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ABSTRACT 

The growth and evolution of grains in the protostellar nebula is 

investigated within the context of turbulent-low mass disk models devel¬ 

oped by previous investigators. Because of grain collisions promoted by 

the turbulent velocities, particles aggregate to millimeter size in 

times of order 10^ yrs. During the growth the particles acquire a large 

inward radial velocity due to gas drag (Weidenschilling, 1977) and spi¬ 

ral into the sun. The calculations indicate that the final size of the 

particles does not exceed a few centimeters. This result is not very 

sensitive to the specific nebula parameters. For all conditions inves¬ 

tigated it seems impossible to grow meter- or kilometer-si zed bodies 

which could decouple from the gas motion. 

An additional argument is given which shows that only particles 

smaller than centimeter size can survive drift into the growing sun by 

being transported radially outwards by turbulent mixing. This agrees 

well with the maximum size of inclusions and chondrules. 

Since sedimentation of grains and subsequent dust disk instability 

is effectively inhibited by turbulent stirring, the formation of plane- 

tesimals and planets can not be explained in the above scenario without 

further assumptions. 
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I. Introduction 

a) Star Formation in the ISM 

It is currently believed that star formation and planet formation 

are not separate events, but have to be understood in the framework of a 

protosolar disk from which sun and planets both formed. Considering the 

importance of the disk it is felt necessary to examine the theoretical 

and observational evidence pointing to the formation of a disk in the 

context of star formation in the galaxy. 

Young stars and objects like T-Tauri objects, which are probably 

precursors of stars, have never been observed in isolation; rather they 

are normally associated with dark molecular clouds. These clouds have 

densities of up to 10^ cm"8, temperatures between 10 and 100 K, and a 

low ionization ratio of i.ons to neutral species of less than 10"8. 

Sometimes up to milligauss magnetic fields are observed. The total mass 

within the cloud ranges from a few to more than 108 solar masses. The 

temperature stays low because the cloud can cool efficiently via molec¬ 

ular transitions and thermal grain radiation in the infrared. 

Many clouds or parts therein are gravitationally unstable and are 

actually observed to collapse. Jeans (1929) first gave a quantitative 

description for the condition of instability. In a nonrotating homoge¬ 

neous medium a density perturbation of wavelength X leads, in the ab¬ 

sence of magnetic fields, to an instability if X > xc ('Jeans criteri¬ 

on') with xc, the 'Jeans length', given by 



h where p and c are the density of the cloud and the sound speed (YRT/U) , 

espectively. A spherical cloud has to be larger than xc in diameter to 

be 'Jeans-unstable' and to undergo gravitational collapse. A sphere of 

diameter xc corresponds to a Jeans-mass Mj of 

M. 
5/2 3 

IT C (2a) 

or M * lM0(T/lOK)3^2(n/lO4,5 cm"3)*2 (2b) 

Theoretically, neglecting perturbing factors, all the mass in the 

Jeans-length forms one gravitationally bound object. 

While some dense clouds have Jeans-masses of only a few solar 

masses, which through collapse could lead directly to the formation of 

low-mass stars, in other clouds Jeans-masses of up to 10^ MQ have been 

observed. Such a cloud must undergo further fragmentation down to parts 

with masses in the range of stellar values. 

The mechanisms for fragmentation are not fully understood. Some 

theories (for a review see Silk, 1978 and Zinnecker, 1981 ) have been 

formulated, and with varying success have tried to reproduce the initial 

mass function (IMF) and the statistics on binaries and multiple star 

systems. Basically, two kinds of mechanisms are proposed: a random 

fragmentation, perhaps caused by turbulence, with a wide range of frag¬ 

ment sizes and a hierarchical fragmentation where a cloud first divides 

into a few nearly-equal sized pieces which then further fragment. 
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Bodenheimer (1978) undertook two-dimensional, i.e. axisymmetric, 

numerical collapse calculations of a homogeneous, isothermal cloud with 

a uniform rotation. He discovered that after a few free-fall times tff 

(tff = ir/2 • (R3/2GM)^, R = radius of cloud, M = mass) a dense ring 

around the axis of rotation formed which became gravitationally unstable 

and collapsed onto itself. This ring comes about since, due to the 

non-zero specific angular momentum (angular momentum per unit mass), the 

matter is prohibited to fall to the center and thus accumulates at some 

distance from the rotation axis. Since the matter in such a ring is at 

the bottom of the gravitational-centrifuged potential well it is easily 

moved in <f> -direction and therefore prone to one-dimensional 

gravitational instabilities which split the ring into a few 

subcondensations. Full 3-D calculations have shown that such a ring is 

most likely to break up into 2-4 parts (eg. Cook and Harlow, 1978 ; 

Norman and Wilson, 1978 ). It turns out that each of these parts has 

only less than about 1/10 of the original total angular momentum as 

intrinsic angular momentum while the rest is transformed into rotational 

motion of the parts around the common center of mass. 

Bodenheimer proposed that each subunit again collapses and forms a 

ring which, as before, splits into smaller pieces. That way it is 

possible to fragment down a large cloud into small units with solar 

masses. It also decreases the specific angular momentum by many orders 

of magnitude by converting most of the angular momentum into cluster 

motion. This is important since it has been observed on several grounds 

that an interstellar cloud has a specific angular momentum many orders 

of magnitude larger than a freshly born star who just arrived on the 

zero-age main sequence. 
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Bodenheimer's theory is in part supported by the observation of the 

double globule B163-B163SW (Martin and Barrett, 1978 ) where two clouds 

of roughly equal mass revolve around the center of mass. Each globule 

has about 1/10 of the total angular momentum of the system and the 

angular momentum vectors are aligned. 

In the next section 2-D and 3-D collapse calculations are discussed 

in more detail, but it should already be mentioned that Bodenheimer's 

model might be too simplistic since he takes an isothermal non-viscous 

collapse and neglects any processes, like magnetic fields and turbu¬ 

lence, which remove angular momentum from the system. His calculations 

also imply that all subunits should have their spin vectors pointed in 

the same direction. This is in conflict with observations that the ro¬ 

tation axes of stars in young clusters point in more or less random di¬ 

rections. 

Probably one single process is not completely responsible for frag¬ 

mentation of clouds. Most likely different mechanisms operate on dif¬ 

ferent scales depending on the physical conditions in the cloud such as 

turbulence, random motion, magnetic fields or specific angular momentum. 

The role of magnetic fields is not yet clear. Ionization is low 

and flux loss is therefore quite rapid. Magnetic field vectors are 

observed to be nearly aligned over large distances (Silk, 78). If 

magnetic fields^were decisive in the outcome of collapses, the rotation 

axes of stars should be field-aligned, which, again, is in conflict with 

observations. Magnetic fields may play a role in determining the 

time-sc ale of fragmentation and collapse and the size of the final 

fragments (Mestel, 77). 
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If all the mass in molecular clouds were to form stars, then the 

star formation rate would be about 100 times higher than observed. It 

could be that magnetic fields inhibit or delay star formation (eg. 

Mouchovias, 78). Another interesting fact is that massive stars* are 

mostly observed on the surface of clouds. Low luminosity stars and 

T-Tauri-stars, on the other hand, are formed inside the cloud in dense 

regions. High-mass stars evolve much faster and since low and high- 

mass-stars are observed simultaneously on the main sequence, it seems 

that star formation must continue for an extended period (at least 10? 

years). 

Star formation never occurs in isolation. Therefore the interac¬ 

tion between a star-forming object and its environment might become very 

important. Little is yet known about the effects of interstellar shock 

fronts, which could cause a gravitational collapse, stellar winds, in¬ 

jection of matter by supernovae or even the likely event of coalescence 

of whole fragments in the process of fragmentation and star formation. 
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b) Hydrodynamic Collapse Calculations 

In this section we discuss hydrodynamical collapse calculations of 

an interstellar cloud. The purpose of such calculations is to model the 

final stages of the cloud collapse leading to the presolar nebula. 

One-dimensional, i.e. spherically symmetric, calculations have been 

used to model star formation from a non-rotating cloud, but they are in¬ 

adequate to monitor the evolution of a cloud with intrinsic angular mo¬ 

mentum. With increasing computer power it became feasible to attempt 

2-D calculations with two independent spatial coordinates. They usu¬ 

ally, in the axisymmetric problem, are taken to be R and 0. Recently 

full 3-D calculations have been done to investigate non-axisymmetric 

fragmentation and instability, but the requirements for storage space 

and run time are almost prohibitive, even on the largest computers 

available today. 

Hydrodynamic calculations require solving the Poisson-equation for 

the gravitational potential, the momentum and the energy equation using 

the equation of state. For an isothermal collapse the energy equation 

can be neglected. In many cases radiative transfer has to be included. 

Since those equations are highly non-linear, special care has to be 

taken to avoid numerical instabilities. Due to finite grid sizes, nu¬ 

merical diffusion of mass, energy and momentum is possible and might 

change the outcome of the calculations significantly. Shockwaves, being 

physical discontinuities, tend to excite various ocillations and are 

usually smoothed out by an artificial viscosity. 

Meanwhile about half a dozen independent 2-D computer codes exist 

which have been checked against a standard calculation done by 
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Bodenheimer and Tscharnuter (79) using a 1 MQ cloud with certain ini¬ 

tial conditions. Considering the complexity of the computer programs it 

is not surprising that early Investigators could not decide whether the 

sometimes significantly different outcomes of calculations were due to 

the only slightly changed initial conditions or due to unreliable com¬ 

puter codes. By comparing independent codes calculations now have be¬ 

come much more reliable. 

Hydrodynamical collapse calculations normally start out with a 1 - 

3 Mg cloud which is slightly unstable against gravitational collapse. 

Since grains are efficient radiators, the temperature stays at 

about 20 K during most of the collapse. Once the density increases to 

about 10*^3 g/cm3 gas becomes optically thick and heats up. This 

happens only in the core region during the later stages of the col¬ 

lapse. The initial specific angular momentum has been inferred from ob¬ 

servations of velocities and rotation rates of interstellar clouds. As 

mentioned before, this is many orders of magnitude above the values for 

main sequence stars. 

Early calculations pointed to two problems. First, a massive cen¬ 

tral object did not form, rather some sort of pressure equilibrium de- 
% 

veloped, which halted further collapse. Secondly, in some cases, as de¬ 

scribed already in section (a), a ring-like structure developed which 

had the tendency to collapse onto itself. On the other hand other in¬ 

vestigators have reported that the ring was merely a pressure wave run¬ 

ning outwards (Bodenheimer and Tscharnuter, 79), for which Tohline (80) 

provided theoretical arguments. 

Soon it became apparent that there was a need for a mechanism which 

efficiently transports angular momentum outwards in order for mass to 
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accumulate at the center. Therefore it has been proposed that the solar 

nebula was in a highly turbulent state such that the effective viscosity 

due to turbulence provides the necessary coupling for the removal of the 

extra angular momentum. Another possibility is given by magnetic 

braking in which the field lines are wrapped up by the differential ro¬ 

tation of the cloud leading to an angular momentum transfer to the 

intercloud medium. Considering the low ionization rate it has yet to be 

shown that this process is efficient enough. 

Reger and Shaviv (80, 81) have shown that by introducing ad hoc 

viscosity it is possible to avoid the formation of a ring. In their 

calculations, a dense opaque core developed which kept accumulating mat¬ 

ter from the surrounding flat disk-like nebula. The core, with a mass 

of .3 Mg still had an extension of TOO AU. The further evolution of 

the core could not be followed since their assumption of constant 

temperature breaks down once the core becomes opaque. 

Solving also for the energy and radiative transfer equations 

Tscharnuter (82) ran calculations which resulted in a central core of 

about .5 Mg with a radius of less than 1 AU, surrounded by a flat disk 

with a radial extent of about 100 AU. The temperature in the disk de¬ 

creases rapidly with radius. Only in the innermost 1 AU or less it is 

above 1000 K. This is in contradiction to the homogeneous condensation 

theory based on the study of meteorites which postulates that the solar 

nebula had at some time a temperature well above 2000 K and then slowly 

cooled down allowing material to condense out into grains. There is yet 

no process known which could heat a large portion of the protosolar disk 

to such high temperatures. 
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In summary 2-D hydrodynamical collapse calculations have shown that 

at least in the later stages of the collapse a mechanism, like turbu¬ 

lence, is required to transport angular momentum outwards. Otherwise 

the formation of rings is likely, which probably leads to binaries or 

multiple star systems. Full 3-D calculations suggest that fragmentation 

can also occur in the case of sufficiently strong initial non- 

axisymmetric perturbations (Rtfzyczka, 80). 

The growing central core is surrounded by a low temperature, low 

mass disk which accumulates slowly the remaining mass of the presolar 

cloud. The growth rate of the core depends crucially on transport 

mechanisms in the disk. This will be discussed in the following chap¬ 

ters. 
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II. Disk Models 

a) The Problem of Turbulence 

It is conceivable that the sun originated from a cloud with an 

exceptionally low specific angular momentum. In such a case sun and 

planet formation might proceed without the need of transport mechanisms 

in the hypothetical disk. While this would solve the angular momentum 

problem it does not explain how stars, and maybe planets, form from 

clouds with average or high specific angular momentum. Here the forma¬ 

tion of a disk containing most of the sun-forming mass seems inevitable 

and a process is needed which transports mass inwards to form a central 

body, while transporting angular momentum outwards. 

Magnetic braking is, due to the low ionization rate, unimportant at 

least for the early cold collapse stages. It could slow down the rota¬ 

tion rate of the sun later when the sun is hot enough to ionize the sur- 

rouding gas. The only imaginable process is some sort of viscosity in 

the disk medium. Molecular viscosity is by far too low, as is usually 

the case in astrophysical situations. Therefore it has been proposed 

that turbulent viscosity is the cause for mass and angular momentum 

transport. It should be emphasized that this has been an ad hoc expla¬ 

nation, yet a few suggestions for the cause of turbulence do exist. 

Cameron and Pine (73) attribute turbulence mainly to a meridional 

circulation current in a flat luminous disk. It presumably sets up 

velocities of the order of the sound speed for a large part of the 

disk. Another likely cause for turbulence is a super-adiabatic 

temperature gradient in the radial direction for the inner part of the 
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disk with temperatures in excess of 2000 K or in the vertical direction 

to transport the energy released by turbulent friction to the disk sur¬ 

face. Also the specific angular momentum of material falling onto the 

disk will not in general match the one of the disk material, therefore 

causing some random motion or turbulence. 

According to the mixing length theory, turbulence with an average 

mixing length or size of largest eddy and a turbulent velocity v^ 

produces a viscosity v = (l/3Htvt. The turbulent velocity is likely to 

be some fraction of the sound speed cs and comparable to the disk 

thickness H so we can write in analogy to Shakura and Sunyaev (73) 

v = a • c • H (3) s 

A reasonable guess for the parameter o is 0.1. 

As an alternative approach (Lynden-Bell and Pringle, 74) we could 

assume that turbulence adjusts itself such that the effective Reynolds 

number Reff = a)R2/ve^' (a> = angular velocity, R = Radius, v
eff s effec¬ 

tive viscosity) becomes comparable to the critical Reynolds number Rc, 

which in the laboratory has been measured to be around 10^. 

The time for turbulent diffusion in a disk of radius R is given by 

tt = R^/v. using typical values (R = 100 AU, H = R/10 = 10 AU, cs=5*10^ 

cm/sec, a = .1) we get =100,000 years. If we take v
eff = WR^/RC or 

rt * Rc/oi = we get comparable values depending on our choice of 

Rc and the orbital period T (Rc ^10^; T ^ 50-500 yr). 

The timescale for turbulent coherence or mixing, which is about the 

lifetime of the largest eddy, TC = at/vt ^ 5 - 50 yr (v^ ^ 10^ cm/sec, 

it ^ .1-1 AU) is many orders of magnitude lower than the above 
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values. This is the justification for introducing the concept of turbu¬ 

lent viscosity which then can be dealt with the same way as molecular 

viscosity, provided that the other dynamical timescales involved are 

larger than Tc. 

Certainly the turbulent viscosity is not constant everywhere in the 

disk. It is expected to be a function of the thermodynamic parameters 

and the disk height. 
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b) Radial Structure of a Thin Disk 

For the idealized situation of a thin, axisymmetric, differentially 

rotating disk Lynden-Bell and Pringle (74) and Shakura and Sunyaev (73) 

worked out the equations governing the transport of mass and angular 

momentum rigorously, using the momentum and energy equation. In the 

following a more illustrative derivation is given. 

In order to visualize the effects of viscosity we go back to its 

definition. Viscosity enters the momentum equation as an off diagonal 

term in the pressure or stress tensor Pjj. If a velocity vy in 

y-direction has a gradient in x-direction then PyX = -vp dvy/dx, where v 

and p denote the kinematic viscosity and mass density, respectively. 

PyX is the torque per unit volume that is exchanged per unit time. For 

example, this is shown between region 2 and the adjacent regions 1 and 3 

in figure 1. If we convert to cylindrical coordinates (x -*■ R, y <J> , z-*- 

z) this becomes P^R * - vpR dw/dR, where u is the angular velocity. 

By integrating over the z and 4» -directions we can convert the volume 

densitypto the linear mass density 2TTRCT, where o = /pdz is the surface 

density of the disk. Further multiplication by the radius R leads to 

the so called couple g, the rate with which angular momentum is 

exchanged, for example, between mass in region 2 and the regions 1 and 3 

in figure 2. 

g = -RV(2TTRO) (R -jg-) (4a) 

* -2TfR3va 4? or g (4b) 



REGION 
0 (D , (D ( 

1 

DIRECTION 

Figure 1. 
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Figure 2. 



16 

If g is radially constant then the mass in region 2 gains as much angu¬ 

lar momentum from region 1 as it loses to region 3. Now, if there 

exists an external gravitational field <j>(R) and a corresponding specific 

angular momentum field h(R) = R^u then the local conservation of angular 

momentum requires 

v dh _ _ a* 
dR 3R (5) 

where F is the net radial mass flux. Here we neglected any variations 

of h with time since in most applications, for example in the case of 

low mass disk around a massive central core, the gravitational potential 

and therefore h varies only slowly compared to other timescales. 

Furthermore we assume that radial forces due to a pressure gradient are 

small compared to the gravitational attraction or, equivalently, that 

the internal energy is much smaller than the gravitational energy or 

cs/v^ « 1. As we see later the ratio Cg/v^ is comparable to H/R (H * 

height of disk) which is normally a small number. 

Note that the angular momentum usually increases with radius while 

the couple g should be zero somewhere near the inner edge of the disk 

or the surface of the star and increases first with radial distance, 

reaching a maximum and decreases for large R. Therefore the flux F must 

be inwards for some inner part of the disk and outwards for the outer 

parts. 

Viscous friction gives rise to a dissipation of energy Q (e.g. in 

erg sec^orT^) per unit surface of the disk (both sides taken together) 
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of 

(6) 

Finally the continuity equation has to be solved: 

2*R £ + Ü - R<R> (7) 

where K(R) is the flux of infailing matter at radius R per unit radius. 

Knowing h(R), K(R,t) and v(R,t) this system of equations can be 

solved for an initial mass distribution G(R). Lynden-Bell and Pringle 

(74) took h(R) and v (R,t) to be power-laws in R and derived time 

dependent functions for cr(R,t) assuming no infall. Angular momentum is 

transported outwards everywhere in the disk while there exists a certain 

radius R0 inside which mass flows inwards and outside which mass flows 

outwards. R0 itself gets larger with time as more and more mass 

accumulates in the core. 

The energy dissipated due to viscous friction is comparable to the 

luminosity of a low mass star. If the new star rotates much slower than 

the material just outside the star's surface then an appreciable frac¬ 

tion of the total luminosity of such a system comes from this star-disk 

boundary. According to Lynden-Bell and Pringle (74) the radiation from 

the three parts, star, disk and star-disk boundary, taken together re¬ 

sembles some of the features of a T-Tauri spectrum. 
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c) Vertical Structure of the Disk 

The vertical structure of the disk is also important for deter¬ 

mining the radial structure since turbulent viscosity depends on the 

thermodynamic variables and the height of the disk. 

In hydrostatic equilibrium the gravitational attraction toward the 

midplane is balanced by a vertical pressure gradient. For a non- 

selfgravitating disk this implies that 

5P GMpz 
(8) 

where z, M, R and P(z) denote the vertical coordinate, the central mass, 

the distance from the central body and the density at height z, respec¬ 

tively. For a thin disk, z « R, this is usually approximated by 

3P _ GMpz 
9z = " R3 

(9) 

In general it is expected that the scale height of the disk becomes 

larger for larger radii since the gravitational force decreases. 

The heat generated by viscous friction must be radiated away from 

the surface of the disk (photosphere). The temperature at the photo- 

shpere is therefore given by 

T ph 2o o 
(10) 
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where Q is given by eq. (6) and o 0 is the radiation constant. The fac¬ 

tor of 2 arises because the disk has two sides. The energy is mostly 

generated near the midplane and is transported to the surface either by 

radiative transport or by convection. 

With the equation of state, the appropiate energy transport equa¬ 

tion, eq. (8) and (9), and the boundary condition eq. (10) the vertical 

structure of the disk is completely determined. The timescale for 

reaching hydrostatic equilibrium is quite short (1 AU/cs~ few years) and 

therefore neither influx nor turbulence should noticably disturb this 

equilibrium. 

The opacities normally used are those for interstellar ice and dust 

grains. Only in the innermost part of the disk the temperatures get 

high enough to evaporate grains. There the opacity drops by a large 

factor and radiation can escape more easily. 

Lin and Papaloizou (80) reported that it is likely that the disk 

becomes unstable to convection, especially in regions where the opacity 

increases too fast with temperature. This could be an 'a posteriori' 

justification for turbulence. 
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III. Applications 

a) Time-independent Models without Influx 

Though in principle it is possible to solve all equations. nu¬ 

merically it is worth while to examine a few simplified cases which can 

be solved analytically. 

The problem is intrinsically a time dependent one, since mass flows 

from the disk into the core, changing the gravitational potential. A 

redistribution of the mass in the disk is expected as long as the mass 

loss is not exactly balanced by infalling matter. But it is reasonable 

to assume that for some time (104 - few 10^ yr) the mass distribution in 

the inner part of the disk stays about constant when the density adjusts 

itself in such a way that the mass flux inwards to the core is balanced 

by a corresonding mass flow from the outer parts of the disk and infall¬ 

ing matter from above and below. 

We are especially interested in this part of the disk because this 

is the planet formation region. Also only there the temperatures are 

high enough to evaporate grains or change the chemistry of the grains 

and the gas. 

For a time-independent surface density the continuity equation re¬ 

duces to 

§=«R> (11) 

and, as expected, no infall (K = 0) requires a constant flux, F. 

Tschornuter’s collapse calculations (82) suggest that at a time 

when ,5MQ is already in the core the infall flux for the inner part of 
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the disk increases with radius since the low angular momentum matter 

close to the rotation axis has already fallen onto the disk while most 

of the higher angular momentum matter is still out in the cloud. 

First lets consider the case with no influx which has been studied, 

for example, by Lynden-Bell and Pringle (74), Shakura and Sunyaev (73), 

Lin and Papaloizou (80),- Lin (81, 82), and Cameron and Fegley (82). 

In this case the constant inward mass flux is provided by the outer 

part of the disk. Eq. (5) can be integrated directly leading to 

where h* * h(R^) anc* R* being a certain radius near the sur¬ 

face of the star or the inner disk boundary where the couple g goes to 

zero. 

From now on we assume that the matter rotates in a circular 

Keplerian motion which is a good approximation as long as the disk mass 

is smaller than the mass of the central body. Then,using u = (GM/R^)"5, 

aaj/aR = -3/2(/R)and a) = h/R^ (M = mass of central body) in eq. (4b), the 

couple g becomes 

Equating eq. (12) and eq. (13) we derive for the surface density 

g(R) = - F(h(R) - h*) (12) 

g = 3iravh = 3Trav(GMR)^ (13) 

(H> 
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According to eq. (3) V(R) is a function of the height of the disk 

and the sound speed which depends on the temperature. Therefore we have 

to solve for the vertical structure of the disk which in return is a 

function of the energy liberated due to viscous friction. 

From eq. (9) we can get a rough estimate of the height of the disk 

by taking 3P/3z ^ P/H and z ^ H, therefore P/P ^ (GM/R^)H^. Since 

P/p^cs2 and GM/R^ = ^ we get H ^ Cs/“ or 

H 
R 

(15) 

At this point a short digression is called for to illustrate a 

different approach to the problen of viscosity. Instead of postulating 

a turbulent viscosity v = aCsH, many authors prefer to take the shear 

stress P^R as some fraction of the total pressure P such that 

P« - “p <16) 

where a is some constant less than 1. If we compare this with our pre¬ 

vious equation for P^R, Ps -vp R dw/dR, we see that the two equa¬ 

tions agree if v ^ aP/wp where we already used the simplification du/dR^ 

-VR. 

This is compatible with our original definition of the viscosity, 

eq. (3), since, using P/p ^ cs2 and cs/m ^ H from above, we getv^ 

acsH. This provides a somehow independent justification for the 

o-parameterization of the turbulent viscosity. 
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Shakura and Sunyaev (73) have solved the disk structure equations 

selfconsistently using H/2 ^ cs/“ while Cameron (82) took an isentropic 

disk and included radiative transport. In both calculations the disk 

height increases about linearly with radius while the temperature at 

midplane and photosphere decreases outwards so that the viscosity 

increases with radius to a power between .5 to 1.0. 

Taking, for example, v * v0(R/lAU)'1 with v0 = 1.5 x loi6 cm^sec”* 

(as .1, cs 
5 105 cm/sec, H =,1 All) and a typical mass flux of |F | = 

10"6 M0/yr we can calculate the total mass in the disk, say between .5 

and 10 AU, which turns out to be .01 M@. Using a lower flux or a 

higher viscosity linear with radius we get even less. For R > 10 AU the 

surface density should decrease more rapidly. Therefore the disk can be 

considered low mass compared to the central core. 

It is also instructive to calculate the average inward radial 

velocity VR of the matter in the disk which is 

_ M _ 3v 
VR = 2ïïR0 ~ 2R 

1 

f y 
R* 

h 

R \ > . (17) 

or using v = acsH 

V 
R 

3 
2* 

c 
s 

•1 

(18) 
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For R » R*, VR is still only a fraction of the sound speed cs or 

the orbital speed v^. But the timescale for transport, say across 

1 AU, tp 3 1 AU/VR, is about 100 yr (a * .1, H/R = .3 from Cameron 

and Fegley (82) at 1 AU, cs = 10§ cm/sec, VR * 4.5 x 10^ cm/sec) and 

therefore not too much larger than Tc, the timescale df turbulent 

coherence which is about the lifetime of the largest eddy. Therefore, 

especially closer to R*, some sort of lumpiness should occur. 

Instead of a smooth flow we expect more chaotic behavior and mass 

falling into the core sporadically in lumps or blobs. 
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b) Time-independent Model with Influx 

The presolar cloud does not collapse homogeneously. The low- 

angular momentum matter near the axis of rotation falls faster toward 

the disk plane than the high-angular momentum matter further outwards. 

Therefore even at a time when a massive core in the center already 

exists, we still expect some influx of matter from the cloud onto the 

outer parts of the disk. This is confirmed by numerical calculations by 

Tscharnuter (82). 

In the following we consider two cases, first a constant influx per 

unit surface of the disk and secondly a linearly increasing influx 

per unit surface, which might be the physically more relevant case. We 

model only the inner part of the disk up to some radius R0. 

A constant influx per unit surface area implies a linearly increas¬ 

ing influx per unit radius: 

K - K 
o 

(19) 

where K0 is the influx at R0. The total mass falling onto the disk per 

unit time is given by 

R 
o o (20) 

In the time-independent case the continuity eq. (7) can readily be in¬ 

tegrated to yield 

F + %K R 
o o R 

2 
(21) 



Figure 3. Edge-on view of the disk with influx K(R) from above and 

below the disk plane. 
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with the flux at R * 0 being F0 (negative, radially inward) and the flux 

at R0, coming from the outer part of the disk, given by F(R0) = F0 + 

1/2 K0R0. This is still negative as long as 1/2 KQRQ < JF0|. If the 

influx is too large, F(Ro) becomes positive', which means that mass is 

actually flowing outwards through R0. 

The surface density a can be calculated by integrating eq. (5) 

a 
K R 

o o 
f y 

R 2 h* K R , o o 
f y 

R* 
2 

101F I 1 o‘ 
R 
<y 

“ h 1 " 10|F | ^ 1 o1 R 
<y 

J 

(22) 

where h* = h(R^) anc* again we imposed the boundary condition 

that the couple g vanishes at R*. Since h*/Mn the last term is 

small compared to unity unless R approaches R*, in which case, the 

equations break down anyway due to infinite radial gas velocity, we 

neglect this term from now on. Eq. (22) then reduces to 

a 
F 

o 
3irv 

K R 
o o 

f \ 

R 

ÏÔTFJ R <v 
(23) 

For the inner part of the disk it is expected that the total influx 

M is small compared to the flux of matter F(R0) through radius R0 coming 

from the outer part of the disk. Even when both are equal, i.e. 

1/2 K0R0 = 1/2 |F0|, we see that the surface density a changes at most 

by 10%. This means that at least for the inner disk the structure and 

dynamics is dominated by transport mechanisms inside the disk and not by 

influx. 
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The relevant timescale for gas transport and also for establishing 

the time-independent situation is given by fp = R0/vr ^ R0^/v, where 

vr is the inward radial velocity of the gas. Using typical values at 

R0 = 10 AU (T ^ 20 K, cs * 3 x 104 cm/sec, H = Ro/10, v ^ 4.5 x 1016 

cm2/sec) we get tp * 16,000 yr. This is small compared to the time 

T.K for influx to replenish the disk (e.g. at Rg, T|< = 2irR0 a/Kg'v 

(|F0|/
R

OK0)TF) since |F0|/R0K0 is large. 

Lets consider the case of linearly increasing influx per unit sur¬ 

face area. The corresponding equations for the flux and the surface 

density are: 

K - K 
R (24) 

<r 

M = i K R 
3 o o 

(25) 

F - Fo + T KoRo(f~ 
(26) 

and a 
F o 

3irv 

K R 
, o o 

f \ 

R 3 

21 F 
o w 4 

(27) 

where the second term as in eq. (22) has been neglected. 

Again we notice that influx does not change the surface density 

appreciably, compared to the zero-influx model. The previous discussion 

still holds for this case. 
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In one respect, however, influx could become important. The mate¬ 

rial falling onto the disk has certainly a different chemical history 

than the matter which flows in from the outer disk, since this matter 

could have undergone already extensive chemical and physical processing 

while residing in the disk. This could, for example, lead to chemical 

fractionation effects under aggregation of dust material into larger 

bodies. 
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IV. Grains in "the Protosolar Nebula 

a) Origin and Composition of Grains 

From infrared observations it is well known that an appreciable 

fraction of the condensible matter in the ISM is in form of grains. 

Certain features in the interstellar extinction curve point to the exis¬ 

tence of silicate grains, polysaccharides and icy grains (for a recent 

review, see Knacke, 78). Their size is rather well determined: the 

distribution peaks around .1 to .3 urn with most of the grains being of 

size less than lu nr. 

Before and during the collapse phase of the protostellar cloud the 

densities are much too low to allow for the formation of larger, cm- 

sized bodies due to collisional coangulation. Volk (82) calculated an 

upper limit of 10_2 cm for the size of grains in a collapsing proto¬ 

stellar cloud. This is two or three orders of magnitude larger than the 

peak of the initial distribution but, as we see later, still too small 

to decouple the grains from the gas motion. 

The chemical state of the grains is poorly known. Greenberg (76, 

79) suggested that grains should contain some chemical energy stored in 

the form or radicals which might lead to violent chemical reactions upon 

heating, compression or collisions with other grains. 

In the next sections we concentrate on the physical rather than 

chemical processes which affect the grains once they enter the 

protostellar disk. 
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b) Drift Velocities 

If the gas pressure in the disk decreases radially outwards the gas 

rotates with a velocity somewhat smaller than the Keplerian velocity 

since it is partially supported by this pressure gradient. Grains which 

are not supported by the gas pressure, try to move on Kepler orbits and 

therefore experience a gas drag which slows them down and induces an in¬ 

ward radial drift velocity. 

This effect was first reported by Whipple (64) and put in more 

quantitative terms by Adachi et al. (76) and Weidenschilling (77). The 

following treatment follows Weidenschilling's derivation closely but 

also includes the effect of an inward gas velocity on the particle mo¬ 

tion r 

Given the additional acceleration 4g of the gas due to the pressure 

gradient, A g = 1/p dP/dR < 0, the difference between the Kepler velocity 

v^ and the azimuthal gas velocity Vg is 

A particle of radius a with velocity vre-| relative to the gas expe¬ 

riences a drag force Fg of 

The dimensionless drag coefficient CQ is usually Reynold-number depen¬ 

dent (Re = 2avre]/v, v = kinematic viscosity) and therefore also a 

(28) 

with v. (GM/R/
5 and g = GM/R2 

0 V -, 
FD * CDuazp rel (29) 

function of vrel* 
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In the case of very small Re - numbers, i.e. when X > a and 

vrel ^ v ( x = mean free path, Y - average thermal velocity of the gas 

molecules) the drag force is given by the Epstein drag law 

F D 
4 2 

ira^pv (30) 

The relevant timescale is the stopping time te, which is the time it 

takes to slow a particle down to 1/e its initial velocity relative to 

the gas. For the Epstein regime it is 

t 
e 

mv rel 
(31) 

independent of vre-j, where m and ps denote the mass and specific density 

of the particle, respectively. In the case of larger bodies at 1 AU 

(a > 1 cm in the protosolar nebula) different drag laws must be used. 

Using the radial and azimuthal momentum equation we can solve for 

the radial particle velocity u = dR/dt and the azimuthal particle veloc¬ 

ity w relative to vg to first order in Ag/g (see Appendix A): 

u Agte + u 1 
T2 J 

(32) 

and w » -%u (33) 

where ug and T denote the radial gas velocity and the Keplerian orbital 

period, respectively. Both equations are needed for calculating u and 
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w, since te is usually a function of vrei » ((u - ug)2 + . if we 

set Ug = 0 we recover Weidenschilling's results. 

Small bodies with te « T move essentially with the gas and aquire 

an inward radial velocity due to the inward radial velocity of the gas 

and residual gravity Ag of 

u u + Agt g 6 e 
u 

g 
(34) 

Very large bodies decouple almost completely from the gas and move on 

only slightly perturbed Kepler orbits. In the limit of large te/T the 

radial velocity is given by 

U Si (35) 

to first order in T/te. 

The maximum drift velocity of about AV is reached for te a* 1/2*. 

For a gas density of 10“^ gcm"^ and a radial distance from the central 

core of 1 All this coresponds to about a particle size of s ~ 60 cm, 

using ps * 3 g/cm3 and a temperature of 600 K. 

The importance of this drift velocity becomes clear when we compare 

AV to the other relevant velocities v^, cs and vr; the angular Keplerian 

velocity, the sound speed and inward radial velocity of the gas due to 

viscous transport, respectively. 

In the previous chapter it has been shown that the pressure in the 

disk is about P ^ Ao. Taking H increasing and cr decreasing about 

linearly with radius we get 
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P ~ P 
R 
R 

-n 

with n''* 3 using “2 « R-3. Then 

(36) 

4g 
1_ dP _P_ 
p dR “n pR (37) 

Therefore 

AV 

V<(> 

nfrf 
2 (R 

2 
« 1 (38) 

where we used eq. (15) and g =“2^ 

The ratio of AV to the sound speed cs is also small: 

AV = AV ^ n 
C Vi C 2 

s «p s 

Finally the ratio of AV to vr is given by 

(40) 
v 3a a r 

where we took vr = |F|/2ITRJ , a ^ |F|/3irv, and v =acsH. 

As expected the drift velocity is small compared to the Keplerian 

velocity and the sound speed. But for our standard model the maximum 

< 1 (39) 
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drift velocity is larger than the average inward gas motion due to tur¬ 

bulence. This means that once particles have grown to a size of several 

centimeters they spiral into the sun on a timescale much shorter than 

the evolutionary time scale of the disk unless they manage to grow fast 

enough to meter-sized or larger bodies and decouple from the gas. This 

puts a severe constraint on any theory which predicts the formation of 

pianetesimals or planets by pure coagulation and accumulation rather 

than by gravitational instabilities in the disk. In chapter V and VI we 

address this point in more quantitative terms. 

It is possible, however, that turbulent motion influences the drift 

velocity, given by eq. (32). Though the average inward gas velocity due 

to turbulent transport has been incorporated in the formalism, it could 

be that turbulent motion induces a second order acceleration to the 

grains which could compensate for the inward drift. It is beyond the 

scope of this work to attempt the full mathematical treatment of grain 

motion in a turbulent disk, e.g. along the line of Volk et al. (80) who 

calculated the turbulence induced velocities of particles in a turbulent 

medium. 
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c) Growth and Coagulation 

Collisions between grains leading to coagulation and growth play an 

important role in almost all current theories of the formation of 

planetesimals and planets. Nevertheless, it still has to be shown that 

growth of grains happens sufficiently rapidly and with high efficiency, 

i.e. with a sticking probability on collision not much less than unity. 

While the relative velocities between grains are usually not large 

enough to disrupt them, it is not yet clear what makes grains stick at 

all. Greenberg et al. (78) pointed out the relative velocity just due 

to Brownian motion alone is larger than the gravitational escape veloc¬ 

ities for grains of size less than 1 mm. There must be some other mech¬ 

anism like electrostatic binding, cold welding, etc. or grains must be 

somehow very sticky. 

Given a grain mass density P<j of mass of grains per unit gas volume 

and a coll is ion al cross-section the rate of increase of mass per grain 

is 

5? ‘ <41> 

where vre] is the relative velocity between grains and Q is the sticking 

coefficient, which could be appreciably less than unity. The cross sec¬ 

tion and vre] are both, in general, a function of the sizes of particles 

involved in the collisions. For collisions between equal sized parti¬ 

cles of radius a, for simplicity taken to be spherical, eq (41) can also 

be written as 

da 
dt 

Qpd   v -, 
pg rel (42) 
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where P$ 1s the specific grain density. 

In a turbulent protosolar nebula a relative velocity between grains 

is induced by brownian motion, differences in drift velocities and by 

turbulent motion of the gas. Brownian motion is only important for very 

small grains. As shown by Nakagawa et al. (81) micron-sized particles 

collide on the order of years, thus brownian motion is potentially a 

fast mechanism for growth, provided that small particles stick reason¬ 

ably often on collision. 

Turbulence provides another means of inducing relative velocities 

between grains. The turbulent induced particle velocity depends on the 

turbulent gas velocity, vt» and the ratio of stopping time te to the co¬ 

herence time T^Q, rko = (k0vt)"l (following Volk et al. (80), this 

agrees with previous definitions of T
c up to a factor of 2 IT), where 

2ir/k0 is the size of the largest eddy. Small particles with tg/^g « 1 

move essentially with the gas, while large bodies with tg/^g » 1 have 

a small induced velocity, since turbulence changes direction before they 

aquire any appreciable velocity. 

Volk et al. (80) calculated the induced relative velocity between 

particles as a function of their size characterized by the ratio te/
T|<0 

assuming a Kolmogoroff-power spectrum for the turbulence. The relative 

velocity between a large body (te > ^g) and a small body (te < ^g) is 

about the turbulent gas velocity. For equal sized particles the rela¬ 

tive velocity can be approximated by (Volk et al. 80) 

(t /V > 
rel 

1.33 v. 
1+(ta/TK 1 

o 

(43) 
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NORMALIZED RMS RELATIVE VELOCITIES INDUCED 

BY TURBULENCE:<A6v2>1/2/<5v2>1/2 

2 1/2 ~ ” * > * rms gas velocity) 

Figure 4 From Volk et al. (80). <Aô V_2 >h 

<<S.VgZ > = vt in this work’s notation. 

vrel* Tf = te, 
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Thus vrel goes to zero for very small and very large bodies, proportion- 

al to (tg/TkoP and (T|<0/te) , respectively, and has a maximum of vre] = 

.76 v-£ at te = Tko* 

Eq. (43) can be used to estimate the timescale with which small 

dust particles grow in a turbulent medium, if we make the simplification 

that all particles are of the same size and grow at the same rate. 

h 
Using eq. (42) and taking vre] ^ 1.33 v^ (te/Tko' we can write 

with 

and 

d_ 
dt 

a ^ 
o 

c ^ 

il o 
'S

T
p

r >s 
(44) 

pCs 
(45) 

Ws 

pa • 
(46) 

for the Epstein drag regime. 

For typical values at 1 AU (P =1 x- 10_9 g/cm3, cs = 105 cm/sec, 

2ir/k0 ^ .1 AU, vt .3 cs, pjj/p * .01, ps * 3 g/cm3, therefore a0 * 265 

cm) the characteristic timescale of growth, c"*, is given by c"* * Q** x 

730 yr. This is rather short so that a considerable growth of particles 

up to even meter-sized bodies is expected. But, as already mentioned 

before, once the particles reach centimeter sizes, they are subject to a 

large inward gas drag drift and spiral into the sun on a short time- 

scale. In the next chapter a numerical model is presented which inves¬ 

tigates the combined effect of growth and drift of particles in the tur¬ 

bulent disk. 
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V. Evolution of Grains: Numerical Modelling 

In this chapter a model for the calculation of the trajectory and 

the growth of particles in the protosolar nebula is presented. Ideally 

one would like to compute the evolution of all grains everywhere in the 

disk and include their interaction with the gas phase, too. Since this 

is difficult to do due to practical reasons and a lack of precise knowl¬ 

edge of the relevant processes involved, we make a few simplifying 

assumptions. First, we follow the evolution of just one particle at a 

time and assume that the size and compositon of all other grains either 

stay constant or evolve in the same way as the test-particle. Second, 

we assume that the dynamics of the steady-state gas disk is not affected 

by the grain motion. This is reasonable since the condensable matter 

constitutes only 1% of the total mass in the disk. 

Gas disk models can be characterized mainly by three criteria, 

their total mass compared to the sun's mass, their dynamical state, 

i.e. turbulent or quiet, and by the radial temperature and density gra¬ 

dients. While high-mass disks (Cameron, 78) with a total mass larger 

than .5 MQ can account for planet formation via gravitational insta¬ 

bility in the disk, it is difficult to remove the extra mass from the 

’disk. Furthermore, complicated processes are required to transform 

those massive protoplanets, formed by the instability, into present-day 

planets. Also, as mentioned in the first chapter, hydrodynamical col¬ 

lapse calculations suggest that a high-mass disk never develops, pro¬ 

vided that turbulence transports mass sufficiently fast to the center. 

On the same grounds quiet disks, as opposed to turbulent disks, can be 

ruled out because, in such a case, it seems impossible to form a central 

object. 
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In the following numerical calculations two different low-mass 

disks have been used. Both disks surround a central object of 1 MQ. 

The first model, referred to as model 1, constitutes a 'minimum mass' 

disk calculated by Weidenschilling (77, 80) from the present 

distribution of mass in the solar system, after adding the solar 

complement of light elements to the planets. The surface density of the 

disk varies roughly like Wh11e the temperature is inversely 

proportional to the distance from the sun. The assumption, obviously, 

is that the protosolar disk can be reconstructed by reversing the 

process of planet formation in which, supposedly, all the mass in a 

given radial zone contributed to the formation of the planet. While 

this is quite uncertain, such a disk might nevertheless be a good 

approximation to the real conditions at the time of planet formation. 

The surface density and the temperature at midplane at 1 All are 

taken to be 6,000 g/cm^ and 600 K, respectively. The scale height of 

the disk is proportional to the radial distance from the sun, H/R = 

.14. For simplicity we assume a constant inward mass flux of 10“® 

M@/yr (Lin, 82) and a turbulent velocity v^. = .3 cs. 

The second, model is taken from Lin (81). It is a steady-state con¬ 

vective accretion disk. The disk is unstable to vertical convection due 

to the radiative transport properties of grains, in particular due to 

the temperature dependence of the grain opacity. Turbulent convection, 

in return, is the cause of the viscous energy dissipation (eq. (6)) 

which drives the convection. 

Lin calculates self-consistent numerical solutions and approximate 

power laws for all thermodynamic variables as a function mainly of 

radius and inward mass flux. A mass flux of 1(H> M@/yr is used again, 
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which leads to a temperature of 640 K and a surface density of 320 g/cm^ 

at 1 All. The temperature falls off roughly like R"*75 while the sur¬ 

face density stays constant up to a radial distance of 6.9 AU, where it 

drops to 40 g/cm^. This is due to the change in opacity since when the 

temperature gets above about 160 K the icy components of grains evapo¬ 

rate and the opacity drops by two orders of magnitude. The height of 

the disk increases as R»?5 throughout the disk. Again we take the 

turbulent velocity to be .3 cs. 

In table (1) the relevant data for both models are summarized. In 

figure (5) and (6) the temperature and surface density profile for the 

disks are plotted. 

The test-particle growth rate is given by eq. (41) which can also 

be written as 

da 
dt 

Qpd 
4ps 

(a+aQ)2 

rel 
(47) 

where the cross section a is taken to be a * ir(a + a0)2 with a and a0 

denoting the radius of the test-particle and the background particles, 

respectively. For simplicity we assume that the background particles 

all have the same size and composition. We consider two extreme cases. 

First we take the background particle size as being constant throughout 

the calculations and secondly we set the background particle size always 
% 

equal to the test particle size, i.e. we assume that all particles 

evolve equally. 

Particles at a temperature below 160 K are taken to be a fluffy 

mixture of icy and rocky material, which evaporate their icy components, 

mainly H2O, CH4, and NH3, once the temperature rises above 160 K. We 
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T = T0(R/l AU)nT 
T0[K] 

model 1 
-1 
600 

model 2 
-.75 

640 

a = <r0(R/l AU)nS n«: 
^oCg/on2] 

-1.5 
6,000 

0 
320 for R 
40 for R 

H = H0(R/l AU)nH 
Hoîïù] 

1 
.125 

.75 

.14 

cs[cm/sec] at 1 AU 1.4 x 105 1.4 x 105 

.3 .3 

R(T = 160 K) [AU] 3.75 6.9 

F[M0/yr] io-6 
10~6 

lFl vr s 11 [cm/sec] at 1 AU 
2irRtf at 10 AU 

112 
355 

2,100 
1,680 

M(inside 10AU)[M0] .027 .011 

6.9 AU 
6.9 AU 
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Figure 5. Temperature vs. radius for Weidenschilling's model (1) and 

Lin's model (2). 

R (AU) 

Figure 6. Surface density vs. radius. 
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assume that the particle does not fragment into pieces at that point, 

rather that it contracts and becomes denser. For T < 160 K a solid-gas 

mass ratioP d/P of .012 and a specific density of the grains of .5 g/cm^ 

is used, while for T > 160 K we take P<j/P = .0034 and Ps * 1.0 g/cm^ 

(Podolak and Cameron, 74; Weidenschilling, 80). 

The relative velocity between particles is calculated by taking in¬ 

to account brownian motion, differences in drift velocities due to gas 

drag, and turbulence induced relative velocities. For the latter, in 

the case of equal-sized particles, we use eq. (43), while for a > a0 it 

has been found that the relative velocity can be approximated by 

r 

1 + (Tt/te) 
% vt 

rel 

for t < T 
e t 

(48) 

for t > e T t 

where, as before, tt and te are the turbulent coherence time and the 

test particle's stopping time, respectively. This equation agrees with¬ 

in 20 - 30% with the results of Volk et al. (80), displayed in figure 

(4), for a wide range of the background particle size, ag, from 10-4 cm 

to about 1 cm. 

Brownian motion never plays any significant role. The growth of 

particles is dominated by turbulence induced velocities. For both disk 

models they are also larger than drift velocities due to gas drag for 

all particle sizes. 

The radial motion of the particle is calculated using eq. (32), 

which combines the effects of the radial drift due to gas drag and the 

average inward motion of the gas vr (vr = |F|/2ir). The calculations 
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cannot account for transport due to turbulent mixing. This will be dis¬ 

cussed later. 

The calculations have been limited to a radial distance range of 1 

to 10 All because it is felt that the power law description of the disk 

parameters becomes invalid outside this range. The program is stopped 

once the particle reaches 1 AU or when it becomes large enough to decou¬ 

ple from the gas motion. The particle begins to decouple from the radi¬ 

al gas motion when 2nte/T ^ 1 (see eq. (32)) and from the turbulent gas 

motion when te/^ 1. This happens at about the same time since 

T/2ir ^ xt(T/2ir = R/V(J),
t^ ^ H/c$, H/R ^ cs/v<p). For model 1 and 2 this 

corresponds to a particle size of about 1 - 10 m. 
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VI. Results and Discussion 

The calculations were carried out on a Tektronix 4052 microcomput¬ 

er. The algorithm has been checked by using power laws in a and R on 

the right-hand side of eqs. (32) and (47). The numerical results agree 

with the exact analytic solutions within 1%. 

In figure (7) the radius of the particle has been plotted as a 

function of radial distance from the sun for different initial size and 

distance from the sun for different initial size and distance, using 

model 1. The background particle size has been held constant at 1 u m. 

A sticking probability Q of .1 is used. The lines labeled A1 and B1 

correspond to the boundary where 2nte/T = 1 and tg/xj. » 1, respectively, 

i.e. above A1 the particle starts to decouple from the radial gas motion 

and the gas drag while for the region above curve B1 the particle also 

decouples from the turbulent gas motion. Figure (8) shows the same 

calculations using model 2. The numbers next .to the curves denote the 

time in years. 

Due to turbulence the particle grows rapidly from 1 urn to 1 mm in 

about 103 yrs. At closer distances to the sun the growth is more rapid 

due to higher gas density and larger turbulent velocity. First the par¬ 

ticle is closely coupled to the gas, but once it reaches centimeter- 

si ?es, the inward drift due to gas drag becomes larger than the inward 

gas velocity. In addition the relative growth d(In a)/dt of the parti¬ 

cles gets smaller, as expected by eq. (47) in view of eqs. (48) and 

(31). At 1 AU the particle has acquired a size of a few centimeters, 

which is rather independent of the initial size and distance from the 

sun. Even if the particle had an initial radius of 1 cm at 10 AU, its 

size at 1 AU differs by less than a factor of 2 from the size of a par- 
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R (AU) 

Figure 7. Size of the test particle vs. radius using Weidenschilling's 

model. The background particle size and the sticking 

probability are 1 urn and 0.1, respectively. The test 

particle starts out with 1 urn in size at 4, 7 and 10 All and 

with 1 cm at 10 AU. 
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Figure 8. Same as figure (7) using Lin's model. The numbers denote the 

time in years. 



50 

tide which had an initial radius of 1 vm at 10 AU. This is due to the 

fact that a centimeter-sized particle immediately drifts inward quite 

rapidly due to gas drag, while a smaller particle, which drifts inward 

slowly, has enought time to 'catch up' in size. 

The final size of the particles at 1 AU is well below the size 

necessary to decouple from the gas motion. This strongly suggests that 

they are not able to grow large enough before being drawn into the sun 

or being evaporated close-by. 

The discontinuity in the curves in figures (7) and (8) at 3.75 AU 

and 6.9 AU, respectively, marks the point where the temperature becomes 

larger than 160 K. The icy components evaporate and the particle 

shrinks in size by about a factor of 2. 

Both disk models lead to the same general behavior in the particle 

evolution. The slightly lower final size of the particles in model 2 is 

due to a higher inward gas velocity and lower gas density. 

The dependence on the background particle size is illustrated in 

figure (9) for model 2 with Q = .1. The test-particle has an initial 

size of 1 mm at 10 AU. Curves 1 and 2 correspond to a background parti¬ 

cle size of 1 vm and 1 mm. respectively. In 3 the size of the back¬ 

ground particles is set equal to the test-particle size. The final size 

is largest for curve 3. This is mostly due to an increase in collision 

cross section by about a factor of 4 compared to 1 and 2. Still, the 

dependence on the background particle size is weak and does not change 

the outcome of the calculations appreciably. 

More important is the chosen value for the sticking probability, as 

shown in figure (10) for model 2, setting the background particle size 

equal to the test particle size. But even with a sticking 
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R (AU) 

Figure 9. Using Lin's model. The background particle size is 1 vm and 

1 mm for curve 1 and 2, respectively. It has been set equal 

to the test-particle size for curve 3. The particle starts 

out with 1 (im in size at 10 AU. The sticking probability is 

0.1. 
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R (AU) 

Figure 10. Using Lin's model. Shown here is the dependence on the 

sticking probability Q. The background particle size is 

equal to the test-particle size. 
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coefficient of unity, the particle is expected to fall into the sun 

since it has a large inward velocity of about 10^ cm/sec at 1 AU. At 

such a velocity it takes less than 100 yrs to reach the sun; this is too 

short to grow large bodies which sufficiently decouple from the gas mo¬ 

tion. Note also that even for Q = .01 the particle grows to millimeter 

sizes in about 10^ yrs. 

The calculations cannot simulate all aspects of the evolution of 

grains in the turbulent accretion disk. As has been pointed out by Volk 

(81) and Morfill (82), a more complete treatment of the problem has to 

take into account the evaporation of dust material at higher tempera¬ 

tures closer to the sun, and the subsequent turbulent diffusion outwards 

and redeposition of the vapor onto grains further out in the disk. In 

addition grains are also expected to diffuse outwards due to turbulent 

mixing. They could aquire a sequence of chemically different rims on 

their way out, which might explain the rim structure of chondrules and 

inclusions in meteorites (Morfill, 82). 

Large bodies (£ 1 m), which decouple from the turbulence, cannot 

move outwards. But even smaller, centimeter-sized, particles are 

limited in their radial diffusion outwards by the inward drift due to 

gas drag. Taking a simple one-dimensional model, the steady state con¬ 

ditions can be calculated by equating the inward flux due to the inward 

velocity Vp of the particle with the flux due to turbulent diffusion: 

(49) 
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where n and K denote the number density of the particles of a certain 

size and the diffusion coefficent, respectively. This neglects growth 

and evaporation of grains, but we can expect at least an order of magni¬ 

tude estimate from eq. (49) for the maximum size of particles mixed out¬ 

wards. 

For a constant vp and K the number density n is proportional to 

exp (-(Vp/ic) • R). According to the mixing length theory the diffu¬ 

sion coefficient in a turbulent medium is identical to the viscosity 

v 1/3Jttv-j- (&£ * mixing length), as long as the particles fully partake 

in turbulent motion. For small particles with 2irte/T < 1, neglecting 

the inward gas motion, we take the particle velocity vp due to gas drag 

from eq. (34) such that 

n exp 
2irt 2AV 3R 

r (50) 

In view of eq. (39) (for v^ = .3cs) we notice that 2AV/vt is of the 

order of unity. If we want particles to diffuse outwards any 

appreciable distance, say a distance R, it is required that 

2irte/T < .03, since R/R/H ^ 10. This corresponds to a particle 

size of millimeters to centimeters, which agrees well with the maximum 

size of inclusions and chondrules. 

The calculations have shown that it is very unlikely that larger 

than meter-sized bodies will form in the turbulent accretion disk. In 

this case sedimentation of particles toward the midplane of the disk is 

effectively inhibited by turbulent stirring. 
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While the formation of planetesimals or planets seems unlikely in a 

turbulent medium, it could be explained by assuming that there was a 

period of quietness in the disk, e.g. intermittent turbulence (Volk, 

81), such that the particles have time to sediment and to form a dense 

dust disk in a few x 10^ yrs (Nakagawa et al., 81; Weidenschilling, 

80). The dust disk breaks up into kilometer-sized objects due to gravi¬ 

tational instability once the grain mass density becomes comparable to 

the Roche-density (Safranov, 72; Goldreich and Ward, 73). 

This process can explain the formation of planetesimals but a quiet 

disk cannot, for example, account for the complexities and inhomogene¬ 

ities of meterorites. It is more likely that answers to those problems 

can be found in the context of a turbulent disk, in which, e.g., chemi¬ 

cal fractionation and morphological peculiarities come about by the com¬ 

plex interplay of many different processes. Further research is defi- 

nitly needed to explore the role of grains in a turbulent protosolar 

disk. 
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Appendix A 

Let the radial particle velocity be u and the azimuthal particle 

veolcity be (vg + w), where vg is the azimuthal gas velocity which lags 

behind the Keplerian velocity v^ by an amount 

AV * v (Al) 

Ag is the residual gravity due to the pressure gradient: 

Ag 1 dP 
p dR (A2) 

where p is the gas density. 

The radial force balance equation is given by 

u-u (v + w)2 

 £L 4. —§—'  
t R 

e 
g 0 (A3) 

with te and ug denoting the particle stopping time, te = mvre]/FQ, and 

the radial gas velocity, respectively. The relative velocity, vre], 

between particle and gas is 

vrel = ((u - ug)2 + w2)^ (A4) 

Keeping only terms of order Ag/g eq. (A3) can be written as 
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u - u 
—-—S. + Ag + 

e 
0 (A5) 

Since Vg^/R “ g + Ag. 

The transverse force equation is best expressed in terms of the 

torque acting on the particle, which is equal to the rate of change in 

specific angular momentum h of the particle: 

dh 
dt (A6) 

Using h = R(vg + w) we get 

dh 
dt 

dR , 
— (v 
dt g 

+ w) + P ÛRd_ 
K dt dR (v + w) 

g 
(A7) 

Since u = dR/dt is already first order in Ag/g we can approximate vg + w 

by vx thus arriving at <p 

dh <j> 
  = 11  — 
dt 2 

(AS) 

using R dv,/dR = 
<p 

v^/2. Combining (A6) and (A8) leads to 

uv, 
w   
t 2R e 

0 (A9) 
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or w - h u 
2irt  e 

. T J (A10) 

where T is the Keplerian orbital period. Substituting (A10) into (A5) 

finally gives 

u (Agt + u ) e g 1 + 
4ir2t 2 

e 
-1 

(All) 
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