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ABSTRACT 

The Use of Numerical Methods in Systems 

with Chemical Reaction and Diffusion 

Antonio Montalvo 

In this work the application of twc numerical methods 

to the solution of the partial differential equations of diffu¬ 

sion and chemical reaction is described. The following systems 

were considered. 

a) When the ends of a catalytic wire are held adiaba¬ 

tic, the existence of steady state temperature and composition 

distribution in the form of standing waves has been demonstra— 
7 

ted . Using finite differences and Galerkin's method the deve— 

lopment in time of perturbations of these unstable states is ex 

plored. 

b) In the second example analysed it is shown that - 

with appropiate kinetics, a chemical system, originally with a 

steady state in which conposition and temperature are uniform, 

might develop instabilities which eventually will produce a non 

homogeneous distribution of components. It is shown that this - 

new state is probably stable and has the form of standing waves. 

The time behaviour of these systems is investigated 

by integration forward in time of the full nonlinear partial di^ 



fferential equations using finite differences, and using Galer¬ 

kin* s approximation with Hermite cubic polynomials as basis fun 

étions. 

It was observed that for the wire problem the finite 

differences scheme takes considerably less computing time than 

the Galerkin method, and for the second problem, depending on - 

the computational scheme used in the finite differences approxi 

mation and on ; the type of boundary conditions imposed on the - 

system, the computing time can be lower than or approximately 

equal to that required in the Galerkin*s method. 
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I.- INTRODUCTION 

In order to compare the accuracy and speed of the fini¬ 

te differences scheme and Galerkin approximation in integrating 

the partial differential equations of reaction and diffusion, the 

behaviour in time of two different systems exhibiting differente 

properties in their solutions are analysed. It will be shown that 

for the first system the nonhomogeneous steady states are unsta¬ 

ble, while there exist two locally homogeneous steady states, whi¬ 

le in the second system the homogeneous steady state may be unsta¬ 

ble, and there may exist a stable inhomogeneous state. 

a) Catalytic Wire 
n 

In a recent thesis, Patel analysed the steady state solu 

tions present in a catalytic wire in a uniform enviroment. A com— 

plete phase plane of the solutions is given for ttao different set 

of parameters within the equations. 

It was shown thet the temperature profiles present when 

the ends of the wire are held adiabatic are unstable by using the 

Amundson's criterion*. 

Using also the Amundson's criterion Jackson^ has shown, 

in general, that all the standing waves present in catalytic wires 

with their ends held adiabatic are unstable. In a recent paper, us 
O 

ing topological concepts Erwin and Luss have also shown the instabi 
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lity of all the standing waves. 

No mention to the behaviour in time of the standing 

waves is made in thèse works. 

b) Diffusive Chemical System 

One of the most interesting works in the field of che 
12 “ 

mical instabilities is due to Turing . In his paper "The Che¬ 

mical Basis of Morphogenesis" a mathematical model for the grow 

th of an embryo is described. The genes in the embryo are consul 

dered to have the catalytic activity which is responsible for 

the instabilities present in the cells. It is suggested that ~ 

substances refered to as "morphogenes" reacting as the chemical 

species may develop spatial dependent instabilities which could 

explain morphogenesis. An originally homogeneous embryo might 

develop a pattern or form some other shape due to an incipient 

instability produced by the reacting morphogenes. Such instabi¬ 

lities might grow into stable standing waves, and the appearan¬ 

ce of standing waves in a ring type system could be relevant - 

for example explaining the special pattern of the starfish. The 

main purpose in Turing's paper was to point out that certain - 

well known physical facts can be used to explain a mechanism by 

which the genes of a zygote may determine the anatomical struc¬ 

ture of the resulting organism. 
6,8,10 

Lefever, Nicolis and Prigogine , discuss the — 

occurrence of oscillations in homogeneous chemical systems. They 

analysed a mechanism intended to represent the oscillations ob 

served in the course of the glycolityc process, proposed by   
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Higgins. In one of these works6 it is concluded that, in order 

to get an oscillatory system, it is necesary that the system - 

should have an autocatalytic character. No detaliled justifica¬ 

tion for this conclusion was given. 

Using the same reacting system as that used in the pre 

sent work, Lefever5 has obtained the conditions for instabili* 

ty of the homogeneous time independent solution if reverse reac¬ 

tions are neglected but diffusion effects are taken into accou¬ 

nt. The resulting time dependent equations were integrated nume 

rically. 

In a recent book by Prigogine and Glansdorff^ a more 

detailed treatment of the preceding works is given, and in addi 

tion, some other theoretical examples are analysed. Linear sta¬ 

bility analysis of the time dependent equations for different — 

systems with homogeneous concentration, and those where the di¬ 

ffusion effects are taken into account are made* 

In order to test the predictions obtained by linear — 

analysis, experimental measurments of the Zhabotinski reaction 

were used. The results obtained in practice for this reaction — 

were reproduced with a good agreement using a simplified theore¬ 

tical model. 

Except in the Turing and Lefever papers, in the remai 

ining works, the behaviour in time for the case of diffusive — 

systems is omitted, and no stability test on the resulting nonho 

mogeneous steady state is reported. 

In this second example anfcheoretical analysis on the s 

tability of the nonhogeneous steady state cannnôt’ be''easily doms 
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ne due to the fact that the properties of the solution are not 

known simply in advance, and to the problem of analysing a non 

self adjoint system of equations. It is therefore neccesary to 

investigate the stability problem by the numerical integration 

forward in time of the equations describing the system. 

In a subsequent section the computationa1 schemes  

for both the finite differences and Galerkin approximation is - 

given for the case of the catalytic wire. For the case of the - 

chemical diffusive system the Galerkin approximation is descri¬ 

bed. Also some preliminary runs using finite differences were 

made and some results are reported. 



5 

II.- MATHEMATICAL FORMULATION OF THE PROBLEMS 

1) Catalytic Wire 

The first system considered in this work is a long 

wire of nonporous material, so there is no accumulation of reac 

tants, Ibut with finite thermal conductivity.A single first or¬ 

der exothermic reaction with Arrhenius type dependence on the 

temperature is considered to take place on the wire, which is 

assumed to be thin enough so that its temperature in a cross - 

section is constant, but heat conduction in the axial direction 

must be taken into account. 

If the system is surrounded by a fluid at uniform — 

temperature Tb, and at uniform concentration of reactant Cb, - 

then the reactant concentration and the temperature variation 

along the wire satisfy following equations. 

«(Cjj - c) = Ck0exp(-E/RT) (2.1) 

c|^= (KS)y^- + |3(Tb - T) + Qck0exp(-E/RT) (2.2) 

for x t [x^x^ 

where c is the concentration of reactant which is in equilibri 
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um with the absorbed reactant, T is the absolute temperature, 

and 0. are the heat and mass transfer coefficients per unit -- 

length of wire, C is the heat capacity per unit length, Q is - 

the heat of reaction, KS is the product of thermal conductivity 

and cross-sectional area. 

Equations (2.1) and (2.2) are subject to the boundary 

conditions. 

K-|| = b(T - Tb) at x = x0 (2.3) 

=-b(T - Tb) at x = xx (2.4) 

Defining the dimensionless quantities 

©= "«fë- " , s = x 
ccQCb 

A £ = 
E ^ 

R«QCb 
* 

5 

we obtain from (2.1) and (2.2) after eliminating c 

_ ^le. _ f(0) 
à C " 3 

(2.5) 

where 

A ~£/e 

A e 
I + A e 

-€/& f(Q) - 0 - S>b “ 
(2.6) 
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with the boundary conditions 

at s : 80 (2.7) 

— = -B(e-©b) b s at s = s^ (2.8) 

7 
In a previous work , the steady state equation corres 

ponding to equation (2.5) has been solved. For one of the cases 

described in that work, the phase plane of the system is shown 

in figure 1# Following values were used to generate this phase 

plane* A = 28600.0, E= 7.2 and = 0.19. 

Only solutions corresponding to adiabatic end condi¬ 

tions will be considered in this work (B = 0 in equations (2.7) 

and (2.8)).In figure 1, these boundary conditions correspond to 

the trajectories starting at dp = 0 and circling around point B 

until the axis dp = 0 is reached again. 

In the s-0 plane these trajectories have the form 

of standing waves, and their stability will be investigated by 

the use of a numerical technique. Their behaviour in time will 

be followed up to the moment some other steady state is rea— 

ched, if any exists. 
1 4 

By means of Amundson's criteria , Jackson has shown 

that all the standing wave steady states are unstable. This re 
3 

suit has also been obtained by Erwin and Luss using topologi¬ 

cal methods. No further discussion on the stability of the — 
3,4,7 

standing waves is given here, this can be found in other works. 



solutions of the wire problem. 
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2) Diffusive Reacting System 

In the';- second problem analysed a chemical system 

involving an autocatalytic step is considered. The reaction ~ 

scheme analysed is certainly not realistic, but very useful due 

to its simplicity. It is known that in chemical processes with 

autocatalytic steps, give rise to instabilities which grow and 

lead to the appearance of stable nonuniform distribution of ~ 

chemical species. 

Consider the reaction scheme 

A#x 

2X + Y 3X 
kb 

B + X Y + D 

X 5=? E 
''s 

where the autocatalytic step is the second reaction. 

Assume that the above reactions are taking place in a 

device where all the concentrations are constant in a cross-sec 

tion, allowing diffusion only in the axial direction. If in this 

system, the concentration of components A,B,D and E are kept - 

constant throughout the system by exchange with its enviroment, 

then the concentrations of component x and y are left as inde¬ 

pendent variables. Under these conditions the equations descri¬ 

bing the space and time dependence of x and y are 
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  = (k,A + k x y -k Bx - k.x) + (-k5x - k6x
3 + k7Dy +kgE) + 

dt 1 z 3 •* ° 

>-&L 
X Sr* 

(2.9) 

iL - 
2>t 

(-k2x
2y + *3

B
X) (k6x

3 - k?Dy) + Dy. (2.10) 

r 

where and Dy are the diffusion coefficients corresponding 

to chemical species x and y. 

The concentrations which would correspond to chemical 

equilibrium with absence of exchange with the enviroment satisfy 

x = A- (2.11a) 

ye = xe- 

kê (2.11b) 

E, = A 
kxk4 

G kJc 
58 

(2.11c) 

and D = B_ 
e e 

k2k3 

k6k7 

(2.lid) 

Consider the case of a homogeneous distribution of che 

mical species, but different from chemical equilibrium obtained 
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by setting 

èx (2.12) 
Dr 

(2.13) 

r *[0,R ] 

Under these conditions the time independent equations 

(2.9) and (2.10) satisfy following relations. 

1r A 4» V~E 

which reduces to (2.11a) and (2.11b) if A,B,D and E satisfy 

(2,11c) and (2.lid). 
9 

In a recent book by Prigogine and in some other pa— 
5,6,8,10/12 

pers the existence of nonuniform stable steady sta¬ 

tes is discussed. 

As pointed out before , a stable steady nonhomogeneo 

us distribution of chemical species throughout the system, is - 

the most remarkable characteristic of this system. Some featu- 

(2.14) 

and 

k3B + *6^ 
Y° ~ k2X2 + 

xo 
(2.15) 
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res of reactions such those of Zhabotinski's reaction have been 

reproduced by a reacting system analogous to that here conside- 
9 

red . It is also though that some biological systems such as - 

"biological clocks" have kinetic characteristics like those — 

considered here. 

In order to analyse under what conditions the chemical 

system with homogeneous distribution of chemical species deve 

lops instabilities which eventually will produce a nonhomogeneo 

us distribution of components x and y the analysis of the linea 

rized equations corresponding to (2.9) and (2.10) will be done. 

Let us also assume that the concentrations of A#B#D 

and E are not such as to satisfy the chemical equilibrium re¬ 

lations given by (2.11c) and (2.lid) specifically# it will be a 

ssumed that the ratio of components D and B is far from equili¬ 

brium. 

Consider small perturbations around the steady state 

solution x , y_ . 
o w 

x = xQ + <x (2.16a) 

y - yQ + /3 (2.16b) 

substituting in equations (2.9) and (2.10) and negleting high»- 

er order terms# the linearized equations become 

^ ^ « - i v /2 i is ^ ^ 

àt * x hr1 (2.17) 

~ ~ c c* + d Q + Dv-^ 
àt ' y d rz 

(2.18) 

where a = 2k2x0yQ - k3B - k4 - k5 - 3k6x| (2.19) 



b = k2x| + k7D (2.20) 
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c « k3B + 3k6xg - 2k2Xoy0 (2.21) 

d - -(k2x| + k7D) (2.22) 

Seek a solution to equations (2.17) and (2.18) in the 

general form 

« = xe 
_ -> »»r) 

p -- Se 

After substitution it is found that 

(a - UJ - Dxv
z) y + b 8 =0 (2.23) 

c y + (d - u> - Dy\>l)£= 0 (2.24) 

and the condition for nontrivial solutions of (2.23) and (2.24) 

is 

(a - - DxV*)(d - tu - D V
1) - cb = 0 (2.25) 

which is of the general form 

uJ1 + bjUj + cj = 0 (2.25a) 

Then the following statements can be made about the - 

roots of this equation. 

a) if c^ < o there exists a positive real root, whi¬ 

ch produces a system exponentially uns¬ 

table for all values of b^ 
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b) if cj > 0 The stability depends on the sign of b^ 

bl) if bj^yïëj stable nonosdilatory system 

b2) if </4cj > b^ > 0 stable damped oscillatory system 

b3) if 0 > b^ > -/4Cl unstable oscillatory system 

b4) if -J4c± > b^ exponentially unstable system 

Let us now examine the signs of both b^ and c^. 

Sign of ct 

The general expression for c^ is 

cx = (Dy \f2' + k2x
2 + k7D)(Dxv

z + k4 + *5) ” 

^Dy(2k2x0y0 - k3R1D - 3k6x£) (2.26) 

where = B/D. 

If the known expression for xQ and yQ given by (2.14) 

and (2.15) are substituted in (2.26) and it is further assumed 

that A and E are in the ratio given by (2,11c), it is obtained 

that 

C1 (Dy/+ k2—yA
2 + k7D)(DxV*+ k4 + k5) . 

k5 

, k,k?A2 + k,k?D 

* DyTrb-—X *3D*I + 

k2k^A
2 - k7kgD 

2 kl 

» DyV 
k5 

A^ (1 + 
2k7k§D 

k2k
2A k7k5D 

(2.27) 

Then cx> 0 if 2 v k7k5 A <  2* D for all values of R^. When 
k2kl 
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A2 > 

k7k5 

k2kl 
D, ^ 0 if R^> Rc and the system is exponentially 

unstable. Here R is given by 
c 

i k2k
2A2 + k7k5° f kl o 

Rc = Ô 2 Ô k4 + k5 + k6—Ta2 < 1 + 

k3D k2k
2A2 - k?k

2D l 4 6 kl 

2k7klü 
2.2 

k2k
2A2 + kykjD 

x D, k k A + kJccD 
) + DvV + -£ 2 1 -, Z-5- + x " 2 

y 
k5 

k4 
2 2 2 

+ kykgD + 1 

U ) 
(2.28) 

The minimum value of Rc is obtained when 

r. / lc4 + 
k
5 0 0 - D 

UnDx = / — ?(k?k|D + k2k£A
2) (2.29) 

Sign of b^ 

After all the substitutions are made it is found that 

b, * kj + ke + V (Dv + D ) + k7D + K 
2k2 k5 

k
6( 1 + 

2k7k§D 

k2k^A
2 + k7ksD 

2 2 2 
k7k§D - k2k£A 

+ k3 2 2~2 
k-ykjD + k2k£A 

DR1 (2.30) 

2 k7k5® 
A <  j, b^> 0 for all values of R^, and the 

k2kl 

If 
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system becomes stable provided c^> 0. 

o k7k?D 
When A2 ">  5— , b. > 0 if R, < R', where 

*2*1 

2 2 2 
k2k^A

z + k^D 

IC3D k^A2 - *7*1° 
+ k5 + V> (Dx + D ) + k?D + 

*1 2 
-TA

Z + T a2 V 1 + 
k2k?A 

2k^kSD T 

TT-5 2~> 
:^A + k7kgD J 

(2.31) 

It canieasily be seen that R' is a monotonie function of 

v> and its minimum value is obtained when \) = 0 provided k7ke 
A2>-^4a 

*2*1 

Using equations (2.28) and (2.31) it can be obtained 

that 

Rc(min) - RQ(0) = 
1 k2k

2A2 + k?k§D 

   7~2 T~ k3D k2kfA - k^D -/i (k4 + k5)* 

f 2 ' 22 Dx ^1 o Dx 
(k7kgD“+ k2k^A )— + (k2~2A

2 + k?D)(—- 1) 
~ *k. ~ 

£ 
D. 

2 (2.32) 
k?k5 

For the case of A2^>  D the sign of R (min)-R^(O) 
k2kl ° 

depends on the ratio Dx/Dy. The shape of Rc and R£ is shown in 

figure 2. It can be seen from this figure that the homogeneous 
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- FIGURE 2. General Shape of and R*. 
c c 
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steady state is unstable with respect to homogeneous perturba— 

tions when y R£(0), and with respect to nonhomogeneous per¬ 

turbations when R^ is above the darker line, having either expo 

nentially oscillatory or exponential growth. 

In the analysis to follow we shall consider the gro¬ 

wth of a nonhomogeneous perturbation by choosing values of R^ - 

and \) (/ 0) to correspond to a point lying above the Rc curve - 

in figure 2. In cases where the initial perturbation grows’* in¬ 

to an inhomogeneous steady state, we shall further investigate 

the stability of this state by subjecting it to a variety of — 

small perturbations. 



19 

III.- NUMERICAL SOLUTION 

In order to follow the behaviour of the systems des<?* 

cribed in the preceeding section, numerical integration of their 

differential equations will be used. For thés case of the cataly 

tic wire two numerical techniques are employed* finite different 

ces and Galerkin*s approximation. For the diffusive chemical sys 

tem only the Galekin*s approximation was implemented, after pre¬ 

liminary tests of both methods. 

1.- Catalytic Vire 

The equation to Be solved is 

7)0 

c> r 
2? e 
Ô s* 

© - <3 C e) (3.1) 

- £/© 
, „N ^ A e 

where g C 0 ' = 5 b ~ ^ e/& 

subject to the boundary conditions 

(3.2) 

= 0 at s » S0 (3.3) 

o at s = S. (3*4^ 
e> S 1 

and the initial distribution of temperature 0(s.O) a e0(s) 

la.- Finite Differences. 

The computation scheme using the Crank-Nicolson 
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finite differences approximation to equation (3.1) can be found 

anywhere**. If the wire is divided in the s direction in I mesh 

points such that 0 = S0 » < S2 si_i^ « L 

and the time level corresponding to time t is called n, then the 

approximation to equation (3.1) at the point i,n + % is given 

by 

®i,n + 1 Qi.n 0i + l.n + 1 ~20i,n + 1 +&i -l.n + 1 

k “ 2h2 

© - 2© +© © +© 
i + l.n i.n i - l.n __ i.n + 1 i.n 

2h2 2 

g(ei,n + J5
) & *•* 0.5) 

Because is not possible to evaluate g(© ,), it 
i#n + *$ 

will be approximated by, g(0, ), and a predictor corrector — 
i,n 

technique will be used to compensate this approximation. 

In order to match the boundary conditions (3.3) and 

(3.4) two alternative approaches can be taken. The first consist 

ts in forcing the value of the temperature at the boundaries — 

and their adjacent points to be same. This can be stated as 

©, _ l,n = 02 n 2! i n n > 0 (3.6) 

© = © 
n > 0 I,n I- l,n (3.7) 

where and 0are the temperatures at the boundaries 
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The second approach can be expressed as 

®1.»- ©o 3#n 
n > 0 (3.8) 

and ©T © n > 0 (3.9) c * 
CM 1 H
 

In this case the boundary temperatures are 0- and 4b I n 

0T , .It was found computationally that both approaches ga 
x — 1 # n — 

ve negligibly different results. 

After some manipulation of equation (3.5) together wi 

th use of (3.6) and (3.7) the following set of equations is — 

obtained 

(1 +^-+-§)© 2 2 2#n +1 2 3#n + 1 

(1 - |-T>© + '6 +kg(© ) 2 2 2 ,n 2 3,n 2#n 
(3.10) 

+ (i + ^ +^-) © -^e 
2 wi - l,n + 1 2 i,n + 1 2 i + l,n + 1 

A 
A© + ( 1 - A - — ) 0 + — © + kg( Ô . ) 
2 i - l,n +1 2 l/n 2 i + l,n i#n 

3 é i < 1-2 (3.11) 
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and 

1-2,n + 
+ 

X 
e 

i 

l,n 
+ kg( BI l,n 

) 

(3.12) 

In these equations ^ = k/h^, where k is the step for¬ 

ward in time and h is the space size. 

An analogous system of equations is obtained using - 

boundary conditions (3.8) and (3.9). In both cases the final set 

of equations corresponds to a linear system of equations in (I 

-2) unknowns, and can be easily solved because the resulting - 

matrix of coefficients is tridiagonal. 

lb.- Continuous Time Galerkin Approximation 

The second numerical technique used to solve — 

equation (3.1) was Galerkin*s method, with the Hermite cubic po 

lynomials used as basis functions. 

Let A* 0 = x1<x<'  <xN <Xn=L denote 
2 

any partition of the interval (0,L]with grid points at x^. The 

Hermite cubic polynomials are the set of real piecewlce polyno¬ 

mial functions V(x) defined on [0,L] such that V(x)£ H*(0,L), 

and the polynomial are of degree three in each subinterval. 

In general 

Hm (n) = jw | D* w £y*> l<xl m 

a 
where D 

« 
D 
2 

2 

n 
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and 

and 

Then 

|0(Jss d + # + (X + o(A + 
12 3 4 .+ 0< n 

L2(-a ) = ^ w | | w2dx < oo ^ 

We define the Hermite cables as follows. Let 

x - X, 
<xi = 

Xi - Xi-1 

(3.13) 

X - X, 

xi+l - xi 
(3.14) 

21—1 =<1 

1 - ‘2i 

.2 

3*i “ x 

- 3f± + 2^ x £ J Xi,x1+1] 

(3.15a) 

(3.15b) 

x flfo^l-fxi.i.x^jjo.lSc) 

1 * 1,N 

V, 
0 

V2N-1 =< 

3fl + 2fl x f[x1# x21 

x £ |[O#L] — fx 

3»lg - 20(3 x*fxN-i'xN^ 

x e\[o,L]-fxK 

(3.16a) 

(3.17a) 

(x^ — x^_^)d^( 1 + ^l^ x £ fx1-1,xj[] (3.18a) 

v2i " x^)|î^(l ** (^1^ X ^ IXj_#Xi^2_l(3• 18b) 

0 x£l[0,L\-fx ,x l((3.18c) 
1 * 1,N 1 11 
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V 2 

j<x2 * 

1° 

-y^)2 xcfx^x^l (3.10a) 

xe^TO,l/l - fx1,x2]^‘ (3.19b) 

V 2N 

(xN - 3^j„i)cyN(l + Ofj|) xfcfx^^] (3.20a) 

L0 x£|f0,L"J— #Xjjl ^ (3.20b) 

These functions are ploted in figures 3. At the grid po 

int "iM, the value of the function V2j^ is 1.0, the slope of V2^ 

is 1.0, anti the remaining plynomials vanish in both solpe and va¬ 

lue. In accordance with this property, different values can be a- 

ssigned to the coefficients of the cubics v2i-l 
an<* V2i so t*lat " 

the values of the function and its derivative match at the mesh ? 

point "i" with the values of the true solutions which is approxi¬ 

mated by the Hermite cubics. 

The basic requirement of the Galerkin*s approximation - 

is* if Lfu] ss 0 is the equation to be solved, are the basis — 

functions with £V and u is approximated by a linear combinati¬ 

on of the functions as u » G(V), then 

L 

O 
Lfû(v)] V: dx. = o (3.21) 

i.e., the approximation must be orthogonal to all the basis func¬ 

tions. 

When using this approximation, the original problem of 

solving a partial differential equation is transformed to the so¬ 

lution of a system of 2N simultaneous ordinary differential equa- 



V21 and V2i-1 

FIGURE 3. Herraite Cubic Polynomials 
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. 2 
tions. It has been shown that vhen the last system of equations 

3 2 
is discretized in time the order of convergence is 0(h + k ), 

which is a great improvement compared with 0(h + k ) obtained 

when seining the original equations by the use of finite differen 

ces. However when the solution is known to be very smooth claims 

13 4 2 
have been made that the order of convergence is 0(h + k ). 

The practical implementation of the Galerkin ppocedure 

is based on the outline given by Douglas . Let Vj/V2» • • • »V2N be ~ 

the 2N linearly independent basis functions, and let 

W e Span {
V
I#
V
2*'*«*

V
2N 1 such that W£H'(°>L)‘ 

Let the approximation to ©in equation (3.1) be given b 

by u, defined by 

2N 
U(s,£) * ZI T.U) V. (s) (3.22) 

i=l 1 1 

Because ~(0tx.) s 0 and ~-(L,c) * 0, it is required 

that in the approximation (3.22) that both T2 and be zero in 

order to satisfy that boundary conditions. 

Define 

<>,b> 
f L 

(ab)dx 
J 0 

(3.23) 

Then using equation (3.1) it is found that 

/ 3© 
N Be' 

<^e,Vj> + <^g(e),Vj> (3.24) 

Integration by parts of the first term on the right ha¬ 

nd side in equation (3.24) gives 
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/ÿe. 
^ ôs* 

= /âs dVj^ (3.25) 
ds ? ' ds ' 

Using the approximation u to © leads to 

> + <u,Vj > <g(u)#Vj > (3.26) 

j * 2,2N 

VJ £ W 

After substitution of the expression for u given by 

(3.22) it is obtained that 

2N 2N 

y<Vl>vO ^ + XT [ <vi.vj > ♦ <Vi.VJ> ] Ti=<g(u),Vj> 
i=l 1=1L 

(3.27) 

j ¥■ 2,2N 

where <vl.vj > / \ 

^ ds * ds ' 

by 

Let the initial condition to equation (3.1) be given 

B(s,0) = ©o(s) (3.28) 

The initial conditions to the system of ordinary di¬ 

fferential equations (3.27) are obtained by approximating ©Q(s) 

with the same basis functions used in the approximation for — 

0(s, t). 
2N 

e0u> = Zr1<°>vi Let (3.29) 



28 

Then <©0'
vj> =ZlTi(0) <Vi#Vj > (3.30) 

j = 1,2,. - -»2N 

Equations (3.30) constitute a system of 2N equations 

in 2N unknowns T^(0), which give the initial condition to equa¬ 

tions (3.27). 

An alterative approach can be taken to evaluate T^(0) 

which saves a considerable amount of computer time. Because it 

is required that T2i _ i = l,2,..,N;;fit the value of ©o<s> 

at the grid point "i* and i = 1,2,...,N fit the value of— 

^~*(s) at the mesh point "i" then the initial conditions to - 

equations (3.27) can be obtained as 

T2i „ i (0) = ©Q(
si) (3.31) 

and T2i (0) = ^(s*) (3.32) 

i * 1,2,...,2N 

Both procedures gave the same results. Note that — 

neither equations (3.30) nor equations (3.31) and (3.32) impose 

any restriction on the values of TjfO) and T2N(0) which can be 

different from zero. 

It was obtained earlier that in order to match the - 

boundary conditions then T2(c) » Tjjjft) = 0 for t > 0. Then it 

can be said that 
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dT2 _ dT2N _ 0 
dt dt 

and system for equations (3,27) can be rewritten as 

2N 

X<vi'vJ> 
i=l 

dT 

"dt 

2N 

[<vi'vi> 
i=l 

+ T± = <g(u),Vj> 

1,3 * 2,2N 

or using matrix notation as 

(3.33) 

dT 
B — + AT = F 
dt 

(3.33*) 

qhere T - [T^ T2N _ 2,T2(( _ 2 ] 

* 

B* (2N - 2)x (2N - 2) matrix with elements bi#j, • -.r* 

* 
A* (2N - 2)x (2N - 2) matrix with elements a 

T J 
and F * ff1#f2, ...,f2N - 2 ] 

It can easily be seen that both A and B are symmetric 

matrices and have only five non-zero elements per row, except - 

for the first and last tows, which have only three nonzero ele¬ 

ments each ( Both A and B matrices have only the seven central 

diagonal different from zero), 

A further approximation was made in the elements of 

the vector F. This vector has in general elements <g,Vj> 

* The value of the inner products and 

used in both A and B matrices are given in appendix I, 
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Let g[u(s)]be approximated using the basis functions 

used in approximate u 

W(«)l- X.9|a(si>l''21.1 *Y. -9J:(8-L)]V21 (3.34) 
i=l as 

Clearly this approximation fits at all the mesh poin¬ 

ts "i" the value of g(u) as well as its derivative d9(u) 
ds 

Using the fact that 

dg [u(8<->] _ b gju(si )] ï>u(sA ) 

da ^ u ^ s 

b ufs*) 
iS “ 

= T 2i 

utsl> = T21 - 1 

(3.35) 

(3.36a) 

(3.36b) 

then (3.34) becomes 

c i àg(T2i-l* 
g[u(s)] » Z-g(T2i-l)V2i-l+ X_  f^T2iV2i (3.37) 

i=l i=l 

Taking the inner product of (3.37) with respect to all 

the basis functions V^# it is obtained that 

N 

<g.v3> i g(T2i_1)<V21_1,V;)> * * 

i=l 
2i ^2i 37') 

The continuous time Galerkin approximation given by - 

equations (3.33*) with initial conditions given by (3.31) and - 
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(3.32) can be discretized in time giving the Crank-Nicolson  

Galerkin approximation. Let the discretization in time be expre 

ssed as 

m+1 _ m m+1 m 
B —i     + A ' ■ * 1 

= F(Tm) , m> 0 (3.38) 

where superscript ref errs to the time level t = mk, 

Solving for it is found that 

,m+l 

■ 1B +Af] ([B = AI] 
»nt 

+ Fk (3.39) 

Because of the highly nonlinear term involved in F, a 

predictor corrector type scheme was implemented in the computa¬ 

tions. 

It can be seen that both matrices (B + A — ) and 

(B - A —) in (3.39) have the same characteristics as those po£ 

sesed by the A and B matrices. A Gauss-Jordan elimination tech¬ 

nique can be easily implemented in order to invert the matrix - 

(B + A —), and knowing in advance where the zero elements are, 

as much as five to seven times in computer time can be saved. - 

No other attenpt to invert the matrix by any other method was - 

used. 

2.- Diffusive Reacting System. 

The equations to be solved are those given by -— 

(2.9) and (2.10), namely 
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where 

à x S x 

-= Dx + Aix + ciy + f<x*y> r o r* 

ày iy 

Ji ’ Dy ÏP + °lX + Biy + 3lx,y) 

2 3 
f(x,y) * kjA + kjX y - kgX + kgE 

g(x,y) = - k2x
2y + kgX3 

A^ = -(hgB + k4 + Kg) 

Bx = -k?D 

ci= V 

D1 = *3® 

(3.40) 

(3.41) 

(3.42) 

(3.43) 

(3.44a) 

(3.44b) 

(3.44c) 

(3.44d) 

Equations (3.40) and (3.41) hold fot t>0# r£fo#R) , 

and have initial conditions 

x(r,0) = x (r) 
O 

y(r#0) = yQ(r) 

(3.45) 

(3.46) 

The behaviour in time of this system was analysed only; 

by using the Galerkin approximation. However some preliminary - 

runs were made using finite difference schemes. From these re¬ 

sults following conclusions were obtained* 

i) if equations (3.40) and (3.41) are approximated at — 

the point i,n+*5 (as defined earlier in the wire problem), the - 

computing time is approximately the same than the used in the - 
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Galerkin approximation. 

ii) if the linear term in y in equation (3.40) is intro¬ 

duced in the nonlinear term f(x,y), and the linear term in x in 

equation (3.41) is introduced in the nonlinear term g(x#y) a con 

siderable saving in computer time is achieved. In addition no — 

significant difference in the results was observed when the modi 

fications dfescribed above were introduced. 

Two kinds of boundary conditions were imposed on the - 

system described by equations (3.40) and (3.41) 

a) No diffusion through the boundaries 

system to be a closed loop, (i.e., r « 0 and r » R are the same 

point). The boundary conditions then become 

(3.47a) 

and (3.47b) 

b) Periodic conditions resulting from conâidering the 

x(R*~) * x(0+) 

y(R~) * y(o+) 

(3.48a) 

(3.48b) 

(3.48c) 

(3.48d)> 
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In dealing with this pair of partial differential equ 

ations, subject to either boundary conditions (a) or (b), the - 

Hermite cubic polynomials were employed as basis functions to 

approximate the solution. 

2a) No Diffusion Through the Boundaries 

Let the approximation to x and y be defined by 

2N 
x(r,t) = X(r,t) = 5HV t)Vi(r) (3.49) 

i=l 
2N 

y(r#t) m Y(r,t) = ^(tjv^r) (3.50) 

i=l 

Using these approximations together with boundary — 

conditions given by (3.47a) and (3.47b), it is required that 

«2 = ^N = °' ^ 0 (3.51a) 

P2 = P2N = °# t > 0 (3.51b) 

Using the definition of the inner product given by - 

(3.23) it is obtained from (3.49) and (3.50) 

=D
X
<
^'

V
J'
> + A

I <*'V +<f>vj^> + 

C
1 <Y'V) > <3.52) 

<g,Vj) (3.53) 
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J / 2,2N 

Integration by parts of the first term of the right 

hand side in equation (3.52) gives 

rR j R r 

—~V ..dr = —V 
dr2- J dr j 

- 
(/ o O ' 

R 

dr dr 
dr (3.54) 

and using (3.51a) 

namely 

sàx. \ / èx dVJ \ 

dr 
(3.55) 

An analogous result is obtained for equation (3.53), 

= 

dV 

dr dr 
(3.56) 

Using the approximations for x and y given by (3.49) 

and (3.50) together with (3.55) and (3.56) it is found that 

2N 2N 

IL <vi'wi~> ^ [ DX <vi<vp - A
I 

2N 

7" ci <vi'vj> 
i=l 

and 
(3.57) 
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2N 2N 

Y_ <Vvj> —- + X [ Dy < vi'vj > - B1 < VVJ>] ft - 
i=l t 1=1 

2N 

21 D1 ^Vi'Vj'> “l" <9<vj> 
i=l 

j Ï 2,2N (3.58) 

Vj£ W 

There is left a system of 4N - 4 ordinary differential 

equations, with the initial conditions given by 

<X 

Z5 

- i(0) * w 
(3.59a) 

dx0(ri) 
«, (0) = ° 1 

2i dr 
(3.59b) 

■H
 

u
 II 

o
 H
 (3.59c) 

(3.59d) 

It can be seen that there is no restriction in requi- 

ng that the initial conditions have zero derivative at the boun 

daries . 

Using (3.51a) and (3.51b) the coefficients (Xj, 

^3 J an<* /^2N Can 130 sIcipPed ^rom equations (3.57) and (3.58) 

which can be rewritten using matrix notation as 
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dH 

P TT— + QH = S (3.60) 
ut 

where H= ^3
#,##'/32N-l] 

P is a (4N-4)X(4N-4) matrix of elements 

Q is a (4N-4)X(4N-4) matrix of elements 

S is a (4N-4)xl vector of elements 3^ 

An approximation was used to evaluate the components 

of the S vector. These components are either ,V^>or — 

Let f(x,y) = f(r) be approximated by 

• r ^ *(r±) 1 
f(r) = J! f f<ri>v2i-l + <3-61> 

i=l 

Substitution of 
d f 

Tr" 
by 

(rt) o>f(rj) c)x(rj) c)f(rH) dy(rt) 

àr ôx dr d y dr 

and the approximations to x and y 

à x(r±) X 
dr 

= oc2i (3.63a) 

èy(r±) 

dr h i 
(3.63b) 

xtr^ ■ "21-1 (3.63c) 

y(r±) “/®2i-l (3.63d) 

then 
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N 

<f«v 

mL f( «21.1- fri-i» <v2i-i'vj> + 

i=l1 

[|?a2i+|f fsij <V21'VJ> | <3-64) 

Similarly for it is found that 

N 

<g,vj> =1 U<W (»2i-i> + 

i=l L ’ 

^v2i'vj> \ (3-65> 

The discretization in time of equation (3.60) leads to 

H m+1 = [p + Q-^-j ^ p « Q-j-jHm + Sk^ m>, 0 (3.66) 

o 
where the initial conditions H are given by equations (3.59a) 

(3.59b). Also in this system the predictor corrector type - 
m+1 

scheme was implemented to obtain the vector H , because of - 

the highly nonlinear term involved in the S vector. 

2b) Closed Loop System 

When dealing with this problem, which has the — 

boundary conditions given by equations (3.48a) - (3.48d) some 

changes in handling the basis functions are required, in order 

to set up the Galerkin procedure. 

Let the interval r£ [0,R] be represented like a cir 

cle so that the mèsh points. X| ând coincident* Let^’àiso 
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the definition of and given by (3.16a)/ (3.16b), (3.19a) 

and (3.19b) be changed in following way. 

2 
1 - 3 I8! + 

3 2Pi xerx1,x2l (3.16a) 

V1=< 1-3^- 
3 

2 tX 
N 

x£rxH.1(xHi (3.16b') 

0 X t[fO,Rl -[x^.Xj] [( (3.16c*) 

(X2- ■ X1) ^(1. X £ fXj^l (3.19a) 

VXN - • WV1 + V2 (3.19b*) 

0 Xt(fO,Rl - fxN-1 ,X2lf(3.19c*) 

When changing the definition of and the follo¬ 

wing changes arise in the formation of the inner products be¬ 

tween the basis functions, which are summarized in table I. 

Once these changes are made, the Galerkin procedure 

can be implemented again. Equations (3.57) and (3.58) remain — 

essentially the same, i.e., 

i'vj> 
i=l 

2N-2 

H ci < Vi<V I0! * <£'Vj> 
i=l 

J 1 J 

(3.67) 
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TABLE I 

Modification to the value of the 

inner products /v^Vj^and <^V 

Definition of the Hermite Cubics 

Inner Product Original* Modification 

V1'V1 13h/35 2(13h/35) 

VV2 ** llh2/210 0 

V ,v 
2 2 

h3/105 2(h3/105) 

V .V _ ** 
1' 2N-3 0 9h/70 

Vl'V2N-2 ** 0 13h2/420 

V2'V2N-3 ** 0 -13h2/420 

V«.V ** 
2»
V
2N-2 

0 -h2/140 

V2N-1'V j ** j=l,2,...,2N Appendix I (Do not exist either 

V2N'VJ ** j=l,2,...,2N Appendix I 
KN-1 and V2N 

V» V* 
l'vl 

6/(5h) 12/(5h) 

V£,V£ ** 1/10 1/5 

Vâ'V2 2h/15 4h/15 

V'.V ** 
1* 2N-3 

0 -6/(5h) 

V*,V‘ ** 
1 2N-2 

0 -1/10 

V* V ** 
2 2N-3 

0 1/10 

v* V* ** V2'V2N-2 
0 -h/30 

V2N-1'V ' ** j=l,2,...,2N Appendix I (Do not exist -«either 

V2B'Vj ** j=l,2,...,2N Appendix I 1V2N-1 Hnd V2N 

* The values of these inner products are taken from appendix I. 

** The symmetric inner products also change in the same way* 
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OUT ** OM *S 

2N-2 

H Dl<Vi'Vj'> ^=<3^) (3-68) 

} = l,2,...2N-2 # • • • 

Vj £ W 

The initial conditions for the above system of ordina 

ry differential equations are obtained by using equations (3.59a) 

- (3.59d) for i « 1,2,...,N-1. 

The approximation to<^f,Vj) and {g^Vj') is given now by 

N-l 

|f^2i-l'fti-l^V2i-l'Vj^ + 

i=lL 

j * 1« 2,...2N—2 

In equations (3.67) - (3.70) the new definitions for 

the inner products given in table I must be used. 

Using matrix notation equations (3.67) and (3.68) can 

be rewritten as 

(3.69) 

(3.70) 

P ~~ + QH a S 
at 

(3.71) 



where 
H * \ « 1, Of2, . . # A2N_2 'f*2 ' • * • '/*2N-2l 

P is a (4N-4)X(4N-4) matrix of elements p^j 

Q is a (4N-4)X(4N-4) matrix of elements j 

S is a (4N-4)X1 vector of elements 

The discretization in time of equation (3.71) leads 

exactly to equation (3.66) 
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IV.- ANALYSIS OF THE RESULTS 

As, indicated earlier, for the wire problem two numerical 

methods were employed to solve equations (3.1) subject to the - 

boundary conditions given by i3u3Mand (3.4). For the case of - 

the diffusive chemical system, described by equations (3.40) ~ 

and (3.41) and the boundary conditions either (3.47) or (3.48) 

only the Galerkin*s approximation was used, except some prelimi 

nary computations which are described in section III. 

In the wire problem both methods gave the same resul¬ 

ts to an acceptable accuracy. The main difference is in the com 

putàtion time. Because the finite differences scheme leads to a 

matrix of coefficients which is tridiagonal, this method is as 

much as four to five times faster than the Galerkin procedure, 

when requiring that the first five digits of the results are — 

the same. However the number of mesh points used in the Galerkin 

procedure is considerably less than the mesh points in the fi¬ 

nite differences, (15 as opppsed to 56) 

In the diffusive chemical system, when using finite - 

differences to solve the equations, the matrix of coefficients 

is no longer tridiagonal, because in equations (3.40) and - 

(3.41) linear terms in x and y are present, being necessary the 

use of some other algorithm to solve the resulting system of — 

equations. (The above stated is true if the approximation is ma 
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de around the point l,n+%). Some tests were carried out, and it 

was observed that approximately the same computer time was con¬ 

sumed by either finite differences or Galerkin's approximation, 

if the accuracy degree described above was required. Also in ~ 

this problem the number of mesh points used in finite differen¬ 

ces is larger than those used in the Galerkin's approximation. 

(A ratio of 4s1) 

However if in equations (3.40) and (3.41) the linear 

terms in x and y are not present or in equation (3.40) only x - 

is present and in (3.41) only y appears, a couple of tridiago— 

nal system of equations is obtained when using finite differen¬ 

ces, leading to a considerable amount of computing time saved. 

Other possible approach to obtain tridiagonal systems of equa¬ 

tions even if linear terms in x and y are present is to approxi. 

mate them at the point i,n instead of the point i,n+%, or — 

the approach already described in section III 

1.- Catalytic Wire 

With the method of finite differences, different 

A » k/h^ were used in order to investigate the stability of — 

the scheme. For different values of h, / = (i/32, 1/16, 1/8, — 

1/4, 1/2) were used and the results compared. From these resul¬ 

ts it could be established that, with Z =% and h « 0.2, the —- 

approximating scheme was stable. Similar tests were carried out 

for the Galerkin procedure, and it was found,that, with -——— 

h = 0.7428 and same k as that used in the finite difference me¬ 

thod, the reults were the same than those obtained with finite 
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differences. 

In figures 4,5 and 6 only one standing wave period was 

used, while in figures 7,8,and 9 two periods were used. It was 

observed that any transient behaviour of more than half a span*- 

ding wave can be obtained by reflecting all the transients acr¬ 

oss the boundaries, if the initial perturbation has symmetry — 

with respect to the reflection plane. This behaviour is not  

seen in figure 8, where a symmetric perturbation across x « 9.5 

is introduced in âhsymmetric standing wave, with respect to that 

point. The explanation for this is that the initial standing wa¬ 

ve is not exactly symmetric across x = 9.5, because of the tru¬ 

ncation errors in generatingiit. 

In figure 4, the standing wave is perturbed by a cons 

tant quantity along the wire, i.e., 

eQ(s) « 6>ss(s) - 0.05 (4.1) 

where 0__(s) corresponds to the temperature of the steady state 
ss 

standing wave. It can be seen that after a small increase in the 

temperature at the center of the wire, a monotonie tendency of 

the temperature to collapse to the lower temperature steady sta¬ 

te (point A in figurelj) is observed. (Because of the size of - 

the scale a slight initial increase in the temperature at the - 

boundaries is not seen) 

In figure 5, the standing wave was perturbed by 

6>0(s) a ©ss(s) + 0.05 (4.2) 
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In this case the temperature at the boundaries increa¬ 

ses monotonically toward the high temperature steady state (po¬ 

int C in figure 1). The temperature at the center of the wire - 

shows a slight decrease in its value from its condition at t=0, 

and then a monotonie increase collapsing to the high temperatu¬ 

re steady state. 

In figure 6, the perturbation has the form 

2 
eo(s) - ©ss

(s) * - °-05 + Mi) [3 -2 i] <4-3> 

where s denotes the position on the wire from the left bounda 

ry and L the total length of the wire. The temperature at the 

left boundary which is lower than the steady state standing wa¬ 

ve temperature, shows a monotonie decrease in its value reach¬ 

ing the lower temperature steady state. The temperature at the 

right boundary behaves in opposite direction getting very close 

to the high temperature steady state. This behaviour is obser¬ 

ved during the first 16 seconds, then the temperature starts to 

decrease monotonically toward the low temperature steady state. 

In figure 7 the perturbation introduced is the same - 

as those used in figue 4, but the wire presents two periods of 

the steady state standing wave. 

In figure 8, the perturbation was 

0o(s) = ©gg(s) + 0.02 (4.4) 

The standing wave shown in figure 9 was perturbed by 



FIGURE 6. Temperature response of the standing wave 
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2 
eo(s) = 0ss(s) - 0.05 + 0.l(*f^ [3 --|?|î0s<ss<~ (4.5a) 

e0(S) =ess(s) ♦ o.os - 0.1(f)2 (s -|f[3 -f (3 -1)] 

-l^s^TL (4.5b) 

The behaviour of the profiles shown in figures 7,8 ~ 

and 9 is similar to the described for figures 4,5,and 6* 

2.- Diffusive Chemical System. 

The first problem in this case is to find whether 

there exists a non homogeneous steady distribution of chemical 

species reached following a small perturbation from the homoge¬ 

neous steady state. 

From the linearized stability analysis made earlier, 

some conditions were obtained, which guarantee the instability 

2 2 2 
of the homogeneous state. When A >kyk^D/fkjfcj) if R^> (min) 

and R < R' (0) (equations (2.28) and (2.31) respectively) ex- 
1 c 

ponential instabilities are developed for perturbations of sui¬ 

table wave length, at least in the neighborhood of the homogene 

ous steady state. 

In order to satisfy conditions for growth of a stan¬ 

ding wave perturbation the following parameter values were arbi 

trarly chosen. 

Dx/Dy = h, A = 2.0, D = 8.0, Dx = 1.0 
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With these values it is obtained using equation   

(2.11c), that E = 8.0. A plot of R and R* is shown in figure 10. 
c c 

To satisfy the instability requirement for the homogeneous so— 

lution it is neccesary that the ratio R^ = B/D and the frequen¬ 

cy should correspond to a point within the shaded region of fi¬ 

gure 10. Arbitrarly the chosen values were 

Rx = 6.5 

V2 = 4.0 

being the length of the system R is given by R = nTT (n = 1 

was used). With all these values it is found that the homogene¬ 

ous solution corresponds to 

xo - 4.0 

y0 * i2.o 

Before any attempt was made to find a nonhomogeneous 

steady state the method of solution was tested by checking nu¬ 

merically that the homogeneous steady state is stable against - 

perturbation of zero frequency, low frequency (v-*0) and high 

frequency (v >4).These perturbations were introduced in the sys¬ 

tem for R^ = 6.5 and the conclusions obtained from the linear - 

stability analysis on equations (2.9) and (2.10) were found to 

be valid. For the case of a uniform perturbation the system al¬ 

ways remains homogeneous. For other two cases the perturbations 
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FIGURE 10. Stability region as a function of v* 
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had a low amplitude (less than 0.1). In all three cases it was 

observed that the time required to reestablish the homogeneous 

distribution was very low (t< 1.0 sec), being the greatest when 

the frequence was 4.0. 

The next step was to introduce a pertutbation with — 

frequency 2. This run was made imposing on the system the - 

following boundary conditions 

■ i>> ■ !?<"> ■ ■0 

and the perturbation introduced was 

x (r,0) = xQ (r) = 4.0 + 0.2 cos 2r (4.6) 

y (r,0) = yQ (r) = 12 (4.7) 

It can be seen that the perturbation is symmetric ~ 

with respect to r = 7*72, and this symmetry was kept through out 

all the transient behaviour for both components x and y. In or¬ 

der to save computer time the remaining runs were carried out 

with half a cycle (R » TT/2). 

In figures 11 and 12 the transient profiles at various 

time levels for both x and y are shown.During the computations 

it was observed that the system moves away from the homogeneous 

steady state very fast during the first two seconds and theri?; be¬ 

comes sluggish in reaching the final profiles (70% of the total 

changes in x and y is achived in 20% of the total time required 

to reach the new steady state.). Because of this behaviour of - 

the system it was neccesary to use small time increments at the 

begining>of the integration (0.005), which could later be increa 
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FIGURE II. Development of the nonhomogeneous steady state 
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y concentration 

FIGURE 12. Development of the nonhomogeneous steady state 
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sed up to 0.02 without significant loss in accuracy of the re¬ 

sults. 

Once the nonhomogeneous distribution of chemical spe¬ 

cies is reached, it remains to test whether or not this new sta 

te is stable. In order to do this, small disturbances were in¬ 

troduced in the system. If all such disturbances investigated 

collapse towards zero with increasing time, this is a good ind^ 

cation, though not, of course, a proof, that the nonhomogeneous 

steady state is locally stable. 

In figures 13,14 and 15 the transient response of the 

new steady state to the perturbation indicated below is shown. 

x^ (0) - Xj^ (ss) = 0.09 (4.8a) 

(0) - (ss) a 0 i=2,3,...,8 (4.8b) 

Y± (0) - y (ss) * 0 i=l,2,...,8 (4.8c) 

where subscript "iN refers to the mesh points shown in those - 

figures. In figure 15 the graph of both x and y at the mesh — 

point 1 is shown. The dotted line corresponds to the steady sta 

te solution, and an oscillatory approach to that value can be - 

observed, the amplitude of this oscillation being damped in ti¬ 

me. This behaviour was observed in all the remaining runs and 

no attempt was made to explain it. 

In figures 16 and 17 the behaviour in time of the de¬ 

viation of x and y from theit values at the steady state are 

plotted for a different initial perturbation, namely;; 

xA (0) - xA (ss) = 0.1 \ x^ (ss) - 4.o] (4.9a) 
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Deviation from the 

FIGURE 13. Concentration response for component x 
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FIGURE 14. Concentration response for component y 
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x concentration 

FIGURE 15. Change in time for concentration of x and 

y components 



FIGURE 16. Concentration response for component, x. 



Deviation from the 
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FIGURE 17. Concentration response for component y. 



y± (°) - y± (ss) = o (4.9b) 

65 

A slight overshoot is observed in the deviations - 

which becomes damped in time. The previously observed oscilla¬ 

tory behaviour of the deviations when near the steady state was 

present again. 

The time response of the system for a perturbation in 

x by a constant amount, i.e., 

xA (0) - x± (ss) * 0.05 (4.10a) 

Yi (0) - y± (ss) = 0 (4.10b) 

is shown in figures 18,19,20 and 21. In figures 20 and 21 the 

deviations from steady state for both x and y are shown. In fi¬ 

gures 22 and 23 the responses in time for x and y as functions 

of r are plotted. 

Finally in figures 22 and 23 the response of the sys 

tem to the perturbations 

xt (0) - x± (ss) = -0.05 (4.11a) 

y± (0) - y± (ss) = +0.05 (4.11b) 

is shown. 

In all these runs the nonhomogeneous steady state was 

reached thus giving a good indication that this steady profile 

is stable. 

Let be assumed that in some way the length R of the 

system can be either increased or decreased and so the nonho¬ 

mogeneous profiles are "streched" or "compressed". 

Let us first consider the affect of decreasing the - 
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FIGURE 18. Concentration response for component x. 



FIGURE 19. Concentration response for component y. 



FIGURE 20. Behaviour in time for component x. 
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FIGURE 21. Behaviour in time for component y 



70 Deviation from steady state 

FIGURE 22. Concentration response for component x 
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Deviation from the steady 

FIGURE 23. Concentration response for component y. 
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length of the system. From the analysis of the linearized sys— 

tern made earlier and using the data given before, we would exp- 

pect that halving the length of the system would render the in 

homogeneous steady state unstable, and that it would then colla£ 

se to the uniform steady state with x » 4.0 and y = 12.0.The - 

starting profile for this run was obtained by halving the value 

of abscissa at each one of the mesh points shown in figures 11 

and 12 and keeping the values corresponding to the concentra— 

tion (both x and y) in the mesh points.When this run was made - 

the results predicted by linear analysis are obtained. The plot 

of the behaviour in time for both x and y at different mesh 

points is shown in figures 24 and 25. 

An analogous behaviour was observed when doubling — 

the length of the system.In these two cases the time required - 

to reestablish the homogeneous distributions was very short as 

compared with the time required to generate the nonhomogeneous 

distributions. 

A second investigation was carried out with different 

values for the kinetic parameters, namely those given in a paper 

5 
by Lefever . 

Let k, = k= k_ = k= 1.0 
12 3 4 

k5 = k6 
= k

7 = k8 = 0. 

Using these constants, equations (2.14) and (2.15) — 

transform to 
xo = A 

yQ = B/A 

(2.14*) 

(2.15*) 
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concentration 

FIGURE 24, Behaviour in time of component x 
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FIGURE 25. Behaviour in time of component y 



75 

and equation (2.25) becomes 

w2 + wf L/
2
(D + D ) + 1 + A

2
 - B] + (D V2 + A2)(D v? + 1) - 

w x y y x 

V*DyB = 0 (2.25*) 

which also is of the form 

2 
w + bjW + c^ = 0 

It can be shown that if 

(D J + A2)(D V2 + 1) 
B <  —-  = B. (4.12) 

then c^> 0 and if 

B < y (By ♦ Dx) + 1 + A = B. (4.13) 

then b^ > 0 

The following constants were obtained from the data 

5 
reported by Lefever 

D = 0.0016 
x 

D = 0.008 y 

A = 2.0 

2 
In figure 26 a plot of B^ and Bj versus V is shown, 
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FIGURE 26. Stability region as a function of 
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and in order to have an unstable homogeneous steady state, valu 

es B as 5.26 and V= 8Iftwere chosen,the corresponding values of - 

b^ and c^ were 5.72 and -8,30 respectively. 

In figures 27 and 28 the initial homogeneous steady - 

state, and the finial nonhomogeneous steady state profiles obta 

5 
ined in the present work, and those reported by Lefever , for - 

both x and y are shown. This run was made for a length of the s 

system of 1/8 and, by symmetry across this length, the complete 

profiles were obtained. 

The solution reported by Lefever , shown by the bro— 

ken line, actually was obtained considering the system to be a 

series of 50 "boxes" with uniform distribution of chemical spe¬ 

cies in each bbox" and allowing diffusion between the two adja¬ 

cent boxes. The perturbation introduced in the homogeneous sys¬ 

tem and which produced the profiles shown in figures 27 and 28 

was 

xQ(r) a 2.0 (4.14a) 

yQ(r) = 2.62 + 0,2cos (8Tfx) (4.14b) 

Q 
Prigogine and Glandsdorff have pointed out that with 

equal diffusion coefficients the posibility of existance of a - 

nonhomogeneous stable distribution of chemical species exists. 

From the analysis of the equations describing the system, made 

earlier, it can be seen that under this condition,Rc(min)-R* (0) 

is positive so the homogeneous perturbation is dominant, and in 
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stead of a nonhomogeneous distribution of chemical species, a 

limit cycle is obtained. It could be observed that once the li¬ 

mit cycle is reached the composition of the system is homogene¬ 

ous. 

In the third example taken for the diffusive chemical 

system it was required to have equal diffusion coefficients. 

It can easily be shown that, under this circumstances, 

Kike 
and requiring that A >—7.. 5... p, the minimun of R coinci— 

2 ® 
des with the intersection ^2^1 of (equations (2.28) and - 

(2.31) ) and ( R (min) - R') is always positive. Then the domi 
c c — 

nant perturbation is always homogeneous. 

The following numerical values were taken 

kj^ = k2 = k3 = k4 = 1.0 

k5 = k6 = k7 = k8 = 0,5 

V>y " 1-° 

Dx " 1-° 

A « 2 

D = 8 

and using equation (2.11c) Then E « 8.0. A plot for both Rc and 

R' is shown in figure 29. In order to satisfy the instability - 
c 

requirements of the homogeneous steady state the, following va¬ 

lues were chosen. 

Rx = B/D = 10 

9 



FIGURE 29. Stability region as a function of 
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given a length to the system of 2ir/3. 

The values of x and y in the homogeneous steady - 
o o 

state are 

xo - 4.0 

yQ - 17.6 

and the perturbation applied to this state was 

x0 (r) = 4.0 + 0.5 cos3r (4.15a) 

yA (r) = 17.6 - 0.5 cos3r (4.15b) 
o 

In this example also symmetry is kept with respect to 

the central point (r =TT/3) during all the time.However the ~ 

behaviour of the system is found to be quite different from - 

that previously described.Starting with profiles given by equa¬ 

tion (4.15) the concentration through all the system starts to 

move away from the homogeneous steady state in exponential fa¬ 

shion, as predicted by linear analysis. As this progresses the 

system starts gaining homogeneity and oscillates around the ho¬ 

mogeneous unstable solution. Finally it falls into a limit cycle 

with uniform concentration throughout, all the system. This li 

mit cycle is shown in figure 30. Thus the linearly dominant per 

turbation with v = 0 takes over, even though an initial pertur¬ 

bation with nonzero s) is applied. 

In the last example analysed following parameter va¬ 

lues were used. 

Dx/°y = 3/4 

Dx = 1.0 



83 

y concentration 

x concentration. 

FIGURE 30. Limit cycle for the case of equal diffusion 

coefficients 
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FIGURE 31. Limit cycle obtained for the case of 

D
xA>y = 3/4 



Rx = B/D = 8.0 
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V2 = 4.41 

R = TT/2.1 

yo = 14.4 

the remaining data were the same than those used in the third 

example. In this case R (min) - R' (0) is again greater than - 
c c 

zero and corresponds to a case between the first and third ex¬ 

amples. 

Once again a homogeneous limit cycle is obtained, and 

this is shown in figure 31. 
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V.- CONCLUSIONS 

1.- Catalytic Wire 

3 4 7 
In previous works ' ' proofs on the instability 

of all the standing waves in catalytic wires held adiabatic ha-< 

ve been given; however no conclusions were reached regarding — 

the behaviour in time following a small disturbance. 

Using finite differences and the Galerkin approxima¬ 

tion the behaviour in time from initial conditions correspond¬ 

ing to the above mentioned standing waves was obtained, and — 

agreement with earlier investigations was achived. It could be 

seen that all the standing wave steady states collapse either - 

to the low or high temperature uniform distribution (points A - 

and C in figure 1). Also it was observed that when the pertur¬ 

bed standing waves is below the steady state standing wave (to¬ 

tally or partially) the perturbed profile moves toward the lo— 

wer temperature uniform distribution, while it was neccesary in 

order to reach the high temperature uniform distribution that - 

the perturbed profile was completely above the steady state sta 

nding wave. 

For this problem it was observed that the finite di— 

fferences scheme is four to five times faster than the Galerkin 

approximation which requires some degree of programming sofisti 
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cation to make it efficient. 

2.- Diffusive Chemical System. 

For the reacting scheme here considered the neces 

sary conditions for instability of the homogeneous steady state 

were derived. Using these conditions four cases were analysed - 

and it was demonstrated that a stable nonhomogeneous distribu¬ 

tion of chemical species exists provided R (min) - R'(0) (equa 
c c — 

tion (2.32)) is negative. This condition was satisfied in the - 

first two examples considered. For one of these cases a stabiljL 

ty analysis was carried out using numerical integration forward 

in time and it was observed that the perturbations introduced - 

in the steady state profiles became damped in time, giving a — 

good indication of stability. In the third and fourth examples 

it was required that R (min) - R*(0) > 0. Under this condition 
c c 

the homogeneous steady state is also unstable but the dominant 

frequency in the system is:-zero,thus instead of a nonhomogene— 

ous distribution of chemical species a limit cycle was obtained.. 

The time behaviour analysis of this system was made - 

using the Galerkin approximation. However some preliminary runs 

were made using finite differences. From this test following — 

conclusions were obtained. 

a) if the boundary conditions to the problem are those 

given by equations (3.48) (periodic conditions) the computer — 

time consumed using both methods is comparable, being slightly 

faster the finite differences regardless the scheme used to ap¬ 

proximate equations (2.9) and (2,10) 
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b) if the boundary conditions are given by equations 

(3.47) there is a significant difference, namely. 

bl) approximating the linear terms in x and y in equa 

tions (2,9) and (2,10) at the point (i,n) the finite difference 

scheme becomes approximately fives times fater than Galerkin a£ 

proximation. 

b2) on the other hand if the linear terms in x and y 

are approximated at the point (i,n+%) the time consumed by both 

methods is again comparable, the finite difference method again 

being slightly faster. 

Some modifications were introduced in the definition 

of the Hermite cubics used in the Galerkin's method, when boun¬ 

dary conditions are given by equations (3.48). 
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APPENDIX I. 

Using the definition of the Hermite cubic polynomials 

given by equations (3.13) - (3.20) the inner products required 

in the computations become» 

<V2N-l'
V2N-l

> = 13h/35 

<v2i-l<v2i-l) = 26h/35 1 * 

<W = <V2N.V2N>= hVl05 

<V2i'V2i>” 2h/1°5 
i / 1,H 

<'Vi,V2>= <V2,Vj> = llh
2/210 

V \ s 
2N' 2N-r <V2N-1'V= -llh2/21° 

,V > = 
2i 2i-l 

<V ,V > = 0 i Ji 
2i-l 2i 

1,N 

V % 
2i+l# 2i-l/ “ <V2i-l'V2i*l> “ 9h/7° 

i / N 

2i+2 *V2i^ = <V2i'V2i+2>= -
h3/4 i ? N 

2i-l#V2i+2^ " <V2i+2'
V2i-l>= -»h2/420 WN 

2i'V2i+l^ = <rV21+l'
V2i> ' 13h2/420 i ^ N 

<vi,vi>= (VV ■ 6/5h 
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< = 12/=h 

<rv-,V->= <V'N.V'n>= 2h/15 

i / 1,N 

<V2i'V2i>= 4hA5 

<V'#Vp= <v^v*>= 1/10 

i / 1,H ' 

^N-'W ■ <vw-i'V- -1/10 

^V2i'V2i-l> ■ <Vk-l'V^ = ° 1 * l'H 

<V2i+l<
V2i-l> - <VJl-l'W “ -6/5h 1 * " 

<V2i+2'
V2i> “ <V2l'V2i+2

>= -h/3° i^B 

- <V21,2'V2i-1
> = 1/10 i / N 

<V2i *VJi+l> “ <V2i+l'
V2i>= -1/10 i/N 

All these inner products were obtained on the basis of 

equally spaced mesh points. Slight modifications are required if 

different spaced mesh points are to be used. 
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APPENDIX II. 

Consider the problem of the diffusive chemical system 

defined by equations (2,9) and (2.10)# subject to the boundary 

conditions requiring periodic solutions. Whwn facing this pro— 

blem it seems reasonable try to satisfy the boundary conditions 

by requiring in the Galerkin approximation^that 

0f1<t) 
■ K2N-l!t> 

(A.l) 

/3i<t) (A. 2) 

«2(t> 

^ai 

ti (A.3) 

/52(t) ii 

N>
 ft
 

(A.4) 

and keeping valid equations (3.57) and (3.58) but instead of — 

j / 2,2N, in this case, we have j 2N-1,2N. These equations to 

gether with equations (A.l) - (A.4) give a system of 4N equa  

tions in 4N unknowns. In matrix notation these equations become 

♦ QH = s (A.5) 

i.J 
where P is a (4N)X(4N) matrix of elements q where 
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Pi#J = ^Vif VjV i,j = l,2,...2N-2 

Pi+2N'j+2N = Pi'ji/j = 1'2'**«'2N“2 

P2N-l'J " P2N'J =P4N-l'j =P4N'j = ° 1 = *'2 2H 

H — fai/ ^2.» • • • z • • • * fin* J 

Q is a (4N)X(4N) matrix of elements q^,j, where 

«1. j - Dx<Vi<Vj> - Al<Vi' VJ> \Z H  2N-2 2N 

q^.-, = K(y±'W\'> “B\^V±*Vi> 1 = 1/2/.../2N-Î 
i+N2#j+N2 Y i J 1 1 J j = 1,2,...,2N 

L A.m « -C <V ,V > i = 1/2,..., 
i#J+N2 1 1 J J - 1/2  

2N-2 
2N 

li+N2 , j -Di <VV i = 1,2,..., 2N-2 
j = 1/2,...,2N 

qi/j 
= 0 i = 2N-1,2N,4N—1,4N 

j « 1,2,...,4N 

except q2N_1#1 = q2N#2 = q4N_1#2N+1 = *4N#2N+2 
= 1-

° 

and q2N-l#2N-l "* q2N,2N ~ q4N-l,4N-l "* q4N,4N 1-° 

S is a (4N)X1 vector of element where 

i± m {f,Vi = 1,2,, 2N-2 

S2N—1 “ 0 

S2N ~ 
0 
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Si+2N ” ^g'Vi^ 

S4N-1 " ° 

i = 1,2, . . ., 2N—2 

S s 0 
4N 

If the discretization in time is carried oat, the fo¬ 

llowing computational scheme is obtained 

H 
m+1 

* fp + Q nl'11 [p - Q|] ,m H“‘ + Sk J- m> 0 (A.6) 

Using the same data as in the first example 

*1 = 
k2 " 

k3 
= k4 = 1.0 

k5 " 
k6 

II = kg = 0.5 

2.0, 

2.0, 

Dx = 1.0, 

xQ = 4.0, 

D = 
y 

*o - 

2.0, 

12';0 

D = 3.0, E 

and ft « TT ; 

and perturbing the system with 

x(r,0) = XQ(r) = 4.0 + 0.2sin2r 

y(r,0) = y (r) = 12.0 
o 

(A.7a) 

(A. 7b) 

the behaviour in time of the system is shown in figures 32 and 

33 for x and y respectively. The computation was carried out up 

to t = 10.0 and no stationary steady state was reached, in con¬ 

trast with the results obtained using the procedure described - 

in section III 
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APPENDIX III. 

In this appendix the elements of the matrices involved 

in the Crank-Nicolson-Galerkin approximation for both the cata¬ 

lytic wire and the diffusive chemical system are given. 

For the equation (3.33') corresponding to the wire — 

problem we haves 

b 

b 

b 

b 

1,1= 

1, j = <vJ+i'
vi> J = 2,3,...,2N-2 

J,1 = bi,j 
j = 2,3,...,2N-2 

i,j= i, J = 2,3, ...,2N- 

1,135 <V*,VJ> + <vi'viv 

1, j = <vj+I'vi> + J ■ 

J,1 = a
l,j } ~ 

2,3,...,2N-2 

<v* ,v* > + V, ,,V i, 
i, j = 

i+1 >1 i+1 j+1 

, 2N-2 

For equation (3.60) corresponding to the chemical sys 

tern with boundary conditions of no diffusion through the bounda 



99 

ries the elements of the matrices P and Q are» 

Pl,l ~ P2N-1,2N-1 ” ^Vl'Vl^ 

Pl,j “ Pj,l = ^V1,VJ+1* 
J = 2,3,...,2N-2 

P„ = < V ,V > i,j = 2,3„..,2N-2 
i+1 j+l 

P2N-1, j = Pj,2N-l = Pl,j-(2N-2) J * 2N*2N+1  

Pi#j " Pi-(2N-2),j-(2N-2) 
i,j = 2N,2N+1,..., 

«1,1 =Vvrvi> " A1<VV1> 

qi.j “ *j.i " WW -VVvj+i> J = 2': 

q
i.j = D*<vi+i'vj+i> " ai<vi+i'vJ+i

> i,J “ 2'3' 

q2N-l,2N-l = Dy ^ Vi*Vi ^ " B1<'V1,V1^ 

q2N-l,j “ qj,2B-l Dy <-Vl‘VJ-(2N-3) ^ 
Bl^ Vl'Vj-(2N-3)> J " 28,28+1, 

qi,J = Dy <Vi-(28-3)'Vj-(28-3)> 

81 <Vi-(2N-3).Vj.(2N.3)> 1, j = 28.28+1.. 

ql,28-l = -C1<V1-V1> 

a = q , „ = -C (v ,V > i = 2,3,... qi,j+(2N-2) qj,2N-l 1 1 j+l 

a r -c (v ,V > qi,j 1 i+1' j+l 
i = 2,3,...,2N-2 
j = 2N,2N+1,...,4N—4 

l2N -i.j - - VvV 

4N-4 

4N-4 

,..2N-2 

..,2N-2 

••,4N-4 

..,4N-4 

,2N—2 
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?-i+(2N-2),i ~ q2N-l#i “
Dl^Vl#Vi+l^ 1 = 2'3'**-'2N-*2 

q 
if J 

-D t V 
1 i-(2N-3) 

i = 2N,2N+l,...,4N-4 
J = 2,3,...,2N-2 

and the elements of the vector S are 

S1 =<f'vx> 

S± = <f»V±+1> i « 2,3,...,2N-2 

s = /g,v,> 
2N-1 ' 1 

S2N-l+i = ^g'Vi+2> 1 = 

Finally for the case of periodic conditions in the che 

mical system, matrices P and Q and the vector S in equation 

(3.71) have the elements 

Pi,j = Pi+(2N-2),j+(2N-2) 
<Vi#Vj> i,j * 1,2, . 2N-2 

qi#j = D
x<
vi'vj>- Ai ^Vi*Vj^ i,j = l,2,...,2N-2 

a asD/V'.V*}- qi+(2N-2),j+(2N-2) y< 1 J 
Bl<vifvj> 

qi,j+(2N-2) * -C1<V±,Vj> 

qi+( 2N-2 ) , j —WV 

if j 

if j 

if j 

if 2, • 

If 2,. 

If 2, . 

. .,2N—2 

..,2N-2 

• •f 2N-2 

Si = ^fV±> i * 1,2, , 2N-2 

Si+(2N-2), = ^g'Vi) i = if 2, • • • , 2N-2 


