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ABSTRACT 

The techniques of obtaining mass models for spiral 

galaxies from their observed rotation curves are reviewed. 

A fast method for fitting the Toomre type disk mass model 

together with a simple prescription for the distribution 

of central bulge material is developed based on observed 

rotation curves. Several well observed galaxies are then 

modeled in this fashion. 

These mass models of real galaxies are then used as in¬ 

put to an extension of an ongoing program of galactic evolu¬ 

tion modeling. Multizone galactic models are constructed 

assuming each radial zone evolves independently with a rate 

of star formation proportional to the frequency of spiral 

arm passage as derived from density wave theory. The pro¬ 

portionality factor, called the efficiency of star formation, 

is the only free parameter of the model. An initial era of 

star formation is assumed to deplete an amount of gas into 

stars equal to: the amount of bulge mass at each radius. A 

constant initial mass function equal to the Salpeter IMF 

is employed throughout. An evolutionary model of the near¬ 

by spiral galaxy M33 shows that a variable efficiency factor 

is required to reproduce both the observed integrated colors 

and luminosities. 

i 



It is also shown that this model for the star forma¬ 

tion rate coupled with the initial mass function determined 

from the stars in the local solar neighborhood will not 

produce model galaxies as blue as the bluest real 

galaxies. Therefore, either the IMF cannot be a universal 

constant or the star formation rate is a more complex 

function of time. 
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CHAPTER I 

INTRODUCTION 

The motivation for this paper was provided by Talbot 

and Arnett (1975). In developing simple models for the 

evolution of highly flattened disk galaxies, they pro¬ 

posed that to model specific galaxies it is necessary to 

use mass models which reproduce the observed rotation 

curve of the galaxy under consideration. Chapters II and 

III of this paper describe the details of the mass models 

we have chosen and the methods of fitting them to actual 

galaxies. Chapter IV introduces the elements of multizone 

galactic modeling and Chapter V presents the results of 

using specific mass models for observed galaxies in con¬ 

junction with theoretical models for the evolution of the 

gas and stars in these systems. This is part of an ongoing 

effort, under the direction of Dr. Talbot here at Rice 

University, to explain the general observed features of 

these galaxies and the interrelated physics. 

The present chapter is an introduction to several 

features of spiral galaxies which must be explained in any 

successful theoretical model for the structure and evolu¬ 

tion of galaxies. 

I. A — General Properties of Spiral Galaxies 

Spiral galaxies may be characterized as self-gravitat¬ 

ing bodies composed of mass in the form of gas, dust, and 

stars. The total mass of one of these galaxies ranges 
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from 106flU to 1012M_. However, most well observed spiral © © 

galaxies have masses between 1 and 20 x 1010MQ, with the 

total number of stars on the order of ten to one hundred 

billion. The fraction of mass in the form of gas can vary 

from a few percent to upwards of fifty percent. 

Primary Types of Mass Distributions 

The most evident shape of a typical spiral galaxy is 

a rather flattened disk when viewed edge-on, and a prominent, 

though often erratic and hard-to-define, multi-arm spiral 

when viewed face on. It is now fairly well established that 

the spiral features are simply indicative of intrinsically 

bright features, especially the young 0 and B stars and 

the H H regions they illuminate, and represents only a minor 

enhancement to the density of mass. To a good approximation, 

the primary mass distribution is disk-like, with the outer¬ 

most radial extent ill determined and with the surface mass 

density depending almost solely on the radial coordinate. 

Asymmetries are observed in specific cases, but in many 

cases these may be explained by gravitational distortions 

produced by the passage of nearby galaxies. These distor¬ 

tions undoubtedly produce many interesting features inex¬ 

plicable by simple axisymmetric disks, but we will not 

attempt to incorporate this complication in our present 

work. 

Another type of mass distribution superimposed on the 

disk distribution is often evident in photographic plates 

of spiral galaxies: these are the central bulges which 
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resemble oblate spheroids whose axis of revolution is 

coincident with the axis of rotation of the disk. While 

many researchers have incorporated such spheriodal mass 

bulges into their mass models in order to adequately fit 

rotation curves, they have generally not been included in 

models for the evolution of gas into stars by other re¬ 

searchers. However, the nuclear bulges often have a 

large effect on the mass distribution in the inner parts 

of galaxies, and since the inner parts are often the best 

observed, it is necessary to include their effects. 

Another possible component of the total galactic 

mass distribution is the proposed galactic halo which 

generally is pictured as having a similar shape as the 

central bulge but with much greater size and mass. 

Numerical simulations of two dimensional disks of stars, 

such as done by Ostriker and Peebles (1973) and by Hohl 

(1971 and 1976) seem to indicate that gross instabilities 

exist in disks alone. The halo population is hypothesized 

to stabilize the disk. 

The Toomre Local Gravitational Instability 

Toomre (1964) showed that instabilities causing 

fast growing clumping of mass on a local scale will occur 

in any disk initially in equilibrium between gravitational 

and centrifugal forces unless the random motion within 

the disk is greater than a certain value. This minimum 

value of the root-mean-squared velocity dispersion in the 

radial direction, in essence defining a minimum temperature 
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of the disk, was expressed by Toomre in terms of the local 

surface density, a, and K, the epicycle frequency of the 

disk. The value of this minimum velocity in the radial 

direction was found to be 

i / 
<v2> • 2 =3.36 GO/K I.A-1 

min 

where G is the gravitational constant. It is important to 

note that instabilities arising from failure to meet this 

criterion are estimated to manifest themselves in mere 

fractions of a galactic rotation period. 

The Large Scale Instabilities of Numerical Treatments 

Even though numerical N-body treatments of disks assume 

an initial velocity dispersion equaling or exceeding the 

Toomre criterion, the gross instabilities of Ostriker 

and Peebles, etc., appear on a time scale of one to several 

galactic rotation periods. These instabilities seem to 

lead to barlike and ringlike shapes. The numerical models 

reach stability when the mean kinetic energy of rotation 

is lowered to a value of about 14% of the total gravita¬ 

tional potential energy of the system. 

While the nature of these slower large scale instab¬ 

ilities has not been firmly theoretically established, 

their existence could possibly explain the large number of 

barred spirals and spirals with ring components observed 

in nature. 

It remains to explain the pure, non-barred spirals. 
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A leading hypothesis is to add a massive halo with very 

high thermal kinetic energy. The crucial factor is to 

change the relative proportions of rotational kinetic 

energy, K, and "thermal" kinetic energy, U. The virial 

theorem requires that K + ^-|v|, where V is the total gravi¬ 

tational potential energy. If a massive, hot halo dominates 

both the kinetic and potential terms, then the disk can 

remain relatively "cool" and stable. It is found by 

Ostriker and Peebles (1973) that a halo to disk ratio of 

1 to 2.5 is required. 

A search has been made in recent years for evidence 

of a halo in our own galaxy, but results have been negative. 

This may imply that our galaxy is unstable to development 

of a bar, however, this interpretation has not been con¬ 

firmed. Mainly for this reason, we will not attempt to 

include a halo type mass distribution in our modeling 

procedures at this time. We can expect that the mathe¬ 

matical tools we shall illustrate in this thesis for mass 

modeling of the central bulge will work quite well on the 

more extensive haloes since a halo may simply be the 

extended outer part of the bulge. Hence, their inclusion 

in the future should be straightforward. 

I. B — Stellar Populations and Mass Distributions 

By far the most important observational tool to date 

for mapping the structure and distribution of matter in 

our galaxy has been radio observations of 21 cm radiation. 
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This radiation arises from ground state transitions of 

the electron's spin orientation relative to the nuclear 

spin in neutral hydrogen atoms. In the past, the distribu¬ 

tion of all obscured or hard to observe galactic components, 

such as gas atoms and molecules of all elements, were 

derived from prescriptions relating them to the neutral 

hydrogen distribution. The chief flaw of this procedure 

is that the percentage of hydrogen in the form of neutral 

hydrogen is not known. Ionized hydrogen regions have 

been extensively studied, but the amount of hydrogen in 

the form of H2 molecules is extremely hard to measure 

directly due to the fact that is a symmetric dipole 

molecule, and as such it can best radiate via its weaker 

quadrapole moment. 

Recent studies of the distribution of various types 

of molecules, for instance, OH molecules (Gordon and 

Cato, 1972) and CO molecules (Burton et al., 1975), and 

now y-ray observations, are revealing a quite different 

picture of the structure of our galaxy than obtained by 

21 cm observations alone. It is instructive to outline 

the emerging, rather simplified picture adapted from 

Stecker (1976). 

Galaxies serve as the natural environment for star 

formation. The formation process is as yet not understood, 

but it seems to take at least two forms. Stars from 

somehow in the formation or condensation process of all 

galaxies and globular clusters. Perhaps the general 
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gravitational collapse of the protogalactic cloud triggers 

the smaller scale collapses which end in the birth of 

stars. One may hypothesize that this is the sole mechanism 

by which stars form in elliptical galaxies and globular 

clusters. The stars in the spheroidal mass distributions 

of spiral galaxies are assumed to be of similar origin 

and are conventionally labeled as Population n objects. 

Since such objects are presumably not related to the orderly 

motion of the disk component which forms later, they possess 

a generally different distribution in velocity phase space. 

Historically, any object with a high velocity relative 

to the sun's motion in the galactic plane is taken to be 

Population H. 

Star formation in the disks of spiral galaxies is 

probably of quite a different nature. The current picture 

is that a perturbation to the local density of mass, known 

as a density wave, travels through the galactic disk 

triggering star formation in its wake. Of prime importance 

is that star formation continues throughout the lifetime 

of a galaxy. As a result, short-lived objects, such as 

the more massive stars, are continually regenerated along 

the density wave front. 

The so called Population I objects are defined by their 

correlation to this second type of star formation. In 

essence, any type of phenomena thought to be associated 

with current star formation is grouped under Population I; 

for example, the massive 0 and B stars, and the HU regions 
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caused by the OB associations, and the remnants of the 

short-lived stars, such as supernova remnants and pulsars. 

Since cold, dense clouds favor the presence of molecules, 

molecules may be grouped in Population I also. This is 

of great importance because the molecular distributions 

can be considered tracers of Population I objects. The 

recent high energy y-ray observations are also tracers 

of Population I because pulsars are the probable discrete 

sources of y-rays, as well as the ultimate sources of the 

diffuse y-rays produced by interactions of cosmic-ray 

electrons and nucleons with the interstellar gas nuclei. 

Stecker proposes that neutral hydrogen be relegated 

to a new population class, Population 0, because it is not 

directly related to star formation. Neutral hydrogen is 

well correlated to the plane of the galaxy, so it cannot 

be included in Population H. 

Figure 1 and Table 1, taken from Stecker (1976) show 

the utility of the new classification scheme in our 

galaxy. While the I^, HU, y-ray, cosmic ray, and super¬ 

novae rate distributions all peak at about 6 kpc with 

similar half maximum radii, the H I distribution peaks 

at about 13 kpc. The H I distribution also has a con¬ 

siderably greater z distribution than any of the Population 

I tracers. 

It now seems rather clear that one must use caution 

in describing the structure of external galaxies when the 

almost sole source of data about the interstellar medium 

is 21 cm observations. 
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2 4 6 8 10 12 14 16 
Figure 1. 

Observed surface density of hydrogen measured in 
20 —2 

10 cm as a function of radius in Kpc for the Galaxy. 

• Table 1 

Pop. Tracers %max to 'Amax Layer thickness 

0 HI 4< R < 14 ~130 pc 

I Molecules 4 < R < 8 35 pc 
HII 4 < R < 8 30 pc 
îf-rays 4 < R < 7 
Cosmic rays 4 < R < 7 
OB stars 50 pc 
Supernova 3 < R< 7 40 pc 
pulsars 

II High velocity stars 
Globular clusters 
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CHAPTER II 

THE DEVELOPMENT OF MASS MODELS 

We shall devote this and the following chapter to 

methods of determining a reasonably accurate surface 

density profile from the observed rotation curves of real 

galaxies. Our chosen methods follow closely to those 

chosen in recent papers on the comparison of density wave 

theory to external galaxies, especially Shu, Stachnik, 

and Yost (1971), and Roberts, Roberts, and Shu (1975). 

The galactic evolution models of Talbot and Arnett 

(1975) choose a simple exponential as the functional form 

for the surface density. This choice is based upon the 

observed exponential decrease of the surface brightness 

in flattened galaxies (e.g., de Vaucouleurs (1959), and 

Freeman (1970)) and the assumption of constant mass-to-light 

ratio in the disks. Nordsieck (1973 a,b) reasoned that 

the mass-to-light ratio was constant because of the often 

observed small variation in color with radius. In Chapter 

IV we shall compare the simple exponential surface densities 

with our adopted models and see that the exponential is 

indeed a good approximation. However, the assumption of 

constant mass-to-light ratio is very suspect, so we shall 

concentrate on models derived from the observed rotation 

curves of galaxies. 

Rotation curves are usually obtained by analyzing 

high sensitivity observations of Doppler shifts in the 

21 cm line emission from H I regions. The basic mathemat- 
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ical problem is then to take the observed velocity function 

and to derive a density function from it. 

II. A — Toomre Disk Models 

Assuming that the gravitational field is the dominant 

force field associated with a volume mass distribution, 

p (r) , the gravitational potential <p is such that the 

following three dimensional Poisson equation is exactly 

satisfied for all r. 

A 3 2 4> = -4irGp II.A-1 

The gradient of the potential <J> will give the gravi¬ 

tational force per unit mass. Let <f> be expressed in 

cylindrical coordinates such that the z = 0 coordinate 

coincides with the plane of rotation of the disk of the 

galaxy. Assuming that the mass motion about the central 

axis is perfectly circular, the centrifugal acceleration 

becomes simply 

II.A-2 

where Q(r) is the angular velocity of matter at a radius r. 

Given a function p, the method of solution is straight¬ 

forward. One uses equation II.A-1 to find c|>, then uses 

equation II.A-2 to find S2(r). 

The function p is not generally known however. Toomre 
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(1963) has developed a satisfactory approximation for 

using rotation curve data (that is Œ(r)) to derive p. 

More specifically, his solution is for a(r), the surface 

density of an infinitely thin disk. The solutions are not 

explicit (in a fashion that will be examined), but are 

rather expressed in terms of parameterized models that 

can be adjusted to adequately agree with the observed rota¬ 

tion curves. The prime importance of the method is that 

rotation curve data is used directly to find aQ(r). 

Toomre's analysis relies on the fact that the potential 

satisfies the Poisson equation II.A-1, where JQ is the 

familiar zeroth Bessel function. The explicit solution 

for crQ(r) is found to be 

where v is the linear speed of rotation. 

On the assumption that v(0) = v(°°) = 0, the solution 

can be expressed as 

II.A-3 

00 00 

JQ(rk)k v2(u) J i (ku)dudk II.A-4 

u=0 k=0 

00 

II.A-5 

u=0 

where 
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H(u,r) = 

-,,11 , u , . 
F<2'27 1; /rz) 

l! r /u2) 

u < r 

u > r 

II.A-6 

and F is the hypergeometric function, or 

H(u,r) = 
IF K<u/r> 

IF K<r/"> 

u < r 

u > r 

II.A-7 

where K is the first complete elliptic integral. 

Therefore, given v (r), or a parameterized model for 

v (r), we can develop the necessary connection with a (r) 

with the equation 

a (r) = —T o i^Gr J 
u=0 

dv2 fU'*. , 1 
du '-r-' TT

2
G 

dv2 lT,rr 
du u vu K&)du 

u=r 
II.A=8 

Note that the function K(m), where |m| < 1, can be 

expressed as (Abramowitz and Stegun, 17.3.11) 

. 7T .1 J. rli2 , rl*3->2 2. rl*3*5ï2 z , t 
K(m) = 2 [1 + y m + m + ( 2~4 »~6' m + * * *3 

or approximated with (Abramowitz and Stegun, 17.3.35) 

K(m) ^ (ao + aim + a2m2) + (bo + bimi + b2m
2)£n(1/mi) 

with an error of less than 3 x 10“5. Such approximations 

may prove useful in cases where dv2/du is obtainable from 

observation, so that II.A-8 is at least numerically inté¬ 

grable. 
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A family of solutions that is sufficiently parameterized 

to allow it to be useful in fitting rotation curves was 

developed by Toomre (1973). 

Note that the rotation profile 

v2 (r) = Co
2(l + rVa2)~

1/2 

can be substituted into the inner integral in II.A-4 and 

solved exactly (Toomre, 1963, eg. 20): 

C 2(1 + u /a2)- ^2 Ji(ku)du = C 2al (yka)K (yka) 
o l, , v2 

/ 2 /; 

where Ii , and Kj , are the Bessel functions 
/ 2 / 2 

Ii, (x) = (^—) ^2 sinh x 
/ 2 x 

K7*(x) = e"X 

The surface density then becomes 

°o(r) ■ 2ÎG (1 = e"ak)JQ(rk)dk] 

or (Toomre, 1963, eg. 20) 

ao(r) = 2¥G 1 r 
° ( i - (a2 + r2)_1/2; 
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The desired family of solutions is built from the above 

v2 and oQ functions. The set, as given by Toomre, is 

n-1 2 l / 
} [(!) (a2 + r2)" A 

v 2 (r) = C 2{- 
n n 3a2 

] II.A-9 

and 

an
(r) 'r. S 11-1 1 / 

^ {- } [(a2 + r2) /2] 
2TTG 1 3a2 

II.A-10 

Following Shu, Stachnik, and Yost (1971) we can ex¬ 

pand these expressions to yield 

Œ2 (r) = B2 Tn(n) II.A-11 

and 

where 

n+Vs 
, * BA (2n-l)! _ TT * T0 on(r) = -  —nZi— n ' II.A-12 
° 27rG ( (rt-1) ! 2n ■*■) 

r2 -1 
B = (1 + |y) 1 

and 
n 

*„(n) = I (2n-2j).(2j-l>. 
n j=l ((j-1)!(n-j)!2n X)2 

J + 1 /z 
n . II.A-13 

For computational purposes the expressions above can 

be written as 

n 
ti2(r) = B2 /ïï I Ci(I,N)n‘ 

1=1 
II.A-14 

and 

ao(r) = lîêc’(H)'1 

N + V: 
II.A-15 
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The values for Ci(I,N) and C2(N) can be found in Table 2. 

The total mass of the disk is found by integrating 

u(r) from o to °°. The result is 

= BfA3 (2n-2) 1  
disk G [<„_!,12

n-l]2 ii.a-16 

The surface density is then most naturally written as 

Mdisk n + / 2 
a(r) = (2n~1^ 

As r goes to zero, TI goes to one so 

Mdisk 
a(o) = 2^ t2»"1* 

We see that if the central surface density and the 

length scale A are independently known, then as n increases, 

the total mass predicted to be in the disk decreases. 

The sum Tn(ri) in II.A-13 can be found to be equal to 

n at r = 0 for at least all values of n from 1 to 10. 

Therefore, the central value of Œ2 is 

Ü2 (o) = B2 n 

A Fortran subroutine named DISK was written to imple¬ 

ment the two simple equations 14 and 15 above. The first 

step in fitting the Toomre disk mass models to an actual 

galaxy is to choose the appropriate length and angular 
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velocity scales, A and B. The methods of fitting A and B 

are discussed in Chapter III.B. The model number n then 

becomes a "shape" parameter. We shall now examine a 

family of these disk models for n from 1 to 10. 

Figure 2 illustrates the effects of varying n with 

two types of velocity versus radius curves. In graph a) 

we see v/vmax plotted versus r/A, the sequence for n 

equals 1, 5 and 10 gives a decreasing radius of the vel¬ 

ocity peak and a decreasing width at half maximum. 

Graph b) is normalized to show all the velocity peaks 

at r/r = 1, where r is the radius at the velocity 

peak. This graph is important because the usual method 

of fitting the models to a rotation curve is to find the 

radius r . As can be clearly seen, the choice of one n 

over another is only possible if the rotation curve is 

measured out to several times r . The inner portions max c 

are quite similar for all n. 

The procedure adopted by RRS 75 is to use a default 

value of n = 5 in cases where the rotation curve is not 

sufficiently extensive. There do seem to be galaxies 

with a fairly flat rotation curve, suggesting small n 

values, however, cases where n = 5 does work well, also 

exist. For example, the rotation curve for NGC 3109 as 

shown in Huchtmeier (1975) can be fit quite well with 

n = 5. More examples will be found in Chapter III.C. 

Figure 3 shows two graphs of the surface density as 

a function of r. The r scales are normalized in the 
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Figure 2 

a) v/v ' max for Toomre Disk Models as a function of r/A, 

b) v/v 
' max 

for Toomre Disk Models as a function of r/r 
' max 
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a) o/aQ 

a/a 
' o 

Figure 3 

for Toomre Disk Models versus r/A. 

for Toomre Disk Models versus r/r 
' max 

b) 
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same fashion as the previous figure. They show clearly 

that as n increases, the mass is increasingly concentrated 

towards the center of the galaxy. Graph b) shows that 

for r < rmax, the density for n = 1 is consistently below 

the density of n = 10. The situation reverses for 

r > . However, this is slightly misleading for the 

following reason. Since the model curves are fit to the 

observed peak in the rotation curve, choosing a larger n 

essentially lowers the total mass of the disk in such a 

way as to make cr(r) for n + 1 always less than a(r) for n. 

For instance, the central surface density of a n = 10 

disk is about 76% of the value for a n = 1 disk fitted 

to the same v and r . The dashed curve of graph b) 

is the n = 10 curve normalized to the central surface 

density of the n = 1 curve. It shows clearly that given 

r and v , a larger value of n will yield a smaller 

value of a at every radius. 

Another noteworthy effect of these mass distributions 

is the difference between the mass of the disk as found 

by integrating the surface density radially outward, and 

the effective kinematical mass as felt by a unit of mass 

at the same radius. By effective kinematical mass, we 

mean the mass which if located at the origin would pro¬ 

duce the same rotational velocity. This effective mass 

is easily expressed, in a Keplerian sense, as 

M 
eff 

n2r3 
G 
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The previous type of mass expression is simply 

i 

Mo - I a (r) 2irrdr 

These two types of mass terms are plotted in Figure 

4 for a n = 10 disk. Here one sees that the value of 

is substantially greater than 1 (up to 30%) 

for a region around r = A. This effect is analogous to 

electric charge distributions in regions where multipole 

moments higher than unity are non-negligible. Of course, 

as r goes to infinity these higher order moments go to 

zero and the two types of mass expressions give identical 

results. 

II.B — The Shu, Stachnik, and Yost Spheroid 

The modeling of spheroidal mass distributions has 

been developed extensively in the past. Indeed, many 

disk formulae have evolved from spheroidal formulas 

in the limit that the eccentricity, e, approached 1. 

However, the above TOomre disk method is mathematically 

superior to this approach chiefly because all prescrip¬ 

tions for Œ2(r) and aQ(r) for the flattened spheroid 

approach depend rather sensitively on the assumed form of 

p(r). It is well known (Nordsieck, 1973) that surface 

densities derived from rotation curves are not actually 

very sensitive to the z-distribution of mass. Since 

specifying p(r) necessitates specifying the z-distribution 
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1 2 

Figure 4. 

M(r)/M,. . , plotted versus r/A for the nT=10 disk, total ^ 1 

The actual mass is shown by the solid line. The 

"effective"mass seen by rotating bodies at each radius 

is shown by the dashed line. 
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of mass, the highly eccentric spheroid method when applied 

to infinitely thin disks has an unphysically sensitive 

dependence on the perpendicular distribution. 

The mathematics of the spheroid method such as shown 

in Schmidt (1965) work quite well for the central bulges 

however. We will present the pertinent results from 

Schmidt (1965) for completeness and future reference. 

The mass distribution is assumed to be of the form of 

an oblate spheroid of eccentricity e, with a density p 

being a function of a, where a is defined as 

in which r is the distance to the axis of rotation, and z 

is the distance from the plane of rotation. Schmidt 

(1956) shows that the gravitational force per unit mass 

in the r direction is given by 

II.B-1 

arcsine 
F . 

k = (-2) 
r vm J II.B-2 

r o 

where 3 is defined by 

r2sin2 3 + z2tan3 

Again assuming purely circular motion, we have that 

v 
r 

2 
k 
r 

II.B-3 
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In the galactic plane 

V2 (r) = 4irG/E-e2— f P(a)a*da 

l Æ2râ2ë2 
II.B-4 

The surface density is found from the following equation 

oQ(r) = 2 Jp(a)dz 

o 

The total mass of the spheroid is 

II.B-5 

“sphere ’ 

00 

2 | a2p(a)da 

o 

II.B-6 

Given a prescription of p(a), these formulas are all 

that are needed to develop the necessary mass models. 

Shu, Stachnik, and Yost (1971) adopt a volume density 

of the form 

]B _(1 a/n) for a < A 

47TG A - e2 
p (a) = e II.B-7 

0 for a > A 

with the parameters A, B, and n having similar roles as 

the A, B, and n for the Toomre disk models. 

So equation II.B-4, written in terms of angular 

velocity takes the form 

ft2 (r) 1 (l-a/A)na da 

/p—2i2“ II.B-8 
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This can be solved in the same form as SSY 71 to be 

«2<r> "S !0 (j)pj+3<
S»(-|Â) II.B-9 

where 

<5 = e for r <_ A 

= — for r > A 

and arcsine8 

Pj+3 
| sin^+^ 8d3 II.B-10 

The surface density is found by integrating out the 

z dependence in p(a). 

°o(r) = 2 

z 
f 
p(a)dz II.B-11 

which is found to be 

B2r n 

ao(r> <-S> 
II.B-12 

where 

6 = à r 
= 1 

for r <_ A 

for r > A 

and arccoshÇ 

Qj+2U) = | cosh^ydy 

The total mass is found by integrating II.B-6 from 

zero to A 
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“sphere " 4,,/IZ52 
B" 

4irG/l-e2 
o 

which is found to be equivalent to 

(1 - |)nda II.B-13 

2 TV 3 

M BZA n! 
sphere (n+3)! 

II.B-14 

As r goes to zero, equation II.B-12 becomes 

ao(0) = fié ' 

so that 

a (r) = o (o) f y (^)Q-.o(Ç) • II.B-16 
o o A ,L 3+2 A 

]=o J J 

Also, as r goes to zero, equation II.B-10 becomes 

D 2 ^ 
Œ 2 (o) = (arcsin(e) - e/l-e2) II.B-17 

For distances far away from the edge of the spheroid, 

the rotation law should approach the Keplerian value 

G M . 
n2 _ sphere 
U ~ r 3 

As a check on this model, and to exhibit the dependence 

of the non-Keplerian terms, one can expand II.B-9 for 

r/A >> 1 and 6 << 1. For simplicity, the case for n = 1 

is shown. 
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» R2 ^4 
fi2 = IT [P3 -Ô-] • 

The expansion for P can be shown to be 

t> 1 r23 J. 1„ 5 , 3 7 P3 = ô- Lô-n + -rn + 
2 3 5 

and for P4 /n to be 

28' 

îl _ I [in3 + i„3 + 1-n3 + . . . 1 
n 2 l2n 6n 24n J 

The expansion for ft2 becomes 

_,2 B2A3 1 r, . Tl5 . 11 4 . 1 
fi = “— 12 {1 + c + ^ + * • •] 28 

B2A3 1 Noting that for n = 1, Msphere = -g— JJ 

n2 = 
G M 

.sphere {1 + nf. 11 
-4 x± K 28n 
r3 

we see that 

•} II.B-18 

For a typical value of e of .866 (a two to one flattened 

spheroid) the term ns/5 reaches .01 when r = 3.9A. For 

higher mass model numbers this value is even smaller. 

For inner regions, however, the non-Keplerian terms 

are non-negligible. The general effect is that the 

additional dipole moment of the mass distribution causes 

an effective mass to be higher than the actual mass 

interior to that radius. The corresponding effect for the 
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disk was discussed in the last section. The effect 

can be illustrated by comparing two different types of 

integrated mass functions. The integral of the surface 

density over the surface from zero to r is the mass 

contained within a cylinder of radius r. We shall call 

this quantity M^. A second mass function is the volume 

integral of p from zero to the surface of the ellipsoid 

with semi-major axis equal to r. It is the effective 

mass that a particle of matter at r feels, so it can be 

expressed as 

Ma = fl2r3/G . II.B-19 

Figure 5 illustrates these two types of mass functions. 

The solid curve is M^ , which for a given a does not vary 

with eccentricity, and the dotted curves are the Ma for 

various eccentricities. As can be seen, the M„ can reach a 

values that are 50% higher than the total true mass of 

the sphere component. 

II.C — Future Proposals for Mass Models 

Our main interest in deriving mass models from rota¬ 

tion curves is to produce a reasonable surface density 

function for each of several well observed galaxies. 

These surface density profiles are then used as input 

to our galactic evolution models, and discrepancies be¬ 

tween these models and the actual galaxies are used as 
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clues to help improve our evolution models. The assump¬ 

tion at the present time is that the derived surface 

density profiles are accurate enough to preclude their 

being considered as major sources of error in our program. 

The question of whether these mass models are truly 

accurate remains unanswered, however. Even ignoring the 

possibility of other mass components, such as haloes, 

errors may be present in our treatment of the two components 

we have considered. Recall that the Toomre and the spheroidal 

methods are not unique solutions to Poisson's equation. 

Other solutions are possible, and only a detailed and 

extensive observational and theoretical program into the 

dynamics of spiral galaxies will uncover the solutions 

that nature prefers. 

The central problem of all dynamical treatments of 

stellar systems is determining the correct velocity distri¬ 

bution function. Considerable input physics is required 

to do this, of course. 

All treatments begin with the observation that the 

galaxy, or a star cluster, is not significantly influenced 

by stellar encounters because of the long mean-free path 

between collisions. Therefore, the structure of the 

system should be determined by relaxation, and as such it 

is a solution of the encounterless Liouville equation. 

Jeans has given the appropriate general solution which 

applies to spheres and axisymmetric disks. According to 

Jeans (see King (1966) or Kalnajs (1976)) the distribution 
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Figure 5 

The solid line is M (r)/M. . The dashed lines o total 

are (r)/MtQtal 
for vari°us eccentricities. At r/A = 1, 

we have e = 0, .866, .9798, .995 in ascending order. 



O 
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function, f, must be a function of the two isolating 

integrals, energy and angular momentum, 

E = v2 + v(r) £ 0 

h = rvfc 

where, for the flat disk, 

v2 = vr
2 + vt

2 

and where vr is the radial velocity and is the tangential 

or azimuthal velocity. The specific form of the function 

f is not determined. If one knows, a priori, the volume 

of surface density functions which obey Poisson's equation, 

then the distribution function f(e,h) is uniquely determined. 

The necessary connection between p and f and between a and 

f are: 

P 

max 

= | f (r ,v) 4Trv2dv 

max 

0 = 2 f 
J 
o 

dv 

max 

nun 

dvfcf(e,h) 

Kalnajs (1976) developes, for instance, the necessary 

relationships for the Toomre disk model 1. 

In order to avoid having to specify p(r) or p(r) 

one must employ additional tactics. For example, King 

(1966) was able to construct successful models of 

spherical star clusters by using the appropriate steady 

state solution to the Fokker-Planck equation as found by 
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Chandrasekar (1960). The assumed velocity distribution 

is near-Gaussian but with a cutoff velocity imposed by 

tidal interactions. While this model is very good for 

use in clusters and elliptical galaxies, it is not clear 

whether spiral galaxies can be treated similarly since 

the tidal forces on the disk and bulge of a spiral galaxy 

are probably quite different from a globular cluster. 

Kalnajs (1976) is pursuing a more appropriate approach 

to our problem. His procedure is to input a given a(r) 

function and then test the flat axisymmetric disks for 

stability according to the Toomre "local" criterion. 

He labels as tentatively acceptable only those models 

which are stable or marginally unstable according to 

Toomre's criterion. As discussed in Chapter I, there are 

additional instabilities which arise in numerical treat¬ 

ments of disks. Kalnajs proposes some cures to these 

instabilities, chiefly by the incorporation of retro¬ 

grade stellar orbits in the central sections of the disks. 

Although much reseach remains to be done in this area, 

it seems to this author that once the model disks are 

stabilized in the correct fashion, the number of allowable 

pairs of a and f solutions will be quite small. To do 

this, however, will require a theoretical understanding 

of the nature of the large scale instabilities indicated 

by numerical experiments. If the number of solutions is 

small, then one will be able to construct extremely accurate 

mass models by merely selecting the appropriate scaling 

factors. 
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CHAPTER III 

MODELS OF SPECIFIC GALAXIES 

We will now develop a quick and easy numerical 

technique for choosing the various parameters of the disk 

and spheroidal mass components introduced in the last 

chapter. We shall also present a survey of the pertinent 

data available for a group of well observed galaxies. 

The number of galaxies with measurements of all types 

we need is extremely small. For a subset of this group, 

the derived mass models are presented. 

III. A — Available Data on Well Observed Galaxies 

The pertinent observations to this theoretical invest¬ 

igation of spiral galaxies are dependent on many astronomical 

techniques only recently developed, especially high resolu¬ 

tion photoelectric photometry and radio astronomy. For 

this reason, the body of data is somewhat incomplete. 

In addition, the rather primitive state of the theory must 

be held accountable for the lack of direction as to what 

needs to be observed and how. However, many research 

programs are currently involved in gathering a more complete 

and useful body of data. 

For our present work we need mainly three types of 

data: a rotation curve in order to obtain a mass model, 

studies of the radial profiles of the surface luminosity 

in several colors, and the gas content. 

Most rotation curves are obtained from 21 cm obser- 
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vations, however, some are derived from high resolution 

observations of Doppler shifts in optical lines. 

Surface photometry studies are technically difficult 

and, in addition, require large amounts of telescope time. 

The earliest data we use is from de Vaucouleur's work on 

M31 and M33 in the late 1950's and has proven to be some¬ 

what incomplete and hard to use in our program. Unfor¬ 

tunately, no more recent surface photometry has been done 

on these two important local galaxies. An example of much 

more complete recent work in surface photometry is found 

in Schweizer (1976). 

Almost all studies of gas content in external 

galaxies are limited to neutral hydrogen. It should be 

recalled from Chapter I that it is difficult to accurately 

specify the total gas content from only neutral hydrogen. 

Table 3 is a table of over 50 galaxies for which we 

have found some useful information. This table includes 

only indications where data exists; the sources of data 

are not included here for brevity, but instead are filed 

elsewhere. This list is distilled from a much larger list 

for which a literature search was made. 

Column 1 gives the appropriate NGC or IC number. 

Column 2 lists the de Vaucouleurs classification type. 

Column 3 is the current best value of the distance to the 

galaxy in Mpc (=106pc). This column emphasizes the re¬ 

cent work of Tammann and Sandage. Column 4 is the inclina¬ 

tion angle of the galaxy with the plane of the sky. A 
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value of 0° is a "face-on" galaxy, and a value of 90° is 

a "edge-on" galaxy. 

Column 5 is an indication of the existence of neutral 

hydrogen studies for the galaxy. A point system indicates 

the quality of the study: 0, for no data or data in an 

unusable form? 1, for fairly good data? and 2, for a 

complete study. A 1+ indicates that a reference for data 

was found, from, for example, the Reference Catalogue of 

Bright Galaxies, but the reference itself has not yet been 

found or evaluated. 

Column 6 indicates the existence of H It region studies. 

A zero is listed if no study was found, and a one, if one 

was found. 

Column 7 indicates that a rotation curve is available, 

whether the data be from 21 cm observations, Ha data, or 

others. A grade from 0 to 3 is awarded on a similar scale 

to those above. A 2+ indicates that a reference exists 

but has not yet been studied. 

Column 8 indicates the presence of multicolor surface 

photometry. An X is given for each of the photographic 

bands U, B, and V. If surface photometry in other colors 

is available, that fact is listed under "Other". A total 

weight of 2 points is awarded to good surface photometry 

data. 

Column 9 gives a data grade for each galaxy. This 

number is a combination of the grades which are listed in 

columns 5, 6, 7, and 8, and a subjective bonus of up to 
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2 points. Galaxies which have all the pertinent types of 

data will have a raw data grade of 8. The data of these 

galaxies warrants analysis in depth before proceeding with 

our evolution modeling. On the basis of this analysis 

we award the bonus points as an indication of the quality 

of the data and the amount of other types of data available. 

A "perfectly observed" galaxy would thus have 10 points 

total. A galaxy of grade higher than 9 is considered 

"ready to model". If this admittedly subjective allocation 

of bonus points has not yet been awarded to the galaxy, 

a "+" is indicated after the data grade in column 9. 

It should now be noticed that we have listed only 

those galaxies with data grades of 5 or higher. These 

galaxies may be considered as "possible to model" in 

some fashion, especially if additional observational studies 

are made. Galaxies with grades of 8+, or those which 

lack only HIE studies, and thus have grades of 7+, are 

most logically the next galaxies to study in more depth. 

III. B — Fitting Procedures 

Given a reasonably well measured rotation curve, 

one can begin to fit the various parameters of the disk and 

spheroidal components. A least squares fitting procedure 

would seem the most general, but one soon discovers that 

the often ill determined rotation curves can be fit well, 

within reasonable limits, by a variety of parameters. 

The main problem is that an unknown number of spheroidal 
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Table 3 

(1) 

Name 

(2) 

Type 

(3) 

Dist. 
(Mpc) 

(4) 

Incl 
Angle 

(5) 

H I 

(6) 

H n 

(7) 

RC U 

(8) 

Photometry 
Ê V Other 

(9) 

Data 
Grade 

N0045 SA (s)dm 1+ 1 2+ X X X 6+ 
N0055 SB (s)dm 2.5 88 1+ 1 2+ X 5+ 
N0224 SA(s)b 0.69 77 2 1 3 X X X X 9.5 
N0253 SAB( S ) C 2.6 78 1+ 1 2+ X 5+ 
N0598 SA(s)cd 0.72 55 2 1 3 X X X X 9.5 
N0613 SB(rs)bc 1+ 1 2+ X X X 5+ 
N0681 SAB(s)ab 1+ 0 2 + X X X 5+ 
N0925 SAB (s)d 4.6 56 1+ 1 2+ X X X X 6+ 
N0972 IO 22.1 66 1+ 1 2+ X X X 6+ 
N1068 (R) SA(rs)b 1+ 1 2+ X X X 6+ 
N1084 SA(s)c 19.2 65 0 1 2+ X X X 5+ 
N1097 SB (s) b 15.1 50 1+ 1 2+ X X X X 6+ 
N1569 dIBm 2.5 67 1+ 1 1 X 5+ 
N2146 SB{s)abp 8.7 60 0 1 2+ X X X 5+ 
N2403 SAB (s) cd 2.1 56 1+ 1 3 5+ 
N2683 SA(rs)b 7.9 80 0 0 2+ X X X X 5+ 
N2782 SAB(rs)ap 33 37 1 1 2+ X X X X 5+ 
N2841 SA(r:)b 10.0 67 0 1 2+ X X X X 5+ 
N3031 SA(s)ab 3.0 64 2 1 3 X X X X 9.2 
N3034 IOsp 2 1 2+ X X X X 7+ 
N3109 dlm(sp) 2.2 81 2 1 3 6+ 
N3227 SAB(s)ap 1+ 1 2+ X X X X 6+ 
N3389 SA(s)c 15.0 62 0 1 2+ X X X 5+ 
N3504 <R) SAB (s) ab 0 1 2+ X 5+ 
N3556 SB(s)cdsp 11 75 2 1 2+ 5+ 
N4424 SA(s:)cdsp 4 86 1+ 1 2+ X 5+ 
N4258 SAB(s)bc 1+ 1 2+ X X X X 7+ 
N4321 SAB(s)bc 10.5 21 1+ 1 2+ X X X X 7+ 
N4631 SB (s)dsp 7.6 82 1+ 1 3 X 7+ 
N4736 (R)SA(r)ab 1+ 1 2+ X X X X 6+ 
N5055 SA(rs) bc 7.3 59 1+ 1 3 X X X X 7+ 
N5194 SA (s)bcp 7.6 53 1+ 1 3 X X X X 9.4 
N5236 SAB (s)c 8.9 24 1+ 1 2 X X X X 7+ 
N5457 SAB(rs)cd 3.6 15 2 1 3 X X X X 9.5 
N5746 SAB(rs)bsp 0 0 2+ X X X X 5+ 
N6503 SA(s)cd 5.8 73 0 1 2+ X 5+ 
N6946 SAB(rs)cd 21 26 1+ 1 2+ X X X X 6+ 
N7331 SA C s)bc 9.1 75 1+ 1 2+ X X X X 6+ 
N7625 SA(rs)ap 24.5 34 1+ 1 2 X X X 5+ 
N7640 SB(s)c 7.2 81 1+ 1 2+ X X X 5+ 
N7741 SB(s)cd 10.0 50 1+ 1 2+ X X X X 6+ 
IC342 SAB(rs)cd 2.5 10 1+ 1 2+ X X X 5+ 
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components may be necessary. We took the approach of 

building up a mass model by successive approximations, 

keeping the number of spheroids to a minimum. 

The initial step is to adjust the parameters n, A, 

and B for the disk, which corresponds to choosing a 

"shape" parameter, a length scale, and an angular velocity 

scale. Our procedure is to first measure the peak of the 

v versus r rotation curve. The shape parameter is best 

decided upon on the basis of the shape of the rotation 

curvey beyond £max* Recall that the shape of the curve 

inside rmax is essentially indistinguishable for all 

values on n. It is usually necessary to measure out to 

2 or 3 times r . The more steeply the curve falls off 

with radius, the higher the value of n needed. When it is 

not possible to decide on n, a value of 5 is chosen in 

accordance with the standard practice of Roberts, Roberts, 

and Shu (1975). 

A and B are determined from the empirically estab¬ 

lished equations: 

A = D_(n)*R 
A r max III.B-1 

and 

III.B-2 

The values for the D constants are found in Table 4 
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The subroutine DISK, which is a computer implementa¬ 

tion of the Toomre formulas developed in Chapter II, is 

then used to generate the corresponding value of the 

surface density and rotational velocity at any desired 

radius. The resulting theoretical rotation curve is then 

compared with the observational data. Often the fit to 

the experimental curve is so satisfactory that no spheroids 

are necessary. 

However, some galaxies have rotational data which is 

not well fit with just the single disk. At present the 

discrepancies which arise are assumed to be due to 

spheroidal mass components of various sizes. This assump¬ 

tion has been adequate to fit all of the galaxies analyzed 

so far. In fact, the maximum number of spheroidal mass 

components needed in both the work of RRS (1975) and the 

present paper had not exceeded two. 

It is possible to superpose two different mass models 

because of the linearity of Poisson's equation; i.e., linear 

combinations of solutions are also solutions. Since the 

solutions are in terms of Œ2r (as in equation II.A-2), one 

must add the squares of the angular velocities of the 

separate solutions to yield the correct value of the square 

of the angular velocity of the composite model. The 

composite surface density is obtained by simply adding the 

separate surface densities. 

An obvious indication of a spheroid is a double peaked 

rotation curve. The inner peak is assumed to be associated 

with the central bulge, and the outer peak with the disk. 
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One can then specify two sets of r and v . The max max 

inner set can be used in a similar fashion as for the disk, 

thus we can determine the following equations: 

A_ = S,.(n,e)*R „ A max 

and 

B = Sn(n,e)*V /R B max' max 

III.B-3 

III.B-4 

The empirically determined constants are found in Table 5. 

The basis for determining the model number n for the 

spheroid is not well determined. To standardize our 

procedure with RRS (1975), we will set n for all spheroids 

equal to 5. 

The superposition of two mass distributions in this 

manner causes a slight difficulty. A disk peaked at 

(r ) . will have an influence on the total velocity max outer 

at (r ). . The inner spheroid will likewise effect max inner 

the value of the outer velocity peak and its radius. 

This effect can be corrected by the application of 

an iteration procedure. Essentially, r is adjusted 

upward and vmax is adjusted downward for the disk, and 

similarly for the sphere. A subroutine called REFIT 

has been developed to do this adjustment automatically in 

certain straightforward cases. When REFIT is supplied 

with the parameters of a known spheroid, the Toomre 

model number, and the observed outer peak in the rotation 

curve, it will calculate the value of the velocity due to 
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the spheroid and then search for the slightly hidden peak 

of the Toomre disk. 

A double peaked rotation curve is not the only case 

in which spheroidal mass components are needed. Some 

rotation curves have broad, flattened peaks, which are not 

reproducible from simple disk models, even for the most 

broadly peaked n = 1 disk. The superposition of a 

spheroid with a peak towards the inner part of the broad 

peak and a disk with a peak towards the outer part will 

produce the desired very broadly peaked composite curve. 

However, the determination of the exact values of A and B 

for the mass components is difficult, 

A first order approximation of the parameters of 

the spheroid can be obtained from the slope of v versus r 

curve for r approaching zero, or equivalently, if one 

knows the central value of the angular velocity, SI (0), 

Recall from equation II.B-17 that 

ti2 (0) = ^3- (arcsin(e) -/e 1-e2) 

which, for a typical value of e of .866, becomes 

SUO) = 0.6876*B III.B-5 s 

This equation is used to obtain the initial value of Bg, 

The initial value of A is obtained by using a r for 

the sphere near the inner part of the broad peak and 
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For e = 0.8660 

Table 4 

D
A 

D
B 

0.7068 2.2804 

1.0440 1.3647 

1.3184 1.1093 

1.5368 0.9383 

1.7301 0.8262 

1.9037 0.7464 

2.0640 0.6855 

2.2104 0.6379 

2.3502 0.5989 

2.4765 0.5661 

Table 5 

SA SB 

1.17 2.52 

1.47 3.01 

1.77 3.31 

2.09 3.50 

2.40 3.64 

SA SB 

1.22 2.20 

1.55 2.61 

1.88 2.85 

2.22 3.01 

2.56 3.13 

n 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

n 

1 

2 

3 

4 

5 

n 

1 

2 

3 

4 

5 

For e = 0.9789 
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applying equation 3. REFIT is then called as above and 

it searches for the appropriate values for A and B for 

the disk. 

REFIT can fail in certain cases where the v versus 

r curve has several inflection points. Ultimately, of 

course, comparison with the observational data will reveal 

these failures and determine corrective procedures. 

In a few cases, specifically for extremely well 

detailed rotation curves, a second spheroid is needed. 

This need is usually expressed by an inner rotation curve 

whose slope is greater than possible by the superposition 

of the previous two components, or perhaps by a double- 

peaked rotation curve with an outer broadened peak. 

The next section will apply these techniques to 

some specific cases. 

III. C — Mass Models for Some Specific Galaxies 

We present here the mass models for a subset of the 

galaxies with data grades of 9 or higher. This set was 

chosen to represent a range of conditions in order to 

test the validity of the general approach, and to 

illustrate the procedures outlined in the last section. 

NGC 224 = M31 = The Andromeda Galaxy 

M31 is a large, nearby Sb galaxy. At its distance 

of 0.69 Mpc, 1° of arc equals about 13 Kpc. It has a 

fairly high inclination angle (77°) and, as such, rota¬ 

tion studies are not difficult, but luminosity and color 
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studies are complicated by reddening inside M31 itself. 

Figure 6 shows the rotation curve data of M31 taken 

from Rubin and Ford (1970). This rotation curve is quite 

clearly of the double peaked type considered in the last 

section. The solid line represents Rubin and Ford's fit 

to the data, which was constructed out of a 4th-order 

and a 5th-order polynomial. The large dip near 2 Kpc 

is not reproducible from any reasonable mass distribution 

and therefore is considered to be evidence for non¬ 

circular motions of the emission regions observed at this 

radius. 

Our mass model consists of a disk and a single spheroid 

chosen on the following basis. The inner peak was taken 

to be at 400 pc with a corresponding velocity of 225 km/sec. 

The outer peak was adjusted to be 9.63 Kpc with a velocity 

of 269 km/sec. The Toomre model number 5 was successful 

in reproducing the fall off of velocity with radius. 

The resulting fit is shown in Figure 6 as a dashed 

line. Figure 7 shows the surface density of mass for this 

mass distribution. 

Rotational velocities are plotted in Figure 8 together 

with two other useful curves. These are the Œ + K/2 and 

the Œ - K/2 curves, where K is the epicycle frequency ob¬ 

tained from the equation 

2 A o 2 i dJ2 ^ K = 4Ü + r3— dr III.C-1 
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The epicycle frequency is an important quantity in the 

description of the spiral disk by the density wave theory. 

The £2 + K/2 and £2 - K/2 curves will be shown in the next 

chapter to be of use in determining the density wave 

pattern speed. 

NGC 598 = M33 

M33 is an Sc galaxy. Its broad, ill-defined spiral 

arms and large amounts of gas and dust motivate some 

observers to classify this galaxy even later in the 

Hubble sequence at Scd. 

The rotation curve of M33 from Rogstad et al. (1976), 

as shown in Figure 9, is of the broad, flattened type. 

Our fit to this data is shown as the dashed line and was 

obtained by superimposing a n = 10 disk peaked at about 

7 Kpc with a spheroid peaked at about 2 Kpc. Plots of the 

resulting surface density and angular velocities are 

shown in Figures 10 and 11. 

NGC 5457 = M101 

M101 is an Sc galaxy that is more face-on than 

either M31 or M33. The inclination angle is 20° which 

makes rotation studies more difficult. However, since 

rotation studies do exist and the luminosity and color 

studies are relatively good (e.g., Schweizer (1976)), 

we will use M101 in our present work. 

The rotational data from Huchtmeier (1975) is 

shown in Figure 12. Unfortunately, there is a marked 

asymmetry in the rotational velocity from one side of the 
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galaxy to the other. One should note, however, that 

these asymmetries mainly occur at radii greater than 

20 Kpc, while we shall use only radial zones up to 20 Kpc 

in our luminosity comparisons in the next chapter. 

We have adopted as our mass model for Ml01 a mass 

distribution which reproduces the average of the two sides 

up to distances of about 60 Kpc. This is done with a 

spheroid peaked near 20 Kpc and the disk peaked near 

40 Kpc. 

Table 6 lists the parameters and total masses of 

the mass models for M31, M33, and M101 which we have 

adopted. Care must be used when comparing these figures 

for the total masses with other estimates because the 

Toomre disk models extend to infinity, and the quoted 

masses therefore represent the mass functions integrated 

to infinity. Naturally, the mass integrated to a finite 

radius could be very much smaller. This is especially 

true for M101, because the optical radius of the galaxy 

is much smaller than the outermost extent of the observed 

rotation curve. 
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Figure 6. 
Rotation curve of M31 from Rubin and 

Ford (1970). Their fit to the data is 
shown by the solid line. Our fit is 
shown by the dashed line. 

Figure 7, 
Derived surface density in M./J 

for M31. ®/p 
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Figure 8 

Rotational velocities for NGC 224 (M31), plotted in 

km/sec/Kpc versus Kpc. 
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Figure 9. 
Rotation curve of M33. Observational points 

are taken from Rogstad, et.al. (1976). Our 
fit to the data is shown by the dashed line. 

1 3 5 7 9 Kpc 

1 1 1 I I ■ .1 ! lllTf 
0 4.8 14.3 23.9 33.4 42.9 arcnun 

Figure 10. 2 
Derived surface density in MQ/pc for M33. 
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Figure il 

Rotational velocities of NGC 598 (M33), plotted in 

kra/sec/Kpc versus Kpc. 
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20.9 41.9 62.8 83.8 Kpc 

Our fit to the data is shown by the dashed line. 

Figure 13. 2 
Derived surface density in M^/pc for M101. 
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Figure 14 

Rotational velocities of NGC 5457 (M101), plotted in 

km/sec/Kpc versus Kpc. 
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CHAPTER IV 

ELEMENTS OF GALACTIC EVOLUTION MODELING 

Theoretical models for the evolution of galaxies must 

incorporate both the essential elements of the physics of 

the evolutionary process and a "bookkeeping" system suf¬ 

ficient to describe the physical state of the system at 

any point in time. In this chapter, we introduce the 

main elements of such models. 

The series of papers by Talbot and Arnett on the 

evolution of galaxies (1971, 1973a, b, and 1975) shall 

be the basis of the discussion which follows, 

IV. A — Multizone Galactic Models 

The Initial Collapse of the Proto-galactic Cloud 

Among the most important elements of any galactic 

evolution model is the specification of the history of 

movement of matter in the system. The most complete 

model would start with a diffuse proto-galactic cloud 

assumed to have some distribution of temperatures, veloci¬ 

ties, and angular momenta such that the cloud is undergoing 

gravitational collapse. The formation of stars would 

be modeled, in some fashion, throughout this era. Hope¬ 

fully, the model would settle into a galactic-like mass 

distribution after a suitable length of time. If the 

initial mass distribution was more or less spherical and 

if star formation proceeded at a relatively rapid rate, 

then the final model would resemble an elliptical galaxy. 
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The gas content of this model becomes so low that no 

effective star formation persists after the collapse 

phase, and the stars of the model galaxy simply age in 

the well known fashion. However, if star formation is 

very slow during the collapse phase, then the gas collapses 

into a rotating disk, provided, of course, that the proto- 

galactic cloud has sufficient angular momentum. This 

rotating, gaseous disk may be a suitable model for a 

spiral galaxy provided one prescribes a suitable means of 

producing and maintaining a spiral pattern and an associated 

star formation mechanism. Such models would be deemed 

successful if, after about 10 billion years of simulated 

evolution, they resembled real spiral galaxies. 

Initial Conditions 

The complexity of the approach just outlined and 

the rudimentary level of both theoretical and observational 

studies of proto-galactic collapse preclude implementing 

such detailed models at this time. However, if we re¬ 

strict the goal of our model to an explanation of the ob¬ 

servable features of normal, fully developed spiral 

galaxies many simplifications are possible. For instance, 

the small number of stars formed which may exist during 

the collapse of the proto-galactic cloud will be virtually 

unobservable after ten billion years of evolution, 

especially in the visual to ultraviolet light bands. In 

this case, we may restrict our star formation modeling to 

the processes which continue throughout the lifetime of 
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the galaxy and make the most important contribution to the 

visual appearance of the galaxy today, for that is the 

only time for which data is available. 

We shall take the zero age of the galaxy model to 

be the time at which the proto-galaxy has stabilized into 

a rotating disk and central bulges as they are determined 

from our mass modeling procedures. We do not follow 

star formation previous to this time. In other words we 

assume that the mass is in the form of gas only. 

We shall take G to be the mass fraction in the form 

of gas. Therefore, we assume 

5 I 2=0 = 1 IV'A'1 

throughout the galaxy. 

The most general treatment would specify G to be 

a function of radius, azimuthal angle, and height above 

the galactic plane as well as time. Our treatment suppres¬ 

ses both the azimuthal and z dependence. In the first 

case, we assume that matter at any radius is well mixed, 

or, more specifically, that it has a common history of 

star formation. This is in agreement with the spiral 

density wave theory, which predicts that matter moves 

through the spiral wave pattern many times during the 

age of the galaxy. The z dependence is ignored due to 

the extreme flatness of disk galaxies, and the small 

amount of observational data on the z-distribution of 
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material in external galaxies. 

Therefore, the mass in the form of gas is given by 

a (r,t) = 6(r/t)a_(r) IV.A-2 
y ^ 

where aT is the derived surface density of mass at radius 

r derived form our mass modeling procedure. 

The mass a (r,t) will in fact be distributed among 

many different gas species, however, in this paper we 

will not employ any models for physical processes which 

vary with the interstellar gas content, so we will 

not develop here the necessary formalism needed to monitor 

the constituents of the gas. 

Furthermore, we assume that all of the gas in the 

system is convertible into stars. (A possible mechanism 

for this conversion will be discussed shortly.) The mass 

fraction in the form of the resulting stars is taken to 

be simply 1-6; that is, we assume the mass is either 

in the form of "gas" or "stars". However, the mass in the 

form of stars can take many forms as required by the 

elements of stellar evolution to be discussed below. 

Matter Flow in the Gaseous Disk 

Of prime importance is the question of non-circular 

matter flow in the gaseous disk. If there is significant 

mixing of matter in various parts of the galaxy then one 

must monitor the amount and effects of this mixing. In 

the limits of a completely well mixed galaxy, the stellar 
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population would be homogeneous throughout the galaxy. 

However, non-circular motions are usually observed to be 

small in the disks of normal spiral galaxies. The density 

wave theory predicts a small cyclic in-and-out motion 

of matter in the disks, but this is not thought to lead 

to efficient mixing of matter in the radial direction. 

For these reasons we assume no mixing of matter at one 

radius with another. 

Constructing Model Galaxies From a Set of "One Zone" 

Models 

Assuming that matter mixes efficiently in the azimuthal 

direction and very inefficiently in the radial direction, 

one can construct a model galaxy by prescribing the 

elements of the evolutionary sequence as a function of 

radius. This is usually done by modeling the important 

elements of the evolutionary sequence, such as the star 

formation mechanism, as functions of observed quantities, 

such as angular velocities and neutral hydrogen gas 

content, which, in turn, are (measured) functions of the 

radius. 

A practical approach is to calculate evolutionary 

sequences for only a limited number of judiciously space 

radial zones. The radial extent of the zones chosen and 

their spacing is dependent on the extent and detail of 

the appropriate observational data. Each radial zone can 

then be considered to be analogous to the "one zone" 

models discussed in the Talbot and Arnett series. The 
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set of all appropriate radial zones can be said to form 

a multizone model. 

The Birthrate Prescription 

Consider one of the radial zones of our multizone 

model, which has a constant mass density of aT« Gas is 

assumed to be converted into stars at a rate v which is 

defined by 

dG 
dt = -vG 

IV.A-3 

The star formation rate v can be a function of radius and 

time, and may also be the sum of several different star 

formation mechanisms. 

Assuming that there are n such mechanisms, and that 

we can separate each star formation rate into a constant 

part (for each zone) and a time dependent part, we can 

write the total rate as 

n 
v = I VjE^t) IV.A-4 

where is the basic rate of each mechanism and (t) is 

the time dependent "efficiency" factor. In this paper 

we shall present physical models for the basic rates v^, 

delegating the factors to the role of parameters. 

Naturally, the parameterization of the efficiency factors 

may disguise much of the important physics involved. 

Conversely, however, the study of the failure of simple 
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prescriptions of the star formation rates will hopefully 

point the way to more sophisticated treatments. 

Once one has specified the star formation rate, 

one can solve the differential equation IV.A-3 for G« In 

the special case where v is not a function of time, the 

solution is simply 

G = exp(-vt) IV.A-5 

Chapter V will present a specific star formation 

mechanism based on the rate of spiral density wave passage 

The Initial Mass Function 

As gas is processed into stars, the model must 

specify the distribution of stellar masses which result. 

This specification is crucial to the final appearance of 

the model galaxy because of the differences in the stellar 

evolution history of different mass stars. The pre¬ 

scription for the distribution of stellar masses as a 

function of mass is called the initial mass function (IMF) 

The observational determination of the IMF and the IMF we 

adopt for this work is the topic of section IV.B. 

Necessary Elements of Stellar Evolution 

Given that a star of given mass has formed at a 

given time, one must employ state-of-the-art stellar 

evolution theory to calculate the future luminosity and 

color of that star, and predict any return of gas back 

into the interstellar medium as a result of novae, super- 
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novae, stellar wind, etc. The lifetime and end products 

of each mass star must also be known. 

An extant computer code developed by Dr. Talbot 

has been used to compute the predicted light output of 

the various mass stars in the ultraviolet (U), blue (B), 

and visual or yellow-green (V) light bands. This is 

accomplished by interpolating the star's position in a 

table of masses, ages, and corresponding U, B, and V 

luminosities. 

An evolutionary model of each radial zone is then 

produced by specifying the IMF, the star formation history, 

and the final age of the zone. The computer program 

can then calculate the final luminosities of the zone. 

Comparison With Observational Data 

Presently, our evolution code outputs the luminosity 

of each zone in the B light band in mag./(arc sec)2 and 

the colors U-B and B-V, which are dimensionless ratios. 

These are to be compared with observed surface luminosity 

studies in the traditional UBV (Johnson) system. These 

colors may be translatèd to the newer UB3O system with 

formulas given by Schweizer (1976), however, the appli¬ 

cability of these formulas to all types of stellar pop¬ 

ulations of interest is somewhat suspect. The resolution 

of this difficulty awaits further study. 

While most surface luminosity data can be corrected 

for reddening in our galaxy, the problem of reddening 

in the galaxy being observed is not yet treated. If 
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such reddening is significant, we would expect our model 

to be bluer than the observed colors. 

Another important quantity to compare with observa¬ 

tions is the final gas content, a^tr). Observations in 

external galaxies have been mainly limited to neutral 

hydrogen, whereas our model computes the total gas content. 

The observations, therefore, should represent a lower limit 

to our calculated number. 

IV. B — The Initial Mass Function 

The initial mass function prescribes the distribution 

of stellar masses as a function of mass for interstellar 

material actively forming stars. There is little theo¬ 

retical understanding of the dependence of the IMF on 

the properties of the interstellar gas or the variables 

of the star formation process. All of the current models 

for the collapse and fragmentation of dense interstellar 

clouds depend so critically on several ad hoc assumptions 

concerning the opacity of the dense gas, the importance 

of grains in shielding the inner clouds from radiation, 

etc., that opinions differ greatly about what governs 

the exact form of the IMF. 

An observational determination of the IMF is also 

a complex problem currently in a state of uncertainty. 

The complexities stem chiefly from the different luminosi¬ 

ties and lifetimes of the various mass stars. The low 

mass stars can only be directly observed in the solar 
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neighborhood due to their intrinsic dimness. Extremely 

high mass stars are very scarce due, in part, to their 

short lifespans. For these reasons, our knowledge of 

the IMF is limited and confined to the solar neighborhood. 

The crux of the problem is that one does not know, a priori, 

if the solar neighborhood is a representative sample of 

stellar populations on a much larger scale, namely the 

galaxy as a whole. 

The major requirement of a "galaxy-wide" IMF is 

its ability to reproduce the various observed luminosities 

and colors found in a galaxy. For example, if one 

proposes an IMF which produces no stars over 1 MQ it 

will be impossible to produce regions which emit the 

blue light typical of higher mass stars. 

Figure 15 shows the observed track of the mean 

colors of galaxies as found by de Vaucouleurs plotted in 

U-B versus B-V colors corrected for various reddening 

effects. Note that the late type Hubble sequence starts 

at the upper left and proceeds through the earlier types 

to the ellipticals at the lower right. The dashed lines 

show the limits of the sample of galaxies studied. While 

specific regions of some galaxy may fall outside of this 

measured track, it is certainly a requirement of any 

evolution theory to be able to reproduce these colors for 

some values of the pertinent parameters of the theory. 

We employ a conventional parameterization of the 

IMF similar to that of Talbot and Arnett (1975), with 
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the addition of an extra mass break point and slope: 

Cim"yi m < mx 

C2m“
U2 mi < m < Itl2 

C3m
_U3 m2 < m < m3 

0 m > in 3 

IV.B-1 

This prescription has been found to be sufficiently 

flexible to fit a large range of the observational data. 

The slopes yi, 112, and y3 and the mass limits mi, m2, 

m3 are determined by fitting observational data as will 

be discussed. The constants C are normalized so that d> m 

is continuous at mi, m2, and m3 and that 

OO 

f 4> dm = 1 IV.B-2 Tm 

o 

The mass break point mi is taken to be 1 MQ. Mea¬ 

surements of the mass function below 1 are extremely 

difficult and confined to the immediate solar neighborhood. 

As a result, the value of the slope yi is difficult to 

ascertain. It is necessary to use a value less than 1 

if one integrates <j> down to m = 0 to avoid a mathematical 

singularity, unless one imposes a lower mass cutoff. 

However, values of yi between 0.5 and 0.9 agree fairly 

well with local observations and yield little quantitative 

changes in our models because of the low light output of 

these stars. Hence, we have assumed a value of 0.7 
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throughout the rest of this paper. 

The breakpoint m2 and the slope y2 can be determined 

from the observed luminosities functions of the local 

solar neighborhood. The luminosity function is a direct 

measure of the numbers of stars of various masses. Torres- 

Peimbert et al. (1974) have determined a value of the slope 

of the IMF for moderate mass stars to be 1.55 + 0.46. 

Ostriker et al. (1974) sampled a slightly different region 

of our galactic plane and found a slope of 2.15 for stars 

between 2.5 MQ and 25 MQ. Above 25 MQ, the slope becomes 

even higher. 

The value of y2 has a profound influence on the 

colors of the evolution models, especially in the bluer 

light bands. The appropriate value for use in this study 

should be able to produce the mean colors of galaxies as 

shown in Figure 15. 

To investigate which value of y2 is appropriate, 

we evolved a series of one zone models using a simple 

birthrate model. The birthrate, v, was selected so that 

a certain amount of gas would be left in the zone after 

a period of 10 billion years. For final mass fractions 

in the form of gas (G) from 0.5% to 70%, the exponential 

birthrate requires v's from 0.7 to 0.036. The resulting 

tracks in the U-B versus B-V plane are shown in Figure 16. 

The dashed lines represent lines of constant G. The 

solid lines represent lines of constant y2. 

A comparison of Figure 15 with Figure 16 shows that 
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elliptical galaxy colors can be produced for values of G 

approaching zero. This agrees quite well with the observa¬ 

tion of low gas content in elliptical galaxies. Spiral 

galaxy colors are produced by models with high final gas 

content and lower values of the IMF slope y2. A value of 

y2 = 1*35 produces fairly good agreement over a large 

portion of the color-color plane. This is the Salpeter 

values of the IMF slope, which was initially derived to fit 

the luminosity function in the solar neighborhood. Note 

that the more recently determined local solar neighbor¬ 

hood values of 1.55 to 2.15 do not have access to the 

required bluer regions of the track. For this reason, we 

adopt the Salpeter IMF as the single IMF most appropriate 

to this study. 

Several explanations for the discrepancy between the 

observed solar neighborhood IMF and the Salpeter value 

are possible. Perhaps the most tempting explanation is 

that the IMF is variable, a complex function of many 

variables of the star formation process. However, it is 

still possible that the discrepancy may be due to one 

or more of the many assumptions and theories that must 

be employed to compare the two. The observations may 

not be sampling the solar neighborhood in the "correct" 

fashion, the HR diagram we have adopted in our computer 

code may be slightly in error, etc. Many alternatives 

exist and must be explored in the future. 
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Figure 15 

Observed color-color track of the integrated colors 

of galaxies from de Vaucouleurs (1960). The numbers 

indicate the Hubble sequence from the "latest" types (9) 

to the ellipticals (-5). Of special interest to us are 

the mean colors of Sd(7), Sc (5), Sb(3), and Sa(l) 

galaxies. The upper curve has had a reddening correction 

applied, thus each galaxy type appears bluer. The dashed 

curves represent the limits of the sample of galaxies 

used for this study. 

Figure 16 

The color-color track of one zone models with simple 

exponential birthrates and a constant IMF. The solid 

lines are curves of constant y2. The dashed curves are 

curves of constant gas mass fraction at the end of 

10 billion years of evolution. 
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So rather than impose a model for the variability 

of the IMF which is guaranteed to fit the observations, 

we shall use the constant IMF with the middle slope, y2, 

equal to the Salpeter value. The evolution of the model 

galaxies will then be totally dependent on the nature of 

the birthrate prescription. 

The values for the IMF parameters for the higher 

mass stars are hard to determine from the observations, 

and their choice is not critical to the appearance of the 

final models. This is due to their small numbers and 

extremely short lifetimes. We adopt 113 = y2 and an 

upper cutoff mass of 60 MQ. 
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CHAPTER V 

MODEL GALAXIES WITH A BIRTHRATE 
PRESCRIPTION BASED ON DENSITY WAVE THEORY 

We present now a specific evolution model within the 

framework of the general model discussed in Chapter IV. 

It should be stressed that the IMF is assumed to be 

constant in time. All variations in the end products of 

the evolution of each galaxy arise from different surface 

densities and different birthrates. 

V. A — A Two Phase Birthrate Prescription Based on 

Spiral Density Wave Passage 

The basic process that one must prescribe to evolve 

a model galaxy from t = 0 is the star formation process, 

but the exact nature of the star formation mechanism is 

unknown. The fairly well established theories of stellar 

evolution begin with -a proto-star in gravitational 

collapse; however, the means of producing this collapse 

are not well understood. It is the hope of galactic 

evolution models such as the one which follows to place 

constraints on the various star formation mechanisms 

which may arise. 

Recall that we assume star formation begins only 

after the mass has taken on its present form as determined 

by our mass models. We do not know, a priori, the fraction 

of the total mass, aT(r) processed into stars in this 

early dynamic phase. If there is star formation during 

that phase, it occurs with a short time scale compared 
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with the age of a typical galaxy. 

The dynamic time scale (or free fall time) for 

collapse is approximately 

t^£ = l//4irGp < 10® years 

for typical spirals which are believed to be on the order 

of 1010 years old. The matter processed during this 

collapse phase is removed from the available gas in the 

system. Fortunately, the exact shape of the birthrate 

in this early era is not critical; the appearance of 

stellar populations after an age of several billion years 

is almost completely indeperident of the time dependence 

of the birthrate, only the total amount of mass produced 

is important. 

We introduce, therefore, an initial era of star 

formation which lowers the gas mass fraction, G, from 1 

to Gi as time goes from 0 to ta. Furthermore, we take 

ti = t^£, the free fall time of the gas. As a convenient 

expression for the free fall time we use 

tff = 2TT/K 

where K, the epicycle frequency, is a characteristic 

frequency of the rotating disk. Again, factors of order 

unity in the difference between this and other definitions 

of a characteristic time scale are unimportant. 
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The rate of star formation in this initial era is 

determined by the requirement that G =6i at t = ti. 

From equation IV.A-5, this requires that 

Gi = exp(-Viti); V.A-l 

i.e., Vi is given by 

vi = -In(Gi)K/2 V,A-2 

The factor Gjis, in general, an unknown function 

of radius. We note, however, that stars produced in this 

era would qualify, in terms of age if not spatial distri¬ 

bution, as extreme population H objects. As an initial 

hypothesis, we use this clue to arrive at the following 

model for Gi(r). 

Since population H objects are spatially located 

more in bulge-type mass distributions than in disks (see 

Chapter I), we take 

Gx(r) = 1 - crB(r)/aT(r) V.A-3 

where cr_.(r) is the bulge surface density as a function 

of radius as determined by our mass modeling procedure. 

An amount of gas equal to the bulge mass will thus be 

processed into stars early in the model galaxy's lifetime. 

No processing will take place from t = 0 to t = ti, if the 
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particular radial zone is not modeled to have any bulge 

mass. Since a„ + a» = a_, where a_. is the surface mass 
O U 1 U 

density of the disk, we can rewrite equation •'-3 as 

The star formation prescription after t = ti is 

assumed to be dominated by spiral shock wave induced 

mechanisms. The rate of shock wave passage through a 

given parcel of matter at a radius r is given in the 

density wave theory to be 

constant angular velocity of the rigidly rotating spiral 

pattern. 

The physical processes which determine the pattern 

speed are unknown, hence, it is currently used as the 

main parameter in density wave theory studies (see, 

for example, Roberts, Roberts, and Shu (1975)). Evidently, 

the pattern speed corresponds either to the natural 

frequency for wave modes in the disk of the galaxy, or 

to an externally imposed driving frequency analogous to 

forced vibrations in more well studied mechanical systems. 

Both these interpretations admit the possibility of a 

change of in time. Due to the vagarities in the 

Gi (r) = aD(r)/crT(r) V.A-4 

v = m|fl(r) - £2 |/2ir , 
P 

V.A-5 
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current state of knowledge of what determines we 

shall not feel restricted to use the pattern speeds used 

in essentially different types of studies (.e.g, the RRS 

study). We shall, however, choose an Œ which is constant 
Jr 

in time. If, through some rapid change in the physical 

state of a galaxy, the pattern speed has undergone a 

recent change, our chosen value of would correspond 

to an average value of in the past, while dynamical 

studies would yield the more recent value. 

If the angular velocities are expressed in km/sec/Kpc 

and the unit of time is in aeons (=109 years) then equa¬ 

tion -5 can be rewritten as (Talbot and Arnett (1975)) 

v = 0.163m|Œ-Œ I V.A-6 
P 

With each shock wave passage, stars are assumed to 

form out of the interstellar gas. In the turbulent area 

in and downstream from the shock front, we expect to 

see dust lanes, young stars, H H regions, supernovae, 

etc. Between arms we expect to see only the less transient 

phenomena. In the UBV color bands we expect a dimunition 

of the ultraviolet and blue light. The gas content should 

be lowered with each passage. If the total birthrate is 

proportional to the amount of gas available, then the 

number of stars formed as a function of time would be a 

series of "spikes" with decreasing amplitude. The spikes 

occur at each shock wave passage and the amplitude de- 
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creases with the amount of gas available. 

Recall, however, that we are interested only in the 

azimuthally integrated properties of the zone. At this 

point, we are not interested in studying the variation of 

color within each zone due to the position of the shock 

wave arms. Therefore the average frequency of star forma¬ 

tion as a function of radius is proportional to the basic 

rate of shock wave passage at each radius. The proportion¬ 

ality factor is the fraction of the mass of gas which is 

made into stars with each passage. This is just the 

efficiency of star formation, E, introduced in the last 

chapter. So the mean rate of star formation in this second 

era is given by 

v2 = 0.163m|fi-Œ |E V.A-7 
ir 

The prescription for the efficiency factor, E, 

undoubtedly should contain the major elements of the 

physics of the spiral shock wave star formation process. 

If the shock wave can be thought of as a trigger to star 

formation, then the strength of that shock and the 

properties of the interstellar gas it disturbs must be 

considered the major variables. Clearly, the next step 

will be to attempt to deduce a reasonable physical 

prescription for E based on these variables. However, the 

appropriate initial step is to try the most simple 

prescription for E; as a first model for E we shall assume 
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it is an adjustable galaxy-wide constant for each galaxy. 

The birthrate of stars in this era will be given by 

the solution to the differential equation IV.A-5: 

B (t) = VaGiexp (-v2 (t-ti ) ) for t > ti V.A-8 

The gas fraction for t > t! will be 

G(t) = G!exp(-v2 (t-ti) ) V.A-9 

V. B — Initial Modeling of M33 

Figure 17 is a series of graphs illustrating the 

pertinent observational data we will use to test our initial 

model of M33. The B luminosity curve and the two color 

graphs are from de Vaucouleurs (1959) . The graph of the 

surface density of neutral hydrogen, as derived from 21 cm 

observations, is from Rogstad and Shostak (1972). 

These surface luminosity measurements of M33 were 

among the first done for any galaxy, which is unfortunate 

due to the fact that the current observational programs, 

using more refined techniques, have ignored the galaxies 

previously studied. De Vaucouleur's data was produced by 

making several scans across the galaxy disk. The B 

curve reproduced in Figure 17 is measured along the major 

axis. Only average colors of three radial regions are 

given: an inner region 18' in diameter, a middle region 

to 36', and an outer region which extends to the limit 
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of the photographic plate. These numbers are uncorrected 

for reddening. 

The B luminosity profile suggests that the corotation 

zone (the radius were ft = ft ) should be at a radius 
P 

greater than 40'. For any smaller radius of corotation, 

our model would exhibit a dip in the luminosity curve not 

seen observationally. Referring to Figure 11, we see, for 

example that the value of ft^ used by Roberts, Roberts, and 

Shu (1975), which was 32 km/sec/Kpc, would place corotation 

at about 15'. We adopt a value of ftp of 11.1 km/sec/Kpc, 

which moves the corotation zone out to about 43'. It 

should be noted that this placement relies, perhaps too 

heavily, on observations of extremely low luminosity 

regions. The observations of regions where the luminosity 

is dimmer than about 24 mag/arcsec2 are very suspect. 

However, we shall proceed with the assumption that these 

low levels of light do suggest that the lower value of 

ftp is appropriate. 

A family of models were produced for values of the 

efficiency factor from 0.001 to 0.07. The resulting 

B luminosity curves are shown in Figure 18 as solid lines. 

The dashed line is a reproduction of the observed pr- 

file. Good agreement is obtained for E'S between 0.01 and 

0.02 for the region between 10 and 35 arcmin. If some 

appreciable internal reddening in M33 exists, larger 

values of E may be appropriate. In the region inside 

of 10 arcmin, smaller and smaller values of E are needed 
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Figure 17 

Observational data of M33. Graphs a), b), and c) 

are from de Vaucouleurs (1959). Graph d) is from 

Rogstad and Shostak (1972). B is given in mag./arcsec2, 

and cr is given in ML/(pc)2, g w 



2.1 4.2 6.3 8.4 Kpc 
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to produce good agreement. This may indeed be the case, 

however, there are two alternative ways which might 

obtain agreement. First, if there is relatively more 

reddening in this inner region than in the outer regions, 

then the sharp rise in luminosities predicted by the 

models could be hidden by the dust. Second, if the 

spherical bulge is not as luminous as modeled, then the 

light output near the center would be lower. 

To investigate this second effect, we computed a 

family of models in which the bulge mass was totally 

nonluminous. This was done by artifically lowering the 

gas from 1 to 61 in the initial era as before, but setting 

the birthrate to be zero during this time. The results 

for several efficiency factors are shown as dotted in 

Figure 18. It becomes evident that it would be possible 

to reproduce the observed profile by having some fraction 

of the bulge mass nonluminous while maintaining a con¬ 

stant efficiency factor. 

In order to determine whether the efficiency factor 

is indeed variable, or one of the other two explanations 

applies, let us compare the radial color profiles with 

the observed colors. Figure 19 shows the B-V colors of 

our initial family of models as solid lines, with the 

observed mean colors as dashed lines. Figure 20 similarly 

graphs the U-B color. The agreement in the outer region 

is considered good for all values of E of 0.02 and lower. 

However, the inner region again requires small efficiency 
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factors. This would seem to rule out the first alterna^ 

tive to the variation of E in the discussion above. If 

E is constant at, say, 0,01 and if absorption in the 

central regions depress B there, then the color would be 

even redder than computed. But E = 0,01 is already too 

red in the center. 

The second alternative above, namely, that a constant 

efficiency factor is possible if some fraction of the 

bulge is nonluminous, is also ruled out. "Turning off" 

the bulge mass luminosity has little effect on the colors 

as can be seen by the dotted lines for E = 0.01 and 0.02. 

Efficiencies less than 0.01 are still needed to make the 

center blue enough, while efficiencies equal to or 

greater than 0.01 are needed to make the outer parts of 

the galaxy luminous. It is possible, however, that the 

bulge might consist of stars which emit some light, and 

if the color is adjusted carefully, one might make a model 

which fits B and B-V. 

The U-B observations of M33 were judged to be 

less accurate than the B-V data due to the inherent 

difficulties in observing very faint levels of ultra¬ 

violet light. Thus, the fact that none of our models 

produce colors as blue as observed at radii greater than 

20' is not too disturbing. 

Figure 21 graphs the final gas content as a function 

of radius for our family of models. The observed neutral 

hydrogen is shown by the dashed line. While the fraction 
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of the total gas in the form of neutral hydrogen is 

unknown, it is certainly true that the total gas content 

must be equal to or greater than the H I constant. This 

restriction excludes efficiency factors greater than 

0.01 for the central regions, however, these higher values 

are allowable in the outer realms of the galaxy. Thus 

we see again that the E which produces sufficiently 

bright outer parts of the galaxy is inconsistent with the 

data when applied to inner regions. 

Therefore, we must conclude that exact quantitative 

agreement to the luminosity, color, and gas profiles 

requires a more elaborate model. We must conclude this 

paper, however, with the observation that our simple 

model is quite successful in many respects. Consider the 

model with E = 0.007. Figure 18 shows that this model 

follows the B profile with an error of less than .6 mag./sec2 

from about 3' (< 1 Kpc) to the limits of the photographic 

data. Figures 19 and 20 indicate that this model also 

reproduces reasonable colors in B-V and U-B in all regions 

of the galaxy. And Figure 21 shows that this model has a 

gas content at all points greater than the H I content. 

It may be argued that the gas content for this 

model is excessively high with respect to the H I content. 

For instance, in the local solar neighborhood (Stecker 

(1976)), the total gas content is about twice the measured 

neutral hydrogen content, while here the aT curve is 

much greater than a factor of two above the H I curve. 



84 

Recall from Figure 1, that in our own galaxy the fraction 

in the form of Hj can be much higher than 50%, For in¬ 

stance, near 6 Kpc in the graph of Figure 1, the Hj 

content is about 85% of the total gas content. Such 

large fractions in the form of Hg molecules are needed if 

our model is to successfully reproduce the measured H I 

profile of M33. 

Further analysis of this problem is needed. One 

possible additional means of testing the model is to 

prescribe a relationship between the Hg content and the 

measurable H H regions. Since cold, dense clouds which 

favor molecules are also the most likely birthplaces of 

the bright stars which cause the HIE regions, a correla¬ 

tion between our calculated number am - a T HI H. and 

the surface density of H IE regions may exist. Observa¬ 

tions of HI regions in M33 (e.g., Israel and van der Kruit 

(1974)) indicate a profile peaked in the central region 

and falling off rapidly to a radius of 6 Kpc 30'). 

No H IE regions are found outside of 6 Kpc, but our model 

of M33 predicts gas at these large radii. Thus, any 

prescription for the relationship between a„ and the h2 
number density of H IE regions should yield just such 

a radial variation. It seems possible that this pre¬ 

scription will work out correctly if one adopts the 

natural assumption that the number density of H IE regions 

is related to the current value of the birthrate (see 

Talbot and Arnett (1975)). The birthrate formula we 
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use (equation V.A-8) gives smaller birthrates at the 

larger radii, chiefly because of the dependence of B(t) on 

the angular velocity of rotation through equation V.A-7. 

Thus, a prescription based on the current value of the birth 

rate, as well as the molecular gas content, may well success 

fully explain the observed H H distribution as well as 

the luminosity and color profiles. 

Our model predicts a sharply-peaked B luminosity 

profile inside of 3', while the observed profile (though 

not extending completely into the nucleus) does not "seem" 

to suggest this. One way the luminosity of the model 

can be adjusted downward is by invoking a somewhat different 

physical prescription for the behavior of the star formation 

rate in the nuclear region. For one thing, the spiral 

density wave theory breaks down in there anyway. Need¬ 

less to say, the nature of the differences is unknown at 

this point. Nonetheless, a fruitful viewpoint to adopt 

for our future work is that the B luminosity profile given 

by the model with the bulge light totally suppressed (the 

dotted lines of Figure 18 ) represents the light output 

of the underlying disk mass distribution. In regions 

where the disk dominates, i.e., at large radii, we believe 

that our model can successfully reproduce the observed 

quantities. However, the total luminosity is the super¬ 

position of the underlying disk with the light from the 

bulge mass component which may dominate at smaller radii. 

Evidently, the bulge mass can be considerably less luminous 
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than that given by our simple model, and future models 

will have to be refined to handle this problem, 

V. C — Conclusion 

We have seen that a rather simple evolutionary model 

of M33, when used with a reasonable prescription for the 

distribution of mass, compares reasonably well with the 

observed luminosities and colors. Exact agreement requires 

a variable efficiency parameter, or perhaps relaxation 

of other simplifying assumptions of our model, such as the 

constant IMF. 

We have not yet established a quantitative method 

of comparing this model's predicted surface density of 

gas with the observed neutral hydrogen distribution or the 

other constituents of the interstellar gas, such as 

ionized hydrogen and Hj molecules. If such a method is 

devised in the future, it will provide another means of 

evaluating the success of the evolutionary processes of 

the model. 

The next step will be to model as large a set of 

well observed galaxies as possible. Only in this way 

can we make any definitive statement about the variability 

of the birthrate parameter, or, indeed, the merit of any 

of the elements of this evoluation model. 

Initial models of M31 and M101 have been made, but 

a full analysis of these two galaxies are not presented 

for different reasons. In the case of M31, the surface 
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luminosity and color observations predate even those of 

M33, and as such, are somewhat suspect. For instance, the 

colors in U-B and B-V show no systemmatic trend with 

radius. 

M101 has quite recently been observed by Schweizer 

(1976), but in the UB3O system and not the UBV system 

we use in our computer program. The conversion of the 

UB3O colors to the UBV colors via formulas given by 

Schweizer reveal quite puzzling color profiles. For in¬ 

stance, we find that the radial U-B color ranges from 

+0.4 to -0.45 going from the center to the outer regions. 

Referring to Figure 15 or 16, one sees readily that these 

colors are extremely red and extremely blue. Our model 

of M101 does not show this remarkable profile, and indeed, 

it cannot have these colors because the model does not 

have "access" to such extreme parts of the color-color 

plane as can be seen by studying the various color-color 

tracks of Figure 16. It has been suggested (in a conversa¬ 

tion with E. Jensen) that a problem may arise from the 

conversion of the UB3O colors to the UBV colors. Any 

such conversion formula must depend on the shape of the 

spectrum of light assumed, and such spectra are quite 

different for elliptical (redder) galaxies and open spiral 

(bluer) galaxies. Therefore, the applicability of the 

Schweizer formulas are suspect. This problem has not yet 

been resolved 
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The qualified success of our initial model of M33 

gives us a sense of optimism about the ability to describe 

several features of real galaxies using very simple ideas. 

Other galaxies must be studied in order to gain more 

input about the successes and failures of our simple 

birthrate prescription. We hope to add at least ten more 

galaxies to the study shortly. With a larger data base, 

we hope to see how far one can go with this simple model 

of galaxies which assumes a constant, Universal initial 

mass function and a birthrate proportional to the frequency 

of passage of spiral arms. 



89 

Figure 18 

Model fitting of the B surface luminosity for M33. 

The solid lines represent our model curves for various 

values of the efficiency parameter,, E. The dotted lines 

indicate the luminosity curves with the central bulge 

made nonluminous. The dashed curve is a reproduction of 

the observed profile. 

Figure 19 

The color distribution in B-V as a function of radius 

for our family of models. The dotted lines show the minor 

modifications to the color when the central bulge is 

made nonluminous. The dashed lines show the observed colors. 

Figure 20 

The color distribution in U-B as a function of 

radius for our family of models. The dotted lines show 

the minor modifications to the color when the central 

bulge is made nonluminous. The dashed lines show the 

observed colors. 

Figure 21 

The total gas content calculated in M0/pc
2 for our 

family of models for M33. The observed neutral hydrogen 

distribution is shown by the dashed line. 
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