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ABSTRACT 

The hindered rotation of orbitally—singlet diatomic 

molecules in ionic crystals at sites of symmetry has been 

studied using the Hindered Rotor model. The static crys¬ 

talline field due to the crystal is expanded in terms of 

spherical harmonics and symmetrized to transform like the 

totally symmetric representation of the group. The 

rotational wave functions are also expanded in terms of 

spherical harmonics up to about t = 20 and symmetrized to 

transform like any one of the ten irreducible representa¬ 

tions of the 0^ group. The eigenvalues are calculated in 

terms of the molecular moment of inertia for various 

values of the parameters characterizing the hindering 

potential. 
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I. Introduction 

Diatomic impurities with electric dipole moments in 

ionic crystals, known as paraelectric centers, give rise to 

a wide range of interesting physical phenomena and have been 

studied for more than two decades. Some of the important 

observable characteristics of these kinds of centers are 

strong depression in the low temperature thermal conductivity, 

electric field induced absorption and birefringence, infrared 

absorption, paraelectric cooling, paraelectric resonance 

etc.'*’ In the host crystal the dipoles are not free to 

orient along any direction, but are constrained by the 

strong crystal potential to lie along or near a set of equi¬ 

valent crystal orientations that correspond to minima in a 

multiwell potential. Reorientation from one orientation to 

another at low temperature generally occurs via tunneling 

and orientation rates as high as 10^®/s have been observed at 

a temperature of IK. 

Two main types of paraelectric centers (PEC) have been 

observed so far in alkali-halide crystals. The first class 

is formed by molecular ions such as 0H~, CN”, etc. which have 

2 
an intrinsic dipole moment. These ions substitutionally 

replace negative ions in the host lattice and in many cases 

the effective dipole moment observed is the intrinsic dipole 

moment modified by local field effects. The second class of 

PEC arises when small substitutional ions can occupy several 

1 
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equivalent off-center positions in host crystals, e.g. 

3 
m KC1. Here the dipole moment is produced by the off- 

center position and the rotation of the dipole corresponds 

to the translational motion of the ion from one off-center 

potential minimum to another. 

In the last decade, considerable theoretical work has 

focused on the rotation of molecular impurities or off-center 

ions in a solid lattice at low temperatures. From the early 

work two different approaches emerged, which for a range of 

the parameters are equivalent to one another. The first 

model, the hindered rotor or Devonshire model, starts with 

. . 4 
free rotation and adds a crystal potential of O^-symmetry. 

This potential has minima along a set of equivalent directions 

depending on the choice of the potential, various orientations 

of the minima suchas(lOO), (111) or (110) are possible. In 

the early work, an expansion of the potential in terms of 

the cubic harmonics (or spherical harmonics symmetrized to 

0^ symmetry) was truncated at the second term. The resulting 

V4 potential is given by 

V4 =-k[l.18164 Y4° + .70616 (Y4
4+Y4

-4] . 

where k is proportional to the height of the potential bar¬ 

riers. For this potential the minima are along <100) for k 

positive and along (111) for k negative. For large k the 

rotational levels merge into multiplets of very closely 

spaced energy levels. 
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The second model used extensively to describe para- 

electric systems was developed by several investigators about 

5 
1966. It is an extension of the well known two potential 

well tunneling problem to a multiwell potential and is 

known as the tunneling model. In this approach the 

potential wells are assumed to be very deep and the wave- 

function i|r^ which describes the dipole pointing in the 
til 

direction of the i-=— potential well, is well localized. The 

localized states in different potential wells do overlap 

slightly, and the crystal field or tunneling matrix ele¬ 

ments of the form 

Hc(ij) = (ilf-jH,! t±) i f6 j 

exist and lead to a tunneling rotation from one well to 

another. Here Hc is the crystal field Hamiltonian. 

The simplest tunneling models in cubic systems have 

the potential minima along either the six <100) directions, 

the eight (111) directions or the twelve <110) directions. 

In the absence of any electric or stress field, the 

directed dipole states, form, respèctively, 6 fold, 8 fold 

and 12 fold ground state energy level multiplets, which 

would be degenerate if the tunneling matrix elements were 

identically zero. Finite matrix elements split this de¬ 

generacy in a manner consistent with the O^-symmetry and the 

resulting splitting of the ground state multiplet are re¬ 

ferred to as zero field or tunneling splittings. It is 

implicit in this model that the effects of higher energy 
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levels can be neglected and for a range of parameters the 

tunneling multiplet is equivalent to the lowest multiplet 

obtained in the Devonshire model for relatively large value 

of barrier height or k. This result is checked in our cal¬ 

culation where we increased the strength of the potential 

parameter to see the change in the eigenstates of different 

symmetries. 



II. Tunneling Model 
5 

For 0^ symmetry there are a total of 48 symmetry elements 

distributed among ten different classes. The different classes 

and the type of elements belonging to each class is presented 

in Table H along with the characters for the ten irreducible 

representations. 

The simplest possible arrangement for the potential of 

the substitutional impurity is one with minima along <100) 

directions. Because of the symmetry of the crystal, there 

will be six equivalent minima. Somewhat more complicated 

orientations are eight minima along (111) directions and 

twelve minima along (110) directions. 

The orientations of the minima are shown below. 

<1<53> 

Figure A 

Near each potential minimum the molecular libration is 

like a harmonic oscillator. If the potential wells have the 

same form for all the six equivalent directions because no 

5 
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fields act on the molecule and if the barriers are not very 

high then the six degenerate states of the oscillator will be 

split due to tunneling across the barrier. The energy levels 

of such a system can be calculated by expanding the wave func¬ 

tion in terms of Simple Harmonic Oscillator (SHO) states. For 

ground state levels the contribution from higher levels of 

the SHO can be ignored, so that the ground state wave func¬ 

tions are normalized linear combinations of the six zero-point 

harmonic oscillator states localized along the six different 

minima. These six localized oscillator states form the basis 

for a representation for the 0^ symmetry. The six dimensional 

representation has the following character for the symmetry 

elements of 0, . 
h 

Elements: E 3C3 
6C4 

6C2 
8C3 i 3<jh 

6S4 
6<jd 

8S6 

Xs 6220004020 

This reducible character can be decomposed into irreducible 

characters by using the formula 

ai'ïïf xi*<Vxs<V 
th 

where n^ is the number of elements in the k^ class, X]_* (R^) 
1.1. 

is the irreducible character for the element, Xg 
fch 

the reducible character for the element, and n is the 

total number of symmetry elements which is 48 for 0^ symmetry. 

We get Xs “ Aj.g + Bg + T^. 

Hence out of the six localized states we can have linear com- 

ig' 
binations of SHO states which will transform like the A 
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Eg and representations. Following the same procedure we 

can $rind the multiplet structure for <111) and <110) minima 

which are Alg, A2u, Tlu# T2g and Alg, Eg, Tlu, T2g, T2u 

respectively. 

The above conclusions about the symmetry of the multi- 

* 6 
plets can also be drawn from the compatibility tables. A 

heteronuclear molecular impurity with its axis along a 

<100) direction at a lattice site has C^v symmetry. If we 

assume that only the lowest state of the harmonic oscillator 

state is important for the formation of the multiplet then 

the initial state transform like the totally symmetric (A^) 

representation under C^v symmetry. Now looking at the com¬ 

patibility table we see when the symmetry is reduced from 

to C^v we can get A^ representation either from A^g or Eg or 

representation of O^. Hence the linear combinations of 

ground state harmonic oscillator states each of which trans¬ 

form like A^ will form one singlet, one doublet and one 

triplet state in 0^ symmetry. Similarly <111) orientations 

have C2v symmetry and the compatibility table gives us Alg, 

A2u, T^U and T2g symmetry. A <110) orientation has C2v sym¬ 

metry to give A^g, Eg, 
T]_u' ^2g 

an<^ T2u 
sYinmetrY* 

For higher excited state multiplets we have to use the 

excited states of the harmonic oscillator. The first excited 

state of a two dimensional harmonic oscillator is a doublet 

and the corresponding function transform like E under 

symmetry, like E under C2v and like and B2 under C2v 

symmetry. From the compatibility table we get the symmetry 
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of the first excited state multiplet for <100) orientation as 

Tlg* Tlu, T2g and T2u, for <111) orientation as Eg, Eu, Tlg, 

Tlu' T2g and T2U and for <110) orientation as A2g, Tlg, Eg, 

Tlu' T2U and A2u' V Tlg' Tlu and T2g* The next hi9her 

multiplet can be found by using the same method except that 

the symmetry of the initial harmonic, oscillator state will 

be more complicated. The symmetry of these excited harmonic 

oscillator states can be found from the symmetric direct 

product of the representations of the lower state. The 

character of such direct product is given by %[x(R) +X(R )1 

where x(R) is the character for the R the element of the 

particular symmetry of the orientation and x(R ) is the 

character for R applied twice. This character - then can be 

reduced in terms of the irreducible characters. For example 

under C4v the symmetric direct product of (ExE)g gives us 

Al' B1 and B2* From the compatibility table we get the sym¬ 

metry of this multiplet as Alg, A2g, 2Eg, A2u, Eu, T2g, Tlu, 

T2u. Homonuclear impurities like 02~ along <100) directions 

will have inversion and its product with all other proper 

rotations to give symmetry and the corresponding ground 

state multiplet will have A. and E symmetry. Along <111) 
xg g 

the symmetry will be to give A^g and T2g symmetry for the 

ground state multiplet and along <110) orientation the sym¬ 

metry will be to give Eg ai*d T2g symmetry for the 

ground state. 
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In order to decide which transitions are possible under 

the action of a photon field, i.e. infrared absorption, one 

must determine the character for a representation using the 

electric dipole vector as a basis, since the interaction 

Hamiltonian is proportional to the dipole moment. The dipole 

. 9 . 
moment is a vector and hence the transformation matrix is 

coSfg -sin0 0 

sintf cos* 0 

0 0 1 

for a rotation of 0 about the z-axis. The z-axis can be 

oriented in any position, so that the character is only a 

function of the rotation angle 0 

X(tf) =1+2 cos0 

The inversion operator I, operating on |a gives -JJ so that 

for improper rotation 

X(*)im = - (1 + 2 cos*) . 

The corresponding character for the dipole moment operator is 

X(p) = 3 0 -1 -1 1-3 1 -1 1 0 

Now, in order to have a nonvanishing transition matrix ele¬ 

ment the product of the final state, the dipole vector and 

the initial state must transform like the totally symmetric 

representation. This is possible only if the direct product 

of the character of the final state with that of the dipole 

operator contains the initial state. By using the respective 
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characters we come to the following selection rule fox the 

dipole transition. 

A. - Tn lg lu 

T. -* E 
lg u 

E 

A2g - T2U T. 
ig 

- T. 

E -* T, T. -» T, 
g lu ig 

Tig - 
Alu T2g - T 

T2g - A2U T2g 
- T. 

2u 

lu 

2u 

lu 

2u 

T~ -♦ E 2g u 
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III. The Hindered Rotor or Devonshire Model 

This model assumes that the molecular impurities are 

rigid rotors fixed to the lattice sites by the lattice po¬ 

tential and their free rotation is hindered by the lattice 

force. The Hamiltonian 

l2 
H = B + V (n) ) (1) 

h 

n stands for 0,0 that determines the orientation of the 

—♦ 

dumbbell axes in space, L is the angular momentum operator, 

and B the rotational constant of the molecule. The poten¬ 

tial V taken in units of B is taken to have octahedral (0^) 

symmetry. Thus, the group of symmetry operation leaving 

the Hamiltonian invariant is the cubic group 0^, 

The commutator [H,R] =0 (2) 

R is any element of 0^. Using the symmetry of the impurity 

site we can get some information about the wave functions. 

For 0^ symmetry there are ten different irreducible repre¬ 

sentations so that ten different kinds of wave functions are 

possible. The degeneracy of a particular wave function is 

given by the corresponding degeneracy of the representation. 

In the absence of the crystalline field the rigid 

dumbbell wave function are the spherical harmonics so that we 

expand the true wave function of our complete Hamiltonian 

11 
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in terms of these spherical harmonics. 

Expanding the unknown wave function f in terms of these 

normalized spherical harmonics^ 

Pv m 
l|f = Z c , [Y 1 (3) 

A,D,k: X * 

where l is the running index for the complete set of spherical 

harmonics. D denotes the representation, k the row label 
D., 

Itl K 
within the representation the function belongs to, [Y, ] 

Vnt1 

is the linear combination of spherical harmonics of^same X 

1.U 

but different m's symmetrized to transform like the k*==i 

row of the representation; 

Using the above expansion and the fact that the matrix 

elements of any Hamiltonian between two states belonging to 

different representations or transforming like the different 

rows of the same representation vanish, we get the following 

secular equation 

<4> 

where 

H? . = ï [Y m]Dk HtY.,"1]1^ dfi 
XX J X X 

each factor corresponds to a definite irreducible representa¬ 

tion D of Oj^, the multiplicity of the factors being given by 

the dimensionality X^ of the representation. Thus, the 

energy eigenvalue E and the eigenfunction i]r related to a 

specific symmetry type are determined by separate secular 

equation. 
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The exact nature of the potential depends on the speci¬ 

fic system and is generally very difficult to calculate. In 

the absence of this detail, knowledge about the nature of 

V (Q) one can take an expansion in terms of spherical harmon¬ 

ics with variable potential strengths for the different or¬ 

dered terms. The potential V(Q) reflects the symmetry of the 

full Hamiltonian, so that the expansion of V in terms of spher 

ical harmonics must transform like the totally symmetric repre 

sentation of 0, 
h 

V(n) = ig 

where [Y m] ^ is the linear combination of spherical harmon- 
l 

ics of the same l but different m transforming like the 

totally symmetric representation. The constant f^ is a 

measure of the strength of the potential due to different 

terms. 

In our calculation we truncated the potential expan¬ 

sion at l — 8. And as there are only four values of i 

between 0 and 8 for which the spherical harmonics transform 

like the A^ representation so we will have only four parame¬ 

ters kQ, k^, k2 and k^ in our potential. The ratio among 

these constants determines the orientation, of the dipole. 

V = kotYo°3 19 + kllY4mi 19 + k2tY6mi lg + k3[Yami 19 

The first term is irrelevant, since being constant it does 

not alter the splitting of the energy levels. 
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The syinmetrization of spherical harmonics are shown in 

Appendix I and the analytic expression of three spherical 

harmonics are shown in Appendix II. ^ 



IV. Discussion of Results 

Devonshire first calculated the eigenvalues of the 

hindered YôVOï in a crystalline field of 0^ symmetry.^ 

He used only the 4th order term in the potential expansion 

and truncated the wave function expansion at l = 7. The 

4th order term with positive k gives <100) orientation and 

for negative values of k <111) orientation. Sauer^ ex¬ 

tended the Devonshire calculation to obtain better accuracy 

by expanding the wave function to values of,1 up to 12. 

One of the important conclusions of Sauer's calculation is 

that the hindered rotational levels form highly degenerate 

vibrational multiplets for large values of the* hrindering 

potential. Bayeler^ recalculated the eigenvalues using 

4th order and 6th order potentials combined, with two poten¬ 

tial parameters, one for the shape of the potential and the 

other for the strength of the potential. He also calculated 
cdovx 

the eigenvalues for the 8th order potential^ He truncated the 

wave function expansion at i - 12. One of the important con¬ 

clusions of his study is that the mixture of 4th order and 

6th order terms gives <110) orientations which are found in 

some experimental systems. His result for the 8th order 

potential shows a multiplet structure corresponding to an 

orientation away from the main crystallographic directions. 

12 
Smith calculated the tunneling frequencies by calculating 

the ground state energy levels in a 4th order potential field 

15 
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taking the wave function expansion up to & = 27. He calcu¬ 

lated the eigenvalues for potential parameters in the range 

of 50 to 550 at intervals of 50. He calculated the tunneling 

frequencies by making an average of all the multiplets 

above A^ level and then taking the difference of this 

average with the A. levels. Such an averaging process is 
9 

valid only for very large potential barriers. He compared 

13 
his results with that of Jain and Tewarj's tunneling model 

results. 

We have calculated the eigenvalues of the hindering 

rotator for 4th order, 6th order and 8th order potentials 

taking the wave function expansion up to l - 20. The multi¬ 

plet structures for (100) and (111) orientations*for the 4th 

order potential is shown in Fig. 1. We have plotted the 

eigenvalues for different representations relative to the 

lowest A^g eigenvalues for different strengths of the hin¬ 

dering potential, k, in the range 100 to 100. We have ex¬ 

tended the calculation for negative value of the potential 

strength to-400 to see if the lowest multiplet levels 

separate. This extension is shown in Fig. la. . The effect 

of increasing the value of l in the wave function expansion 

can be seen by comparing our results with that of Sauer 

who truncated at l = 12 for the expansion. For larger value 

of the potential parameter and in the higher éxcited states 

this effect is particularly prominent. A typical set of 

eigenvalues for A^ representation at k = -40, -50, -60, -70 

and for Tin at k = 40 to 70 is given in Table 1. Our results 
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Table I 

k 
Rep. -40 -50 -60 -70 

Aig 

Sauer 

- 8.950 -12.606 -16.55 -20.71 

23.791 21.844 19.55 17.11 

43.10 45.97 48.7 - 51.11 

80.6 82.3 83.7 83.6 

Our - 8.953 -12.610 -16.549 -20.717 

Results 23.786 21.833 19.537 17-084 

43.1059 45.981 48.735 51 Til 

80.5346 82.097 83.184 83.718 

k 
Tlu 40 50 60 70 

Sauer -14.747 -21.361 -28.31 -35.50 

7.127 4.306 .70 - 3.47 

23.55 22.65 21.7 20.5 

39.05 40.86 41.9 42.2 

Our -14.755 -21.375 -28.331 -35.537 

Result 7.118 4.279 .643 - 3.59 

23.509 22.559 21.524 20.169 

39.015 40.749 41.667 41.658 
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for the 6th order potential are shown in Fig. 2. We have 

calculated the eigenvalue for potential parameters between 

-150 and 150. In addition to the normal features of multi¬ 

plets as was observed by Beyeler we observed an apparent 

level crossing at k = -160. So we extended the calculation 

to -400 and this is plotted in Fig. 2a. As is seen from 

Fig. 2 the first excited level for negative k does not cor¬ 

respond to an excited level of (111) orientation which is 

the orientation for the ground state. It looks like there 

are two closely spaced minima with (111) and (100) orien¬ 

tations. The lowest minima correspond to (111) orienta¬ 

tions. The ground state for (100) orientations is above 

the ground state for (ill) orientations. However there is 

a crossing point near k = -150 where the first excited 

state of (111) minima crosses the ground state of the (100) 

orientations and for potential strengths below k = -150 

this excited state has lower energy than the corresponding 

ground state of (100). 

Our results for the 8th order potential are plotted in 

Fig. 8.3a. We calculated the eigenvalues for the potential 

strength k = -100 to 200. Beyeler from his study of 8th or¬ 

der potential concluded that 8th order potential for positive 

k gives extrema off the main crystallographic axes. From our 

results we see for positive values of k,. 24 levels are, crowd¬ 

ing together-to form a.multiplet and for.negative values of 

k there are two different orientations (100) as a deep 

minima and (110) a subsidiary minimum. 
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Our entire calculation is based on the fact that 

during rotation the lattice remains static and the dipole 

behaves like a rigid rotor with no internal structure. 

Though these two assumptions made the problem quite simple, 

they by no means correspond exactly with any real system. 

Lattices respond in some way to the rotation of the mole¬ 

cule and this coupling of the dipole motion with the 

lattice motion changes the corresponding eigenstates. One 

proposal for incorporating this coupling into,the frame¬ 

work of the Devonshire model is by replacing the moment of 

inertia of the rotor by an effective moment of inertia and 

by taking an effective hindering potential in the. 

14 
Hamiltonian. - - - 

The internal structure of the molecule, e.g. the 

electronic motion and vibrational motion of the molecule 

15 
will also change the eigenstate of the rotation. Beyeler 

made a study on the effect of internal vibration, on the 

hindering rotation and concluded that the general nature 

of the spectra changes from that of a localized vibrator 

(pure vibrational absorption line plus libratipnal side¬ 

bands) to that of a pure rotator with increasing tempera¬ 

ture of the lattice i.e. with increasing average energy 

of the dipole. In the next part of our research we may 

investigate the effect of electronic motion on the hindered 

rotational motion. 



V. Appendix I 

16 
Symmetrization of Spherical Harmonics 

a 
The method we used is fefee straightforward application 

of group theory. If R is a symmetry element of the group and 
T- 4-V» 1.U J.1. 

is the i— element of the j— row of the k-=— representa¬ 

tion of R then 

2 
R 

R Y 
m 

X 

will transform like a basis function of the k— represen 

tation. Now if R is a pure rotation then 

R Y m 2 Dl (R) , Y m’ 
m 1 ^ X 

m 
where Y are the normalized spherical harmonics 

Y m = 

X 

\li±l (X- (ml) Tip m{cose)ejm* 
[__4rr (X+imi)!jPX lcos^e 

If the symmetry operation R is expressed in terms of Euler 

angles a, p, y corresponding to a space fixed axis then 

- -Dro'Y-jraa „ / nk (X+m) 1 (X-m) ! (X+m1) I (X-m‘) : _ e £ K~x> (X-m'-k) (X+m-k) !ki (k-m+m') i 

X (cos p/2f i+m'm ' -21c (s in s/2fk+m'-1" , 

20 
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_ _ r^Zr-r, / ^ i ima im'V 
For p = 0 D‘[R(a,0,1f)]Bll = e e 

r
6jm, 

« nir-o/ M / ,xJl ima -im'V P = TT D*[R(a,TT,Y)]inm. = (-1) e e *6n,n_v 'm * m-m 

For improper rotation the corresponding matrix element has 

a 
to be multiplied by (-1) . 

The 0^ group has a total of 48 elements out of which 

24 are proper and 24 are improper rotations. The 48 ele- 

3 6 6 
ments are divided into 10 classes, i.e. E, C2* C4, 

C2' 

8°3' l' 3(7h{Ix3c2)' 6°diu6c2)' 8S6dx8C3), 
6S4(rx

6C4). 

There will be ten irreducible representations designated 

Ig lu 2g' 2u' g' u lg lu 2g' 2u 

The character table for the ten irreducible repre¬ 

sentations are as given below in Table II. Using the 

representation matrix for the different operation as given 

16 
in Altman and Cracknell we formed projection operators 

for each row of each representation and applied them to 

spherical harmonics. After the operation they are nor¬ 

malized to get normalized linear combinations transform¬ 

ing like one of the rows of a particular representation. 
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Table II 

Symmetry 

Elements 
E 3C2 

6c4 6C2 8C3 \ 30h 6S
M 

6ad 8S
I 

Alg 
1 1 1 1 1 1 1 1 1 1 

Alu 
1 1 1 1 1 -1 -1 -1 -1 -1 

A2g 1 1 -1 -1 1 1 1 -1 -1 1 

A
2U 

1 1 -1 -1 1 -1 -1 1 1 -1 

Eg 
2 2 0 0 -1 2 2 0 0 -1 

Eu 
2 2 0 0 -1 -2 -2 0 0 1 

Tig 
3 -1 1 -1 0 3 -1 1 -1 0 

Tlu 
3 -1 1 -1 0 -3 1 -1 1 0 

T2g 
3 -1 -1 1 0 3 -1 -1 1 0 

T
2U 

3 -1 -1 1 0 -3 1 1 -1 0 

The 24 proper rotations can be expressed in terms of space 

fixed axes x, y, z and each of these rotations can be 

described in terms of Euler angles. The different operations 

'2x' 2y' w2x' 31' '31' 

„+ 

are E, C^wi , C-J-J , ^32' ^32' ^ ->-■»» C i+ 
'33 ‘ 

+ 
33' ^34' 

C34' C4x' C4x' C4y' C4y' C4z' C4z' C2xy' C 

C -' C2yz' C - 

2xy 
'2xz' 

2xz 2yz 

They are defined with reference to Fig. 2. The different sets 
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Table III 

a (3 Y 

E 0 0 0 

C2x TT n 0 

C2y 0 n 0 

C2z TT 0 0 

«Si Tî/2 n/2 0 

C31 TT n/2 n/2 

C32 3 n/2, n/2 n 

C32 0 n/2 3 n/2 

C33 n/2 n/2 n/2 

C33 0 n/2 n/2 

C34 3n/2 n/2 0 

C34 n n/2 3 n/2 

n/2 n/2 3n/2 

C4x 3 n/2 n/2 n/2 

0 n/2 n/2 

C4y n n/2 n 

C4z n/2 0 0 

C4z 3 n/2 0 * 0 

C2xy n/2 n 0 

C 3 n/2 n 0 
2xy 

C2xz n n/2 0 

C 0 n/2 n 
2xz 

C2yz n/2 n/2 n/2 

C 3n/2 TT/2 3V2 
2Yz 
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Partition Table: It is a well known property of the spheri¬ 

cal harmonics that if we shift the polar axis we can express 

the resulting Y.m($,*0') in terms of a linear combination of 
A 

Itl 1 
all the Y. of same A, that is, we can write 

J6 

P Y m = S rX(R) , Y m' 
R l m. m',m A 

This means that (2^+1) functions Y.m form a basis for a 
Jw 

representation of the full rotation group. 

Now if we rotate the function by a 

about the x-axis, the effect upon the spherical harmonic is 

simple, namely 

P_ Y m(Ô»jtf) - Y 111 (Ô,0-a) = 
-ima 

Y ^(0,*) 
a 'Je i 

Thus the representation of such a rotation is'the diagonal 

matrix 

r*(a) = 

/e"Ua 0 

-i (X-l)a •\ 
0 

0 +i(X—2)a 

V 

o 

o 

iAa 

so that the character is / 
XA(a) = Tr r

A(a) = e"lXa + ... + eUcL 

_ sin(A+h)a 
sin a/2 

Now all rotation by the same angle a belong to the same class 

regardless of the axis of rotation. Hence they all must 

have the same characters».... .. - . • 

Using the above formula we can calculate the character 

for any arbitrary value of A for the symmetry elements of 
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the group. The characters for different A's are shown 

in Table IV. 
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Table IV 

Symmetry 
Elements 

l E 8C U3 
6C 

z % 1 % 3 
ah 

6 
*d % 

0 1 1 1 1 1 1 1 1 1 1 

1 3 0 -1 -1 1 -3 0 1 - 1 -1 

2 5 -1 1 1 -1 -5 1 -1 . -1 1 

3 7 1 -1 -1 -1 -7 -1 1 1 1 

4 9 0 1 1 1 -9 0 -1 -1 -1 

5 11 -1 -1 -1 1 -11 1 1 1 1 

6 13 1 1 1 -1 -13 -1 -1 -1 1 

7 15 0 -1 -1 -1 -15 0 1 1 1 

These characters being reducible we can decompose them in 

terms of irreducible characters by using the formula 

= -^- 2 hG X
1(G) x*(G) 

where h^, is the number of elements in the class G. X1 (G) is 

§ 

the character for the irreducible representation and X (G) 

that of the reducible one corresponding to &. h is the order 

of the group. We get the following partition table. 

* Aig 
A, 
lu A2g A

2U 
E 
g 

E 
U 

T. 
ig 

T. 
lu T2g 

0 1 
l 1 
2 l 1 
3 1 L 
4 1 l l 1 
5 1 1 
6 1 1 l l 2 
7 1 1 
8 1 2 2 2 
9 1 1 1 3 
10 1 1 2 2 3 

2 



Appendix II 

The integrals of three spherical harmonics are calcu¬ 

lated using the Clebsch-Gordon coefficients as given in Rose 
17 

m. m_ m_ 
Yl V V dn *1 Z2 "3 

UX3+I) (2*2+l) 

4TT (2*x+l) ^3^2
001 ^3^2^10^ ^3^2m3m2 I ^3^2^1ml^ 

where 

®m^,m2+m3 

^ v+*2+m2 (*2+*1+m3-v) ! (jt3-m3+v) 1 
+ L f"ft (*1-*3+*2-

v) • ^l+ml“v) 1 (v+Jt3“^2"IIll) : 

(2*1+1) (*1+*3-*2) ! (*1-*3+*2) : (*3+*2-*1) : Uj+n^) : (^-n^) 1 1 

(*j_+*2+*3+l) • (*3“’^13) • (*3+1^3) • (*2’“®2) * (*2"^"m2) * 

The sum over v is only for those values for which the argu¬ 

ments of the factorial remains non-negative. Using the above 

expression we get an analytic expression for the integral of 

three spherical harmonics 

<*lmlI*2
m
2I^3

m3^ 

(2*3+l) (2*2+1) h 

4TT (2X^+1) ) 

x 
p (2X^+1) 
L (3"^) * ^3 * ^3 * ^2 * ^2 * 

27 



28 
r , v+1 (^2+il"v) ! U3+v) 1 

x L _1) 2 (je1-jt3+i2"
v) ! (Ai"v) : (V+

J^3"^2
) 1 

vi 

x 6 
ml' m2+m3 

x 

x 

(2^+1) U1+i3-jt2) ! (l1-A3+^2^ 
1 (jt3-+^2_jei^ 1 (*i+mi) i (X1-ni1) ! ^ 

L<*1
+*2+*3+1> * ^3“m3^ * • (X2~m2^ * (J62”^"^2^'* J 

l 
v. 

(-1) 
v+l2+ia2 (jî2

+jti+m
3“

v) ' (X3“m
3
+v) ’ 

(jtl-jt3+X2-
v) 1 (/1

+m
1“
v) ! (v+X3-jJ2“

mi) 1 
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