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ABSTRACT 

A HOLOGRAPHIC MEASUREMENT 
OP 

MAGNETOSTRICTION 

by 
John Page Schroeter 

The field dependent behavior of the magnetostriction 

in polycrystalline TbPe2 has been measured by the tech¬ 

niques of real time holographic interferometry, at fields 

up to 12 KOe. The external field behavior of the magneto 

striction is determined for samples of cylindrical and 

ellipsoidal shape, and the internal field dependence is 

determined for the ellipsoidal sample. 

A theory is developed for the analysis of real time 

effects, by a simple extension of double exposure methods 

The theory leads to an expression for the shape and 

position of the holographically generated interference 

fringes associated with object deformation. Using this 

expression, the shape and position of the interference 

fringes for various different object shapes and deforma¬ 

tions are generated by a computerized method, and 

compared to those observed in the real time mode. There 

is good agreement between theory and experiment. 
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I. INTRODUCTION 

There has been considerable interest stimulated in 

recent years concerning the application of laser holography 

to measurement. Holography has been such a fruitful tool 

for the experimentalist in this and other areas that Gabor 

received the Nobel Prize in Physics for originating the idea. 

in Gabor's original conception, holography was a tool for 

the microscopist^- but the technique has evolved into a 

tool of much greater flexibility. A critical factor in the 

evolution of holography was the introduction of the laser 

2 
light source, due to Leith and Upatneiks. This intense, 

highly coherent light source made it possible to produce 

holograms in the off-axis configuration, which separates the 

real and virtual holographic images. Before the introduction 

of this technique, it was impossible to get a useful holo¬ 

gram of a diffusely reflecting, three dimensional object. 

One holographic technique which has been applied 

extensively is that of holographic interferometry. This 

application is concerned with the interference of two 

information-carrying coherent beams, at least one of which 

is a reconstructed beam from a hologram. The technique is 

used here to measure the magnetostrictive deformation of 

three dimensional objects. The method has several advan¬ 

tages over the standard strain-gauge and capacitive techniques 

for measurement of the magnetostriction. For instance, it 

may be used to measure the magnetostriction in small, irreg- 
\ 

ularly shaped samples. Here it is applied to measurement of 

the magnetostriction in polycrystalline TbFe2* 
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In the last year, quite a bit of research has been 

done on the magnetic properties of the rare earth-iron 

3-11 compounds, and on TbFe2 in particular. These substances 

exhibit a very large magnetostriction in the polycrystalline 

state, which is due to the large strain-dependent 

G 11 
anisotropy characteristic of the rare earth metals?' 

The magnetostriction was first observed by Clark and 
3 

Belson, and it is the largest ever reported in polycrystal¬ 

line materials. The only larger values reported in the 

literature are those for rare earth single crystals 

observed at low temperatures, and these are also an 

effect of a large strain-dependent anisotropy. Clark, 

Belson, and Tamagawa^ have estimated the anisotropy 

field in TbFe2 to be approximately 110 KOe. This cor¬ 

responds to an anisotropy for cubic TbFe2 of the same order 

of magnitude as that found in the hexagonal rare earth metals. 

The magnetostrictive properties of the rare earth-iron 

compounds are easily investigated by means of holographic 

interferometry. The present work includes a holographic 

measurement of the magnetostriction of polycrystalline 

samples of TbFe2« The magnetostriction is measured as a 

function of applied field, for cylindrically shaped and 

ellipsoidally shaped samples. In order to facilitate the 

measurement, a computerized method of relating the fringe 

shapes and spacings of holographic interferometry to object 

deformation is developed. The predicted fringe shapes 

are compared to the fringes observed on real samples in 

figures 19B, 23, and 24. 
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This work constitutes the first measurement of 

magnetic effects by holographic means. Hopefully, it 

will indicate the flexibility of the method as opposed 

to standard techniques, especially in measurement of the 

magnetostriction in soft or irregularly shaped samples, 

such as single crystals of the rare earth elements. 
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II. THEORY 

A. Holography 

Holography in General 

Holography is an interferometric method of recording 

the waves diffracted by a subject placed in a highly 

coherent beam of radiation. The subject is placed in 

the beam, and the diffracted wave is directed so as to 

fall on some sort of a recording medium. There, it inter¬ 

feres with a phase related (and coherent) reference wave. 

Since both waves are coherent, the phase difference between 

them is constant in time. Thus, the interference pattern 

must contain information about the phase and amplitude of 

the diffracted wave scattered from the object. 

The present work is concerned with optical holography, 

where the subject and reference waves are highly coherent 

light beams, generally from a laser. Thus, the information 

carrying interference pattern is easily recorded in a photo¬ 

graphic plate. Since the information is in the form 

of an interference pattern between two light beams, it is 

not surprising that the exposed plate, or hologram, carries 

optical information about the subject. In fact, the hologram 

contains the information for the reconstruction of a complete 

optical replica of the object. The methods for reconstruc¬ 

tion and the properties of the reconstructed replica are 

discussed below. 

The basic equations of holography were originally 

13 formulated by Gabor in 1948. The presentation here is 
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approximately mid-way between that of Collier, Burckhardt, 

production of an optical hologram is shown diagrammatically 

in Figure lA. in that figure, both the mirror and the subject 

are illuminated with coherent light from the same source. 

The waves reflected from them interfere at the photographic 

plate. The (complex) amplitude of the light arriving at 

the plate from the subject is: 

14 15 
and Lin. and that due to Ennos. A typical set-up for the 

1) 

where as and ?s are functions of the spatial coordinates 
at the plate. 

The amplitude of the light arriving at the plate 

from the mirror is 

2) 

The intensity at the plate is then: 

3) 

where and are the intensities of the subject and 

reference waves, respectively. 

It is assumed that the transmittance, , of the of the 

exposed and processed plate is linearly related to the 

exposure. That is 



Figure 1B 



4) 
light amplitude transmitted 
light amplitude incident t'Clp 

This is a fairly good assumption over some ranges of 

16 exposure. Under this assumption, suppose that the 

exposed and processed hologram is illuminated by the 

reference beam alone, as in figure 1B. The transmitted 

amplitude will then be, 

Apz fp (A,)1 (t0 * cIp)Ar 

-- {to* C (I,*rr)}4 * IrcAs * CA'AlAr' 
The first term represents light that passed straight 

through the hologram. The second term is the reconstructed 

wave, which is identical to the subject wave except for the 

modulating factor Xf> C. . The third term is called the 

conjugate wave, and it is a first order diffracted wave. It 

may give rise to a real image of the subject^ Note that, 

if Xf. is a constant, the second term gives rise to an 

exact, three-dimensional, optical reconstruction of the 

subject, located at the same position with respect to the 

plate that the subject is. It is this latter property of 

the virtual image that makes possible highly accurate, 

interferometric measurements of subject deformation and 

displacement. 

It is important to remember that the reconstructed wave 

is a faithful reconstruction of the subject wave only if 

the reference beam intensity is macroscopically constant. 

If the spatial variation in I^ can be optically resolved. 
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then the modulating factor in the second term above is 

not constant, and the virtual image will be distorted. 

Thus, one requirement for a good hologram is that the 

reference beam intensity be constant. 

There are several other requirements for successful 

holograms that must be met by the experimentalist: Like 

any interferogram, a hologram is extremely sensitive to 

vibration during exposure. Movement of the optics by as 

little as one-fourth of a wavelength can blur the interfer- 

15 ence pattern to the point that no image can be reconstructed. 

Highly coherent light is necessary, since the pathlengths of 

the subject and reference beams may differ by many wavelengths. 

Finally, the photosensitive medium used for recording must 

be capable of high resolution, since fringe spacings are 

typically a few wavelengths. Usually, the higher resolution 

plates are also relatively insensitive, so that a compromise 

must be reached between exposure time and resolution. 

Before lasers became available, the best coherent light 

source was the high pressure mercury vapor lamp, which was 

of low enough intensity to make the compromise important. 

Early researchers were plagued with this problem, and it 

was not until recently that it has been possible to get 

good holograms of diffusely reflecting, three dimensional 

2 
objects. Thus, the introduction of the laser to holo¬ 

graphy was critical to the development of the techniques 

presented here, since without it only two dimensional 

objects could be fruitfully studied. 
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Holographic Interferometry 

Double Exposure interferometry 

The principle of holographic interferometry from 

which the techniques used here are derived, was originated 

17 by Horman, in 1964. He suggested that a holographically 

reconstructed comparison beam could be used to provide 

interferometric evidence of shock waves and changes in the 

refractive index of gases. He suggested that a hologram 

be made of the unperturbed gas before any stimulus is 

applied. The hologram is processed, and the reconstructed 

subject beam is passed through an arrangement of partially 

silvered mirrors, bringing it into alignment with a phase 

related beam which has been passed through the original 

volume of gas. As stumuli are applied to the gas, the 

second beam is modulated in phase and amplitude. Thus, 

the interference pattern between the two beams carries 

information about changes in pressure and refractive 

index occuring in the gas. It may seem that this appli¬ 

cation has somewhat limited utility, but the principle 

18 has been used to analyze the motion of aerosol particles, 

19 20 for the analysis of mechanical strains, * and for the 

21-23 analysis of various dynamic processes. Derivative 

methods are used here to measure magnetostriction. 

Being an experimentalist, Horman did not dwell on the 

mathematical side of his new principle. Hence, the treatment 

24 presented here follows that due to Haines and Hildebrand, 
pc 0£% 

and extended by Tsuruta, Shiotake, and Itohf ' This 
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development refers to the double exposure hologram, 

where two exposures are made on the same plate. The 

diffusely reflecting subject is deformed slightly between 

the exposures. When the processed hologram is illuminated 

with coherent light, the two reconstructed subject waves 

(one due to each exposure of the plate) interfere with each 

other. The interference pattern carries information about 

the type and magnitude of the deformation. 

Consider first the case in which the deformation is a 

pure translation of the subject, as in figure 2A. Shown 

there is a small part, S, of the subject surface, repre¬ 

senting the initial position, and the identical region. S', 

after displacement. Since the surfaces are actually 

holographically reconstructed replicas of the real subjects, 

they appear to be illuminated by coherent light from a single 

source. Thus, the two diffracted waves give rise to an 

interference pattern. Most of the fringes are too fine 

to be optically resolved, since they are due to interference 

of waves from non-corresponding points. Since the surfaces 

are diffusely reflecting, the amplitude and phase of the 

waves diffracted from them will be modulated very 

rapidly by microstructural changes in the smoothness and 

reflectivity of the surfaces. Only when the diffracted 

waves are of the same profile in their detailed structures 

will they give rise to a path difference that remains 

constant over a region large enough to be observed. This 

condition is only realized in the interference of beams 

scattered from corresponding points of the two surfaces. 



Figure 2B. 
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Therefore, the interference of beams scattered from points 

A and B', say, will not be considered. 

If the translation is given and the (plane 

wave) illumination direction is 5/ • the path difference 

for waves scattered from points A and A' is given by, 

where is the observation direction, as in figure 3A. 

The condition for a dark fringe at A is, then; 

(2/M/)7T S 25 

where T) is an integer. 

The fringes are said to be localized on the surface 

where fringe contrast and visibility are maximized. This 

is the surface where the variation of path length with 

26 direction of observation is minimizedT Note that, 

Ar*SrA~ AOc 
c°s B * AfySins 

6) 

7) 

8) 

Leading to, 

Pw ArAco}& -4ry sme 

JR s (Ar,s'w&‘Arrcosé>)J6 ?r«*s 9) 

The condition for localization is K..r * , which 

yields 0 s constant. In order to satisfy this requirement. 
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a detector of finite aperture must be placed at infinity. 

The fringes are said to be localized at infinity. 

The contrasting situation occurs when the surface is 

rotated by an infinitesimal amount, as in figure 2B. That 

figure shows the surfaces S and S', representing parts of 

the subject before and after rotation. The subject is 

rotated through the very small angle . The illumination 

direction is again *3/ , and the observer looks at point A 

t from the direction . The path difference for waves 

scattered from points A and A' is given by, 

%ro.s AQA.(s'<n&j * sin&rA) 

- (sine^+ sin&rA) 10) 

The condition for a dark fringe at A is, 

(ln+l)7T - ^ (XAd0)(sinej+sinerA) 11) 

where fl is an integer. 

Again, the fringes are localized on the surface 

where O* The assumption is made that the observer 

is located a distance from the surface, at a point 

where the fringes exhibit maximum visibility. In this 

case. 

X ~ 

dx- 

1an 0r 

d 
d 

sin*or 
Jor 

12) 
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Which leads to, 

A Çc 
s éx à# (sine* * s)n0r) 

* xdp (cos or) &0C 

0 

d?[j (Sine^* sine,.) siner 

t x cos 0f]j0r 

13) 

And the condition for localization is; 

.. xco$or sin2ar 
O * - "i     14) 

(sin ©,f + sin er) 
, 7T 

Note that d>0 when “JT ; when the viewing 

direction is normal to the surface, the fringes are 

localized on the surface. At other viewing directions, 

the fringes are localized at various distances from the 

surface, though the surface of localization always 

intersects the subject at X— O 

The above calculations of fringe localization for 

two different types of subject displacement indicate 

that an arbitrary displacement could result in fringes 

localized anywhere between the subject surface and infinity. 

It is important to realize that the surface of localization 

is only the locus of points from which the observer sees 

fringes of best contrast and visibility. The fringes may 

be seen from regions other than this, and sometimes it is 

nnf flpci raMo nr ovon nnccihlo fcn Inna to fcho nhs^rver at: 
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the surface of localization. Wherever the observer is 

located, the fringes appear to him to occlude points on 

the object. It may be difficult for him to focus on the 

fringes and on the object simultaneously, since the fringes 

come into best focus on the surface of localization, and 

not on the object. It is not surprising, then, that 

parallax can be observed between the fringes and the object 

surface, just as if the fringes formed a grating at the 

surface of localization. 

In accordance with these principles, the fringe 

spacing will be defined as the minimum distance between 

points on the object which are occluded by adjacent 

fringes. It is customary to define this quantity as 

the distance between fringes on the surface of localization, 

but such a definition loses utility when the observer 

is not at the surface of localization. 

Like the surfaces of localization, the fringe spac- 

ings can be quite different for different types of 

deformation. Consider, for instance, the pure translation 

of a surface, as in figure 2A. If the observer is 

located at infinity, so as to observe fringes of maximum 

visibility, then of equation 6 is constant over 

the subject surface, and, 

-An* 
tr+rts 

4r • S, - AT • Sr 15) 

is constant for all values of Q since ùr is constant. 
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The condition for a dark fringe, 

(lmt)7T = Ptr«ns 16) 

is then independent of 0) so that one fringe will 

occlude the entire surface. 

Unfortunately, a fringe which covers the entire 

subject surface does not carry very much information 

about the displacement. Happily, this problem can be 

avoided if the observer views the fringe system from 

a non-infinite distance. Suppose, then, that the observer 

is at a distance <& from the subject, where <j[ is large 

compared to the dimensions of the subject. Since the 

observer is not at infinity, the angle of observation 

varies as he scans over the surface of the subject. 

The path length difference between waves from corres¬ 

ponding points becomes, 

P S ' S • " AftfCOJ 0 *4fy S/OÔ 1 tra#1$ * * 17) 

It is assumed that % is approximately perpendicular 
0/y* 

to the subject surface. Since d is large & ^ —*• 

so that 

Cot© - J- C: COS © 

sin©- ij 
18) 

Which yields. 
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P s Ar 
tf*n$ % ~ A r* & ry 

19a) 

The condition for a dark fringe at the point of obser¬ 

vation becomes, 

C2nti)rr - ZZ- (ar, j- ♦ const.) 
19b) 

Which implies an x-direction spatial frequency in the 

near vicinity of the point under observation of. 

2. 

X v. 
>d 

20a) 

A similar calculation for the y-direction spatial 

frequency yields, 

2L A J"y 
>d 20b) 

Therefore, the fringes may be parallel lines, concentric 

circles, or concentric ellipses, depending on the magni¬ 

tudes of and ATy . Note, however, that the spatial 

frequency in a direction is directly proportional to the 

magnitude of the displacement in that direction. Thus, 

the greater the displacement, the finer the fringes. 

Note also that the spatial frequency, and therefore the 

fringe spacing, depends on the position of the observer. 

This is an expected result of the definition of the fringe 

spacing given above. 

The usefulness of this effect for measurement of 
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small displacements is revealed by a simple calculation. 

The distance between adjacent dark fringes as seen by 

the observer is, 

= Hran*= 40c 2D 

If d * 10 cm. , > s 5145 A » then a displacement of 

only one wavelength results in a fringe spacing of, 

AX- lOcm 

Which is easily measured. 

For an object which is infinitesimally rotated, the 

results are somewhat similar. The path difference for 

this case is given by equation 10. Using the approximations 

of equation 18, this yields, 

(■> * xdfttsin♦ iiner) 
22) 

r xàft isin&j *0 

The condition for a dark fringe is then, 

(2mi)7r* ^ xd? (sine^ +i) 23) 

This corresponds to a fringe frequency and spacing of, 

_ 2 d# (SihGj ♦ |) 4. y 
* *V*t*t# 

^ ^ rotate - 

> 

> 

24) 

éçf (sin By +i) 
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so that the fringes are straight lines parallel to the 

axis of rotation. The fringe frequency is directly 

proportional to the magnitude of the rotation, in a manner 

analogous to the case of pure translation. It seems, then, 

that the spatial frequency of the fringes is indicative of 

the magnitude of the displacement, while the surface of 

localization of the fringes yields information about the 

type of the deformation. The problem faced by experimenters 

who first used this technique was to discover a way in 

which the fringe pattern could be related to surface 

displacement when the surface was subjected to an arbitrary 

combination of rotation, translation, and deformation. 

24 Several methods have evolved. Haines and Hildebrand 

derive a general method of relating the fringe pattern to 

the displacement of a surface which is arbitrarily 

27 28 
rotated and translated. Powell and Stetson ' develop 

an ingenious method of relating fringe shape and spacing 

to the mode of vibration of a vibrating object in a 

multiple exposure configuration. Other researchers 

have solved this problem by restricting the allowable 

29 
configurations for the production of the hologram, or 

by constraining themselves to a particular type of 

30 
deformation of a particularly shaped object. Probably 

the best method is that developed by Aleksandrov and 

31 Bonch-Bruevich which deals with the displacements of 

points on an arbitrarily deformed surface. 
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They began by considering the paralax exhibited between 

the fringe system and the object surface. It is extremely 

difficult to calculate the surface of localization and 

the fringe frequency for an arbitrary object deformation, 

but the parallax between points on the object and the 

fringes contains information about both. Consider, then, 

the situation shown diagrammatically in figure 3. An 

observer is located at a distance from both the object 

surface and the surface of localization. An aperture is 

placed between the observer and the object in such a 

way that the observer sees only light scattered from the 

small area of the object surface in the vicinity of point A. 

Light from the fringe system on the surface of localization 

also enters the aperture. The aperture is then adjusted 

until there is a reasonable compromise between object 

resolution and fringe contrast. Hopefully, the depth of 

field will then be such that both the object and the fringe 

system are in fairly good focus. If not, the observer 

moves to a different distance from the object. There is 

always some position where contrast, resolution, and 

31 
depth of field are all within an acceptable range. 

Though figure 3 shows the observer located on the far 

side of the surface of localization from the object, such 

a position is not required in the development below. 

Indeed, in some cases, it is not even possible, since 

the surface of localization may be located at infinity, 

or even behind the object. 



Figure 4. 
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The path difference between the waves diffracted 

by the two diffusely reflecting surfaces S and S' of 

figure 3 has two parts. The first part, fjf , is due to 

the phase shift of light illuminating the two identical, 

spatially separated points A and A’ : 

5s 

where AQ is the vector relating the positions of 

point A before and after the arbitrary deformation. 

The second part, > of the path difference is 

due to the phase shift in the observation direction: 

-i % 

The total phase shift is then. 

s-- c 

^ ùfA • ( - AT* ~ f.) 

25) 

26) 

27) 

©l 
Now, suppose that is adjusted to the value 

where a dark fringe is centered on point A. Then ^ot 

is rotated to a new value while k fringes pass 

over the point of observation. The phase shifts corres¬ 

ponding to the two new directions of observation are, 

£ s (Intl)7T- Vj? 

SL:Çn#i)*SK(27)' Î5. ÂtA 

28) 
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Subtracting, 

29) 

Except for a sign, the component of ar* in the POK ) 

direction is determined by equation 29. The procedure 

described above may be repeated for two other (linearly 

to the common sign. Note that equation 29 does not 

depend on the illumination direction, and that k need 

not be an integer. Thus, 4rA may be determined 

whatever configuration is used for the production of 

the hologram. 

This technique is therefore a very general method 

for the determination of the displacement of a point on 

a complexly deformed object. Using this procedure, it 

is possible to generate a point by point map of the 

deformation of a surface, without knowing anything 

about the surface of localization or the fringe spacing 

associated with the deformation. The only restriction 

on this method is that viewing must be done through 

the hologram, so that the observation direction may 

be rotated only through a limited angle. This restric¬ 

tion dictates a minimum size for the hologram. Even 

this restriction can be avoided, however, if the real 

time methods developed in the next section are employed. 

independent) values of (ft- in order to determine 

all three components of the displacement correct 
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Holographic Interferometry 

Real Time interferometry 

Though double exposure interferometry is a flexible 

tool, it is limited in that any information it gives 

about a process is necessarily after the event. The 

technique developed in this section is an attempt to 

correct this problem. 

The fault of the double exposure technique lies in 

the fact that it is concerned with the interference of 

two holographically reconstructed subject beams. Suppose, 

instead, that a single exposure hologram is made of the 

undeformed subject. If the processed hologram is precisely 

repositioned, then the position of the virtual image 

can be made to correspond exactly to that of the subject. 

The subject is then illuminated with phase related 

coherent light. Thus, any deformation of the subject 

will give rise to interference fringes which carry 

information about the type and magnitude of the defor¬ 

mation. Note that the only difference between these 

and double exposure methods is that one of the inter¬ 

fering beams comes from a real object rather than from 

a holographically reconstructed virtual image. Therefore, 

the equations developed in the last section concerning 

surfaces of localization and fringe frequencies are still 

applicable. 

The real time technique has two important advantages 

over the techniques of the preceding section. First, it 
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allows the experimenter to observe changes in dynamic 

processes as they occur, and secondly, it makes possible 

the comparison of different objects with some holographi- 

32 cally recorded standard. Brooks, Heflinger, and Wuerker, 

33 and Tsuruta and Itoh have used real time techniques in 

an interferometer built along the lines originally suggested 

17 28 by Horman. Stetson and Powell have used these methods 

for the observation of the modes of vibration of diaphrams, 

34 and Archbold, Burch, and Ennos have used real time 

holography for the comparison of cylinder bores. The main 

difficulty with the technique is that it requires 

extremely precise repositioning of the processed hologram. 

For useful fringes to be observed, the virtual image 

must correspond to the subject to within a fraction of 

a wavelength. Some researchers have avoided this prob¬ 

lem by processing the hologram in place, and this is the 

technique which has been employed here. 

The mathematical analysis of the real time hologram 

presented here is essentially an extension of the approach 

31 Aleksandrov and Bonch-Bruevich used in the double 

exposure case. Consider again an observer located at 

some distance from both the object and the surface of 

localization, as in figure 3. The surface S is that of 

a reconstructed virtual image of the subject, and S' 

is the real surface of the subject. As before, the 

viewing aperture is restricted so as to provide increased 

depth of field. With the viewing direction held 
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constant at , the surface S' is deformed until the 

first dark fringe appears to occlude the point of obser¬ 

vation. The phase difference between the waves from S 

and S' is then given by, 

Sr- ** Sr 30-, 

so that, 

îy : Âfi1 (fi-fo) 30b) 

The surface is then further deformed until k 

more fringes pass over the point of observation, 

resulting in a change in the phase difference of, 

and a displacement given by, 

t K>> - Ar •($-?.) 

31a) 

31b) 

32) 

The total displacement of the point of observation in 

the (fi-f*) direction is then, 

^•LrCfr £)-- A?,* (fi-f.) ♦ Arh- 

= t (K*i)> 
This process may be repeated two more times for 

different values of , to obtain all three comp¬ 

onents of the displacement, again correct to the common sign. 
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As before, care must be taken in the selection of the 

direction, so that each relation generated is linearly 

independent of the others. Note that 32 depends on the 

illumination direction, unlike the double exposure case. 

Note further that the real time hologram exhibits all of 

the properties of the double exposure hologram; if the 

surface deformation is held constant, the method of the 

preceding section may be used to generate a point by 

point map of the deformation. 

As opposed to double exposure methods, the real time 

technique provides the advantages that the information 

about object deformation is received as the object is 

deformed, and that the direction of observation does 

not have to be varied in the measurement of the deforma¬ 

tion. Thus, there is no restriction on the size of the 

hologram. The technique has the limitation that the fringe 

shifts arising from the deformation must be slow enough 

to allow the fringes to be counted. This implies that 

the observer must be able to slowly and continuously 

vary the deformation, a requirement that is sometimes 

difficult to meet. Subject to this restriction, the 

real time technique is generally more useful than multiple 

exposure procedures. 

The methods developed above allow measurement of 

surface deformation without recourse to measurement of 

fringe frequency. However, it is nevertheless desirable 

to calculate this parameter for the general case. It 
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was inferred from equations 20 and 24 that the fringe 

frequency is generally proportional to the magnitude of 

the displacement. Presumably, only spatial frequencies 

below some maximum may be resolved by the detector, so 

that calculations of the fringe frequency will indicate 

the range of displacement over which holographic 

measurements are feasible. 

The mathematical development for the general case 

is done with reference to figure 4. The two surfaces 

are illuminated by a point source of wavelength "7s , 

at a distance IfJ from point A. The position of the 

observer is indicated by the vector . Notice that 

the are not unit vectors. It is assumed that ar 

is small compared to . If the observer sees 

a dark fringe at point A, the phase difference of the 

waves from A and A' is, 

The next* dark fringe is observed at point B, in the 

near vicinity of point A, and a distance 

away from it. The phase difference of the waves 

diffracted from B and its corresponding point, B', is 

given by. 

33) 

*AP Ç . /, 2Tr rp P»~4i 
do* ( 2/1* / m2)7r * V 1 I _4 -T* I | ^ T* ll 8 * \l{S*£e| 

34) 
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Subtracting, and remembering that keMRIf-l- 

@A «-ArB JA6 (râ^| ~ fsjj} 
' » 3 

where, 

46 : .£i. . P« 
" l$l lf»| 35b) 

The observer and illumination distances may be 

easily adjusted so that Jj&M&j* p , in which case 

equation 35a becomes, 

!A%lcosp 
36) 

where ^ is the angle between Û fj and . Equation 

36 may be solved for UJ , the distance between fringes : 

i r i - P C<£vi?,Mp ? $ 
|dA0| «       

2 CO5B 
37) 

Therefore, the fringe frequency in the near vicinity 

of the point under observation is. 

V- — - 2- cosp ' K»/ * pC(ArA-4ra)‘/)p; 
38) 

Note that the spatial frequency of the fringes is directly 

proportional to the magnitude of the displacement. This is 
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just the result developed for more restrictive cases in 

the last section. The two results are also similar in that 

the spatial frequencies are inversely proportional to the 

distance from the observer to the object. Thus, the 

observer sees the fringe pattern expand (with respect to 

the object) as he moves away from the object. 

A short calculation using equations 37 and 38 will 

reveal the range over which the holographic measurement is 

possible, if the object is five centimeters long, the 

maximum observable distance between fringes is of the 

same order. Suppose the object is translated, so that 

. Then equation 37 yields, Ar.-- AC0 

2L£- 

2)47,1, 
- I 

cos 

2l£_ 
IO cm. 

-# 
cos P 

39) 

A small, but obtainable observer distance is 10 cm. 

Once again, ^ is set at 5145 X and COS is taken to 

be approximately one. This gives a value for the smallest 

holographically observable displacement of. 

7^ » 10€$>% 

tO c*. 
7s * 5JVT 40) 

The smallest fringe spacing that is easily resolvable 

_2 
by the naked eye is on the order of 10 radians (that is, 
11 I o 

^ 10” ) . Using the above value of 7s » this gives a 

e 
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value for the largest holographically observable displacement 

of. 

With magnification to the limit of optical resolution, this 

value can be extended by about three orders of magnitude, 

so that displacements on the order of a centimeter can 

be observed. This upper limit is a theoretical limit, 

imposed by the resolving power of a light microscope. The 

lower limit is imposed by the size of the object and of 

the hologram, and their relative positions in space. Thus, 

the lower limit can be avoided. For instance, if a one 

hundred and eighty degree rotation of the observation 

direction is possible in the double exposure mode, then 

fringes located anywhere between + infinity and - infinity 

can be observed. In this case, there is no lower limit 

to the holographically observable displacement. The real 

time technique described above also exhibits the no-lower- 

limit property in so far as may be made to approxi¬ 

mate zero. According to equation 30, as (Pi- P) decreases, 

the minimum observable deformation also decreases. The 

limitation in this direction arises from geometrical 

factors such as the size of the object and of the hologram. 

41) 
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Holographic Interferometry 

Fringe Shapes 

The methods of the last two sections allow the 

experimenter to generate a point by point map of surface 

strain for an arbitrarily deformed object. However, it is 

not always necessary to know the structure of the deform¬ 

ation in such great detail. For instance, the vibration 

28 analysis due to Powell and Stetson requires only a 

qualitative picture of object deformation. Fortunately, 

a qualitative picture of surface strain over the entire 

surface of the object may be easily generated through 

observation of the shape and position of the interference 

fringes. 

In the usual analysis^'30*35,36 t^e approximations 

made lead to an expression for the fringes as contour lines 

35 of constant spacing. For instance, Leadbetter and Allan 

consider an object with the illumination and observation 

directions located symmetrically, as in figure 5. The 

point of observation is displaced by an amount D perpen¬ 

dicular to the object surface. Then, the difference 

in path length between waves diffracted from points A 

and A’ is given by, 

5 2 D CoS Ô 42) 

It is assumed that the object and illumination distances 

are such that 0 may be considered to be constant. The 



Figure 5. 
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condition for a dark fringe is, 

(2ml)£î fJA ; 20 cos & 
43a) 

Since £ is constant, the path length difference is 

strictly a function of the surface displacement. Thus, 

the fringes are contour lines of contour interval given 

by, 

This analysis is useful for providing a somewhat 

accurate, qualitative map of the deformation, and it 

account for some relatively important variations in the 

structure of the fringes. For instance, consider the 

situation pictured in figure 4, where an observer at p 

views an object surface which is illuminated by a point 

source located at p^ . The phase difference of the 

waves diffracted from the corresponding points A and A' 

is given by equation 33? 

43b) 

has been used extensively. 
,30,35,36 

However, it does not 

33) 

is given by equation 35. 

If *ff is the angle between 4Q and , then 

the condition for a dark fringe at point A is. 

(2n*|)7r = IÂTAU^I COSY' 44a) 
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If is not allowed to vary in either magnitude or 

direction, then the dark fringes are indeed contour lines 

with a contour interval given by. 

The assumption that it does not is only good for small 

objects. A somewhat more sophisticated analysis is 

necessary for cases ‘in which the object is large or close 

to the observer. 

The analysis for these cases is done with reference 

to figure 4. The object is illuminated and observed as 

before. The vector JXX + JYÿ connects the 

immediate point of observation (point A) with any other 

point on the surface of the object. The phase difference 

between waves diffracted from any two corresponding points 

is then, 

44b) 

Of course does vary over the surface of the object. 

4r„ • ( ft * - P*'*J*a ) 
45) 

p# and 

so that. 

46a) 
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and. 

l9+d«ls 46b) 
where, 

j^JXVYWZ* 46c) 

If it is assumed that as above 

(equation 36), then SQ becomes, 

Sa- ^ AQ- 

-Cf.jM^x+i^dzy]] 

The condition for a dark fringe is $B=er»k resulting 

in an expression which is rather difficult to solve. The 

solutions to this problem (i.e., the locations of the 

dark fringes) were obtained by a computerized method 

(see appendix) which locates the fringes on the object 

with an accuracy of one percent. The results for several 

different object shapes are compared to the contour line 

approximation in figures 6-9. Each figure is a diagram 

of the projection of the fringes on a plane bisecting 

the sample. In each case, a uniform and isotropic 

deformation of the object is assumed. 



Figure 6A: Internal solid lines are the computer generated 
fringes for a subject of spherical shape (C. 
Dotted lines are fringes in the contour line approximation. 

Figure 6B: Computer generated fringes for the sphere. 
Here Ct*i*fcT\ Ct*C,z I*/O'* 



Figure 7A: 
C?3*tO-*Cx~- C, 
location of 

Computer generated fringes for the cylinder, with 
. once again, the dotted lines give the 

the fringes in the contour line approximation. 

Figure 7B: Computer generated fringes for the cylinder. 
Here C,; 2^ CA*C9* t.o*iO-+ 



Figure 8: Computer generated fringes for the sphere, with 
Ct- -3*tO~H CjS c,s 1.1* f0~¥ . This figure compares with figure 6A. 

Figure 9: Computer generated fringes for the cylinder, where 
Ct-:-3*I0~f Cj?c3r /.2 * . This figure compares to figure 7A. 
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That is, the deformation of a point on the body 

with coordinates X,Y,Z is assumed to be, 

AX-c,X ; ; AEsC3 2- 48) 

Thus, the displacement of a point on the body is propor¬ 

tional to the distance from that point to a point where 

zero deformation is assumed. This implies an equal 

x-direction displacement for points with the same x 

coordinate. Therefore, in the contour line approximation, 

the fringes are parallel lines with a constant spacing. 

Note that the fringes associated with negative 

values of C-^ are different from those for positive 

values (if C2 and C3 are held constant). Thus, the 

relative sign of the various components of the deforma¬ 

tion may be discovered by observation of the fringes. 

However, a change in sign of all of the components 

leaves the fringes unchanged, as is predicted from 

the analyses of the last two sections. 
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B. Magnetostriction and Magnetic Properties 

Magnetostriction in General 

A type pf object deformation which may be fruitfully 

studied by the methods of holographic interferometry is 

the external magnetostrictive strain. This strain is an 

effect of the lattice deformation which accompanies 

magnetization. By virtue of the distance dependence of 

exchange, of the spin-orbit interaction, and of the 

dipole-dipole interaction, the spin system is coupled 

to ionic displacement in a crystal. As the material is 

37 
magnetized, this coupling manifests itself in two ways. 

One effect is a shift in the coordinates of some of the 

ions in the unit cell. This is termed the internal 

magnetostriction. The other effect is a change in the 

external dimensions of the crystal, called the external 

magnetostriction. The direction and magnitude of the 

external deformation is a function of the material, the 

temperature, and the direction and magnitude of the 

applied field. 

37-39 In a series of papers, Callen and Callen have 

developed a theory of magnetostriction by imposing 

symmetry conditions on the magnetoelastic and elastic 

Hamiltonians. They consider two-ion terms arising from 

strain modulation of the exchange and dipolar interactions, 

as well as terms relating to single ion crystal field 

energies. They begin by considering the Hamiltonian 



for the system, 

49) 

Hm is considered to be the unperturbed Hamiltonian. 

It contains isotropic exchange terms and the Zeeman 

interaction. HQ is the elastic energy corresponding 

Hme is the magnetoelastic contribution, which couples 

the spin system to the strains, and H_ is the magnetocrystal- 
a 

line anisotropy energy, representing the effect of the 

unstrained lattice on the system. H and H are treated J me a 

as perturbations on the system. He is a classical 

function, since only homogenous strain modes are considered. 

The free energy of the system is therefore. 

where Fm is the unperturbed free energy of the system, 

and HQ is the elastic energy. The indicated averages of 

50) 

51) 
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Hme and Ha are carried out in the unperturbed spin system. 

Using the chemical point group of the crystal, it can 

40 
be shown that the free energy is partially the sum of 

the contributions of H and ^ arising from each e me * 

irreducible representation, f* , of the point group; 

F- Fm»<Ha) ♦ 2. Hep ♦ 52) 

Following the usual procedure, this expression is 

minimized with respect to the strains, yielding, for 
3l 

the fractional change in length of a cubic anti-ferromagnet,' 

♦ A f** 31 

♦ 3 C°*' *** ^a. 4 ^a^J^a 4 53) 

4 
• • • 

where are the direction cosines of the direction 

of magnetization, and are the direction cosines 

of the change in length. The ^*5 are both temperature 

and field dependent. 

The temperature dependence has been investigated by 

39 
several researchers. Callen and Shtrikman and Callen 

37 
and Callen have shown that the temperature dependence 

of the magnetostriction follows the normalized hyperbolic 

Bessel function in the molecular field 
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approximation at all temperatures. That is, 

i£SaS«f [X'M 
J-z-r 1 54) 

Where m is the reduced magnetic moment, I>> is the 

inverse Langevin function, and is the order of the 

spin operator in the magnetoelastic Hamiltonian. At 

low temperatures, the temperature dependence of the magneto¬ 

striction follows the law for the magnetic anisotropy: 

XHo.TL) -- !Va4,,/2]MH„o) 55) 

These results are in good agreement with the experimental 

behavior of many substances, as will be demonstrated in 

the next section. 

Magnetostrictive and Magnetic Properties 
of the 

Rare Earth-Iron Compounds 

41-43 Early investigations of the rare earth-iron 

compounds revealed that the rare earth and iron sublattices 

couple anti-parallel, and that the largest Curie temper¬ 

atures occured in the cubic Laves phase compounds, 

compounds of the type RFe2. These compounds have the 

44 same structure as MgCu2, as shown diagrammatically in 

figure 10. The rare earth ions occupy the positions 

of the diamond structure. The iron ions form a 



Large spheres are the Figure 10: 
rare earth 

The structure of RFe2. 
ions. 
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45 

tethedral network in four of the eight corners of 

the cube. TbFe2# which has the most interesting magneto¬ 

strictive properties, if ferrimagnetic with the easy axes 

along the £ I f f^ direction, as deduced by Bowden et al 

from Mdssbauer spectra. 

Measurements of the temperature and field behavior 

of the magnetization of these compounds have been made 

46 47 by Buschow and Van Stapele, by Crangle and Ross, and 

10 by Clark and BelsonT Figures 11 and 12 show the behavior 

46 of the polycrystalline material. Buschow and Van Stapele 

41 and Wallace and Skrabek have obtained values for the 

Curie temperature of TbFe2 of 711ftK and 705°K, respectively 

The most interesting magnetic property of the rare 

earth-iron compounds is their unusually large magnetostric¬ 

tion. For most materials, the magnetostrictive deformation 

is quite small; a typical value is that for nickel, 

where the maximum linear strain is^® è£S HI 

A j0 ^ 
iingle crystal values of —lr iOtid* , but 

m3 3 5 
2*10' ) is found in the rare earth-iron compounds.' 

.3,4 

At low temperatures, the pure rare earths exhibit 

maximum s 

by far the largest room temperature magnetostriction 

< ÊI* 
x 

Clark and Belson'"'''* have measured the magnetostric¬ 

tion in several compounds of this type as a function 

of composition and temperature. Their results are 

presented in figure 13. Koon, Schindler, and carter 

have measured the magnetostriction of several 

compounds as a function of temperature. Figure 14 

49 
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Figure 11A: Temperature dependence of the RFe2 magnetization, 
(after Crangle and Ross) 

Figure llB: Temperature dependence of the magnetization of 
various rare earth-iron compounds, after Buschow & van Stapele. 
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Clark an< 
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: Magnetostriction of some RFe2 compounds, after 
Belson. 
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Figure 13B: Temperature dependence of RFe2 magnetostriction, 
after Clark and Belson. 
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shows their results. The largest magnetostriction is 

that of TbFe2 with a value of s 2jOOOxtO * at 

room temperature and at a field of 25 KOe. This is the 

largest polycrystalline value ever reported? presumably, 

single crystal values would be even larger. The temp¬ 

erature dependence of the magnetostriction in TbFe2 and 
3 

in ErFe2 has been investigated by Clark and Belson. They 

have compared the experimentally obtained function with 

37 the theoretical prediction of Callen and Callen dis¬ 

cussed in the last section. They find good agreement 

between theory and experiment. 

Several different methods have been used to 

demonstrate that the contribution of the rare earth ion 

is responsible for the large magnetostriction. For 

49 instance, Koon, Schindler, and Carter reasoned that 

if the magnetostriction of the compound was due primarily 

to the rare earth ion, then its sign could be expected 

to change between HoFe2 and ErFe2# as was observed in 

50 the pure metals. Their measurements are presented 

in figure 14. According to that figure, ErFe2# the only 

compound which is saturated at 17.5 KOe, has a negative 

magnetostrictive constant. This is the same result as 

for Er metal, as expected. DyFe2 and HoFej are not 

saturated at this field, but they nevertheless exhibit 

a positive magnetostrictive constant at room temperature, 

as is expected. Thus, Koon Schindler and Carter 

concluded that the magnetostriction was primarily due 



300 

TEMPERATURE (K) 
Figure 14: Temperature dependence of RFe2 magnetostriction, 
after Koon, Schindler, and carter. 
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4 
to the rare earth ion. Clark and Belson have deduced 

the same result by measurement of the magnetostriction 

in YFe£. YFe2 has the same structure as TbFe2, but the 

magnetostriction of pure yttrium is nearly zero. They 

found that the magnetostriction of YFe_ is only z A 
indicating that the contribution of the iron ions to 

the magnetostriction is negligible. This is in agreement 

with the results of Koon et al. 

The orgin of the magnetostriction is the large 
g 

strain dependent anisotropy of the rare earth ions? It 

remains large at room temperature because of the large 

rare earth-iron exchange interaction, which is strong 

enough to align the rare earth spins even at elevated 

temperatures. The magnitude of this interaction is 

unique to the rare earth-iron compounds. In the terbium- 

nickel and terbium-cobalt cubic Laves phase compounds, 

the Curie temperatures are depressed to 46°K and 238*K, 

51 52 respectively. ' This is to bé compared to a Curie 

temperature of approximately 710 K for TbFe2• AS 

would be expected, the cobalt and nickel compounds do 

not exhibit the same large room temperature magneto- 
5 

strictions as the iron compounds. 

The importance of the strain dependent terms in 

the anisotropy may be demonstrated by a comparison of 

the relative magnitudes of the intrinsic and strain- 

dependent contributions to the anisotropy. The 

development given here essentially follows that due 



0 
to Clark et al: Consider the case of a cubic crystal 

without any magnetostrictive deformation. The intrinsic 

anisotropy constants, V) are given by, 
F - K;B,(T) 0.V; * *; *5 4 

where F is the free energy, and the are the 

direction cosines of the magnetization. However, in 

a crystal like TbFe2» the crystal distorts magneto- 

strictively as the magnetization changes direction. The 

distortion about the magnetization direction is given in 

terms of the field and temperature dependent magneto¬ 

striction coefficients, and (HJ) » by 

equation 53. The distortion will change the free energy 

differently in the {'«*} and directions, thereby 

contributing to the effective anisotropy. The anisotropy 

37 53 constants then become, ' 

K.,ffCT) * K!nt(T) ♦ >.VT) - 

= Kint(T) * A K, (T) 

where C^ C44 are t*ie cubic elastic moduli. Callen 

37 and Callen give an expression for the higher order 

anisotropy constants, but they are neglected in 

this development. The constants Vi% >»cn are 

saturation values; their field dependence is eliminated. 
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The intrinsic and strain dependent contributions 

to the anisotropy constant have quite different tempera¬ 

ture dependences. According to the single-ion theory 

developed by Callen and Callen^'^® the temperature 

dependence of the intrinsic part of the anisotropy 

is given by, 

K,int(T) = K!n,(o) I% it'1 (mrcn)J 

for TbFe2# where BI^ is the reduced magnetization of 

the terbium sublattice. The temperature dependence of 

the saturation magnetostriction constants, 7)JT) ,>„,(T). 

for TbFe2 is given by equation 53. In this case, 2, 

so that the first anisotropy constant becomes, 

Kf*iX)-* Krk^iXVnvtt))] 

- £L<c»'C.i) 

0*vcnjjj) 5 

Since the elastic moduli have relatively little 

temperature dependence, it is expected that K\nt(r) and 

AK.(T) should show approximately the same temperature 

dependence as their respective normalized hyperbolic 

Bessel functions. Thus, at low temperatures, where 

mrC;l, it is expected that AK.tt) varies approximately 
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as m2(2+l)/2 m^, while falls off much more 

rapidly, Cïm^®. Therefore, at elevated temperatures, 

it seems reasonable that the strain-dependent part of 

the anisotropy could be comparable to the intrinsic part 

in materials where and 7*|t are large. 

Unfortunately, single crystals of TbFe2 are not 

6 available. However, Clark et al have taken measurements 

of the magnetostriction of partially oriented samples of 

TbFe2# made by suspending the finely powdered compound 

in a binder, and aligning the particles in a magnetic 

field while the binder is hardening. They found that 

*„>o and I \I<.»S . Using an ultrasonically 
7 determined polycrystalline shear modulus, and values for 

g 
mr determined by neutron diffraction, they calculated 

a value for 4K. at room temperatures 

-4K.(3Ô0*K) k er9ycm 60) 

Clark, Belson, and Tamagawa^ have made magnetiza¬ 

tion and magnetic torque measurements on a single 

crystal of ErFe2• Employing standard theories, they 

are able to calculate the first anisotropy constant 

for ErFe.j. This, in turn, makes it possible to estimate 

the values of for all of the RFe2 compounds. 

For TbFe2» they estimate a value of, 

- K,*fr(30OaH) = 3.6 "I07 *r1*/cm 61) 
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This is much larger than the heretofore accepted value. 
g 

The best previous estimate was made by Atzmony et al^ , 

using the Mdssbauer spectra of the polycrystalline 

material. Atzmony et al estimated A, to be approx¬ 

imately one twentieth of the above value. 

Comparison of the results 60 and 61 reveals that, in 

TbFe2» the room temperature contribution of the strain 

dependent anisotropy is an appreciable fraction of that 

due to the intrinsic anisotropy. The strain dependent 

term is the origin of the large magnetostriction in 

the material. 
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III. EXPERIMENT 

A. Strain-Gauge vs. Holographic Measurement 

Introduction 

The methods of holographic interferometry for 

measurement of small deformations of an object have 

several advantages over the standard strain-gauge and 

capacitive techniques. For instance, the strain-gauge 

technique requires an object large enough and regular 

enough in shape that the gauge may be fastened to it. 

Optical holographic techniques place no limit on the 

shape of the object to be examined, and the size limit 

is lowered to the limit of optical resolution. Further, 

types of deformation which are very difficult to measure 

with a strain-gauge are easily measured by holographic 

methods. For example, the strain-gauge can yield infor¬ 

mation concerning shear strains only through a rather 

difficult interpretation of the data obtained from gauges 

positioned so as to measure the longitudinal strain 

along certain special directions. This strain is 

easily measured holographically. Finally, by their very 

nature, strain-gauge techniques can only give values for 

the strain at a few points on the object surface. 

Holographic interferometry may be used to generate a 

map of surface deformation for all points on the surface. 

Capacitive techniques, in which the object defor¬ 

mation changes the gap between the active elements in 

a capacitor, have the advantage that they may be used 
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to measure smaller displacements than may be measured 

by either the strain-gauge or by visible spectrum 

54 holography. However, they place more limitations 

than even the strain-gauge on the shape and size of the 

object to be examined. Furthermore, capacitive tech¬ 

niques do not give any information about the deformation 

of a particular point on the object; they are concerned 

with the change in position of a relatively large part 

of the object surface. Finally, holographic methods 

may be used to measure deformations of a sort that are 

not amenable to measurement by either the strain-gauge 

22 or capacitive techniques. For instance, Heflinger et al 

have used holographic interferometry to measure shock 

wave induced deformations in gases, and holographic 

methods have been used to measure the deformations of 

55 blood cells in capillaries. Certainly, there are 

limitations to the holographic technique. One of the 

more important ones is the requirement of optical 

access to the deforming object. However, in many cases 

of interest, this and other limitations cause little 

or no difficulty. 

In order to demonstrate the utility and accuracy 

of holographic as opposed to strain-gauge techniques, 

measurements of the longitudinal strain of an object 

were made by both methods. A comparison of the two 

methods of measurement is to be found in the next 

section. 
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Apparatus and Results 

Longitudinal Strain 

In order to compare measurements of deformation 

obtained by strain-gauge and by holographic methods, it 

is necessary to restrict the shape and size of the object 

and the type of strain to values which admit measurement 

by both techniques. The object chosen was a brass bar 

of rectangular cross-section, with dimensions 10cm x 3cm 

x 1cm. The bar was compressed in a vise in such a way 

that the deformation was primarily a shortening of the 

long axis. Brass was chosen since it is an easily 

available material which is hard enough to transmit the 

strain to the strain-gauge, yet soft enough that it may 

be strained appreciably in a small vise. 

One surface of the bar was sandpapered smooth and 

cleaned with alcohol. The strain-gauge was fixed to 

the bar with an epoxy glue, the bond was cured for 

twenty-four hours at room temperature. 

The bond was then tested by means of zeroing the 

strain gauge and applying pressure to it. If the 

gauge reading did not return to zero when the pressure 

was released, the bond was judged faulty. If the bond 

tested correctly, the bar was put into the vise in the 

configuration of figure 15. Thus, tightening of the vise 

causes a longitudinal shortening of the bar, which is 

easily measured by the strain-gauge mounted as shown. 



BAR 

Figure 15: 

laser 

STRAIN-GAUGE 

Device for the production of a longitudinal strain. 

beamsplitter 

mechanical shutter 

Figure 16: Holographic set-up for strain measurement. 
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The holographic part of the measurement was made 

in the configuration of figure 16. Light from the 514.5 

nm. green line of an argon laser is directed through 

a mechanical shutter to a variable beam-splitter which 

splits the beam into object and reference parts. The 

reference beam is passed through a spatial filter, an 

objective and pinhole device which removes undesirable 

noise from the beam, and diverges it so that the intensity 

is approximately uniform over the area of the plate. 

The object beam is diverged by a lens and directed so 

as to illuminate the object surface which faces the plate. 

The intensities of the two beams were adjusted by the 

variable beam-splitter so as to produce the best holograms. 

This condition is generally met when the ratio of the 

intensities of the object to reference beam at the plate 

is approximately 2:1. The exposure time was adjusted by 

means of the mechanical shutter to its optimum value. 

In the configuration of figure 16, using Agfa HG 145P 

plates, this value was about 1/8 of a second. 

With all holographic parameters adjusted as 

described above, a double exposure hologram of the bar 

and vise was taken. The first exposure was of the 

unstrained bar, and the second exposure was made with 

the bar in a condition of stress. The strain was read 

by means of the strain-gauge; then the hologram plate 

was removed, processed, and analyzed by the methods 

outlined previously. Double exposure methods were 



used because it was very difficult to vary the longitud 

inal strain in such a way that the fringe shifts could 

be observed by real time methods. Figure 17 compares 

the strain-gauge and holographically obtained data. 

There is good agreement, as would be expected in this 

case. Note that the holographic determination is some¬ 

what more accurate for the smaller values of the strain 

Certain types of deformation are not easily 

measureable by strain-gauge techniques. One of these 

is the shear strain, where the displacement of a point 

on the object is given by, 

This type of strain may be produced relatively easily, 

by the arrangement of figure 18. A clamp is used to 

squeeze the bar at each of the points indicated. The 

effect of the clamp at point A is a decrease in the 

width of the bar, and an increase in its thickness. 

The clamp at point B decreases the thickness while 

increasing the width. Thus, there is a shear strain 

on the surfaces labeled C and D. Note that the shear 

Apparatus and Results 

Shear Strain 

or, 

, etc. 
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Figure 17: Holographic vs. Strain-Gauge measurement. 

Figure 18 : Device for the production of a shear strain. 



Figure 19A: Photograph of shear strain generated fringes. 
The dotted line indicates points where the strain was zero. 

Figure 19B: Computer generated fringes for the shear strain. 
Again, the dotted line indicates points of zero deformation. 



strain, that is, the deformation normal to the surface, 

goes from a positive to a negative value somewhere 

between the clamps. 

This strain was observed by the techniques of 

double exposure holographic interferometry, in the same 

holographic configuration as above. Figure 19A is a 

photograph of the interference fringes as they appear 

on the shear strained bar. For comparison, figure 19B 

shows the theoretical appearance of the fringes, as 

generated by the computerized method discussed in the 

appendix. Note the good agreement between theory and 

experiment. As before, the computer generated fringes 

are shown on the two dimensional projection of the 

object surface. The dotted line indicates the points 

of zero deformation normal to the surface. 
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B. Magnetostriction in TbFe2 

Introduction 

In some substances, the magnetostrictive strain is 

large enough to be measurable by the optical holographic 

technique. As discussed before, many of the rare earth- 

iron compounds display this property. The polycrystalline 

magnetostriction in the rare earth-iron compounds has 

been recently measured by both strain-gauge and capacitive 

3 49 methods.' Since the materials are relatively hard, 

it is expected that holographic techniques should give 

comparable results. 

Apparatus and Results 

Two commercially obtained samples of TbFe2 were 

used in the measurement of the magnetostriction. One 

sample was in the shape of a cylinder of length .425 inches 

and diameter .311 inches. This was spark cut from a 

somewhat more irregularly shaped piece. Also spark 

machined was a sample in the shape of an oblate spheroid, 

with major and minor axes .330 inches and .321 inches in 

length. TbFe2 was chosen since, of the commercially 

available materials, it exhibits the largest room temp¬ 

erature magnetostriction. This was a rather important 

consideration, since the highest field available was 

only 12 KOe. 

The samples were mounted in a plastic holder which 

was rigidly held between, but not in contact with, the 
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pole peices of a magnet. The isolation of pole pieces 

and sample holder is necessary so that magnetically 

induced strains in the pole pieces could not be trans¬ 

mitted to the sample. Several different mounting 

techniques were tried, most of which allowed movement 

of the sample other than that due to magnetostrictive 

effects. The two methods which eliminated this problem 

are shown in figures 20A and 20B. 

The upper figure shows the cylindrical sample 

mounted in the sample holder. The sample is bonded 

to the sample holder at the points A by a small amount 

of epoxy. Thus, both surfaces of the cylinder are 

fixed to the corner of the sample holder. The bonding 

areas are kept as small as possible so as not to intro¬ 

duce extraneous strains as the sample undergoes magneto¬ 

striction. The curved pressure plate holds the other end 

of the cylinder in place. The force on the pressure plate 

is provided by a heavy rubber band wrapped around and 

around the pressure plate and a hook on the back of the 

sample holder. Thus, there can be no magnetically induced 

change in pressure plate force as the field is applied. 

The ellipsoidal sample was mounted in a somewhat 

similar way, as shown in the lower figure. For measure¬ 

ment of the parallel-field magnetostriction, a very 

small area of the sample was bonded to the sample holder 

at the point B. The pressure plate applies force in 

the manner described above, but this time along the 

direction of the field. For measurement of the 



Figure 20A: Mount for the TbFe2 cylinder. 

Figure 20B: Mount for the TbFe2 ellipsoid. 
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magnetostrictive strain in the direction perpendicular 

to the direction of the applied field, the sample 

holder was rotated by ninety degrees. The point of 

attachment and the point of contact of the pressure plate 

now lie along an axis perpendicular to the direction of 

the field. The pressure plate keeps the sample from 

rotating, and the epoxied region holds it in place. 

The sample was mounted between the pole pieces 

of a magnet, and in the holographic configuration 

of figure 16. This time, real time techniques could 

be profitably employed, since the applied field and 

therefore the magnetostriction could be varied slowly 

enough to make the fringe shifts, observable. A single 

exposure of the sample was made at zero field, and the 

exposed plate was developed in place. After the plate 

was developed, the shutter was opened so that laser 

light illuminated both the object and the plate. The 

field was slowly varied, and the intensities of object 

and reference beams adjusted so as to produce the 

highest contrast fringes. Then the magnetostriction 

was measured as a function of applied field by the 

methods derived previously. Figure 21 gives the 

results for two object shapes. Note that these 

results are comparable to, but not exactly thosQ of 

4 Clark and Belson (see figure 13). This is to be 

expected, however, since the demagnetizing factors 

in their determination are undoubtably different. 
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Figure 21: Holographically measured TbFe„ magnetostriction, 
at room temperature. 
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Since the field dependence of the magnetization of 

TbFe2 has been determined (figure 12), and since the 

demagnetizing factor of an ellipsoid is constant, the 

internal field of the ellipsoidal sample can be determined 

from the external field. The relation is; 

B « H-on 63) 

where 3 is the internal field, H the applied external 

field, is the magnetization, and D is the demagnetiz- 

56 ing factor. Morrish gives a table of demagnetizing 

factors of ellipsoids as a function of the ratio of 

the axes. In this case, the ratio is, 

R= 3 
64a) 

so the demagnetizing factor is, 

D- f.12 64b) 

Using equations 63 and 64b, and making use of the data 

presented in figure 21, it is possible to calculate the 

magnetostriction as a function of internal field. The 

resulting function is shown in figure 22. 

The magnetostrictive strain in TbFe2 is an example of 

a uniform deformation of the type described by the 

equations 48. For instance, if the x-axis is chosen 

to be directed down the axis of the cylinder, then the 
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Figure 22: Holographically determined internal field 
dependence of the room temperature magnetostriction of 
TbFe2. 



correct choice of the origin leads to the following 

expression for the constants of equation 48; 

Thus, the fringe shapes and positions should be 

described by the computerized method developed in the 

appendix. Figures 23 and 24 are photographs of the real 

fringes observed on the TbFe2 samples. The computer 

generated fringes are included for comparison. Note the 

good agreement between theory and experiment. The 

computerized technique evidently provides a useful 

method for relating the type and magnitude of the defor¬ 

mation to fringe observation. 



Figure 23A: Photograph of the fringes observed on the 
cylindrical sample of TbFe„. Here - f r* IQ"* and 

2 *» -er 

Figure 23B: Computer generated fringes for a uniformly 
deformed cylinder, with f.s %lo~* c±~ C3- -| xKT1* • 



Figure 24A: Photograph of the fringes observed on the 
ellipsoidal TbFe_ sample. The deformation is éÂ - ),Q/.\Q^ 
àL- - 2.S*-!0~S . * lî ‘ J 

^ J- 

Figure 24B : Computer generated fringes for a uniformly- 
deformed ellipsoid. Here , C,z 1,0*10 ~H 2,S * !0~^ 
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IV. CONCLUSIONS AND SUGGESTIONS FOR FURTHER STUDY 

The success of the holographic technique in meas¬ 

urement of the magnetostriction is not surprising. 

Theoretically, any optically examinable deformation of 

the requisite size should be measureable by this method. 

In view of the experimental successes of various 

19-23 researchers in obtaining information about object 

deformation, it would be surprising if the technique 

did not work. 

The point of interest is that the technique has 

advantages over the standard strain-gauge and capacitive 

methods; namely, that it can provide a point by point 

map of an object deformation of any type, on an object 

of arbitrary shape. These advantages were not fully 

exploited in the measurement of magnetostriction in 

TbFe2* Since polycrystalline samples were used, there 

was no particular limitation on the shape and size of 

the sample. Thus, capacitive techniques could have 

been employed. Further, the type of strain and the 

hardness of the material were such that the magneto¬ 

striction was accurately measureable by strain-gauge. 

It was expected that the holographic and strain-gauge 

results would be similar, as they were. However, 

now that the usefulness of holographic interferometry 

for measurement of magnetostriction has been demonstrated, 

the technique can be applied to its best advantage on 

other materials. 
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Single crystal specimens of the pure rare earths 

exhibit magnetostrictive strains at low temperatures 

comparable to those of the rare earth-iron compounds. 

These strains have been measured by strain-gauge 

12 techniques. However, the rare earths are rather soft 

materials, so that strain-gauge determinations may not 

be completely accurate. Furthermore, the pure rare 

earths are thought to exhibit a shear strain which is 

57 not easily measureable by the strain-gauge. Finally, 

since single-crystal specimens are liable to be small 

and irregularly shaped, the standard methods may be 

difficult to apply. Measurement of the magnetostrictive 

properties of these substances by the methods of holographic 

interferometry should prove enlightening. 
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APPENDIX 

The solutions to equation 47, that is points where, 

are rather difficult to find. Computerized methods 

simplify the task considerably. 

The approach used by this experimenter is as follows: 

an origin is chosen at some point on the sample where the 

value of the deformation is known. For instance, for the 

generation of figures 6-9, the origin was chosen at a 

point where the deformation was zero. Then the computer 

is told to scan through all of the points on the surface 

of the sample, printing out the points for which equation 

a-1 is most nearly satisfied. This can be done with any 

desired accuracy, but as the number of points to be 

tested increases, the amount of storage area required 

increases, so that testing of a very large number of 

points is not practical. Fortunately, an extremely 

high accuracy is not necessary, since the fringes have 

finite width, and the resolution of the optical components 

in any real system is limited. The program below 

scans through points located one hundredth of a centi¬ 

meter apart. 

This particular program tests points located on 

the surface of a cylinder of diameter one centimeter 

and length one centimeter. Since only points on the 

a-1) 
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100 FILE 8=RESULT*UNIT=DISK*BLOCKING=3 
105 DIMENSION) DX1 (500),DY1 (500) 
110 DIMENSION DX(100*100)* DY(100*100) 
120 READ 15* A1X,41Z,A2X*A2Z 
130 i 15 FORMAT (4F7.3) 
135 K=1 
136 0X100=0 
137 D Y1( K )=0 
140 DO 72 L=1*5 
150 PR INT 23*L 
160 23 FORMAT (14) 
170 DO 70 J=l*100 
180 DO 65 1=1*100 
190 3=1-1 
200 DX(I,J)=S/100 
210 r=j-i 
220 DY(I,J)=T/100 
230 DZ=3URT((.2S)-(C.50-DYCI.J))**2.0) ) 
240 812=(AlX**2) + (AlZ**2) + CDX(I* J)**2) + (DY(I* J)**2) + (DZ**2) 
250 B13=(2.0*A1X*DX(I*J))+(2.0*A1Z*DZ) 
260 B1=S0RT(812+B13) 
270 B21=<2.0*A2X*DX(I, J) ) + (2.0*A2Z*DZ) 
280 B2=33RT(B12+B21) 
290 SX=((AlX/Bl)-(A2X/B2))+((DX(I*J)/81)-(DX(I*J>/82)) 
300 3Y=(DY(I*J)/B1)-(DY(I*J)/82) 
310 S Z = ((A1Z/81)-(A2Z/B2)) + ((DZ/81)-(DZ/B2) ) 
320 C=(5.145)*((10.0)**(-5.0)) 
330 DRX=((DX(I*J)*3.0))*((10.0)**(-4.0))/C 
340 DRY=((DY(I*J)*1.20))*((10.0)**(-4.0))/C 
350 DRZ=((DZ*1.20))*(<10.0)**(-4.0))/C 
360 DOT=(5K*DKX+3Y*DRY+3Z*DRZ) 
370 *J=L 
380 IF ((((2.0*vO-1.0)/2.0)-(D3T))40»40*65 
390 40 CONTINUE 
O op 1/ — 1/ 4. | 

393 DX1(K)=DX(I,J) 
394 DY1(K)=DY<I*J) 
395 IF (DX1 (K)-DX1 <K- 1 ) )55*70* 55 
396 55 IF (DX1(K-l))58*60*58 
400 58 WRITE(8*10) DX1CK-1)*DY1(K-l) 
405 60 /JRI TE(8* 10) DX1 (K )* DY1 (K ) 
410 10 FORMAT (2F7.4) 
420 GO TO 70 
430 65 CONTINUE 
440 70 CONTINUE 
450 72 CONTINUE 
460 STOP 
470 END 

surface of the cylinder are of interest, the z-value is 

uniquely determined by the x and y values, in this case, 

the cylinder was oriented with the x-axis along one of 



the curved sides, and the y-axis along the bottom. 

Therefore, the z-coordinate of a point on the surface 

facing the observer is, 

60. 

£ * *ycir)-ci'-.rc>r‘ 
as in line 230 of the program. This is one of the 

simpler shapes. Most object shapes require the inser¬ 

tion of an IF statement to restrict the scanning to x 

and y values which generate a z-value located on the 

object surface. 

Some changes in the notation of the previous section 

on fringe shapes and spacings has been necessary, in 

order to make the notation compatible with computer con¬ 

ventions. The changes are; 

Â s DOT 27T 

ar0 : ORX* *DRY£ * DR2 % 

Çc : A1X £ ♦ A1Zf 

= A2X£ ♦ A22£ 

I.: DX £ ♦ DY? ♦ÛZ î 

(where point A is defined to be the origin, where DX=DY=0) 
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Also, 

C? > , 
81= ♦ 2 pi4Ja)* 

B2s (o'rJ*t2p,xdx t 2pel Jz)
1 

The definitions a-3 and a-4 lead to a new expression 

for equation 47 ; 

DOT-- ££DRX£*DRY? ♦DR2?3*£(A1X £ 

♦ A12i)(Bl)-- (A2XÎ M2£I) (82)'1 

a-5) 

t fox?* DYft * 02z][(81)‘- (82)"]} 

The solutions to this equation are of the form, 

DOT-- i|li a_6) 

Fringe patterns which have been generated by this 

program are presented in figures 6-9, 19B, and 23-24. 
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