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Abstract 

A Study of Local Exchange in Continuum Processes 

by 

Jim O'Connell 

The role of one electron orbitals in Many Body Theory and the 

Generalized Sudden Approximation is reviewed. Various approximations 

to the exact Hartree Fock static exchange potentials are discussed 

and a new, screened exchange potential is derived. Phase shifts for 

the elastic scattering of electrons from Helium, Neon and Argon and 

Photoionization cross sections for Lithium, Carbon, Oxygen, Neon and 

Argon were calculated and compared with the exact static exchange 

results. The screened exchange potential is the best approximation 

for Photoionization and the Hara exchange potential is the best for 

Scattering. 

Ground state eigenvalues, ionization energies and oscillator 
★ 

strengths have been calculated for the 2t£ - 1 a-j transition in Methane. 

The calculations were carried out using the Xalpha Multiple Scattering 

Method. The ground state eigenvalues were correctly predicted and the 

oscillator strengths lie within experimental limits. 
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Introduction 

This thesis reports the results of two sets of calculations which 

have been performed during the last year. The first set is a study 

of the role of local exchange potentials in atomic photoionization 

and is essentially complete while the second is an initial calculation 

of the absorption spectrum of Methane below the Carbon K edge. Both 

of these were carried out as a prelude to a calculation of K shell 

photoionization cross sections in molecules. 

The interpretation of the structure observed near the K edge in 

X-Ray absorption experiments is a very interesting problem because of 

the wealth of information which is embedded in it. The near edge 

structure is a reflection of the molecular geometry since a slowly 
moving electron leaving the molecule is scattered and backscattered 

by the nuclei.^ The near edge structure also contains the dynamics of 

the interaction of the outgoing electron with the remaining electrons 

as well as the relaxation effects due to the presence of the core 
2 ' hole. X-Ray absorption experiments have been performed on a family of 

3 4 Chloro-flouromethanes as well as a number of biological molecules. 
Much attention has also been focused on the X-Ray absorption spectra 

of sol ids.^ 

Exchange effects can play an important role in these photoabsorption 

processes and since the exact inclusion of exchange is not practical 

for the systems of interest to us the question arose as to which 

local exchange potential would be best suited for the molecular cal¬ 

culations. The answer to this question was sought by examining the 

behavior and trends of a number of exchange potentials in a variety of 

atoms in the hope that they would be similiar in the molecular case. 

While these atomic calculations were being carried out, the molecular g 
calculations were begun. We obtained a computer code MSXALPHA from 
the Belfast Program Library which calculated X-alpha eigenvalues for 

the ground and transition states^ of a molecule. This program was 
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modified to calculate oscillator strengths in bound-bound transitions 

from the K shell and to vary the occupation number of the inner shells 

to study relaxation effects( sec. 4.3,4.4). Methane was chosen as the 
first system to study because of its small size and the availability 

of experimental data of the absorption spectra both above and below 
8 8 the Carbon K edge. In addition Hartree Fock calculations of the 

* 
oscillator strength of the principal below edge peak 2t2 - la-| are 

available as well as previous X-alpha^ ionization energies, so that 
the present results can be compared to other calculations. 

The development of the ideas leading to this project began almost 

two years ago when Dr. Huang pointed out the interesting structure 
being observed close to the K edge in synchnotron X-Ray absorption 

experiments such as his EXAFS experiments. The traditional^ theory 
of Extended X-Ray Absorption Fine Structure uses a one electron Muffin 
Tin approach to determine molecular or solid state geometries from the 

structure in the absorption curve high above the K edge and is not 
valid very close to the edge where many body correlations and relaxa¬ 

tion effects are expected to be important^. These effects complicate 

the computational problem enormously and we sought a starting point 

which would enable these processes to be incorporated in some sort of 

systematic way. The Multiple Scattering X-alpha method seems to be a 

good candidate for several reasons. First, although it is a single 
electron model using local exchange, the potential is fully self 

consistent and has the appropriate molecular symmetry in contrast to 

the overlapping atomic potentials often used in EXAFS calculations. 
Another attractive feature of this model is that the molecule is par¬ 

titioned in space into spherical regions centered on each atom. Thus 

it should be possible to improve the treatment of one atom to examine 

the effects of correlation at that site.^ A number of photoioniza- 
12 tion and electron scattering calculations have already been performed 

13 with this model using both the X-alpha and the Hara exchange poten¬ 

tial. These calculations found that exchange was an important effect 

but the question as to which local exchange potential works best is 



5 

complicated by fortuitous cancellations arising from the various 

approximations inherent to the Multiple Scattering Method (MSM). 

Hence we felt a study of how these exchange potentials behaved in atoms 

would help to sort out what was occuring in the molecule. 

The thesis is organized in two parts. The first two chapters deal 

with the atomic calculations and the last two with the molecular cal¬ 

culations. Chapter one discusses the single electron theory of 

photoionization and how it fits into various schemes used to include 
14 15 correlation and relaxation such as Many Body Perturbation Theory ’ 

I c i y 
and the Generalized Sudden Approximation ’ . Chapter two discusses 

the local exchange potentials which have been used previously and those 

developed during the course of this study. The results of the scatter¬ 

ing and photoionization calculations are given at the end of the 

chapter. Multiple Scattering theory is presented in chapter three and 

chapter four presents and discusses the Methane results. 
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ATOMIC CALCULATIONS 

1.1 Introduction 

Throughout this chapter we will adopt the point of view that 

photoionization is a two step process^ namely the absorption by the 

atomic electron of the incident radiation and the subsequent escape of 

the photoelectron from the atom. Although these two processes are not 

physically distinct, by considering the escape of the photoelectron in 

terms of "electron optics"^ that is by thinking of the self consistent 
18 

potential as a "lens" which can focus and reflect the outgoing elec¬ 

tron, it is possible to systematically examine the way in which diff¬ 

erent model potentials affect the phase and normalization of the con¬ 

tinuum wavefunction. In this manner one can determine for a given 

model potential features which are strictly atomic and/or model dep¬ 

endent in origin and hence in a molecular calculation deduce effects 
19 

due to the molecular geometry and dynamics. This should be es¬ 

pecially true for molecular calculations based on the MSM because of 

the partitioning of the molecule into atomic spheres inherent to this 

model. (Chapter 3) 

Depending upon the incident photon energy the photoelectron can 

either escape from the atom very quickly, in which case the remaining 

electrons will not have time to readjust to the presence of the pos¬ 

itive hole left behind during the short time the outgoing electron is 

still in the vicinity of the atom or it can leave very slowly, allow¬ 

ing ample time for the remaining bound orbitals to relax around the 

hole and to interact with the outgoing electron. The first case, that 

of high incident photon energy, is dealt with using the Sudden Approx¬ 

imation^. Here the N-l electron orbitals (N=# of electrons in the 

atom) are "frozen" in the sense that the continuum wave function of 

the outgoing electron is calculated using an unrelaxed potential form¬ 

ed from the N-l ground state orbitals. The ionization energy in the 

Sudden Approximation is then just equal to the ground state eigenvalue 
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of the level being ionized (Koopmans Theorem).^ 

The second case, that of a low energy outgoing electron, is general¬ 

ly more difficult to handle. As a first approximation the Adiabatic 
20 Theorem is used to treat this near threshold region in which the 

photoelectron has only a small amount of kinetic energy. The atom is 

assumed to have enough time to relax around the hole and the ioniza¬ 

tion energy is calculated as the difference in the total energy of the 

ground state and the total energy of the fully relaxed ion. Although 

ionization energies obtained in this way are generally in much better 

agreement with experiment than those given by Koopmans Theorem it is 

not clear that the same relationship holds true in the calculation of 

one electron photoionization cross sections. If we consider K shell 

ionization for example, a photoelectron with a kinetic energy of leV 
will travel a distance of la. in a time of 10”^seconds. Since the 

0 21 
lifetime of the K shell hold is in the range 10-10 seconds 
the remaining electrons will have time to relax or collapse closer to 

the nucleus while the outgoing electron is still in the vicinity of 

the atom. In addition to the various relaxation mechanisms however, 

inter and intrashell correlations between the photoelectron and the 
14 relaxing orbitals may occur. As a result of this complicated dyn¬ 

amic interaction it is very often necessary to use Many Body Pertur¬ 

bation Theory (MBPT) or some equivalent method to gain even a qual¬ 

itative understanding of the near threshold spectra observed in ab- 
2 

sorption experiments. Thus continuum wavefunctions calculated in the 

field of the relaxed residual ion (Adiabatic Theorem) may be no better 

than those found in the frozen core approximation. An example in which 

the two potentials give approximately the same result is illustrated 

in chapter two. The important thing here is that in order to study 

the interesting dynamics of these systems manyelectron correlation 

and relaxation mechanisms must somehow be taken into account. 

The single particle orbitals now assume the role of a foundation 
to which higher order effects can be systematically added as in the 
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14 15 22 MBPT of Kelly ’ ’ or they can be employed in a multiple basis set 

scheme in conjunction with configuration interaction to account for 
relaxation and correlation as in Aberg’s Generalized Sudden Approx- 

•j r i “t 

imation * ’ . The next two sections of this chapter deal with 

the role of the single particle basis in MBPT and the Generalized 
Sudden Approximation (GSA). These are not meant to provide a 

detailed review of either theory, but rather to point out some of 

the procedures and problems encountered when one attempts to find an 

optimum single particle basis. 
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1.2 Role of One Electron Orbitals in MBPT 
24 MBPT is based upon the Adiabatic Theorem in that the system is 

assumed to smoothly and continuously adjust to a perturbation which is 

switched on gradually and then switched off again as t-> oo 

As we shall soon see however, the actual computations often make use of 

the Frozen Core approximation. The form of the theory presented here 
24 was developed by Goldstone and Brueckner and applied by them to 

nuclear matter. Kelly first used the method to calculate atomic cor- 
14 relation energies and then later applied it to a variety of pro- 

15,22 . ,, ...... 25,26,27. Poe and co-workers cesses especially photoiomzation ’ 
have applied and extended the theory to photoionization^0 and electron 

29 30 atom scattering . Fano and Chang have developed a similiar MBPT 
31 for general atomic spectra problems and Amusia et.al. have used the 

random phase approximation to include manybody correlation effects in 

their calculation of the photoionization cross sections of the noble 
33 34 

gas atoms. Kelly et.al. * ’ have applied the MBPT to simple mol¬ 

ecules and Wilson and Silver have used it within the algebraic approx- 
35 imation for the calculation of correlation energies. The following 

presentation of the MBPT closely follows that of reference 14. 

We write the exact non-relativistic Hamiltonian of the Atomic system 

as: 

trons. Since this Hamiltonian cannot be easily handled one partitions 

it using a solvable model potential. 

i<j 

where N is the number of electrons and r. .= \ r.-r\. |' is the magnitude 
‘ J * J 4*U 4-U 

of the difference of the position vectors for the i and j elec¬ 
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H = H + H' e o 
where 

and 

N 

. - £ ( -1/2*? - Z/r, ) + Vf 

■ ■ U4 > - £ vi 
Kl »*' 

The basic idea is to use HQ to obtain a complete set of bound and 
continuum orbitals and to then calculate the effects of successive 

perturbations of H'. For photoionization there is an additional per¬ 
turbing term in the Hamiltonian representing the interaction of the 

18 atom with the radiation field and it has the form; 

H„-£jnv7 V?e1(-kw-r 'wt) 
» is* I 

.-iwt n -iwt = D e 

so that 
■ 

» » t 

!• =!-•-] -&(»,- d e"1wt ) 
; U i i 

The unperturbed ground state is given by 
Ho ?. * 

where 

& - £l CJ<!>>—• itfoO) 
is in general a linear combination of Slater determinants. The one 
electron orbitals are solutions of the model Hamiltonian 

_ JL V 
A (a.u.) 

The N solutions of lowest energy comprise the ground state , 

however if the model potential is chosen to be Hermitian, this eq¬ 
uation will yield a complete set of states, discrete and continuum, 

which can then be used in the perturbation expansion, The final state 

is given by the solutions, of: 



Transforming to the interaction representation via the ansatz: 

we obtain 

; 2L$ M = Hx(t) $>x(t) 
Ô X 

where 

3- > \ . v ^ + 

H e <=- : ’i_>° 
— *1 I t \ The extra term e ; * is present in order to adiabatically switch the 

perturbation on in the distant past and off in the distant future. 

Embedding the time development of the system as it evolves from f. f«.) 

to under the influence of the perturbation H'(t) within the 

unitary operator U(t,tQ) viz: 

= u.(tA.)§ru) 
and substituting in 1. we obtain 

3* 
or 

uu.t.y + d- 

The last term on the right is present in order to satisfy the boundary 

condition U(tQ,t0)=l. The perturbation series now comes about as 

successive approximations to U(t,tQ): 



U ( * l - i J* <*4, + i-ïf \ j **x 
* *o ^o 

12 

4...t (.-.r W
=H.)-- XXU^ 

+« +« 
The Hamiltonian 

1 -« 2 , 

^ f^s c ^ 

- ; u>t \ - • 
+ t) e Je- e 

contains both the interaction of the atom with the electromagnetic 

field and the terms representing the manyparticle correlations. To 

make this more explicit we will write as + MCOM* 

In all the examples we will be considering the intensity of the 

light being absorbed is, assumed to be small enough so that multi photon 
absorption will be negligible. Thus will act only once in any 

particular perturbation term. For the rest of this thesis we will be 

exclusively dealing with the single particle approximation. Reference 
2 contains an excellent review of the MBPT approach to correlation in 

atoms and molecules and the reader is referred to it for further dis¬ 

cussion of the technical details of the inclusion of the higher order 

effects. The term corresponding to a single electron transition is 
. ft., ;>u,. | 

'1*,a «• «■ 
■f o 1 g 

The S matrix for the transition is given by 

S * <-n 

= a-tri <Ç|>li> 
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and from Fermi's Golden Rule the photoionization cross section is 

is the density of final states 

= sum over final states 
18 = average over initial states is defined as 

^ ^n 
is the incident flux 

The convergence of the perturbation series depends in a critical 

way on the single particle orbitals. The number of terms which, when 

evaluated using the bound and continuum orbitals generated numerically 

from the single particle Hamiltonian, make a. significant contribution 

to the quantity being calculated can become quite large if one chooses 

an unrealistic model Hamiltonian. The entire question of the conver- 

gence of the series is in general quite complicated . A number of 
28 workers however have been able to calculate certain subsets of per¬ 

turbation terms to infinite order and have found that in a numerical 

sense the series does indeed converge. The general matter of conver¬ 

gence per se will not be dealt with here, instead we wish to emphasize 
the importance of choosing a set of orbitals which are appropriate 

within the context of the physical process under consideration. To 

calculate the photoionization cross section it is necessary to evaluate 

where 

c r 

and 
< >, 

\y z 

i* |C * 

« I 

I $ * * 

I 

\ : 

4>> - •- 
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This is greatly simplified if the frozen core approximation is employ¬ 

ed. Then since all the bound state orbitals in the final state are 

identical with those of the initial state, the above expression reduces 
20 to the one electron matrix element: 

where is the wavefunction of the photoelectron and 

à (x'i is the wavefunction of the ionized orbital. 

Here it is implicity assumed that the continuum and bound states are 

calculated using the same Hermitian Hamiltonian so that the necessary 

orthogonality relations will be satisfied. 

<( ^\k'> * £ 
20 A natural choice for V(r) is the Hartree Fock Hamiltonian since the 

Exclusion Principle is already built into it. Another advantage of this 

choice of Hamiltonian is that the perturbation terms first order in 

Ù A;. * « V*,? 
15 1 

sum to zero. However a problem arises in the treatment of the excit- 
14 ed states. The Hartree Fock equations are: 

^4^ = 
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These equations are derived from a variational principle and the sum 

from 1 to N refers to the N solutions of lowest energy. For these N 

lowest energy orbitals this is a set of N coupled intergrodifferential 

equations usually solved by a self consistency procedure. Note that 
the nLn term in the sum over the direct coulomb integrals is exactly 

t h canceled by the corresponding exchange integral so that the ntn 

bound orbital is calculated in the self consistent field of the N-l 

other orbitals. Once the N lowest energy solutions are found the 

potential is fixed and the remaining "excited" or "virtual" orbitals 

are calculated in the field of these N electrons. The problem is that 

these virtual orbitals are more nearly characteristic of a scattering 

problem in which asymptotically the electron sees a neutral atom 

rather than a photoionization problem in which the photoelectron leaves 

behind a core of N-l other electrons and hence sees a 1/r Coulomb pot- 
14 ential in the asymptotic region. An early calculation by Kelly showed 

that these Hartree Fock virtual orbitals did not yield a quickly con¬ 

verging perturbation series. To improve upon this situation Kelly cal¬ 

culated the excited states of Beryllium in the field of the neutral 

Be atoms minus a 2s orbital. In this case the orthogonality relations 

are no longer stricly true, however the deviations were found to be ex- 
37 ceedingly small. Still later Huzinaga devised a method to calculate 

the excited states in the field of N-l electrons while still retaining 

the orthogonality relations. They defined a projection operator: 

P-. A-J.liX'1 
1 ;*• 

and an additional term in the Hamiltonian 

x. = rrvr 
where SL is arbitrary. 
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Then we see that if is one of the N lowest energy "occupied" 

levels, it is not affected by this additional term: 

By choosing to cancel the unwanted terms in H^j- one can then 

calculate the desired excited states. The orthogonality is retained 

since both bound and excited states are calculated using the same 

Hermitian Hamiltonian. These excited state potentials are commonly 

denoted by V^, and are very often used to calculate single 
particle excited orbitals in atomic and molecular calculations. In 

summary, the frozen core VN_-j type potential is a physically 

reasonable model Hamiltonian with which to examine single particle 

properties, and is convenient because it yields a complete set of 

single particle orbitals for use in a MBPT expansion. 

1.3 Generalized Sudden Approximation 
When an electron is photoionized by a high energy photon it 

leaves the atom very quickly. The sudden appearance of the positive 

hole in the electron distribution resulting from the absence of this 

photoelectron's negative charge can cause excitations and further 
ionization of the remaining orbitals. The many electron correla¬ 

tion and relaxation effects resulting from this almost discontinuous 

change in nuclear screening are known as shake-up and shake-off^. 

At first glance it appears as though the one electron frozen core 

model must be modified if these effects are to be accounted for, 

however as we shall soon see this is not always the case. Aberg^ 
has developed the Generalized Sudden Approximation (GSA) which pro- 
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vides a very nice method for calculating the various shake 

probabilities using one electron orbitals. The method is particu¬ 

larly well suited for calculating shake probabilities in K shell 

photoionization away from the absorption edge. ^ These shake 
38 processes have also been analyzed in He and a number of 

IQ 40 41 
other systems. ’ ’ 

A brief review of the GSA following that of Aberg and a discussion 

of the role played by single particle orbitals will now be presented. 

Let *4^ ,£a* represent the ground state of our system. 

We will designate the electron to be photoionized as the Ntn elec¬ 

tron and label it by the generalized spin and position coordinate 

xM. Since we are working in the high energy or sudden approximation 

we assume that after this IN electron has been photoionized it's 

interaction with the remaining electrons can be neglected. Then the 

wavefunction for the system is given by the solution of: 
* 

3* x } 

The formal solution can be written as: 

where 
£ * V V, 

and 

J_ L. 

We choose the continuum wave function of the IN n 

delta function normalization: 

electron to have 

$ U*( : s d'i') 
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and assume the closure property for the complete set of eigenstates 

of HN_1: 

% \ « % 

or 

c L + ■it 4-. fj*'- 1 - ± 

Now by assuming that the wavefunction is a continuous function of 

time despite the sudden transition from N to N-l interacting 

particles at t=0 the probability amplitude becomes: 

Hence the probability of the N-l electrons being found in any 
N-l particular eigenstate of H is: 

= $ a** I<+.>*->f 
where we have used 

The probability of a given shake-up or shake-off process can be 

evaluated from this expression provided a suitable set of single 

particle orbitals is available for the ground state and the 
O O 

shake state \^y • Following the work of Fadley we make the 

connection with the photoionization process in the following way. 

Writing the initial and final state wave functions as 

* A *1-'^ 
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the photoionization cross section is then given by 

6,; = ^>rpf 
The cross section represents the process in which the electron la¬ 

beled by xw is photoionized and the remaining electrons are left N N-l 
in state ) which is some eigenstate of H . There are a 

great number of possible configurations for the final state \ 

If no shakeup or shakeoff excitations occur, then 

Jt t i 
$ 

where the one electron orbitals are solutions of the N-l 

particle Hamiltonian which explicitly includes the hole state. 

Thus the i 4£îmS are not the same as the one electron 

orbitals of the ground state !>?.> . In particular, the 

should shrink or relax due to the decrease in nuclear screening. 
N-l Besides the N-l solutions of lowest energy, H yields orbitals 

corresponding to one or more electrons in the residual ion occupy¬ 

ing excited or continuum states. Let 

denote these various possibilities, where the label (1) corresponds 

to 1 electron shake-up or shake-off, etc. The total collection 
N-l of these final states forms the complete set of eigenstates of H 

Although the frozen core or unrelaxed final state 
N-l encountered in the MBPT method is not an eigenstate of H , an 

interesting result occurs if we expand it in terms of 

i .e. 

+• i. |+ ",+ 

^*0 

L = sum over all discrete and continuum excitations involv where 
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ing j electrons. The normalization condition 
* i. 

then implies ^ 

From this we see that the frozen core cross section 

6 ^ <£!<$“ >!<l; W>|aPfX,/j ;„c 

- 6%^+ ù ôwtw\ + £- 6*-O + • • • ♦ 

where 6%) represents the cross section involving the ex¬ 

citation of "p" electrons in the residual ion. 

In other words, the cross section calculated using frozen core 

unrelaxed one electron orbitals actually represents the sum of all 
1 c 

shake-up and shake-off cross sections. ’ It is important to 

note that this result is stricly valid only in the region well above 

threshold. This is because we have completely neglected the char¬ 

acteristic inter and intrashell correlations of a slow moving out¬ 

going electron with the residual ion. 

Just as in the MBPT method one electron orbitals play a central 

role in the calculation of shake probabilities. If one wishes to 

compare to an experiment which distinguishes the energy of the final 

state, then it is more appropriate to calculate the individual shake 

cross sections^ 

, 6 “Vwl • 
This entails obtaining a set of ground state orbitals and then a set 

of final state orbitals calculated in the field of the neutral atom 

minus the electron which was photoionized. This set will include 

the discrete or shake-up orbitals as well as the continuum, shake- 

off orbitals. None of the initial and final state orbitals are the 

same hence a large number of integrals have to be done to evaluate: 
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since these are determinantal functions. An approximation sometimes 

used is to just include the diagonal overlap elements or even just 

the overlap of the active orbitals^. In an experiment in which a 

total absorption curve is measured individual shake processes are not 

distinguished and it is more appropriate to use the frozen core model. 

The calculation is then the same as previously described in the MBPT 

method. In conclusion we see that the results obtained using the 

frozen core approximation should be interpreted differently depending 

upon the portion of the spectrum under consideration. On the high 

energy side the results should be quite good since all shake processes 

are included, however in the near threshold region the importance of 

short range correlation effects will determine how well the calculated 

cross section agrees with experimen-t. 

1.4 Formulas for the Cross Section 

In the two preceeding sections we have seen that single 

particle cross sections play a central role in the treatment of 

photoionization. In this section the reduction of these single particle 

cross sections will be outlined. A more complete derivation is included 

in Appendix 1. 

Consider the Hamiltonian for the interaction of an electron with the 

radiation field, 
H 

* -Æf t <2 
I ( • b ~ ‘^4:') 

A 

where p is the electron's momentum operator and t is the direction 

of polarization of the electromagnetic wave. We define a coordinate 

system by choosinq the z axis along the electron's direction of 
A 

propaqation and measure the azimuthal angle with respect to £ 



The S Matrix is 
g X \ \ 

* a^; S(E.-£>-^ <n A«';> 

Making the dipole approximation the transition probability per unit time 

is just: . , i A . . _ \ a 
1£)\ (,■** oSu,-*-^ 

The cross section is obtained by averaging over the initial state, sum¬ 

ming over final states and dividing by the incident flux. 

die . 

The wave function for the initial state is taken to be: 

X $; 
while the final state is expanded in a partial wave series: 

^(a!!<*■•') e Xs.f 
* Q so 

The radial functions R , and R. . are solutions of ni k 1 

/-J- aÀ_**çL * a(a*y> + vtM - A Ka = O 
^ dl A dA JA4 / 

««a a ^ 
re i0*

K rK ** for bound states and since Vt*v* 

? ^ -««■) 
-&A V * '£l ^ 
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With these normalization conventions the sum over final states 

becomes : 

Ç 
( a 'rf') ^ ^ "L * C ^ ^sj 

and the differential cross section is . 

Ü. Ji I ~ £ 1 1 * 5 

-- 1<S,£<U> £ Kl: *>\ 
faTt^C l A8; + ' **/*-£»* * 

After integrating over the solid angle <JIV and carrying out the 

average over the initial states the total cross section reduces to: 

<5■ *- ] ('• 

where 

o 
and Nn-j is the number of electrons occupying the (nl) shell.' This 

formula is valid for closed shell atoms or atoms with only one 
electron in addition to a closed shell. For a general open shell 

atom one must consider the various angular and spin couplings of the 

outgoing electron with the residual core and in this case the cross 

section is: 

21^ T c’*? + C.a 

3 c L 
.42 The coefficients C+ and C_ have been tabulated by Bates u. In these 

units is given in Bohr radii squared and c=l/ot = 137. 

* -rs for E in Hartrees and = I + E where I is the ionization 
energy of the electron being photoionized. The cross section can be 

expressed in Megabarns by multiplying by (5.291) . 

The accurate evaluation of these cross sections depends upon 

finding good radial functions for the initial and final states. 
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Although it is sometimes important to include initial state correlation 
43 effects at some point in a photoionization calculation it is 

usually sufficient to use Hartree Fock functions for the bound states 

of the single particle basis we are considering. These Hartree Fock 
44 functions have been tabulated in an analytic form by Clementi and 

thus are very convenient to use. Obtaining the continuum functions 
within the Hartree Fock approximation is straightforward except for the 

exchange term. In the next few sections we will examine why this is 
so and discuss the various approximations to the exchange term which 

have been investigated in this work. 
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2.1 Introduction to Local Exchange 

Exchange terms in atomic and molecular systems arise when the 
45 requirement that the total wave function be antisymmetric is 

20 satisfied through the use of Slater determinants. If 

Ut 

where each one electron wave function 

is the product of a normalized spatial orbital and a spin function 
20 X<,\ then the expectation value of the Hamiltonian is: 

IAJYT C 
î* I 

- 
A,al 

Application of the variational principle to minimize the energy with 

the constraint that the individual orbitals be orthogonal yields the 

well known Hartree Fock equations: 

M " IJVJ
(iV 0 
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The last term on the left is the exchange term. An examination of the 
equation shows this term serves two purposes. It exactly cancels the 

self-interaction term incorrectly included in the preceeding direct 

coulomb integral when j=i in the sum and secondly, it decreases the 

effective Coulomb repulsion energy due to the electrons which have the 

same spin as the one under consideration. This of course is simply 

a manifestation of the Exclusion Principle which was introduced into the 

problem through the use of the determinantal function. This point bears 

further discussion. Prior to the development of Hartree Fock theory, 
46 Hartree performed atomic calculations by assuming a product wave 

function of the form: 

J.L. 

The Coulomb potential acting on the iun electron was then just the 

nuclear attraction term plus the electron repulsion term. The repul¬ 

sion term used was the spherical average of the classical Coulomb 

potential due to the charge distribution of the N-l other electrons. 

This does not take into account the decrease of same spin charge density 

around the electron in question and hence overestimates the Coulomb 
repulsion of the electrons. The Hartree Fock Exchange term partially 

corrects this however, correlations among particles of opposite spin 
47 48 and higher order effects are neglected. ’ The inclusion of the 

exchange term in an atomic or molecular calculation causes additional 

complications in the usual coupled equations or algebraic self-consistent 

procedures. The difficulties arise because of the non local nature of 
the exchange potential. As the size of the system becomes large and 

hence N the number of wave functions increases, the number of exchange 
2 49 terms increases faster than N . Although the problem is still 

manageable in atoms it becomes very expensive to calculate these terms 
numerically in molecules. In addition the many center nature of a 

molecule further complicates things. The use of floating gaussian 
basis functions in algebraic calculations has allowed these many 

center integrals to be calculated analytically, however the basis set 
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must be very large to get good results and the computer codes which 
51 

employ these methods are very complicated and costly to implement. 

To overcome the difficulties associated with the inclusion of the 

non-local exchange terms, various local exchange potentials have been 
20 52 

proposed. Slater , building on the earlier work of Dirac 

treated the atom as a free electron gas and evaluated the exchange 

energy using plane waves. The result after averaging over the 

Fermi sphere is a function of density of the form: 

Vex = C*(N/V)1/3 

where C is a constant. A reasonable radial dependence is sought 

by using the self consistent density in place of the constant free 

electron gas density so that: 

Plater = C*( j> <r> >'/3 

53 
Kohn and Sham used a slightly different procedure to obtain an 

exchange potential: 

VK$ = 2/3*C*( f(r) ) 1/3 

which they used in solid state applications. It was observed that each 

potential worked well in different applications and the final form 

adopted for this local exchange potential was: 

vXalpha * * *C*< PM )V3 

54 
which is known as the "X-alpha" exchange potential. Schwarz 

determined values of the parameter oi. for many free atoms by forcing 

the total energy calculated using the X-alpha exchange potential to 

match the Hartree Fock energy. The values of ot obtained in this 

manner lie between 1 and the Kohn Sham value of 2/3 and generally 
48 

decrease with increasing atomic number. Recently Gopinathan et. al. 

have derived values of alpha for most atoms by considering the 

exchange potential due to the change distribution in the Fermi hole 

surrounding each electron. In other words the decrease in electron 
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density around each electron caused by the exchange term is considered 

from the point of view of the presence of a positive change density. 

By assuming that this charge density is distributed linearly and 
55 enforcing certain boundary conditions Gopinathan was able to 

derive an analtical expression for ©L . In almost all cases his 

values were very close to those given by Schwarz. The X-alpha 

exchange potential is derived by averaging the wave vectors of all the 

electrons over the Fermi sphere and is therefore energy independent 
and not particularly well suited for the calculation of continuum 

wavefunctions. Although quite a few bound state studies of local 

exchange have been performed, fewer calculations of continuum processes 
56 have been carried out using local exchange. Thomas and Heliwell 

calculated photoionization cross sections for Carbon, Oxygen and 

Nitrogen using a variety of approximations including the X-alpha 
57 exchange potential. In another early calculation Hara showed 

that it was more appropriate to use the unaveraged free electron gas 

potential for electron-H9 scattering, (section 2.2) Recently 
58 ^ Truhlar et. al. employed the Hara and various other energy dependent 

local exchange potentials in a calculation of electron-Noble Gas 

elastic scattering phase shifts. Molecular calculations using both 
12 13 the X-alpha and the Hara exchange potentials have also been 

reported. 

The present work seeks to make a detailed comparison of several 
local exchange potentials which have been modified in a way which was 

felt to be appropriate to the atomic photoionization problem, (sec 2.5) 

To illustrate the different role played by exchange in photoionization 
and scattering calculations, and as a check on the photoionization 

code some of Truhlar's calculations were repeated in this study and 
in addition were extended to another atom and other exchange potentials. 

These potentials and the results obtained are discussed in the next 

section of this chapter. In the following section the proposed modi¬ 
fications to these potentials for photoionization are derived. 
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2.2 Neutral Atom Exchange Potential 

Let us rewrite the Hartree Fock equations as: 

£-<3(
a + :r</0! v fc.VJ * £’« 4*;5U **; 

where 

3* 4 3 iL 5^» A,m.(&»">// 
A, ;* J J i 

This term represents the average Coulomb potential of the N lowest 

bound states of the system. In electron-Argon elastic scattering 

calculations for example these would be the nine orbitals of Argon, 

each doubly occupied. <|) n -| m in this case would be the wave function 

of the scattered electron. For the time being we will restrict 

our attention to closed shell systems such as this one, that is we 

assume N electrons, N/2 of each spin. The exchange term is then: 

f»/a 

V..,.= -L. *•$**.*! A,x ( A»"') XHr| ^ : I « i    i ~ 

Note that this term has been obtained by multiplying by: 

X. - f&A 

4>*1;,W<AA <$>*;!!;,»; f&) 

20 Slater derived the X-alpha potential by evaluating this term 

using plane wave electronic wavefunctions of the form: 

4> * V/V--ef ^ 

which are appropriate for a free electron gas. Since this derivation 
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is repeated in detail for a screened Coulomb potential in 

section 2.5 only a few intermediate steps are reproduced here. After 

performing the integration over r^ , Slater obtained: 
►»/» 

V - »nr _ 
*Hr< ' v p 

where the sum is over the N/2 orbitals of the same spin as the iun 

electron. At this point the sum over individual orbitals is converted 

to an integral over the Fermi sphere by appealing to the free electron 

gas notion that the terms are uniformly distributed within a sphere 

in k-space containing N/2 electrons. Then 

L 
and 

Rydbergs 

Here 

and 

RnV A* 

'V *.•/*, 
Slater was interested in bound state problems at the time and so k. 

was just the wave vector of the itn electron. Rather than trying to 

reconcile the free electron definition of k. with the bound state 
fin * 

energy as some later authors did Slater simply averaged k^ over 

the Fermi sphere to obtain an average exchange potential for the 
• th electron. 

^. = - 6 (£) 
Since 

Substituting the density as obtained in a self consistent calcula¬ 

tion and scaling by the factor ©4. , he obtained the X-alpha 
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exchange potential : 

In our scattering problem this last averaging procedure is not 

appropriate however, since the kinetic energy of the scattered 

electron is well defined. Thus as first pointed out by Hara, the 

unaveraged form: 

V c -A 

should be used. The function F(^) acts to scale the exchange pot¬ 

ential so that it decreases as the energy of the continuum electron 

increases. This behavior is expected intuitively since an electron 

with a large amount of kinetic energy will not long remain in the 

vicinity of the target. The problem comes in determining exactly how 

to define k.. with respect to the levels of the bound electrons. Our 

plane wave model assumes that the atomic levels are progressively 
2 

filled until the topmost level at tf = k^ . The zero of energy of our 

atomic levels are however defined differently. Here the lowest level 

has the smallest or most negative energy and the zero lies a distance 

I above the last filled valence level. 
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I is the ionization energy. The continuum levels then lie a distance 

above this zero. Hara used the definition: 

k.2 = k2 + I + kf
2 

to define the wave vector used in his exchange potential. This 

definition is unrealistic at large values of r since 
k<2^. 

p 
instead of k . The entire potential is scaled by k^ = 

so this problem is partially offset. Nonetheless, this expression 
for k. is only strictly valid at r, i.e. it does not take into 
• 0 ro 

account that I is a function of r. Truhlar ° has examined some 

alternative definitions of k. particularly 

k.2 * k2 - V(r) k2 - vstatic'r> - Vexch W 

Since Vgxc^ is a function of k. an iterative technique is necessary 

to calculate k. using this definition. In his paper Truhlar did not 

do this but instead used the approximation 

ki2 • k2 - "static 
He called this the SOFEGE or second order free electron gas exchange 

potential. Another approximation involves adjusting Hara's 

definition to have the right asymptotic limit. This is done by drop¬ 

ping the ionization energy, i.e. 

kj2 = k2 + kf
2 

This is called the AAFEGE or asymptotically adjusted free electron 
gas exchange potential. 

In summary then, we have the following situation for the 
electron scattering exchange potential. First, the X-alpha 

exchange potential, obtained by averaging the free electron gas 

result over the Fermi sphere is inappropriate for continuum states. 
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The second point is that there is an ambiguity in the definition 

of k. which goes into the free electron gas exchange term, thus 
leading us to investigate the various approximations described in 

this section. The decision as to which of the exchange potentials 

is "best" will be based upon which comes closest to the Hartree Fock 

result since, as discussed previously, this is a convenient point of 

departure for the inclusion of polarization effects, correlation, etc. 
In the next section the numerical methods employed in the scattering 

and photoionization calculations are discussed and then the results 

of the scattering calculations are reported in the following section. 
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2.3 Numerical Methods 

Introduction: 
All the Atomic calculations reported in this thesis were 

carried out via remote terminal hookup to the CDC 6400 and 6600 

computers at the University of Texas at Austin. The computer code 

PHOTO was developed to solve the continuum Hartree Fock equations 
61 with local exchange using the Numerov method and then to calculate 

either photoionization cross sections or elastic scattering phase 

shifts. The program is designed to calculate two continuum wave- 

functions of different angular symmetry in each of six separate 

exchange potentials, yielding twelve photoionization cross sections 
or sets of phase shifts per run. The cost of a run varies depending 
upon the atom, e.g. for Helium a run cost about $10 while an Argon 

run cost $20. This section discusses some of the details of the 

numerical methods employed and the various procedures used to check 

their accuracy. 

Some details of the Calculation: 

a) Mesh 
CO 

PHOTO employs a modified Hermann skillman mesh. Starting 
with an initial step size of .00125 a.u. the step size is doubled 

every 40 points until a maximum of .04 is reached, after which the 

step size remains constant. A total of 1500 mesh points are used and 

the asymptotic matching point is at 53.4 a.u. From trial calculations 

it was found that the scattering phase shifts were more sensitive to 

changes in the mesh than the dipole matrix elements of the photo¬ 
ionization calculations and hence the scattering calculations were 

used to optimize the mesh parameters. After numerous sets of initial 
and final step size and doubling procedures were tried the mesh par¬ 

ameters given above were found to be the optimum choice. The criteria 

used to establish this were stability of the phase shifts with respect 
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to changes in the initial and final step size, accuracy of the 
free wave phase shifts and cost. The relative error accumulated 

fil 
per step in the Numerov method is given by: 

A - relative error = -72/10 * h^ * (T(x))^ 
where 

T(x) = (V(x)-E) 
and h is the step size. 

Since the total error varies as h * Number of Points 

one could in principle simply choose a very small h and hence a 

very large N ( necessary to get to the asymptotic matching point). 

However, constructing the Hartree Fock densities on a very large 
mesh can become quite expensive and some tradeoff is necessary. 

Since the continuum wave functions have sinusoidal asymptotic 

forms, a small maximum step size becomes increasingly important 

at high energies to adequately represent the closely spaced nodes. 
¥ 

The free wave phase shifts calculated using the code are shown in 

figure 1. With the parameters given above all free wave phase shifts 
5 

are a few parts in 10 over the energy range considered. A test 

calculation using .02 as the maximum step size showed all the 
-fi 

phase shifts 10 and calculations on Helium gave phase shifts 
differing by exactly the same amount as the free wave phase shifts 

when the two different meshes were used. The calculated scattering 

phase shifts for Helium and Argon are found to be independent of 

changes of initial step size in the range .001 4 h * .002 and 

nearly independent for larger variations. The dependence of the 

phase shifts upon the asymptotic matching point was also found to 

be negligible for 37.5 i Rasyn,ptot1c * 75.0. 

One final remark concerns the doubling of the step size. The 

Numerov procedure employs a three point recursion relation so that 

the solution at the jtn mesh point depends upon the solution at the 

j-1tn and j-2tn points. For the first point after a step size 
doubling one is then faced with the situation pictured below in 
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  « ■' m i m 
j-» ,•» j-i j 

P, - fff,-/,-) 

J_I_ 

which the j point is unevenly spaced with respect to the two 

previous points. In order to retain maximum accuracy it was 

necessary to calculate an interpolation point halfway between the 
th th th jtn and j-1 points and then use the point to calculate the j pt. 

Pj » H P-Î , 

Bound State Orbitals 

All the bound state orbitals used in this study are anal tic 

Hartree Fock Roothaan wave functions taken from the tables of 

Clementi.44 The wave functions consist of normalized linear combi¬ 

nations of Slater type orbitals: 

4> fcfW P«» * P 

X?JM - £<***,vy * (zUf?''** 
A 

'L l 
where N = the number of basis functions. 

The normalization of each wave function was checked and in all cases 

| 4 ax<o" ^ 

In addition, the density and static potential for Argon was calculated 
co 

and compared to the values given by Truhlar and the agreement was 
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nearly exact. The direct Coulomb integrals found in the continuum 

Hartree Fock equations were evaluated analytically using these 

functions. 

Asymptotic Matching 

For the elastic scattering calculations the scattered electron 
15 sees a neutral atom asymptotically and therefore for large r 

P-|(E;r) = (kr)*( cos i -j *j-j (kr) - sin É^n-j(kr) ) ; k= fT 

The Numerov method requires that two point preceeding the first 

calculated point be specified in order to begin the outward integra 

tion of the radial equation. The boundary condition 

P1 (r=0) = 0 

gives one of these points bug the other is arbitrary. Thus as one 

approaches the asymptotic matching point the numerical solution has 

the form: 

P^(E;r) = Constant* (kr)*( cos^-|*j^(kr) - sin ^*n-j(kr) ) 

where j-j and n-j are the spherical Bessel and Neumann functions. 

The two unknowns , the phase shift and the constant are obtained 

by matching the numerical solution at two successive mesh points 

to this analytical form. In the photoionization calculation 

the outgoing electron sees a Coulomb field asymptotically. Burgess 

has shown that the asymptotic form of the wave function can be ex¬ 

pressed in the form: 

P,(E:r) = (kr) *t(r)-1/2 * sin( $<r) + J , ) 

62 

where : 



38 
£ iv,/4 

3AX 

*•* ^ X-^ + ^ 

À|lO> = X + K*'l^ (t + K‘p+ KX) + &-X(3 *»& +«0 +~ Kf> (t K,J>^ 
*4(|+Kat)X(**Kp') a<.x3 

*»*/* j f:ZA , «W!«,+1 

% - K p*+3.j> 

©* ( c+y±\ cco'T±zi+j*zi ^ ^ ' L O + K*<0f J 
The actual matching procedure is the same as in the scattering case 

however, since the dipole matrix element of the bound and continuum 

orbital appears in the photoionization cross section, the normalized 

continuum function itself is needed. This is simply obtained by 

dividing the numerical solution by the constant which was solved for 

during the matching procedure. 
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ENERGY .CHARTREES) 

Figure i 



2.4 Results of the Scattering Calculations 

In these Scattering calculations and in the Photoionization 

calculations reported later on we have sought to determine which 
of the previously described local exchange potentials best reproduces 

the Hartree Fock results. To this end, elastic scattering phase 

shifts have been calculated for Helium, Neon and Argon and compared to 
58 Hartree Fock results, to those given by Truhlar and to the phase 

shifts obtained by fitting analytic functions to experimental cross 
fi ? 

sections . In addition, a screened exchange potential (see sec 2.5) 

has also been included primarily for comparison with the photo¬ 

ionization calculations. Regardless of the particular exchange 

potential employed, the radial Schroedinger equation was taken to be: 

j2 9 

“2 PEL(r) = [ li*(L+l)/r + 2/r( Z-YQ(r) ) - EL + Vgx(r) ]PE|_(r) 

where Y (r) « £ [ £* P ?(r')dr' + r* J dr'P ?(r')/r' ] 
U O 1,1 A. ni 

and V is the model exchange potential. A spherically averaged charge 
C /\ 

density is used in the definition of k^ and is given by: 

kf - C3-K*S> (r) )1/3 - [3Tr/(4r2)* Ù- PN
2(r) ]1/3 

The sum is over all N electrons in the target atom. Both 

Y (r) and p(r) were formed using the analytic Hartree Fock functions 
of Clementi. The continuum wave functions satisfy the boundary condi- 

59 tions: 

p
EL(r) sin(kr+SL) 

however the actual asymptotic matching was done at a finite value of r 
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and hence: 

Ur)'1 PEL(r) JL(kr) - tangL*nL(kr) 

In order to determine the relative strength of attraction of the 

model exchange potentials we turn now to an examination of their 

asymptotic forms. Omitting for the moment the screened potential, 
we recall that each of the exchange potentials is of the form 

Vex(k,r) = -4Ar kf*F(\) : 'r\. = k(r)/kf Rydbergs 

and that the approximations differ in their definitions of k(r). 

In the limit Truhlar has shown that 

-, yT * fr v* 
If we neglect the terms of order we have 

F( )2/3/(3*k(r)2) 

and so we see that the asymptotic form of F(*<\, ) simply depends 

upon the definition of k(r). As we saw earlier these are: 

Hara: k2(r) = k2 + I + k2 

AAFEGE: k2(r) = k2 + k2 

IFEG: k2(r) . k2 - VIt,t1c(r) - Vex(r) 

SOFEGE: k2(r) = k2 - Vstatfc(r) 
2 2 2 where E=k Rydbergs. In the limit of very high energies, k (r)=k 

so we expect that the phase shifts calculated in each of these 

approximations will converge to the same high energy limit. Given 
the above definitions it is clear that 

VHara> VAAFEGE and VIFEG > VS0FEGE 

Since the limit I corresponds to either the high energy region 
or the large r region where k^-* 0, we expect the phase shifts 
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calculated in the Hara potential to be smaller than those calculated 

in the more attractive AAFEGE potential. Similiarly, the IFEG 

potential should yield smaller phase shifts than the SOFEGE potential. 

In order to find the relative strength of, for example the SOFEGE 

with respect to the AAFEGE it is necessary to examine the k 0,r 

limit. In this limit we find that for the Hara potential 

k2(r) = I and ^ I/kf > > 1 

so that 

VHara ' (4V3"> * ^f/l) = ^ 

For the AAFEGE potential 

k2(r) = k2 hence =1, F( )=l/2 

SO 

VAAFEGE ( # • (v*af>V^ 

For the SOFEGE potential 

NOW, .. VlWv,'« - * *“( 

where 
V ■ {— Vo(Aa, * jL. $ èt? + A$ A*' 

(A
'VA' 

1 " ftS A* 6 

so in the limit 
o ; A— 

Ho ”5r jLç Pwt y 

and therefore 
^ \/s ° *V*° 

This result is only valid if - V* goes to zero faster than k^ 

however, k^ = {M V* ( 4 r**' 
and would not be expected to decay extremely rapidly, 

we have F?-nV / and 

Assuming that 

SOFEGE = 

The IFEG should be close to this limit since the exchange potential 

goes to zero as . The point to notice is that the SOFEGE is twice 
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as attractive as the AAFEGE. This leads one to expect a 

large difference in the phase shifts obtained using these potentials. 

These asymptotic limits indicate that 

VHara > VAAFEGE > VIFEG ^ VS0FEGE 

and we therefore expect that the phase shifts, , will be in the ord- 

er: S SOFEGE^IFEG > S AAFEGE> $ Hara 

The material in the remainder of this section is arranged as follows. 

First, the results obtained for Helium, Neon and Argon are presented. 

Elastic scattering phase shifts have been calculated for each of these 

atoms using the Hara, AAFEGE, IFEG and SOFEGE exchange potentials. 

Following this a discussion is given of the various trends observed 

in these results. Next the calculations using the screened exchange 

potential and a calculation on Neon which includes polarization effects 

are reported. Finally, the conclusions drawn on the basis of these 

results are given. 

As a check on the computer code PHOTO which was used to perform the 
CO 

calculations, some of Truhlar's calculations were repeated. Specifi¬ 

cally, the s,p,d and f wave phase shifts for Argon were calculated us¬ 

ing the Hara exchange potential and the s,p and d wave phase shifts 

for Helium were obtained using the SOFEGE potential. The results 

are shown in figs. 2 and 3 and in both cases essentially exact agree¬ 

ment with Truhlar's results was obtained for all partial waves, 

except for the first two point above zero energy in the Helium d-wave 

phase shifts. As can be seen in fig. 2 the discrepancy is not large 

nevertheless only the s and p wave phase shifts are used for comparison 

in the rest of this section. 



R
A
D
I
A
N
S
 

44 

Figure 2 
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Helium 

The results for the s wave phase shifts are shown in fig.4 . 

The Hara and AAFEGE curves are from the paper by Truhlar, while the 

Hartree Fock results are from ref. 64. The experimental points are 
from ref. 63 and were obtained by fitting analytic functions to the 

observed scattering cross section. It is seen that the order is as 

expected, i.e. the Hara potential, being least attractive, yields the 

smallest phase shifts while the SOFEGE, the deepest potential gives 

the largest phase shifts. The Hara and AAFEGE curves bracket the 

Hartree Fock results at low energies but at higher energies the 

AAFEGE is closer to the HF points. The large difference in the IFEG 
and SOFEGE results at low energies illustrates the importance of 

exchange in this region. It is noted that as k becomes large the 

different exchange potentials do indeed agree, not only with one anoth¬ 

er but also with the Hartree Fock results. An interesting featore of 

the IFEG curve is that although it is in poor agreement with the HF 

points over most of the energy range considered it is in surprisingly 
good agreement with the experimental phase shifts for 0.3*k*1.5 . 

These patterns are generally repeated in the He p wave phase shifts 

shown in fig. 5. Except for a region very close to zero the order 

is the same and as before the SOFEGE results are in poor agreement with 

either experiment or Hartree Fock. The IFEG curve is again seen to be 
in poor agreement with the HF points for low energies but in good 

agreement with experiment. At higher energies the HF curve also 

approaches the IFEG and the experimental results. The Hara curve is 

close to the HF points for 0.0* k*0.7 while the AAFEGE is closer 

for k^ 0.7 and just as for the s waves, the Hartree Fock points rise 

above the AAFEGE as k increases. 
Neon 

The trends observed in Helium continue unaltered for Neon, fig.6. 
All the curves shown are part of the present calculation. The Hartree 

65 Fock results, are those of Thompson and the experimental points are 
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K - SORTC2*ENERG'0 

Figura 4 
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K * SORTC2*ENERGY) 

Figure 5 
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again taken from ref 63. The expected order of the curves is 

observed in both the s and p wave phase shifts. The Hara curve agrees 

very well with the Hartree Fock results near threshold while at higher 

energies the AAFE6E is again closer. The s wave IFEG phase shifts are 

in fair agreement with experiment for 0.0* k *1.0 while the p wave 

IFEG curve is very close for 0.Oik *1.5. The s wave SOFEGE curve is 
in very poor agreement until k=l .0, however, the p wave curve is close 

to the IFEG results. 
Argon 

The results for Argon are shown in fig. 7. The AAFEGE and SOFEGE 

curves are from Truhlar's paper, the Hartree Fock results are from the 
59 many body calculation of Pinzodola and Kelly and the "experimental" 

results are actually from the polarized orbital calculations of Thomp- 
65 son which yield a total cross section in very close agreement with 

experiment. The Hara curve in this case is very good over the entire 

energy range while the AAFEGE lies close to the HF results for \> 0.5. 

The s wave IFEG curve is again in good agreement with the experimental 

points while the SOFEGE s wave results are very poor for k*0.7. The 

p wave SOFEGE seems to be fairly close to the experimental points but 

the IFEG p wave phase shifts are in better agreement with the HF 

results than with experiment. 

There are a number of trends evident in the results just reported. 
In all cases, the Hara and AAFEGE were found to be in good agreement 

with the Hartree Fock results, the Hara being slightly better near 

threshold and the AAFEGE potential being slightly better at large k. 

Since the AAFEGE was formed so that it would have the right asymptotic 

limit this behavior is not surprising. A previous use of the AAFEGE 
66 exchange potential in a molecular calculation however found that 

this exchange potential did not work well because of its incorrect 

small r behavior. Because of this and the fact that it reproduces 

the Hartree Fock phase shifts very well at low energies and also per¬ 

forms acceptably for higher energies, the Hara exchange potential is 
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judged to be perferable to the AAFEGE. A somewhat surprising result 

was that in most cases the IFEG did not represent an improvement over 

the Hara results. The definition of k(r) for the IFEG: 

k2<"-> * k2 - vstatic<r> - Vr> 

seems more appropriate than the Hara definition: 

k2(r) = k2 + I + k2 

because it has the right asymptotic limit and because it allows for the 

r dependence in the effective ionization potential. Thus we expected 
it to be an improvement over the other exchange potentials. The fact 

that it does no better than, and indeed is usually worse than the Hara 

potential as far as reproducing the Hartree Fock results is concerned 
is most likely an indication of the perverse nature of the Free Electron 

Gas approximation itself. The free electron model is after all a very 

poor approximation for an atom or molecule which one tries to improve 

by substituting atomic densities and potentials in the FEG exchange 

potential and consequently parameterizing the theory. If it is found 

that the particular parameterized form employed in the Hara potential 

gives a better result than that of the IFEG it does not necessarily 

follow that the Hara therefore more accurately reflects the Physics 

of the situation. It is true that the X-alpha approximation can 

be derived without recourse to the Free Electron Model^ and is there¬ 

fore thought to be a fairly accurate representation of the average 
C ~j 

effects of exchange for bound electrons . However, the energy depen¬ 

dent potentials we have considered are bases stricly on the FEG model 
and it is simply not clear to what extent they represent the actual 

exchange effects. Thus it seems best to consider these as parameter¬ 
ized model potentials. The largest difference between the Hara and 

IFEG occurs for small r since "V ^ (r) becomes very large in this 

region. It is possible that by scaling -(Vstat1-C 
+ v

ex) so that 

it was close to I+k2 near r=0 one might obtain a better fit to the 
Hartree Fock results using the IFEG potential. Of course, by adjust- 
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ing the ionization potential I the same type of fitting could be 

done with the Hara potential. Taking the point of view that these are 

really parameterized exchange potentials the agreement of the IFEG with 

the experimental results is seen to be purely coincidental. As expec¬ 

ted the SOFEGE potential provided the largest phase shifts and overall 

is found to be a poor approximation. Except for some crossing of the 

AAFEGE and IFEG curves near k=0 the observed order of the phase shifts 

agreed with that expected on the basis of the asymptotic forms of the 

exchange potentials. In conclusion we find that the Hara potential is 

best suited for matching the Hartree Fock phase shifts. 

In section 2.5 we derive a screened exchange potential which works 

fairly well for photoionization. For purposes of comparison we have 

employed this screened potential in these scattering calculations 

within the context of the Hara approximation. The potential is: 

where 
p - ( -f A,y* 

and 
it 

[ 
+ / + -A + A 

In the limit 

This is smaller than 

ilia. 
i1 

the FEG result of 

so the phase shifts obtained using the Hara definition of k(r) and this 

screened potential should be smaller than the previous Hara phase shifts. 

Looking at figures 8,9,10 and 11 we see that this is the case. Figures 

8 and 9 show the results found using the screened potential with the 

IFEG definition of k(r) for Helium. The decrease in the IFEG phase 

shifts is seen to be roughly twice as great as the decrease in the 

Hara phase shifts. For Neon and Argon the p wave phase shifts failed 

to go to the correct multiple of predicted by the form of Levinson's 
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theorem appropriate for non-local potentials, hence this potential 

seems to be too shallow for scattering calculations. 

The definition of k(r) used in the Hara exchange potential has 

been found to yield phase shifts and presumably wave functions in close 

agreement with those calculated within the Hartree Fock approximation. 

In order to test the "stability" of this potential, that is to determine 

how good a starting point it provides if one is interested in a syste¬ 

matic improvement of the calculation, we have included a polarization 

term in the potential and calculated phase shifts for Neon. The polar¬ 

ization potential was chosen to be: 

Rydbergs 

where =2.2 a" . The parameter r was chosen by fitting this 
O C r o 

function to the polarization potential of Thompson . He obtained this 

potential by calculating the perturbation in the energy of the target 

due to a stationary electron outside the atom. Figure 13 shows Thomp¬ 

son's potential and the fit of the analytic form we have used for var¬ 

ious values of r . The best fit was obtained for r = 1.0. The results 
c c 

of the calculation are shown in figures 14 and 15. The phase shifts 

calculated using this polarization potential are in close agreement with 

those given by Thompson, the differences being in the same direction 

and of the same order of magnitude as the differences between the Hara 

and Hartree Fock phase shifts. These results support the contention 

that for scattering, the Hara approximation provides a convenient start¬ 

ing point for a perturbative type improvement of the calculation. 

SUMMARY 

In this section we have reported the results of scattering calcula¬ 

tions employing the Hara,AAFEGE, IFEG and SOFEGE approximations to the 

Hartree Fock exchange potential. It was found that the Hara, AAFEGE 

and in some instances the IFEG approximations yielded phase shifts 
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in fairly close agreement with each other and with the Hartree Fock 

results. The Hara exchange potential is judged ot be the best because 

of its close agreement with the Hartree Fock results, especially in the 

low energy region, although any of the other potentials could be adjust¬ 
ed to give as good a fit. The SOFEGE and Screened exchange potentials 

were found to be unsatisfactory, the first yielding phase shifts which 

are too large and the second giving phase shifts which are too small. 

The calculation including polarization indicates that these model 

potentials, particularly the Hara, provide a good basis set or starting 

point for the inclusion of perturbative corrections in a scattering 

calculation. 
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2.5 Exchange Potential in Photoionization 

Introduction: 

Let's write down the Hartree Fock equations once again: 

In section 1.1 a discussion was given indicating that the potential 

is formed from the N lowest or occupied orbitals and that excited 

states are calculated in the field of these N electrons as in the 

electron scattering calculations of the previous section. At that 

time various ways to adjust this Hamiltonian so that the excited states 

would have photoionization boundary conditions were described. Al¬ 

though the projection operator technique mentioned there would work 

equally well for local exchange it would introduce new, inhomogenous 

terms into the radial Schroedinger equation. Since these model poten¬ 
tial calculations are performed with an eye towards choosing a good 

local exchange potential for a continuum molecular calculation, it 

seems desirable to keep things as simple as possible and to avoid these 

inhomogenous terms at the present time. A number of authors56 have 
adopted a procedure due to Latter to force the excited state solutions 

to see a 1/r Coulomb potential in the asymptotic region. In this method 

the neutral atom potential is calculated and compared to 1/r. At the 

point at which they cross the neutral atom potential is cut-off and 

1/r used from that point onwards. This is known as the "Latter Cut- 

Off" and has several disadvantages. The first is that the potential 
is not continuous at the cut-off point and the effect this will have 
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12 on the wave function in any given application is unknown. Dehmer 

used this in an X-alpha Multiple Scattering Method (chapter 3) cal¬ 

culation of electron-^ scattering and indicates the discontinuity 

is unimportant in that calculation. The X-alpha potential in 

this calculation suffers from other discontinuities however (sec. 3.2) 

and it seems difficult to separate the effects. A second disadvantage 

is that the matching point ususally occurs at a relatively small r 

so that part of the exchange potential is choppped off. For example 
in the present calculation, the cut-off point for a Neon (2p-kd) 

photoionization process using the Hara exchange was r =1.1 a.u. but 

the exchange potential is non-neglible for quite a distance past this 

point (figure 16). Thomas and Heliwell et.al. have used the Latter 

Cut-Off in conjunction with a polarization potential of the form: 

where * is the average polarizability and r* is an adjustable 

parameter approximated by the radius of the outermost orbital. Al¬ 
though the potential they obtain represents an improvement over the 

Latter Cut-Off method, the effects of polarization become entwined 

with the effects of cutting off the exchange potential at a small r, 

making it difficult to study polarization effects separately. 

As an alternative to these methods we consider a very simple approach 
which will automatically yield a 1/r potential asymptotically. Follow- 

67 ing Gopinathan's bound state work we treat the exchange term involving 

the electron which has been photoionized exactly, so that it cancels 

the corresponding term in the Coulomb repulsion integral. Then we have: 

[-<- a7?, “jr-"^ o 
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The exchange potential vanishes as r gets large and the potential is 

just: 
- a f z - ( & - 

A 

V«„ = -sù-H 
A,t I 

in the limit A-** . The 2 is from the Rydberg units. So we are 

left with an exchange term involving N-l electrons, i.e. 

4>; t*} 
At this point we could again convert the sum to an integral and obtain 

the Hara potential with a new maximum or Fermi level given by the 

density of N-l electrons in the atom. From previous considerations 

(sec 1.1 and 1.2) we choose to work in the Frozen Core approximation 

so that the unrelaxed, neutral atom wave functions are used in 

P-") 'h 

Instead of doing this however, we shall go back and reconsider the 

Fermi Hole concept. We picture the exchange term as being due to 

an exchange charge density interacting with the photoelectron. 
5 

Now, random phase approximation calculations of the response of an 

electron gas to a perturbing charge density leads to the conclusion 

that the other electrons will tend to screen this external charge. In 

the long wavelength limit the screening length is given by: 

A - ( # 
which is just the Thomas Fermi result' 

The general wave vector dependent screening length is 

xuv(vu- 
Although it is not correct to treat the entire atom as a free electron 

gas, we are considering just the exchange effects from this viewpoint 

and hence are led to try a screened Coulomb interaction in the exchange 

term. A detailed derivation of the exchange potential using the 

screened Coulomb interaction appears in Appendix 2, so only an outline 

of the steps involved is presented here. 

.70 
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“ X I A.» 'A» \ 

Substituting in equation 2.51 and performing the 

radial integrations one finds: 
Ai-# 

J- / 
?.)£rs 

V-TT 

where the sum is over the N lowest energy states excluding the level 

being photoionized. Converting the sum to an integral via 

where 

and carrying out the integrations the screened exchange potential 

is found to be: 

V SC*»J 1 + fi 

where 

and e a 

vrrC* 

A r (%■)/* 

\ = 
_ 1 in Hartree Units 

2 in Rydberg Units 

Writing this in Rydberg units as 

V«cui s f^) 
allows us to make a comparison with the Free Electron Gas result 

Ve*fV = - fr(-y\) 

4-y ■ 
• 4.U T •+ <n lF+<"nY) '*• in the limit 1 ' 

» -> o 
r 

’ I I 

Now, 

and 

as expected. 
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For 17 *■ • 

^ 51 +■ l “^3^ ( ” ^ f ÿ» ) 

as compared to F(l)=l/2. This limit, 'V* / corresponds to the small 

k region near threshold. Figure 17 shows in this region for 

various values of JZ . It is seen that as /3 increases 

decreases very quickly in the range IS'n.i. 3. Since /3 * ?< 

we expect this screening effect will be strongest for light atoms. 

In this section we have examined the Latter Cut-Off method for 

obtaining an asymptotic Coulomb field in photoionization calculations 

which use neutral atom (or molecule) exchange potentials and have in¬ 

dicated some of the unsatisfying properties it possesses. As an alter¬ 

native Gopinathan's idea of treating the active electron exchange 

term exactly was extended to continuum states in order to guarantee 

that the potential be Coulombic asymptotically. This led to the N-l 

particle free electron gas exchange. Finally, based on random phase 

approximation results, the potential due to the Fermi Hole was taken 

to be screened and a screened free electron gas exchange potential 

was derived. The next section presents the results of the atomic 
photoionization calculations which have been carried out using these 

various exchange potentials. 
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2.6 Photoionization Calculations 

Photoionization calculations have been carried out within 

the one electron model for Lithium, Carbon, Oxygen, Neon and 

Argon in order to determine which of the previously discussed 

local exchange potentials best reproduces the Hartree Fock 

results. Valence and K shell cross sections have been calcu¬ 

lated for Li, C, 0, Ne and Ar, however, the cross sections 

for the valence electrons are more sensitive to the effects 

of exchange. Many body calculations of the valence shell 

cross sections which use a V(N-l) Hartree Fock potential as 

a starting point have been published for most of these 

28 43 71 atoms ' ' and therefore the comparisons and almost all 

of the conclusions are based upon the trends observed in the 

valence cross sections. Only the K shell cross sections for 

Neon and Argon are reported since they typify the behavior 

observed in all the inner shell calculations. The radial 

Schroedinger equation for the continuum electron is: 

s / 4^ -i-Ve* \ Pt8(^ 

where 

"4 c ] 

The sum is over all the electrons except the one which has 

been photoionized. The boundary conditions are those 

(69) 



appropriate to the asymptotic coulomb field and were stated 

in section 2.3. The exchange potentials are; 

Vxalpha 
•4-1 

U r;t( A 4 T 

h 

Vhara « oUV ( Hsu-l?’1 W" 
7T * 

Vscrn * -.U p- 

Most of the calculations were done using the static screening 

length 

* try* 
however for Neon the dynamic screening length 

Mi-A - (4*rr(4#î)h 

was also employed. In all of the above expressions the FEG 

relation 

•M * \ 
JJL 4 FAS 
if1 Aft. t J A 

is used unless stated otherwise. The arrow implies only 

those electrons with the same spin as the photoelectron are 

included in the sum. Figure (18) illustrates the difference 

(70) 
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between the N and N-l particle density for the 2p photoioniza 

tion of Neon. The greatest difference of course is observed 

in the 2p shell and therefore the continuum function in this 

region is expected to be influenced to a great extent by the 

change in density. Since the photoionization cross section 

depends upon the dipole matrix element of the 2p and the 

continuum wave functions, there should be quite noticeable 

differences in the cross sections calculated with the N 

particle potential and the N-l particle potential. The 

results of these calculations are presented for each atom in 

the next section. A discussion of the trends and conclusions 

follows. 

Lithium 

The 2s-kp cross sections for Lithium are shown inf 

figure (19). In this case the Fermi momentum is given by: 

The Hartree Fock points are from the Many Body calculation 

22 of Poe and Chang and were carried out using the projection 

operator technique mentioned earlier. The experimental 

curves are from ref. (72) . Curve a, the X-alpha result, is 

about 7.5 Mbarns at threshold. The Screened Hara potential 

is seen to be in good agreement with the Hartree Fock results 

Although the Hara curve passes through a small portion of 

the experimental curve for .5 a k £ 1 it is in poor agreement 

(72) 
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with the Hartree Fock results within ~ 10 eV of threshold. 

We note that the screening has a large effect, reducing 

the cross section by almost .1/3 at threshold. The Hara and 

Screened Hara cross sections converge at approximately 1/2 

Hartree above threshold. Figure 20 compares the Hara and 

IFEG results. As the strength of the exchange potential 

increases the cross section increases, with the X-alpha 

exchange potential being far too strong. To gain a better 

understanding of how the cross sections vary as the strength 

of the exchange potential is varied Xalpha calculations 

were done using a number of different values of ct. The re¬ 

sults shown in figure 21, clearly indicate that the Xalpha 

exchange potential overestimates the Hartree Fock exchange 

if the Schwarz value of a obtained by matching the Xalpha 

total ground state energy to the Hartree Fock total energy 

is used. -This cross section is shown as the dashed line in 

the figure. As the exchange potential is weakened by de¬ 

creasing a the cross section begins to come down in the 

direction of the Hartree Fock results. These calculations 

were repeated using the Latter cut-off potential. In this 

case the results, shown in figure 22, indicate that as the 

exchange potential is increased, the cross section begins to 

come down to the Hartree Fock values. This behavior, although 

opposed to that just described, can be understood by looking 

at the differences in the N-l particle potential and the N 

(74) 
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particle potential. In the Latter cut-off calculations, 

the N particle potential is cut off at ~ 1.2a.u. and joined 

to a coulomb tail. The exchange term is still present at 

this radius however, so this matching procedure eliminates 

the contribution of exchange for r > rc« This should have 

the most conspicuous effect on the higher energy side of the 

spectrum since we intuitively expect the intermediate and 

long-range part of the potential to be important for an 

electron which leaves the atom very quickly. Comparing 

figures 21 and 22 we see that this behavior is observed. 

The Latter cut-off cross sections in figure 22 are well 

below the N-l particle cross sections in the high energy 

region and as the strength of the exchange potential is 

increased they begin to rise. The effect is not too 

dramatic because the cut-off is still being applied and the 

increased exchange is only present for r < r^. As the radial 

wave equation is integrated outward the solution accumulates 

phase due to the exchange potential only until r = r , so 

that even a doubling of the depth of the exchange potential 

cab produce only a modest modulation in the normalization 

of the continuum function. This accounts for the smaller 

variation with alpha of the Latter cut-off cross sections 

in comparison to the N-l particle cross sections. Because 

of this feature of the Latter cut-off potential it is not 

well suited for an investigation of model exchange poten¬ 

tials and for use in systems where exchange plays an 

(78) 



important role. The drawbacks could be lessened by matching 

at a larger radius, say at the point where the exchange 

potential becomes very small, however this would increase 

the discontinuity in the potential. 

Figure 23 shows a comparison of the 2s-kp cross section 

obtained in the Frozen Core approximation and that obtained 

using relaxed Li+ ion Is wave functions. The difference is 

entirely negligible indicating that the 2s wave function 

does not influence the Is elctrons to any large extent in 

28 the ground state, although it has been found that ls-2s 

intershell correlation effects modify the Hartree Fock cross 

section by SJ 10% in a Many Body treatment of Li photoioni¬ 

zation. A more important effect in the Many Body calculation 

is Polarization. In these calculations Poe and Chang use 

the Calloway-Temkin polarization potential to account for 

this effect. The potential has the simple analytic form 

Vpo\ * “3-- « **^/ + »* a-**-»- $ x* 

where Xs 2 A 2.* y* 

The polarizability aQ is taken to be the experimental value 

-3 
.191 aQ . We have included this term m the present cal¬ 

culations in conjunction with the screened Hara exchange 

potential and present the results in figure 24. The cross 

section including polarization is in good agreement with Poe 

(79) 
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and Chang's results except at threshold where the disagree¬ 

ment goes in the wrong direction as compared to the cross 

sections without exchange. This is most likely due to the 

fact that Poe and Chang summed the perturbation series 

involving the polarization potential to infinite order while 

in the present calculation it is included only to first order. 

The results indicate however that the screened potential is 

a suitable starting point for the inclusion of perturbative 

corrections. 

Carbon 

The 2p-Kd cross sections for Carbon are shown in 

3 
figure 25. The P state of Carbon is used for the initial 

3 state and the only final state considered is the D. The 

angular coefficients in the expression for the cross section 

are different from those given by equation 1.41 because 

Carbon is an open shell atom. Taking the direction of polar¬ 

ization of the incident photon along the z axis, the cross 

section can be written as^ 

6 
-fLc 

where the initial and final states are L-S coupled wave 

functions. 

\l> = l1?^ * !,**«..*'*> 
fW « 

(82) 
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The spin index has been suppressed since the operator z is 

independent of the spin. can have the values 1, 0, -1 

and the cross section must be averaged over these values. 

A is the anti-symmeterizing operator. The Frozen Core 

approximation has been assumed so that only the coupling 

of the 2p electrons in the initial state and the 2p and Kd 

electrons in the final state need to be considered. 

represents the state of the photoelectron and |ly 

is the representation of the 2p electron. The matrix 

element now becomes: 

C 
where 

ta \‘£\l ~ 5 ^k<L'A ‘^ap J à&- 'iaMç Y,o 
o 

“ ft Id, ap C. (A it; C (îLitoo) &**Çji*, 

and 

12 \l,= 

ft, tA} a p C (*«; M4 • *»* C (a i i;oo) 

This expression simplifies to    

\ 2 \i> « 

(84) 



where we recall that is the magnetic quantum number asso- 
3 

ciated with the initial P state. Evaluating this for 

= 1,0,-1 one finds 

<!<WU> = 

averaged cross section is just: 

for = ±1 and 

for M_ = 0 so that the 

8-^ |(Wf|
a 

For the 2p-Kd transition 

The Hartree Fock points are from the calculation by Carter 

43 and Kelly. The screened potential cross section lies very 

close to these Hartree Fock points while the Hara results 

are larger by approximately 10% in the threshold region. 

Ten eV above threshold the Hara and Screened Hara cross 

sections begin to converge. The X-alpha cross section has 

now moved below the Screened and Hara cross sections indi¬ 

cating that the phase of the continuum wave function cal¬ 

culated in the X-alpha potential has gone through a multiple 

of rr with respect to the Hara and Screened Hara potentials. 

This is in contrast to the Li cross sections where the 

X-alpha potential was not yet deep enough to cause this 

effect. 

(85) 



Oxygen 

Like Carbon, Oxygen is an open shell system and we have 

considered only the 

—► |[c,sy(as-,»(apV3
a
t> fuj 3> 

2 
transition. The notation implies a D residual core after 

the photoionization event. In this case the cross section is 

(^) ( A 

and 

The Hartree Fock curve is taken from the calculation by 

73 
Dalgarno, Henry and Stewart. The Screened Hara is again 

in good (figure 26) agreement with the Hartree Fock results 

except within the first 5 electron volts above threshold. 

As in the Li and Carbon calculations the Hara and Screened 

Hara cross sections converge at about 1/2 Hartree. The 

X-alpha cross section has again moved above the Hara curves 

and is close to 7-3/4 Megabarns at threshold. 

Neon 

Neon was chosen as a test system for a number of cal¬ 

culations because of its properties being in an intermediate 

region with respect to the lighter Li, C, and 0 atoms and 

(86) 
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the heavier Ar atom where many body effects are very 

important. Figures 27 and 28 show the results of the 

2p-Kd and 2p-Ks calculations. In this case the Fermi 

momentum • The 

Hartree Fock calculations are from reference (71) . For 

the 2p-Kd transition the Screened Hara is an improvement 

over the Hara results in the threshold region and in the 

high energy region, however the agreement with the Hartree 

Fock points is not as good as in the lighter atoms. The 

Screened Hara is approximately 15% too large near threshold 

and about 5% below the Hartree Fock points in the high 

energy region. The IFEG result for the 2p-Kd transition is 

also shown in this figure. The strength of the IFEG poten¬ 

tial is intermediate between the Hara and Xalpha potentials 

and this is reflected in the cross sections. The IFEG and 

Xalpha curves are both in poor agreement over most of the 

spectrum. The results are better for the 2p-Ks transition 

as we see in figure 28. In this case the Screened Hara is 

in good agreement with the Hartree Fock results although 

the Hara is still about 10% too large at threshold. The 

IFEG potential was also used for this transition and the re¬ 

sult is shown as curve "b" in the figure. An interesting 

point is that as the exchange potential, starting with the 

Screened Hara, is progressively made deeper, the cross sec¬ 

tion first moves up to the Hara curve and then down to the 

(88) 
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X-alpha result. Calculations using a dynamic screening 

length 

were carried out for Neon and the results for the 2p-Kd 

and 2p-Ks transitions are shown in figures 29 and 30. The 

main effect of this term is to decrease the screening for 

large K. In both cases the inclusion of this energy de¬ 

pendent term changes the cross section very little, leading 

one to suspect that a radical change in the screened ex¬ 

change potential would be necessary to obtain better agree¬ 

ment with the Hartree Fock results. An additional 

calculation was carried out with the screened Hara potential, 

but the Fermi level was defined according to the Thomas 

Fermi relation: 

The results of this calculation are shown in figure 31. 

The Thomas Fermi definition of kp does not substantially 

improve the agreement with the Hartree Fock calculation and 

is in fact almost 20% larger than the FEG result at threshold. 

For large k the two curves converge as one expects from the 

high energy limit of the exchange potentials. 

The K shell cross section for Neon is shown in figure 

32. Close to threshold all the exchange potentials give very 

similar results with the Hara and Screened Hara being almost 

(91) 
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identical. Deepening the exchange potential causes the 

cross section to decrease slightly in the region k > .5 

however the cross section is really not too sensitive to the 

exchange potential as the two X-alpha curves illustrate. No 

Hartree Fock curves could be found for comparison however 

the cross section at threshold is close to the experimental 

point shown in figure 4a of reference (10). 

Argon 

The Fermi momentum used for Argon was 

c - [& 1 * V V !] ^ 

The 3p-Kd cross sections are shown in figure 33. The Hartree 

71 
Fock points are from the Many-Body calculation of Chang. 

Both the Hara and the Screened Hara are in poor agreement 

with these Hartree Fock results, although the Screened Hara 

represents a substantial improvement over the Hara results. 

The X-alpha cross section, not shown in the figure became 

very small for this atom, reaching a maximum of only 2 Mega¬ 

barns. The Cooper Minimum"^ predicted by the Screened Hara 

potential appears to be close to the Hartree Fock value. 

Many Body correlations are known to play an important role in 

74 
Argon which may account for the poor agreement obtained. 

For the 2p-Ks cross section the situation is much improved. 

As we see in figure 34, the Screened Hara cross section is 

(96) 
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in good agreement with the Hartree Fock results, with the 

Hara potential again being 10% too large at threshold. 

The Hara and Screened Hara cross sections begin to converge 

£ 1 Hartree above threshold and the Xalpha result is again 

too small. The K shell cross section for Argon is shown in 

figure 35. No near threshold Hartree Fock calculations 

were found for comparison, however the cross section right 

at threshold appears to be in agreement with the experimental 

point shown in reference (10). There is virtually no dif¬ 

ference in the Hara and Screened Hara cross sections. As 

the exchange potential is deepened the cross section de¬ 

creases, curve "b" being the X-alpha result with a = .72177 

and curve "c" the result with a = 1.0. For inner shell, 

better bound state eigenvalues are obtained if one uses 

a = 1 rather than the value of a obtained by matching the 

7 total Hartree Fock energy however the cross section is not 

affected to any great extent. 

CONCLUSIONS 

A number of trends appear throughout the photoionization 

calculations which have just been reported. These are: 

1) The Screened Hara exchange potential yields cross 

sections in closest agreement with the Hartree 

Fock results for every system studied. 

(99) 
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2) The Hara cross sections are 10-50% larger than 

the Screened Hara results in the near threshold 

region. The Hara and Screened Hara results con¬ 

verge 15 to 30 electron volts above threshold. 

3) The X-alpha exchange potential, in conjunction 

with this N-l particle potential, yields poor 

agreement with Hartree Fock results. 

4) For Neon and Argon the 2p-Ks cross sections are 

in much better agreement with the Hartree Fock 

results than the 2p-Kd calculations. 

We will now attempt to understand why these trends 

are observed. In the scattering calculations reported 

earlier we saw that the Hara exchange potential gave good 

agreement with the Hartree Fock phase shifts while the 

Screened Hara exchange potential yielded phase shifts which 

were too small. Now, in these photoionization calculations 

the Hara potential appears to overestimate the effects of 

exchange. To understand this conflicting behavior we must 

consider the fact that the exchange term involving the 

photoelectron and the bound level being ionized has been 

treated exactly in order to form the N-l particle potential. 

This exchange term should have a large effect on the con¬ 

tinuum function since it is the primary difference in the N 

and N-l particle potentials. By using the FEG exchange 

potential for the remainder of the exchange terms we over- 
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estimate their importance and thus wind up in the Hara 

approximation with an exchange potential which is too strong. 

Introducing the Screened Coulomb interaction in the FEG 

approximation decreases these terms with the result that one 

again approaches the Hartree Fock result. This behavior is 

not observed in the scattering calculations because none of 

the exchange terms are treated exactly. (2) is easily ex¬ 

plained by examining the high energy limits of the exchange 

potentials. The screening becomes less effective at high 

energies and the two potentials approach the same asymptotic 

limit. 

The failure of the Xalpha exchange approximation is 

somewhat puzzling. The cross sections obtained using this 

potential oscillate from being too large to too small as one 

goes from Li to Argon. This is the deepest and most long- 

range potential and it appears to have a very large effect on 

the phase of the continuum functions. Latter Cut-off cal¬ 

culations using the Xalpha potential partially correct this 

overextension of the exchange terms and do not exhibit so 

much oscillation going from one system to another.^ Thus 

it appears that the phase accumulated because of the longer 

extension of the Xalpha potential in comparison to the Hara 

or Screened Hara exchange potentials is the culprit respon¬ 

sible for its poor showing in this method. 

74 
Wendm has given a discussion as to why (n4) -* (Kji-1) 

cross sections are less sensitive to correlation effects 
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than (nji)(K4+1) cross sections. His argument can be ex¬ 

tended to exchange if we consider that only the part of the 

continuum wave function which overlaps the bound orbital is 

of importance for photoionization. In this region, the con¬ 

tinuum function looks like a bound orbital. Now a n^-n^-l 

type transition necessitates an increase in n, i.e. n*>n 

because the lower levels are filled. This means that the 

orbital must expand, i.e. the overlap of the bound and ex¬ 

cited orbitals will decrease. In the njh-*n*jL+l case however, 

n does not necessarily have to increase since the (n,4+l) 

level is vacant. Thus the excited level can be more local¬ 

ized in the vicinity of the n£ level than in the previous 

case. If we picture the continuum wave functions as being 

built up from the n*4* levels in this small R region, then 

the smaller cross sections and good agreement of the single 

electron model follows as a natural consequence. In systems 

such as Argon the (Kd) function can be strongly localized on 

the 3p orbital, leading to large correlation effects at 

71 
some energies. Since the Screened Hara exchange potential 

works well for the (njJ-ri*X-l) transitions and poorly for the 

(n,!—n*X+l) transitions it appears that it more closely re¬ 

sembles the Hartree Fock at small r. 

In conclusion, this study has shown that the Screened 

Hara local exchange potential used in conjunction with the 

N-l particle potential is a good approximation to the 
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Hartree Fock V(N-l) potential in photoionization calcula¬ 

tions. For scattering calculations, the Hara exchange 

potential has been found to give elastic scattering phase 

shifts in close agreement with the Hartree Fock results. 

The inclusion of polarization effects for Neon in the case 

of elastic scattering and for Lithium in photoionization 

fch indicates that these potentials form a suitable 0— order 

approximation for systematic improvement of the calculation. 
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APPENDIX I 

Derivation of the Single Particle Cross Section: 

The Hamiltonian for the interaction of an electron with the 

20 radiation field is : 

where p is the momentum 
/i ” c 
operator and the vector potential 

-4 f——i . 1 

Au,^ = £ «• 
The coordinate system is 

shown in the figure at right. 

The direction of propagation 

of the photoelectron, k, de¬ 

fines the z axis and the 

photon polarization vector ê 

is chosen to define the zero 

of the azimuthal angle 0'. 

75 Using the relation 

,'‘a 

we find 

Thus the S Matrix becomes 
ç-r :-nH\ 

S= '&=• v ■ 4K<*>|i> 

^ >0 ik *r 
—U) — 

where the dipole approximation e Z 1 has been assumed. 

Since we are mainly concerned with light atoms this 
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approximation will be valid even for inner shell photo- 

2 
ionization. The transition probability per unit time 

is then just 

]_§!* ■= ( aV? u) ! ) A.(eosQie**1 +■ SÎAô'COSV I>| . S(£f <S) 

where we have used 
'«■-’iHI I* I 

* a'h- •£;• <S) J <** e 
ih I 

- P Tr H""1 & (£{-£;- iS'j 

The cross section is obtained by averaging over initial 

states, summing over final states and dividing by the 

incident flux. 

J6 = /*Li aV)a<J A^ccxSôcoSÔ'V tfùiôiiViô'coS^}] 

For single photon absorption, jj_nc = c. The wave function 

for the initial state is written as: 

(6N)= ^s\ 

The wave function for the photoelectron propagating in 

76 direction can be expanded in the partial wave series 
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*4^ (6s)- (a4+0Re«M ft Ccosô') <S,6A 

c in where 6^ = 6^ + 6^ is the sum of the phase shifts due to 

the Coulomb field of the residual ion and the model poten¬ 

tial employed to calculate the radial functions. Rn^ and 

R , are solutions of 
e l 

f j. -Jyaj) + % ^4|S> + )/**(*)- £ j R £ 8 “ O 

where $ 3vA* R«a - i- for bound states and since VU^*A 

A 
(Uf ï/biSUUl*>i-'2Ë. -6^ 

With these normalization conventions the sum over final 

states becomes: 

^ (a.Vf55<JS4L - 

( 

since 

So the differential cross section is: 
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ji * <(ÜTC $ S,!( 
* j^fWo4»'li>\a+ S'*s© a ^ ^ 

Integrating over the solid angle dQ, i.e. including all 

possible directions of the outgoing electron with respect 

to the photon polarization gives: 

. J S | ^\ACos©'lc>]a4 3. I^Çl^siAô'coi^'K^3, T 
3C JÎ+> "**•<*• / * ‘ * 

Using 

J\ CO S©'■» /v.V,o tXL*^ 

/V COST'S. £-/îf ^ 

this reduces to 

6C^) = tjLzïir • ^l<£,2ço\A'f,oUM>|a+ 

7 b2 ( I /*t''Æo~r+ I 

95 Noting that' 

P$, ( ~ V « O C ^ 

and 
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we find 

* f MV JT*. *Of jjaï,*~i„ Y e.'®J; 
o * 

£. iV £ (S, I Sjmo)c^a.o^ 

* Jl^l * jr - 
= <
 *■ 'VSAM 1 <T^0 

l <2. * 1 /A (f> ^ J3(k-*«Y*c 
Y~TI^— **)° 

So averaging over initial states we obtain: 

_L 
i*\* -J2 |^tnio«| _ 

JJI+» 

where 

va ..ana 1 (^e+r 
3 / (i+i) + H-J— 4 ifA N 

\ (aJl+ M 

+■ 6-»5 A\+A\-e, 

iL | A c^i^l * * A- (M *) - ai ü«-,')A+H.«‘(4J 

¥ ~ ^Kzt^Zj ~ A~ 6+-6- 
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Similarly, 

+ f^Srlji (C^ < e * ^(i.«-,^.«) '4,-, \[- 

so that 

<W 

The average over the initial states in this case is given by 

i—£_ ( )*= -i— £L /i-,-. 
Ü-V \ ^ 3Ü4 1 m**Jl ^ / 

= a 4(3»^ 

i 

and one finds that 

a A* 
-^o:» £_ Ol * -h- 4o,( i 

al-H 

aX+ 
\a » \* ? ^ f^%A(lW)+>Cji<Mv/^ALaA(»A*>ya<WK>(6»-dl 

Finally 

6(oV i2L±^-fj*i. i\+ 
3C 
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where 
\ - $ ^A'A3' ^£Îttl 

O 

and N = the number of electrons in the (nl) shell. In 

these units c = 137 = h and k = J2E for E measured in 

Hartrees. 

Expressing 

2 ^ 
6 (UJ) is in units of aQ where 1 aQ = .5291. 

6 (uu) in terms of Megabarns 
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APPENDIX II 

Derivation of the Screened Exchange Potential: 

The Hartree Fock exchange potential acting on an 

electron whose electronic wave function is denoted by 0^ (j:) 

is (eq. t. + I ) 

^ | | 

= - a. ÇJ (•**.,**>> j 4>, 0-^,1 ex 

v^2~^ is tow taken to be a screened Coulomb potential: 

/1—1“—2 I -1 
V12 = e 

I—l-—2 

In the Free Electron Gas approximation the wave functions 

are plane waves ; 

\ Î.M' A 
e 

so that the exchange term becomes 

V,* « -S- i- W _ 
v ' (V*|V.-4sl*) 

For the scattering problem, the sum extends over the N 

target electrons so that 

(112) 
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In the case of photoionization, the level being photo- 

ionized is omitted from the sum so 

where 

* 
P 

is the frozen core density calculated by omitting 

the contribution of the photoionized electron. In either 

case we have 

'Tr' 

v4* - - aJ2i 1 à*. -t* je •awvQ 

4 

t^ît • A* AM. 

At £t-«,-ry 

where 

-j- ( , *. JU 
O 

O 

= X. (--•') ; tj 

letting H. - X+ <À 

x( ('crf.'i - £ • £ U-^Xvs (\*+ U*) 
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Using the integral formulas 

^àx * *JU(x*+\o*)--ax + a.k-VanTj<^ 

J dxx-SU^x
a*tf^ » ^-^(xatba-)^(x;*+Vi*)-XaJ 

we find 

oc» t»0 = 3~\ (+-oT) — (*) 

- where 

T, &^jU(&uVsi«iW^)] 

Noting that J-^(a) = J^(~a) we find that 

_L * _L. i ( •*■') — Ü « (“*'■') ~ i ^ X r "t0*^ “■ i ( X^ ” 

X 
a. 

Using the identity 

+aA * 'j-ft. A. A + -t-QAB 
/ "• 4-O.A.A 4-<X A & 

A - *V <\A * Xp-toC 

and letting 

one finds 

A+ B 
aXX/r 

Defining „ = o/xF = kyk^ and p = V\ax 

the exchange potential can now be written as: 
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Rydbergs where 

C(yV JUf + j. Ï-1 C'-’Ù* J a 

The unscreened FEG result is recovered in the limit 3-0 

Vex ~ ”tj!r ~ i. (y\) 
if 7r 

where 

i±a 
fT I '-•‘X 

+ / a 
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MOLECULAR CALCULATIONS 

Introduction: 

The Multiple Scattering Method (MSM) with the Xalpha 

exchange potential has been used to calculate the ground 

state eigenvalues, ionization energies and the 2t| «- la^ 

oscillator strength of Methane. The position of the 2t* 

state was determined using the Transition State theory of 

78 
Slater. The formulation of the Multiple Scattering 

79 
Method developed by Johnson and co-workers was employed 

in the calculations. 

During the 1960's as large computers became readily 

available interest turned toward ab initio calculations of 

molecular and solid state properties. However, Hartree 

Fock or configuration interaction calculations for such 

systems are very clostly and difficult to perform. This 

situation motivated the development of the MSM. The MSM 

is much faster computationally than a traditional Hartree 

Fock or Cl calculation and, somewhat fortuitously, often 

7 9 80 
yields better agreement with the experimental results. ' 

Quite a few bound state calculations have been carried out 

using this method. The ground and some excited states of 

— 81 
Mn04 have been calculated by Johnson and by Juzinaga 

g 
et al. Ground state calculations on SFg have also been 

79 reported. Calculations for smaller molecules include 

9 
those of Danese for the ground state and potential curve 
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of Methane, Roberge e_t al_.*^ for , Mitzdorf^ for î^O 

83 
and Norman for PH^• The Multiple Scattering Method has 

been extended to Continuum states by Dehmer and 

Dill^'and applied to photo ionization in and 

13 
electron scattering in SF^. 

Chapter 3 contains a derivation of the MSM and a dis¬ 

cussion of the approximations inherent to the method. 

Some of the details of the calculation are described and 

the results of the Methane calculations are reported in 

Chapter 4. 

3.1 Multiple Scattering Method for Bound States 

The simplification of the treatment of the molecular 

problem in the MSM is based on the partitioning of the 

Molecule into spherical regions. A schematic diagram of 

these spherical regions in CH^ is shown in figure 36. There 

are three types of regions, atomic, interatomic and extra- 

molecular. The spherical atomic regions surrounding each 
fch 

atom comprising the molecule, labeled 1^ for the j— atom, 

fill the large sphere which separates the molecule from 

Region III, the extramolecular region. The large sphere 
0 

itself is sometimes called the "Watson Sphere." Region II, 

outside the atomic spheres but within the large sphere sur¬ 

rounding the molecule is called the interatomic region. 

The simplification comes about as a result of the way in 
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which the potential is approximated in each region. At a 

given atomic site the potential is formed in the following 

manner. Consider for example the Carbon atom in Methane. 

The potential in the Carbon sphere is taken to be the 

spherical potential associated with the carbon nucleus and 

the electrons localized on that site plus the spherical 

average of that part of the potential due to the four Hydro¬ 

gen atoms which overlaps into the Carbon sphere. The 

potential at the Hydrogen sites is calculated in a similar 

fashion. The potential in region II is taken to be a con¬ 

stant and is defined as the volume average of the potential 

due to all atomic sites. In region III the potential is 

formed by expanding each atomic potential about the 

molecular origin and then taking the spherical average. 

Thus, in each of the atomic sites 1^ and in the extramolecu- 

lar region III, the potential is radially symmetric and in 

region II it is a constant. Once having obtained the 

potential the wave function in each region is expanded in a 

partial wave series and the radial Schroedinger equation 

using a local exchange potential is numerically integrated 

out to the sphere boundaries. Imposing the boundary condi¬ 

tion that the logarithmic derivative of the wave function be 

continuous across each sphere yields a set of coupled 

equations in the expansion coefficients. The solution of 

these equations gives the eigenvalues and eigenvectors for 

the molecule. A new potential is then formed using these 
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new wave functions and the whole process is repeated until 

self-consistency is achieved. 

These steps will now be given in some detail. The 

derivation to follow is drawn mainly from references (11) 

and (79). The calculation begins by forming an atomic 

potential in each region. For concreteness we will continue 

to deal with the Methane example. For these calculations, 

the initial potential was calculated using analytic Hartree 

Fock Roothaan wave functions from the Tables of dementi 

and the X-alpha local exchange potential. The coordinate 

system we will be using is shown in figure 37. Let V^(r.) 

denote the atomic potential at the point r^ in the j— 

atomic sphere. The effects of the other atoms are not in¬ 

cluded in VJ. The total potential at atomic site 1^ is 

given by the superposition: 

th th 
where relates the position of the j— and i-=— atomic 

spheres. The prime on -the second sum simply indicates 

that the contribution from the site under consideration has 

been separated out. The next step is to expand this poten¬ 

tial in a series of Spherical Harmonics: 

Varj (&£) * ^ Ya.*\ C A^) 
where 

t A^ =■ J V " -i' 
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The approximation is to only retain the (l,m) = (0,0) term 

in the expansion. Then the potential in a given atomic 

i.e. the spherical atomic potential belonging to that site 

plus the spherical average of the part of the potential at 

fch 
the other atomic sites which overlaps into the j— sphere. 

In region III the atomic potentials are all expanded about 

the center of R and we have 

and QJJ is the volume of the interatomic regions. 

This last approximation introduces the most error because it 

forces the potential to be discontinuous across the sphere 

boundaries. 

The wave functions are formed as follows. A given 

molecular orbital Y(r.) is represented as a superposition of 

'V-rrr (, = 

In region II the volume average it taken and 

where the total potential 
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wave functions localized in the three regions I, II, III, i.e. 

= 4r— ^ *■ 
; 5 

.th In this expression each is defined only within the j- 
j 

atomic site. Similarly extends only over the interatomic 

region and Yjjj over the extramolecular region. By performing 

a partial wave expansion and matching the logarithmic deriva¬ 

tives of each partial wave at each sphere boundary a wave 

function continuous over all space is obtained. In the 

atomic regions I. the are given by the partial wave 
3 j 

expansion: 

■Ÿ. 4— 
A xa “ ^ 

where the C^m are the expansion coefficients and the radial 

wave functions are the solutions of the Schroedinger 

equation: 

f-J- i_ A»SL + VS-1\)-E1 Rf(£j 
A JU ~ » J X J0=O 

These solutions are subject to the boundary conditions 

at r = 0 A* Ps* * O 

In region III, the potential is also radially symmetric hence 

Ÿvr ( a'» “ C Rl 
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where the radial functions R^(E;r ) decay exponentially as 

r -> ça if E <0. The Schroedinger equation in region II is 

^ VV £ - (&) = O 

where we recall that is constant. Thus the solutions 

are either regular or irregular Bessel functions depending 

upon the sign of E-V^. 

E < V II 

If E is less than V^, the solutions are irregular functions 

YJJ can be written as a superposition of partial wave func- 

79 . 
tions expanded about each center, i.e. 

.(»> \ 
where ix) is a modified spherical Hankel 

function of the first kind and i (x) = i (ix) is a modi- 
i JL 

fied spherical Bessel function, and where K = yV^-E 

E > V 
II 

In this case 

where ^ (x) and j (x) are the regular spherical Neumann and 
& i> 

Bessel functions and 1^= . 

The multicenter wave function is a general form which is con 

venient for matching the wave functions across the sphere 
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boundaries. Matching at the i-=— sphere boundary then simply 

requires that the terms in the expansion referring to sites 

fch 
j / 1 be reexpanded about the center of this i— sphere. 

Throughout the remainder of this derivation we will deal ex¬ 

clusively with the E > VJJ case. The E < derivation 

proceeds in an identical fashion. To this end one employs 

84 
the general formula : 

x A,**\ t- 
> < 

In this formula r. = r.-R.. and > refers to the lesser or i D Di 

greater of [ r j | and |R^|. 

The 3j symbols are defined according to the conventions of 

8 5 
Edmonds and the spherical Bessel and Neumann functions are 

related to h^ (x) via: 
l 

hi*) = + 

The general expansion formula is now used to carry out the 

reexpansion of the terms in which are not centered at 

site i. This requires expansion formulas for 

and j * ® 
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1) Expansion of j „ (xr )Y,, (r ) about r.. Here ? = r .+R . ^ J ,1 ui 4m UJ 3 w ] ut] 

and Ir.I < I R .1 so 1 D1 1 <JJD 1 

£- 4-„ 
* Z**' X ** 

* (tv 

JtW **>* 
l> (*i) 

2) Expansion of n (xr.)Y. (r.) (for i ^ j) about r,. 
Z i Xfiu i 3 

r. - r. + R. . and Ir.I < I R• •I so -î -3 -13 1-31 1-131 

'M'uuYC^V L i. ir,tt%<'r[n(*tW-X‘*'-‘ï}ys 

o O 
0J^AW 'jS^x*** ( ^‘j') ^ A' (*Aj^ ŸfcW ( A/) 

£ *A 7 

fch 
Using these, YJJ can expanded solely about the j— 

atomic sphere, i.e. 
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Similarly, the expansion about the center of the Watson 

sphere is given by: 

f 
Alw 'ÎVM 

where , , and , are dynamic structure factors 

arising from the reexpansion formulas. Specific forms for 

these functions are shown in Table I which summarizes the 

equations of the MSM. These two expressions can now be 

used to match the logarithmic derivatives at the boundary of 

th each sphere. At the j— sphere boundary b.: 

-*î\fVe;b^ - 

or, simplifying the notation 

C R,AL<‘V) + * M/f - * & 
Matching the derivatives gives 

CL V's'sV 
aL % («J-jV h^)-(t C * *2 

where 

Eliminating the terms involving and Am jtm 
we obtain the useful relation 

(1) 

(2) 
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TABLE I 

Summary of the Multiple Scattering Equations: 

î k f LT<E%- 
A& + £ M- ) « <3 

fz (M f +£, (m-s-~'a£.) = <3 

s)7 = -f ^ to 3"** - ih^û^làù^ ? 

3“,7 = 4* Wst-n)’f * V^-fi -2' V / . .\y \ flS** *A~" .* foi****)îvc H) 

[T(£')] 3 « $;-$u, +■ (l-Sij){j(£) Ü'i 

K1 j * £ N*x»- r 
j a x s j ( K\O^I 
4 1 RfcÉKfeulj 

£*<o 

5,7 - {/<0 r,i = /£ Ut V/. 
**'** ’ K>s>, **&*>;)$ \fv (••oJ(«'s.»)lj'tKhn* 

4 

lVJ, ^ £ C-Ï 
A *\ Jl**. 

f * 

ja/W' 
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(3) CL - . -AU/*$ 
frWjilWÎ 

where the Wronskian 

l*'(\ * 3 if - *it 
M JX 

If instead we eliminate CP from the equations (1) and (2) Xm 

we obtain: 

+/f Ki+ w^j = ° (4) 

Matching the wave function in region II to YJJJ at the 

boundary of the Watson sphere we obtain the additional 

relations : 

c
el

= ' <5> 
and 

• £^(<^3 + Ç ^ h(£J^\ = 0 (6) 

where 

rJJ = il 
(4) and (6) form a set of coupled linear equations for the 

expansion coefficients in region II. These relations must 

be satisfied at every sphere boundary and for each partial 

wave in order for the wave function to be continuous 
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throughout the molecule. Once the coefficients A-} and A^ J im Am 

have been found, equations (3) and (5) can be used to 

determine and . In order to illustrate the form of Jim 4m 

these coupled equations, let us define the notation: 

■{ i (e-) = 
1 

and 

Then (4) and (6) become 

A 
'V*»' 

37 
A 
-*i \] = o 

)\ 

L {(ifa A*w + } -
0 

or after rearranging slightly, 

LL 

} SL** 

L 

Hrf\ h f A& *k ***** Aj,*J =0 

(7) 

(8) 
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where the matrix elements are defined in Table I. Equations 

(7) and .(8) are the fundamental equations of the MSM. To 

solve them it is necessary to calculate, at a given trial 

energy each radial function R^(E,r.) in the partial wave 
4 3 

expansion of each sphere in the molecule. The energy de¬ 

pendent matrix elements [T(E)]^-? , „ and , .(E) are 

then formed and the determinant of (7) and (8) computed. 

The procedure is repeated for a number of trial energies 

until the sign of the determinant changes. The eigenvalue, 

that is the value of E for which the determinant equals 

zero, is then found by interpolation across the interval 

in which the sign change occurs. The entire procedure is 

repeated until the desired number of eigenvalues are ob¬ 

tained. Once all the bound electron eigenvalues and eigen¬ 

vectors have been found they are tested for self-consistency 

and the calculation is repeated until successive iterations 

yield eigenvalues differing by less than some predetermined 

convergence criteria. After a self-consistent potential has 

been determined it can be used to calculate the excited or 

virtual levels of the molecule. This is done by scanning 

over an energy mesh from the topmost occupied bound orbital 

up to zero energy. The eigenvalues obtained in this manner 

are called virtual levels because although they are calcu¬ 

lated in the field of the N occupied levels, they have no 

effect on the levels themsleves. This is analogous to the 
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Frozen Core approximation encountered in the atomic photo¬ 

ionization calculations of Chapter 2. The influence of an 

excited electron on the remaining bound orbitals can be taken 

into account in an approximate manner through the use of 

Slater's Transition State theory and this is discussed in 

section 3.3. The steps involved in the Multiple Scattering 

calculation are summarized schematically in figure 40. 

In an actual calculation it may be necessary to retain 

only the first two or three partial waves in the expansions 

of the wave functions although if the molecule is large 

the number of coupled equations which have to be diagonalized 

can greatly increase the cost of the calculation. A simpli¬ 

fication in these equations occurs if the molecular symmetry 

79 . . 
is exploited. If the expansion of the wave function m 

spherical harmonics is replaced by an expansion in the linear 

combinations of spherical harmonics which are basis functions 

Kr’ = L cr> Y**(*} 
j2 A wv SL ** ^ 

for the irreducible representations of the symmetry group of 

the molecule, then the coupled equations become block 

diagonalized. In the above expression T- represents the 
ri 3 

irreducible representation, C J are the coefficients of the j&mn 

basis functions appropriate to I\ and n indicates that the 

same value of ji can occur more than once in r j • Each sub 

block of the determinant corresponds to a particular 
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irreducible representation. For example Methane belongs to 

the tetrahedral point group T^. The irreducible representa¬ 

tions for this group are given the labels a^, e, t^, . 

The coupled equations thus have the block diagonal form: 

of these symmeterized basis functions for Methane is given 

in Appendix III. 

3.2 Nature of the Approximations 

During the derivation of the MSM three primary approxi¬ 

mations were introduced. These were the spherical averaging 

of the overlapping potentials in the atomic spheres, the 

Muffin Tin approximation for the potential in Region II and 

the use of the X-alpha local exchange approximation. Each of 

these approximations and the effects they have on the proper¬ 

ties of the system being investigated will now be discussed. 

The first approximation will often cause only small 

errors, especially for space filling molecules possessing a 
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- 74 
nearly spherical symmetry such as MnO^. For more extended 

systems, or those in which directional bonds play a role, 

such as benzene, the approximation presents a more serious 

problem. Several authors have devised methods for par¬ 

tially correcting the errors introduced by this approximation 

86 87 88 
which involve the use of overlapping spheres ' ' and/or 

the inclusion of nonspherically symmetric perturbative cor- 

89 
rections to the charge density. Since these corrections 

are well understood and often not necessary at all, this 

approximation is the least troublesome of the three mentioned. 

The second approximation, that of using the constant 

potential in region II, introduces the most error into the 

calculation. By a fortuitous coincidence however, this 

approximation and the X-alpha local exchange approximation 

give rise to canceling errors so that good results can be 

82 attained. Mitzdorf has investigated the effects of the 

Muffin Tin approximation in an Xalpha calculation on the 

H2O molecule. He found that the Muffin Tin level was 

always above the potential at the sphere edges, thus pro¬ 

ducing a large discontinuous step at the sphere boundaries. 

This behavior was observed in the present CH^ calculation 

and is illustrated in figure 38. This barrier has the 

effect of squeezing the wave functions into the atomic 

spheres and thereby increasing the charge density in those 

regions. In turn, this makes the Coulomb repulsion integrals 

in the potential 
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J 1 •!>. --i» | 

too large. At the same time however, the use of the local 

Xalpha exchange potential: 

which is known to overestimate the exact static exchange 

78 
terms is made even larger (more negative) because of the 

increase in p(r). The net effect is that the total one 

electron potential yields good radial wave functions because 

of the cancellation occurring between the Coulomb and 

exchange terms. Mitzdorf also investigated the influence of 

the sphere size chosen for the calculation. Since the choice 

is somewhat arbitrary one hopes that the molecular orbital 

energies, the total energy and the charge density will have 

only a weak dependence on these parameters. For the 1^0 

molecule, Mitzdorf found that the one electron eigenvalues 

were fairly insensitive to the choice of sphere radii and 

also to modest variations in the value of a in the exchange 

term. The total energy and the calculated equilibrium dis¬ 

tance however, were found to change drastically as the 

sphere radii, especially that of the outer sphere, were 

83 
varied. Similar results were found for the PH^ molecule. 

Thus, although the MSM is not well suited for the calculation 

of potential curves, it can provide accurate one electron 
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energies and molecular orbitals. The cancellation due to 

the use of the X-alpha local exchange potential is not 

expected to work as well for excited or continuum states 

because the X-alpha exchange potential is not appropriate 

for these states. This is borne out by the improvement 

90 
observed m continuum photoionization calculations on SF^ 

which used the Hara rather than the X-alpha exchange 

potentials. 

The one electron X-alpha eigenvalues obtained in these 

bound state MSM calculations are usually found to be in 

poor agreement with the Hartree Fock values. The inner 

shell eigenvalues are usually too large while the valence 

levels are usually too small. „ The reason for this becomes 

apparent when one examines the relation of these eigenvalues 

78 to the total energy. As first shown by Slater this re¬ 

lation is: 

= 2 < 
2 A; 

til 
where n^ is the occupation number of the i— orbital. Since 

these eigenvalues obviously are not good approximations to 

the ionization energies: 

I - Vni.> - V11!-1* 

the question which arises is: What is the relationship of 

£. to the ionization energies? This question is answered 
IXa, 

by using the concept of the Transition State and is dis¬ 

cussed in the next section. 
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3.3 The Transition State 

In this section the concept of the Transition State 

78 
which was first espoused by Slater will be discussed. It 

will be shown that although the Multiple Scattering formalism 

developed in the two preceding sections yields good molecu¬ 

lar orbitals, an accurate determination of the ionization 

energy of these molecular orbitals requires a slight modifi¬ 

cation to the one electron potential. This modification 

simply involves decreasing the occupation number of the 

level by 1/2 electron. The eigenvalue obtained in the self- 

consistent MSM calculation will then be a good approximation 

to the ionization energy. In a similar way, excitation 

energies for optical absorption are found by decreasing the 

occupation number of the initial level by 1/2 and increasing 

the occupation number of the final level by 1/2. The argu¬ 

ment is the same regardless of whether we consider an atomic 

system or a molecule so for simplicity we begin by consider¬ 

ing the total energy for an atom calculated with the Xalpha 

local exchange potential. This is given by the expectation 

20 
value of the Hamiltonian 

+• J- 3 
j* J <HAA 4-JL.J" 

I A ’A* I 

(1) 
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where n^ is the occupation number of the i-=— orbital and 

«■**<*• 

If we vary the orbital u*(l) to minimize the energy while 

maintaining its orthogonality by including a Lagrangian 

Multiplier we obtain the usual one electron Hartree Fock 

equation: 

6l<***>- = ° 

where 

Rearranging slightly we have 

pA, V" -O (2) 

or 

(*i CjXAltjO) 

Multiplying (2) by u*(l) and integrating we find that the 

X-alpha eigenvalue is given by 
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(3) 

Comparing this to (1) we recover Slater's result that 

If we carry out the above procedure using the Hartree Fock 

Thus the eigenvalues obtained using the exact static exchange 

expression correspond to ionization energies while the X- 

alpha eigenvalues given by (3) do not. Formally, the ioni- 

fch 
zation energy for the j— electron in the X-alpha theory is 

given by: 

however as we saw in the preceding section, the total energy 

in the MSM has an undesirable dependence on the parameters 

of the theory, while the one electron eigenvalues do not. 

In view of this fact an attractive alternative would be a 

method for calculating the ionization energies using the one 

electron wave equation. Slater accomplished this by con- 

. sidering the total energy to be a continuous function of 

exchange potential we obtain 20 

occupation number. 
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He proceeded to define a "standard state" and carried out a 

Taylor series expansion about this state in powers of 

(n^-n*) where n* is the occupation number of the orbital 

whose ionization energy we are seeking. 

^ A » 

If we choose the standard state to be the X-alpha ground 

state in one case and the ground state of the ion formed 

by removing an electron from n* in a second case then we 

find for the ionization energy: 

£ ( A, = =- 

l<£> 
à A; * * 

The presence of these second and higher order terms is the 

reason why the X-alpha eigenvalues are not good approxima¬ 

tions to the ionization energies. The second derivative 

terms can be quite large and in order to find a way to 

remove them Slater turned to the process of optical absorp¬ 

tion. In optical absorption, the occupation number of the 

initial level is decreased by 1 while the occupation number 

of the final level is increased by 1. Therefore the exci¬ 

tation energy for the transition is: 
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^Ai}A*I;l= nSt+',N)'^ 

= 3i£> - 3_<i> 4. -L/-Ù& - £&> 
3 A;, o 21\;% o 

a! ( 3 A,]1 

- £. x*\ - £. Xol *a 
+ second order terras 

However, if the standard state is defined as a state halfway 

between the initial and final states, then the excitation 

energy is 

<E (A;,, n,+>A, (\,a= ~ ^ £ ( ft;* n> n:»' 

« 2 <g> 

This definition of the standard state being halfway between 

the initial and final states eliminates the second order 

terms so that the difference of the X-alpha one electron 

eigenvalues in the initial and final states is a good 

approximation to the excitation energy. As a concrete 

example consider the 2t| *■ la^ transition in Methane. The 

la^ state is the molecular analogy of the Carbon Is state 

while the excited 2t* state has mostly "3p" character. The 

la^ level is doubly occupied in the ground state while the 

_ U£> + third order terms 
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2t| is vacant. The transition state idea is to take 1/2 of 

an electron from the la^ level and place it in the 2t| level. 

The MSM calculation is carried out and the difference in the 

self-consistent la^ and 2t* eigenvalues gives the vertical 

excitation energy. The ionization energy of a given level 

can now be obtained by removing 1/2 of an electron from the 

level and placing it at infinity where it has no effect on 

the problem. The resulting eigenvalue is then the ionization 

energy correct to second order. 

These procedures make allowance for relaxation because 

the Self-Consistent Field method allows the other electrons 

to adjust themselves to the 1/2 electron hole in the level 

being ionized and for a transition state calculation, to 

'the presence of the 1/2 electron in the excited level. 

Ionization and excitation energies obtained using this 

method are usually quite accurate and in some cases have 

been found to be in better agreement with experiment than 

80 Hartree Fock or Cl calculations. 

The next chapter will discuss the present calculation. 

The first section details some of the methods employed in 

the Computer code MSXALPHA to solve the Multiple Scattering 

equations and discusses some of the problems encountered 

while using the code. The final section presents the results 

for Methane. 
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4.1 Details of the Code 

MSXALPHA, the computer code used to perform the Methane 

calculations reported in the next section of this chapter 

was originally developed by Katsuki, Palting and Huzinaga^ 

and was obtained from the Belfast Program Library. The code 

is approximately 6000 lines in length and its efficient 

use requires one magnetic tape to be available for the 

storage of intermediate results. In this section details of 

some of the methods used in the code to solve the Multiple 

Scattering equations will be presented and a number of the 

problems encountered while using the program will be dis¬ 

cussed. Since the original version we received did not 

provide a convenient means of extracting the molecular 

orbitals, the program was modified so that the virtual orbi¬ 

tals and dipole matrix elements for the transitions from the 

la^ level of Methane could be calculated in every iteration. 

This and additional modifications are described at the end 

of this section. 

A flowchart detailing the main steps of the calculation 

is shown in figure 39. The first part of the input includes 

the sphere sizes, the coordinates of the center of each 

sphere and some parameters which control the flow of the 

program. The second part of the input involving information 

concerning the irreducible representations of the molecular 

point group is quite involved and requires a good amount of 
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preparation and hand calculation. The symmetry input for 

Methane and the method used by the program to construct 

the symmeterized orbitals is discussed in detail in 

Appendix III. The analytic atomic wave functions are used 

to calculate the potential for the first iteration. Also 

during the first iteration the range of energies to be con¬ 

sidered is divided so that levels with an energy less than 

a user prescribed dividing point will be treated as core¬ 

like levels and those with an energy above the point as 

valence levels. One intuitively expects that deep core 

levels in the molecule will not be greatly changed from 

their atomic values while higher lying valence levels will 

be altered to a great extend due to the formation of chemi¬ 

cal bonds. Thus, different methods can be used for each 

type of level. In the methane calculation the dividing 

point was set so that only the Carbon Is orbital would 

initially be classified as a core orbital. After a number 

of iterations the valence levels, in this case the 2a^ and 

lt2» start to approach their final values and although not 

yet self-consistent, they do not undergo any large changes 

from one iteration to the next. The program monitors this 

progress toward self-consistency and when a valence level 

is sufficiently well behaved it is reclassified as a core¬ 

like level. The purpose of this classification procedure is 

to cut down on the amount of time necessary for the calcu- 
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lation. The valence levels are calculated using the "Brute 

Force" method which is very time consuming. An energy mesh 

of 150 points is formed with its first point being close 

to the highest core-like level. The step size for the mesh 

is controlled by the user. The Multiple Scattering equa¬ 

tions (Table I) are solved at each mesh point and the 

determinant is checked to see if the sign has changed with 

respect to the last mesh point. As soon as an interval with 

a sign change is discovered a number of points are calculated 

inside the interval and the eigenvalue determined by 

interpolation. 

Once a level has become well behaved this scanning pro¬ 

cedure is unnecessary. In this case the latest eigenvalue 

provides a center point for the bracketing procedure used to 

calculate the core-like levels. The user provides a step 

size "h" and an interval 

where SL is the eigenvalue from the previous iteration is 

set up. The determinant is calculated at the endpoints 

and checked for a sign change. If none is found the inter¬ 

val is expanded-to 

and the procedure repeated. The expansion continues until 

the root is found or until the number of expansions exceeds 
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some preset maximum in which case the program stops and 

prints a warning message. 

The procedure for determining if a root is present is 

actually more involved than just checking for a sign change. 

Looking at the coupled equations in Table I, we observe that 

if the Wronskian of the radial functions and the Bessel 

functions vanishes a pole can occur. Thus one must be care¬ 

ful to check not only for a sign change in the determinant 

but also for sign changes in the Wronskians and in the 

radial Bessel functions. Once the levels have all been 

found they are tested for convergence. In the Methane cal¬ 

culation the convergence criterion was 

The criterion for a valence level to be reclassified as a 

core-like level was: J Li '1 ^ •00S 

If one or more levels do not satisfy the convergence cri¬ 

terion a new potential is formed using the levels just calcu 

lated. The potential for the next iteration is then taken 

to be: 

where V ^ is the potential from the last iteration. For 

the Methane calculation F = .90. This weighted potential 

is necessary in order to avoid oscillations in the self- 

consistency of the levels. 

After the self-consistent potential and molecular or¬ 

bitals have been obtained, the virtual levels are determined 

V(»+<r ♦ 0 ” 
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They are calculated using the "Brute Force" method starting 

with the highest occupied valence level. Although the pro¬ 

cedures just described are straightforward, the program 

proved to be very tricky to use primarily because of the 

way in which the energy mesh is constructed. We turn now 

to a discussion of these difficulties. 

4.2 Problems with the Code 

The MSXALPHA code comes with a set of test data which 

include values for the parameters controlling the various 

energy meshes. Using these test parameters and choosing 

the sphere radii to be the covalent radii of Carbon and ' 

Hydrogen the ground state calculation of Methane converged 

-in 26 iterations. When a transition state or ionization 

calculation was attempted however, problems immediately 

arose. One choice of parameters would be good for 2 or 3 

iterations but would fail to find the correct number of 

valence levels in subsequent iterations. Changing the 

parameters and restarting the calculation at the last good 

iteration would usually give only 1 or 2 more iterations 

before a level would again be skipped. The level most often 

skipped was the 2a^ level which is puzzling because the lt£ 

level lying above was found with no problems. The 2a^ lies 

close to the Muffin Tin level V^ however the energy mesh 

was adjusted to account for this and the difficulties still 
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remained. No obvious bugs could be found in the code and 

this failure is at present not well understood. An addi¬ 

tional problem was encountered with the routine handling the 

input and output of intermediate results but it was of a 

minor nature and easily corrected. Future plans are to 

automate the construction of the energy meshes and to in¬ 

clude supplementary scanning procedures to insure that all 

the levels have been found. 

4.5 Modifications 

The original version of the code calculated the normal¬ 

ized density needed for the potential by first forming the 

unnormalized density. Normalized molecular orbitals are not 

required at any stage of the ground state calculation, so a 

modification in the routine constructing the density was 

necessary in order to obtain them. A second modification 

was a change in the program flow so that the virtual states 

could be calculated after every iteration. A routine for 

calculating the dipole matrix elements between the la^ and 

2t* level was added and the section of the code dealing 

with the transition state calculation was modified so that 

the final state would make no contribution to the calculation. 

This enabled the ionization energies to be calculated. 

The results of the ground and transition state calculations 

will now be reported in the next section and compared to 
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experiment, to Hartree Fock calculations and to a previous 

MSM calculation on Methane. 

4.4 Results of the Methane Calculation 

The ground state of methane has the closed shell con¬ 

figuration 

(la1)
2(2a1)

2(lt2)
6 

The united atom limit is the Neon ground state configuration 

(ls)2(2s)2(2p)6 

The la^ level closely corresponds to the Carbon Is level 

while the 2a^ and lt2 orbitals are Carbon-Hydrogen bonding 

orbitals. A strong absorption peak is found just below 

the K edge in the experimental absorption spectrum of 

8 Methane. The peak has been identified as the first Rydberg 

2.t| ♦- la^ transition and a second weak peak found below it 

has been interpreted as a vibronic transition to the 3a£ 

Rydberg. In this section the results of the present calcu¬ 

lation will be reported and compared to the experimental 

spectrum and to a previous X-alpha MSM calculation of 

9 
Methane by Danese. 

Ground State 

The X-alpha ground state eigenvalues, ionization ener¬ 

gies and transition states are reported in Table 2. The 
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TABLE II 

Results for Methane* 

Present Calculation Danese Hartree Fock Experiment 

X-<=t 

lal - 20.00 - 21.80 -21.97 -21.40 -21 .38 

1—1 
CT5 
0
4
 - 1.457 - 1.692 -1.726 - 1.884 - 1 .700 

it2 - .880 - 1.132 -1.140 - 1.082 - 1 .030 

3aî 
- .042 - .176 - .253 - .252 

2t2 
- .001 - .032 - .177 - .176 

*A11 values given in Rydbergs 
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sphere radii and the values of a for the X-alpha exchange 

term used in these calculations are shown in Table 3. The 

ground state levels converged after 26 iterations using the 

convergence criterion that the eigenvalues obtained in 

successive iterations differ by less than .001 Rydbergs. 

1< .ooi- 

In order to test the sensitivity of the levels to the number 

of terms included in the partial wave expansion of the 

wave function, two complete ground state calculations were 

carried out. The first calculation included the 1=0 and 

1 terms on the Carbon sphere and in region III and just the 

1=0 term on the Hydrogen spheres. In the second calcu¬ 

lation the expansion was extended to 1 = 2 on the carbon 

and in region III and lmax = 1 on the Hydrogen spheres. To 

the accuracy of the convergence criterion, the eigenvalues 

of the la^, 2a^ and lt2 levels were not affected by the in¬ 

clusion of the additional partial waves. Figure 41 shows 

the difference between the final converged eigenvalue and 

the eigenvalue at a given iteration. The progress toward 

convergence is fairly smooth after the first few iterations 

with the la^ level converging faster than the 2a^ and lt2 

levels. This behavior supports the assertion that the 

inner shell or "core-like" atomic levels will not undergo 

drastic changes when placed in a molecule. As mentioned in 

section 4.3 the ionization and transition state calculations 
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TABLE III 

Parameters Used in the Methane Calculation 

Carbon Hydroqen Reqion II Reqion III 

Alpha .75928 .97804 .93413 .97304 

Sphere 
Radii .77 .32 1.41 

(A) 
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were not carried out to self-consistency because of tech¬ 

nical problems with the code. Based on the behavior of 

the ground state calculation, the values reported for the 

ionization energies and the positions of the excited states 

are estimated to be within 3% of the converged values. 

Looking at Table 2, it is seen that the X-alpha 

eigenvalues themselves do not compare well to either the 

experimental ionization energies or the Hartree Fock re¬ 

sults. On the other hand, the ionization energies calculated 

by removing 1/2 of an electron from the appropriate orbital 

are in good agreement with the experimental ionization 

energies and with the previous calculation by Danese. The 

Hartree Fock la^ energy is from the calculation by Bagus 
g 

et al. while the 2a^ and lt£ eigenvalues are from an early 

91 calculation by Janoschek. The MSM 2a^ ionization energy 

is closer to the experimental energy than the Hartree Fock 

value but the lt£ value is worse than the Hartree Fock re¬ 

sult. The lt£ orbital extends over much of region II 

where the potential is taken to be a constant, so this 

disagreement of the calculated ionization energy with ex¬ 

periment is not surprising. The calculated energies of the 

3a£ and 2t* excited states are in poor agreement with the 

experimental values both in the X-alpha ground state and 

in the Transition State calculation. The splitting of the 

3aJ and 2t* levels predicted by the transition state calcu¬ 

lation is ~ twice the experimental value. 
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Oscillator Strengths 

The oscillator strength for the transition from state 

|a) to state |b) via the absorption of a photon is given 

_ ui ii. 

where = E^-Ea is expressed in Rydbergs and ga is the 

statistical weight of the initial state. For the CH^ mole¬ 

cule the evaluation of the matrix element 

O L b rn v, ) A ] * u. rA «.'y J 

^ ^0 £. b ** fa ) ^ ^ 

is complicated due to the many center nature of the wave 

functions, however for the 2t| *" la^ transition the inte¬ 

gration only extends over the Carbon sphere because of the 

almost complete localization of the la^ level at that site. 

The dominant contribution comes from the l,m = (0,0) term 

of the la^ wave function and the l,m = (1,0) term of the 

2t^ wave function so: 

JLA- A 
a. 

where 

^ j A3 (a.i*(14,) 
5 

N 
= SÙ. M,R 3 

. s _ p * _ £, 
- caia »*« 
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bc = radius of the Carbon sphere 

RQ(la^),R^(2t|) = normalized radial wave function cen¬ 

tered on the Carbon sphere for the 

la^ or 2t* state 

The dipole matrix elements MR for the 2t* la^ transition 

were calculated in each iteration of the ground state cal¬ 

culation and are shown in figure 42. It is evident that 

even though the ground state eigenvalues have converged, 

the dipole matrix elements have not yet approached any well 

defined value. The oscillator strength obtained using the 

dipole matrix element found in the last iteration of the 

ground state calculation is: 

. — 
» - 0.0 (o X tO 

9 

which is in poor agreement with the experimental and Hartree 
g 

Fock values: 

Ç.„f = 0.4x/o'
a 

The value of the oscillator strength obtained by calculating 

the 2t| level using the la^ ionization potential in which 

1/2 of an electron removed from the la^ level is: 

X = 3.3 * 10 
• IO*V. 

This value, and the value obtained from the 2t| - la^ 

transition state calculation, X a. \.SZ 
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are in better agreement with the experimental and Hartree 

Fock values than the ground state values, but the agree¬ 

ment may be fortuitous due to the slow convergence of the 

dipole matrix elements. 

Summary 

These results indicate that the X-alpha MSM can provide 

accurate ground state ionization energies. The virtual 

levels calculated using the self-consistent ground state 

potential are poor approximations to the Rydberg states 

observed in the experimental K absorption edge. The ex¬ 

cited states calculated in the Transition State potential 

provide a better representation of these Rydberg levels, 

however the convergence criterion would have to be made 

more stringent to obtain converged dipole matrix elements. 
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APPENDIX III 

Construction of the Symmeterized Molecular Orbitals: 

The Methane molecule possesses tetrahedral symmetry 

and falls in the category of the point group. This 

means that the molecule is invariant with respect to the 

24 symmetry operations comprising the T^ group. This is 

best illustrated by inscribing the tetrahedron within a 

cube as shown in figure 43. One of the symmetry operations 

is a rotation by 120° about the OA axis. This rotation 

leaves the molecular configuration unchanged so the 

Methane molecule is invariant with respect to this opera¬ 

tion. This symmetry is reflected in the molecular Hamil¬ 

tonian. That is, if Rn is one of the 24 symmetry operators 

then: v 

(O(M't') - y\(KnH) 
where Ky = Ey is the exact nonrelativistic Schroedinger 

equation for Methane. Thus RnY and y are both eigenfunc¬ 

tions of H with the same eigenvalue. If the eigenvalue E 

is M-fold degenerate there will be M orthogonal eigenfunctions 

{Yj,} associated with it. 

= ft* i * 
and RnY^ must be a linear combination of these functions. 

(163) 
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The collection of 24 matrices {R11^] forms the irreducible 
j 

representation of the group. The eigenfunctions be¬ 

longing to any particular eigenvalue of the Molecular 

Hamiltonian form a basis for an irreducible representation 

of the group. In other words, if we build basis functions 

for the molecular orbitals by using a partial wave expan¬ 

sion as in the Multiple Scattering Method, w.e only need to 

include the linear combinations of terms which have the same 

symmetry as the level we are looking for. For example, the 

la^ level, corresponding to the Is level of Carbon, is 

invariant with respect to every symmetry operation, i.e. it 

l 2 2 2~ 

behaves like r = 4 x +y +z . The first two terms in the 

spherical harmonic expansion about the carbon site which 

exhibit this symmetry are the YQO and ¥3-2 
terms• The ex“ 

pansion does not need to be extended to L = 3 so only the 

YQO term needs to be retained when calculating the la^ 

level at the Carbon sphere. In the Hydrogen spheres the 

situation is not so simple however because they are not 

located at the molecular center. In order to determine what 

linear combination of partial waves expanded about the 

Hydrogen spheres has a^ symmetry it is necessary to use 

92 
Projection Operators. As shown in ref. (93), the projec¬ 

tion operator defined by: 

(165) 



has the property that if applied to a linear combination of 

functions the resulting function has the symmetry of the 

fch j— irreducible representation. In this expression is 

the dimensionality of the representation and g is the order 

of the group (g = 24). The application of this operator 

provides one of the g^ basis functions of the representa¬ 

tion. The rest may be obtained by successively applying 

the shift operator: 

?\ - U £ rA (0 

to the basis function, r^(Rn) t^ie element 

of the matrix representation of Rn in the j— irreducible 

representation, i.e. if the irreducible representation is 

two fold degenerate there will be two basis functions and 

r? 
*» ' ia. 

n r{ a.» ax 

The MSXALPHA program automatically calculates the 

effects of the projection and shift operators on the off 

center sites. In order to do so however it requires that 

the basis functions appropriate to each irreducible repre¬ 

sentation of the point group be specified and it requires 

that the matrix elements of the 24 symmetry operators in 

(166) 



each irreducible representation taken with respect to the 

central atom be input as data. 

The group has 5 irreducible representations given 

the labels 

The ground and excited states of interest to us have either 

a^ or t2 symmetry so the construction of the input data will 

be described for these two representations. The a^ repre¬ 

sentation is one dimensional and transforms in accordance 
y 

2 2 2 94 . . . 
with r = x +y +z while t2 is a three dimensional 

representation spanned by the set of basis functions: 

,{x, y, z} 

In terms of real spherical harmonics we have the corres¬ 

pondence 

A. Ÿûû 

The basis functions for the other representations involve 

terms like 

O** 

So the effect of Rn on any one of the basis vectors can be 

n 
found by considering the effect of R on (!) 
The symmetry operators for the T. group are 

93 
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E, 80^, 3C2» 6 and 6S^ where 

E = the identity operator 

80^ = rotations of 120 and 240° about axes 0A, OB, OC, OD 

6 = reflection through the mirror planes defined by the 

planes (AOC) , (DOB) , (AOB) , (FOE) , (DOA) , (IOE) 

3C2 = rotation of 180° about (x,y,z) axes 

6S ̂ = improper rotation about the (x,y,z) axes defined as 

3 c 3 Ca*ic*) 3 ^4 • 3 («w d ) 
where 6^ is a reflection through the plane perpendicu¬ 

lar to the rotation axis and (f11 is a rotation of n 
2rrm 
n 

radians. 

In general these symmetry operations will permute the set 

1 2 2 2 1 

(x,y,z). Since r = y x +y +z , this permutation will 

leave the a^ function unaltered. Thus aï ^ 

Using the axes conventions defined by figure 43, the 

effect of each of the 24 symmetry operations on 

(i) 
have been tabulated in Table 4. With this information the 

al n t n matrices L (Rn) and Pj_ j a (Rn) can be constructed and 

these are also listed in the table. The program uses this 

information to construct the off center symmeterized molecu¬ 

lar orbitals. These are listed for Methane in Table 5. 

(168) 
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Table 4 

Matrix Elements of the 24 Symmetry Operators of the T, group in the 
a.j and t^ representations. 

2 
Rn : Rn(x,y,z) : : (11)(21)(31)(12)(22)(32)(13)(23)(33) 

E 

«a 

«a* 

x y z 1 
1 
1 
i 

i 
-1 
-i 

1 

1 
1 

-1 
-i 

1 
-1 

i 
-i 

z x y 1 1 i i 
- - 1 1 -i -1 

- 1 -i 1 -1 
C'.o - - 1 -i -i i 

y z x 1 1 1 1 
«■'»« - - i -1 ■ -1 i 

- 1 i ■ ■i -i 
cl* - - i -i 1 -1 

y x z i 1 1 1 
- - 1 -1 -1 1 

- - i -i 1 -1 
- - i 1 -i -1 

6/1,06 Z y X 1 1 1 1 
- «. i i -1 -i 

5*«c - - i -1 ■i 1 
- - i -1 i -1 

6V«A X z y 1 1 1 i 
630 & i -1 1 -i 
^<t-x - i 1 -1 -1 
*4/ - - i -1 -1 i 

Axis conventions defined in figure 43. 
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Table 5 

Symmeterized Molecular Orbitals: (see Figure 43) 

On Center Off Center 

O
 

O
 

>- (ABCD)Y00 : a} 

Y10 (ABCD)Y00; (ABCD)Y]0 : tg 

Y11 (ABCD)Yqo; (ABCD)Y-j] : t2 

Yl-1 (ABÜD)Y00; (ABCD)Y-[_1 : t2 

where (ABCD)Y,m = Y,m(A) + Y,m(B) - Yjjc) - Ylm(D) 
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