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ABSTRACT 

Investigation of a Tracer Diffusion Model Used in 

Void Volume Determination in Biologic Tissue 

Gregory H. Johnson 

The morphology of load-bearing tissues suggests that their in¬ 

ternal void spaces fall into two different size distributions: macro¬ 

voids, the spaces between large morphological entities of several y 

in size, and microvoids, the spaces between structural elements. A 

mathematical model proposed by Lake and Armeniades gives an estimate 

of the fraction (F) of macrovoids in a given tissue on the basis of 

the rate of out-diffusion of ionic species from the tissue under con¬ 

trolled conditions. Knowledge of F would provide information on the 

state of aggregation of fibers or other structural elements in the 

tissue. This work seeks to determine whether the proposed model gives 

a true representation of the out-diffusion behavior in real systems 

with different pore size distributions. 

An inert porous material (Mi11ipore filter material type AAWP) 

was selected which contained two pore size populations. The proper¬ 

ties of the material which correspond to the parameters of the model 

were observed by scanning electron microscopy. All parameters were 

quantified except D-j, the tracer diffusivity in the microvoid region, 

and Dg, the tracer diffusivity in the macrovoid region. and 

were varied to provide an exact fit of the model to the out-diffusion 

data. Variations of the parameters of the mathematical model show 



that the out-diffusion curve can be matched by only one unique value 

of F, regardless of how well the other parameters of the model are 

known. 

Out-diffusion experiments were carried out on tissue. The quali¬ 

tative out-diffusion behavior of bovine aorta and pericardium suggests 

that the out-diffusion model may be used to obtain F with confidence. 

Variation in F and the sample half-thickness (M) for both tissues pro¬ 

duces qualitative variation in the out-diffusion behavior which is pre¬ 

dicted from the model. 



Acknowledgements 

K 

The efforts of several people were indispensable in the production 

of this work. I would like to gratefully acknowledge the support of: 

Dr. C. D. Armeniades, my thesis advisor, whose guidance, advice 

and support were instrumental in the completion of this work. 

Dr. L. W. Lake, whose consultation proved invaluable. 

Mr. Glenn Fryer who prepared and executed all the photomicrographs. 

Drs. J. D. Heliums and D. Dyson for serving on my advisory 

committee. 

Mrs. Helen E. Hekimian, who proof-read and typed both the rough 

and final draft. 

Mr. Hardy Bourland, Ms. Marcella Estrella, and all others in the 

BioMed Laboratory whose assistance was appreciated. 

The Department of Chemical Engineering of Rice University, whose 

assistance, both financial and otherwise, went above and beyond the 

call of duty. 



TABLE OF CONTENTS 

Title Page i 

Acknowledgements ii 

Table of contents iv 

List of figures and tables V 

Nomenclature vii 

1. Background 1 

1.1 Utility of Void Volume Determination 
Technique 

1 

1.2 Structure of elastin in Aortic Tissue 7 

1.3 Collagen Morphology 8 

2. Purpose and scope 10 

3. Tracer Out-diffusion model 11 

3.1 Construction of the Model 12 

3.2 Solving the Transformed Equations 18 

3.3 External Concentration Function 22 

4. Experimental procedure 25 

4.1 Ultramicroscopic Observation 25 

4.2 Out-Diffusion Analysis of Millipore Material 30 

5. Results and Discussion 36 

6. Conclusions and Recommendations 52 

Bibliography 54 

Appendix 1 A-l 

Appendix 2 A-7 

Appendix 3 A-8 



V 

LIST OF FIGURES AND TABLES 

FIGURE # TITLE 

3.1-AA States of fibril aggregation in biologic materials. 

3.1-A Typical proportions of porous material. 

3.1 -B Assumed void volume distribution within porous media. 

3.1-C Close-up of single macropore and microvoid region. 

3.1-D Single model out-diffusion unit cell. 

4.1-A Photomicrograph of AAWP filter material seen edge on. 

4.1 -B Photomicrograph of AAWP exterior layer (macrovoids). 

4.1 -C Photomicrograph of AAWP interior layer (microvoids). 

4.2-A Experimental equipment used for obtaining data. 

5 -A Pore area distributions of AAWP filter exterior and 
interior. 

5 -B Out-diffusion data for filter material with best model 
fit. 

5 -C Variation of D-j from experimental data. 

5 -D Variation of from experimental data. 

5 -E Variation of H from experimental data. 

5 -F Variation of F from experimental data. 

5 -G Variation of M from experimental data. 

5 -H Out-diffusion of untreated bovine aorta. 

5 -I Out-diffusion of defatted bovine aorta. 

5 -J Out-diffusion of defatted/decollagenated aorta. 

5 -K Out-diffusion of untreated pericardium. 

5 -L Out-diffusion of defatted pericardium. 

A3 -A Calibration curve for conductivity cell. 



VI 

A3 -B Out-diffusion behavior of filter material at short t. 

TABLE # TITLE 

5 -I Information for exterior and interior filter layers. 

A2 -I Pore area distribution for exterior filter layer. 

A2-II Pore area distribution for interior filter layer. 

A3 -I Raw data for out-diffusion experiments of AAWP (Run #1). 

A3-IÎ Raw data for out-diffusion experiments of AAWP (Run #2). 

A3-III Raw data for out-diffusion experiments of AAWP (Run #3). 

A3-IV Computer program for calculating C^/C^ vs. r/t* and 

print out for best fit to AAWP out-diffusion data. 



NOMENCLATURE 

SYMBOL DEFINITION 

C Tracer concentration within the macrovoid region of a 
porous sample. 

C. Tracer concentration within the external leaching solution 
L at any time (t). 

C. f Tracer concentration within the external leaching solution 
LT as t + « . 

C. . Tracer concentration within the external leaching solution 
L at t = 0. 

C Tracer concentration within the microvoid region of a 
porous sample. 

Cy Tracer concentration anywhere within a porous sample. 

Tracer concentration within a porous sample as t -»■ ». 

C ^ Tracer concentration within a porous sample at t = 0. 

D Tracer diffusivity. 

D-| Tracer diffusivity in the microvoid region. 

D2 Tracer diffusivity in the macrovoid region. 

D . Tracer diffusivity in the microvoid region in the x 
direction. 

D ? Tracer diffusivity in the macrovoid region in the x 
x direction ( = D2). 

D , Tracer diffusivity in the macrovoid region in the x 
y direction ( = D-j). 

F Fraction of total void volume of porous material contri¬ 
buted by macrovoids. 

g Laplace transform of C. 

g Modified Laplace transform of C ( = g - Cv-/S). 

g . Laplace transform of normalized external leaching solution 
ext concentration C^/C^. 



vitt 

gm Laplace transform of C . 

gm Modified Laplace transform °-f Cm ( = gm - Cy../S). 

H Mathematical model diffusion unit cell height. 

M Half-thickness of porous sample. 

m Number of moles of tracer crossing from the microvoid 
region to the macrovoid region of a unit cell in time 
interval A t. 

N Flux of tracer into leaching solution from porous sample. 

N Total number of diffusion cells in porous sample. 
* 
R, Rate of accumulation of tracer into microvoid region per 

unit volume microvoid region 
* 

R2 Rate of accumulation of tracer into macrovoid region per 
unit volume macrovoid region. 

s Laplace operator. 

T Mathematical model diffusion microvoid cell height. 

t Time. 

At Time interval over which diffusive flux is measured. 

Lag time of out-diffusion experimental equipment. 
o 

U-| Reduced microvoid diffusivity ( = D^/T ). 

U2 Reduced macrovoid diffusivity ( = D2/M ). 

VL Volume of external leaching solution. 

Vy Total void volume of porous sample. 

W Width (in z direction) of mathematical model diffusion 
unit cell. 

w. Weighting functions for Bellman Laplace transform inversion 
technique. 

x Length coordinate of mathematical model unit cell. 

x. Roots of shifted Legendre polynomial for Bellman Laplace 
transform inversion technique. 



y 

Z 

V 

ÜL 

ULf 

ULi 

Height coordinate for mathematical model unit cell. 

Width coordinate for mathematical model unit cell. 

Porosity of macrovoid region. 

Porosity of microvoid region. 

Porosity of porous sample. 

Conductivity of external leaching solution at any time. 

Conductivity of external leaching solution as t. 

Conductivity of external leaching solution at t = o. 



1. BACKGROUND 

1.1 Utility of Void Volume Determination Technique 

The relation of structure to function in biologic tissues has 

long been of interest in the understanding of biomechanical phenomena 

and the design of prosthetic devices. Specifically, it is desirable 

to be able to interpret and predict the load-strain behavior of bio¬ 

logic tissue in terms of its ultrastructure. For a homogenious sub¬ 

stance, the calculation of engineering stress is made from an easily 

measurable macroscopic cross-sectional area. It has long been known 

(Burton (7)) that load-bearing tissues are highly inhomogenious. Bur¬ 

ton (7) suggests that all load bearing tissues derive their mechanical 

properties from elastin and collagen fibril networks imbedded in a 

ground substance containing mucopolysaccharides, lipids, cellular 

tissue, and void spaces occupied by extracellular fluids. Baer (1), 

Gotte et al_ (13) and Ramanathan (22) have demonstrated that^for a 

variety of tissues^fibril diameters for collagen and elastin are bet¬ 

ween 0.1 and 0.2 y. These fibrils are known to aggregate in a close 

packed parallel arrangement to form fibers of widely varying diameters 

(Burton (7), Elliot (12), Randall (23), Ramanathan (22), Banfield (2) 

and Borysko (6)). The general fiber configuration for many tissues 

consists of planar, sinusoidally arranged parallel axis fibers which 

display a diameter of about 80 y and a period of about 200 y 

(Diamant (11)). 
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Both the fibers themselves and the ground substance can be ex¬ 

pected to contain a variety of voids (see Fig. 1.1-A). These voids can 

be classified into two groups. Voids accounted for by extracellular 

fluids and disintegrated cells in native tissue, and removed ground 

substance and/or fiber networks in purified tissue all have character¬ 

istic diameters greater than 0.1 y and are referred to in this study as 

macrovoids. Voids accounted for by spaces within individual fibers 

have characteristic diameters less than 0.1 y and are referred to as 

microvoids. 

It is difficult, if not impossible, to compare directly the stress- 

strain behavior of different tissues without considering the variation 

in the proportion of load-bearing fibrils found in a given macroscopic 

cross section. Indeed, the work of Vogel (27) on rat skin suggests 

that even in supposedly similar tissue, collagen content (and thus, 

mechanical behavior) can vary widely. Ideally, assuming all tissues 

operate on the load bearing mechanism suggested by Burton (7), the 

calculation of engineering stress should be made on the basis of a 

microscopic cross section representing the cross sectional area of the 

actual load bearing fibrils themselves. Assuming that the tissue 

samples are sufficiently uniform such that the fraction of the macro¬ 

scopic cross sectional area represented by load bearing fibrils re¬ 

mains constant for any cross section, it is clear that this fraction 

is related to the proportions of collagen and el astin found in the 

various tissues of interest. These parameters are easily determined 

experimentally. 

Several investigators have attempted to duplicate the behavior 



3 

of biologic tissue by construction of synthetic composite materials. 

Studies into the mechanical behavior of tissue by Rigby et aK (24), 

Elliot (12), Torp et^al_. (26) and Patel et al_. (21) suggest that, for 

a variety of tissues, stress-strain behavior at elongations less than 

4 percent is determined by the elastin network, whereas at very high 

elongations the behavior is determined by collagen fibers. Inter¬ 

mediate strains produce composite behavior which has been adequately 

modeled mathematically by Lake and Armeniades (18). Using such infor¬ 

mation, an attempt was made by Chu (8) to compare in vivo stress-strain 

behavior of connective tissue to glass-bead-filled synthetic elastomer, 

but met with limited success. Chung and Testa (9) have demonstrated 

that for composite materials where the load-bearing fibers are im¬ 

bedded into the ground substance in a parallel, simple sinusoidal 

arrangement, the stress-strain behavior of the synthetic material can 

be predicted from rigorous mathematics. By far the most successful 

work in this direction has been done by Dale and Baer (10), whose in¬ 

genious synthetic sample preparation technique enabled them to repli¬ 

cate the structure of native tissue load bearing fibers down to the 

ultrastructural level (180-200 y). 

In general, however, these attempts to duplicate the stress- 

strain behavior of biologic tissue by construction of artificial 

fibrillar materials do not adequately describe the behavior of bio¬ 

logic tissue. The difficulty arises from the tendency of fibrils to 

interact with each other as they aggregate. Tanzer (25) has shown 

that as collagen fibrils aggregate, hydrogen bonds and inter-fibril 

cross-linking takes place, stiffening the fiber and changing the 
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tissue's stress-strain properties from what would be expected by a 

tissue containing an array of isolated fibrils with the same micro¬ 

scopic load-bearing cross section (see Fig. 1.1-A, 1). 

Thus, to adequately quantify the stress-strain behavior of 

tissues, it is desirable to be able to determine the degree of aggre¬ 

gation of the fibrils within the tissue. This is very difficult to 

achieve experimentally. Investigation of the distribution of fibrils 

within biologic tissue must meet strict requirements. Ultramicroscopic 

observation of tissue is usually unsatisfactory due to the dénatura¬ 

tion of tissue necessary (1, 13) to investigate the internal structure 

of fibers. Von Hippel (28, 29, 30) suggests that the introduction of 

even small amounts of non-physiological ions can initiate strong con¬ 

formational changes in fibrous macromolecules. Thus, any investiga¬ 

tive technique is restricted to physiological environments. Mason and 

Ward (20) also show the effect of pH on collagen, thus implying that 

any investigation must be carried out at physiologic pH. 

The most important criterion, however, is the necessity to avoid 

the mechanical dénaturation which is necessary for optical investiga¬ 

tion. The work compiled by Baer (1) and Gross (15) suggests that 

all conformational information of collagen was obtained through first 

teasing the fibers, thus destroying their distribution within the 

macroscopic matrix. 

In the work of Gotte (13) all elastin samples were treated with 

several solvents to initiate biaxial deformation. This allowed op¬ 

tical investigation of the fiber structure, but destroyed the fiber 

distribution within the tissue. 
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Thus, in investigating various tissues, one should strive to: 

a. Determine the distribution of fibrils in the 

primitive fiber and the distribution of fibers in 

the ground substance; 

b. Keep the sample environment as close to physiologic 

as possible; 

c. Avoid all mechanical and chemical dénaturation. 

The determination of void volume, by the out-diffusion of Na Cl 

developed by Lake and Armeniades (18) is such a method. The strategy 

of this method is as follows: 

Let us define F to be the fraction of the total void volume 

within a tissue sample which is contributed by macrovoids. As can be 

seen from Fig. 1.1-A, the density of fibril aggregation is inversely 

proportional to F. Thus, the stress-strain behavior of two tissue 

samples could be expected to be similar only if both the F values 

determined for each tissue and the proportions of collagen and elastin 

within each tissue were the same. 

Consider all macro- and microvoids within a tissue sample to con¬ 

tain a suitable tracer (such as physiologic saline). Assume this 

tracer is being leached away from the face of a tissue sample whose 

fibers can be schematically represented by Fig. l.l-A-3. Diffusion of 

tracer from the microvoids will occur perpendicular to the fiber axis 

until the tracer reaches a macrovoid region, then diffusion will take 

place parallel to the fiber axis until it is leached away by the ex¬ 

ternal leaching solution. The model of Lake and Armeniades reflects 

this diffusion scheme. Measuring the increase in tracer concentration 



Macrovoids 6 

1. LOW DENSITY AGGREGATION 

Figure 3.1-AA. States of fibril aggregation in biologic materials. 
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in the leaching solution vs time, and interpreting these data through 

the model yields F. 

The advantages of this method are: 

a. Through the measurement of a single,easily obtainable 

function (the leaching solution tracer concentration vs. 

time), it is possible to obtain a direct indication of the 

degree of aggregation of the fibrils within the ground 

substance through the interpretation of the out-diffusion 

data by a mathematical tracer diffusion model. This in¬ 

terpretation yields F, the macrovoid fraction of the 

material. 

b. Samples require no drastic pretreating. Tissue samples 

are merely cut to convenient sizes and soaked in physiologic 

saline before any measurements are made. 

c. Samples remain mechanically and chemically undenatured 

throughout the experiment. Samples are leached with dis¬ 

tilled water at room temperature to obtain all required 

data. 

Bovine aortic media and bovine pericardium were selected as 

appropriate tissues for study because of the variation in density of 

the fiber network within the ground substance which exists between 

these tissues. It is desirable to review the morphology of elastin 

and collagen for these two tissues to insure that the fibril aggrega¬ 

tion phenomenon described above is displayed by the tissues of in¬ 

terest. 

1.2 Structure of Elastin 
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Elastin, which makes up 30-50 percent by weight of the aortic 

media, appears in that tissue as a network of coarse fibers with dia¬ 

meters from 3 to 10 y(2). 

From the work by Gotte et aK (13) it is seen that the primitive 

elastin fibers contain fibrils of about 0.1-0.2 y in thickness. It is 

not clearly known what the ultrastructure of elastin in native tissue 

is below this level. 

In the mathematical model, the ultrastructure of these fibrils 

is treated as a continuous medium with a single-valued effective 

diffusivity. 

The traditional model of Hoeve and Flory (17) considers elastin 

as a network of randomly coiled chains,cross-1 inked at the sites 

occupied by desmosmes and isodesmosines. 

This is disputed by Weis-Fough and Anderson (31), who have 

suggested a molecular microstructure consisting of clusters of 

spherical protein globules interlinked by various multifunctional 

groups, primarily desmosines. A regular arrangement of these 

globules, implied by the Weis-Fogh model, has not been supported by 

experimental measurements (14, 19). However, the organization of the 

elastin molecule into globules and interlinks may still be accurate. 

Pericardium is thought to contain only small amounts of elastin. 

1.3 Collagen Morphology 

The morphology of collagen fibers is much more well defined than 

elastin, and has been well documented by Baer (1) and Harkness (16). 

In general, collagen consists of successive bundles of fiber-like 

structures. At the light microscope level with a linear magnification 
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up to 1000 diameters, the basic visible unit is the collagen fiber 

bundle. This is built up from partially alligned primitive fibers. 

Each fiber bundle has a cross section of 20-40 y and each primitive 

fiber has a diameter of 2-5 y. At the ultramicroscopic level, the 

primitive fiber is seen to split up into fibrils. Each fibril measures 

a few tenths of a micron in diameter. At the electron optical level, 

it is possible to resolve individual filiments of about 200 8 in dia¬ 

meter. From x-ray diffraction measurements, the filaments can be 

resolved into the protofibrils, which represent the basic collagenous 

molecular structure. It is believed that these protofibrils consist 

of overlapping chains of tropocollagen, and represent the essential 

chemical configuration of collagen. 

Specific investigations (1) have determined that the collagenous 

fibers are laid down in bundles made up of parallel fibrous elements. 

These fibers seem smooth and undifferentiated, but individual fibrils 

are characterized by a distinctive pattern of cross striations. These 

striations are seen to consist of regularly repeating sets of bands and 

interbands having fixed relative positions and electron densities. In 

native fibrils, the overall patern repeats itself at an average axial 

interval of about 640 ft. The interband structure is polarized, being 

asymmetric about a plane passed through the center of the period nor¬ 

mal to the fiber axis. Although this intraperiod fine structure is 

not always observed (13), a regular alternation of slightly enlarged 

phosphotungsic acid staining bands and smaller diameter non-staining 

interbands is characteristic of almost all of the native collagens 

which have been investigated. 
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In bovine aortic media, collagen accounts for 11-20 percent by 

weight of tissue, and is arranged in fibers of about 2 y in diameter 

(1). Whereas the elastin fiber network displays no discernable struc¬ 

ture at this level, the collagen fibers are decidedly wavy in 

appearance. 

The collagen and elastin fiber networks run roughly parallel to 

the elastin fibers, and lend themselves to the parallel mechanical 

model proposed by Lake (18). The mechanical behavior of aorta at low 

extensions is dominated by elastin, due to the fact that at low ex¬ 

tensions the collagen fibers have not completely lost their wavy 

character, and do not exhibit their load-bearing capability. 

In contrast, bovine pericardium is a thin layer of connective 

tissue containing a loose two dimensional network of collagen fibers 

implanted in a ground substance scattered fibroblasts, macrophages, 

mast cells, and varying numbers of fat cells along the blood vessel 

(5). Micrographs of thin pericardium sections show collagen fibers 

to be rather straight, with only small amounts of elastin present. 

This accounts for the relatively low extensibility observed in 

pericardium. 

From these considerations it becomes evident that both bovine 

aorta and pericardium exhibit the fibril aggregation which we have 

stipulated to be necessary for successful interpretation by the 

mathematical model. 

2. PURPOSE AND SCOPE 

The purpose of this work is to investigate the utility of a 



11 

diffusion model, proposed by Lake, which attempts to describe the out- 

diffusion behavior of tracer from a material with two distinct pore 

size distributions. This is done first by ultramicroscopically ob¬ 

serving a suitable substance (MILLIPORE filter material type AAWP) to 

determine the macro- and microvoid pore size distributions as well as 

the contribution to the total void fraction of each pore population. 

Secondly, diffusion data are taken on the filter material. The mathe¬ 

matical model is then fitted to the data. All the parameters except 

the microvoid diffusivity (D^) and the macrovoid diffusivity (D^) are 

known from ultramicroscopic observation of the filter material. Thus, 

D-j and Dg are varied to provide a model prediction of the out-diffu¬ 

sion which best fits the data taken for the filter material. From the 

ability of the model to match the out-diffusion behavior of the filter 

material, conclusions can be drawn as to the general utility of the 

mathematical model. 

To extend this model to less well ordered porous media, out- 

diffusion data are taken for native bovine aorta, defatted bovine 

aorta, defatted and decollagenated bovine aorta, native bovine peri¬ 

cardium, and defatted bovine pericardium. The behavior of the tissues' 

out-diffusion characteristics as the sample half thickness (M) and 

macrovoid fraction (F) are varied for each tissue are compared to 

that predicted from the mathematical model. 

3. TRACER OUT-DIFFUSION MODEL 

The tracer out-diffusion model developed by Lake is presented 

below. 
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3.1 Construction of the Model 

Consider a porous material containing a total void volume Vy im¬ 

pregnated with a tracer of concentration Cv_. which is being leached 

into an external fluid of fixed volume and initial tracer concen¬ 

tration CJJ. A mole balance on the tracer yields: 

V v 
3.1-1 

where Cv^ is the concentration of tracer in the porous material (and 

in the leaching solution) as time (t) -* °». 

From the discussion in section 1, it is apparent that the general 

diffusion scheme for a biologic material involves two mechanisms. 

There is inter-fiber diffusion, which is relatively rapid, and inter¬ 

fibril diffusion which is relatively slow. Thus, for a sample shaped 

as in Fig. 3.1-A, let us assume a pore configuration as shown in Fig. 

3.1-B. By appropriate selection of coordinate axes, it is apparent 

that: 

aC 

ax 
v = 0 

x=o 
3.1-2 

where Cy is the concentration within the porous media at any time t. 

A closer examination of a single macropore and its adjacent micropore 

region Fig. 3.1-C yields: 

y=o 9y y=H 
o 3.1-3 

Thus it becomes convenient to choose as our "unit cell" of pore dis¬ 

tribution the section shown in Fig. 3.1-D. H is the total height of 



the unit cell, T is the height of the micropore region. M is the 

length of the unit cell, which is one half the thickness of the 

porous sample (Fig. 3.1-A). Cm is the concentration within the micro¬ 

pore region (Region 1) and C is the concentration within the macro¬ 

pore region (Region 2). 

If (H-T) «M, we can assume perfect mixing of tracer in the y 

direction in Region 2: 

= 0 3.1-4 
3y 

If T«M, we can assume tracer will diffuse from y=0 to y=T much 

faster than tracer will diffuse from x=0 to x=M, but much slower than 

tracer will diffuse from Y=T to y=H. 

3C_ 
m 

3y 
3.1-5 

Also, if T«M, we can assume all tracer exits Region 1 through 

Region 2: 

Dxl = 0 3.1-6 

where Dx-j is the tracer diffusivity in the x direction in Region 1. 

Finally, assume diffusion is two dimensional only: 

3Ç _ 
az 

m 
Z 

3.1-7 

Let R* be the rate of accumulation of tracer into Region 1 by diffu¬ 

sion across y=T interface: 

R, C=] 
moles tracer 

3 
sec-cm Region 1 
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Figure 3.1-A. Typical proportions of porous material. 

i1 

'// / Microvoid //// 
/ ' region // ' • 

Single macropore 

//////j / J// 

IL///.} '//// 
p   

// / / / ' ////. 

X* -M 

•< 

Blow-up shown in 
Figure 3,1-C 

X«d X*+M 

Figure 3.1-B. Assumed void volume distribution within porous 
media. 
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Macropore 

Y* H t-    

Blow-up shown below 

o 
Figure 3.1-C. 

X*M 

Close-up of single macropore and microvoid 
region. 

Figure 3.1-D. Single model out-diffusion unit cell. 
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Let R* be the rate of accumulation of tracer into Region 2 by diffusion 

across y=T interface: 

H* |-_j moles tracer 
2 sec-cm3 Region 2 

Thus the equations which characterize the diffusion process are: 

3C 
Region 1: m R 

3C 
Region 2: 

1 

* r 
r2 + D

X2 hr 

3.1-8 

3.1-9 

where Dx2 is the tracer diffusivity in the x direction in Region 2. 

ic * 
From the definitions of R-| and R2 we can say: 

* / T . * 
R1 ^ TPf ^ = R2 3.1-10 

Thus equation 3-9 becomes: 

9Ç 
3t 
-^ = D 32C 

X2 3x2 

In Region 1 : 

R, = D 
yi 
X 
8 y2 

< 'HTT) 
3.1-11 

3.1-12 

Where D^-j is the tracer diffusivity in the y direction in Region 1. 
★ 

In Region 2, R-| can be interpreted differently. If m moles of 

tracer cross the y=T interface within a unit cell of depth W (dimension 

of sample in the Z direction) in time At, then: 

1 (At)(M)(W)(T) 
3.1-13 
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and 

n* T m r_T moles tracer 
R1 T ‘ ( t)(M)(W) L'J 2 

sec cm interface 
3.1-14 

Thus: 

Thus: 

R-j T = molar flux of tracer in the y direction at 

the interface. 

R* T = D 9 ro R1 T Dyl 3y y-T" 
3.1-15 

Thus, the diffusion equations become (let Dyl = Dl; DX2 = °2): 

Region 1 : 

Region 2: 

C ^ c 3 m = p, 3 m 
9t 1 3y? 

3t °2 14 
9x^ 

D1 , 3Cm wn {
 3y 

where 

with the following boundary conditions: 

C = C (x,y,t) and C = C (x,t) 
m m J \ > / 

y=T 

3.1-16 

3.1-17 

acm 
a x x=o 

9Ç 
9X x=o 

= 0 3.1-18 

C 
9 m 
3y y=o 

9Ç 
sy y=H = 0 

Let us stipulate the customary interface conditions: 

and C 
m 

C x=M 

y -*• T = C Jy-»-T for all t and x 

3.1-19 

3.1- 20 

3.1- 21 
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With appropriate initial conditions: 

Cm = C = Cvi at t = 0 

C, . = 0 at t = 0 
Li 

It is desirable to take the Laplace transform solution of this 

problem: 

and 

Let L [Cm] = gm (x,y,s) 

L [C] = g (x,S) 

3.1-22 

3.1-23 

Our equations become: 
.2 

Region 1: s gm - C . = D,  P 3.1-24 
V1 1 dy 

Region 2: s g - Cy. ^ |y=T" 3.1-25 

with 

dgm 1 _ dg_ I _ dgm I 
dx lx=0 " dx lx=o " d* jy=o 

É1 I 
dy |y=H 

0 3.1-26 

and 

9 ] =0 
|x=M 

gm |y->T“ = g J y-* T 

3.2 Solving the transformed equations 

Let c . 
— = gm - 
gm 3 s 

Equation 3.1-24 becomes: 

d gm 

dy2 

s gm 
D1 

3.1-27 

3.1-28 

3.2-1 

0 3.2-2 
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with 

and 

dgm J 
dy I y=o 

gm y=T' 

= 0 

The solution of 3.2-2 is: 

— = AC gm 
y 

+ B0 1 

Applying 3.2-3: 

d gm 
dy y=o 0 A 'V D1 B ID1 

or: 

A = B = E/2 

thus: 

gm E cosh JT- 
Applying: 3.2-4: 

gm y=T 
= cosh /JT1 • T = ■ g - 

cvi 

or: C . 
VI 

E = 

Cosh R"1. 

3.2-3 

3.2-4 

3.2-4 

3.2-5 

3.2-6 

3.2-6 

3.2-7 

3.2-8 



20 

Thus: 

gm = (9 - 
'vi 

3.2-9 

or: 

Sn \ /cosh 
gff ’ <9 - ) ( 

/F 
cosh 

C . 
) + -£L 3.2-10 

Recalling the equation for Region 2: 

sg - C • = D2 _ °1_ dam | 
dx2 (H"T) dy ly=T 3.1-25 

From 3.2-10 (g f g (y) ) 

dgm 
dy y=T 

C • 
(g --P- ) 

cosh /f? • T 

(sinh ( /v I)) ( 

■IF (g —P~ ) tanh *7 • T 

Let 

? = 9 
VI 

3.2-11 

3.2-12 

Thus equation 3.1-25 and 3.2-11 combine to give: 

<DL 
2 dx2 

- Sg 

rn D n? 
- D! • fpp g tanh q D1 ' T = 0 3.2-13 
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with 

3.2-14 

3.2-15 

0 3.2-16 

3.2-17 

Then the solution of 3.2-14 becomes: 

g = ieGx + je_Gx 3.2-18 

Applying 3.2-14 

I=0=| 3.2-19 

and the solution becomes: 

g = K cosh GX 3.2-20 

applying 3.2-15 

vi _ 
g 1 x=M s 

K cosh GM 3.2-21 
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K = VI 1 
cosh GM 

and we obtain {*Z*2Z) 

9 = 

C . vi [1 - 

cosh[(S/D2D +K s H-T 
tanh jjZ-’j; 

cosh (S/D2[l = tanh (V 1 * T) 
1/2 

3.3 External concentration function 

We wish to relate C to which is what we can measure. A 

balance on the tracer gives: 

VI [CL J t+At - CL | t ] = (N) (N)(H-T) <W) At 

where N is the flux of tracer into the leaching solution and N 

total number of unit cells within the porous sample. Thus, by 

definition 

ac I N = - D 2 ax lx -> M 

and, letting t-“►(), 3.31 becomes: 

A - 
a t - R <H-T> W °2 f x=M 

by definition 

3.2- 21 

>1/2 . X] 

• M] 

mole 

3.3- 1 

is the 

3.3- 2 

3.3- 3 

OT (H) |W) (H) 3.3-4 
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If we assume 

CL1 « CLf and Cvf« Cv1 3-3.5 

Then 3.1-1 becomes 

'Lf 
_JL r 
VL 

Lvi 
3.3-6 

substituting 3.3-6 into 3.3-4 

c = (N)(M)(W)(H) . c 
uLf V$ 

Lvi 
3.3-7 

Dividing 3.3-3 by 3.3-7: 

d[CL/CLf] 

dt 
H-T 2 9Ç 

H M C | 3x I x=M 

It is convenient to transform the above equation. 

Let gext = L [CL/CLf] 

3.3-8 

3.3-9 

Then 3.3-8 transforms to: 

s gext = - 
H-T u2 dg 
H M Cyi dx Ix=M 

3.3-10 

From equation 3.2-22 

da 
dx 

Cv1 (D2 
s X=M 

tanh ' 

! s H-T 
T]) 1/2 

cosh[tè [1+ 
u2 

If tan^'^'M] 

H-T ]) 
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sinh [(#- [1+ 
1 tanh 

• T 

H-T ])1/2 -M] 3.3-11 

Substituting 3.3-11 into 3.3-10: 

. H-T f 2\ , s riA gext =   (-0) (w- [1+ 
H'ti U2 

tanh 
H-T * • ’I,'”' 

tanh [(!■ [1+ 
u2 f? tanh ff., 

H-T 
])1/2 * M] 3.3-12 

This expression can be inverted to the time domain by using a numerical 

inversion scheme developed by Bellman, et al. (31). A review of this 

method is presented in Appendix I. 

The above equation can be simplified by defining 

D, . Do 
F = 

H-T 
H ; U-I = 4 ; U2 = 

M 
3.3-13 

Thus: 

gext = F {J2/S3 ' ■ (1+ [■ 
1-F 

• fts' 3.3-14 

Note: As s ■> « (t -> o) equation 3.3-12 can be inverted analytically 

to yield: 
1 

CL/CLf 
1 (H=I) • 
M H 

2 t 3.3-15 
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4. Experimental procedure 

4.1 Ultramicroscopic Observation 

It was desired to find an inert porous material which displayed a 

pore structure similar to that shown in Fig. 3.1-B. Toward this end, 

photomicrographs were taken of several types of Millipore filter 

material. All samples were coated with gold and observed under a 

scanning electron microscope. Photographs were taken using a Polaroid- 

Land camera adapted to record images displayed on a phosphorescent 

cathode screen. Filter material type AAwp was found to possess charac¬ 

teristics very similar to Fig. 3.1-B. This material exists in the form 

of thin sheets of about 1.5 mm in thickness. Fig. 4.1-A is a photo¬ 

micrograph of an edge of AAwp exposed by snapping a filter sample 

while immersed in liquid ^ As can be seen, the material consists of 

two discernible outer layers enclosing an interior region. These 

stratifications are easily identifiable. They are very uniform in 

thickness throughout the sample and do not tend to vary from sample to 

sample. Thus, by appropriately measuring the dimensions of the 

stratifications in Fig. 4.1-A (see appendix 2) we are able to obtain 

physical values for H, the characteristic total void volume unit cell 

height, and T, the characteristic microvoid volume unit cell height. 

It is of interest to characterise the pore size distributions in 

both the outer layer and the interior region. We wish to observe 

whether the pore size populations within each region are sufficiently 

monodisperse to allow them to be characterized by a single average 

pore diameter. We also wish to insure that the average pore diameters 

of each region are sufficiently disparate such that we can confidently 
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identify one region as being composed exclusively of macrovoids and 

the other region as being composed exclusively of microvoids. Toward 

this end, photomicrographs were taken of both the outer layer (Fig. 

4.1-B) and the interior region (Fig. 4.1-C). Photographs were taken 

at several magnifications to insure that there were no significant 

pore size populations either larger or smaller than that shown. Pore 

dimensions were then appropriately measured (see Appendix 2) to give 

pore area distributions for each region, as well as porosities for 

each region. 
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Figure 4.1-A. Photomicrograph of AAwp filter material seen edge-on. 
Magnification X378.4. 
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Figure 4.1-B. Photomicrograph of AAwp filter material. Exterior 
layer (macrovoid region). Magnification XI478.4. 
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Figure 4.1-C. Photomicrograph of AAwp filter material. Interior 
layer (microvoid region). Magnification X117M. 
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4.2 Out-diffusion Analysis of Mi 11ipore Material 

Out-diffusion experiments were performed on AAWP filter samples 

(measuring 2.107 cm (length) x 0.570 cm (depth) x 0.392 cm (thickness). 

A 77% glycerol/23% water by volume mixture was used as a leaching solu¬ 

tion. The sample was impregnated with 0.9 molar saline solution with 

the same glycerol/water proportions as above. Since it was necessary to 

use several filter layers to achieve useful sample dimensions, appro¬ 

priately cut and stacked filter samples were secured in a stainless 

steel wire mesh clamp as shown in Fig. 4.2-A. 

Filter samples were cut, stacked, and clamped dry. They were then 

sealed on five faces with epoxy cement, leaving only the bottom face 

open for diffusion. When the cement had hardened, the samples were then 

evacuated and immersed in the saline solution while under a vacuum. 

The immersed samples were then brought up to atmospheric pressure and 

allowed to equilibrate for two hours. Total sample volumes were then 

measured before out-diffusion took place. f5«* tai/e 5-2). 

All out-diffusion experiments were carried out in a specially con¬ 

structed conductivity cell (see Fig. 4.2-A) connected to a Lab-Line 

Lectro M0H meter conductivity meter. Out-diffusion experiments consis¬ 

ted of immersing saline equilibrated filter samples into 30 ml of well 

stirred leaching solution, and measuring the increasing conductivity of 

the leaching solution vs. time. All data are displayed as reduced 

concentration. C^/C^ vs. fp as suggested from equation 3.3-15. 

4.3 Out-Diffusion Analysis of Tissue 

Out-diffusion experiments were performed on tissue in normal a 

saline using the chloride ion as a tracer during out-diffusion into 
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TABLE 5-1 

Information for Exterior Filter 

Material Layer (Macrovoid Region) 

? 2 
Total pore area = 959.69 y . Total surface area = 3133.80 y . 

2 
Surface porosity= 0.306. Avg. pore area = 9.89 y . Avg. pore 

diameter = 3.55 y. 

Pore Area Information for Interior Filter Material Layer (Microvoid 

Region) 

2 2 Total pore area = 158.59 y . Total surface area = 460.51 y . 

Surface porosity = 0.3444. Avg. pore area = 0.896. Avg. pore 

diameter = 1.068 y. 



Who*e assembly clamped together 

Conductivity cell / 

Figure 4.2-A. Experimental equipment used for obtaining 
out-diffusion data. 



33 

distilled H2Q. It was necessary to use several layers of some sample 

elements to achieve proper sample dimensions. It is evident that no 

water layers can be allowed to intersperse themselves between the 

sample elements if we are to maintain homogeneity of the sample. In 

the case of tissue samples, it is desirable to secure samples firmly 

but without causing any deformation of the sample itself. 

Thus, samples of both tissue and inert porous material were se¬ 

cured using diffusion stages of 1/16 inch mesh wire screen as shown in 

Figure 4.2-A. These stages were constructed of stainless steel through¬ 

out. Their use facilitated the stacking of thin membranes and inert 

porous sheets into samples of appropriate dimensions, as well as in¬ 

suring dimensional uniformity of biolic tissue. 

All samples were tested in a 50 ml capacity leaching apparatus 

shown in Figure 4.2-A. This apparatus was used as a conductivity cell 

by an appropriate hook-up to a Lab Line Lectra Mho meter. During the 

leaching experiments, the conductivity of the leaching solution was 

measured vs. time. 

It is desirable to convert normalized conductivity of the leaching 

solution ~ ) t0 the normalized leaching solution concentration 

^L^Lf) of chloride ion. This can be done, since the similarities in 

the ionic mobility of Na+ and Cl" insure no separation of ions due 

diffusion for our system, and the transference numbers of Na+ for NaCl 

remains relatively constant over the concentration ranges of interest 

(3 ). In addition, it can be shown that the Mho meter used yields a 

linear relation between conductivity and concentration over this con¬ 

centration range (see Fig. A3-A). Thus, conductivity as measured on 
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the Mho meter becomes directly proportional to chloride ion concentra¬ 

tion, and the ratio of for leaching solution is exactly 

equivalent to for the chloride ion. 

The native aorta specimens were obtained from the upper descending 

aorta of 7-8 month old calves. The tissue was removed from the animals 

within five minutes after death, and refrigerated at 3° C in normal 

saline with small amounts of penicillin and Gentocin added to prevent 

bacterial degradation. All samples were tested within seven days of 

procurement. 

Before any testing the intimai and adventitial layers were removed. 

Next, samples were equilibrated in saline again. Finally, tissue samples 

were subjected to out-diffusion measurements to determine "break-point" 

behavior. 

Similar native tissue was leached in a Soxhlet apparatus using 

acetone in order to selectively remove lipids. It has been shown that 

(18) such treatment does not produce permanent dénaturation of tissue 

if processing temperatures do not exceed 43° C. Lipid-free samples 

were then subjected to out-diffusion measurements. Samples taken from 

the Soxhlet apparatus were washed thoroughly with physiologic saline 

and allowed to equilibrate in saline for twenty-four hours before test¬ 

ing. In other aortic tissue, both lipids and collagen were removed 

using autoclaving. 

Samples were steam autoclaved under water at 15 psig for at least 

six hours. It has been stated that dénaturation does not take place 

under these conditions for at least fifteen hours (18). These samples, 

consisting of essentially purified elastin along with 3-5 percent muco- 
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polysaccharides, were also tested using the out-diffusion technique. 

These measurements are used to determine the break point behavior of 

samples so treated. 

To extend these experiments to another type of collagenous tissue, 

we obtained specimens of bovine pericardium from 7-8 month old calves 

within minutes of sacrifice, and stored as detailed above. Tissue 

samples were trimmed to provide uniform samples for testing. It was 

necessary to stack several layers (6-12) of pericardium in order to ob¬ 

tain a desirable sample thickness. Tests were also performed on peri¬ 

cardium from which lipids had been removed as detailed above. 
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5. Results and Discussion 

Actual measurement of the overall thickness of individual filters 

was correlated (see Appendix 2) with measurement of the dimensions of 

the various strata exhibited in Fig. 4.1-A to obtain the following 

parameter values for AAWP: 

H = 2.397 x 10"2 3 cm 

T = 1.960 x 10"3 cm 

Table 5-1 displays the relevant information calculated from measure¬ 

ment of the measured areas of all pores discernible from the photo¬ 

micrographs of the exterior region (macrovoids) Fig. 4.1-B and interior 

region (microvoids) Fig. 4.1-C respectively (see Appendix 3). 

Fig. 5-A shows the pore area distributions for the microvoid and 

macrovoid regions. Distributions are calculated by averaging all pore 
2 

areas within successive 10 y ranges for the macrovoid region, and all 

2 pore areas within 1 y ranges for the microvoid region. The ordinate 

is the fraction of total surface area contributed by the pore areas 

within each range. The macrovoid region displays an average pore area 
2 

of 9.89 y , which yields an average pore diameter of 3.55 y. The micro- 
2 

void region displays an average pore area of 0.896 y , which yields an 

average pore diameter of 1.068 y. As can be seen from Fig. 5-A, the 

pore size populations of the macro and microvoid regions are sufficient¬ 

ly descrete to stipulate that we are dealing with two discrete pore 

size distributions. The macrovoid region displays a sharp distribution 
2 

maximum at about 9.0 y . The maximum for the microvoid region, while 

not as sharp, is unquestionably at least one order of magnitude smaller 

than that for the macrovoid region. Thus we may conclude that Millipore 
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filter material AAwp contains uniform stratafied layers of consistent 

thickness. These layers contain pores of sufficiently differing pore 

size distributions so that we may stipulate that the outer layer is an 

exclusive region of macrovoids, and the internal region is an exclusive 

region of microvoids. 

Out-diffusion experiments were performed on stacked layers of AAwp 

filter material. From Fig. 4.2-A it is apparent that the thickness of 

the samples corresponds to M, the half thickness in the mathematical 

model. The sample depth of 0.570 cm was achieved by stacking 40 fil¬ 

ters one above the other. 

After suitably treating the data (see Appendix 3) we obtain curves 

of reduced leaching solution concentration C^/C^ vs. ft' (see 

Fig. 5—B). 

The observed parameters M, H, and T were plugged into the com¬ 

puter model, and the parameters and Dg were varied to provide a best 

fit to the data (Fig. 5-B). 

As can be seen, by varying only two parameters in the five para¬ 

meter model we get a good computer match to the actual out-diffusion 

behavior of the porous material. This suggests that the model, develop¬ 

ed by Lake, may adequately describe the out-diffusion behavior of real 

systems. Optimum values for D-| and were: 

D-| = 3.828 x IQ'11 cm^/sec 

= 5.38 x 10-4 cm^/sec 

It is of interest to determine how sensitive our mathematical 
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model is to changes in the parameter values. The parameters D-j, D£, 

H, F, and M were each varied independently by 10 and 20% (see Figs. 

5-C through 5-G). As can be seen, the model is relatively less sensi¬ 

tive to variations in D1 and D2 than in variations in the other 

variables. In any case, variations above 5% for any parameter cause 

the model curve to fall outside the error bounds of the data. 

The difficulty of interpreting the out-diffusion data by fitting 

the mathematical Model arises from our inability to quantify D-j and 

D2• Specifically, might there be other values of D-j and which, 

when incorporated with a different value of F, would provide a fit to 

the data as good as that shown in Fig. 5-B? 

Fig. 5-B displays two linear regions connected by a transition 

zone. Let us define the "break point" of the curve as that value of 

C^/Cif at which the extensions of the straight line regions meet. The 

break point roughly corresponds to the point at which the diffusion 

mechanism changes from rate limiting to rate limiting. At this 

point, the macrovoids have discharged all their tracer into the ex¬ 

ternal leaching solution and are being fed by the micropores. Thus, 

the contribution to from the macrovoids should be roughly equi¬ 

valent to their contribution to the total void volume, F. 

As can be seen D-j produces no change in break point. A 10% 

change in D2 produces less than a 5% change in break point. As is ex¬ 

pected, a 10% change in F produces a 10% change in break point. Al¬ 

though variations of 10% in M change the break point, it is the one 

parameter which is always known. Variations of 10% in the other model 

parameters do not affect the break point appreciably. 
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Thus it may be concluded that the only variable which appreciably 

affects the break point is F, and thus any arbitrary out-diffusion 

curve which exhibits the general behavior of Fig. 5-B will have a 

single unique value of F which will allow the mathematical model to be 

fitted adequately. 

The out-diffusion data for native and purified bovine tissue is 

presented in Fig. 5-H through 5-L. The general out-diffusion behavior 

of the tissue exhibits a linear region and an extended transition 

zone. The break point is taken to be the value of CL/CL^. at which 

the linear region ends. 

It can be seen that both aortic media and pericardium exhibit a 

well defined break point. Since this is a primary consideration in 

applying the mathematical model, we can assume that the model can be 

suitably applied for a variety of tissues. Note that for each tissue, 

variation in M produces variation in the out-diffusion behavior which 

is qualitatively the same as that predicted from the mathematical model. 

Removal of lipids or collagen fibers has the effect of increasing 

the value of F for the tissue. It can be seen that the variation in F 

for the bovine tissue produces variation in the out-diffusion behavior 

which is also qualitatively predicted from the mathematical model. 
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6. Conclusions and Recommendations. 

We can conclude from the above results that the ultramicroscopic 

observations of millipore filter material type AAwp are sufficient to 

quantify all the parameters in the mathematical model except D-j and Dg. 

Varying D.| and D£> a good match of the mathematical model can be made 

with the out-diffusion data for AAwp. By varying the model parameters 

from those used to match the out-diffusion data of AAwp, it is seen 

that the feature of the diffusion curve called the "break point" 

depends only on the value of F. Thus for any out-diffusion curve, there 

is only one unique value of F which will produce a good fit of the model 

to the data. 

Bovine aorta and bovine pericardium also display this break-point 

behavior. It can be concluded that the mathematical model can be 

applied to a variety of tissues with confidence. The variation in 

tissue out-diffusion data caused by variations in F and M is qualita¬ 

tively what is predicted from the model. This lends further confidence 

to the assumption that the model can be applied to a variety of 

tissues. 

It is recommended that further ultramicroscopic observations are 

needed to fully quantify all the parameters of the model. Specifically 

observations of a material which has a highly monodisperse pore size 

distribution would be of interest. Once the uniformity of pore size 

is established, out-diffusion experiments would be performed on this 

material. Letting T = 0 (monodisperse assumption) equation 3.3-12 

becomes : 
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Thus fitting eq. 6-1 to the data for a monodisperse system gives the 

value of D£. If this procedure were performed on another porous 

material known to have a monodisperse pore size distribution at least 

one order of magnitude smaller than that of the first, a value for D-| 

could be obtained. These two porous materials could then be stacked 

to produce a hybrid material in which all the model parameters are 

known. Out-diffusion data taken for the hybrid system could then be 

directly compared to the model prediction of the out-diffusion 

behavior for this system. 

Further tissue work is recommended which would compare the stress- 

strain behavior of tissues with similar composition of collagen and 

elastin. Quantification of the variation of stress-strain behavior 

with F would be of interest. 
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APPENDIX 1 Al 

The Bellman technique for the numerical inversion of a Laplace 

transform is presented below: 

The Bellman strategy for inverting a Laplace transform is based 

on the approximation: 

'+1 

g(r) dr 

-1 

n 

l W| (g(r.j)) 

i=l 

A 1-1 

This is true for specific values Wj r^ which are independent of g. 

Making a variable change: (r = 2x - 1) 

r + 1 
x = —5— when r +1 , x -»■ +1 

r -1 , x -> 0 

Thus : 

Or: 

+1 n 
k 

g(2x-l) dx E w. g(2x-l) 

o i=l 

+1 

f(x) dx £ w^ f(x^ ) 

i=l 

A 1-2 

in which the range of the integral is more appropriate for Laplace 

transformation. 

The task is to determine values of x.. and w. which satisfy (Al-2) 
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and are consistent with the above assumptions. 
* 

Consider the shifted Legendre polynomial: Pn (x) = Pn (2x-l) 

where Pn = —— ( )n (x^-l)n , the usual Legendre 
2 n! 

polynomial. 

Thus: Letting r Pn(r) = g in A-l gives: S+l n 

rk Pn(r) dr - E w. rk Pn(ri) K = 0, ...,N-l Al-3 

-l i=l 

Since Legendre polynomials are orthogonal 

+l 

I., Pn(r) (r) dr = 0 

Let r = (2x-l) 

A| 

m 

ï aj xj 

0=o 

m 

o = z (E a. XJ) w. Pn (x.) 
J * • 

i=l j=o 

Al-4 

Note: This is a system of N equations since to satisfy Al-4: 

k 

o = E a . xJ 

J 

j=o 

L« 11 ii * — * 

coefficients 

Pn (x. ) for each i 

L 

unknowns 
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k 

Since, in general, £ a^ xJ f 0 K = 0, 1 N-l 

j=o 

The only solution becomes: 

w1 Pn (Xi) = 0 Al-5 

Since w. f 0, x. must be the roots of the shifted Legendre 

polymonials. 

Consider now the following function: 

Pn(x) 
f(x) = Tx=xjTlPnTxyy/' A1-6 

where prime denotes diff w/resp to x. 

* 
X. is a single specified root of all the roots of Pn (x). 

w 

Note, if x takes on values of each of the roots x^ of the poly- 

nomial Pn (x) 

f(xj) =0 i f j 

fCx-) = 1 i = j By L'Hopital's Rule 

Substituting A-5 into A-2: 

+1 N 
Pn(x) 
* r T w4 Pn(x,Q  

(x-XjKPnfx)) 2. (x..x.)(p5(Xi)j' 

i*i 

Al-7 

Performing the indicated sumation on the RHS of A-7 we only get one 

term, when i = j 

Thus we get 
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Wj 

+1 

P" 00 dx 
(x-x^KPnCx)/ 

Al-8 

Remember, x. was a specific root of Pn(x) but, it was also an 
J 

•fc 

arbitrary root, thus A-7 works for any, and hence all roots of Pn(x), 

Thus 

wi 

+1 
Pn(x) dx 

(x-x^CPntx))/ 

Thus, by finding x.-'s, we can generate- w.. for use in calculating the 

terms of Al-3. 

The Laplace transform used in this work is 
cyS.\ « 

. st 
L { fCat) } = —— = T- I /o a * /? f(t) dt Al-9 

Now let us initiate a change of variable t = "a In x or: 

• * dx 
dt = -a — 

t * 
x — ; when t = 0, x = 1; when t =oo , x = 0 

F<f>_ i 
+1 

or: 

+i 

J. 

rg{i a ln ^J'f (
‘a ln x 

lnxs ■ x-1 f(-a In x) dx 

) t -a f } 

or: 
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X
s'1
 fC-a In x) dx Al-10 

w. x.3"1 f(-a In (xi)) Al-11 

j_ u 

Al-11 is an equation containing N terms, x.. being the iin root of 
★ 

Pn (x) and w. being given thru Al-8. 

Thus, if we write Al-11 for N distinct values of S, we will have 

s-1 
an N X N matrix with known coefficients w.. x.. and unknowns f(-a In 

(x.)). Solving for all N values of F(-a In (x^)) = f(t) gives 

N values of f(t) with N values of t (= -a In (xi)) 

This matrix is solved through a Gauss-Sidel itteration method 

with full pivoting. Note: The same N values of s may be chosen for 

all applications, and differing time intervals may be studied by 

Using Al-2: 

nf) X 
2 
1-1 

judicious selection of the value a. 
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For the first 15 

1. 

2. 
3. 

4. 

5. 

6. 

7. 

8. 
9. 

10. 
11. 
12. 
13. 

14. 

15. 

terms in X1, w. 

Xi_ 

6.00374098 x 10'3 

3.13633038 x 10~2 

7.58967083 x 10"2 

1.37791134 x 10"1 

2.14513914 x 10"1 

3.02924326 x 10"1 

3.99402953 x 10"1 

5.0000000 x 10"1 

6.00597046 x 10_1 

6.97075673 x 10*1 

7.85486086 x 10_1 

8.62208865 x 10"1 

9.24103291 x 10"1 

9.68636698 x 10_1 

9.93996259 x 10"1 

Wi 

1.53766209 x 10' 

3.51830237 x 10' 

5.35796102 x 10' 

6.97853389 x 10 

8.31346029 x 10 

9.30805000 x 10' 

9.92157427 x 10 

1.01289121 x 10' 

9.92157426 x 10' 

9.3080500 x 10"' 

8.31346029 x 10' 

6.97853389 x 10 

5.35796102 x 10' 

3.51830237 x 10 

1.5376621 x 10': 
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APPENDIX 2 

Considerations of special problems involved in obtaining dimen¬ 

sions from photomicrographs are detailed below: 

All photomicrographs show samples which are angled 28° from the 

zenith. This has the effect of distorting all vertical distances in 

Figures 4.1-A through 4.1-C. All horizontal distances remain undis¬ 

torted. If we let A«the apparent vertical dimension and T= the true 

vertical dimension, then it is clear that 

T = A/cos 28° A2-1 

or: 

T = 1.1326 A A2-2 

In measuring distances in Fig. 4.1-A, only horizontal distances 

were measured. Since the sample is oriented 0 from the horizontal, 

it is clear that the sample thickness measured horizontally (M) is 
'it 

related to the actual sample thickness (M ) by: 

M* = M cos 0 **"3 

All distances in Fig. 4.1-A were measured in this manner. The 

thickness of a filter measured from the data taken on the sample pre¬ 

pared for out-diffusion experiments was 0.983 of that observed from 

Fig. 4.1-A. This is probably due to the fact that the filter material 

in the wire mesh clamp experienced some compression. To keep our 

measurements consistent, all distances measured in Fig. 4.1-A were 

multiplied by 0.983. 

It is also of interest to note that a single unit cell of the 
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mathematical model will consist of a single outer layer (macrovoid 

region) plus one half of an interior layer (microvoid region). Since 

the mathematical model deals with void spaces only, the thickness of an 

outer layer must be multiplied by the macrovoid region porosity to ob¬ 

tain the correct value of (H-T), the macrovoid height of our unit cell. 

Similarly the half-width of the interior region must be multiplied by 

the microvoid porosity in order to obtain the correct value of T, the 

microvoid height of our unit cell. H and T were both calculated in this 

way. The macro- and microvoid porosities were obtained from Figs. 4.1-B 

and 4.1-C respectively. 

Pore areas in Figs. 4.1-B and 4.1-C were calculated by measuring 

the horizontal dimension (Horr) and vertical dimension (Vert) of each 

pore. Assuming all pores to be elipses, the area of each pore is 

then 
TT 

4 area • 1.1326 • Horr • Vert A2- H 
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TABLE A2-I 

Pore Area Distribution for Exterior Filter 

Material Layer (Macrovoid Region) 

2 
Pore Areas - u 

36,64 11.69 5.75 1.43 
34.11 11.46 5.55 1.22 
33.29 10.36 5.40 1.19 
30.70 10.30 5.35 1.18 
24.31 10.26 5.26 1.00 
23.32 9.95 5.22 .89 
23.08 9.83 5.22 .80 
22.25 9.61 5.17 
22.04 9.61 5.16 
20.56 9.50 4.88 
20.41 9.21 4.84 
19.35 8.99 4.28 
18.77 8.68 4.04' 
18.50 8.65 3.94 
18.22 8.57 3.84 
16.17 8.56 3.58 
16.09 8.55 3.44 
15.95 8.44 3.42 . 
15.11 8.39 3.24 
14.78 7.96 3.19 
14.51 7.92 2.99 
14.49 7.89 2.77 
14.33 7.88 2.76 
13.64 7.77 2.72 
13.30 6.99 2.67 
13.05 6.89 2.65 
12.65 6.79 2.14 
12.49 6.74 2.09 
12.48 6.60 1.78 
12.07 6.52 1.54 
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TABLE A2-II 

Pore Area Distribution for Interior Filter 

Material Layer (Microvoid Region) 

2 
Pore Areas - u 

12.12 1.46 .69 .36 .22 
9.53 1.44 .67 .35 .21 
4.39 1.44 .66 .35 .20 
4.21 1.36 .61 .33 .20 
4.06 1.35 .57 .31 .20 
3.97 1.30 .55 .31 .19 
3.75 1.24 .55 .31 .19 
3.52 1.22 .54 .29 .19 
3.43 1.14 .52 .29 .19 
3.25 1.13 .51 .29 .19 
3.19 1.10 .49 .28 .17 
2.76 1.10 .48 .28 .16 
2.62 1.07 .48 .27 .16 
2.58 1.04 .46 .27 .15 
2.51 1.03 .46 .27 .15 
2.42 .96 .45 .26 .15 
2.23 .95 .44 .26 .15 
2.20 .94 .44 .26 .15 
2.17 .94 .43 .25 .15 
2.03 .91 .43 .25 .15 
1.86 .91 .42 .25 .15 
1.85 .91 .42 .25 .14 
1.70 .90 .41 .24 .14 
1.65 .86 .41 .23 .14 
1.61 .84 .40 .23 .14 
1.60 .83 .39 .23 .13 
1.58 .82 .38 .23 .13 
1.56 .73 .38 .23 .13 
1.52 .73 .37 .22 .12 
1.50 .71 .37 .22 .12 

12 
11 
11 
11 
11 
10 
09 
09 
09 
09 
09 
08 
08 
07 
07 
07 
07 
07 
07 
06 
05 
05 
05 
05 
04 
03 
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APPENDIX 3 

The method of treating the raw out-diffusion data is described 

below: 

Calculation of the out-diffusion behavior from raw data necessi¬ 

tates knowing It is impractical to allow the diffusion experi¬ 

ments to reach equilibrium, thus, values of are calculated from 

equation 3.1-1. V|_ is known. Cv_. is known. The value of is 

measured before the beginning of each experiment. The value of Vy can 

be determined by knowing the sample volume and the total sample 

porosity 

From wet* weighy^dry-weight experiments it was determined that the 

total sample porosity of AAWP filter material was: 

f V = 0-897 

Note that this does not agree well with the porosities observed in 

photomicroscopy. This is thought to be because of a population of 

pores in the microvoid material which has an average pore area far 

below that observed. If that is so, we can safely assume that this 

population does not affect the out diffusion behavior at any but very 

long times. 

The calculated value of can be related to t*ie conduct¬ 

ivity of the leaching solution as t-»«* , by the calibration curve of 

Fig. A3-A. Values of C^/C^ are then calculated by: 

Cl/CLf 
_Ui -ÜU 

V Lf -Vu 
A3-1 



where Î?L and£!j\ are the leaching solution conductivities at any time 

and at t = o, respectively. Note: the value of££. should be that 

read from the linear extention (dotted line) of Fig. A3-A in order to 

be valid. The same is true for all values ofmeasured which fall 

below the linear region of Fig. A3-A. 
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The other treatment of the experimental data involves removing 

the "lag time" = - from the data. 

Equation 3.3-15 implies that a plot of C^/C^ vs. VTVill yield 

a straight line for short times. The data for Run #1 has been plotted 

in Fig. A3-B. The out-diffusion data does in fact exhibit straight 

line behavior. The point at which the straight line intersects the 

abcissa is defined as V"t^» the lag time of the system for that par¬ 

ticular run. The value of is subtracted from all time measure¬ 

ments before the data are plotted. 



"TABLE A3-I 

Data for Out-Diffusion Experiments of AAWP 

Filter Material (Run #1) 

0 L T(min. ) UL T(min.) UL T(min.) 

.19 .24 1.16 3.22 1.95 10.59 

.24 .39 1.18 3.33 2.00 11.59 

.31 .54 1.22 3.51 2.05 12.62 

.37 . 66 1.26 3.76 2.10 13.90 

.43 .79 1.28 3.84 2.15 15.24 

.49 .92 1.30 3.96 2.20 16.74 

.54 1.04 1.34 4.17 2.25 18.46 

.59 1.17 1.36 4.31 2.30 20.63 

.64 1.31 1.38 4.46 2.35 23.24 

.69 1.45 1.40 4.58 2.40 25.64 

.73 1.57 1.42 4.70 2.45 28.61 

.77 1.71 1.44 4.84 2.50 30.87 

.81 1.83 1.46 4.98 2.60 36.64 

.86 1.99 1.48 5.13 2.70 44.62 

.90 2.14 1.50 5.28 2.80 51.35 

.95 2.32 1.55 5.69 2.90 59.54 
1.00 2.51 1.65 6.61 3.00 68.50 
1.04 2.67 1.70 7.10 3.10 78.37 
1.08 2.86 1.75 7.65 3.20 87.47 
1.12 3.02 1.80 8.29 

1.85 9.00 
1.90 9.73 

Sample Dimensions: 2.107 cm (length x 0.392 cm (thickness) x 
0.570 cm (depth) 

Sample Volume: 0.422 cm3 Leaching volume: 30.00 cm3 

0(.f = 8.65 V u 3.80 sec*/3 machine 0.127 



TABLE A3-Il 

Data for 0ut-D1ffusion Experiments of AAWP 

Filter Material (Run #2) 

A17 

Vi T (min.) Vi T (mi n. ) Vi 1 [T(min.) 

.22 .34 1.65 6.68 2.45 28.69 

.31 .58 1.70 7.19 2.50 30.95 

.45 .83 1.75 7.72 2.60 36.71 

.60 1.21 1.80 8.37 2.70 44.74 

.70 1.52 1.85 9.09 2.80 51.48 

.85 2.01 1.90 10.02 2.90 60.16 

.96 2.59 1.95 10.67 3.00 69.44 
1.04 2.71 2.00 11.66 3.10 78.98 
1.12 3.11 2.05 12.69 
1.20 3.49 2.10 14.01 
1.28 3.92 2.15 15.30 
1.34 4.25 2.20 16.01 
1.40 4.64 2.25 18.50 
1.50 5.33 2.30 20.69 
1.55 5.74 2.35 23.29 
1.60 6.22 2.40 25.71 

Sample dimensions: 2.107 cm (length) x 0.392 cm (thickness) x 
0.570 cm (depth) 

3 3 
Sample Volume: 0.422 cm Leaching volume: 30.00 cm 

U,t = 8.65 V ..machine = 0.143 fP = 3.05 
Lf L* O 



I TABLE A3-III 

Data for Out-Diffusion Experiments of AAWP 

Filter Material (Run #3) 

VL T(min. ) C/L T(min. ) Ui T(min.) 

.30 51 1.24 3.61 1.90 7.84 

.40 71 1.28 3.75 1.95 8.49 

.47 88 1.34 3.97 2.00 9.44 

.56 1.10 1.36 4.02 2.05 10.62 

.65 1.24 1.40 4.15 2.10 11.48 

.70 1.42 1.42 4.30 2.15 12.64 

.75 1.58 1.46 4.51 2.20 13.78 

.80 1.79 1.48 4.76 2.25 15.19 

.85 1.85 1.50 4.84 2.30 16.48 

.90 2.00 1.55 4.91 2.35 19.36 

.95 2.19 1.60 5.02 2.40 23.45 
1.00 2.34 1.65 5.11 2.45 25.75 
1.06 2.73 1.70 55.84 2.50 27.81 
1.10 2.92 1.75 6.71 2.60 33.65 
1.14 3.17 1.80 7.45 2.70 41.32 
1.18 3.27 1.85 7.92 2.80 48.79 

2.90 56.47 
3.00 65.34 
3.10 75.64 
3.20 84.59 
3.30 90.80 

Sample Dimensions: 2.107 cm (length) x 0.392 cm (thickness) x 
0.570 cm (depth) 

3 3 
Sample Volume = 0.422 cm Leaching Volume: = 30.00 cm 

= 8.65; Li machine = 0.138 /to* = 3.25*^ 



TABLE A3-IV 

Computer Program for Calculating CL/CL^ vs. ft1 

and Print Out for Best Fit to AAWP Filter Material Out-Diffusion Data 

C GREGORY H. JOHNSON 
C THESIS RESEARCH 
C CALCULATION OF LAPLACE TRANSFORM INVERSE 

IMPLICIT REAL*8 (A=H, 0=2) 
DIMENSION B(15,15), W(15), X(15), BB(225), C(15), FT(15) 
READ 5, N 

5 FORMAT (13) 
DO 10 1=1, N 
W(I) = O.ODO 
X(I) = O.ODO 
C(I) = O.ODO 

10 CONTINUE 
NN = N*N 
DO 20 1=1, NN 
BB(I ) = O.ODO 

20 CONTINUE 
DO 40 J=l, N 
READ 30.X(J), W(J) 

30 FORMAT (2D23.16) 
40 CONTINUE 

DD 50 1=1, N 
DO 50 J=1, N 
B(I, J) = O.ODO 

50 CONTINUE 
READ 60, Dl, D2, H, T, A 

60 FORMAT (4E10. 3. F6. 1) 
READ 65, XM 

65 FORMAT (E10.3) 
F = (H-T)/H 
PRINT 80, N, A 

80 FORMAT (3X, 'NO. OF EQUATIONS = ', 13, 5X, 'TIME SCALE = ', 
F6, 1, /) 
PRINT 81, XM 

81 FORMAT (3X, 'HALF SAMPLE THICKNESS = ', E10, 3, 'CM',/) 
PRINT 82, H, T 

82 FORMAT (3X, 'TOTAL UNIT CELL DIMENSION H = ', E10.3, 'CM, 

13X, 'MICROPORE DIMENSION T = ', E10, 3, 'CM,',/) 
PRINT 85, F 

85 FORMAT (3X, 'MACROPORE FCTN = ', E10, 3) 
R1 = D1/(T**2) 
R2 = D2/(XM**2) 
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PRINT 90, Dl, D2 
90 FORMAT (3X, 'MICROPORE DIFFUSIVITY Dl = ', E15.8,//, 3X, ' 

MACROPORE DIFFUSIVITY D2 = ', E15.8, 'SQ. CM./SEC.',/) 
C CALCULATION OF MATRIX 

DO 110 1=1, N 
XI = I 
DO 110 J « 1, N 
B(r, J) = W(J)*(X(J)**(XI = 1.ODO)) 

no CONTINUE 
C CALCULATION OF FUNCTION VECTOR 

FI = O.ODO 
DO 120 I = 1, N 
XI = I 
XX = XI/A 
RHO = ((1.ODO - F)/F)*DSQRT(R1/XX)*DTANH(DSQRT(XX/R1 )) 
FI = F*DSQRT((R2/(XX**3))*(1.ODO+RHO)) 
1*DTANH(DSQRT((XX/R2)*(1.ODO+RHO))) 
C(I) = FI/A 
RHO = O.ODO 

120 CONTINUE 
MM = N-l 
DO 240 K. = 1, MM 
M = K+l 
L = K 
DO 210 I = M, N 
IF(B(I, K).LE.B(L.K)) GO TO 210 
L = I 

210 CONTINUE 
IF(L.EQ.K) GO TO 225 
DO 220 J = K, N 
Z = B(K, J) 
B(K, J) = B(L, J) 
B(L, J) = Z 

220 CONTINUE 
Z = C(L) 
C(L) = C(K) 
C(K) = Z 

225 DO 240 I = M, N 
ZM = B(I, K)/B(K,K) 
B(I, K) = O.ODO 
DO 230 J = M, N 
B(I, J) = B(I, J) - ZM*B(K, J) 

230 CONTINUE 
C(I) = C(I) = ZM*C(K) 

240 CONTINUE 
FT(N) = C(N)/B(N,N) 
DO 255 L = L, MM 
I = N-L 
NN = 1+1 
S = O.ODO 



250 

255 

260 

270 
900 
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DO 250 J = NN, N 
S = S+B(I, 0)*FT(0) 
CONTINUE 
FT(I) - (CCI) - S)/BCI» I) 
CONTINUE 
DO 270 I = 1, N 
Z = 1.ODO/X(I) 
TE = A*DLOG(Z) 
TT = DSQRT(TE) 
PRINT 260, TE, TT, FT(I) 
FORMAT (3X, 'TIME « ', E15.8,3X, 'SQT = ', E15.8, 3X, 
'CONC = ', E15.8,/) 
CONTINUE 
STOP 
END 
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TABLE A3-IV - CONCLUDED 

NO. OF EQUATIONS = 15 TIME SCALE = 1000.0 

HALF SAMPLE THICKNESS = 0.392D+00CM 

TOTAL UNIT CELL DIMENSION H = 0.240D=02CM. 

MICROPORE DIMENSION T = 0.196D=02CM. 

MACROPORE FCTN = 0.182D+00 

MICROPORE DIFFUSIVITY D1 = 0.38280000D = 10 

MACROPORE DIFFUSIVITY D2 = 0.53800000D=03SQ. CM./SEC. 

TIME=0.51153725D+04 
TIME=0.34621167D+04 
TIME=0.25783820D+04 
TIME=0.19820163D+04 
TIME=0.15393807D+04 
TIME=0.11942723D+04 
TIME=0.91778446D+03 
TIME=0.69314718D+03 
TIME=0.50983104D+03 
TIME=0.36086130D+03 
TIME=0.24145253D+03 
TIME=0.14825773D+03 
TIME=0.78931426D+02 
TIME=0.31865664D+02 
TIME=0.60218359D+01 

SQT=0.71521832D+02 
SQT=0.58839755D+02 
SQT=0.50777770D+02 
SQT=Q.44519841D+02 
SQT=0.39234942D+02 
SQT=0.34558244D+02 
SQT=0.30294958D+02 
SQT=0.26327688D+02 
SQT=0.22579438D+02 
SQT=0.18996350D+02 
SQT=0.15538743D+02 
SQT=0.12176113D+02 
SQT=0.88843360D+01 
SQT=0.56449680D+01 
SQT=0.24539429D+01 

C0NC=0.38865435D+00 
C0NC=0.34347911D+00 
C0NC=0.32218572D+00 
C0NC=0.30140996D+00 
C0NC=0.28612027D+00 
C0NC=0.27054177D+00 
C0NC=0.25705139D+00 
C0NC=0.24271614D+00 
C0NC=0.22790859D+00 
C0NC=0.20968496D+00 
C0NC=0.18573796D+00 
C0NC=0.15367305D+00 
C0NC=0.11337255D+00 
C0NC=0.71715465D-01 
C0NC=0.28941646D-01 


