefficients , reduces Eq. (4.67) to the simpler result 

TcJ- J*, I (4.68) 

for the total inelastic scattering cross section. This is 

in agreement with Eq. (4.54) as required. 

4. Elastic Scattering Cross Sections (With Coupling) 

The last case to be considered is algebraically very 

similar to that of inelastic scattering. In fact, the 

expression for the differential cross section in the body- 

fixed frame, Eq. (4.49) is mathematically identical to the 

corresponding result for inelastic scattering in the body 

system [Eq. (4.53)] except for the factor of 

. .(A-A'+l-l') _ _ _ „ _* . ^ . 
(-1) i and the presence of S ,S*_ instead 

71 ryn' 
of S. (, and S* 
4ti2 

ta'lm TZ.Vm- 
; it contains the same coefficient 

and the same combination of spherical harmonics. Since 

t£(ese are the only factors of Eq. (4.53) affected by the 

analysis of §D3 required to transform it to the laboratory 

system and average over molecular orientations, it follows 
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that the differential cross section in the lab frame for 

elastic scattering taking into account the coupling of 

various partial waves is, by analogy with Eq. (4.66), given 

by 

<1? — jk. Z' 2 2 Ccii+OfM'+O 
YY ■ ^ At*! .G'm ■! rt* JL*1» 

» CUÏt-’jOt) CM 'jEV, -«'«') t Sju’ltm' îlï^üV - < 

* »,*'»' &'&*' ^ iu * 1 S-i.»' (4.69) 

4 Ww, S^,r-A. 1 . 

Fortunately, this expression can be simplified. For 

e-H2 scattering, the S matrix is diagonal in m, i.e. 

c . c"i ç (4.70) 

so Eq. (4.69) reduces to 

= ? S f- ? ai*' t<M‘0CU'M> 

* (litO (lî'+n}* P’L^S^JCCJI'X'I.^OO) CC*AV,OO) 

* C( ) c (AS Lj -v**') l&-■*') Tjj-t , 

(4.71) 

where we have introduced the T matrix for this case: 

Tm - S _ s'* 
4* JIJL 

(4.72) 

Integrating Eq. (4.71) over drg', we find, once again, the 

total elastic scattering cross section 
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'k? ^ ~ >*y*9' ^ 

This result agrees with Eq. (4.50), as required. 

(4.73) 
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Chapter 5. Molecular Structure Calculations: 

H2 and H2" 

As suggested by the outline of our approach to e-H2 

scattering presented in Chapter 1, part of the method we 

have developed requires the solution of molecular structure 

problems. In particular, we are interested in two such 

problems: (1) the H2 molecule, and (2) the transient 

H2 ion. 

The H2 molecule is the "core" upon which our scat¬ 

tering function is built. In the research reported here 

the core function, once determined, is "frozen" and the 

scattering orbitals appended to it. The H2 function is 

the source for the scattering function used to "initialize" 

the numerical integration from which the phase shifts T)^ 

are ultimately obtained. 

Thus it is important that reasonably accurate wave- 

functions for these systems be obtained. The structure 

problem of calculating molecular wavefunctions has re¬ 

ceived an enormous amount of attention over the years; 

two excellent and rather current reviews are available by 

133 134 Browne and Bishop . We shall here briefly discuss 

the theoretical framework in which our (and most) molecu¬ 

lar structure calculations are carried out and discuss 

states of interest of H2 and H2 . 

The calculations of this chapter were performed 

using a modification of a general diatomic molecule program 
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which has been developed by the Molecular Physics Group at 

135 
the University of Texas . A very thorough discussion of 

this program and how it evaluates integrals, diagonalizes 

136 Hamiltonians, etc. is available elsewhere . We shall 

present, in 5 5C, the essential details of the types of 

calculations (configuration interaction, using modified 

valence bond wavefunctions) which the program performs. 

Finally, in Sections 5E and 5F, the results obtained 

for H2 ana H-f are presented and discussed briefly. 

Further discussion is more appropriately consigned to 

Chapter 10 in the context of our scattering calculations. 

A. Theoretical Framework 

The stationary state wavefunctions of a diatomic 

molecule satisfy the time-independent Schroedinger eigen¬ 

value equation 

«... I»>* 6^. !’•'> , (5.1) 

137 where JC ^ is the full Breit-Pauli Hamiltonian 

Pa ♦ i 1 R* -1 ^ 
2Ma *Mb Ctl C5«|b 'ii (5.2) 

+ X 
*■*» 

TM 
4 ^ + .1* P+. R 

Here to is the momentum operator for nucleus a of mass M 
a a 

and charge Z , a is the fine structure constant, N is the a 

number of molecular electrons, and the correction Hamil¬ 

tonian 3C contains relativistic and magnetic corrections. 

I 
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By transforming to a relative set of coordinates defined 

with respect to the midpoint of the internuclear axis, 

dropping small correction terms (e.g. H ) and eliminating 

electronic operator terms which have coefficients of 

order —we can obtain a more familiar molecular Ma+Mfo 

Hamiltonian. In terms of a body-fixed set of axes, we 

write 

N 

1X9 

* 2 

<»j 

1 

? 
itl 

I 
CS4,* rci 

(5.3) 

and seek eigenfunctions of JC, viz. 

M V 2 Ê V» (5*4) 

Most molecular structure calculations (and all in 

this chapter) are carried out in the context of the Born- 

138 Oppenheimer approximation . In this approximation, full 

molecular wavefunctions are approximated by products of 

eigenfunctions, TJJ (r.,R ), of a fixed-nuclei, nonrela- 
1 LX 

tivistic electronic Hamiltonian, , and nuclear motion 

n 
wavefunctions iji (R ), which describe the motion of the LX 

0 
nuclei in the electronic potential energy E (Ra). 

The electronic Schroedinger equation is 

(5.5) 

where the electronic Hamiltonian is 

we T T h. J- "k - ) ‘ JL Z —. + .4 r.. * “Tr¬ ee# is# «Ss* “■ *1 1 
(5.6) 



133. 

Note that we have included the internuclear repulsion 

term ZaZ^/R in 5C^. Equation (5.6) is solved for all 

positions R of the two nuclei (i.e. for all internuclear 

separations R) , and so yields a potential energy function 

E (Ra) which is incorporated into the nuclear Hamiltonian, 

viz. 

- A. ♦£*< «-i- (s-’) 

The nuclear motion wavefunctions are obtained by solution 

of 

1 (5.8) 

and the resulting eigenvalues E represent Born-Oppenheimer 

approximations to the total energy of the molecule. The 

total molecular wavefunctions are approximated* by 

(5.9) 

One final theoretical concept is central to virtually 

all molecular structure calculations: the variational 

. . 139 principle . This principal states that the expectation 

value of the Hamiltonian operator taken with respect to 

any approximate (appropriately normalized) wavefunction of 

 ;  133 
*In higher order approximations , a set of such Born- 
Oppenheimer states are used as zero-order basis functions, 
viz. 

♦total 
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the proper symmetry is an upper bound to the true energy 

of the state of interest. This is the basis of a minimi¬ 

zation procedure whose application to molecular structure 

problems will be discussed below*. 

B. Molecular States of H2 and H2 

Since it is the simplest multielectron molecule, H 

has received considerable attention in the literature of 

theoretical physics and quantum chemistry. A useful re¬ 

view of electronic wavefunctions for the molecule is 

. 141 provided by Kolos and Roothan . Particular attention 

143-147 has been paid to the ground state energy . Indeed, 

the most accurate calculations, performed by Kolos and 

148 Wolmewicz using a 100-term expansion for the elec¬ 

tronic wavefunction, yields an approximate variational 

energy which is better than the best currently available 

experimental valuei 

The most frequently used expansion is a slightly 

smaller one^^ which nevertheless gives perfectly respect¬ 

able results. At an internuclear separation R = 1.4 aQ, 

the resulting theoretical value for the electronic energy 

is -1.848 hartree, corresponding to a total energy of 

-1.134 hartree and a dissociation energy of 0.134 hartree. 

The experimental value of Dg is 0.174 hartree. 

*The variational principle also forms the foundation 
for the method of the self-consistent-field^®, which is 
not used in this thesis. 
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For many years, it was not known whether the ground 

2 + - 
S state of the H9 ion was stable or unstable. Most 
IX M 

. 149-151 
early calculations employed the method of configura¬ 

tion interaction, which is based on the linear variational 

152 155 
method (see below). In addition, Taylor ' and others 

have developed and applied a quasivariation method to the 

problem. This evolved into the well-known stabilization 

method discussed briefly in Chapter 1. Although most of 

its applications have been to the study of resonant states, 

. 152 
Taylor and Harris did verify that at small mternuclear 

2 + separations the ground state is electronically unstable. 

. 154 In Fig. 5.1 we present potential energy curves for some 

selected low lying states of Hj and ^ . 

Our interest in ^ is restricted to the ground 

state. Similarly, we are interested in low-energy continuum 

states of H£ with gerade symmetry. Our work with these 

systems will be discussed below. 

C. Calculation of Molecular Wavefunctions 

All molecular wavefunctions used in this research 

were obtained using the program VARY alluded to above. 

This code performs configuration interaction molecular 

structure calculations using modified valence bond wave- 

functions formed from a prescribed basis set of Slater-Type- 

Orbitals*. These calculations may be done at a variety of 

*See Appendix A for definition and discussion of the proper¬ 
ties of Slater-Type-Orbitals. 
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* 

Figure 5.1 

Potential curves for a few selected low lying states 
of H2 (solid curves) and KU” (dashed curves) . [from 
reference 154]. Note: A number of states above * 

E = 12 eV are omitted from this figure»- . . 
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internuclear separations and with or without variation of 

nonlinear parameters*. The varying of nonlinear parameters 

greatly increases the run-time of the program because cal¬ 

culation of matrix elements (evaluation of integrals) and 

a linear variational diagonalization must be carried out 

for each set of parameters. Consequently we have not chosen 

to vary the parameters in this research but have selected 

them using "guesswork with good taste." 

This somewhat unsatisfying approach was necessary 

because to date there is no known systematic procedure 

for the selection of basis functions to be used in a 

linear variational computation. We began with hydrogenic 

exponents and then adjusted these to span the desired 

range of r and to produce appropriate behavior at small r. 

It is perhaps not inappropriate to say a few words 

about modified valence bond (or Heitler-London) wavefunc- 

tions'^'* before proceeding to a discussion of the method 

of configuration interaction. Briefly, valence bond wave- 

functions differ from the more familiar molecular orbital 

wavefunctionsin that ionic terms do not appear in them. 

To illustrate, let us write a molecular orbital (MO) 

wavefunction for the molecule. In effect, the MO 

method is a "one-electron approach to a multi-electron 

molecular problem"—we place each of the two electrons in 

a molecular orbital, viz. 

*Since the version of the program used in these calculations 
differs from previous incarnations, a brief description of 
the input data is provided in Appendix B. 



s 4W411)1*101 Czï-pCl) , (5.9) 

where a(l) is a "spin-up" eigenfunction of the total spin 

of the molecule and f3(2) is a "spin-down" eigenfunction. 

-V 
The multiplicative factor of 2 2 is necessary for normal¬ 

ization. The argument on the functions and orbitals in 

Eq. (5.9) denote a particular molecular electron, 1 or 2. 

cp(i) is the molecular orbital, an eigenfunction of the 

corresponding one-electron Hamiltonian, in this case that 

of H~+. Note that ilr__ satisfies the Pauli exclusion 
2 H2 

principle, i.e. it is antisymmetric under pairwise 

particle interchange. 

A typical molecular orbital for use in wavefunctions 

of gerade symmetry* would be 

^(nYz!ÏTfr ], (5.io) 
cl 

where Is (i) is a hydrogenic Is atomic orbital centered 

on nucleus a, and S is the overlap integral, i.e. 

31 ID 
S = (is Ils ). Expanding Eq. (5.9), we have 

u -r[is*u)is*(*) +i*kCi)irku)+is‘*(i)isb (z) 
V*C,*S1 *" (5.10a) 

*The words gerade and ungerade refer to whether the wave- 
function is of even (g) or odd (u) parity, i.e. is its 
sign unchanged or changed under the operation of inversion 
through the midpoint between the nuclei. 
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It is apparent from Eq. (5.10) that the ionic terms, 

the first two, contribute equally to with the covalent 
H2 

terms, the third and fourth. For a covalent structure, 

such as this is a bit unreasonable—the two molecular 

electrons are much more likely to be shared between the 

two nuclei than concentrated on any one of them. Taking 

this physical argument into account, we obtain the valence 

bond wavefunction, 

ïf==t [4**fOisfccaWsv.(i>is«<2>l «Mu] (5.ii) 

Naturally, we do not go through this procedure to 

obtain valence bond wavefunctions since they can easily 

be constructed directly (see below). A "modified valence 

bond wavefunction" is simply one of this form but with 
a 

non-hydrogenic orbital exponents in Is (i), etc. 

Let us turn now to a description of the method of 

configuration interaction (Cl) used in VARY. This method 

was originally developed to take account of the instan¬ 

taneous Coulomb repulsion between pairs of electrons in 

atomic and molecular systems. This effect leads to a 

contribution to the system energy called the correlation 

energy which is neglected in the Hartree-Fock treatment, 

which merely considers average electron repulsion. 

The method is based on the linear variational 
1.V 

method. We form a trial wavefunction for the i-=— state 

of the molecule (or ion) of the form 
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y*1 * Z «j f; . (5.12) 

which consists of N configurations (j = 1,2,...,N). 

The expansion coefficients in this trial variational 

wavefunction are the linear variational parameters. They 

describe the mixing of different configurations in a sense 

to be described below (see discussion of structure 

projections). Each configuration is an appropriately 

symmetrized linear combination of Slater determinants, i.e. 

M 
<•»» 

ü?î ~ ®M’K ^lt 
1 k-1 

where in general the determinants are of the form 

(5.13) 

P (»« 
k 

*,(«> F,(i)ivco 
J.cu i, ID Kd) 
• • » 
• • ♦ 

S|ln) i»Cn) 

(5.14) 

n being the number of electrons in the system under con¬ 

sideration. is a one-electron spin orbital. The col¬ 

lection of such orbitals,i = 1,...,NJ is called the 

basis set for the Cl calculation. We have introduced the 

convenient notation that a bar implies "spin-up" and no 

bar implies "spin-down," which saves writing a's and p's. 

The orbitals which make up the basis set each can contain 

onr or more nonlinear variational paramaters*; these were 

*For VARY, each STO has one nonlinear parameter, a^. 
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discussed above. We shall show how the symmetry of the 

molecular state of interest is used to determine the coef¬ 

ficients a_jk in Eq. (5.13) when we consider a specific 

example (see Section 5D). 

The configuration interaction wavefunction of Eq. 

(5.12) is now used in the Rayleigh-Ritz variational 

principle, i.e. 

opc*tKelVc3:> > £ 
~ <{f(cr|^«x> ~ o ) 

(5.15) 

where EQ is the exact energy of the state of interest. 

Minimization of E' is achieved by solution of the familiar 

secular equations 

N 

si-1 
(5.16) 

where H.. is an element of the Hamiltonian matrix, 
13 

U{i -- <$£ l«'l§,> <5-17> 

and is an element of the overlap matrix 

* <■£; 1> . <5-18> 

These secular equations are often written in matrix form as 

lü-e'£ >* * o . (5-19) 

In VARY, techniques of matrix algebra are called upon to 

solve these equations. 

The reason for the use of Slater Determinants in 

cx Eq. (5.13) is to ensure that the wavefunction Y will 
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satisfy the Pauli Exclusion Principle. The coefficients 

a., in Eq. (5.13) are necessary because each configuration 
J*- 

must be an eigenfunction of the operators which commute 

with the Hamiltonian, including symmetry operators. For 

homonuclear diatomic molecules, these are the total spin, 

the z-component of the spin, the z-component of the elec¬ 

tronic angular momentum, the operator for reflection through 

the axis containing the nuclei*, and the operator for in¬ 

version through the midpoint of the molecule. 

VARY solves the secular equation (5.16) for eigen- 

158 values and eigenvectors. We know that if the eigen- 

values are arranged in ascending sequence, then the i-=— 

eigenvalue is a rigorous upper bound on the exact eigen- 

, til 
energy of the l— state of appropriate symmetry. 

D. Examples: H2 and H2 Wavefunctions (Single 

Configurâtion) 

To clarify the procedure discussed above and to show 

how we set up configurations for VARY, let us consider two 

simple examples. First we would like to show how to con¬ 

struct a single-configuration trial wavefunction for the 

H2 molecule. The symmetry will be that of the ground 

state, namely ^g+* The function must have total spin 

zero, so the spin part is [a(1) p (2)-p (1) a (2) ] . The pro- 

*This is a requirement only for E states (those with zero 
component of electronic angular momentum along the z 
axis) and leads to the designation E+ or E“. 
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jection of the total electronic angular momentum along the 

internuclear axis, A , must be zero, so we can employ 

only ns, npQ, ndQ, etc. modified atomic orbitals. Putting 

these requirements together, we have 

(5.20) 

where is the antisymmetrization operator. The orbitals 

used are STOs, i.e. 

= N;r"‘"'eY*-' (f)j (5.21) 

where 

M- * 
(2*;) i 

(5.22) 
‘i* P 

Let us rewrite Eq. (5.20) in the simplified notation 

of Eq. (5.14) : 

s | Is* ish | , (5.23) 

where the bars denote the Slater determinant. But to be 

a valid + eigenfunction, iL. must be even under inter- 
g H2 

change of the nuclei, so instead of Eq. (5.23) we must 

write 

| is* 1s* | + | isfc Is* | . (5.24) 

The basis functions are 

where r^a = |r^-Rj is the distance from nucleus a to 

(5.25a) 
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electron 1, and 

= N,e'*‘r“ Y* (O • (5.25b) 9 O’ 

Note that the nonlinear exponential parameters for like 

orbitals on different centers are the same. 

To see the structure of the (unnormalized) wave- 

function \jr„ , let us expand Eq. (5.24), viz. 
a2 

HVt£«s*C0lsHîHls,'(iUy*(zl3 t<(Op(l) -p(D *(t0. (5.26) 
-J 

*3 CSM wmrfrû Î 

5pn* port 
( AiifijijwiMeVic ) 

This is the simplest trial wavefunction we could use in 

VARY for H-2 calculations approximating states of sym¬ 

metry. Results of just such a calculation are reported in 

B 5E. 

Turning to the molecular ion , we must keep in 

mind a rather artificial constraint we have imposed, namely 

that we "freeze" the core wavefunction obtained by a 

calculation using a trial function like that of Eq. (5.26), 

and construct H2 configurations by multiplying the core 

function by an additional "atomic" (STO) orbital, which we 

might denote cpa(3) if centered on nucleus "a" or cp (3) if 

2 2 centered on "b." Our interest is in £ (or £ ) states 
g u 

of H2 • so the "basic construct" of a single configuration 

wavefunction for a state of this symmetry is 

is*(l) isb(2)<ç*(3) Erf( 0 {CD - p (I) *(t) 3 «< (3) . 
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Here we have coupled the total spin of the core function 

(zero) to the spin of the electron (%) to give a function 

with S = ^ as required. But this term is not an eigen¬ 

function of the parity operator. To impose this restraint, 

we write 

Cis*Co is* (214*0) ilsKn CwCOpCu-pCUota) 

where if we want the overall state to have gerade symmetry 

and cpa(3) is even, we choose a + sign, etc. Then the fully 

antisymmetrized H2 single-configuration wavefunction is 

= | Is* I 4 I1** 1*' «<*1 (5.27) 

ï I i7fc is** 1 

--|ij*4*i7* 1 “U** 4s* | (5.28) 

•+ ( is* 4fc is* I ) 

where in Eq. (5.28) we have taken note of the fact that in 

preparing Slater Determinants for input to VARY all "spin- 

down" orbitals must be conservatively placed (sic) on the 

right. 

This is really only one configuration. However, to 

get others we merely choose a variety of third orbitals, 

cp (3) . To see a specific example of one such configuration 

let us pick cpa(3) = lsa(3). Then the wavefunction for the 

2 + 
states of Hg symmetry is* 

*Once explicit forms for cpa(3) have been chosen for each 
configuration, we can "eliminate" redundant Slater Deter¬ 
minants from the configuration. VARY takes care of all 
normalization, so the factor of 2 which would normally 
accrue from this process can be cavalierly discarded. 
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%- « \ ±S' isfcl7*| + |iSk 1S* Î7
U I • (5.29) 

Examples of multi-configuration wavefunctions can be 

found in ,§ 5F below. 

It should be noted that, in addition to the eigen- 

energies resulting from solution of the secular equations 

(5.16) and the values of these energies plus internuclear 

repulsion, VARY prints out for each configuration fj some¬ 

thing cryptically called the zero-order energy. We shall 

denote this quantity 
Ej°* It is the energy of the j-^- 

configuration assuming no mixing of configurations were to 

occur, i.e. 

(5.30) 

This is mentioned only because this quantity turns out to 

be useful in determining which configurations must be 

included in the trial wavefunction. 

Before proceeding further in our discussion of single- 

and multi-configuration variational wavefunctions, it is 

useful to introduce an alternate interpretation of the 

"frozen-core" Hg wavefunction which should be kept in mind 

in interpreting the results of this research. 

Let us write a multi-configuration ^ wavefunction 

2 
of symmetry as follows 

\ lskf*)IVC3) *XbO)l(D sfm port], (5.31) 
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where we have introduced 

*V3)i Z c;<»*(3) (5.32a) 
£ *• i 

and 

Ci 4b (2) (-04*', (5.32b) 
I ► • 

ci ID 
where cp^ (3) and cp^°(3) are just the STOs introduced earlier, 

N is the number of configurations [cf., Eq. (5.12)], and the 

factor of (-1) in Eq. (5.32b) takes into account the 

fact that we can use STOs with JL ^ 0 provided m^ = 0. 

As the form of Eq. (5.31) makes clear, [X (3)+X°(3)] 

could be viewed as an "LCAO-MO." In particular, 

=» ID 
tX (3)+x (3)] is just the scattering function once we throw 

out all terms which arise because of the antisymmetrization 

operator, i.e. terms containing factors like cpa (1) , etc. 

must be excluded. 

E. Results ; H2 Wavefunctions* (1S + 
  3_ 

Symmetry) 

Preferring to keep things very simple at the core 

we initially work with a simple single-configuration wave- 

function of the form of Eq. (5.24). Variation of the non¬ 

linear parameter a produced a "best wavefunction" with 

a = 1.169 and E = -1.139 hartrees** (R = 1.4 aQ in all 

* We gratefully acknowledge the invaluable assistance of 
Jim Black in carrying out some of the calculations reported 
here. His advice, based on painfully acquired knowledge of 
the running of VARY, greatly facilitated our later work. 

**This quantity is measured from a zero defined as infinite 
separation of the two nuclei and all electrons at infinity. 
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calculations). Converted to one-center*, the s-projection 

of this wavefunction is shown in Fig. 5.2. 

We should here point out that at a later stage in 

the analysis of our results, we wondered whether the 

rather poor quality of this function made much difference 

to our conclusions (see Chapter 10). To answer this ques¬ 

tion we carried out a short series of calculations like 

those in Chapter 10 using other H2 wavefunctions from the 

159-161 literature as core functions instead of our vana- 

tionally determined • We found very little difference 
h2 

in the resulting phase shifts, suggesting that as long as 

the core function "looks like a true H» + eigenfunction, 
A g 

finer points in its structure, which would be reflected 

in better energies, do not matter. [Of course, those 

remarks may not apply when the core is unfrozen and short- 

range correlation effects thereby taken into account.] 

— 2 + 
F. Results: H2 Wavefunctions ( )** 

A rather large number of runs of VARY were necessary 

before we discovered the way one must put together varia¬ 

tional wavefunctions for H2 . There are really two require 

ments which must be kept in mind if one is to construct 

reasonable trial functions? both involve selection of basis 

functions. Rather than trace through the tortuous and 

* See Chapter 8. 

**See footnote (*), previous page. 



149. 



150. 

often tedious path which led us to these conclusions, we 

shall state and illustrate them and then move on to a 

brief discussion of our "best" H^”* wave fun et ion s. 

As discussed in Appendix A, the approximate loca¬ 

tion of the peak of a particular STO basis function of the 

form of Eq. (5.21) is easily calculated from the formula 

It is necessary to have a considerable density of peaks 

close to the origin of coordinates, say r <2.0 aQ, where 

r is measured from the midpoint between the nuclei. We 

have illustrated in Table 5.1 how this is effected by 

choice of nonlinear parameters a^. 

Initially we used some of the same basis functions 

whose parameters appear in this table but with much smaller 

values of cu (usually ou = 1) . This led to a most irri¬ 

tating set of results: We got essentially the same 

scattering function* regardless of energy! Though enter¬ 

taining, this "universal scattering function" seemed 

unphysical and, in fact, was wrong. 

The user of VARY must not be misled by the fact that 

the structure projections (see below) for these particular 

"inner peak" basis functions, which give an indication of 

*The scattering function for a particular energy was ex¬ 
tracted from the corresponding variational eigenfunction 
by selecting all two-center orbitals which depended on 
the coordinate of the scattering electron, forming a 
linear combination of those functions, and projecting out 
the desired ^-component. See Chapter 8 for details. 
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Table 5.1 

Basis Functions (STO) Used to Avoid 

"Universal Scattering Function" 

n. 
l 

a. 
x 

Je.a 

i 
, b 

peak 

i 15 0 0.067 

i 7 0 0.143 

i 4 0 0.25 

2 5 0 0.400 

2 4.5 0 0.444 

2 4 1 0.500 

3 5 0 0.600 

3 4.5 1 0.667 

3 3.5 2 0.857 

4 3.5 0 1.143 

4 3 1 1.333 

4 2.5 2 1.600 

4 2 3 2.000 

nu = 0 for all STO's since symmetry is E 
T_ 

See Eq. (5.33) 
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the relative contribution of a particular basis function 

to the entire variational eigenfunction, are small. They 

are nevertheless essential to avoid the "universal scatter¬ 

ing function"i 

The second requirement is that several configurations 

be included which have low zero-order energies [see Eq. 

(5.30) above], particularly if one is interested in low 

energy roots (say, E < -0.9 au S3 6.5 eV) . They are 

necessary because it is these configurations which are the 

principal contributors to such low-lying roots. To obtain 

low zero-order energies, we select basis functions with 

large values of n^ and/or small values of (see 

Table 5.2). 

By utilizing these two facts we were able to obtain 

reasonably good 17- and 19-configuration wavefunctions* for 

2 Hh « 
Sg symmetry states of H2 . The particular basis functions 

used are shown in Tables 5.3 and 5.4. The resulting eigen- 

energies are presented in Tables 5.5 and 5.6, together with 

the corresponding zero-order energies. Finally, to show 

the form of some of these eigenfunctions, we have plotted 

the s-projection of the scattering orbitals derived from 

two especially interesting 17-configuration functions 

(converted to one-center) in Figs. 5.3-5.4. [Since we are 

♦Nonlinear parameters were not minimized in these calcula¬ 
tions. This was to avoid severe depletion of our computer 
budget (which occurred anyway). It is very likely that 
superior results could be obtained with minimization of 
the eu 's. [Note: If they are minimized, one must optimize 
on a root other than the lowest one.] 



Table 5.2 

Basis Functions (STO) Used to Induce 

Low-Lying Variational Roots 

n. 
l 

a. 
i 

I* 
i 

bo 
E 

5 i 1 -1.067 

6 i 1 -1.088 

7 i 1 -1.099 

6 

in • 
o
 0 -1.127 

7 0.7 1 -1.20 

m, = 0 in all STOs because symmetry is £ 

Zero-order energy [see Eq. (5.30)] plus 
internuclear repulsion (R = 1.4 a ), in 
. o' * 

atomic units. 
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Table 5.3 

Parameters for Basis Functions Used in 17 Configuration 

- 2 + 
Run of VARY for H2 (Symmetry: E^ ) 

n. 
X 

a. 
l 

&. 
l 

i b 
~ peak widthC 

i 4.0 0 0.25 0.144 

i 7.5 0 0.133 0.077 

i 15.0 0 0.066 0.038 

2 5.0 0 0.4 0.179 

2 4.0 1 0.5 0.238 

3 5.0 0 0.6 0.227 

3 4.5 1 0.667 0.252 

3 3.5 2 0.857 0.324 

4 3.5 0 1.143 0.381 

4 3.0 1 1.333 0.444 

4 2.5 2 1.6 0.533 

4 2.0 3 2.0 0.666 

5 1.0 0 5.0 1.505 

6 1.0 0 6.0 1.662 

7 1.0 0 7.0 1.806 

6 0.5 0 12.0 3.324 

7 0.7 0 10.0 2.58 

a 

b 

1 + 
Built on Eg core described m Chapter 

See Eg.' (5.33) 

5 (E —1.139 a.u. ) 

See Appendix A 
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Table 5.4 

Parameters for Basis Functions Used in 19 Configuration 

- 2 + 
Run of VARY for (Symmetry: ) 

n. 
i 

a. 
X 

H. 
X 

! 13 ~ peak ~ widthC 

i 4.0 0 0.25 0.144 

i 7.5 0 0.133 0.077 

i 15.0 0 0.066 0.038 

2 5.0 0 0.4 0.179 

2 4.0 1 0.5 0.238 

3 5.0 0 0.6 0.227 

3 4.5 1 0.667 0.252 

3 3.5 2 0.857 0.324 

4 3.5 0 1.143 0.381 

4 3.0 1 1.333 0.444 

4 2.5 2 1.6 0.533 

4 2.0 3 2.0 0.666 

5 1.0 0 5.0 1.505 

6 1.0 0 6.0 1.662 

7 1.0 0 7.0 1.806 

6 0.5 0 12.0 3.324 

7 0.7 0 10.0 2.58 

4 1.5 0 2.6 0.858 

4 1.0 1 4.0 1.32 

Built on "*^g+ core described in Chapter 5 (E = -1.139 a.u.) 

See Eq. (5.33) 

See Appendix A 
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Table 5.5 

Eigenenergies Resulting from 17 Configuration Run of 

— 2 + 
VARY on States of (Symmetry: ) 

Root 
Number 

Electronic 
Energy 

w/lnter. 
Repulsion 

Configuration 
Numberc 

Zero-Order 
Energy^ 

1 -0.4713 0.243 1 5.596 

2 21.946 22.660 2 22.682 

3 407.129 407.843 3 99.071 

4 76.036 76.750 4 2.513 

5 1.473 2.187 5 4.608 

6 7.123 7.842 6 1.771 

7 31.228 31.942 7 2.452 

8 8.257 8.971 8 5.031 

9 0.187 0.902 9 1.952 

10 4.539 5.253 10 0.205 

11 -0.856 -1.421 11 0.176 

12 0.424 1.138 12 0.968 

13 -0.182 -1.106 13 -1.067 

14 -1.758 -1.044 14 -1.088 

15 -1.319 -0.605 15 -1.099 

16 -1.846 -1.132 16 -1.127 

17 -1.618 -0.904 17 -1.120 

a . , 
Energies in hartrees, R = 1.4 a 

To convert to standard scale subtract this value from the 
energy of the ground state of used—i.e.—1.139 a.u. 
(hartrees) 

'See Table 5.3. Each configuration is constructed from one 
orbital in Table 5.3 appended to the core ^E + H2 functions 
in the manner described in Chapter 5. 

1 
See Eg. (5.30). These include internucl ear repulsion. 
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Table 5.6 

Eigenenergies Resulting from 19 Configuration Run of 

- 2 + 
VARY on States of H^ (Symmetry: ) 

Root 
Number 

Electronic 
Enerqy 

w/lnter. 
Repulsion 

Configuration 
Number0 

Zero-Order 
Energy^ 

1 -0.829 -0.115 1 5.590 

2 23.556 24.271 2 22.682 

3 417.847 418.56 3 99.071 

4 78.813 79.527 4 2.513 

5 1.750 2.465 5 4.607 

6 7.763 8.477 6 1.771 

7 31.905 32.619 7 2.452 

8 8.262 8.976 8 5.031 

9 0.816 1.530 9 1.952 

10 5.299 6.014 10 0.204 

11 -0.454 2.605 11 0.176 

12 3.886 1.103 12 0.968 

13 -1.846 -1.132 13 -1.067 

14 -1.762 -1.048 14 -1.088 

15 -1.385 -0.671 15 -1.099 

16 -1.822 -1.107 16 -1.127 

17 -1.640 -0.926 17 -1.120 

18 -0.709 0.005 18 -0.804 

19 -1.645 -0.931 19 -0.810 
aEnergies in hartrees, R = 1.4 aQ 

To convert to standard scale, subtract this value from the 
energy of the ground state of H used—i.e.—1.139 a.u. 
(hartree) 

c ... 
Each configuration is constructed from one orbital m Table 
5.4. appended to the core + function in the manner 
described in Chapter 5. 

See Eq. (5.30). These include internuclear repulsion. 
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s-wave (A = 0) projection of 17 configuration H~ 
(2S +) wavefunctioQ at E = 0.014 Ryd. Calculated by 
VARY and converted to one-center. R = 1.4 a . 
(See table 5.5) ° 
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Figure 5.4 

s-wave (A =,0) projection of 17 configuration H-" 
(2Sq+) wavefunction at E.= 0.066 Ryd. Calculated by 
VARY and converted to one-center. R = 1.4 a . 
(See table 5.5) ° 



160. 

only interested in the behavior of. these wave functions at 

small r (see Chapter 10), that region only is shown in 

these figures.] Discussion of these functions and their 

utility is appropriately deferred to Chapter 10. 

A useful picture of the contributions of the various 

configurations in the Cl wavefunction to an eigenfunction 

of a particular root can be obtained by an examination of 

13G 
the structure projections'1 , which we shall denote 

Because the configurations are not orthogonal, 

one cannot use the coefficients c^j in the Cl expansion 

of Eq. (5.12). Instead, VARY calculates structure pro¬ 

jections defined by 

X-i - < Î I Cjj > . (5.34) 

Substituting Eq. (5.12) into this definition yields 

N 

Xj* Cii j£, (5.35) 

N 

Z 
k *« 

(5.36) 

where we have introduced yet again the ubiquitous overlap 

matrix of Eq. (5.18). 

To illustrate, we have selected two roots, one from 

the 17-configuration calculations and one from the 19- 

configuration calculations and presented their structure 

projections in Tables 5.7 and 5.8. These roots were chosen 

because (1) they are both low-lying in energy, (2) they are 
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Table 5.7 

. . a 
Coefficients and Structure Projections for 0.014 Ryd. 
Root*3 of 17-Configuration Run of VARY on H ~ States 
(Symmetry: 2Z +) at R = 1.4 aQ 

Configuration 
Number Coefficient 

Structure 
Projection 

1 3.271(-2)C -1.768(-3) 

2 -1.413(-2) 4.123(-4) 

3 4.345(-4) -5.404(-6) 

4 -2.521(-2) 1.583(-3) 

5 6.333(-4) -1.413(-5) 

6 1.954(-3) -1.433(-4) 

7 -1.700(-3) 4.832(-5) 

8 -4.205(-4) 6.325 (-6) 

9 -3.315(-3) 1.850(-4) 

10 3.860(-3) -2.271(-4) 

11 3.314(-3) -7.942(-5) 

12 1.136(-3) -1.161(-5) 

13 2.047(-1) 2.431(-1) 

14 -5.161(-1) -7.807(-1) 

15 5.053(-1) 9.227(-1) 

16 6.237(-1) 2.059 

17 -5.062(-1) -1.444 

a0nly the magnitude of the structure projection has sig¬ 
nificance. See Eq. (5.36) and discussion. 

b 
This is root 16 of Table 5.3 (and 5.5). 

C3.271(-2) = 3.271xl0~2 
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Table 5.8 

. a 
Coefficients and Structure Projections for 0.014 Ryd. 
Root*3 of 19 Configuration Run of VARY on H ~ States 
(Symmetry: ^2 +) at R = 1,4 aQ 

Configuration 
Number Coefficient 

Structure 
Projection 

1 -1.612(-1)C 8.081(-3) 

2 6.655(-2) -1.788(-3) 

3 -1.479(-3) 1.688(-5) 

4 -1.237(-1) -7.213(-3) 

5 -5.904(-4) 1.239 (-5) 

6 -2.330(-2) 1.529(-3) 

7 -8.612(-4) -2.306(-5) 

8 3.586(-4) -5.006(-6) 

9 1.475(-2) -8.319(-4) 

10 -4.292(-3) 2.291(-4) 

11 -3.214(-3) 7.555(-5) 

12 -1.039(-3) 1.113(-5) 

13 6.155(-1) 7.101(-1) 

14 -1.280 -1.885 

15 9.687(-1) 1.725 

16 6.877(-1) 2.252 

17 -6.363(-1) -1.783 

18 -5.966(-2) -1.855 

19 -5.214(-3) 2.767(-4) 
cL 
Only the magnitude of the structure projection has sig 
nificance. See Eg. (5.36) and discussion. 

b 
This is root 13 of Table 5.4 (and 5.6) 

C-1.612(-1) = -1.612X10"1 
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the two closest roots (in energy) to come out of these two 

calculations, (3) they are used in the results reported in 

Chapter 10. 

Note that, as claimed above, the "inner peak" con¬ 

figurations (see Table 5.1) do not contribute heavily to 

_ ; the main contributions are from configurations with 

lo* values of E° (compare Tables 5.5 and 5.2). Including 

two additional basis functions is seen to shift the energies 

somewhat, even though one of them (configuration 19 in 

Table 5.4) does not contribute strongly. These additional 

basis functions were chosen, incidentally, to "fill in the 

gaps" in the 17-configuration basis—i.e. their peaks were 

at values of r where there was not thought to be a heavy 

concentration of other basis functions (see Table 5.4). 

It is entirely reasonable to expect that we could 

substantially improve the quality of these variational 

functions by increasing the number of basis functions 

and/or minimizing the nonlinear parameters. These possi¬ 

bilities are briefly discussed in Chapter 11. 



164. 

Chapter 6. Matrix Elements of the Electron- 

Molecule Interaction Potential 

In Chapter 4, we saw that the coupled integro- 

differential equations describing electron-I^ scattering. 

exchange is neglected, as in the calculations of 

Chapter 10 these matrix elements are required. Therefore 

we shall now derive useful expressions for them which 

state of 

Although the calculations of Chapter 10 are ex¬ 

clusively single-channel, we have incorporated coupling 

into the results of this chapter, to an extent. This 

looks ahead to future work on this problem when we may 

choose to allow coupling of partial waves. 

In this chapter we shall discuss only short-range 

contributions to the interaction potential matrix ele¬ 

ments. Long-range terms are the subject of Chapter 7. 

The direct matrix element between initial channel 

T) and final channel ri' is defined as 

(6.1) 

contain the direct matrix elements V Even when 

16 0 
employ the simple Wang wavefunction for the ground 

(6.1) 
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—* —♦ i 

where X (r^,r2|R) is the molecular target wavefunction 
■n r\ -» _* 

for state T) depending on the coordinates r^ and r2 of the 

molecular electrons and parametrically* on the internuclear 

separation, R. Further elaborating on Eq. (6.1), r^ is the 

coordinate of the scattering electron, and v^nt^
ri'r2'r3^ 

is the electrostatic electron-molecule interaction potential 

given by 

<i* r3«. (6.2) 

The matrix element V^, (r3) clearly involves two 

integrations: (1) over the spatial coordinates of the 
•>■4 —* 

molecular electrons, r^ and r2, and (2) over the angular 

coordinates of the scattering electron, r^. We prefer, 

therefore, to introduce a new matrix element by the 

relation 

v (-’,=î ü <<■; > 4 (6.3) 

where 

wîr(çr=J*i +±Jx7'(f„tjiUW. <6-4> 

W (r^) is called the inner molecular matrix element and 

contains information about the particular molecular states 

under consideration. 

Since the research of this thesis is restricted to 

systems with the target H2 molecule in its ground state. 

♦Although we do not explicitly indicate so, V , (*3) also 
depends parametrically on R. All calculations in this 
chapter are carried out at R = 1.4 a . 
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we shall particularize to the case 

Note that we must still deal with coupled equations because 

the angular momentum (partial waves) couple due to the 

non-spherical nature of the molecular potential. The 

inner molecular matrix element of Eq. (6.4) is then just 

an effective e-H^ interaction potential. Physically, it 

is to be thought of as the electrostatic interaction poten¬ 

tial V^nt averaged over the ground molecular state of 

H2 (see Fig. 5.1) for R = 1.4 aQ. 

A convenient way to deal with W^, (^3) is to expand 

it in a complete set of functions, namely the popular 

Legendre polynomials. Doing so yields 

where 0^ is the angle between the direction of the scatter¬ 

ing electron and the intemuclear axis. Now, for a homo- 

nuclear diatomic molecule, all odd terms (X = 1,3,...) in 

the expansion (6.5) vanish (i.e. their coefficients are 

zero) because the molecular potential is of even symmetry. 

Hence we are left with VQ(r.j), v^(r^), etc. to 

evaluate. 

Let us consider first the evaluation of the direct 

matrix element V , (r3) from Eq. (6.3). There are a number 

of equivalent ways to go about this; we shall select a 

rather simple one. 

(6.5) 
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Substituting the expansion (6.5) into Eq. (6.3) we 

obtain 

=f, j^1 <?/Y;< v) J;,, 
where we have employed the familiar relation 

fit (c«*.03) 

SJ Zk*/ Xu 

(6.6) 

131 

(6.7) 

Now, in general, we know how to evaluate the integral of 

16 2 
three spherical harmonics , viz. 

îr^’UfY,"1 

= 00C) 

(6.8) 

where C ( £>2 ^3 ;) is the familiar Clebsch-Gordan 

163 
If ittj = 0, as in Eq. (6.6), then the cp^ coefficient 

integral on the left hand side gives us simply 

so we have, after a little algebra, 

(6.9) 

x £ r vfiilill 
^ ♦ 1 A 0 ntj ) 

(6.10) 

« CM,,Ai, ; 0oo)SmyM} . 

A computer program (VMAT), discussed briefly below, 

was prepared to evaluate V^, (r^) given v^(r3)# ^ = 0,2,4. 

For coding purposes, we used the known properties of the 

164 
Clebsch-Gordan coefficients to rewrite Eq. (6.10) as 
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(6.11) 
il C (Jfj Jlj (Ai * i 0 î C / 0 0® î ^wl^/ IH^ » 

We now turn to the coefficients v^(r^), (X even), 

which appear in this expansion and in that of the inner 

molecular matrix element, cf., Eq. (6.5). Note that not 

all the v^(r^) coefficients will necessarily contribute to 

these expansions. For example, the triangle rule of the 

Clebsch-Gordan coefficients can cause this effect: 

C ^2» ^2'= ® unless lies in the range of 

integers from Jjfc^-j^lto For example, for s-states, 

=0 and m^ = m^, =0, so because of the presence 

of C(A A .XyOOO) in Eq. (6.11), only the spherical part, 

v (r^) is picked up. Hence in this case it doesn't matter 

if we include quadrupole interaction terms, 

83 
Lane and Geltman considered the problem of evalu¬ 

ating these coefficients in their close-coupling studies 

of eHE^ scattering (see Section 2F). Using the simple 

W;=m rr fnnpf inn -For* ilr i o 

evaluating W^, (r^) » it could be written in the particular¬ 

ly simple form 

(6.13) 
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where 

<’(ffci=-(UW^1)t"
1',J!r,‘ Cc*«,H. (6.14) 

Equation (6.13) was then expanded [as in Eq. (6.5)] to 

obtain v^w(r^)—see Fig. 6.1. By comparing their results 

66 
for these coefficients with those of Dalgarno and Henry , 

who used the multi-configuration one-center ground 

. 165a state wavefunction of Hagstrom and Shull , Lane and 

Geltman concluded that the average electron-^ interaction 

potential is not particularly sensitive to the choice of 

the ground state molecular wavefunction. 

On the basis of this conclusion, we decided to use 

their coefficients v^w(\ = 0,2,4) to represent the short- 

range interaction terms in our calculations of matrix 

elements. As Lane and Geltman point out, these coef¬ 

ficients all die off exponentially at large r^ and hence 

cannot hope to accurately represent the long-range behavior 

of the potential. Therefore it is necessary to add to 

v^W(r3) the long-range terms discussed in the next chapter. 

We finally obtain 

(6.15a) 

v, * V~ C.JÎ4 Vf'lfj) *- tr£ (rt) 
(6.15b) 

v, Ujl = (6.15c) 

for the expansion coefficients through X = 4. 
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Short-range contributions to coefficients (r) 
expansion of effective e-H2 interaction potential. 
Calculated by Larte and Gelcman using the Wang H2 
wavefunction [see Eq. (6.12)]. Shown as X = 0,2,4. 
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A computer program (VMAT) was prepared which accepts 

the value of v^w(r^) from disc, the channel indices ri and 

ri' and the parameters of the long-range potential terms 

from cards, and then generates direct matrix elements 

V ,(r_). The particular parameters required depend on 
I J 1 | J 

which form of the long-range potential is being used (see 

Chapter 7), but basically they consist of the spherical 

and non-spherical polarizabilities, a and a_ respectively, 

the quadrupole moment; Q, and one or more cut-off radii 

which are used to remove the long-range terms at small r^. 

Clebsch-Gordan coefficients are evaluated internally via 

a subroutine. 

The resulting matrix element for the case of un¬ 

coupled, s-waves is shown in Fig. 6.2. Notice from Eq. 

(6.1) that in the single-channel case (no coupling of 

partial waves) when exchange is neglected, (1^3) enters 

just like a potential in the radial Schroedinger equation, 

so this curve does have some physical content. We shall 

use the s-wave curve in the calculations of Chapter 10. 
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Figure 6.2 

Direct matrix element V , for elastic scattering 
with no coupling? & = 0,m = 0; polarization and 
quadrupole interactions are included; a =5.5, 

~ 1*38, Q =0.49, = 1.4 (Lane'and°Geltman 
form of polarization potential). 
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Chapter 7. Long-Range Interactions in Electron- 

Molecule Scattering 

Appearing in the matrix elements of Chapter 5 was 

the effective electron-^ interaction potential, V(r,R). 

It is precisely the nature of this potential which deter¬ 

mines the scattering parameters for any particular event. 

In Chapter 6 we expanded V(r,R) in the complete set of 

Legendre polynomials P^(cos0), where 0 is the angle 

between r, the coordinate of the scattering electron, 

and R, the direction of orientation of the intemuclear 

axis, i.e. 

We saw that the homonuclear symmetry of implied that 

only even harmonics contribute to the multipole expansion 

in Eq. (7.1). 

The \ = 0 and X = 2 terms of this expansion were 

then written as a sum of short-range and long-range parts. 

A 

A 

(7.1) 

(eV«N> 

(7.2a) 

(7.2b) 

In Chapter 6 the nature of the short-range terms was dis¬ 

cussed. Here we shall briefly consider the long-range 

terras which contribute to the potential. 
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Two such long-range terns appear to be important in 

the scattering of slow electrons by diatomic molecules. 

The first accounts for the large energy losses observed 

in low-energy e-^ scattering experiments and is due to 

the fact that the hydrogen molecule possesses a quadrupole 

moment caused by the nuclei Q. Hence the interaction 

39 
has a long-range "tail," a quadrupole term proportional 

to (cosG) of the asymptotic form* 

V lr) r-*<» 

Q_ 
r* 

(7.3) 

The quadrupole moment is defined for a neutral 

homonuclear diatomic molecule with nuclear charge Z by 
45 

a = <- x *i* P,C~©.) , 
£* I 

where the integral is taken over the molecular wavefunction 

til 
and r^ is the radial coordinate of the i— bound molecular 

electron referred to the midpoint of the internuclear axis. 

The molecule has no permanent electric dipole moment. 

Nevertheless, long-range polarization "tails" also 

contribute to the potential because of the presence of an 

. . 45 
induced dipole moment 

Both of these effects have been found to be important 

in e-^ scattering^'. (In fact, in the region of values 

of r which are important for scattering, the polarization 

 : :  2 
* When it is added to VgR as in Eq. (7.2), the quantity 

-Q/r3 must be multiplied by the cut-off function C(r) 
described below. 

**Discussion of the historical evolution of this observa¬ 
tion may be found in Chapter 2. 
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potential and the quadrupole potential are about 

equally significant'1' , and both must be taken into account 

if accurate cross sections are to be obtained over a wide 

range of energies.) However, there is some question about 

precisely how the polarization terms should be included. 

We have employed two different forms of the long-range 

potential in the calculations reported in Chapter 10. The 

83 
first was introduced by Lane and Geltman and is somewhat 

Q C 

empirical. The second was derived by Lane and Henry 

from the Rayleigh-Ritz variational principle and is the 

more accurate of the two. 

A. A- "Semi-Empirical Polarization Potential" 

Lane and Geltman's polarization terms v u(r) and 

2 
Vp (r) are designed to have the correct asymptotic be- 

163D -4 
havior , namely r . Since these terms are merely added 

o 2 
to vSR and VgR, they must be multiplied by a cut-off 

«4 

function C(r) which removes them from V(r,R) at small r, 

thus simulating the effects of the system's dynamics on 

the polarization interaction. The form of the cut-off 

function is 

CM s l - -*“f C fcc ) ^ j (7.3) 

where Rc is a variable parameter, the "cut-off radius," and 

p was chosen as p = 6 to give a rather sharp cut-off* for 

♦Perturbation theory calculations have determined'1'0'3 that 
the polarization potential begins to dominate the inter¬ 
actions of the electrons with the nuclei at about 2.5 aQ. 
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r £ Rc* The cut-off radius was chosen to give the best 

total cross sections at incident energies greater than a 

few eV. [Values of R from 1.8 a to 2.0 a^ were used in c o o 

the close-coupling calculations of Lane and Geltman (which 

did not include exchange).] Thus the long-range polariza¬ 

tion terms are 

<7-4a> 

and 

Vs' £ (7-4b) 

Here CLQ is the spherical polarizability of H2, and 0^ is 

the non-spherical polarizability. In terms of the more 

familiar polarizabilities ay (parallel to the intemuclear 

axis) and a± (perpendicular to the internuclear axis), we 

may write 

3 (7.5a) 

| (*„ - *x) . (7.5b) 

The values used by Lane and Geltman for these quantities 

60 166 3 3 were ' a = 5.5 aQ and = 1.38 a . The quadrupole 

2 
moment was taken to be Q = 0.49 eaQ . [These values were 

also adopted in our calculations.] 

As discussed in Chapter 2, the results of Lane and 

Geltman's close-coupling calculations of cross sections 

for the rotational transition ( j = 1 -* j ' =3) suggested 
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that the tail of their potential was too weak. This obser- 

85 
vation stimulated Lane and Henry to calculate an adiabatic 

polarization potential directly. 

B. A Variationally Determined Adiabatic Effective 

Polarization Potential 

The most important assumption made in the work of 

Lane and Henry is that the molecular (target) electrons 

react adiabatically in the field of the incident electron. 

In effect, the bound electrons are viewed as moving in 

the field of a fixed scattering electron. This approxima¬ 

tion, which clearly becomes progressively worse as the 

energy of the incident electron increases, leads to a 

potential which yields cross sections in good agreement 

with experimental results at low energies*. [These authors 

also make the usual Born-Oppenheimer approximation (see 

Chapter 5) .] 

Essentially, Lane and Henry assumed that the target 

H2 molecule remained in its ground state and used a trial 

wavefunction for the polarized molecule of the form** 

Wi,î;3)* ^(1,2) X X (*,+*»)** ) (7.5) 
•t so r 

where tyQ(l,2) is the electron for the target H2 molecule 

* Nevertheless, our calculations (cf., Chapter 10) suggest 
that the non-adiabatic correction terms may be important 
and that for large r the polarization potential of Lane 
and Henry may be too strong. 

**In their work, the scattered electron is denoted r . 
3 
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and the linear variational coefficients depend on the 

• •** ^ 
coordinate of the scattering electron, r^* 

They substituted Eq. (7.5) into the stationary prop¬ 

erty of the average energy, yielding the familiar matrix 

problem. This was then solved for minimum energy eigen¬ 

values, Em(3) which by the variational principle, provides 

an upper bound on the total energy of the polarized molecule 

in the field of the electron at position r^. Subtracting 

from this quantity the ground state electronic energy and 

the average interaction energy (tyo|v|i)io) between the 

scattering electron and the unperturbed target molecule 

in its ground state yielded the polarization energy. 

Using the single-center wavefunction of Joy and 

159 
Parr , Lane and Henry determined that the best analytic 

fit to the resulting variational polarization energy was 

V(f)s ~ [l - e'(r/r* ' ] (7.6a) 

(ri - aCrMr'V rïO.S 

0 Oir*O.S 

(7.6b) 

where r^ = 1.22 aQ, = 0.1 aQ, rg = 1.7 aQ, and r^ = 

2.0 aQ. The values of aQ and are the same as in Eq. 

(7.4) ff. (This potential is derived assuming that the 

scattering electron does not penetrate the region of the 

bound molecular electrons.] The same authors later used 

these potential terms and the quadrupole term of Eq. (7.3) 

in calculations of cross sections for rotational excitation 

of H2. 
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C. Discussion 

A detailed analysis of the effects of each of these 

potentials on the elastic s-wave cross sections for e-H2 

scattering will be presented in Chapter 10, where we dis¬ 

cuss our calculations. However, it is useful to look 

briefly at graphs of each long-range term. 

The two are compared in Fig. 7.1, where we have 

plotted Vp°(r) for the potentials of Lane and Geltman 

[Eg. (7.4a)] and Henry and Lane [Eq. (7.6a)]. In both 

cases we have included the cut-off function, C(r). The 

effect of this function may be seen in Fig. 7.2, where we 

have plotted v °(r) for the Henry-Lane potential with and 

2 
without cut-off. Finally, the X = 2 contributions v^ (r) 

are shown in Fig. 7.3. Inspection of these figures reveals 

that, as desired, the variationally obtained polarization 

potential of Lane and Henry is smaller at large r. 

To date no one has included polarization interaction 

by explicit use of virtual electronic excitations (i.e. 

closed channels). This approach was discussed by Castillejo, 

16 7 Percival and Seatonx for electron-hydrogen atom scatter¬ 

ing. It would have the advantage that the adiabatic 

approximation discussed above could be avoided. At high 

incident energies this would be especially appropriate. 

(Indeed, if the energy of the scattering electron is large 

enough, the distortion of the target by the electron is 

highly non-adiabatic and can result in actual electronic 
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Comparison of X = 0 (spherical) contribution to 
the polarization potentials of Lane and Geltman 
and Henry and Lane [Eqs. (7.4) and (7.6)]. For 
the former potential, the cutoff radius R = 1.4 aQ 
was used. 

y
 %
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Figure 7.2 

X = 0 (spherical) ‘contribution to polarization 
potential of Lane and Henry with and without inclusion 
of the cutoff function C (r)—cf., Eq. (7.3). 
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Comparison of X = 2 (non-spherical) contribution to 
the polarization potentials of Lane and Geltman and 
Henry and Lane (solid curves). For the former, the 
cutoff radius was chosen Rc = 2.0. The dashed curve 
is v ° (r) from Henry and Lane and gives an idea of 
the relative magnitudes of the non-spherical term 
compared to the spherical one. 
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excitations.) Also promising is the pseudostate method of 

Burke and others which includes all of the polarization 

interaction at the expense of modifying the formalism in 

terms of which the problem is posed. Either of these 

approaches* should be an improvement on the calculation of 

Lane and Henry. 

76 
In conclusion, it should be noted that Hara has cal¬ 

culated a two-center polarization potential which is a bit 

smaller than that of Lane and Henry. We have not employed 

Hara's potential in the calculations reported herein. 

♦Finally, the method of polarized orbitals has been 
applied with some success to e-H2+ collisions by Temkin 
and others but not to the e-^ problem. 
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Chapter 8. Conversion of Two-Center Functions 

to One-Center 

In Chapters 5 through 7 we discussed all the aspects 

of the molecular structure calculations which make up 

the first phase in our analysis of electron-diatomic 

molecule scattering. In this chapter and the next, we 

shall discuss briefly two further steps which are necessary 

to prepare for the numerical integrations which ultimately 

obtain for us s-wave phase shifts. 

VARY produces two-center variational wavefunctions 

whose form was discussed in Chapter 5. These consist of 

a linear combination of N configurations, 

2. «; f; , (8.1) 
i " I 

where the c^, i = 1,2,...,N are the linear variational 

coefficients, and where each configuration contains two 

atomic orbitals, cp/*(r3a) and cp/* (r^) built on a frozen 

H2 core function of symmetry ^g+* 

The next step in the analysis is extraction of the 

"scattering function" from the wavefunction corresponding 

to the particular root of interest. This is accomplished 

by going into the variationally determined wavefunction 

and selecting out all the two-center orbitals which are 

functions of r^. We thereby form the scattering function 

U(‘k>r3V)l ) *C,*<*,* ), (8.2) 
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th 

where the sign in the i— term corresponds to that chosen 

for the i-^— configuration (cf., Eq. (5.27)ff). The 

rationale for this procedure is simply that since we chose 

to freeze the core, we must ignore all terms in the 

resulting variational wavefunction which arise from exchange 

The scattering function u is all that is left over after 

you remove the core, i.e. it is the continuum orbital 

which multiplies the target state in the scattering bound¬ 

ary conditions of Chapter 4. 

Now, to prepare the function for single-channel 

numerical integration we must convert it to one-center and 

project out the desired partial wave. The relevant coor¬ 

dinates are shown in Fig. 8.1. The center, C, is chosen 

as the midpoint between the two nuclei. The first step 

is to use the simple relationships of trigonometry between 

a 

angles 0^ , 0^ and 0^ to re-express u(r3a»
r
3b) as 

■4 

u(r3) = u (r^,©^, cp3) . We then expand the resulting function 

in a complete set of functions, the spherical harmonics, viz 

Since we only consider £ states, we can set m = 0 and, 

introducing the new radial function 

(8.3) 

VM = 0 (8.4) 

we rewrite Eq. (8.3) as 

(8.5) 
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Figure 8.1 

Coordinates used in conversion of two-center functions to 
one-center. 



187. 

The desired radial coefficients u^r^) are now simply 

obtained by integration, in general yielding 

j m;. (s-6) 
Clir) 

As usual, a computer program (ONECEN) was prepared 

to carry out this process. To provide a more widely 

applicable code, it was written to produce an expansion of 

the form 

(8.7) 

where um(r,0,cp) could be either 

(1) a function centered on nucleus a. This function 

is assumed to be a linear combination of STOs. 

(2) a stun of functions centered on nuclei a and b. 

In this case, the parity (gerade or ungerade) of um must 

be provided with the input data. (Only STOs on centers 

a and b are allowed.) 

(3) an arbitrary function on either center. 

Within the program, the required numerical integration 

. . 170 are performed using Simpson's rule . Spherical harmonics 

171 are generated using recurrence relations 

In closing, we should mention that an alternate 

process for accomplishing the conversion described in this 

173 chapter has been developed by Harris and Michels . It 

involves an algebraic expansion and has proved useful in 
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the evaluation of general multicenter electron-repulsion 

174 integrals 

The conversion to one-center accomplished, there 

remains only one further step before we are ready to begin 

actually solving the radial scattering equation. 
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Chapter 9. Orthogonality of the Scattering Function 

to the Core Wavefunction 

The final step in preparing the variationally ob¬ 

tained wavefunction for numerical integration a la 

NUMEROV as outlined in Chapter 1 is the orthogonalization 

of the scattering function to the core (I^) wavefunction. 

(The extraction of the scattering (or continuum electron) 

orbital from the function was discussed in Chapter 8.) 

We shall now briefly present the reasons for and method of 

this orthogonalization and comment on the computer program 

(ORTHOG) which was prepared to carry it out. 

There is no reason why the continuum electron orbital 

u^fr^) cannot be treated in a fashion analogous to the 

orbitals occupied by the bound molecular electrons. 

25 
Burke has pointed out that it follows from the Pauli 

Exclusion Principle that the incident electron cannot 

occupy the same orbital as do any of the bound molecular 

electrons. In the case of a closed-shell molecule (e.g. 

H2) this is particularly easy to enforce: We merely demand 

that the continuum orbital be orthogonal to all the bound 

orbitals. 

Of course, in the ordinary calculations of scattering 

theory, where coupled equations are solved for all r, this 

restriction is imposed by explicitly taking account of 

exchange via the exchange kernel (see Chapter 4). All we 

are doing here is ensuring that this requirement is also 
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satisfied inside the "exchange region." 

In the notation of Chapter 4, we may write this 

orthogonality condition as 

(0 (9.1) 

or 

<Zy ">.0 (9.2) 

Rather than carry out the integrations analytically, we 

developed a computer program (ORTHOG) which first tests to 

determine if the condition (9.2) is already satisfied. 

If not, it uses the Gram-Schmidt Orthogonalization 

Process to calculate a new scattering function TUJ' by 
'1T 

(}• f X Q,<V f v tyy* T 
(9.3) 

Finally, the program verifies that the new function satis¬ 

fies the desired property by calculating 

<ly i T<5>-, (9-4> 

where TOL is a user-supplied tolerance factor. 

The integrations are performed using Simpson's 

, 120 rule . A useful point to be noted in regard to these 

integrations is that they are taken over integrands which, 

for small r, oscillate and so contain nodes. It is usually 

a good idea to integrate over no more than % oscillation 

at a time and then sum the integrands at the end. This is 
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easily accomplished by checking for a change of sign in 

the integrand as it is calculated and performing one 

"intermediate integration" each time such a sign change 

occurs. 

The importance of this procedure is that it locates 

the value of r at which the first node in the scattering 

funetion occurs. As suggested in Chapter 1, that node 

turns out to be important to our method of calculating 

phase shifts because it is in the vicinity thereof that 

the quality of the variational wavefunction is the best. 

As we shall see in the next chapter, the value of r\^ 

depends nearly linearly on the location of the node so it 

is important that it be placed correctly. The exchange 

effects place the node at just the right location to enforce 

the orthogonality requirement of this chapter. 

While a demonstration of these points will have to 

wait until the discussion of our calculations (Chapter 10), 

it is useful to see the effect of the procedure out¬ 

lined here. In Fig. 9.1 we have superimposed two functions. 

They are s-wave projections of the one-center scattering 

wavefunction drawn from the 17 configuration variational 

calculation discussed in Chapter 5 (see Table 5.3). One 

has not been orthogonalized to the "*"^g+ core function 

and possesses a node at about 1.4 aQ. The other has passed 

through ORTHOG and comes out with a node at about 1.92 a . o 

As will be seen in Chapter 10, the latter node gives far 

superior results. 
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s-wave projections of the scattering orbital extracted 
from 17 configuration run of VARY. E = 0.014 Ryd. 
(see Table 5.3). This figure shows the effect of 
orthogonalization*of the scattering orbital to the 
core function. 
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The alteration in the wavefunction due to ortho- 

gonalization is even more dramatic in the case of the 

lowest root (0.014 Ryd) of the 19 configuration calcula¬ 

tion (see Table 5.4). The two functions are shown in 

Fig. 9.2, which should leave little doubt in any reader's 

mind of the importance of orthogonalization. 
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Figure 9.2 

s-wave projections of the scattering orbital 
extracted from a 19 configuration run of VARY. 
E = 0.014 Ryd. 
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Chapter 10. Calculation of s-Wave Elastic e-I^ 

Scattering Cross Sections 

At last we are ready to discuss the utilization of 

the method introduced in Chapter 1 in the calculation of 

phase shifts and cross sections for electron-!^ scatter¬ 

ing. The approach we have adopted, various aspects of 

which have been dealt with in the preceding chapters, is 

here applied to the problem of s-wave elastic scattering 

at low energies. It is particularly appropriate to con- 

83 sider s-waves at low energies because it is well known 

that at these energies the total cross section for e-I^ 

collisions is dominated by the 1=0 partial wave and by 

elastic scattering*. At higher energies, p-waves and 

rotational excitation become important and the associated 

cross sections must be included in 0. ... . total 

The calculations to be discussed herein proceed in 

two stages. The first is the molecular structure calcula¬ 

tion whose details were the subject of Chapter 5. We shall 

use the 17- and 19-configuration wavefunctions of Tables 
— 2 + 

5.3 and 5.4. These generated wavefunctions of Eg 

symmetry at an energy of 0.014 Ryd. = 0.19 eV. 

The scattering functions were extracted from these 

two-center variational eigenfunctions using the procedure 

described in Chapter 8 and then converted to one-center, 

*This is true for incident energies below about 0.5 eV. 



the Z = 0 projection being selected as the focus of 

attention [cf., Eq. (8.6)]. 
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The resulting two radial functions, shown in Figs. 

9.1 and 9.2, were then orthogonalized to the s-wave pro¬ 

jection of the core wavefunction. This function was 

chosen as the single-configuration ^g+ variationally- 

obtained eigenfunction, which was the topic of Section 5E. 

It is sketched in Fig. 5.2. The resulting radial func¬ 

tions, shown in Figs. 9^1 and 9.2 for the 17- and 19- 

configuration cases, respectively, were then used in 

the second phase of the analysis. 

We now use the information contained in the varia¬ 

tion ally-obtained scattering functions to calculate s- 

wave phase shifts and cross sections. The method employed 

is very similar to that used in the "model calculations" 

of Chapter 3 and is based on the coupled equations (4.24): 

(loa) 

= X \ K(y^-l (O Jc(. 
5 o 

Unlike the close-coupling calculations of Chapter 2 

(Section F), however, we do not solve these in the entirety 

of space. Instead, we use the variational scattering 

functions inside the "exchange region." Outside this 

region, we assume that the (short-range) effects of ex¬ 

change are negligible so that we need not consider the 

exchange kernel in Eq. (10.1). Moreover, we assume that 
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the coupling matrix elements between different molecular 

states are small so that the summation over them can be 

reduced to a single term. Thus, for elastic scattering, 

if we further neglect coupling between different partial 

waves, we have the equation 

to solve. But this is just the radial scattering equation 

for potential scattering and can be handled by the numeri¬ 

cal integration techniques discussed in Chapter 3. 

The matrix elements needed were calculated as dis¬ 

cussed in Chapter 6; long-range terms were included accord¬ 

ing to the prescriptions of Chapter 7. We shall see below 

the effects of these terms and the results obtained by 

solving the e-H^ scattering problem using this procedure. 

A. Results of Numerical Integration 

Prompted by the successes achieved in our calcula¬ 

tions using the SSC potential (Chapter 3), we initially 

proceeded in a similar fashion to search for a "flat 

region" in the curve of phase shift vs. starting radius 

for numerical integration (cf., Fig. 3.16). The lowest 

root of the 17-configuration calculation was used as an 

"initializer" in the calculations outlined above. The 

resulting s-wave phase shifts are shown in Table 10.1 for 

two cases, with and without polarization. In these initial 

(10.2) 



198 

Table 10.1 

s-Wave Phase Shifts at Various Starting Radii for 

0.014 Ryd, 17-Configuration Scattering Function 

Starting 
Radius3 

Without Pol. 
\ (rad) 0Q (au) 

With Pol.b 

rio (rad) aQ (au) 

0.1 -0.889 541.45 -0.250 55.10 

0.3 -0.871 525.61 -0.249 54.66 

0.5 -0.754 420.85 -0.242 51.65 

0.7 -0.468 182.82 -0.212 39.63 

0.9 -0.291 73.82 -0.164 24.03 

1.1 -0.179 28.47 -0.062 3.42 

1.3 -0.161 23.08 -0.027 0.651 

1.5 -0.161 23.03 -0.026 0.604 

1.7 -0.162 23.08 -0.031 0.860 

1.9 -0.161 23.03 -0.033 0.983 

2.0 -0.159 22.91 -0.032 0.910 

2.1 -0.155 21.41 -0.028 0.710 

2.3 -0.143 18.14 -0.014 0.165 

2.5 -0.122 13.36 -0.012 0.123 

2.7 -0.094 7.97 -0.046 1.883 

3.1 -0.318 0.906 -0.110 10.79 

3.5 -0.383 1.314 -0.075 5.04 

3.9 -0.110 10.90 -0.032 0.928 
4.3 -0.193 32.93 -0.138 16.95 

g 
Step of 0.01 was used between this value and the second 
point used in each initialization. 

Using the polarization potential of Eg. (10.1). 



studies, we used a polarization potential of the form 

[cf., Eqs. (7.4)] 
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(10.3) 

where 

CCO * (*r/Rc^ 1 (10.4) 

83 
This is the Lane-Geltman polarization potential 

3 
parameters chosen were a = 5.5 a_ , R = 1.4 a . c o o c o 

and 

The 

p = 6. 

Inspection of the results in the table reveals that 

the only really promising region is from about 1.3 aQ to 

about 2.1 aQ—this conclusion is the same regardless of 

whether or not polarization is included. The graph of the 

function used to start the integrations which led to these 

results (see Fig. 9.1) shows that this is the region in 

which the node in the function occurs. It is also in this 

region that the wavefunction is most nearly linear*. 

These observations suggest the importance of the node 

in the scattering function. Indeed, if we artificially 

place the node at a variety of equally spaced values of r 

*Much of the "jumping around" in T| which can be observed 
in Table 10.1 arises because on a very small scale the 
variational wavefunction simply is not very good. VARY 
provides us with a function which in an average sense 
(i.e. the energy) is quite valid, but because it is com¬ 
posed of a linear combination of a variety of functions 
with different behavior with r, it contains small devia¬ 
tions from the true function. This is in addition to the 
gross oscillations which will be discussed below (see 
(Fig. 10.10). 
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and at each value numerically integrate the radial scatter¬ 

ing equation, we find the results shown in Fig. 10.1, 

namely that the relationship is very nearly a linear one 

(though not precisely—see Table 10.2). 

This would seem to imply that it might be possible 

to obtain reasonably good phase shifts by starting the 

numerical integration of Eq. (10.2) a_t the node itself, 

thus taking the location of the node as the boundary of 

the exchange region. This is not unreasonable 

since we already know that the primary effect of exchange 

on the s-wave scattering function is the placing of this 

node (see Chapter 9). 

To investiate this proposition, we carried out a 

series of numerical integrations, with and without polariza 

tion, starting at several different values of r with* 

uQ(rgtart) = 0. Moreover, we performed these integrations 

over a wide range of energies, from 0 to 10 eV. The 

results are shown in Figs. 10.2 [without polarization] and 

10.3 [with the polarization potential of Eq. (10.1)]. 

For comparison purposes we selected the s-wave, J = 0 

88 cross sections of Henry and Lane . These were obtained by 

use of the close-coupling method to solve the coupled 

integrodifferential equation (10.1) as discussed in Section 

*The second value of UQ which must be supplied in the 
numerical integrationhas the effect of fixing the "normal 
ization" of the resulting function—i.e. it is a scale 
factor. Provided uQ (r arfc) 

was zero' tlie program 
(NUMEROV) determined this second value itself so as to 
give functions which could be easily graphed. 
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Figure 10.1 

Dependence of s-wave elastic scattering cross sec¬ 
tion for e-H^ scattering on location of node in 
scattering function. On the horizontal axis are 
points at which the numerical integration of Eq. 
(10.2) is begun with UQ(0) = 0 at E = 0.19 eV. 
[No long-range terms are .included.] 
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Table 10.2 

s-Wave Elastic Scattering Cross Sections3 

at Several Values of r . . for E = 0.19 eV 

b 
rstart 

T\ 
> b 

a o 

1.1 -0.117 12.16 

1.2 -0.132 15.46 

1.3 -0.146 18.94 

1.4 -0.159 22.61 

1.5 -0.173 26.48 

1.6 -0.185 30.54 

1.7 -0.198 34.79 

1.8 -0.211 39.24 

1.9 -0.223 43.89 

2.0 -0.235 48.74 

2.1 -0.247 53.80 

2.2 -0.259 59.06 

aNo long-range terms were included. 

3D uQ(rstart) = 0 in these integrations. 
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2F. They are presented for reference in Table 10.3 with 

and without polarization; both cases include exchange. 

These curves are extremely interesting. The node in 

the £> = 0 projection of the 17-con figuration wavefunction 

was found to occur at about 1.93 aQ. Extrapolating from 

the figure, it is clear that at this value of r ., we 

obtain values of the cross section which are of the correct 

order of magnitude but a bit smaller than the results of 

close-coupling calculations. Nevertheless, the shape of 

the 0Q vs. E curve is correct over three decades-of energy 

even though the node occurs in a wavefunction at 0.19 eV. 

This suggests that, at low energies, the location of the 

node is approximately independent of the energy, a con¬ 

clusion that is supported by inspection of close-coupling 

wavefunctions (see Table 10.7 below and accompanying dis¬ 

cussion) . At low energies the nature of the attractive 

potential is the dominant factor in determining the small-r 

behavior of the wavefunction. Consequently as long as the 

energy is low, this behavior is more or less independent 

of its actual value. 

Now that we had determined that there was reason to 

believe that useful scattering information valid over a 

wide range of energies could be extracted from the varia¬ 

tional wavefunction at one low energy, several attempts 

were made to improve the quality of the results so achieved. 

An obvious source of error was the long-range potential of 



Table 10.3 

e+H-2 Cross Sections 0° (0,0) from Henry and 

Lane's Close-Coupling Calculations 

Energy3 cb 

o 
a c 
o 

0.05 55.81 26.36 

0.07 55.66 27.55 

0.10 55.42 28.91 

0.20 54.64 31.78 

0.30 53.86 33.46 

0.50 52.35 35.31 

1.0 48.76 36.60 

2.0 42.45 35.10 

3.0 — 32.33 

4.0 32.73 29.43 

6.0 — 24.24 

10.0 17.06 16.82 

15.0 — 11.30 

3 in eV 

without polarization 

cusing Lane and Henry's NPS polarization 
potential, Eg. (10.5) 
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83 

Lane and Geltman. They concluded that this potential 

partially mocked exchange as well as polarization. As 

8 3 
discussed in Chapter 7, Lane and Henry subsequently de¬ 

veloped a superior adiabatic polarization potential, which 

we have graphed in Fig. 7.1. We therefore modified our 

programs to use this form of the potential, which produced 

better values for 0Q without altering the agreement in the 

shape of our vs. E curve and that of Henry and Lane. 

That this is the case is shown in Figs. 10.4 and 10.5. 

In Fig. 10.4 we have presented cross section vs. energy 

plots for both potentials taking the node at 1.93 aQ. The 

form of Vp° for the Lane-Henry potential is 

(10.5) 

We selected the parameters a =5.5a , r, = 1.22 a , and c o o 1 o 

r = 1.7 a . Values of o at r . = 1.93 in both cases o o o node 

are presented in Table 10.4. Figure 10.5 shows several 

such curves corresponding to different choices of rnocje* 

[In all these calculations, of course, the numerical inte¬ 

gration was started at the node with UQ (rn0(je) 
= 0.] We 

should point out that Fig. 10.5 suggests that the true 

node should be located at about 2.1 a . This will turn 
o 

out to be consistent with predictions of a hard sphere 

analysis (see^lOB)., 

Comparison of Figs. 10.2, 10.3, and 10.5 reveals 

that in all cases if the node were in the vicinity of 2.1- 
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Table 10.4 

s-Wave Elastic e+I^ Phase Shifts and Cross Sections at 

Several Energies Calculated with Two Different Polari- 

. a 
zation Potentials 

Energy 
Set 

^o 

lb 

0 
o 

Set 2C 

0 
o 

0.05 -0.068 15.665 -0.073 18.279 

0.07 -0.083 16.712 -0.089 19.361 

0.1 -0.103 17.972 -0.110 20.650 

0.2 -0.157 20.820 -0.166 23.570 

0.3 -0.201 22.689 -0.213 25.335 

0.5 -0.275 25.125 -0.288 27.648 

1.0 -0.418 28.103 -0.435 30.290 

2.0 -0.629 29.594 -0.649 31.220 

3.0 -0.796 29.057 -0.817 30.263 

4.0 -0.937 27.740 -0.959 28.626 

6.0 -1.176 24.266 -1.199 24.710 

10.0 -1.556 17.082 1.562 17.084 

3 • • Node is at 1.93 aQ in these calculations 

uses polarization potential of Lane and Geltman 

c • uses polarization potential of Lane and Henry 
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2.2 aQ, agreement between our cross sections and those of 

Henry and Lane would be quite good (i.e. to within ~ 10%). 

Clearly the location of the node is heavily dependent* on 

the structure of the variational wavefunction from which 

we extract u^(r) for r < ^no<je* The 17-configuration wave- 

function, which will be discussed further below (see Fig. 

10.10 and discussion) was observed to contain large scale 

oscillations as well as the small scale irregularities in 

structure already mentioned (see Table 10.1). Therefore 

we tried increasing the size of the basis set to 19, con¬ 

structing the variational wavefunction of Table 5.4. 

VARY produced a (19-configuration) root at very nearly 

the same energy as the (17-configuration) root we have been 

examining, namely 0.014 Ryd. The i = 0 projection of the 

corresponding scattering wavefunction is shown in Fig. 9.2. 

The node in this function is observed to occur at about 

2.32 aQ, a value superior to 1.93. Unfortunately, as Figs. 

10.6 and 10.7 reveal, this value has overshot the correct 

nodal location leading to cross sections which are too large. 

Although the oscillations in the 19-configuration wave- 

function are less pronounced than those of the 17-configura¬ 

tion function, it is still not smooth (see Fig. 10.10). 

♦Another possible source of error might be the core function 
used in the orthogonalization calculations of Chapter 9. 
To see if this was indeed important, we carried out several 
calculations using the 17-configuration wavefunction of 
Table 5.3 and a core function drawn from the literature. 
We found that the position of the node was not heavily de¬ 
pendent on the detailed quality of the core H- function used 
and that our single-configuration function was quite adequate. 
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The conclusions to be drawn from this are that our varia- 

tionally obtained scattering function is qualitatively 

correct at small r (i.e. inside the exchange region), but 

that it will be necessary to improve on it somewhat in 

order to obtain highly accurate cross sections. These 

assertions are further substantiated by a comparison to 

the "exact" close-coupling scattering function at this 

energy (seeJlOD below). Possibilities for improvement of 

the variational function are considered briefly in Chapter 11. 

However, before turning to these topics, it is 

interesting to note two ancillary calculations which stem 

from the research of this section and which provide insight 

into the nature of the elastic e-^ collision. 

B. Hard-Sphere Studies 

As Figs.10.1 and 10.2 show, our calculations indicate 

that the cross section for s-wave elastic e-^ scattering 

varies nearly linearly with the position of the node. 

This provocative observation is reminiscent of the behavior 

of potential scattering off of a "hard sphere," i.e. from 

a potential with an infinite repulsive barrier at some 

radius r = r : 

VCr) 
+o° 0<r 

0 r >r9 

(10.6) 

Of course, the potential in the e-^ problem is con 

siderably different from this (cf.. Fig. 6.2), but never- 
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theless it is interesting to see what happens if we neglect 

the difference and ask the question: How closely does 

the molecule resemble a hard sphere*? 

For scattering from the potential in Eq. (10.6), 

the radial scattering function u^(r) must have a node at 

r = rQ for all A, i.e. 

UjU.) - 0 • (10.7) 

176 
The partial wave cross section for l = 0 is known to be 

T£)** 
<10

'
8) 

At very low energies, this approaches the familiar limiting 

behavior 

o; (l;«o) ^ do-9) 

which is customarily used to introduce the scattering 

length, a. Since we do not have zero energy cross sections, 

we prefer to use Eq. (10.8). A little algebra provides us 

with an expression for the barrier location rQ in terms of 

the s-wave cross section 0Q, i.e. 

r„ . X (10.10) 

where, of course, k is the square root of the energy in 

Rydbergs. [In the context of our analogy, rQ corresponds 

*Of course, the answer is "not very closely" if we take 
account of long-range terms. -They are neglected in this 
section. See, however, J10C. 
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to the location of the node in the variational scattering 

function, uQ(r).] 

Using Eq. (10.10) at several energies with the values 

of a°(0,0) calculated by Henry and Lane via the close¬ 

coupling method (including exchange but not long-range terms) 

leads to the barrier locations r shown in Table 10.5. The o 

value of rQ is seen to be constant to within ~ 3% over a 

decade of energy (from 0.05 eV to 0.5 eV), suggesting that 

even in this approximation the location of the node is 

approximately energy independent at reasonably low energies. 

As expected, this constancy breaks down at higher energies. 

In order to determine how closely the hard sphere 

scattering equation (10.8) actually fits the energy depend¬ 

ence of the true cross sections for s-wave elastic scatter¬ 

ing, we selected the value* of rQ corresponding to Henry 

and Lane's lowest energy cross section, i.e. rQ = 2.1132 

at 0.05 eV, and used it in Eq. (10.8) to generate the 

cross sections of Fig. 10.8. These agree very well with 

the close-coupling cross sections even out to 10 eV, the 

error being no greater than 9% at any energy. Considering 

the simplicity of the hard sphere calculations compared to 

the close-coupling method, this agreement is felt to be 

quite interesting, suggesting that to a rather crude 

zeroth-order approximation, the highly complicated molecule 

*A fit to our best cross sections obtained from the 17- 
configuration wavefunction yields A = 1.92. The 19- 
configuration wavefunction leads to A = 2.33. 
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Table 10.5 

Barrier Locations Obtained by Hard-Sphere 

Analysis of Henry and Lane's Close Coupling 

s-Wave Elastic Scattering e-H^ Cross Sections 

Energy C°(0,0) r a 
O 

0.05 55.81 2.113 

0.07 55.66 2.113 

0.1 55.42 2.112 

0.2 54.64 2.108 

0.3 53.86 2.104 

0.5 52.35 2.097 

1.0 48.76 2.078 

2.0 42.45 2.040 

4.0 32.73 1.966 

10.0 17.06 1.787 

alocation of node (barrier). See Eq. (10.10) 
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can be viewed as a simple potential barrier*. 

Finally, it should be noted that the value of the 

nodal location rQ = 2.1332 obtained by this analysis is 

very nearly the predicted "best location" of the node in 

the variational scattering function obtained in §10A both 

with (cf., Fig. 10.2) and without (cf., Fig. 10.5) long- 

range terms. 

The happy results of this section led us to wonder 

whether a similar simple method could be found for calcu¬ 

lating low-energy cross sections when long-range terms 

are included. This is the subject of the next section. 

C. M.E.R.T. Studies 

In fact, a theory does exist which permits analysis 

of low-energy cross section data by means of a simple 

analytic fit. This is the Modified Effective Range Theory 

177 (MERT) of O'Malley, Spruch, and Rosenberg . This method 

178 has been usefully applied to atoms and recently extended 

179 by Chang to electron-molecule scattering. 

The analysis for atoms shows that for potentials 

which fall off asymptotically as 

V(r) r-oao 

et 

j 
(10.11) 

*This again reveals the enormous importance of the attrac¬ 
tive (effective) exchange part of the potential since 
the location of the node is seen to be far more important 
to the gross features of the resulting cross section than 
is the detailed natures of the short-range Coulomb terms. 
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the low energy (i.e. low incident velocity) limit of 

fcïl 
the phase shift for the i— partial wave is given by 

or 

( CervuA'* ) k 
(10.12) 

2ft+l 
Y K k-o O 

i . (10.13) 

. 2 A+l 
This suggests that a low-energy expansion of k cotri^ 

might be possible. Such an expansion gives, for A = 0, the 

MERT result 

- * A * 3^2.k (^T ) C'A**, (10*14) 

where a is the polarizability of the atom and A is the 

178 
scattering length, a parameter. O'Malley presented a 

more tractable result, 

% -Ak ” ( 3 j le " (3^) Al^ink t 1er^k«|lu wl*»^ (10.15) 

which we employ. 

3 
Dropping terms of order k and higher, we can solve 

Eq. (10.15) for the scattering length in terms of the 

s-wave phase shift, viz. 

A a 
k «♦ |*l«Uvl« 

(10.16) 

The phase shift is simply related to the s-wave cross 

section by 

„ H-tr . , 
- -j^ S,H 7' (10.17) 
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whence we obtain 

7« 
- O/WfeAi*i (10.18) 

These equations should hold for electron-molecule 

collisions with homonuclear diatomic targets provided the 

incident electron's energy is low. This follows because 

the partial wave cross sections for l > 0 do not contribute 

to the scattering at low energies. Thus the scattering is 

essentially spherical, i.e. the incident electron sees a 

spherical charge distribution somewhat analogous to that 

of a He atom. Moreover, this distribution polarizes like 

the He atom, so the spherical polarizability for H2, 

3 
(XQ (= 5.5 a ) enters these equations in place of a. 

O'Malley also provides a criterion for the applica¬ 

bility of MERT to electron-helium atom scattering, namely 

that 

Applying this to s-wave elastic e-^ scattering, we would 

expect Eq. (10.15) to give reasonably good results for 

E < 3 eV. We shall see that it actually does rather 

better than this. 

Using the J = 0 close-coupling s-wave elastic partial 

cross sections of Henry and Lane in Eq. (10.18), we obtain 

the phase shifts and thence the scattering lengths 

[Eq. (10.16)] shown in Table 10.6. As in the analogous 

hard sphere studies (see Table 10.5) the parameter which 

(10.19) 
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defines the low-energy scattering, in this case the scatter¬ 

ing length, is roughly constant at low energies* and begins 

to wander as the energy increases above about 1 eV. 

Using the value of A obtained by fitting d°(0,0) at 

0.05 eV to Eq. (10.16), namely A = 1.195, in Eq. (10.15) 

v 
to generate MERT s-wave elastic phase shifts and, a la Eq. 

(10.17), corresponding cross sections, we obtain the curves 

shown in Fig. 10.9. The agreement with the corresponding 

close-coupling cross sections is really quite good, the 

error being 1% or less from 0.05 eV to 10.0 eV. This 

implies that the low-energy expansion which led to Eq. 

(10.8) is valid for molecules (A = 0) and that the argu¬ 

ments made above for extending (10.8) to molecules are 

valid provided the energy is low. 

However, there is some question about the value of 

A in this calculation. Chang has performed a fit of the 

MERT equation to the results of electron shift and diffu- 

33 sion measurements by Crompton et al. He obtains a 

scattering length A = 1.26, a number which agrees with the 

value A = 1.254 which we obtain by a similar fit to the 

. . 27 zero-energy experimental cross section of Golden _et al. 

obtained by the Ramsauer technique. 

In Fig. 10.9 we have also shown the results of a MERT 

179 calculation which uses Chang's value of A = 1.26 in 

*Of course, unlike the hard sphere studies, the parameter 
here is not simply related to the location of the node 
in the radial scattering function. 
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Table 10.6 

Scattering Lengths Obtained by MERT Analysis 

of s-Wave Elastic Close-Coupling e-H^ Cross 

Sections of Henry and Lane 

Energy k C b 

O 
■nQ (rad) A 

0.05 0.061 26.36 -0.088 1.195 

0.07 0.072 27.55 -0.106 1.195 

0.1 0.086 28.91 -0.130 1.194 

0.2 0.121 31.78 -0.194 1.194 

0.3 0.148 33.46 -0.245 1.195 

0.5 0.192 35.31 -0.327 1.200 

1.0 0.271 36.60 -0.481 1.226 

2.0 0.383 35.10 -0.696 0.935 

3.0 0.470 32.33 -0.853 1.195 

4.0 0.542 29.43 -0.979 1.187 

6.0 0.664 24.24 -1.175 0.695 

ain eV 

ko°(0,0) of Henry and Lane 
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Eqs. (10.15) and (10.17). These cross sections tend to 

suggest that the close-coupling results of Henry and Lane 

may be a bit too small! At first sight, this discrepancy 

seems difficult to explain. 

Our current speculation is that this may be due to 

the neglect by Henry and Lane of non-adiabatic correction 

terms in their effective polarization potential (i.e. their 

potential may be too strong). The work of Callaway and 

we pointed out above, low-energy s-wave e-^ scattering 

resembles, suggests that the distortion potential due to 

these non-adiabatic effects, may be important and that 

when it is added to the adiabatic polarization potential 

for H2» the resulting effective polarization potential is, . 

in fact, reduced. Clearly, further calculations along these 

lines would be useful. 

The results of this study indicate that, given one 

low energy s-wave elastic cross section, obtained either 

by close-coupling calculations, our method (£ 10A) or some 

La Bahn 180 on electron-helium atom scattering, which, as 
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other technique, one can use MERT to obtain excellent 

values for aQ at any energy up to ~ 10 eV by simply using 

the given value of in Eq. (10.18) to get r|o and then 

substituting it into Eq. (10.16) for A. This scattering 

length can then be used in Eq. (10.15) to calculate the 

desired phase shifts. All of these manipulations are 

trivially carried out on a hand calculator. 

D. Comparison of Variational Scattering Function and Close- 

Coupling Function 

Although the studies of the last two sections provide 

useful insight into the nature of the scattering problem 

under consideration and tools which may be used in the cal¬ 

culation of cross sections, they are subsidiary to the 

central question still remaining: "How "good" are the 

radial scattering functions extracted from variational ^ 

eigenfunctions? 

The analysis of 5 10A clearly indicates that in a 

qualitative sense, these continuum electron functions 

closely resemble the true scattering function since 

reasonably good phase shifts could be obtained from them. 

To further investigate this question, we obtained from 

Dr. Ronald J. W. Henry (Professor of Physics, Louisiana 

181 State University) actual close-coupling scattering 

functions corresponding to the cross sections in Table 
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10.3*. 

Analyzing these functions, we find (see Table 10.7) 

that for energies <0.3 eV, the position of the first node 

in the s-wave function is approximately constant at 2.18 aQ 

in the exchange plus polarization case and at 2.26 aQ in 

the exchange only case. This verifies the conclusions we 

had reached earlier that at low energies the node in the 

s-wave radial scattering function for elastic e-H^ scatter- 

jinc[isiEyDproxmatelYenerc[yindependent. 

In Fig. 10.10 we have co-normalized Henry's close 

coupling s-wave function at 0.2 eV to our variationally 

obtained functions at 0.19 eV (17- and 19-configurations)**. 

This graph merits close attention. It reveals that, in 

the region of fairly small r, where we can reasonably hope 

that our variational eigenfunction for H2~ will be fairly 

good, the scattering function extracted from this eigen¬ 

function oscillates about the true scattering function. 

This is the case for both the 17- and 19-configuration 

functions, but the latter is closer to the close-coupling 

function, indicating that it is indeed an improvement over 

* The functions referred to here and shown in Figs. 10.10 
and 10.11 use a vibrationally averaged static Wang poten¬ 
tial, whereas the cross sections of Table 10.3 use the 
unaveraged Wang potential. We expect there to be little 
difference in the two functions—a shift of less than 
0.01 in the position of the first zero in the wave- 
functionl8!. 

**This figure excludes polarization. See Fig. 10.11 for a 
similar comparison with polarization. The following re¬ 
marks hold in either case. 



Table 10.7 

First Zero in the s-Wave Function for A = 0, j = 0 

Close Coupling e-I^ Scattering 

E 

(eV) 

Without 

^o 

Pol. 

Zero 

With 

^o 

Pol. 

Zero 

0.1 -0.1919 2.26 -0.1346 2.18 

0.2 -0.2709 2.26 -0.1998 2.18 

0.3 -0.3310 2.26 -0.2516 2.17 

0.5 -0.4253 2.24 -0.3357 2.17 

o
 • 

r—1 -0.5948 2.22 -0.4926 2.14 

2.0 -0.8231 2.16 -0.7109 2.09 

3.0 -0.9865 2.11 -0.8703 2.04 

5.0 -1.2232 2.02 -1.1043 1.96 

8.0 -1.4649 1.91 -1.3461 1.86 

10.0 +1.5570 1.85 -1.4668 1.80 
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the former. Notice that, depending on the magnitude of 

the oscillations, the node in the variational wavefunction 

may he thrown to either side of the correct nodal location. 

These graphs clearly tell us that the variational 

radial scattering function is a good approximation to the 

true scattering function, at least at small r. The region 

in which this is true could be extended to larger r by in¬ 

creasing the basis set, including several functions which 

peak at large r. They further indicate that there is 

every reason to suspect that increasing the size of the 

basis set will improve the Quality of the variational 

scattering function. 

These remarks point in the direction of further study 

and will be discussed more fully in Chapter 11. 
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Chapter 11. Conclusions and Prospectus for Further Study 

Let us begin by briefly summarizing what can be 

learned from the calculations of Chapters 3, 5, and 10. 

Applying the method of Chapter 1 (Fig. 1.1) to the SSCP 

and to the effective e-H^ interaction potential for s- 

waves, we have seen that at small r, continuum wave- 

functions obtained from a linear variational calculation 

are reasonably good representations of the true scattering 

wavefunctions at corresponding energies. These variational 

radial functions do contain accurate scattering information, 

and it can be extracted from them by means of simple scat¬ 

tering theory techniques (e.g. the Numerov algorithm). 

Moreover, knowledge of the small-r behavior of one 

such function can be used over a wide range of energies 

from 0.05 eV to a few eV to obtain s-wave phase shifts and 

cross sections for elastic e-I^ scattering. This fact is 

reflected in the near constancy in the location of the 

node (first zero) in the radial s-wave function. 

This node was found to be of great importance in 

determining the cross sections, and its placing at rnQ(je 

was the principal effect of exchange on the system. 

While it seems safe to conclude that the method of 

applying bound state procedures to the study of scattering 

problems as outlined previously is valid, a number of 

improvements on the current calculations are feasible. 
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It should be stressed, however, that in the main these 

further calculations should serve to refine the results 

rather than develop new physics. 

First and foremost, there is good reason to believe 

that improving the quality of the basis used in the molecu¬ 

lar structure calculations would give a smoother wave- 

function. This could be achieved, for example, by increas¬ 

ing the size of the basis set*, restricting the region of 

space it spans. 

At least two advantages would accrue from a smoother 

wavefunction. The location of the node would hopefully 

settle down on its "correct" value, thus improving con¬ 

siderably the calculated cross sections. Moreover, we 

could again try starting our numerical integration at values 

of r beyond the node, as hopefully the small scale "ripple" 

in the wavefunction will eventually cease to be important. 

This last point reflects an interesting tangent which 

the current work could take. One of the problems with 

the approach of Chapter 1 is that in effect we are numeri¬ 

cally differentiating the radial wavefunction at the value 

of r where we start the Numerov integration. This procedure 

175 
is well-known to be highly sensitive to the microscopic 

structure of the function being differentiated. Since the 

variational function is only really good in an "average" 

sense anyway, it is probable that some sort of averaging 

*A number of calculations of this sort are currently being 
carried out using 21, 23, 27, and 35 basis functions 
respectively. 
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procedure, which obtains scattering information by inte¬ 

grating over the variational function (e.g. the integral 

scattering equation) or a preliminary "smoothing" of the 

variational function (e.g. a curve fit) would alleviate 

this particular difficulty. 

To build in complicated correlation effects we shall 

have to unfreeze the core function. This should prove 

especially interesting since most techniques (e.g. Hartree- 

Fock) do not allow for short-range effects to be included 

in any simple manner. This reflects a principal advantage 

of our approach over these alternative methods. It is 

possible that the use of an alternate type of basis func¬ 

tion (e.g. Gaussian type orbitals) in the variational code 

would decrease the number of basis functions needed to 

accurately mock the scattering function and hence decrease 

the time (and expense) of the calculation. Gaussians are 

particularly desirable because they are easily localized 

at any desired value of r. 

A further refinement would be the improvement of the 

effective adiabatic polarization potential of Lane and 

Henry. This could be achieved by adding on a distortion 

potential due to the non-adiabatic correction terms which 

Lane and Henry neglect. 

In the realm of extensions of the present work, the 

first area of interest would probably be p-wave (A = 1) 

scattering. This should be easy provided a reasonably 
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smooth wavefunction can be obtained*. This would permit 

2 + 
examination of the resonance at 3.73 eV. 

Rotational and vibrational excitation cross sections 

could be calculated using the equations of the adiabatic- 

nuclei approximation. A comparison of the resulting cross 

sections with those obtained from close-coupling codes 

should help assess the applicability of this approximate 

method. 

Finally, it is hoped that our approach can be extended 

to the direct calculation of cross sections for electronic 

and vibrational excitation of by slow electron impact, 

ultimately leading to an understanding of the compound 

state resonances observed in experiments. 

*Of course, the p-wave scattering function is ungerade and 
hence automatically orthogonal to the gerade core function, 
so the "node-placing" orthogonalization procedure of 
Chapter 9 could not be used. 
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Appendix A. Properties of Slater-Type-Orbitals 

In the variational calculations of Chapters 3 and 5, 

basis sets composed of Slater-Type-Orbitals are employed. 

In general, a Slater-Type-Orbital, or STO, is a function 

of r which takes the form 

where (r, 0, cp) are coordinates referred to a specified 

"center" or origin. 

Two general properties of these orbitals are 

(1) Decreasing (increasing) holding n^ fixed, 

shifts the peak in the radial dependence of 

the wavefunction to a larger (smaller) value* 

of r; 

(2) Increasing (decreasing) n^ holding cu fixed 

shifts the peak to a larger (smaller) value 

of r. 

Both properties are useful in selecting basis functions 

to be employed in a variational calculation. 

Some formulas which are useful in obtaining a semi- 

quantitative idea of the nature of any particular STO are: 

(A.l) 

(A.2) 

*The magnitude of the peak, i.e. u.(r) at r = r ., is 
also reduced (increased) by this process. ^ea 
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~ ni** 

(1) STO peak occurs at r = rpea£ ~''£7 ' 

+h 
(2) (r) for an STO occurs at —-— ; 

• 

1 

(3) The approximate width* of an STO is —-—r— . 
(2n+l) 2 

*Normalized to the mean. This quantity 

Ar = ^ (r-r)^*, rm being the mean, or 
value. 

is Ar/r where 

expectation 



238. 

Appendix B. Data Preparation for VARY 

The program VARY which was used in the calculations 

reported in Chapter 5 is a two-center variational code 

which uses STO basis functions. The version employed is 

a special modification of a program developed by the 

University of Texas Molecular Physics Group. The orbitals 

are defined separately in the input data and then built 

into configurations as described in the text of Chapter 5. 

We shall now show the layout of input parameters for 

VARY. Horizontal lines are used to separate different 

cards in a particular input deck. Double horizontal lines 

will be used to group together a set of cards which may be 

repeated. Further information concerning these parameters 

and their use is available in the doctoral dissertation of 

James Cohen"*"^. 

****** 

EACH DECK OF DATA: 

NDCKS = number of input decks, = 1 before each new input 

deck. (2014) 

(ICOM(I) , I = 1,24) = label information (3 cards) 
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IHOMO = 1 if homonuclear diatomic molecule 
= 0 else 

INDEP = 1 for linear dependence check 
= 0 else 

I PUN RE = 3 if orbitals are not to be punched 
= 4 if orbitals are to be punched 

IPUNCO = 0 
LISTP = 0 
LISTR = 0 
ILNFLAG = 0 
IPUNH ^ 0 if H is to be punched 
IPUNS ^ 0 if S is to be punched 

(2014) 

NRVAL = 0 

NPAS = number of passes through exponent optimizing 
routine 

= 1 if no exponents are to be optimized 

NPM = number of sets of exponents to be optimized* 

MINV = 0 

IRPT = 1 if integrals are to be printed 
= 0 otherwise 

KROOT = root of 5C to optimize on (= 1 for lowest energy 
root) ' 

LISTFLG = 0 

(2014) 

NO = number of orbitals 

NTERM = number of configurations 

NALPH = number of spin-up electrons 

NELEC 

(2014) 

= number of electrons 

*Note that orbitals on different centers count as different 
orbitals. 



240 

(ICK(I), I = 1,NPM) = number of parameters in the i-=— 
optimization set 

= 0 if no exponents are optimized 

(2014) 

Optimization sets* 

(ICPM(I,J), J = 1,ICK(I)) = orbital designation** of the 
J-Hl orbital belonging to the I-Hl optimi¬ 
zation set. 

(2014) 

(IQZZ(I,J),J = 1, ICK (I) ) = 3 

(2014) 

Repeat the above for each optimization set. 

R = internuclear distance (in aQ) 

ZA\ 
ZB J = negative of nuclear charges in centers A and B, 

respectively 

(6D 12.8) 

* Omit these cards if no exponents are optimized. 

**See SODs, below. 
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List of orbitals 
1.1. 

LSTO(I) = Standard Orbital Designation for the I— 
orbital 

LSTC(I) = SOD of the complex conjugate of the I— 
orbital 

LSTN ( J) = Principal quantum number 

LSTL(I) = Azimuthal (orbital angular momentum) quantum 
number 

LSTM(I) = Magnetic quantum number 

P- exp°nent °i 

DELP&Ï)} = variation* in a. 

(514,4E 12.8) 

Repeat the above for each orbital 

Wavefunction 

NDPI (I) = number of Slater Determinants in the re¬ 
configuration 

NPRIM(I) = 2 

(2014) 

(SDET (L) ,L = 1,NDPT (I) ) = Scalar multiple for the L— 
determinant in the I-=l 
configuration 

(6E 12.8) 

*This fractional value is added and subtracted from ct. in 
searching for optimum nonlinear parameters. 
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(IWQ(K),K = 1,NELEC) = principal diagonal of each deter¬ 
minant in the configuration, 
expressed* as a vector of SODs 

(2014) 

tin 
Repeat for each determinant in the i-^— configuration. 

Repeat for each configuration in the wavefunction. 

Quadrature deck (standard) 

R = new value of R 

(6D 12.8) 

A run of VARY is terminated when a card is encountered with 

NDCKS = 0. 

******* 

Standard Orbital Designations 

The STO radial wavefunction was defined in Appendix 

A, Eq. (A.l). Using the notation of that Appendix, a par¬ 

ticular STO may be denoted by its .Standard Orbital Designa¬ 

tion (SOD). This quantity is defined as** 

*-l 
3.O.D. ***1 + IO$Cel * L (B.l) 

* These entries must be ordered with all spin-up orbitals 
to the left. 

**In this equation, we take the summation over k to be 
zero for the case n^ = 1. 
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where 6(c) = 0 if the STO is centered on nucleus a, and 

6(c) =1 if the STO is centered on nucleus b. The index 

i can take on all integral values between 0 and 9 and is 

used to distinguish STOs with the same principal, azimuthal, 

and magnetic quantum numbers but different nonlinear 

parameters. 
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Appendix C. Spin Functions and Spin Integration 

In order to derive the coupled radial scattering 

equations for the case which includes exchange, it is 

necessary to perform integration over spin coordinates 

of the spin functions x^ introduced in Chapter 4. The 

purpose of this appendix is to show how such integrations 

are carried out and to generalize the results of Chapter 

4, derived for a doublet spin function built on a "^g+ 

H2 core, to other spin states. 

Integrals such as 

otr ixr>= (c.l) 

are easy to evaluate. But we also must consider, for 

example, (%_„(1#2 ; 3) |X^ 1 (3,2 ;1)). To evaluate it we must 

look at the allowed spin functions which can form from 

the coupling of three spins. For the doublet states, 

S = \ so Mg = ± %. Such a state can arise from a singlet 

core, in which case s = 0. Then 

where we have introduced the spin function ç 
sm 

s 

(C. 2 ) 

(C.3) 

Then 

we have 



This integration was employed in the derivation of 

Eq. (4.24). 

Other Spin States 

The derivations of Chapaer 4 are restricted to doublet 

spin states which arise from singlet core functions. This 

means that only levels with s = 0 and S = % can be included 

in the set of coupled integrodifferential equations (4.24). 

To be perfectly general, we would want to include other 

spin states. These are not difficult to handle; to illus¬ 

trate the procedure, we shall consider a couple of examples. 

Several core states can be used to build up a doublet 

H2 state, viz. 

For example, to build doublet H2 functions on a triplet 

H2 core (s = 1), we have 

r*toPcn 
i = vfe r*c i) ^ 

(C. 5) 

(C.6) 
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Notice that these satisfy Eq. (C.l)—i.e. the total spin 

functions are orthogonal in S and Mg and normalized. 

In general, we can write the spin integrals which 

occur in the evaluation of the generalized differential 

equations as 

UU/4-) (C.8) 

We find, by direct evaluation, that 

*(0,0)= = 1 

*(i,o ) - \TJ1 

(C. 9) 

The generalized coupled equations may be written 

" (<j|) 4*'^ 3 y 

(C.10) 

where K is given by Eq. (4.31) and V , „ is the direct 

matrix element of Eq. (4.19). 
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Appendix D. Averaging Over Molecular Orientations 

Inj4D we several times had to perform integrations 

such as those leading to Eq. (4.58), the differential 

cross section for elastic scattering of an electron from 

a diatomic molecule neglecting coupling of partial waves. 

The other differential cross sections so derived are given 

in Eqs. (4.66) and (4.71). In this appendix we shall show 

how to proceed in the evaluation of such integrals. 

Substituting Eq. (4.66) into Eq. (4.58) we obtain 

where we have dropped the arguments from the D matrices of 

Eq. (4.55)*. Note that 

(D.l) 

(D.2) 

We rewrite Eq. (D.l) as 

where I is the integral 

There are (at least) two ways to evaluate I: 

*Note that the arguments of the D-matrices 
while = (0^^, cp1) . 

131 
are (cp^e^O) 
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1) Use the Clebsch-Gordan series to convert I to a 
product of two spherical harmonics and a D-matrix. 
Combine the two spherical harmonics, convert to 
a D-matrix, and use the orthogonality of these 
matrices. 

2) Convert to the product of 3 D-matrices. 

The latter approach turns out to be simpler. We 

begin by using the rule for combination of spherical 

harmonics131. 

-i 
(W.tOfUiU) 
i^TTTi' CKf.i-j-.nOcU.Mioo) (D.5) 

where we sum over all integral i lying in the range from 

IJ&I-X^I to ^i+J^2 accor(^ance with the triangle rule of 

Clebsch-Gordan coefficients. In Eq. (D.4) we have 

Yjjm (9i» cpi)y_ra (01» epf), so we must first use 
if 

Y: W* -- (-O"' YT (A) (D.6) 

Then we obtain 

i* (-0* r CU-M') -v*£\ lccjelji;oo)j (D.7) 

where we have introduced 
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Now, the D-matrices in Eq. (D.8) may be related to 

the spherical harmonics by 

where the last transformation enables us to use a well- 

Substituting Eq. (D.12) into Eq. (D.ll) for J and thence 

into Eq. (D.7) gives us I. This in turn goes into Eq. (D.3) 

to yield the differential cross section 

* c cAJ] XJ-*’ ) ccii 5; oo) ccil^; oo) c UJM •) 

Y £ CC AJ14 55») 3 ^ 
This expression can be simplified by employing the 

properties of the Clebsch-Gordan coefficients to evaluate 

some of the summations in Eq. (D.13), viz. 

(D.9) 

Using this relationship, the integral J becomes 

(D.10) 

(D.ll) 

known 
131 

relationship for the integral of three D-matrices 

XJ (D.12) 
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Jl+JI mA — 

cui jj * (-'»> $,-*•',**') (D.i4) 

and 

Ç ( JA ^ j )“ O v*l«xx X+Ï ^ -W<** (D.15) 

Also useful is the relation 

X CCljr^* )c( JlSX'j ) - SSj,* (D.16) 
|A# " 

Using these relations in Eq. (D.13) we obtain Eq. (4.58) 

as desired. 

Precisely the same sort of integrations are used to 

obtain differential cross sections for the other cases of 

interest. 
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Appendix E. Single Center H2 Wavefunctions 

A number of allusions were made in the body of this 

thesis to single-center H2 wavefunctions (cf., Chapter 5). 

Three such wavefunctions employed in the computer calcu¬ 

lations herein were the Wang function, the Weinbaum 

function, and the Joy and Parr function. We also employed 

a 12-configuration single-center function prepared by 

Professor J. Browne of the University of Texas at Austin. 

For reference purposes and to show the general structure 

of a one-center function, we shall here briefly discuss 

this latter electronic wavefunction. 

For the + ground state wavefunction, we write* 
g 

hs l 

(E.l) 

where 

ljufe(i) vh(i) 4^(0%(il3 fiCrtCDffO-pOMiUjj (E.2) 

and the spatial orbitals and v^ are the STOs of 

Appendix A. can be space normalized by multiplication 

2 —t 
by [2(1+S )] 2, S being the usual overlap matrix, 

S = <<1*1 V- 
We denote the orbitals via code numbers as follows: 

*When v^ = u^, 
two. 

the coefficient C^ must be divided by 
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n % m Code 

i 0 0 1 

2 0 0 21 

2 1 -1 41 

2 1 0 61 

2 1 1 81 

3 2 0 321 

5 4 0 421 

Configurations are denoted by the subscript k in the 

following manner: 

k Vk 

1 1 1 

2 1 21 

3 21 21 

4 61 61 

5 41 81 

6 1 221 

7 221 221 

8 1 421 

9 421 421 

10 21 221 

11 21 421 

12 221 421 
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For the ground state of H0 (X^E +) at an inter- z g 

nuclear separation of 1.4 aQ, the wavefunction is defined 

k Ck 

1 2.6100 9816(-1) 

2 3.6161 4062 (-2) 

3 1.7795 6519 (-2) 

4 -9.6185 6512 (-2) 

5 4.7690 0415 (-2) 

6 7.7421 5952 (-2) 

7 4.0097 6679 (-3) 

8 1.2688 9631 (-2) 

9 -4.7536 8903 (-4) 

10 3.8336 1151 (-2) 

11 6.3181 2546 (-3) 

12 1.2853 5392 (-3) 

Code a 

1 9.3638 4737 (-1) 

21 2.0314 2562 

41 1.5832 0687 

61 1.6285 0785 

81 1.5832 0687 

221 2.8119 6722 

421 5.6175 9620 

This function yields an electronic energy (in au) of 

-1.14823866. 
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