RICE UNIVERSITY

PLASMA FLOW ALONG FIELD LINES
NEAR THE MAGNETOPAUSE
by
Bryan Joseph Zwan

A THESIS SUBMITTED
IN PARTIAL FULFILLMENT OF THE
REQUIREMENTS FOR THE DEGREE OF
MASTER OF SCIENCE

Thesis Director's Signature:

Houston, Texas
August 1972

PLASMA FLOW ALONG FIELD LINES
NEAR THE MAGNETOPAUSE
by
Bryan Joseph Zwan
ABSTRACT

A theoretical model is presented to describe the
process whereby plasma is "squeezed out" along interplanetary
field lines in the magnetosheath near the magnetopause.

This

squeezing of interplanetary flux tubes resident in the mag¬
netosheath is essentially due to compressional stresses
exerted by the magnetosphere.

The net effect of the squeez¬

ing is to leave flux tubes near the magnetopause depleted of
plasma.

An idealization of the squeezing process is formu¬

lated using the equations of magnetohydrodynamics and, after
linearization, analytical solutions are obtained for the
changes in plasma density, velocity and magnetic field due
to the squeezing down of a single flux tube.

The linear

analysis reveals that this flow of plasma out along field
lines can be described in terms of a slow magnetosonic wave
traveling with an angle of
ambient field, where

0 = rr/2 - e

0 < e « 1.

with respect to the

Numerical solution of the

non-linear problem is accomplished by considering just a
single thin flux tube; values for the plasma density, velo¬
city and magnetic field are obtained as functions of time.
The ratio of the density at t = t

to the density at anytime

t for a particular point, p(0)/p(t), is termed the depletion
factor and evidently increases in time as the tube becomes

depleted.

The thickness of the layer of depletion outside

the magnetopause is estimated using the results of the
thin-flux-tube analysis.
a depletion layer.

We call this region of depletion

Thus the thicknesses of depletion layers

of given depletion factors are calculated and, for example,
a layer with a factor of 2 will be approximately 750-1000
kilometers thick near the subsolar point.

From the above,

one could expect to see a plasma density gradient in the
magnetosheath near the subsolar point corresponding to the
slope of a plot of depletion factor versus thickness.
Although rapid line-merging and cross-field diffusion could
render the squeezing effect unimportant and unobservable in
many, but not all, cases, it is suggested that the existence
of depletion layers might explain the occasionally encoun¬
tered discrepancy between the position of the magnetopause
as determined by plasma data and magnetometer data from
the same satellite.

The plasma measurements from the Rice

University SID experiment aboard ATS-1 are reviewed in
conjunction with magnetometer data for the magnetopause
traversal of ATS-1 during January 13 and 14, 1967.

It is

suggested that the low flux measured by ATS-1 in the magne¬
tosheath just after the boundary traversal can be explained
by the existence of a depletion layer in the region of the
crossing.

A preliminary survey of magnetometer data from

other satellites suggests that on occasions depletion layers
exist.
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CHAPTER 1
INTRODUCTION

The existence of the solar plasma flux, or solar wind,
as termed by Parker

[1958], is well known.

The solar wind

is the expansion of the solar corona into interplanetary
space and is very basically a proton-electron gas that
streams past the earth at supersonic velocities.

In order

to formulate a theoretical approach to plasma flow near the
magnetopause a basic delineation of the general properties
of the solar wind as it approaches the bow shock is required.
This brief delineation is given in the following sections.

1.1

Description of the Solar Wind-Geomagnetic Interaction
The interaction of the solar wind and the geomagnetic

field is a very complicated physical phenomenon and is
important in the discussion of many facets of astrophysics
and space science.
ing Parker

The interaction may be divided, follow¬

[1969], into several distinct steps or effects.

The first effect of the interaction is the existence of
the bow shock.

This bow shock is a discontinuity that

exists in the solar wind upstream from the obstruction
imposed by the geomagnetic field.

The shock is a result

of the fact that the solar wind velocity is greater than
the sound or Alfven speed in the medium.

The second effect
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of the interaction is the confinement by the solar wind of
the geomagnetic field into a region called the magneto¬
sphere.

This confinement is essentially maintained by a

balance between the solar wind streaming pressure and the
magnetic pressure of the geomagnetic field.

The third

effect is the stretching out of the geomagnetic field into
a tail-like configuration.

This gives the overall shape

of the magnetosphere a comet-like structure

(see Figure 1).

It is natural, then, to divide extraterrestrial space into
three regions: (1) the interplanetary medium,
magnetosheath, and (3) the magnetosphere.

(2) the

The bow shock

separates the interplanetary medium from the magnetosheath
and the magnetopause separates the magnetosheath from the
magnetosphere.

1.1.1

Bulk Properties of the Solar Wind
The solar wind arises from the expansion of

the hot solar coronal plasma into the interplanetary
medium.

The plasma expands continuously reaching super¬

sonic velocities and carries with it the photospheric
magnetic field of the sun.

Due to the sun's rotation the

interplanetary field extends radially in the form of an
archimedean spiral.

The solar wind is a neutral plasma

with an ion composition that is mostly protons and
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Figure 1

Configuration of the magnetosphere in the
noon-midnight plane

[Ness, 1969].

(1) the free flowing solar wind,
shock,

We note:
(2) the bow

(3) the turbulent magnetosheath region,

(4) the magnetopause, and (5) the magneto¬
sphere and the geomagnetic tail.
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of-particles.

The abundance ratio

n^/n « .05 , but there

are measurements giving values in the range .01-.20
[Kovalevsky, 1971].

The density of protons in the solar

wind is highly variable as are all the solar wind para¬
meters; most values increase during storm periods.

The

average density is usually taken as 5-7 protons/cm .

The

directed flow velocity of the solar wind plasma is another
highly variable number.

The usual range of velocities

given is 275-850 km/sec, with 275-300 km/sec velocities
exhibiting quiet times and 700-850 km/sec velocities
indicating disturbed times.

These numbers and ranges are

again highly variable and, usually, the average solar wind
velocity is taken as 400 km/sec.

The temperature of the

solar wind is highly anisotropic.

The thermal anisotropy

of the protons is aligned with the magnetic field and the
maximum temperature occurs in the direction pointing away
from the sun.

The ratio of the parallel proton temperature

to the perpendicular proton temperature (direction with
respect to the magnetic field)

T

/T
P

as much as 10.

H

can sometimes be

P

J-

The electron temperature is characteris¬

tically (1.5-5)Tp

with the average solar wind proton

temperature taken as

5

T^ w 10 °K .

The average magnitude

of the solar wind field is 5y » where y =

-

10

^ gauss.

field distribution is predominantly in the plane of the

The
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ecliptic with peaks at solar ecliptic longitude

CD = 135°

(field away from the sun) and cp = 315° (field toward the
sun). The field is frozen into the streaming plasma with
2
B /8rr/NkT « 1 and with the field retaining on the average
the archimedean spiral configuration.

The interplanetary

field usually contains a large number of fluctuations which
are convected with the streaming plasma.
The solar wind, to a good approximation, can be
considered as an ideal fluid.

The equations of an ideal

fluid (without viscosity, thermal conductivity, or elec¬
trical resistance) allow for continuous discontinuities.
There are discontinuities seen in the solar wind and these
are categorized by various parameter continuity combinations
across the discontinuity.

1.1.2

General Description of the Magnetopause
The magnetopause is the discontinuity that

separates the turbulent magnetosheath region from the
region of space occupied by the geomagnetic field.

Due to

the pressure of the solar wind the average distance to the
magnetopause along the earth sun line is about 10 RE
(R„ = radius of the earth ~ 6.37 x 10

g

cm).

The magnetopause boundary is usually approximated as
a tangential discontinuity.

Thus we have (see for example,
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Landau and Lifshitz [1959])

Kl

M

where [Q] =

and

, 1e/fo] = 0 , Hr V" 0
Qj_

refers to quantities on

opposite sides of the discontinuity.

Due to the motion of

the boundary itself, the thickness of the magnetopause is
rather difficult to measure.

Cahill and Patel [1967]

estimate the thickness on the dayside to be on the order
of 20-300 km.

Heppner [1967] estimates the boundary to be

100-200 km thick.

Aubry [1971] and Holzer [1966] both

conclude from their measurements that the boundary is
usually on the order of 100-200 km thick.

Interestingly

enough, Cummings and Coleman [1968] place the magnetopause
thickness at 300-600 km.

This thickness is based on mea¬

surements taken during the 1967 magnetic storm that we
shall be describing in Section 1.2.1 and is obviously sub¬
stantially larger than an ion gyroradius.

Cummings and

Coleman [1968] also analyzed their data for evidence to
support the case in which the magnetopause exhibits the
characteristics of a rotational discontinuity, i.e.,

[fHH = = l*'] = IV1 =

D
.ana
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Cummings and Coleman found no evidence for the rotational
case; however, they did identify a number of boundary
crossings that definitely showed the magnetopause exhibit¬
ing characteristics of a tangential discontinuity. Sonnerup
and Cahill [1967, 1968] have also analyzed their data to
search for rotational discontinuity characteristics.

They

have concluded that part of the time the magnetopause dis¬
plays characteristics of a rotational discontinuity since
they were able to measure a field component normal to the
boundary; however, the field component normal to the
boundary in their crossings classified as rotational-type
was always less than 5y .

Aubry [1971] examined boundary

crossings when the magnetopause was nonuniformly displaced
2 R_ towards the earth and observed no evidence for a
E
simple rotational discontinuity, but rather pointed out
that there did exist occasions in which there were tran¬
sient magnetic fields normal to the boundary.

Willis [1971]

concludes that the experimental observations of the magneto¬
pause boundary are inconsistent with the concept of a steady
tangential discontinuity, which suggests that there are
rapid temporal changes of the magnetopause structure on
occasions.
In the theoretical model we formulate, we assume the
magnetopause to be a tangential discontinuity.

The approach

is to consider the magnetosphere as a "blunt-nosed object",
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and to consider the interplanetary field lines to be frozen
in the plasma.
1968, 1969],

The approach follows that of Spreiter [1966,
We follow Fairfield [1967] and consider the

frozen-in interplanetary field to be convected tangential
to the magnetopause.

Thus the interplanetary field, as it

is convected past the earth, tends to become draped around
the magnetopause (see Figure 2); and the magnetosheath field
geometry is determined by the incoming interplanetary field
and the pattern of plasma flow around the magnetosphere
[Fairfield (1967)].

1.2

Formulation of the Problem
1.2.1

Description of Events of January 13 and 14.
1967
On January 13 and 14, 1967, a sustained

magnetic storm of large intensity resulted in an unusually
severe compression of the magnetosphere.

This compression

caused the magnetopause to pass within the orbit of the
geostationary satellite ATS-1 at 6.6 Rg.

At the time of

the crossing the satellite was approximately two hours
past the noon meridian on the dusk side.

The boundary

crossing and the experimental data have been discussed in
detail by Warren [1968].

The observational data has been

9

Figure 2

A schematic view of the magnetopause and bow
shock in the equatorial plane [Fairfield,
1967].

The frozen-in interplanetary field is

convected past the magnetosphere tangential
to the magnetopause.

Field lines tend to

become draped around the magnetopause.
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discussed with reference to magnetospheric convection by
Freeman et al.
[1968].

[1968a], Freeman [1968b] and Kavanagh et al.

The observations, following Warren, can be cate¬

gorized into three groups: (1) observations prior to the
first boundary crossing;

(2) observations during the first

boundary crossing, and (3) observations during subsequent
crossings.

We shall discuss all three groups of observa¬

tions, but our particular interest is group (2).
The ATS-1 satellite was launched in December of 1966
into a nearly circular orbit of geocentric distance 6.6
earth radii and inclination 0°.

Its parking position is

over the mid-Pacific at approximately 150°W longitude.
Among the instruments onboard ATS-1 is the Rice University
Suprathermal Ion Detector which is designed to detect bulk
convective motions of magnetospheric plasma.

The ion

detector has twenty differential energy passbands covering
an energy range of 0-50 eV and two integral energy passbands sampling energies > 0 eV and energies > 50 eV.
Usually, the fluxes seen by the ion detector are isotropic
with energies > 50 eV, but on January 13, prior to the
initial boundary crossing, a highly anisotropic flux of
ions having energies < 50 eV was detected.

The horizontal

components from magnetograms taken at San Juan, Honolulu
and Guam during this time period are shown in Figure 3.
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This particular magnetic storm had a three hour Kp index
of 6 at the time of sudden commencement and peaked to an
index value of 8 around 0000 U.T. January 14.

The initial

flux of low energy ions detected by ATS-1 on the 13th had
a flow direction that was almost directly sunward.

Figure

4 [Warren, 1968] summarizes the observations just before
the initial boundary crossing.

The figure contains a plot

of the horizontal component of the local magnetic field
vector and the arrival direction of maximum flux versus
universal time.

It also contains the position of ATS-1

during the time interval under discussion.

We see that

prior to the boundary crossing the arrival direction of
the ion flux was approximately 200° and the magnitude of
the horizontal component of the field vector was about
+ 120y .

We note the marked change in magnetic field

intensity and in flux arrival direction just as the
boundary is crossed.

During the subsequent time (approxi¬

mately one hour) that the satellite was in the vicinity
of the magnetopause, several other boundary crossings were
made.

These crossings were marked by fluctuations in the

magnetic field and ion flux directional distributions.
Thus the satellite observed not only pure magnetospheric
and pure magnetosheath ion flow, but a new component of
ion flow that was found close to, inside of, and along the
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Figure 3

Horizontal components from three low latitude
magnetograms, San Juan, Honolulu, and Guam,
taken on January 13 and 14, 1967 [Warren,
1968].

Figure 4

An illustration of the low-energy ion flow
prior to the first ATS boundary crossing.
The horizontal component of the ATS magneto¬
meter is also shown for comparison [Warren,
1968].
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magnetopause [Warren, 1968].

These observations can be

diagrammatically illustrated by considering Figure 7.
This figure shows Warren's concept of plasma flow in the
equatorial plane in the vicinity of the magnetopause.

We

note the distinction between magnetospheric boundary flow
and sheath-side boundary flow.

It is the flow on the

sheath side of the magnetopause that we are concerned with
and which has supplied us with the observational incentive
to formulate our problem.

In particular, two of the most

interesting observations are: (1) the flux measured by
ATS-1,in the region just outside of the magnetopause, was
much smaller than what one would expect for a compressed
solar wind and (2) consistent with this, the absolute
value of
|B|

|B|

in the magnetosheath was very near that of

in the magnetosphere which indicated that particle

pressure in the magnetosheath, far from being dominant,
was much smaller than the magnetic pressure (see Section
4.1.1 and Figure 35).
Observations of low energy directional fluxes in
the magnetosphere and particularly just earthward of the
magnetopause have been discussed by many authors, including
Freeman [1968b].

Following Freeman, these observations are

thought to be evidence of convective motion of the magnetospheric plasma flowing from the tail toward the sunlit side
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Figure 7

A diagrammatic representation of plasma flow
in the equatorial plane in the vicinity of
the magnetopause

[Warren, 1968].
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of the magnetopause.

We will not discuss these observations.

What we propose is a theoretical mechanism to explain the
sheath-side boundary flow in combination with observations
(1) and (2) above.

We shall set up and solve the equations

of magnetohydrodynamics in order to obtain an estimate of
the extent of such a region exhibiting this sheath-side
boundary flow and shall outline some of the overall dynamics
of this effect.

1.2.2

Formulation of the Theoretical Model
Among the many papers concerning plasma flow

around the magnetosphere, that of Spreiter et al.

[1966]

represents the most comprehensive treatment of the subject.
Spreiter, using the equations of gasdynamics, calculated
the various parameters pertinent to flow around the magneto¬
sphere.

In Figures 8, 9, 10, 11 and 12 are Spreiter's

calculated parameter contours.

Basically, Spreiter assumed

the magnetosphere to be a blunt object and numerically
solved, using a modified method of characteristics, the
equations of gasdynamics, i.e., he neglects the stresses
due to magnetic fields.

The numerical techniques, including

analysis of convergence and stability of the method, can be
found in Van Dyke [1958], Van Dyke et al.

[1959], Fuller

[1961], Inonye and Lomax [1962] and more recently, Lomax
and Inonye [1964].

Further aspects of Spreiter's work can
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Figure 8

Streamlines and wave patterns for supersonic
flow past the magnetosphere, Mœ = 8 , y = 5/3
[Spreiter, 1966].

Figure 9

Mass flux contours for supersonic flow past
the magnetosphere, Mn = 8 , y = 5/3

[Spreiter,

1966] .

Figure 10

Velocity and temperature contours for super¬
sonic flow past the magnetosphere, Mœ = 8 ,
y = 5/3

Figure 11

[Spreiter, 1966].

Density contours for supersonic flow past the
magnetosphere, Mw = 8 , y = 5/3

[Spreiter,

1966] .

Figure 12

Magnetic field in the plane of the free stream
velocity and magnetic field vectors for super¬
sonic flow past the magnetosphere, Mœ = 8 ,
y = 5/3

[Spreiter, 1966].
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be found in great detail in Spreiter et al.

[1966],

Spreiter and Alksne [1968] and Spreiter [1969].

For the

most part, satellite observations agree with the gasdynamic calculations [Spreiter, 1969], but there are some
discrepancies.

One such discrepancy is an incorrect pre¬

diction of the variation in plasma density along the stag¬
nation streamline and at the subsolar point.

Lees [1964]

calculated the profiles of density, velocity and magnetic
field for the case of axially symmetric flow about the
stagnation streamline.

Lees showed that for a field

essentially parallel to the flow the axial velocity and
density both vanish at the stagnation point, whereas a
transverse component of the field reaches a maximum there.
Alksne [1967] compared Lees' calculation to that of
Spreiter's.

Alksne concluded that the failure of the gas-

dynamic calculations to predict the correct density varia¬
tion along the stagnation streamline does not extend much
beyond 15% (0.60-0.75 Rg) of the way to the shock in the
plane of symmetry.

Although Lees' model of axial flow is

physically unrealistic for the solar wind geomagnetic
interaction, it did point out, however, as Alksne concluded,
that one must be careful when using the gasdynamic results
in a region where the magnetic field dominates the flow.
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Suppose then we consider the time evolution of a
flux tube embedded in the solar wind incident upon the
magnetosphere.

For simplicity, consider the flux tube to

be infinitesimally above the equatorial plane and the
incident magnetic field direction to be perpendicular to
the flow (see Figure 13).

Then considering just "one flux

tube" we schematically diagram its time evolution through
the bow shock and the magnetosheath using Figure - scenario
13.

We can, neglecting the curvature of the tube, repre¬

sent this time evolution by Figure - scenario 14.

As the

tube is compressed the plasma inside will tend to squeeze
toward the ends and/or diffuse across the field lines.

We

assume at this point that plasma does not diffuse across
field lines.

We shall qualify this statement later.

This

redistribution of the plasma as the tube is compressed (or
what we might call a "squish-along-the-field-lines") is
the effect we believe responsible for the low fluxes
observed by Freeman et al.

[1968a] in the magnetosheath.

What we would like to know is the thickness of such a
region that has been depleted of plasma to some extent due
to this squish effect.

We shall refer to the regions of

depletion as depletion layers.
We expect, from the onset, that this large squeezingout effect does not occur except in a small region near the
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Figure 13

Time evolution of a flux tube in the equatorial
plane incident upon the magnetosphere.

The

plasma upstream of the shock moves approxi¬
mately four times faster than the plasma in
the part of the flux tube in the sheath region.
There is also localized differential flow in
the sheath region.

Thus, the field lines

become bent and flux tubes tend to drape over
the magnetosphere.

Figure 14

Scenario of Figure 13.

The evolution of the

flux tube in Figure 13 is approximated by a
"straight" tube configuration as shown in
this figure.

This approximation is quite

reasonable, since the flow involved in the
squeezing process becomes supersonic.
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magnetopause boundary.

The reasons for this expectation

are twofold:
(1) The observations in the sheath by Freeman of
the highly anisotropic low fluxes of ions only occurred
very near the magnetopause, i.e., far out in the sheath
region the flow was much more random and no large bulk
anisotropies were seen.
(2) Intuition would lead us to guess that this
effect would probably occur only when the flux tube was
compressed to a large extent, and this large compression
can occur only in a region very near the magnetopause.
Point (2) implies that the external compressing agent
might be assumed time independent.

Thus, as an approxima¬

tion, we might study the case of "instantaneously" com¬
pressing a flux tube and, holding the external pressure
constant, watch the relaxation process, i.e., the plasma
squeeze out.
We can estimate the size of this region if we know
the relaxation time of the flux tube.

We use the term

relaxation time to mean the period it takes a particular
flux tube to achieve a plasma density that is 1/e of the
maximum compression density.

Given a particular relaxation

time, one can, if the velocity of plasma is known every¬
where, take the path integral along a streamline and
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calculate where a little volume element of plasma would be
after a time equal to the given relaxation time.

The

distance to the boundary from this point will give the
width of our depletion layer.
We begin by deriving the general conservation equa¬
tions necessary to solve our plasma problem.

We reduce

these general equations by applying the magnetohydrodynamic
approximations.

Next we investigate the modes of wave

propagation in a magnetohydrodynamic plasma and outline
the type of wave modes we would expect to see in the
region exhibiting sheath-side boundary flow.

Then we

linearize the plasma equations and solve analytically for
the variational parameters.

Finally, we numerically solve

the nonlinear problem obtaining a thickness for the
depletion layer.
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CHAPTER 2
FUNDAMENTAL THEORY

2.1

Derivation of Equations
We shall derive from first principles all the

equations that will be employed in the thesis.

We will

treat the subtleties and the obvious algebraic manipula¬
tions with the same detailed rigor, but shall introduce
the latter in appendices rather than in the main text.
This procedure has been adopted in order to make the text
more readable while still making available to the
interested reader the fuller details.
We shall thus take the approach of developing
completely general equations and deleting terms when
acceptable for specific cases, rather than deriving plug
relations for specific cases.

2.1.1

Mass Conservation
We begin by noting that the discussion of

magnetohydrodynamics is based upon the following set of
fundamental equations:
(1) Equation of mass conservation
(2) Maxwell's Equations
(3) Newton's Second Law
(4) Equation of Energy conservation
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The equation expressing mass conservation can simply be
derived by considering a volume V containing a fluid of
mass density p .

Then the mass contained in that volume

is

J* pdv and the mass flowing out of the volume is
V
simply
pv • dis . Thus the total amount of fluid

J

flowing out of the volume should equal (assuming no
creation or destruction of mass particles) the decrease
of fluid in the volume, i.e.,

Converting the surface integral to a volume integral via
Gauss' Theorem, we have

a B 7,

sis*

£ j

=

pdW

or just simply

o
Since the volume V is arbitrary, the bracketed term must
be zero,

4v

f* = °

(2-1)
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Equation (2-1) is the well-known continuity equation.

2.1.2

Maxwe11"s Equation
Maxwell1s Equations can be found in any text

on electromagnetic theory.

Since in this thesis we use

gaussian units, a most satisfactory reference for the
derivation of Maxwell's Equations is Jackson [1967].

In

gaussian units, Maxwell's Equations take the form:

= -V, *§

- ^ at
(2-2)

1 \i

V- E> -o
^

2.1.3

C

/N- /C_ ^

Momentum Conservation Equation
The third equation necessary to the discussion

of magnetohydrodynamics is Newton's Second Law

F = m or .

Since in discussing fluids we usually speak of force per
unit volume, it is advantageous to rewrite Newton's Law
in the form
p ot

=

Force/unit volume
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We can separate the forces into conservative and
non-conservative,
F =
—

F
+ ---non-cons
F
—cons

We can further subdivide the forces by considering the
pressure and viscous forces as separate and lumping all
other forces under the category of "external", i.e.,
F
=
~cons

F
+ —ext
F* .
—press

v
v
(scalar
pressure)'

F
_
F
i pf 1
£^ion-cons £vis ^ext

Thus we write Newton's Law as

r£ • - f ♦ U
v

where we have put all other forces other than pressure
forces in —ext
F . ,'
i.e.,'
/
,/
F
=F.
—ext
—vis +F
—ext +F
—ext

We can rewrite Equation (2-3) as
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Since pressure cannot always be treated as a scalar we
have most generally

Considering electromagnetic forces/volume, we have the
Lorentz force

We use Maxwell's Equations

(2-2) to substitute for o and j

and we have

(2-5)
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Combining the well-known vector identities

and

V-1411 = A(v.«] » |A.v)a
we have that

4* (mV v

-mi)

«-«.

Thus we see that

Similarly, using Equation (2-6) we can write

Substituting Equation (2-7) and (2-8) into Equation (2-5)
results in
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We substitute the above expression for the electromagnetic
forces into Equation (2-4) and arrive at

1

a

i. X

'ux

fK

f*
(2-9a)

We see that this equation has an analogous form to the
continuity equation, i.e.,
à

[momentum density] + V•(momentum flux) = 0

and that the momentum density in the field is

E x B

4ffc

~ ~

and the momentum flux of the field is given by the maxwell
stress tensor

We define

vr

as

(V

vr =

P + pvv .

Thus we can put the

/v/

conservation of momentum equation into one final elegant
form :

+

(2-9b)
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2.1.4

Energy Conservation Equation
The next equation that we must consider is the

energy equation.

Our approach to this derivation will be

analogous to the momentum equation derivation, i.e., we seek
a form
[energy density] + V* [energy flux] = 0

Just considering pressure forces initially, the energy
1 v2
density of the fluid is u +
P
(i.e., potential plus
1
2
kinetic) and the energy flux is v(u + ^ pv ) + P»v
where the second term is the convected energy flux due to
pressure work.

We must also consider terms describing

energy flux due to convection and other external heat
inputs.

We write these as

$£ext “

^conduct

+

^ext

and which yields an energy equation of the form

Next we consider the electromagnetic forces, i.e., we
further subdivide

External

suc

^

t iat

^
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!£ext

^electromagnetic

+

^ext

We see immediately that the work done on the fluid

i<t

particles by the electromagnetic field is

which obviously reduces to

-S7*Ÿ . =- Z-M-VE
Solving Ampere's law for the current density j and taking
the scalar product with E results in

Using the well-known vector identity

7* = B* VyxA)- A• (,?x $)
we can write

(?*»>! =,
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which becomes upon substitution of Faraday's law

Thus we have

The conservation of energy equation thus takes the form

*

1/

2.1.5

l+

ft - ~

Thermodynamic Relations
We shall not derive any thermodynamic relations,

but rather we shall just list the relations that are germane.
The equation of state for a perfect gas is
the adiabatic law is
heats.

P = Kp^

PV = nRT

and

where y = ratio of specific

32

2.1.6

Summary
In summary, the equations which we shall

employ in order to solve our magnetohydrodynamic problem
are the following:
(1)

Mass Conservation

v

jifl+ - Ip-]=°
(2)

Momentum Conservation

(4)

Maxwell's Equations

f
=o
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(5)

2.2

Adiabatic Law

(ideal fluid)

Magnetohydrodynamic Approximations
In this section we shall introduce the magneto¬

hydrodynamic approximations into the equations summarized
in Section 2.1.6.

The equations thus transformed will then

be used to solve the linear and non-linear problems formu¬
lated in later sections.

We begin by qualifying our "fluid"

approach to the problems.
We know that in a non-ionized gas collective behavior
is observed if the collisional mean free path,
smaller than the scale length 1

of the gas.

X

, is

On the other

hand, if the opposite is true, we observe a behavior
characteristic of individual particles, i.e., if X «
then the fluid approximation is valid.
ionized gas the parameter

X

JÎ

In a completely

becomes the debye length

Xp

and in an analogous way to that for non-ionized gases we
must show

XD «

JÎ

in order that the fluid approach

accurately describe the plasmas' behavior.
actually the fact that when
can be termed a "plasma".

XD < ic

In fact, it is

that an ionized gas

The numerical value of the debye
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length, XD

11.95
proton

« 3 x 10

3

cm.

/

, for our problem

Thus since a conservative value for

g
« 1 RE

w 6 x 10

cm, we have

XD « J?C

Zc

is

and the fluid

approach is valid.

2.2.1

Frozen-in Flux Approximation
If the medium under consideration is a

conductor, Maxwell's Equations must be supplemented with
the constitutive relations

Thus a particular medium is characterized by a conductivity

a

, a dielectric constant £

and a permeability |i .

For a

moving medium, ohms law is written

where the primes denote quantities evaluated in the moving
frame.

We can find the electric field

the following.

E*

by considering

It is well known that the induced electro¬

motive force around a circuit is proportional to the time
rate of change of the magnetic flux linking the circuit, i.e.

£ = -k

eft
where, of course, k is a constant dependent on the units
employed and the minus sign infers the fact that the
induced current (and the accompanying magnetic field) is
in such a direction as to oppose the change of flux
through the circuit.

The electromotive force around a

circuit r is simply

OE'-di)

Jr
where

E

'

is the electric field at the element dj0 .

magnetic flux through the circuit is

Thus we have

We can write this as

The
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For a stationary circuit we have

Ihus comparing this with the above we have the expression
for the electric field in the moving frame, i.e.,

IE/- E + 'iJ/
-

~

It

1

^

(2-12

~

It must be remarked that Equation (2-12) is valid for
non-relativistic velocities only, and that the general
transformations from a system L to a moving system L' are
given by:

where

y = 1/71-p2

, £ = v/c

and

n

and

x

denote

directions with reference to the velocity v of the moving
frame (cf. Jackson, 1967).

For our magnetohydrodynamic

problem, all velocities are non-relativistic and
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Equation (2-12) accurately describes the electric field in
the moving frame to a correction factor of

|v/c|

.

Thus

since the conductivity of the solar wind is nearly infinite
we must have
current

IE'I

|j ' | .

-♦ 0

in order to retain a finite

Then the electric field E is given by

(2-13)
The preceding discussion is valid for a collision dominated
plasma, but in order to accurately access

[E + v/c x B = 0]

for a collisionless plasma we must consider the following.
In a collisionless plasma, the conductivity is a tensor and
is a complicated function of the spatial and temporal
variations for a given set of conditions.

The proper

approach is to write out the drift equation, i.e.,

Vt,~
<r
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where
1)

xB

^

EK b

il

^ vA p

&**
^ ïMIA

T

-

&

il)

-

**

/wvDU

?, % B

11) B‘

^

=

I

(|B

H'4* 1-iiHM^

^t4-|?,Kfc*7)«c+^c*7)ue]
and where

v

is the velocity perpendicular to the magnetic

field line in the frame in which

|E|

= 0 , b is a unit

vector in the direction of B, v is the velocity along the
field line and

Rc/Rc = - (b*V)b

We can see by inspec¬

tion that none of the velocities except

X,ExB

contribute
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to our problem because of the scale length involved, i.e.,
by approximating V as 1/J2C then in the above

(since for

A

this problem

= 0 ) the largest velocity that

contributes to the drift velocity is

vExB .

Taking the

cross product of the drift velocity with the magnetic field
and using the well-known vector identity

we have

\XB =
and

l

C®®*’ fc
E = ic

**0

T

+ (£**) B
v-

*■*

We must have, in order to keep j

(2-14)

finite with an almost

~ll

infinite conductivity along the field lines,

(E*B) = 0 .

Thus we have, in gaussian units, the frozen-in flux
condition

Kb

(2-13)
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We have gone through the above carefully because we will
use Equation (2-13) to substantiate a neglecting of the
electric field as compared to the magnetic field in the
plasma equations.

Substitution of the frozen-in flux

condition into faraday's law yields

and using the well-known vector relation

+ (jW) A-{W)l-(A.?)B
we have

(using the fact that

V*B = 0

)

(2-15)

where of course

d
-rr
dt

is the total time derivative.

We

make an additional comment concerning the divergence of B .
Taking the time derivative of

7*B

yields
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but this becomes, considering faraday's law

V*C-VJC I

s

) - -

c.V*^X £) =

o

i.e., divergence of a curl is identically zero.
interpret

V.B = 0

Thus we

as an initial condition rather than as

a fundamental equation of our set.

Equation (2-15) is the

first in a set of four equations that we shall call the
"approximated" set or simply the M.H.D. Equations.

2.2.2

Reduced Momentum Equation
In this section we shall show that the only

force terms of importance in the momentum equation are
those of the gas pressure and of the magnetic field.
The only "other" external forces (besides the
pressure and electromagnetic forces) that can have any
reasonable effect on the quantitative outcome of the
momentum equation are gravitational and viscous forces.
For reasonable densities (1-50 protons/cm ) we have
|Fgravl ^ 10 ^dynes/cm^ .
usually be written

The viscosity force can
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We can roughly estimate

|v(V*v)|

2
V v

and

as

v

2

c/^c

where Zc is some characteristic length and vc some
characteristic velocity.

Thus using reasonable densities,

velocities/a value of 10

13 2
cm /sec for t| [Eviator and Wolf,

1968], and a conservative value of 1 RE for Zc we have

IfvfJ ~
Thus

point.

and | | grav

can

be neglected with respect to
_g
2
Pgas which is on the order of 10 dynes/cm at the subsolar
|FJV£S

Also we can neglect the electric field in comparison

to magnetic field since, from the frozen-in flux approxig

mation using reasonable velocities

(10 cm/sec), we have

that

lo

i

Thus the momentum equation (2-9) reduces to

Pv 4-f

EKE

My)
/V

4

-

We further remark that neglecting the electric field
contribution in comparison to the magnetic field contri¬
bution at this point is equivalent to neglecting at an
earlier point in our derivations the displacement current,

0
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3E
, in ampere's law with respect to the particle current
j .
1
—

c

We note that the displacement current is
ÔE 1
« ~

|E|
- ~J

ot c T

where T is some characteristic time for

a variation in the field quantities.
1/c

|E|/T

, is negligible compared to

This quantity,
|VXB|

if

/^

« |V« B | = 1111

Substitution of the frozen-in flux condition yields

Thus we have that in order to neglect the displacement
current, the time T for variations in the field quantities
must be greater than the time required for the electro¬
magnetic wave to transverse a region of characteristic
length Zc times some small fraction.
our problem the condition becomes

T

Numerically, for
> 10 -4 seconds which

amply allows a neglecting of the displacement current.
Also we can neglect the momentum density of the field in
comparison to the momentum density of the plasma since the
4
latter is approximately (for our problems) 10 times larger
than the former.

Finally we shall make the approximation
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of writing the gas pressure as a scalar rather than a
tensor, i.e., we shall write

or simply

Thus the reduced momentum equation takes the form

2.2.3

Continuity Equation and Adiabatic Law
Combining the vector equation (2-15) and the

vector equation (2-16) we have a set of six equations.
Since in magnetohydrodynamics one finds oneself (for
three dimensions) with either eight (usually) or ten (if
pressure is a tensor) unknowns we must seek two (or four)
additional equations.

By assuming that pressure is a

scalar we need to seek only two more equations to make our
set complete.
Almost nothing is done in three dimensions and it
turns out that we shall not need the complete set of eight
equations.
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One immediate addition to our set of six is the
scalar equation of mass conservation

o
(2-17)

The eighth equation is the energy equation or, as it turns
out, the adiabatic law.

What we could do is to re-derive

the energy equation in lagrangian coordinates which upon
imposition of no heating, i.e.,

j*E = 0

or

= 0

and scalar pressure reduces to

0

(2-18)

We shall not re-derive the above but simply if there is
no heating the state of the system remains constant, i.e.,
the change in entropy must be written

0
which for a perfect gas leads us to the above

2.2.4

Summary
In summary, our set of M.H.D. equations needed

to evaluate the eight scalar unknowns are:
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The system of equations (2-19) is a set of hyperbolic
partial differential equations that can be expressed in
the form

A„Llt

4

AA U*

4 A2 VL 4 Aj

= 0

(2-20)

where U represents a column vector of the unknowns and the
A^ are matrices with coefficients depending on U.

It

turns out that the above system is well posed, iie.,
IA I ^ 0 . We mention this here since the above is the
o
form we shall use to solve our non-linear problem.
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2.3 Hydromaqnetic Wave Modes

In this section we shall delineate the various
hydromagnetic wave modes that propagate through a
magnetized plasma.

We define hydromagnetic disturbances

as those which propagate through a plasma when tw is much
less than ou.

1C

.

We shall assume the waves to be

waves with small amplitudes.

plane

We further assume the

medium to be homogeneous, stationary, perfectly conducting
and with isotropic gas pressure.

2.3.1

Linearization of the M.H.D. Equations
The assumption of small amplitudes allows us

to write

(2-21)
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We write the set of equations

«

5

.

+ MB +

(2-19) as

\?-V)b - (£?)w =o

(2-22)

+ "O'Y/0 = o

2
where of course

= YP/p

H

sound speed.

Substitution

of the perturbation parameters, Equation (2-21), into the
set of M.H.D. Equations

(2-22) yields upon dropping second

order terms :

(2-23a)
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p«

It

+ V(fy +

+ p«V

-

=o

l
o

(K'V) 4 =0

(2-23b)

(2 23o)

'

(2-23d)

Just for completeness, we remark that the first three
equations in system (2-23) can be written in the "standard
recognizable" vector form:

(2-23e)
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The assumption of plane harmonic waves allows us to write

\

•
t uJ

ft

7
i.e., since fluctuations of any quantity

Q(r,t)

can be

be written

Thus the set of equations

(2-23) transforms to the

following:

uo $1"

ï{ï-k) ôo +

tvO A

- ik [fy + &£? +i(6»*k1

lu)

O

(2-24)

(2-25)

(2-26)

t

L U)

— OJ

—o

(2-27)
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The following steps require a lot of algebra? therefore,
we shall not attempt to show the details but rather shall
arrive at a solution in little more time than it takes to
write it down.

Substitution of Equation (2-26) into

Equation (2-27) yields

(2-28)

Substitution of Equation (2-28) into Equation (2-25) yields

Solving Equation (2-24) for ÔB

we have

where we note that from the initial condition
we have

V*B = 0

k • ÔB = 0 , i.e., magnetic field disturbances are

always perpendicular to the propagation direction.
stituting the above value of ÔB

Sub¬

into Equation (2-29)

yields after multiplying by (-iw) and collecting terms:

(2-30a)
Equation (2-30a) is the dispersion relation for hydrodynamic
waves traveling in a stationary, perfectly conducting, homo¬
geneous plasma with isotropic gas pressure.

2.3.2

Alfv^n and Maqnetosonic Modes
Equation (2-30a) is a vector equation and can,

after no algebra, be written

X *yi -o
where

(2-30b)

j^is a 3 x 3 matrix and *yj is a 3 x 1 column vector.

We find after much algebra that the components are

\i~

" c*,v*e - <$
SrWvO Loo ô

)
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\

Id*

K

-

\$\

*■

■%'**'»*

- ~

ten 9 Çwv\6

\l ~\i - ^Z*> ~ ^31 ~~

D

where 0 = angle between B and k . Thus we see it is
~o
~
convenient in analyzing Equation (2-30) to consider modes
in which

6v x k, B

, and modes in which

/v»

Case 1.
(see Figure 15).

6v » k, B O

6v x k, B , i.e., 6v ^ 0 , 6v = 6v = 0
~ ~ ~o
x
y
z
We have immediately that

(^•k)= [hm 1») = °
and we see that Equation (2-30) reduces to

(^j>o - lîçkî] k

-

o
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Thus for a non-trivial solution we must have

t«

2

PO

2

IP

= (B^k) Z4**

•

or

sit'piy

with

I

(2-31)

=

and where we have defined the Alfv^n velocity s

//4Kp0

and

ôv , 6v

^ 0

(see Figure 15).

a system of equations in terms of

In this case we have
6v^

and

6vz .

This

system is linear and homogeneous and has a non-trivial
solution only if the determinate of coefficients
matrix) is zero.

(the

Thus we have

o

(2-32)

55

Figure 15

(a)

Coordinate system employed in the wave

mode analysis of the linearized M.H.D.
Equations.

The angle 0 is the angle between

the ambient field direction and k .
(b)

Vector phase diagram of the wave modes

in the linearized M.H.D. analysis.
mode,

= fast magnetosonic mode,

magnetosonic mode.

V = Alfv^n
= slow

The diagram to the left

represents the case in which the sound speed
is greater than the Alfv^n speed, and the
diagram to the right represents the case in
which the sound speed is less than the Alfven
speed.
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and we obtain

=(£)H)

+

0(2-33)

We define the
the

(+) sign as the fast magnetosonic mode and

(-) as the slow magnetosonic mode.

We can solve

Equation (2-30b) for the eigenvectors of Case 2, and we
have

C.$ Ceo © Svwô

ci(i-sw?e)
Generally there are three independent modes for a given k
vector.

These can be summarized very nicely in the vector

phase diagrams of Figure 15.

We see that these are three

"simple" cases

(sound waves), k II B

(Alfv^n waves),k || B

î * /•%»/

t
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* “'l

+
(magnetosonic waves), k x B

The sound waves are just compressional waves, yielding
particle movement along the field line; i.e., the field
lines do not move and

I6BI =0 .

"twanging" of the field lines.

The Alfv^n waves are a

The disturbance moves

parallel to the field lines and all motion is in the plane
perpendicular to the plane containing k and B .
a ÔB but the magnitude of B stays constant.

There is

It is the

resistance of the transverse motion by the tension in the
magnetic field that causes this mode to propagate.

We see

from the vector phase velocity diagrams that if k is
perpendicular to B (k = kx , B = B z) the field lines
~o ~
~o
o
do not bend but rather they just slide apart, i.e., an
M.H.D. medium does not resist transverse oscillations in
a wave propagating perpendicular to B

; thus, the medium

acts like an ordinary gas and tu = 0 (i.e., no propagation
or compression and from Figure 15, v ^ =0).

The magneto-

sonic waves are compressional waves that propagate perpen¬
dicular to B^ .

Since the field lines are "pushed" closer

together the magnetic field pressure increases and this
increase combined with the increase due to simple gas
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compression contributes to phase velocity of the wave.

A

slow magnetosonic wave involves what might be termed a
"squish" effect, i.e., fluid particles get squeezed out
of flux tubes.

The slow magnetosonic wave is the hydro-

magnetic wave mode we shall be discussing in our non-linear
problem.

To conclude this section we might list the

expressions for the variational changes in p , p and B ?
in order, that we can, given a particular configuration,
i.e., v direction with respect to B, calculate how the
"plasma system" will react with a given perturbation force.
Thus from the system of equations

(2-24) through (2-27) we

have

(2-35)
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CHAPTER 3
LINEAR AND NON-LINEAR PROBLEM

In this section we shall again linearize the equations
of magnetohydrodynamics.

Instead of assuming a solution, as

in Section 2.3.1, we shall solve the set of equations analy¬
tically using Laplace and Fourier transforms.

This approach

will allow us to write down analytical expressions for the
variational quantities.

This approach is, of course,

decidedly preferable since it allows us to calculate
6v , and
variables.

ÔB

6^ ,

given the value of the spatial and temporal

Also we consider just a very thin flux tube

which enables us to essentially convert the two dimensional
problem to a one dimensional problem with two unknowns.

3.1 Linear Problem
We consider an isotropic stationary plasma with a
frozen-in magnetic field and focus attention on one conti¬
guous group of field lines; call this "our flux tube".
We recall from Section 1.2.2 that the problem shall be to
follow a flux tube as it traverses the magnetosheath and
to describe the dynamics of the plasma motion as the flux
tube is "squeezed down".
system shown in Figure 17.

We shall adopt the coordinate
Here it is assumed that the

system is infinite in the z-direction and that nothing
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varies in this direction.

Our flux tube is also infinitely

long in the y-direction but it is prevented from "blowing
apart" sideways

(x-direction) by an external pressure

=

^ h, + ^
Suppose initially

+

"

Pext is independent of y, but subsequently

we increase it slowly in a region very near the point y = 0.
This increase in

Pex^ occurs over a region Ay which is

much larger than the radius of our flux tube.

We demand

Thus the field lines remain almost straight, but not quite.
The

Pext dependence on y is shown in Figure 16 and the

flux tube geometry in Figure 17.

What we shall do is to

set up the magnetohydrodynamic equations for this geometry;
linearize them and solve.

3.1.1

Linearization of the Equation
We shall again assume that all variables can

be written in the form
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Figure 16

External pressure dependence on height in
the flux tube (y-coordinate).

The length

Ay is much larger than the diameter of the
flux tube.

Figure 17

Coordinate system employed in the linear
problem analysis.
,

The ambient field direction

A

is y .

The flux tube geometry is such that
A

nothing varies in the z direction.

A

'

\

-tu
_t

t

i

--i

«

A

X
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(3-1)

where the subscript zero denotes, of course, that the
variable is constant in space and time.

The dependence

of the parameters on the independent variables x, y and
t as written in Equation

(3-1) corresponds to the geometry

as formulated in Section 3.1.

The linearized set of

M.H.D. equations have already been written

(Equation 2-23).

We shall begin with the identity

This can simply be written
tution of Equation

Vp = c

2
s

Vp

and after substi-

(3-1) we have

(3-2)
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We can substitute Equation (3-2) into Equation (2-23b) and
writing the resulting equation, and equations

(2-23a) and

(2-23c), we have

The system of Equations
to write out in full.
when we remember 13

o

(3-3) has 25 terms and is too large
The system is reduced substantially

is zero.

Thus we have

8

V ! * ^ ='
Ih * 'Vf- ^

(3-4a)

o
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We have separated the system (3-4) into two separate groups
for convenience.

As in all problems of this type, one

finds oneself continually counting equations and comparing
that number with the number of unknowns on hand.

We see

quickly that the system (3-4) has five equations with six
unknowns.

Thus we introduce Pex^. which can be written as

known quantity 6g such that

\

4

(3-5)

-

Ht
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Thus Equation

(3-5)

is our sixth equation and we write

(3-6)

where we have used Equation
from the system

(3-2).

ôôv
- -X'

We can eliminate

(3-4a) by substitution of the first equation

of that group into the last, and including Equation

(3-6)

we have

(3-7)

U-f
~
àll
Jàs.
XÜp*
=
O
ày
Iti w v
The system of Equations
ÔVy.

•

ôB

, and 6 p ,*

(3-7)

involves three unknowns,

since the vectors are the y-components

we shall drop the subscript y and shall refer to the varia¬
tional quantities simply as

6v,

ÔB, and 6p .

Furthermore,

we see that all the variables Q are in the functional form
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ÔQ = ÔQ(y,t)

, subject to the initial condition

6Q(y,t=0) = 0 , and that the independent variables y and t
can take on values in the intervals
- »

£

y

£

+ eo

0

£

t

£

+ »

We thus employ Fourier and Laplace transforms in order to
evaluate the system (3-7).

3.1.2

Transforms of the Linear Equations
Taking the Laplace transforms of Equation (3-7)

yields

+■
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Taking the Fourier transforms of the above yields

i

We adopt the simplified notation

0

6Q =^f |x[ÔQ]j

such

that we write

S$^> + iL0$v (3-8)
!>fu

4

ik$î

f

U -o

f

tkffl - ik<£Ip - ikj.XB-O
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Thus we have, employing the transforms, reduced the set of
partial differential equations, system (3-7), to a set of
algebraic equations, system (3-8).

We can solve system

(3-8) for the variational parameters 6p , 6v , and ÔB
terms of the known quantity

6g .

in

This involves a large

amount of algebra and we reserve the details for Appendix A.
The results are
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where the constants are

B

V 1*^^)= >(' +
¥>-^
t+- Ire*
^-4x60

\
We remark at this point that the system
of a choice of 6g .
else.

(3-9)

is independent

We have assumed 6g is known but nothing

We make this remark in order to point out that we

are free here to choose an analytical form for 6g that
characterizes our problem.

This point will again occur in

Section 3.2 and corresponds, in part, to the remarks made
in Section 1.2.2 concerning how we choose the time depen¬
dence of 5pext or, with reference to the above, 6g.

As the

reader shall see in Section 3.1.3, we shall choose 6g
independent of time.

We shall defer discussion of this

point until the non-linear section.
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3.1.3

Inverse Transforms
We choose the variation of Pext to be

where

and ço are numerical constants.

We note that the

above functional form given 6g is characteristic of the
form of ôpexj. outlined in Section 3.1 and shown in Figure
16.

Taking the Laplace transforms of ôg yields

Taking the Fourier transform of the above yields

where the integral I is
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and upon integration yields

Thus we have

We can invert the system (3-9) to yield
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and considering
6

P —s'

2 2
s + a

ôp(k,s)

we see that it has the form

and

JL

Ccft àt

Thus leaving the details to Appendix B we have

Taking the inverse Fourier transform of the above we have

(3-lla)

where

t
W»<i) ?,
=
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Examining

ôv(k,s)

we see it has the form

6v
j
s + SL

and

Thus again leaving the details to Appendix B we have

Taking the inverse Fourier transform of the above we have

(3-lib)

The inversion of ÔB is quite involved and the details are
given in Appendix B.

The results are
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3.1.4

Qualitative Results of the Linear Problem
The Equations

(3-11) represent the analytical

expressions for the perturbations Ôp , ôv, and ÔB .

They

represent the first order changes that occur in the plasma
density and the y-components of velocity and magnetic field,
due to the variation of the external pressure 6g .

The

interesting point to note is the characteristic way in
which the variations depend on time.

We see that the dis-

A

turbance propagates in the y-direction with speed given
roughly by

(3-12)

To interpret this, we consider a slow magnetosonic wave
propagating at an angle of

— - or

with respect to the

ambient magnetic field, where 0 < a « 1
our unperturbed system is described by
Thus we approximate to first order
cos (^ - a) « or .

[we recall that
A

B = BQy,

pQ, pQ ].

sin(^ - a) ?» 1

and

Solving Equation (2-33) for the slow

magnetosonic mode with

0 = ~ - a

yields

1
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and

1

(3-13)

Thus the propagating disturbance in our linear problem has
the same phase velocity in the y-direction as the phase
velocity in the direction of the ambient field for a slow
magnetosonic wave propagating with k almost perpendicular
to the ambient field, i.e.,
the ratio of
0 = y - a .

6v /6v
x
y

0 « 90°.

We can also estimate

using Equation (2-34) and setting

The result is

Thus we have

Using system (2-35) we find
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and

Comparing the change in magnetic pressure with the change
in gas pressure for a slow magnetosonic wave yields

The fact that a slow magnetosonic wave propagating at
0 w 90° with respect to the ambient magnetic field has
the same phase velocity as the phase velocity of the propa¬
gating disturbance in our linear problem, coupled with this
last result, i.e., the fact that a change in magnetic
pressure is matched by a change in gas pressure that is
equal in magnitude and opposite in sign are the reasons
we interpret the slow magnetosonic mode as the mode
responsible for our "squish-along-the-field-lines" effect.
We remark here that for a fast magnetosonic wave propa¬
gating in the same direction we have

1
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Similarly the ratio of the velocities yields

°<c ia.
and thus

Îid «

f5x

Also solving system (2-35) yields

and

Comparing the change in magnetic pressure with the change
in gas pressure for the fast magnetosonic wave shows that
not only do the changes have the same sign but the magni¬
tudes of the changes differ by the square of the ratio of
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We must note a very important point.

Equation (3-12)

resulted from assuming only small amplitude waves in our
linear problem.

We did not explicitly perform any decom¬

position into wave modes to arrive at Equation (3-12).
Thus we determine from the linear analysis that the squishalong-the-field-lines effect caused by the "pinching down"
on our flux tube is mathematically characterized by a slow
magnetosonic wave propagating with an angle of almost 90°
with respect to the ambient magnetic field and with a
phase velocity in the ambient field direction given by
Equation (3-13).

We have solved the linear problem in

order to give us a first order approximation as to how
the system will react when the characteristic parameters
are varied.

We know,physically, that the change in the

magnetic field and gas pressure, etc. in the real sense
are not small for the model we formulate, i.e., explanation
of depletion layers, and thus, quantitatively, a pertur¬
bation approach is not valid.

Therefore one must do the

non-linear problem in order to obtain any quantitative
results and it is to this task that we address ourselves
in the next section.
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3.2

Non-Linear Problem
In this section we shall treat the non-linear problem

by numerically solving the non-linear partial differential
equations.

We shall present initially the simplifying

assumptions that make the problem tractable.

3.2.1

Integration of the Equations
We recall that our flux tube is initially

oriented such that
A

3 = BQy .

Then the tube is pinched

/\

(in the x-y plane) by increasing Pext in a region around
the origin.

We further remark that we assume the system
A

does not vary in the z-direction.

What we do is integrate

out the x-dependence and convert the two-dimensional
problem into a one-dimensional one.
A

.

.

We orient the tube
.

such that the x-mtegration is between ± h/2, i.e., the
thickness of the tube is h.
y but is independent of x.

The parameter h depends on
It also will yield, as we

shall see later, a value of the magnetic field for a given
value of y.

We first consider the continuity equation

'L

it

+ ^

Integration over x yields

~ 0
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We are at liberty here to choose h as small as we wish,
i.e., we consider a very thin flux tube.

This enables us

to treat the bracket term in the first integral as con¬
stant over the range of integration ± h/2.

This is rea¬

sonable since if the tube is very thin we would expect a
cross-sectional slice at any given height y to be uniform
from one "side" of the tube to another.

Thus we have

The second integral is just the evaluation of pv

IK!

± h/2.

Thus we have

at
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where the last term is zero since

h = p(y/t) .

Thus the

one-dimensional continuity equation can be written

The structure of Equation (3-15) can be physically inter¬
preted as the conservation equation for a "cross-sectional

mass ph" in our flux tube.

A

Next we consider the y-component

of the momentum equation

(3-16)

Integrating this equation over x yields

(3-17)

We consider the quantities in the first integral constant
over the integration.

Again this is reasonable since our

tube is very thin and quantities in the brackets are just
essentially functions of y and t.

Thus the first integral

is just the integrand times a factor of h.

The last two
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integrals in Equation (3-17) vanish.
the same structure.

Both integrals have

Thus considering the velocity integral

and integrating by parts we have

Finally Equation (3-16) becomes

(3-18)

Equations

(3-15) and (3-18) represent the two fundamental

equations that we shall use to evaluate our non-linear
problem.

We note here that the essence of considering a

very thin flux tube lies in the fact that x-derivatives
do not contribute significantly.

We next must explicitly

insert the h-dependence into equation (3-18).

We do this
2

by assuming
t|r

2

H

B

= F(y,t) , i.e., we let

Y

a

Y

constant with dimensions of force.

= -ty/"
n

where

Thus we have

(3-19)
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We assume that the compression is adiabatic such that we
can write

)

>

*

4

‘

(3-20)

Thus Equation (3-20) can be used to eliminate p between
equations

(3-18) and (3-15).

The spatial and time deriva¬

tives of p are

Writing out Equations

(3-15) and (3-18) we have

+ tru

\p

~ Q
(3-22)

<M:k *|
3
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where we have dropped the y subscript on v.

Substitution

of the system (3-21) into the system (3-22) results in the
following

The algebra involved in reaching Equation (3-23) is quite
extensive; therefore we write only the results and suppress
any details.
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The preceding is quite difficult to visualize physically,
i.e., the algebra makes it difficult to interpret the
various coefficients.
in the form

Thus we can write the coefficients
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where of course

3.2.2

p

*g

= p

and

-^gas

p

m

•magnetic '

Numerical Integration
We recognize immediately that the system

(3-23) can be written in a form similar to that of Equation
(2-20).

Evidently system (3-23) becomes

A D

o t

+ A D

l y

=

<3-24)

*2

Ti
U = ( ) and where the values of the A

where we define

'v

matrices are easily seen from (3-23).

The hyperbolic

system (3-24) is well posed in the sense

|Aq|

^ 0 , i.e.,

the initial values h(y,0), v(y,0) are well defined.

We

numerically integrate system (3-24) using the method of
characteristics.

Thus the numerical problem becomes one

of finding the value of the characteristics of Equation
(3-24) and the initial values h(y,0) and v(y,0).

We

solve the latter first by considering the following.

We

specify the solar wind conditions such that
3
3
p
= 5 protons/cm p Q =20 protons/cm
00

Ba

=

where y = 10

5y
-5

gauss and

BQ

= 20y

s solar wind parameters and

"o" denotes conditions just post-shock.

We write the
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external pressure just post shock as

(3-25)

There are two unknowns here, p and K. We set p = p . =
*o
^o
*st
—8
2
1.1785 x 10 dynes/cm
which is Spreiter's value of the
pressure at the nose of the magnetosphere

[Spreiter, 1966].

Thus we determine K from the relation

(3-26)

Now we must choose the functional form of Pex^. •

We shall

choose Pext to be a function of only the independent
variable y, such that we write

(3-27)

where Bg,
respectively.

are constant with units of force and length
The reader will note that p

o

. here has the
6X U

same functional dependence as the perturbation parameter
given in Section 3.1.3.

In contrast to the linear problem,

where we can write Bg and B^ without knowing their value,
the non-linear problem demands we assign a numerical value
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to

and B^.

manner.

We determine these values in the following

Two undetermined constants demand two boundary-

conditions .

Thus we pick the maximum pressure to be at

the origin of our coordinate system, i.e., the symmetry
point of the compression and physically corresponding to
the subsolar point or the nose of the magnetosphere.
Evidently

(3-28a)

We choose

We set p

equal to p .

really not by choice but from

Equation (3-25), i.e., we have specified the pressure in
Equation (3-25) for the problem; all we can do is either
convert gas pressure to magnetic pressure or vice versa,
but the total pressure = Pext

must

remain fixed.

our second boundary condition such that

0

We set
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We choose the condition (3-28b) because, as we shall see
in Section 3.2.3, the value of the second derivative of
Pex_j. is critical in our calculation of the depletion layer
thickness.

Equations

(3-28) represent the two boundary

conditions that determine

B3

and

= 6.1767 x 10

11

yielding

(dynes)
(3-29)

B4

= 5.2515 x 1019

(cm2)

We recall that the parameter h(y,t) is the diameter of
our flux tube and it is the set of parameters h(y,t=0)
that we are seeking.

Furthermore at time t = 0, the

flux tube is already in its "pinched down state"

(see

discussion at the end of Appendix B) such that the minimum
diameter occurs at the origin (see again Figure 17).

We

remark again that our origin is physically coincident with
the subsolar point.

Thus we can write Equation

(3-27) as

(3-30)
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where hQ = constant which we arbitrarily set equal to
1 Re.

We see immediately that as

we have

h (y, 0) -*

hQ

p

p

ext(y) "

st “

p

ext(y-0)

and for all values h(y,0) > hQ we have Pex^-(y) < Pst •
Physically, Equation (3-30) determines how the thickness
of our flux tube varies with height (the independent
variable y).

Qualitatively, Equation (3-30) yields

h(y,0) increasing and Pex^(y) decreasing as we go up the
tube; and, this is precisely what we demand.

We write

Equation (3-30) as

X~

X

"to

<Lyi N

l ^| )

-

O

(3-31)

^

Equation (3-31) is a sixth order polynominal in x where
x = h 1/3 and the constants are evaluated from Equation
(3-30), i.e.,
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We numerically solve Equation (3-31) at each point y and
choose the largest positive real root of the polynominal
to yield the initial value array

The initial variation of h with y is shown in Figure 18.
We are free to choose the initial velocity of the plasma
and we set it to zero for all points in the tube, thus
determining the initial value array

T»
Figures 18 and 19 show the y-dependence of h(y,t=0) and
p

ext(y) *

T e

^

c iaracter st cs

^

^-

i

°f Equation (3-24) are

which can be written, recalling the physical expressions
for c2 and c^ , as

C ’

<3

-32b)

The results of the numerical integration are shown in
Figures 20 through 29.

We have plotted curves of density,

velocity, gas pressure, magnetic pressure and the parameter
h versus height in the flux tube for various times.
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Figure 18

The initial variation of cross sectional area
of the flux tube with height along the flux
tube.

For convenience the ratio h(0)/ho(0)

has been plotted versus height in Re.

hQ(0)

is the initial cross-sectional area at
t = t

and at the origin.

The value of hQ(0)

Q

is 6.378 x 10

Figure 19

cm.

The variation of the external pressure with
the height along the flux tube.

The external

pressure is constant in time and is
"“8 dynes/cm2 at the origin of
& 1.1785 x 10
the flux tube.

\S

Ro,) —^
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3.2.3

Discussion of the Numerical Results
We recall that the equation numerically-

integrated was
AU, + AnU
=
o t
1 y

A,
^

Physically we squeezed down on the flux tube and watched
the plasma flow out along the field lines.

This mathema¬

tically corresponded to holding the external pressure con¬
stant and watching the cross-sectional area of the tube
decrease and the velocity of the plasma increase.

This

entire process can be traced through Figures 20-29.
Evidently we can obtain all the parameters needed to fully
describe the plasma from the dependent variable U.
Numerically our flux tube is « 144 R^, in length.

This

length was chosen to ensure that any reflection of waves
from the boundary at the top of the flux tube would be
negligible in a region near the origin.
in a region of height

0 < y < 12 R^,

We are interested

and thus for con¬

venience have plotted parameter values along the tube for
heights up to 16 RE.

As it turns out, the flow becomes

supersonic and any information about pressure, length of
the flux tube, field line curvature, etc., at the top of
the tube does not propagate upstream (toward the origin).
Thus downstream properties of the flux tube have no effect
on flow in our region of interest.

We begin the discussion

of the numerical results by examining Figure 20.
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We have plotted in Figure 20 the ratio p

gets

and Pmag/Pext versus height along the tube.

/p

.

6Xt

We note at

time t , approximately 85% of the external pressure is in
the form of gas pressure.

Since the external pressure is

constant in time, the gas pressure and magnetic pressure
ratios always add to yield unity, as is evident in Figure
20.

We see that as time increases we are transferring gas

pressure into magnetic pressure.

Physically the squeeze

has caused the cross-sectional area of the tube to decrease,
thus increasing the magnetic field intensity and hence
increasing the magnetic pressure.

As the plasma begins to

flow out along the field lines the density near the compressional point decreases.

Since the gas pressure is

proportional to the density, the gas pressure decreases
also.

What we see in Figure 20, as we shall see in all of

the figures of this section, is a wave traveling downstream
in the flux tube.

The gas pressure is not decreasing in

all parts of the tube as can be seen from Figure 20; some
of the plasma has flowed into other regions of the tube
causing an increase in density in those regions.

The

reason this occurs is that the velocity of the plasma is
not uniform throughout the tube.

This differential velo¬

city profile is evident in Figure 21.

In this figure we

have plotted velocity in kilometers per second versus
height in RE.

At t = t

the velocity all along the flux
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tube is zero.

At t =

we have a peaked distribution,

with the maximum velocity in the tube occurring at approxi¬
mately 9 Rg.

Noting the curve labeled

, we see in

comparison to curve t^ , that the velocity maximum at
t = t£ has not only increased in magnitude but the height
in the flux tube at which the maximum occurs has also
increased.

Thus the peak is traveling downstream.

At

t = tg the wave has not quite passed the 16 RE point, but
at t^ the wave passes leaving points lower in the tube
than « 11 RE with a smaller velocity.

From the rest of

the curves, it can be seen that this region of the tube
(y < 16 Rg) is now "settling down", i.e., the velocity
maximum is much higher in the tube and the velocity of the
plasma behind the maximum is returning to its pre-maximum
value

(e.g., zero).

some points

This is evident in Figure 21 in that

(y < 5 RE), for example, have smaller velocities

at t = t^Q than they had at t = t^ .

We have plotted the

same quantities in Figure 22 as in Figure 21, but we have
changed the scale in order to give greater visual impact
to the propagation of the wave down the flux tube.
In Figure 23 we have plotted the ratio of the crosssectional area of the flux tube at time t to the crosssectional area of the flux tube at the origin at t = t
i.e., h(t)/hQ(0), versus height along the flux tube.

,
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Figure 20

A plot of the ratio Pg/Pext, Pm/Pext
height along the flux tube.

versus

The dotted curve

represents the magnetic pressure and the
solid curve represents the gas pressure.
height is scaled in Rg.

The

The time values are

given in Table I.

Table I

The values of t^ through t^g are given in
minutes.

Figure 21

A plot of plasma velocity versus height along
the flux tube.

The velocity is scaled in

kilometers per second and the height in R^.
The time values are given in Table I.

TABLE I

t-value
t
t
t
t
t
t
t
t
t
t
t

0
1
2
3
4
5
6

7
8

9
10

value in minutes
0.0

2.4
4.8
7.2
9.6
12.0
14.4
16.8

19.2
21.6

24.0
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Figure 22

A rescaled version of Figure 21 containing
only the first six time curves.

The velocity

remains in kilometers per second as does the
height remain in RE.

The time values are

given in Table I.

Figure 23

A plot of the ratio h(t)/hQ(0) versus height
along the flux tube.

h(t) is the cross-

sectional area of the flux tube at time t,
and h (0) is the cross-sectional area of the
o
flux tube at the origin at t = tQ.
hQ(0)

PS

6.378 x 10® cm.

scaled in RE.
Table I.

The height is

The time values are given in

98

We recall that h(0) at the origin is

g

hQ(0)

As can be seen from Figure 23, at t = t

6.378 x 10 cm.

the tube cross-

section increases monotonically with height.

At t = t^,

we begin to see evidence of the plasma flowing out along
the field lines.

The cross-sectional area near the origin

begins to decrease as plasma leaves that region.

As is

easily seen from the figure, the peak of the plasma wave
passes the 16 RE point sometimes between tg and t^.

After

the wave passes, the cross-section of the tube below 16 R^,
decreases with time.

Comparison of differences between

intercepts at the origin for different times reveals that
the decrease in cross-sectional area is occurring at a
2
2
rate which is decreasing with time, i.e., ô h/dt
is
positive.
In Figure 24 we have plotted the ratio of the
magnitude of the magnetic field at time t to the magnitude
of the magnetic field at the origin at t = tQ.
that B(0) at the origin is

Bo(0) « 20y

We recall

and that the field

magnitude is inversely proportional to the square of h.
Initially at t = t

the magnetic field decreases mono¬

tonically with height along the flux tube.

At t = t^ , the

field becomes weaker higher up in the tube and more intense
near the origin.

The wave passes the 16 RE point sometimes

between tg and t^ as is evident from the fact that the
field at 16 RE is more intense at t = t^ than at t = tg .
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Finally, after the wave passes we see that in the region of
interest the field begins to increase with time at a rate
2
2
which decreases with time, i.e., d B/ôt is negative.
Figure 25 shows a plot of
^

3 = p

versus

^gas' ^mag

height along the flux tube.

The dashed curves are scaled

to the right while the solid curves are scaled to the left.
Initially at t = tQ, the gas pressure dominates the field
pressure near the origin by a factor of « 6.5.

At t = t^

we see that the plasma has begun to flow out along the
field lines, thus decreasing the gas pressure near the
origin while increasing the gas pressure in regions higher
up in the tube.

This is easily seen from a simple com¬

parison, for example, of the curve labeled tQ with the
curve labeled t^ .

The gas pressure continues to decrease

near the origin, while it continues to increase higher up.
Again the plasma wave passes the 16 R^, point between t^
and t^ and subsequently the gas pressure begins to decrease
in time at all points on the upstream side of the wave.
The rate of decrease is decreasing in time.
Figure 26 is a plot of density in protons per cubic
centimeter versus height along the flux tube.

For con¬

venience, we have also plotted on the scale to the right,
the ratio

po(0)/p(t) , where pQ(0) is the plasma density

at the origin at t = t
At t = t

and is equal to 20 protons/cm .

we see that the plasma density decreases
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Figure 24

A plot of the ratio |]B(t) |/1

(0) | versus

height along the flux tube.

|]B(t) | is the

magnitude of the magnetic field at time t,
and 1^(0) | is the magnitude of the magnetic
field at the origin at t = t
The height is scaled in Rg.

. 1^(0) | « 20y .
The time values

are given in Table I.

Figure 25

A plot of 3 = Pgas/Pmag versus height along
the flux tube.

The dotted curves are scaled

to the right and the solid curves are scaled
to the left.

The height is scaled in R^,

and the time values are given in Table I.

JAl
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monotonically with height along the flux tube.

As the

plasma flows out along field lines, the density near the
origin begins to decrease while the density higher up in
the tube begins to increase.

We see that the plasma wave

passes the 16 R^, point between t^ and t^ and characteris
tically, the density is higher at the 16 RE point before
the wave passes
(t = t^).

(t = t^) than it is after the wave passes

The decrease in plasma density in the region

of interest continues in time and, as expected, the rate
of decrease

(evident by the gradual decrease in slope) is

decreasing in time.
Figure 27 is a plot of mach number M versus height
along the flux tube.

We define M as

u

At t = tQ , the mach number is trivially zero.

At t = t^,

no part of the flux tube contains any supersonic flow,
while at t =
sonic flow.

a region 8 Re < y < 23 RE contains super¬
At t =

we see from Figure 27 that as time

increases not only does the mach number increase, but also
the region of the flux tube containing supersonic flow
increases.

After the plasma wave passes the 16 RE point
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Figure 26

A plot of plasma density versus height along
the flux tube.

The plasma density p(t) is

scaled in protons per cubic centimeter.

For

convenience, the ratio pQ(0)/p(t) is scaled
on the right.
origin at t = t

pQ(0) i-s the density at the

and is equal to 20 protons

per cubic centimeter.

The height is in RE,

and the time values are given in Table I.

Figure 27

A plot of the mach number M versus height
along the flux tube.

The quantity M is defined

in the text and is dimensionless.

The hori¬

zontal line M = 1.0 has been dashed for con¬
venience.

The height is scaled in RE and

the time values are given in Table I.
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the flow velocity decreases (see Figure 21) and the
quantity

increases (see Figure 24); hence, the mach number M begins
to decrease.

The mach number continues to decrease until

at t = t^Q , all plasma flow in the region y s 16 RE is
subsonic.

Although this flow in the tube below 16 RE is

subsonic, parts of the flux tube higher up contain super¬
sonic flow; and, thus, information about downstream pro¬
perties of the flux tube never reaches the upstream flow,
roughly after t^ < t .
Figure 28 is a plot of the ratio hQ(t)/ho(0) versus
time in minutes,

h o (t) is the cross-sectional area of the

flux tube at the origin at time t, and hQ(0) is the crosssectional area of the flux tube at the origin at t = t

.

We see that as the plasma flows out along field lines the
cross-sectional area at the origin decreases.

The rate of

decrease is rather large at small t and decreases with
increasing time as is evident from the figure.

The curve

is asymptotically approaching the value of hQ(t)/ho(0) in
the limit where p
_ -♦ 0 .
■^gas
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Figure 29 is the last figure in this section and is
an appropriate figure to review before Section 3.2.4.

We

have plotted
the r
ratios po (0) gas /p
c
r (t) and
o
gas
pO
(0)/p O
(t) versus time in minutes,
p (0)
O
CfclS

is the

gas pressure at the origin at time t = tQ and po(t)^as
is the gas pressure at the origin at time t.
are defined in the same sense.

The densities

We see that as the plasma

flows out along field lines the density is depleted in a
region near the origin.

Thus, for example, after a time

of 20 minutes, a region very near the origin has been
depleted of plasma by a factor of « 3.5.

We shall call

these dimensionless ratios that are plotted in Figure 29
depletion factors (see next section).

Furthermore, it is

evident from the figure that the gas pressure at the origin
decreases more rapidly than the density.

Specifically the

gas pressure varies as the 5/3 power of the density.

We

shall explicitly use the variation of p with time in the
depletion calculation of the next section.
In summary of Figures 20-29, we have seen that the
squeezing down on our flux tube causes a plasma wave to
propagate down the flux tube with plasma flowing out along
field lines.

This flow becomes supersonic and causes a

depletion of plasma to occur in the region of the flux tube
near the maximum compression.
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Figure 28

A plot of the ratio hQ(t)/ho(0) versus time.
hQ(t) is the cross-sectional area of the flux
tube at the origin at time t.

hQ(0) is the

cross-sectional area of the flux tube at the
O

origin at t = t
cm.

and is equal to « 6.378 x 10

The asymptotic value of hQ(t)/ho(0) in

the limit p
^gas -* 0 has been dotted in.

The

time axis is scaled in minutes.

Figure 29

A plot of the ratios
p

PQ(°)gas/P0(t)gas »

p

o^ versus time. Po(0)gas is the
gas pressure at the origin at t = t , and
0(°)/

P0(t)^ag is the gas pressure at the origin
at time t.
same sense.

The densities are defined in the
The time scale is in minutes.

»r
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3.2.4

Determination of the Depletion Layer Thickness
We can determine the depletion layer thickness

rather easily once we have obtained the time it takes for
the depletion to occur.

We shall need a way to distinguish

layers that have been depleted of plasma by different
amounts.

where

We define the depletion factor as

p(0),p(0) s initial density and pressure

and

o(t),p(t) = density and pressure at some final time.
for example, 6(p) =3

Thus,

means the tube has been depleted of

plasma by a factor of 3.

We recall that a streamline, in

flow problems, is a line such that a tangent to the stream¬
line at any point in space represents the direction of the
velocity at that point.

Furthermore, for steady flow

problems, streamlines represent the path of the fluid
particles.

For non-steady flow streamlines vary with time

and the situation is different in that the tangents to the
streamline represent the directions of velocities of fluid
particles at various points in space whereas the tangents
to the paths give the directions of the velocity of a
particular fluid particle at various times.

We need not

worry about this distinction here since we shall discuss
the streamlines calculated by Spreiter [1966], which were
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calculated for steady flow, i.e., Spreiter's streamlines
coincide with the path of the fluid particles.

Thus know¬

ing the streamlines for steady flow around an object tells
us the paths that little volume elements of fluid or fluid
particles will take in flowing past such an object.

Figure 8 represents the paths taken by fluid particles in
steady flow around the magnetosphere.

The streamlines were

calculated by Spreiter [1966] using the equations of gasdynamics.

It turns out that the gasdynamic calculations

give good results in regions except where the magnetic
field dominates the flow.
by Alksne [1967]

A discussion of this is given

(see Section 1.2.2).

What we are

interested in is where along a streamline is a fluid par¬
ticle after a given time, i.e., for example, the time for
a depletion of 5(p) = 2 or 6(p) = 4 to occur.

Knowing the

position on the streamline, we just calculate the distance
from the magnetopause to that point on the streamline.
This distance is the thickness of our depletion layer.
The point is that the gasdynamic streamlines are too close
to the boundary, i.e., including the magnetic field would
"push" the streamlines out further since the magnetic
pressure exerted by the B-field would keep the plasma from
compressing in as much as the gasdynamic calculations
indicate.

If we know the velocity of the fluid particles
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everywhere along a streamline from the extrapolation of
the velocity contours of Figure 10, we can take the line
integral along any given streamline and calculate the
time it takes for a fluid particle to get from one point
on the streamline to another point on the streamline via

(3-33)

We can determine the integral (3-33) by plotting 1/v for
points on a given streamline versus distance along a
given streamline and taking the area under the curve.
What we originally had in mind was to calculate the
depletion layer thickness via the above method and then
to correct in order to account for the magnetic pressure.
We discovered, after calculating a few times using
Equation (3-33), that the times needed to achieve any
sizable depletion put us at points on Spreiter's stream¬
lines that were so close to the magnetopause that it was
impossible to calculate the distance to the boundary in
any reasonably accurate manner.

The new approach we shall

take is to actually calculate, in a sense, new streamlines.
We say "in a sense" because this approach needs as a
starting point a given streamline, i.e., given a stream¬
line we can calculate where another streamline will be
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with respect to the given streamline.

We first construct,

for later use, a parameter that is similar to our
"h-parameter" in the non-linear problem? call it h'.

We

recall that in the non-linear problem, h was a crosssectional area of our flux tube.

We can solve the gas-

dynamic equations for an analytical expression for h/ and
when compared with h(t) we see that, for times of interest,
Spreiter's "flux tubes" are compressed down much in excess
of what they should be if the magnetic field had been
included.
Thus we begin by solving the squish-along-the-fieldlines problem in the limit B = 0 in order to obtain an
expression for h/(t).
layer thickness.

Next, we solve for the depletion

We first perform the calculation analy¬

tically using a constant-p approximation, and second, we
numerically integrate the momentum equation and obtain a
rigorous value for the depletion layer thickness.
To derive h'(t) we must solve

o

(3-34a)

(3-34b)

no

Since

p = P„aa ^ F(t)
gas

.

Then we have

-^7

again pick our flux tube very thin in the

p = 0 .

We

x direction

(see Figure 17).
We integrate over x, as before in the non-linear
problem, and obtain

+

ii

6

p^ yf ’ ï>"

(3-35b)

We are interested in a region very close to the origin
(subsolar point) of our coordinate system (see Figure 17).
We expand the pressure in a taylor series about the origin
and

hj) yielding

to

(3-36)
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We also assume that near the origin v

can similarly be

expanded such that

(3-37)

Substitution of Equations

(3-36) and (3-37) into (3-35b)

yields

f

Since for Spreiter's calculations

û

(3-38)

p ^ F(t)

which integrates to

(3-39)
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Rewriting Equation (3-35a) yields

which becomes upon evaluation near the origin

Substituting v' from Equation (3-39) and integrating yields

Vu4) =■ k (o')

{

40

(3

Equation (3-40) represents the gasdynamic analog to the
flux tube cross-sectional area parameter h(t) of the nonlinear problem.

We further seek the velocity in the Ç

tîl

J_T_

direction (see Figure 30).

Taking the ç

component of

Equation (3-34b) we have

(3-41)

where m = mass of the proton and D has units of protons/
3
cm .
Since Spreiter obtained the magnetopause boundary by
approximating the magnetosphere as an ellipsoid and rotating
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Figure 30

(a)

A sketch of the noon-midnight meridian

configuration of the magnetosphere (above the
stagnation streamline).

The shock, magneto¬

pause and streamlines are sketched in.

The

sense of vectors dX, and djK0 (Section 3.2.4)
are shown.
(b) The same sketch as (a) but showing the
sense of the integration contour of Equation
(3-46).
(c) Enlarged sketch of (a),(b) showing the
coordinate system discussed in Section 3.2.4.
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about the earth sun line we have the

Thus Equation (3-41) becomes, inserting the magnetic
pressure,

(3-42)

Next we focus attention on two streamlines that are
infinitesimally separated by a distance di , i.e., dj0 is
the perpendicular distance between two streamlines at any
Evidently djl is a function of time.

point in the flow.

We demand that the number of field lines that cross djt
per unit time is the same for all dj0 .

This is true since

we are assuming steady flow and field lines are not piling
up anywhere.

We can express this conservation of field

lines as
Bvdi

=

constant

where B and v are evaluated at dj& .

(3-43)

We picked the distance

between streamlines to be an infinitesimal,since this
permits us to accurately assume that B and v do not vary
much over the length dl .

We can write Equation (3-43)
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vectorially as

(3-44)

We can express Equation (3-44) as a line integral by con¬
sidering the following.

Suppose we evaluate Equation

(3-44) at the two positions shown in Figure 30.

From

Equation (3-44) we have

O
or

O

0-45)

We further remark that since the flow velocity at any
point, in steady flow, is the tangent to the streamline
at that particular point, we could write Equation (3-45)
as a line integral about the path described by the two
"ends", d£^ and dl^ • and the streamlines themselves
Figure 30).

(see

In other words, contributions to the line

integral along the streamlines vanish since along a stream¬
line

(v x d^) =0.

We can physically interpret

(v x d^) = 0 along a streamline as resulting from the
frozen-in-flux approximation, i.e., field lines do not
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cross streamlines.

Thus we write Equation (3-45) as

^ 5 °

-O

(3-46)

We mention that the sign in Equation (3-45) is correctly
included in Equation (3-46) since we put our origin at the
subsolar point and the sign of dj0 is negative.

We recall

that the total time rate of change of magnetic flux
cp^ = J* B • d£
s

can be written

Since in the rest frame of the magnetosphere, for our
problem, we have that dB/dt , then

Thus we can interpret Equation (3-46) and Equation (3-43)
as expressing the fact that the magnetic flux

is a

constant.
We pick two streamlines such that we approximate the
lower streamline as a locus of points that very closely
approximates the contours of the stagnation streamline and
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the magnetopause.

Furthermore, for convenience, we pick

to be just post shock.

Thus we have

We choose dj&2 to be some point high upon the magnetopause
and specify dj^ by specifying the time t.

Thus Equation

(3-43) becomes

(3-47)

We remark here that we have picked t large enough such

is zero.

This is a good approximation at large t.

We

shall estimate the correction to Equation (3-47) of

T| is the distance to the magnetopause of a volume element
of plasma and represents the thickness of our depletion
layer.

We physically interpret dr) as the distance from

the magnetopause to a flux tube with resident time t + dt
minus the distance from the magnetopause to a flux tube
with resident time t, where we evaluate both tubes at a
given height § .
T)

We seek a solution of the form
=

(constant) F(t)
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Rearranging Equation (3-47) we have

V
--c ■■■■
7 J ^—1 djto)

(3-48)

Brt) y4)

We are assuming an integrateAheight 5(0), just post-shock,
such that v^(0) does not vary much over the range of
integration and we approximate

'Oyt')* Cjt>u4. ~

^

Thus Equation (3-48) becomes

(3-49)

Equation (3-49) is the equation we must integrate in order
to obtain our depletion layer thickness.

We must solve

Equation (3-42) in order to integrate Equation (3-49).
begin by assuming that p = constant in Equation (3-42).
Thus Equation (3-42) yields solutions

We
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We resolve A and B by demanding

III**)

«

« AV&

and

o = 6A - ©^

Thus

ïlh - Ji.0) Cjeok et

(3-50)

and

(3-51)

Specifying a particular time t and height Ç , specifies
a particular ç(0).

From Equation (3-50) we have

Ajfi») - tr 6 Ï
©il i,
[c^ket]1

(3-52)
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Combining Equation (3-52) with Equation (3-51) we have

(jeolt e*t
From the above, Equation (3-49) becomes

,(X>

f

jay

f

'feu.y

-A

m

?

\

For times such that

1 <<

B{

we have

r°°

^ (jt

+

cLV

'/©^ . t Croke-t'

(3-54)
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and

(3-55)
or

Blo)

V

IKt-* •/e')

(3-56)
We see from Equation (3-56) that as t increases

r)

decreases, i.e., as time increases the volume element of
plasma gets closer to the magnetopause and our depletion
layer gets thinner.

Thus we would expect to see regions

with larger depletion factors
to the magnetopause.

(i.e., longer times) closer

Equations

(3-55) and (3-56) repre¬

sent our constant-p approximation since, in order to solve
Equation (3-42), we chose |0 = constant.

We point out that

p does vary with time, but for small t, the variation is
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negligible.

Thus the constant-p approximation should be

a good one at small t.
Next, we return to Equation (3-42).

Choosing

we have a differential equation of the form

0

(3-57)

Employing the W.K.B. approximation to Equation (3-57)
yields

(3-58)

We bave from the computer output the density as a function
of time.

We approximate p(t), after a few "best guess"

fits, as

f11'-

(3-59)
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where

a
b

= 2.831 x 10

3
2
3
protons min /cm

= 1.0623 x 102 min2

First "guess" approximations to p(t) are shown in Figure
31.

A plot of l//po(t)

is shown in Figure 32.

, using Equation (3-59) for p(t),
Using Equation (3-58) we find

(3-60)

Substitution of Equation (3-60) into Equation (3-49)
yields

We can write Equation (3-61) after extensive algebra as

(3-62)

124

Figure 31

A plot of pQ(t) versus time.

pQ(t)

density at the origin at time t.

t le

*

p is

scaled in protons per cubic centimeter and
t is in minutes.

Superimposed on the pQ(t)

plot are curves for "best guess" analytical
functions of pQ(t).
are

Figure 32

p = AexpBt

and

A plot of 1/Vp0(t)

The functions plotted
p = AexpBt

versus time.

2

The values

for pQ(t) have been calculated from Equation
(3-59).

Superimposed on this plot are the

values of pQ(t) from Figure 31.

JC\+

( t&JkJbS* *

,î*0 -

.Joo

•IM
.110

■
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where

T(V)

+

+•

$U\.

(I-M’ï

and

d.- t(L

We numerically integrate Equation (3-62), obtaining values
for r| at various times.

We numerically compared the

following quantities which have the form

(3-62)
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Comparison of the numerical results for ^ and

gives

us an idea of the accuracy of the integration scheme
employed.

The accuracy is excellent as can be seen from

the output shown in Table II.

The values of r| calculated

from Equation (3-55) and Equation (3-62) are the main
results of this section.

Using the values of p(t) given
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in Figure 3 we have plotted f| versus pressure depletion
and density depletion factors in Figures 33 and 34.

The

curve labeled (a) is the constant-p approximation (e.g.,
3-55) and curve (b) is the numerical integration of
Equation (3-62).

Thus for example at a distance of about

1000 km, one should see a pressure decrease (compared to
the stagnation pressure at the nose) of approximately 2.8.
Another way of viewing this is that a satellite on an
outbound pass, for example, should see a region immediately
after traversing the magnetopause that has a pressure and
density gradient given by Figures 33 and 34.
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Table II

Numerical output for the integration of
Equation (3-62).

Figure 33

A plot of pQ(0)/po(t) versus t) .

r) is defined

in the text and is the depletion layer thickness.
pQ(0) is the plasma density at the origin at
t = t

and pQ(t) is the density at the origin

at time t.

The quantity pQ(0)/po(t) is the

depletion factor 6(p)

[see Section 3.2.4].

r) axis is scaled in kilometers.

The

The sense of

the direction of r| is indicated, i.e., the
bow shock is to the right in the plot and the
magnetopause is to the left.

Figure 34

Same plot as Figure 33 except that the
pressure depletion factor is plotted versus
T] instead of the density depletion factor.

TfcUcL 3t
2fb)Tir)di*
i
2
3
«
5
6
7

0
9

10
ii
12
13
i«
15

16
17

IB
19

20
HI
22
23
H«

25
26
27
28

29
30
31
32
33
3«

8.0695708HvOR
6.558205 lE*f}0
5.3B2«278E*00
«.259«097EvO0
3,3953139E*«0
2.6827737E-B0
2„B99e.756EJK?0
1 e62«£.9G«E + 03
I c 2«3«76! E*>00
9*«007349E-01
7.0l67«!B3t>Pl
5,i6O37C«E-01
3,75«36UE~8i
2.68893UE-01
K896G215E-B1
1.3i9958qE-'81
9.0fll33a3E«-02
6f0982735E-02
q,0a93378E«02
2» 6«fc5i Y2E*,,P2
1,762iS36E«82
Î,B77i63«E-02
6,7060022E-03
iit 10657l«E~03

2.«732978E-03
1,«6«B90SE-03
8,531«0Z13E-04
««B651O82E-04
2.75P0914E-B4
1.52169«SE“0«
6,2766577E-P5
A,«263362E”05
2.3259«37E-05
1.20116P2E-05
6,0955205E-06
3.0393512E-06
1.«8C7966E-06
7,16201P7E-P7
3.3013911E-07
1.5645764E-07

£pM
• >4 (Jtoklï'l 1

V'l

-)t
A £
7.295625/iE ■> 0 fi
5,854O766E*0fl
/|,69O6«85E + 00
3,77075 3 7E-5-00
3.0261O06E+00
2. « 2 8 5 Q 2 7 E •> 0 o
1,9«C9l91E<-f>3
i,56/!0/i/!2E*00

l.U60656E*’01
8,9567961E“02
7C. 18BP799E-02
5.763612RE«32
«c629««i68-32

6.1/I79537E + 00
5.20155O3E+00
«,3367n56E+00
3,57/!fl087E + C0
2,92122255*00
2.3?30897E*S0
1,919059/15*00
1.5/1888 10E«0O
i ,247 28908*00
1,00320925*00
8,0 6 2 5 7 7 5 E - 01
6, «764 09/18-3 i
5,2CC5708E-01
«,175 5.7618-31
3.35i«959E-0i
2.6900722E-01
2.159057CE"01
1.7323Ê0/IE-01
i ,39G66/>GE-31
iiU6B657E«ei
8,95 679678» 3 2
7.1880833E«02
5,76861225-02
4.629û<ll7E«’02

3*71522525«02
2,98154395-82
2.3927«80E-02
1,92022678-32
1.5Û10187E-02
1.2366968E«02
9,9247257E-03
7 « 96 47791E-03
6,39183«6E«03
5,1296O66E-03
«,11663 51 F>33
3,30365218-03
2,65124195-03
2,12767058-33
1.7074946E-Q3
1.3702955E-33

3.7152253E-02
2.98154398-02
2,3927«79c-02
1.9202266E-O2
1.54101665-02
1.23669668-02
9,92/172365-03
7,96«7767E-03
6,391882OE-03
5,1296342 5-03
«,11660235-03
3.3338/1925-03
2,65123935-03
2,1276676E-03
1,70749165-03
1.5702925E-03

3,7 i 5 2 « 6 8 E - (3 ?
2,981555«E-P2
2,39275«2E-3H
1,92023025-02
1,54102092-02
1.2366902E-C2
9,92«7357E-03
7,9 6 « 7 869 E « 0 3
6,39189125-03
5.1296129E-33
4.11661035-03
3.30365755-O3
2.65i2«73E"33
2, Î27675OE-03
1«7074998E-03

6,1 « 7 9 5 31 E -î* 0 0
5,20155038 v C3 0
«,33670518*33
3,57««063E*00
2.9212222Ev03
2,3730G9«E+00
1,9198592fc*0B
1,5£188OG8E*00
i ,2«72G89E*fi8
1.0e32891E<-00
8,0625766E“0i

6,«764}068E»01
5.2C05699E«31
«.1751758E»0i
3.351«956E-01

2*69007208-01
2*15905768-01
1,7328003E*01

1*39366478-01

1*25517/195 * D ?s
1,00730148*60
8,0837c»3«Er,01
6,4 0 7 3 G 8 i E " 01
5,20625098-01
4,17311422 « 0 i
3,35331525-01
2,89085775-01
2,159/16395-01

1*733010/18-01
1,390773/JE-01
1,1161210E-C1
8t957P873E-02
7,10823105-02
5.7606905E-82
4,62940255-02

1.3703037E-03

t

■

il
J

t
J
o
&

(>) =

P~ hi)

o

«

129

CHAPTER 4
DISCUSSION AND CONCLUSIONS

We begin this section with a discussion of the
observations of Freeman et al.

[1968a].

Subsequently we

shall discuss published magnetometer records showing
magnetopause crossings as measured by various spacecraft
experiments.

We shall point out the instances we inter¬

pret as evidence for the existence of depletion layers
during a particular crossing.

Furthermore, we shall

categorize and tally the magnetometer records reviewed,
achieving some very rough estimate of the possibility of
magnetometer measurements revealing the existence of
depletion layers.

4.1

Observations of Magnetopause Crossings
The magnetic field measurements have established

that in general the magnetopause is characterized by a
sudden, large change in field direction [Willis, 1971].
According to Cahill [1967], this angular change is
usually accompanied by a reduction in field magnitude and
increased fluctuations in the direction and magnitude of
the field in the magnetosheath.

It is, of course, the

times when the angular change is not accompanied by a
reduction in field magnitude that interests us and, in
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fact, it will be these instances,in which the field
magnitude remains constant during a large angular change,
that we shall seek in the analysis of the magnetometer
data.

Thus the morphological features of magnetometer

records showing boundary traversals will be

(on an

outbound pass, for example)
(1) ordered field in the magnetosphere, i.e.,
small or no fluctuations, with magnitude of

3
the field dropping off as 1/r

and B roughly

north,
(2) evidence for boundary traversal - B changes
abruptly and magnitude of B and components
begin to show fluctuations.

Usually both

angular components change direction abruptly.
(3) magnetosheath region - characterized by
large amplitude fluctuation in field
direction and magnitude.

4.1.1

Events of January 13 and 14, 1967
We recall from Sections 1.2.1 and 1.2.2 that

during the magnetic storm of January 13 and 14, 1967, the
magnetopause traversed the geostationary satellite ATS-1
on several occasions.

Freeman et al.

[1968a] reported
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the following observations:
(1) detection of highly anisotropic ion fluxes on
both sides of the magnetopause boundary, i.e.,
ion flow parallel to the magnetopause both in
the magnetosheath and in the magnetosphere.
(2) the flux measured by ATS-1, in the region just
outside the magnetopause, was much smaller than
what one would expect for compressed solar wind.
(3) the magnitude of

as well as

|B|

was approxi¬

mately the same on both sides of the boundary.

The magnetometer data for this event has been published by
Cummings [1968].

Figure 35 is figure 5 of Cummings [1968]

and represents the magnetic field measured at ATS-1 during
the period 0000-0115 UT January 14.

The particular event

we are concerned with occurred at about 45 seconds past
0007 (see top panel of Figure 35).
same as B^ in S-M system.

The H component is the

(For details of the experiment

and discussion of data see Cummings [1968].)

The total

field magnitude just before the initial magnetopause tra¬
versal at « 0007:45 hrs UT was « I52y and just after was
about 146y [Cummings, 1968].

If one assumes that the

magnetopause can be approximated as a tangential discon2
tinuity then the quantity [Pgas + B /8TT] must be constant
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Figure 35

This is figure 5 from Cummings

[1968],

showing V, D, H and |B| for period 00000115 UT, January 14, 1967.

The component

H is the same as Bz in the S-M system.
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across any traversal of the boundary.

Thus one would

expect to see |B| constant across the boundary if plasma
had been squeezed out of flux tubes in the sheath region
such that
p

(magnetosheath)

CfclS

«

p

CJcLS

(magnetosphere)

We offer as a possible explanation to the observations of
Freeman et al.

[1968] that fluxes, lower than what one

would normally expect for compressed solar wind, were
observed in the magnetosheath due to the fact that plasma
had been depleted from flux tubes due to the squish- along-*
the-fieId—lines effect.

Tables IV and V show flow para¬

meters calculated by Warren [1968] using data collected
by the SID plasma detector aboard ATS-1 during January 13
and 14, 1967.

Table IV summarizes the flow parameters in

the time interval just before the initial magnetopause
traversal; Table V summarizes the flow parameters for times
subsequent to initial crossing.

An interesting quantity

to look at is p where we define

6= fir
\ TF/tn
From Table IV, for example, at t = 0004-0006 we have
p æ 2.17 x 10 ^

f

i.e., evidently there are few particles
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Table IV

Low energy ion flow parameters calculated
from SID plasma data aboard ATS-1
[Warren, 1968].

The interval of time

covered by this table is the time just
prior to the initial magnetopause crossing.

Table V Summary of ion flow parameters during
multiple magnetopause crossing [Warren, 1968].

TABLE IV

low- -L'nercjy Ion FIov/ Parameters

•

•
•

Time

M

N ( cm" 3 )

vr (km/sec)
r

T (°K>

*•2306-2308 UT

+ 1 I8y

• 10.6

19

1500

“2313-2315 UT

+ I20y

7.0

15

1600

“2321-2323 UT

+ 138y

8.7 *.

17

1200

“2323-2324 UT

. +I30Y

T.8

24

110

“2328-2330 UT

+ I28Y

8.0

23

540

“2330-2332 UT

+ I20Y

3.8

24

1000

“2332-2334 UT

+118y

10.9

23

2100

“2334-2336 UT

+ II7Y

12.5

16

1900

“2336-2338 UT

+ Il6y

9.4

17

1400

“2338-2340 UT

+ II2Y

14.8

20

1400

“2341-2343 UT

+ H3y

11.3

22

5300

“2355-2356 UT

+ I20y

10.1

32

.3700

“2356-2358 UT

+ 107 Y

5.0

21

1900

“2358-0000 UT

+ I06Y

5.6

13

'220

“0002-0004 UT

+ 1 19Y

10.8

16=

2300

“0004-0006 UT

+ 119y

7.4

28

1200

«
. <N> = 0.7 cm“3
•
<Vp> = 21 k/n/scc
<T> - I700°K

•
•
•

TABLE .V
. Summary of Ion Flow Pcsrameters
During Multiple; Magnetopause Crossings
Magnctoshcath

Time (UT)

H(y)

0009:27
0009:37
0011:19
0011:30
0013:12
0013:22
0015:05
0015:15
0016:58
0017:03
0018:50
0019:00
0024:28
0024:33
0028:13
0028:24
0030:06
0030:16
0031:59
0032:09
0033:51
0034:02
0035:44
0035:54
0037:37
0037:47
0039:29
0039:40
0054:31
0054:41

-148
-148
-100
-91
-1 10
-11 1
-1 13
-92
-103
-118
-1 13
-1 1 1
- -1 19
-114
-109
-105
-117
-126
-128
-133
-113
-102
-III
-115
-104
-89
-99
-1 18
-III
-117

.

|B|(y>

♦ '■

162
165
127
143
133
133
135
107
120
126
126
123
134
135
114
113
120
130
135
136
. 125
125
126
129
113
104
III
132
128
135

80°
60°
70°
70°
60°
65°
50°
60°
75°
65°
60°
60°
50°
40°
65° .
60°
60°
70°
85°
60°
70°
75°
60°
70°
60°
70°
70°
65°
70°
65°

<$> = 65°
<N> = 47 cm" 3

H(cm"3)

•

20
23
70
57
79
63
43
43
29
33
30
33
46
43
69
53
73
63
57
60
24
24
49
41 ..
46
40
54
47
44
46

<Vp>
•

v (km/sec)

90
90
45
45
47
47
59
59
82
82
84
84
. 54
54
40
40
46
46
47
47
110
110 '
56
» 56
60
60
60
CO
60
60

= 63 km/sec

<T> * 1.4 x I0G °K

T(°K)

1.9(10°
1.9(10°
6.4(I05
6.4 ( 10°
7.7(10°
7.7(10°
1.6(10°
1.6(10°
2.7(I0C
2.7(10°
2.0(10°
2.0C10°
7.0(10°
7.0(IC5
8.2(10''
8.2(10°
6.7(10°
6.7(10°
8.4(108.4(10°
3.1(10°
3.1(101.3(10°
1.3(10°
1.3(10°
1.3(10°
8.6(10°
8.6(10°
1.3(10°
8.6(10°
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present and they are very cold.

This is characteristic of

the magnetospheric plasma measured before the initial
boundary traversal.

In contrast, at 0002:27, we have

|3 « .05 and at 0032:09

p « .1795.

Thus even though the

plasma is hot (characteristic of the magnetosheath) |3 is
small, meaning most of the energy is in the field.

We can

very roughly compare the above with the numerical results
of Section 3.2.4.

From Figure 25 we see that at the origin

we have 3 » .2 at t = t^ .

From Table I, in that same

section, we see t^ = 16.8 minutes.

From Figure 29, we

have that at t = 16.8, po(0)/po(t) «2.7 , i.e., the flux
tube has been depleted of plasma by a factor of 2.7.
Figure 36 is figure 2 of Bame et al.

[1968].

It is

expanded real time portions of data from Vela 3-A and
Vela 3-B satellites which were during January 13-14 on the
opposite sides of the earth at geocentric distances ranging
from 16.9 to 20.3

[Bame et al., 1968].

At approximately

0100, Vela 3-A had SM latitude « 50° and SM longitude « 38°,
at geocentric radius « 18.65 Rg.

From Figure 36 we have
3
that the density at t « 0025 UT was p ~ 40 protons/cm ,
where we have included the a-flux.

Thus for a strong shock

one would expect that p very near the magnetopause » 160
protons/cm .

The ratio of
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p(strong shock) 160
a*
p(measured at ATS-1) 60

» 2.6

We take the above very rough result as good evidence
suggesting that, indeed, an explanation of the low fluxes
observed by Freeman et al.

[1968] may be that plasma was

depleted from flux tubes due to what we term the squishalong-the-field-lines effect, i.e., the region in which
the above measurement was made we interpret as a depletion
layer, with a depletion factor of w 2.6.

We continue in

the next section with a very rough survey of published
papers concerning magnetometer measurements showing
magnetopause traversals.
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Figure 36

Figure 2 from Bame et al.

[1968] showing

expanded real time portions of the data from
Vela 3-A and 3-B during January 13 and 14,
1967.
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4.1.2

Other Magnetopause Crossings
The first clear magnetopause crossing was

recorded by Explorer 12 [Cahill, 1963].

The Explorer 12

data is presented in terms of the spacecraft angles \|r and
a .

The satellite spin axis lies in the plane of the

orbit.

The angle i|r lies between the plane containing the

magnetic field and the spin axis and the plane containing
the sun direction and the spin axis.

The angle of lies

between the magnetic field and the spin axis.

Angle and

orbital diagrams are given in Cahill [1963, 1967].
Unfortunately these angles have never been transformed
into solar ecliptic coordinates.

To convert to a system

independent of the spacecraft, the direction of the spin
axis must be accurately known and unfortunately the precise
direction of Explorer 12 spin axis has never been deter¬
mined with complete certainty [Mead, 1967].

Even though

the magnitude of some of the field measurements is not
accurately known (in gammas), the changes in angles are
quite reliable [Mead, 1967].

A particularly interesting

crossing is an outbound pass on September 30, 1961 [Cahill,
1963 (see figure 5)].
Figure 37.

We have reproduced this figure; see

The magnetopause was traversed at approximately

10.6 R„,
local time » 0822, and GM latitude « -18.2°.
hi

We

note that the angles of the field components change rather
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Figure 37

Record of September 30, 1961 outbound pass
[Cahill, 1967a].

Total field magnitude

|B|,

scale in gammas, spacecraft directions a and
i|r in degrees and radial distance in earth
radii.

Universal time and magnetic latitude

are shown at top.

Figure 38

Record of September 13, 1961 inbound pass
and detail of September 13, 1961 record
[Cahill, 1963].
radii.

Distance scale is in earth

Plotted are 20 measurement averages,

except for i|f .

UT lins
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abruptly at 10.6 R_ while simultaneously the magnitude of
the field remains constant.

This data represents to us

reasonable conditions for the existence of a depletion
layer at the time of the crossing.

In figure 6 of Cahill

[1963] is another magnetometer record for an inbound pass
of Explorer 12, on September 13, 1961.

The crossing

occurred at « 8.2 R , local time « 1200 and GM latitude
E
« +13.0°.

We construe this record to be unrepresentative

of the existence of a depletion layer at the time of the
crossing.

We specifically note that a change in field

magnitude occurs simultaneously with a change in field
angles.

This inbound pass has also been discussed by

Freeman [1963].

A problem in viewing data in this manner

is that it is sometimes difficult to tell

(especially on

compressed data scales) if there is or is not simultaneity
in the angle change and field magnitude change.

For this

particular pass, a detailed magnetometer record was given
[Cahill, 1963

(see figure 7)], and thus simultaneity was

clear; however, detailed records of each boundary crossing
are usually not given.

Thus sometimes one sees a magneto¬

meter crossing that might be evidence for a depletion layer
but is questionable.
Cahill

With regard to this, figure 4 of

[1963] shows a crossing that might be evidence for

a thin depletion layer existing at the time of the crossing.
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This particular crossing was the inbound pass of September
30.

Another pass that qualifies as questionable concerning

evidence for depletion layers is that of the inbound pass
on October 1 [Cahill, 1967a (see figure 4)].

It is evident

that the magnetopause was moving across the satellite but
it looks as though the magnitude at 8.5 R_ (magnetosphere)
is roughly the same as the field magnitude at 8.7 RE
(transition region).

We do not want to discuss these

questionable records but rather just wish to point them
out and label them as we have, i.e., questionable.
A very extensive set of magnetometer records with
reference to magnetopause crossings has been given by
Cahill [1967].

We shall not discuss each magnetometer

record reported, but rather we shall list in Table

VI,

along with other reported boundary crossings, our inter¬
pretation of whether or not the record shows evidence for
the existence of depletion layers.
is figure 11 [Cahill, 1967]

An interesting example

(see Figure 39).

is an inbound pass on September 21, 1961.

This record

Cahill comments

that the boundary is sometimes difficult to determine pre¬
cisely (this particular record being an example).

There

is a substantial change in direction which occurs between
10.6 and 11.0 Rg, while the magnitude continues with little
change [Cahill, 1967].

There is a larger angular change
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Figure 39

The inbound record of 21 September, figure 11
of Cahill

[1967].
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at 11.7 R

and this is where Cahill placed the boundary.

h*

He interpreted the earlier change as a distortion of the
outer magnetosphere.

We interpret this record as possible

evidence for the existence of depletion layers at the time
of the crossing.

Of particular interest is the magnitude

of B at 12 R_, which is close to the same value of the
magnitude measured at 11.7 RE when the abrupt angular
change takes place.

Another interesting record showing

evidence for a depletion layer is that of the outbound
pass of September 7 [Cahill, 1967 (see figure 19)]
Figure 40).

(see

We note the large change in angles at

« 70,600 km and rather constant magnitude on both sides
of the boundary and well into the sheath region.

Cahill

reports that the large fluctuation in the ijr-component
after the initial angle change is due mainly to digiti¬
zation error.

Figure 24 [Cahill, 1967]

shows a very interesting record.

(see Figure 41)

The boundary is crossed

at « 76,680 - 76,820; there is almost no field magnitude
fluctuation during the boundary traversal.

We also note

that the sheath field is rather steady during this pass.
We interpret this record as evidence for a depletion layer.
Imp 1 and 2 spacecraft measurements have been
reported by Ness [1964], Wolfe et al.
[1967a].

[1966] and Fairfield

The Imp 1 magnetometer data is given in solar-
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Figure 40

A 400-km section of the boundary passage of
7 September, figure 19 of Cahill [1967].

Figure 41

A 1000-km section of the boundary passage of
19 September, figure 24 of Cahill [1967].

UT

KM
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ecliptic coordinates.

The angle 0 represents the latitude

of the field vector, being positive above the plane of the
ecliptic and negative below, and cp represents the longi¬
tude, cp being 0° when the component points toward the sun
and 180° when it points away from the sun.

Further details

of the experiment are given by Ness [1964].

A magnetometer

record of particular interest is that of Orbit 6, December
20, 1963.

This record is shown in figure 21 of Ness [1964]

(see Figure 42).

Ness places the magnetopause boundary at

10.6 IL, i.e., this is the point at which the magnitude
begins to decrease.

Another interpretation of this record

is to place the magnetopause boundary at about « 8 R_
(difficult to scale on this figure), when the angle change
is abrupt and to interpret the non-simultaneous decrease
in field magnitude as evidence for a depletion layer.
log this record in under questionable.

We

Along with the

magnetometer data, the Imp 1 plasma data has been reported
by Wolfe et al.

[1966].

The plasma probe [Wolfe, 1966]

was a curved plate analyzer designed to analyze the positive
ion component of the incident plasma.
the detector was from 0.025 to 16 keV.

The energy range of
Wolfe reported

[1966] that of all the satellite passes in which plasma
was observed by the detector, the vast majority showed a
rather sharp cutoff in plasma flux associated with the
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Figure 42

Magnetic field data from orbit 6, December 20,
1963, illustrating inbound traversal of
magnetopause at 10.8 R

and questionable shock

wave at 16.3 R„ [Ness, 1964 (see figure 21)].
E
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magnetopause; however, several passes were anomalous in
that they revealed a gradual rather than sharp decrease
in ion flux at the boundary.

Furthermore, comparison by

Wolfe et al. of available data showed that, within 0.5
earth radii (« 3000 km), the magnetopause positions
reported by Ness [1964] from the Imp 1 magnetometer data
agreed with the positions at which the plasma flux
terminated 64% of the time.
explanation of this 0.5 R

We suggest that a possible
discrepancy on some of the

occasions might be due to the presence of depletion layers,
i.e., the plasma flux cutoff (due to the absence of plasma
resulting from the "squish-along-the-field-lines effect)
would occur before (on an inbound pass) the detection of
the boundary position (as determined by an abrupt, for
example, North-South component change) by the magnetometer.
The Imp 2 magnetometer data has been reported by
Fairfield [1967a].

Fairfield reports that several passes

were notable for lack of a clear magnetopause in both
field and plasma data.
An interesting paper by Fairfield [1972] discusses
magnetic field measurements from the Imp 5 spacecraft.
According to Fairfield, the transition region between the
magnetosheath and the point where the field lines were
clearly of dipolar origin is characterized by large ampli¬
tude fluctuations and the lack of a clear magnetopause

148

boundary.

In this paper, Fairfield designated the

magnetopause boundary position from plasma data supplied
by L. A. Frank.

On occasions, according to Fairfield,

the apparent boundary according to the magnetic-field
experiment occurred at slightly different positions than
that of the boundary determined from the plasma data.

We

point this out to show just another example of the dis¬
crepancies sometimes encountered in matching the boundary
determined by plasma data and the boundary determined by
magnetometer data.

We suggest that the existence of

depletion layers might on some occasions help to clarify
these discrepancies.
Mead and Cahill [1967] discuss Explorer 12 measure¬
ments with reference to distortion of the geomatic cavity.
Figure 6 from Mead [1967]

(see Figure 43) shows good

evidence for the existence of a depletion layer at the
time of the crossing.
We close this section with a few caveats about the
above analysis.

We have not systematically gone through

magnetometer records for each of the above mentioned
spacecraft experiments.

Nor have we perused all spacecraft

magnetometer data involving magnetopause crossings.

What

we have done is to simply review a number of published
papers on magnetopause crossings.

We have not tried to
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Figure 43

September 20, 1961 inbound pass.

Boundary

crossing occurs very near the subsolar point.
Field direction is relatively stable in
magnetosheath and essentially parallel to the
magnetopause on both sides of it [Mead, 1967
(see figure 6)].
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separate the data according to whether or not the pass
occurred during storm periods or quiet times.

Furthermore,

and more important, we have not classified the passes
according to the local time and latitude where the crossing
took place.

Another point is that we have not examined

each crossing exactly to determine the exact altitude of
the field before or after the crossing, i.e., how tangen¬
tial to magnetopause was the sheath field.

Finally, we

have not tried to correlate in the above analysis the
plasma data determination of the boundary position with
the magnetometer determined boundary position for a given
set of satellite data.

It would be interesting to know

(Fairfield might be a good source) if, for example, more
often than not, the plasma boundary occurs earlier (on an
inbound pass) or later (on an outbound pass) than the
boundary determined by magnetometer data.

Determination

in final of whether or not a depletion layer exists must
include, to some extent, examination of the above details.
Thus, the type of analysis presented in this section
is an example of the first steps that must be taken in
examining magnetometer records for evidence of depletion
layers existing during the time of a magnetopause traversal.

TABLE

VI
NO

Fig. #

Depletion
Layer

[Cahill, 1967a]

2

y

II

4

Reference

[Cahill, 1963]
II

[Cahill, 1967]
II

II

II

II

6
4

y

3

y

y

4
5
6
7

y
y
y
y

8

II

11
17

y

19
21
22

y

II

II

II

II

23

II

24
25
14
17

II

[Ness, 1964]
II

II

II

II

[Fairfield, 1967a]

7

II

8

II

II

y
y
y
y
y
y
y
y
y
y
y
y
y

3
4

It

y

33

II

[Mead, 1967]

y

19
21

II

4

Questionable

y

II

II

Depletion
Layer

y
V

5
6
9

V
y

31

7

y

16

8
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4.2

Conclusion and Summary
We have formulated a theoretical model describing

plasma flow along field lines in the magnetosheath near
the magnetopause.

We believe that there exists times when

plasma in this region is squeezed out of flux tubes along
field lines due to the compressional effects exerted by
the magnetosphere on these field lines.

The net effect

of this squeezing out of plasma is to leave flux tubes in
this region depleted of plasma.
depletion layers.

We call these regions

The relative depletion of a layer is

called its depletion factor.

Furthermore, this flow of

plasma along field lines can be described in terms of a
slow magnetosonic wave traveling at an angle of almost
90° with respect to the ambient field.

Thus in depletion

layers most of the energy density will be in the field.
We have calculated the thickness of depletion layers for
various depletion factors and, for example, a layer with
a factor of 2 will be on the order of 750-1000 kilometers
thick near the subsolar point.

We suggest that the exis¬

tence of depletion layers might explain the occasionally
encountered discrepancy between the position of the
magnetopause as determined by plasma and magnetometer
data from the same satellite.
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APPENDIX A

Consider the set of equations

(2)
~

(3)

0

tjj|~o
HR

Solving

(3)

for

6p

we have

and solving

(1)

for

ÔB

we have

and solving

(2)

for

6v

we have

(4)

(6)
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Substitution of (6) into (5) yields

and substitution of (7) into (4) yields

From (6) we have

and substituting this into (1) yields

Substitution of the above two equations into (4) yields

(10)

fa t * s'

&

Substitution of (7) into (4) yields

((ID
11)

~

r

+

L-

B» ££
4-

+¥*<£/>» SH

iT B»V^c]

l

i
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APPENDIX B

k < 0
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a

-a*
We have

for

O.HMA?'

0 < a

a*

CJO» V>)C

and

t

<ty

*%+b'

( d CtoW «v- V>yûJU.WJ.')

Thus

and

1
S'**!***

T1

and

'
where

Then, finally

=•
Z

\

IVv)

U’ HA “lifcj)

+

lV°t) 1
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2.

We consider

=

-III*,
lit £

and rewrite it in the following form:

VCvat
Thus,

Further, we have

where

r

3

-

* ■

r

f— .©-*4 Wj)

We have from before

r

t

^

^V

A.

We find with a little algebra

(

where

and

;i 1

y

_ —^—•
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3.

We consider

The first term in
for

6p .

ÔB

has the form of the expression

Thus immediately we have, considering the first

term:

£s,u,n +

and

VM**
h

tt,s)

iff
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Considering

ÔB2(k,s)

we have that

and thus

and

Finally, combining the above yields
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We remark here that we previously dropped the initial
condition on

6g

when we chose it independent of time,

i.e., we should have written

where the last term only contributes at t = 0 and thus
has the effect of forcing
expressions for

ÔB

and

6g(y,0) -* 0 .
6p

Thus the

at t = 0 do not yield zero,

i.e., with a little algebra they yield

These results are expected since at time t = 0 our flux
tube is already in the "pinched down" configuration, i.e.,
at all times t < 0 , the tube is a homogeneous "cylinder"
with straight field lines.

These finite values would

have been zero had we included the initial condition in
6g(y,t).

We chose not to do so for the obvious reasons,

e.g., they unnecessarily complicate the integrals and
contribute terms only when t = 0.

Furthermore, we shall

use the linear approximations only qualitatively and thus
the exactness of carrying the 6-functions is not warranted.
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Finally we have only made these remarks in the interest of
rigor and completeness, feeling that most readers might
have overlooked these points anyway.
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APPENDIX C

Evidently we can choose such that
B^ « B(0)

and

v = v^(0).

exclusion of the

v^ciç

djfc^ s=» dÇ(O)

and

The question is how does the

term in Equation (3-47) affect the

depletion layer calculations.

We have from Equation (3-47)

and

3to) v^i«>)

M) yvj

(1)

We do not know the analytical form of

would be

v^(t)

(constant) tanh

fi

v^(t) ; a good guess

^L-

We need

2

ô§

not evaluate (1). We know as t -* t
where t
« »
'
max
max
'
the second term on the left-hand-side of (1) goes to zero.
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Thus the integral

gives a non-zero contribution to (1) only at small t .
Furthermore, although this contribution is small, i.e.,
since

v^(t) « v^(t)

excluding the

, the sign is positive.

Thus,

v^d^ term in Equation (3-47) minimizes our

depletion layer thickness; in other words, had we included
v^d^ , our depletion layers would have been thicker.

We point out a subtlety here; the signs of all terms in
o
(1) are negative, i.e.,
dr) = -t| , but d?(0) is

J*

T)

inherently negative, so that

B(-èï V
and thus

fWx

contribution increases r) , and the above analysis remains
valid,

r
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